Scil SciPost Phys. 13, 108 (2022)

The partial Bondi gauge:
Further enlarging the asymptotic structure of gravity

Marc Geiller! and Céline Zwikel?

1 ENS de Lyon, CNRS, Laboratoire de Physique, F-69342 Lyon, France
2 Perimeter Institute for Theoretical Physics,
31 Caroline Street North, Waterloo, Ontario, Canada N2L 2Y5

Abstract

We present a detailed analysis of gravity in a partial Bondi gauge, where only the three
conditions g, = 0 = g, are fixed. We relax in particular the so-called determinant
condition on the transverse metric, which is only assumed to admit a polyhomogeneous
radial expansion. This is sufficient in order to build the solution space, which here in-
cludes a cosmological constant, time-dependent sources in the boundary metric, loga-
rithmic branches, and an extra trace mode at subleading order in the transverse metric.
The evolution equations are studied using the Newman-Penrose formalism in terms of
covariant functionals identified from the Weyl scalars, and we build the explicit dictio-
nary between this formalism and the tensorial Einstein equations. This provides in par-
ticular a new derivation of the (A)dS mass loss formula. We then study the holographic
renormalisation of the symplectic potential, and the transformation laws under residual
asymptotic symmetries. The advantage of the partial Bondi gauge is that it allows to con-
trast and treat in a unified manner the Bondi-Sachs and Newman-Unti gauges, which
can each be reached upon imposing a further specific gauge condition. The differential
determinant condition leads to the A-BMSW gauge, while a differential condition on g,
leads to a generalized Newman-Unti gauge. This latter gives access to a new asymptotic
symmetry which acts on the asymptotic shear and further extends the A-BMSW group
by an extra abelian radial translation. This generalizes results which we have recently
obtained in three dimensions.
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1 Introduction

This article aims at reassessing and relaxing some of the hypothesis used in standard analysis
of the asymptotic structure of gravity in Bondi gauge. We start by presenting some general
motivations, but the reader familiar with the topic can jump to section 1.2 for a summary of
the new results.
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1.1 Motivations

The formalization and the study of the asymptotic structure of general relativity, pioneered by
Bondi, van der Burg, Metzner, and Sachs [1-7], followed shortly after by Newman, Penrose,
and Unti [8-12], played a central role in the understanding of gravitational radiation and of its
non-linear nature (see also [13] for a historical account of the contributions of Robinson and
Trautman). It was recognized early on by these authors that the asymptotic symmetry group
of asymptotically flat four-dimensional spacetimes is infinite-dimensional [3,5,14]. Recently,
these asymptotic symmetries have received tremendous attention following the unraveling of
their connection with memory effects [15-20] and the soft graviton theorems controlling the
infrared behavior of scattering amplitudes [21,22]. These connections, which were initially
spelled out in gravity in [23-25] (but also extended to other massless theories [26]), are the
manifestation of unexpectedly rich mathematical structures attached to boundaries of gravi-
tational systems. The investigation of these boundary structures and of the associated physics
has unfolded along several directions, which have all required some relaxation and extension
of the boundary conditions being considered.

In four-dimensional asymptotically flat spacetimes, the historical BMS symmetry group
was extended to include local Lorentz transformations [27-31], and later on arbitrary smooth
diffeomorphisms of the boundary two-sphere [32-34]. This was then shown to be connected
to a new, subleading soft graviton theorem [35,36], and in turn to a new type of memory
effect [37]. This also brought the perspective of establishing a duality between gravity in
four-dimensional asymptotically flat spacetimes and a two-dimensional conformal field the-
ory living on the boundary celestial sphere [38-42], which then developed into the program
of celestial holography [43-48]. It was shown in this context that the scattering amplitudes
satisfy an infinite tower of soft theorems, which are in turn controlled by a higher spin sym-
metry [49-54]. Extending the known relationship between the spin-0 (mass) and spin-1 (an-
gular momentum) charges, the leading and subleading soft theorems respectively, and the
supertranslations and superrotations respectively, it was recently shown in [55] that there is
indeed a spin-2 charge [56], related to a new type of asymptotic symmetries, whose asymp-
totic evolution equation is equivalent to the sub-subleading soft graviton theorem [57-62].
This hierarchy presumably extends to an infinite tower, and the properties of the charges and
associated asymptotic symmetries are under active investigation.

The analysis of the asymptotic structure of general relativity has also been extended to
spacetimes which are asymptotically (A)dS, [63-69], where part of the motivations and in-
triguing questions pertain to the very nature, when A # 0, of gravitational radiation, mass,
angular momentum, and news [70-85]. Even if there is no notion of S-matrix in this context,
there are meaningful asymptotic symmetries and (yet poorly understood) memory effects. This
has in particular led to the introduction of the A-BMS group of asymptotic symmetries [67-69].

Concomitant with these developments studying enlargements of the asymptotic structure
and the associated physics, there as been work focusing on the technical tools used to describe
asymptotic charges [86-89], and to discuss subtle issues related to non-integrability and/or
non-conservation sourced by flux [90-97], symplectic renormalization [98,99], and corner
ambiguities [100-104].

Three-dimensional gravity has also played an important role in the understanding of the
asymptotic structure of gravity, of asymptotic symmetries, and of their relationship with holog-
raphy. Since the seminal work of Brown and Henneaux on AdS; [105], a variety of boundary
conditions and gauges have been introduced [91,106-122]. Recently, we have presented an
analysis of three-dimensional gravity in a so-called Bondi-Weyl gauge, which enables in partic-
ular to access Weyl rescaling of the boundary metric [123]. This analysis has furthermore been
performed with so-called leaky boundary conditions, which are a relaxation of the variational
principle due to the presence of sources for the boundary metric (i.e. the three components of
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the two-dimensional boundary metric on Z* are completely free). This is analogous to what
happens in four spacetime dimensions, where the leakiness is however related to the presence
of non-trivial news, and therefore to the fact that the system is open. In this three-dimensional
Bondi-Weyl gauge, one finds integrable charges consistently with the fact that there are no
local degrees of freedom, but these charges are however not conserved because of the arbi-
trary time-dependency of the sources for the boundary metric. More importantly, we have
shown that the asymptotic symmetry algebra, in addition to the! A-BMS; and Weyl sectors,
contains an extra abelian sector corresponding to radial translations. Together with the Weyl
charges these translations form an Heisenberg algebra. The study requires a careful analysis
of issues related to integrability and corner ambiguities, but eventually leads to an extension
of the A-BMS; group.

In four-dimensional asymptotically flat spacetimes, the Weyl charges and the role of bound-
ary Weyl transformations were discussed extensively in [28,124,125]. Part of the motivations
for the present work is to investigate whether a gauge similar to the one used in [123] exists
in four-dimensional asymptotically locally (A)dS spacetimes, and whether the BMSW group of
asymptotic symmetries with cosmological constant can be enhanced with an extra radial trans-
lation. In short, we are investigating alternative gauge choices for the analysis of asymptotic
symmetries, and asking how much extra structure (such as the time-dependency and sources
in the boundary metric) can be included in the solution space. Interestingly, this brings out
the connection with many other motivations and open questions, which are most clearly un-
derstood by summarizing our construction and the ensuing results.

1.2 Summary of the results

We list by category the various points which are touched upon in this work. It should be
noted that these points are to a large extent independent. For example, the introduction of
logarithmic terms in the solution space is unrelated to the appearance of the radial translation
symmetry in the Newman-Unti gauge, and neither are related to the sources for the boundary
metric.

Gauge choices

This work begins with Bondi coordinates and the Bondi form (2.1) of the line element, where
only the three conditions g,., = 0 = g,4 are imposed. This is what we call the partial Bondi
gauge. Usually one assumes from the onset a full gauge fixing by supplying a fourth condition,
either chosen as the Bondi-Sachs (BS) determinant condition det(g4z) = r* det(q,y) [3], or
as the Newman-Unti (NU) condition g,, = —1 [9]. Here g,p is the transverse metric on the
two-sphere, and g3, is the metric of a fixed round sphere. In [28] the algebraic BS condition
was traded for the differential condition 8r( det(gap)/ r4) = 0 in order to allow for an arbitrary
two-sphere metric g,z and boundary Weyl transformations. In NU gauge the Weyl rescalings
are always accessible because the determinant condition is dropped [126]. We can however
also go further and introduce a differential NU gauge condition J, g,,, = 0. We will see that this
allows to access time-dependent Weyl rescalings generated by an arbitrary function of (u, x*).

The BS and NU gauges? differ by the choice of a radial coordinate [126-129]. This latter
is an areal distance in BS gauge, while it is the affine parameter of the null congruence in
NU gauge. Another major difference between the two gauges is the fact that in NU gauge the
first subleading term in the transverse metric, denoted Cyp, is allowed to have a non-vanishing
trace C [126,128,129]. The asymptotic shear is the trace-free part C,;, which differs in NU

More precisely, the algebra associated to A-BMS, is bms, when A = 0, and the double Virasoro algebra vit®vir
when A # 0.
2From now on we refer to the differential versions of these gauge conditions.
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gauge from C,p by the possible presence of a trace. This trace is set to vanish in BS gauge
by the determinant condition. In addition, and for related reasons, the NU gauge actually
possesses an extra asymptotic symmetry compared to the BS gauge (see table 1 below). This
is a radial translation appearing at order O(r°) in the radial part of the asymptotic Killing
vector. This symmetry can a priori be used to set the trace C to vanish, which is equivalent
to a choice of origin for the affine parameter r. One should however first investigate whether
there is a non-trivial charge associated to the radial translation, since this would mean that
the symmetry is physical and not pure gauge. This is indeed what we have observed in the
three-dimensional case® [123], where the radial translations also act on a subleading term
in the circle metric, and possess a non-vanishing charge which forms a Heisenberg algebra
with the Weyl charges. The study of the charges in the four-dimensional case is devoted to
future work, but here we set the stage for this investigation. Even if this symmetry turns out
to be pure gauge in general relativity and associated with a trivial flux-balance law, there are
suggestions that it could become physical and associated with a memory effect in modified
theories of gravity like Brans-Dicke [130-133]. It would also be interesting to study these
charges in the presence of matter, as in Einstein-Maxwell theory [134, 135].

Interestingly, it is actually possible to perform the whole analysis of the asymptotic struc-
ture (i.e. the solution space, the potential, the symmetries, and the transformation laws)
without having to choose between the BS and NU gauge until the very end. It is therefore
possible, as the title suggests, to completely characterize the partial Bondi gauge. This has the
advantage of treating the NU gauge very closely to the BS gauge. At the end of the day the two
gauges can be reached by imposing different conditions on the traces of the subleading tensors
in the transverse metric. So far, studies of the NU gauge have relied on the Newman-Penrose
formalism to build the solution space [126,128,136,137], while the BS gauge solves the ten-
sorial Einstein equations using the Bondi hierarchy. Here we build the solution space in the
partial Bondi gauge using the tensorial equations, and then switch to the Newman-Penrose
formalism to study the evolution equations. We therefore treat both the BS and NU gauges in
one go using the two approaches (Einstein and Newman-Penrose).

Table 1: Summary of the different time-dependent symmetry parameters which appear in
the various gauges. In the algebraic BS gauge the asymptotic symmetry group contains one
supertranslation and two superrotations. In the differential BS gauge this is extended to
include a Weyl rescaling. In the algebraic NU gauge however we have an extra radial trans-
lation only, while the use of the differential NU gauge also allows for Weyl transformations,
and therefore leads to a 5-dimensional symmetry algebra given by (1.1).

gauge condition radial coordinate symmetry group
algebraic BS | det(gqz) =r* det(q}z) areal distance (3 - 00)-dimensional
differential BS 8r( det(gqp)/ r4) =0 areal distance (4 - co0)-dimensional
algebraic NU gur=—1 affine parameter | (4- 00)-dimensional
differential NU 0.8, =0 affine parameter | (5- oo)-dimensional

Logarithmic terms and weakening of peeling

It has been known for a long time that the solution space may contain logarithmic terms in
r. These can appear in two ways. First, they can appear when solving the Einstein equations,
as in g, at O(r~3) [138]. Second, they can actually be introduced by hand from the onset

*What we have called the Bondi-Weyl gauge in [123] is actually a differential Newman-Unti gauge. In this
reference the three-dimensional determinant condition is indeed relaxed, and the boundary source f3, is turned
on.
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when writing the radial expansion for g,5, which may be chosen as polyhomogeneous [139].
Although these terms have slightly different origins (a consequence of the equations in the
former case, and a choice in the latter), they turn out to be related via the evolution equations
[139].

Here we include from the onset logarithmic terms in the expansion (2.3) of the angular
metric. Our goal is to see how they affect the solution space, and to derive their evolution
equations. We find, consistently with the Fefferman—Graham theorem, that all the logarithmic
terms vanish when A # 0 [140]. When A = 0 we identify the evolution equations relating
the logarithmic terms, and also explain how the presence of these terms modifies the peeling
behavior of the Weyl tensor by producing overleading non-smooth terms in ¥, and ¥;. Such
violations of the peeling and arguments in favor of logarithmic terms have been discussed in
the literature on numerous occasions [127,138,141-150], but there is so far no agreement as
to the type of realistic physical situations in which this would occur. Under some technical as-
sumptions it has indeed been shown that compact sources with no incoming radiation preserve
a smooth peeling [151-153]. Nonetheless, we include at minor cost logarithmic terms in our
solution space for the sake of understanding the modifications which they induce. In particular,
we find that part of the symmetry arguments used in [ 124] in order to single out the covariant
functionals and the asymptotic equations of motion actually break down in the presence of
logarithmic terms. It will be interesting in future work to study symplectic renormalization
and the construction of the charges in the polyhomogeneous case. More importantly, it is still
unclear how the logarithmic terms in the solution space are related to the logarithmic terms
(in u) appearing in the soft theorems [154-156].

Enlarged solution space

In addition to the trace terms arising from the use of the partial Bondi gauge and to the loga-
rithmic terms discussed above, our solution space is built with a non-trivial time-dependency
for the boundary metric, and also includes the “boundary sources” 3, and US‘ which appear as
integration constants at leading order in the resolution of the (rr) and (rA) Einstein equations.
The boundary metric on Z% is parametrized by the time-dependent data (f3,, Ug, gap)- While
qup is allowed, since the work of Barnich-Troessaert [27,28,30], to be different from the fixed
round sphere metric qj,, the additional fields 3, and Ug are typically set to zero by hand (the
exception being [67] in four dimensions and [91, 123,157, 158] in three dimensions). Here
we include them in the construction of the solution space and the symplectic potential. In
NU gauge, the relaxation 3, # 0 is required in order to have access to the time-dependent
BMSW group (and not just to time-independent Weyl transformations). For convenience we
will often refer to 8y and Ug as the “boundary sources”, and therefore leave g, out of this
denomination. We will also sometimes need to set the sources f, and Ug to zero in order to
have simpler expressions to display, but we will never freeze q,5. This also justifies why we
call B, and UQ the boundary sources (although they are unrelated to any source of physical
radiation).

Allowing for time-dependency of the boundary metric when A # 0 is necessary in order
to attempt discussing radiation in (A)dS (although this remains an ambiguous concept). One
of the Einstein equations indeed implies that when A # O the shear Cj; is related to the
time evolution of the boundary metric and to the boundary source Ug. If both quantities are
excluded from the solution space, the setup trivializes immensely since C,j, is forced to vanish
on-shell. Including this time-dependency and A # 0 also enables us to reproduce results of [67]
concerning the mass loss and the symplectic structure in (A)dS. In particular, we identify the
canonical partner to qup in terms of quantities computed from the Weyl scalars, namely a
combination of the radiation ¥, and the covariant spin-2 tensors. The solution space presented
in section 2.2 is, in summary, an extension of that in [67] including logarithmic terms (which

6
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survive the flat limit) and the trace C (which survives when going to the NU gauge). We
hope that this will also later help study aspects of sourced holography in Robinson-Trautman
spacetimes [159-163].

The full structure of the solution space is summarized in table 2. After having determined
the radial expansion of the functions entering the partial Bondi gauge line element (2.1), we
study the evolution equations which are implied by the (uu), (uA) and (AB) Einstein equations.
While this is tractable to find the evolution of e.g. some logarithmic terms, it quickly becomes
too heavy to find the evolution of the mass and angular momentum. For this reason we then
turn to the Newman-Penrose formalism in order to translate the partial Bondi gauge solution
space and find more compact expressions for the evolution equations.

Newman-Penrose formalism, Weyl scalars, and evolution equations

The Newman-Penrose (NP) formalism has been used by many authors to study BMS asymp-
totic symmetries and charges, and also to discuss the Newman-Unti gauge [82,126,128,136,
164,165]. Here, after having studied the solution space in the partial Bondi gauge using the
tensorial form of the Einstein equations, we turn to the NP formalism to study the evolution
equations when the boundary sources f3; and U{)‘ are set to zero. This also includes the case
A # 0. We start by computing the Weyl scalars, which enables us to identify and general-
ize (to the partial Bondi gauge) the so-called covariant functionals. These are the covariant
spin-2, angular momentum, complex mass, energy current, and radiation. We show (at least
in the flat limit and without boundary sources) that the radiation and the energy current can
be rewritten in terms of a generalized news, which is in turn introduced as a shear in (2.34).
We also identify the violations of smooth peeling induced by the presence of the logarithmic
terms. In addition, we explain how these terms break the covariance properties used in [124]
to single out the covariant functionals and the asymptotic Einstein equations.

We show explicitly how the tensorial evolution equations are neatly repackaged in compact
evolution equations for the covariant functionals. In the case A # 0 we obtain in particular the
mass loss formula (2.77) which was recently derived in [67], and identify which combination
of the Weyl scalars is sourcing it. In the case A = 0 we also study the NP evolution equations
for the logarithmic terms. Finally, we explain how the radial dependency of the NP dyad for
the angular metric affects the Weyl scalars and introduces a mixing in helicities [44,54]. This
will have important consequences when studying the subleading spin-s NP charges.

Symplectic potential

Assuming the absence of logarithmic terms, we compute the divergent and finite pieces of
both the temporal and radial parts of the Einstein—Hilbert symplectic potential. This is done
with an arbitrary cosmological constant and in the presence of the time-dependent sources for
the boundary metric. The flat limit is also well-defined. The resulting expressions are quite
lengthy, but we perform some useful consistency checks on them by setting f3, and Ug to zero.
First, the divergent pieces in the radial part are shown, consistently, to be the sum of total
variations and total derivatives, which therefore allows to implement symplectic renormaliza-
tion. Then, in the BS gauge we rewrite the finite piece of the radial potential in (A)dS in the
form (3.8), which generalizes the result of [67] to the case of non-trivial Weyl sector with
0 4/q # 0. This also properly identifies the canonical momentum to g4z as the combination of
the radiation tensor and the covariant spin-2 which appear in the (A)dS mass loss formula.
Although the potential obtained in NU gauge is very lengthy in the general case (with the
enlarged solution space) and differs from that in BS gauge by several terms, we identify the
simplest setup in which the BS and NU potentials already differ. This is when we consider
the sector of the solution space where (A, By, Ug‘, 64/q) = 0 but g45 # q35- In this case, the
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potential (4.3) shows that the trace C is conjugated to the 2d Ricci R[q] and also shifts the
momentum to g5. This sets the stage for the study of the charges in NU gauge which we will
perform in forthcoming work.

Symmetries and transformation laws

The partial Bondi gauge (2.1) together with the polyhomogeneous expansion (2.3) are enough
to build the solution space and therefore determine the radial expansion of the metric. Once
this radial expansion is determined, one can find the asymptotic Killing vectors and derive
the ensuing transformation laws. By computing these transformation laws we show that some
“covariant functionals” derived from the Weyl scalars do not actually transform homogeneously
under the subgroup Diff(5?) x Weyl because of the logarithmic terms*.

In the partial Bondi gauge, the radial part " of the vector field is determined a priori by
free functions at all order in a polyhomogeneous expansion. In order to obtain the explicit
field-dependency of these free functions, and therefore also see how many functions actually
remain free and therefore parametrize the symmetries, one needs to complete the gauge to
BS or NU. Since picking such a gauge amounts to a choice of radial coordinate, this is indeed
what determines the coefficients in the expansion of £”. We show that £" contains a single free
function in BS gauge, appearing at order O(r) and parametrizing the Weyl transformations.
In NU gauge however there is an additional free function at order O(r®) parametrizing the
radial translations. This function acts on the subleading term C4p in the angular metric, and
in particular shifts its trace C. This explains the relationship between this extra mode in NU
gauge and the extra radial symmetry [129]. In order to use the radial symmetry to fix C (say,
to zero), one must ensure that the symmetry is not large (i.e. physical). This will be answered
by the computation of the charges.

Finally, by going to an appropriate basis for the asymptotic Killing vector fields (this is often
called a choice of slicing [91, 95,96, 123]) we show that their bracket in NU gauge forms an
algebra (instead of an algebroid) given by

(diff(Z*) & Ry,) & Ry (1.1)

Here diff(Z) stands for the diffeomorphisms diff(S?) of the two-sphere, generated by super-
rotations, together with the temporal diffeomorphisms diff(R) generated by supertranslations
(which is a slight abuse of language since here we cover also the case A # 0). The two abelian
sectors Ry, and R, correspond respectively to the Weyl rescalings and the radial translations.
Moreover, these five symmetry components have an arbitrary time-dependency. This algebra
of vector fields is precisely the four-dimensional generalization of the algebra found in the
three-dimensional Bondi-Weyl gauge [123]. This is the observation suggesting that, as in
the three-dimensional case, the radial translation k and the trace C might be associated to a
non-vanishing charge.

1.3 Outline

This article is divided into three parts. Section 2, the first and main part, is devoted to the
construction and analysis of the partial Bondi gauge. This is where we build the general
solution space, study the evolution equations, the asymptotic symmetries, and part of the
symplectic potential. Then, all these results can be further specified to either the BS or the
NU gauge. Section 3 contains some extra details about the BS gauge, and in particular the
computation of the symplectic potential in the cases A = 0 and A # 0. We also explain there
how the reduction to the BS gauge determines £". Section 4 also gives details about the NU

“We still adopt the terminology “covariant functionals” for convenience.
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gauge, and in particular about the role of the extra symmetry generator and the trace C. OQur
notations are gathered in appendix A.

As a word of caution, we should say that many of the calculations presented here (such
as the solution space starting at subleading order and the Weyl scalars) are extremely lengthy
and have been performed with Mathematica. We are happy to provide details about our code
if necessary.

2 The partial Bondi gauge

This main section is devoted to the study of the partial Bondi gauge. After defining this partial
gauge, we construct the associated solution space and use the Newman-Penrose formalism
to study the evolution equations. We then study the residual symmetries and the associated
transformation laws before analysing the symplectic potential.

2.1 Partial gauge fixing

We consider 4-dimensional coordinates x* = (u, r, x*), where u is a time coordinate labelling
null geodesics, r is a parameter along these geodesics (whose precise geometrical meaning will
be discussed later on), and x* = (0, ¢) are angular coordinates in the transverse directions.
The requirements that the normal vector J,u be null and that the angular coordinates be
constant along the null rays translate into the conditions g"”(9,u)(d,u) = 0 = g“”(auu)(a,,x“‘),
which in turn imply the three Bondi gauge fixing conditions g“* = 0 = g*4, or equivalently
g+ = 0 = g,.4. Line elements satisfying these three conditions parametrize what we call the
partial Bondi gauge, and are of the form [1-4]

\%4
ds? = e?P —du® — 2e?P dudr + y45(dx* — UAdu)(dx® — UBdu). 2.1)
r
At this stage V(u, r, x?), B(u,r,x?), and UA(u, r, x®) are four unspecified functions of the four
spacetime coordinates, and the angular metric g4z = 7,45 is also unspecified. We denote the
determinant of this latter by y := dety,z, and its associated covariant derivative by D,. In
matrix form the metric and its inverse are given by

% —e2B
62/5_+YABUAUB 2P —y a5 UB 0 e y 0
r _ _ _
Suv = —e2B 0 o |,&"=-* —e 2ﬁ7 —e2PUA |, (2.2)
—YaB UB 0 Y B 0 _e—2[5 UA YAB

and we can already note that ,/—g = e?f /7. The Christoffel connection coefficients for this
metric are given in appendix B.

The three Bondi gauge fixing conditions leading to the form (2.1) of the metric are what
we choose to call the partial Bondi gauge. As we are about to see in details, after choosing a
radial expansion for the angular metric this partial gauge is enough to build a solution space
and to study the evolution equations as well as the residual symmetries. After doing so we
will explain how to further reduce the partial gauge to a genuine gauge fixing. So far the
gauge is only partial because there remains the freedom of further fixing a fourth condition.
The partial gauge is indeed preserved under arbitrary x*-dependent redefinitions r — 7(x)
of the radial coordinate, under which we get dudr — (97/dx*)dudx*. In this sense we
can therefore understand the reduction of the partial gauge to a “true” gauge as a choice
of radial coordinate. As already mentioned in the introduction, the two choices discussed
in the literature correspond to i) the Bondi-Sachs (BS) gauge, reached with the so-called
determinant condition, and in which r is the areal distance, and ii) the Newman-Unti (NU)

9
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gauge, reached with a condition on 3, and in which r is the affine parameter for the null
vector J,u. These two gauges are discussed respectively in sections 3 and 4, but we will also
comment on the differences between them on numerous instances below.

We note that the partial Bondi gauge, which was also given this name in [ 166], played there
an important role in the non-covariant 3 + 1 Hamiltonian analysis with null hypersurfaces.

2.2 Solution space

We now study the Einstein equations E,, := G, + Ag,, = 0 in order to define the solution
space in the partial Bondi gauge. This resolution follows closely [28,67]. As usual, the equa-
tions in this gauge conveniently split into four hypersurface equations (the (rr), (rA), and (ur)
equations), five constraint and/or evolution equations (the trace-free (AB), the (uu), and the
(uA) equations), and one trivial equation (the trace of the (AB) equation). In summary, the
four hypersurface equations determine the radial expansion of the four free functions V, f3,
and U4, and the remaining non-trivial equations contain constraints on the free data as well
as evolution equations in retarded time u. While progressing through this hierarchy the equa-
tions get more and more involved and lengthy. For this reason, after presenting their tensorial
form using the Einstein equations E,,, = 0, we will also derive the evolution equations in terms
of the Weyl scalars using the much more compact Newman-Penrose formalism.

In order to solve the Einstein equations and define the solution space, we need to choose
a fall-off and a radial expansion for the angular metric. We choose this to be of the general
form

2 1 1 2 -3

Yag =1"qap +17Cpp +Dyp + ;(EIAB Inr +EAB) + r_z(Fl2AB(ln r)*+Fpplnr +FAB) +007°), (2.3)
and therefore relax analyticity by allowing at this stage the presence of logarithmic terms®.
This relaxation is still compatible with conformal compactification. As is well-known, in the
case A = 0 the solution space contains a logarithmic branch which appears in the solution for
U4 at order O(r~2) [4]. When this logarithmic branch is not removed by hand (as is usually
done), the stability of the solution space under the action of non-trivial residual symmetries
necessarily requires logarithmic terms in the angular metric, as we explain in section 2.6. This
can also be seen from the evolution equations, which necessarily require logarithmic terms in
the transverse metric (2.3) if one wants to keep a non-trivial logarithmic term e.g. in U? at
order O(r~3) [139]. This is part of the motivation for considering the general expansion (2.3).
One can alternatively motivate the presence of these logarithmic terms by the will to be general
and have a more relaxed solution space [138,139,167]. The modifications of the peeling due
to these logarithmic terms will be discuss is section 2.4.1. We will also see throughout this
section how the various logarithmic terms disappear when A # 0, in agreement with the
Fefferman—Graham theorem [140,168,169].

Let us also point out at this stage that all the tensors appearing in (2.3) are arbitrary
functions of (u, x). Their traces are in particular unconstrained at this stage in the partial
Bondi gauge. The traces are constrained in the BS gauge by the determinant condition (starting
with C,3), and in the NU gauge by the (rr) Einstein equation and the requirement that 8,3 =0
(starting with D,p and thereby allowing for the trace C to be non-vanishing).

At the end of the day, after determining the solution space the fall-offs of the components
of the spacetime metric turn out to be

& = O(r?), &ur = O(r®), g = O(r?), g =0(?). (24

The last condition is standard and comes from the leading behavior of (2.3), while the first
three are the boundary conditions used in BS gauge in [67]. These are relaxed with respect to

5By abuse of notation we allow O(r™) to contain logarithmic terms.
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e.g. [28,125,139,170] due to the presence of the cosmological constant and/or the boundary
sources. It is important to point out at this stage that these relaxed fall-offs are not choices,
but rather consequences of the Einstein equations in the presence of a cosmological constant.
Indeed, the goal of this section is to simply start from the partial Bondi gauge (2.1), together
with (2.3), and to let the Einstein equations determine the solution space without imposing
any additional restrictions (e.g. on the time dependency of g5, on the boundary metric, or on
the logarithmic branches). The resulting solution space then admits the fall-offs (2.4). This is
the logic we have followed in [123].

We recall that our conventions and notations are gathered in appendix A. In particular, we
denote by D, the covariant derivative associated with q45. The angular indices are lowered
and raised with this leading order metric q,5, appart from when we write Y2, which is the
true inverse to y4g-

Equation (rr)

We start by solving the (rr) Einstein equation, which determines the radial expansion of the
function . This equation does not depend on A since g,. = 0 in the partial Bondi gauge.
Explicitly, we have

1
E., = (Zar/:3 - ar)ar In 1/?+ Zar}/ABarYAB . (2.5)
The equation E,, = 0 is solved by the expansion
1 _
ﬂ=ﬁ0+&+ﬂ—§+—3(ﬂlglnr+ﬂ3)+0(r M, (2.6)
ror r
with
E, =0 = B, =0, (2.7a)
1
E,=00">) = By= 3—2([cc1 —4D), (2.7b)
1
Bz = 2
E,=00"% = 11
48 B =—12E+8[CD]+C3—C (D + Z[CC]) +6E;,

(2.7¢0)

where [CD] = C*®D,5 and D = ¢*8D, (we refer the reader to appendix A for a summary of
the notations). As expected, since (2.5) is first order in r the solution features an integration
“constant” By (u, x*). This function parametrizes part of the induced boundary metric (2.26).

The solutions for the various coefficients in the expansion quickly become very lengthy, but
luckily to compute e.g. the symplectic potential we only need to go all the way down to f35.
The other coefficients can be determined analytically using the results of appendix D on the
expansion of the inverse angular metric and its determinant. In order to derive the evolution
equations in the case A # 0 we need in particular to study the subleading structure of the
solution space and to access f34. These subleading terms are also used to illustrate later on the
disappearance of the logarithmic branches in the case A # 0. This subleading structure of the
solution space is reported in appendix F.

Let us now take a moment to explain the different interpretation of the (rr) Einstein equa-
tion in the BS and NU gauges.

* In BS gauge the tensors entering the expansion (2.3) of the angular metric have their
trace determined by the determinant gauge condition as in (3.2). The (rr) Einstein
equation then determines the expansion of 8 in terms of various contractions and traces
of the tensors appearing in the expansion of the angular metric.
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* In NU gauge we have 8 = f3, fixed by the gauge choice, so all the lower orders in f3
vanish. Starting with (2.7b) this determines the traces of the tensors appearing in the
expansion of the angular metric. Importantly, one should however notice that in NU
gauge the trace C is free. In section 4.2 below we will write the explicit form of the
expansion of the angular metric which satisfies the trace conditions imposed by the E,.,
Einstein equation in NU gauge.

We therefore see the tradeoff between the BS and NU gauges. In both cases there are con-
straints on the traces of the tensors appearing in the expansion of the angular metric. In BS
gauge these constraints are imposed by the determinant gauge condition, while in NU gauge
these constraints are determined on-shell by the E,, Einstein equation. The important point
is that, at the end of the day, the NU gauge has one more degree of freedom contained in the
trace C.

Equations (rA)

Once the (rr) equation has been solved to determine the expansion (2.6) of 3, we turn to
the (rA) equations to determine the expansion of U”. Once again these two equations do not
depend on A since g4, = 0. We have

1 _ 1
Ep= mar (V7€ *Prapd,UP) + (s — 3,)3, In /7 — 38,5 — EYACDBarYBC - (29

Together with the above solution for 3, this equation is solved by an expansion of the form

A A

ut Ut o )
UA=U6‘+Tl+r—§+r—3(Uglnr+U§)+(9(r Y, (2.9)
with
Ea =002 =  Uft=2e2P0o%8,, (2.10a)
1
Ea=00%) = U= —Eezf"o(chBaBﬁo + DB —94C), (2.10b)
2
E =00"% = UA= —gezﬁODBEAB, (2.10¢)

where we have introduced the trace-free quantity
TF 1 TF
Lap =Dy = 5CC (2.11)

This new quantity, and later on similar objects denoted with mathfrak fonts, denotes an object
which will be subject to constraints or evolution equations obtained from the (AB) Einstein
equations. We already see that such constraints are related to the fate of the logarithmic terms
in the expansion.

Since the equation for U# is second order, we get as expected two integration “constants”,
which are the vectors U{)‘(u, xB)and Ug‘(u, xB). The former is part of the data parametrizing the
induced boundary metric, while the latter is related to the angular momentum aspect (whose
definition is not set in stone at this stage since it comes from a free integration constant).

Equation (ur)

To study the (ur) Einstein equation, it is useful to rewrite it in a more manageable form
(although as we will see this can lead to subtleties). Using R,, = 0 = R,, gives
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R =2g"“"R,, + y"BR,5. Together with the convenient fact that g" = (g,,)"* in Bondi gauge,
this then shows that E,, = 0 is equivalent to y*BR,z = 2A. We have

PR =R+ 20, (10, In 7+ 0% )+ 2 L~ det@ ) = 501N van)
—e72P (%e_zﬂ Ya50,UA8,UB — (20, 1n /7 + 28, + 2D,U* + UA3,)d, In ﬁ)

—20,(v*" 5 8) —2v"* (24B)p(In v + ), (2.12)

so the (ur) equation rewritten in this form is first order in J,V. As expected it will lead to a sin-
gle integration constant, which is the Bondi mass aspect M (u, x*). The equation YR, = 2A
is solved by the expansion

V=13V, +1r2Vy + 1V +Volnr+2M +O(r™1), (2.13)
with
A
YBRp—2A=00"1) = V3= §ezfjo, (2.14a)
A
Y BRup —2A = O(r2) = Vip= gezﬁoc —3,1In/q—D,U4, (2.14b)
v BRyp —2A = O(r™3) = Vi1, (2.140¢)
A A
YBRp —2A = O™ = Vip = —gezﬂo[cs] + gezﬁOEl , (2.14d)
and
1 A3 c?
Vi = —562’30 (R[q] t5 (Z[CC 1= 3~ D) +4D,0" B + 8(3A/30)(3A/30))
1
- Z(zau +8,In /g + DAUj +2U43,)C. (2.15)

Notice that here again, as for the previous set of Einstein equations, we see the quantity £,5
appearing in the logarithmic term.

We comment in appendix G on an alternative route for determining the expansion in V
using the (ur) equation. This seemingly treats the logarithmic terms in a different way, but
at the end of the day, as it should, the solution space is unambiguously defined once the (AB)
Einstein equations are solved. This is because the two routes for determining V', which involve
two different rewritings of the initial equation E,, = 0, differ by constraints coming from the
remaining (AB) Einstein equations. We now give the form of these constraints.

Equations (AB)

The four Einstein equations discussed above have now determined the radial expansion of the
free functions (8, V, U*). However, we still have three sets of equations to solve, namely (AB),
(uu), and (uA). These equations are going set constraints and temporal evolution equations
on the data.

To study the angular equations E,z = 0 it is convenient to split them into trace-free and
pure trace parts given by®

1
Eip =GAB_§(YCDGCD)YAB =0, TP Eap =1 Gpp +2A=0. (2.16)

®Note that here the superscript in E; refers to the trace-free part in v, and not in g,z. The various terms in
the radial expansion of this trace-free Einstein equation will therefore not be trace-free in g,p.
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Let us now consider the Bianchi identity V,G* =0 rewritten as 20,(v/—g G!)+v/—g G,,,9,8"" =0,
for a = r. Using the fact that the non-trivial equations in E,, = G, + Ag,, = 0 have already
been solved in the previous steps, we can further write the Bianchi identity as G5 3,7*2 ~Ad.Iny
(the wiggly equality meaning that we have already used some EOMs). Using this it is then
immediate to see that the trace-free part of (2.16), when satisfied, implies the trace part. We
can therefore focus on the trace-free part. We find that its expansion starts as

B | oy = —¢ 2%, (2.17a)

Exs| g0y = —%e—zﬂO(csBQB +2[CBMqus) — %SAB , (2.17b)
Eps| o) = %e—zﬁo(([cq —4D)B1y; — 16[£B"]q,; —8CILCI,BP)

—¢720(, 845 + USDe.Spp + Lac Dy US ) — %E{;;B , (2.170)

where we have introduced the objects

A
B = §ezﬁoc:;;; +985,, (2.18a)
B, = (6,1n vq —8,)qns — (DaUS,) - (2.18b)

Just like £,z which has appeared previously and resurfaces here, these tensors are trace-free.
We give them an interpretation in terms of a shear in section 2.3 below.

Let us take a moment to discuss the meaning of these equations before continuing. At the
leading order, (2.17a) imposes that %I{\‘B = 0. In the case A = 0, the requirement that %XB =0
is simply relating the time evolution of the leading sphere metric g,5 to the time evolution of
its conformal factor, twisted by the presence of the non-vanishing boundary sources Ug‘. In
the case A # 0, this equation is the statement that the shear C,j; is not an independent free
data, but is related to the boundary source Ug and the time evolution of the boundary metric.
This also shows, as is well-known, that there cannot be any asymptotic shear in the case A # 0
when the boundary conditions are chosen such that Ug‘ and the time evolution of the boundary
metric vanish. At the next order, on-shell of %A\B = 0 equation (2.17b) imposes that AL,z = 0.
This is trivial in the case A = 0, but enforces the constraint £, = 0 in the case A # 0. This
is the condition which removes the logarithmic branch in (2.9) in (A)dS. Finally, on-shell of
’BQB = 0 only the last line of (2.17c) survives. In the case A # 0, the requirement that £,5 = 0
tells us that E;;, has to vanish as well. In the case A = 0 we obtain however an equation
relating the time evolution of £45 to itself and to the boundary source Ug. This equation,
which has appeared in [67] in BS gauge, is the generalization with boundary sources of the
evolution equation in [138]. As expected, we see how the (AB) Einstein equations constrain
the logarithmic terms to vanish in the case A # 0. This is summarized in section 2.5 below.

From now on we could in principle impose everywhere the on-shell constraints
‘BI{“B = 0 = AL, which have been obtained from (2.17a) and (2.17b), in order to display
lighter equations. We refrain from doing so in most of this section (unless otherwise indicated)
in order to really display the full structure of the (AB), (uu), and (uA) Einstein equations which
are obtained from the solution space defined above.

We now continue with the study of the Einstein equations E}; at order r2. At this stage the
equations start to get too lengthy to be displayed. The explicit expressions for these equations
are however not needed, since we are more interested in their structure and their meaning.
We are indeed going to recover these equations in compact form using the Newman-Penrose
formalism in section 2.4, and here we are simply interested in identifying where the evolution
equations appear. Let us therefore set f; = 0 = US‘ at this stage since it will not impact the
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conclusions we want to draw. For the next order we then find

ETF Bo=0=Up __ 2_AFTF

2
asloe—2) = 3 leB(lnr)Z—EOM(ElAB)lnr—EEOM(EAB). (2.19)

The general form of this equation off-shell of the constraints and with A # 0 is given in ap-
pendix I. For simplicity, let us first analyse the logarithmic term (I.2) on-shell of the constraints.
This is

—2F5,).  (2.20)

AB

]- TF ]. A
EOM(E;5) = (26, + 8,In q)E5, + E(D(AUE;) — EEZEBXB + §(SFIT;AB

With this equation we see the same mechanism as above, differentiating between vanishing
and non-vanishing A. For A # 0 the squared logarithmic term sets Fj,,, = 0. On-shell of
the previous equations (2.17) the logarithmic term then relates F},, to E; %23. The trace E;
is however vanishing when the partial Bondi gauge is further reduced to BS or NU (either
by the determinant condition in BS gauge, or by the vanishing of (2.7¢) in NU gauge). This
then implies the vanishing of F},;. In summary, these Einstein equations lead once again to
constraints removing the logarithmic terms in the (A)dS case. In the case A = 0 however we
obtain an evolution equation for E/, .

Going further, we now study EOM(E,z), whose general expression is given in appendix I.
First let us display here this equation in the case A = 0, and furthermore go on-shell of the
equations %23 =0 and (2.20). We find

1 3 3 —
EOM(EAB)|A:0 = OuCap — E(D(APB))TF - EC.E?M|A:O + EQACECDCLT)%M
1 1 1 3

Here we have introduced the so-called covariant functionals. These are the spin-2 £,5 defined
below in (2.39), the covariant mass M defined in (2.41) and such that in the absence of
boundary sources M’A:O = M + :£(8, + 8,In ,/g)(4D —[CC]), the covariant dual mass M
defined in (2.42), and the covariant angular momentum P, defined in (2.40). We identify
these quantities in section 2.4 as components of the Weyl tensor. The main thing to notice at
this point is that E}}, | O(r-2) is the Einstein equation which constrains the time evolution of the
spin-2.

In the case A # 0 however, one can see on (I.1) that EOM(E AB)\ A£0 is instead an algebraic
equation which determines F,, in terms of 9, E,;. Therefore, unlike in the flat case, the spin-2
is unconstrained and a completely free data in (A)dS.

At this point one can note, given the lengthy general expression which we have moved to
appendix I, that the tensorial approach in which we compute the components of the Einstein
equations by brute force is perhaps not the most appropriate one. We will indeed recover this
evolution equation in a much more compact form using the Weyl scalars and the Newman-—
Penrose formalism below in section 2.4. This is also the efficient way of accessing the evolution
equations for the higher spin charges, rather than continuing with the expansion of E.

Finally, as a cross-check we can verify that the trace part (2.16) does indeed contain re-
dundant information. Its expansion is

L ap A L (A -2 A A —4
yABE 5 = —55¢ o[CBA]— 53 (E[cs] + e 2Po(2[ DB - C[CB ])) +00™), (2.22)
which is clearly vanishing when the constraints (2.17) are enforced.

We are now left with three Einstein equations involving the retarded time u. On-shell of
the constraints found above from the (AB) equations, these remaining Einstein equations give
evolution equations in u, in particular for the mass and angular momentum aspects.
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Equation (uu)

This is the Einstein equation which gives the time evolution of the mass aspect. The expression
is however too lengthy to be displayed here. Fortunately, we will be able below to write
a compact form of this evolution equation using the covariant functionals in the Newman-—
Penrose formalism. For the time being, let us simply mention where the evolution equation
appears. For this, we can restrict ourselves for simplicity to the case f; =0 = Ug. We then
find

=0= 1
E,, /a(‘go(r(?) Up _ _Z[%O%A]’ (2.23a)
fo=0=Uo _ _Aronor Lrumnr_ Lpapsgn _ Lroga
Euu orYy 6 [2% ] + 9 [N% ] 2 D %AB 4[C% ]au In ﬁ’ (223b)
Ewlggn ' =—5 (DAU;; + 3Nl - 2[CL1g,Invg+ S[CT 8, L] — E[Ez‘BO] Inr
+o,M+(...). (2.230)

This shows, as announced, that on-shell of the previous Einstein equations, the (uu) equation
controls the time evolution of the mass aspect M, or equivalently of the covariant mass M.

Equation (uA)

We finally turn to the remaining two Einstein equations, which contain the time evolution
of the angular momentum aspect. For generality, let us go once again off-shell of the (AB)
equations. We then find

Eul oy =€ BU5 » (2.242)
A B 1 -2 A 771B Aq770 1 BmA A 5B
Bl ooy = 35asUp + 5¢ Po(cB, U +3[CB ]UA)—ED B, +285,05B,.  (2.24b)

At the next order the equation gets too lengthy to be displayed, so let us consider the case
of vanishing sources 3, = 0 = U#, again without loss of generality concerning the general
structure of the equations. We then find
Bo=0=U, 1
Bualogry | = y (2AU2 + CECD,yBh . + B4, Do CBC —BEC D, CT, — 4CT, D BEC) | (2.25a)

2
+ 0, Py+(...). (2.25b)

=0=U, 1 1 1
Eua f;(r,z) °=z [A (EDBE{;A +2halCe]- UlBgﬂBQB) —3(8,UP +U23,1n ﬁ)] Inr

The equations (2.24a), (2.24b), and (2.25a) are trivial. Indeed, on-shell we have on the one-
hand that %A\B =0, and on the other hand that AUIE‘3 = 0= AL,y (either because A = 0 in the
flat case, or because £,5 = 0 when A # 0).

The key point to observe here is that equation (2.25b) gives the time evolution of the
(covariant) angular momentum aspect P,, as well as an evolution constraint on the logarithmic
term (2.10c). Once again, we postpone the investigation of these equations in compact form
to section 2.4, where we will recover them using the NP formalism.

2.3 Geometry

We now comment on the geometrical meaning of some of the quantities encountered above.
First, we compute the induced boundary metric to find [67]

2
ds? 7+ = lim (%) = %e“ﬂodu2 + qAB(dxA— Uédu)(de — Ugdu). (2.26)
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This shows as expected that the integration “constants” f3; and Ué, together with gz,
parametrize the boundary metric, and that this latter becomes degenerate in the flat limit.

Let us now introduce vectors whose shear will be related to the constraints derived above,
and which will be used in the Newman-Penrose formalism. First, we consider the two null
vectors

4o, =0, n"g, == e 2P (au + ziar + UAaA) , (2.27)
r

such that £#n, = —1. The vector { is outgoing and tangent to the null geodesics intersecting
" along 2-spheres at constant u. The vector n is ingoing, tangent to Z*, transverse to £,
and forms with this latter the binormal (£, n) orthogonal to the spacelike slices tangent to the
2-spheres. Its radial expansion is given in (C.7). In addition, let us consider the vectors

1% 1% v
v, == e?Pn— o t=a+ U%9,,  wHg,:=e*n+ o= (au +—0, + UAﬁA) , (2.28)
r r r

which satisfy

1%
viw, =0, V2=—w?=e?_ Hy, = ttw e2P
r

p=

1%
, nfy, =-—nfw, = o (2.29)

We are interested in the 2-dimensional asymptotic shear of these vectors. For this, we define
the extrinsic curvature

1
Kup() = Shihh8xgep,  hy=085+n,+%n,,  Rin"=hit" =0,  (230)
which gives
1 1
Kpp(0) = §$€gAB = EarYAB > (2.31a)
1 1 g c v
Kyp(n) = E$ngAB =5 3uYaB + YacDpU~ + ZarYAB , (2.31b)
1 1 c
Kup(v) = E$ngB = E(auYAB + YwucDpyU ), (2.310)
1 1 c Vv
Kup(w) = §$WgAB =3 OuYaB +YacPpU™ + 7arYAB . (2.31d)
Taking the trace-free parts in the transverse metric y,5 then leads to the shears
1
Sap(0) = —Ec;g +00™), (2.32a)
1
Spp(n) = —Ze_zﬁo(‘Bj‘\B + %23)1’2 + rS/jBl(n) +0(r?), (2.32b)
1
Sap(V) = =5 B’ + O(r), (2.320)
1
Sp(w) = —E&BQBrZ +0O(r). (2.32d)

This shows as expected that C,; is the asymptotic shear of the null congruence, and also gives
an interpretation of the quantity %A}B as a shear which is set to vanish by the (AB) Einstein
equations.

It is interesting to note that the term of order O(r) in the shear of n is

1 _ 1 1 ™
SH(n) = S 260 [(au +$y, + §V+2) Chi — EC%QB +(DaUs,) }

A
— g(“QAB +[CC™1qup)- (2.33)
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From this we recover the fact that in the flat case, on-shell of %23 = 0, without bound-
ary sources and without time-dependency in ,/q, the leading order of Syz(n) is the news’
Njp = 0,Cy [17]. In the general case, this suggests to introduce a generalization of the news,
which up to a numerical factor and on-shell of %QB = 0 = ALy is defined from the shear of n
as

1
Ny = o2 [(au +8y,— 5 (3,In G+ DAU(?)) Ca + (D(AUé>)TF]
A
+ 5 (€L ~[CC™1ang). @39

In the flat case, this is the generalization of the news in the presence of a free time-dependent
boundary metric. In (A)dS this interpretation is not immediate since one should replace the
shear C,;, using %A}B = 0. We will see below that this generalized news appears, as expected,
in the dual mass and the energy current.

We can now use the properties of the null vector ¢ to discuss the different roles played by
the radial coordinate in the NU and BS gauges. First, we compute the parallel transport of ¢
along itself is, which is

Vil =(23,8)3, . (2.35)

Since (* = dx*/dr, the fact that in the NU gauge V,£ = 0 (by virtue of the gauge condition
d,.8 = 0) implies that in this case r is the affine parameter for £. Of course, r is however defined
only up to an affine transformation r — ar + b corresponding to a choice of scaling and origin.
It is precisely this choice of origin which is typically used to set C = 0 in the NU gauge (see
e.g. [126]). We will see below however that there is a symmetry generator associated with this
choice of origin in NU gauge. This therefore raises the question of whether this symmetry could
be large and associated to a non-vanishing charge, as in the three-dimensional case [123].

Finally, in order to understand the role of the radial coordinate in BS gauge, we compute
the expansion of ¢ to find

4
r 2
0(0) = g""K,,,(0) = 8, In 7 = —ar(l)+—. (2.36)
2y r4 r
This expansion is the rate of growth of the cross-sectional area of the geodesic congruence as
one moves along the parameter r. When the determinant condition is imposed in order to
reach the BS gauge, this area is proportional to r2 as in flat spacetime, and r is called the areal
distance.

2.4 Newman-Penrose formalism

In section 2.2 we have obtained the solution space, but we are still missing part of the evolu-
tion equations (although we have identified where they are encoded in the tensorial Einstein
equations E,, = 0). An efficient and elegant way of obtaining these evolution equations is
to use the Newman-Penrose (NP) spin coefficient formalism [8,9,171,172], where they are

encoded in the Bianchi identities. To setup the calculation, let us introduce the null frame
fields

+1i R
€1 Z:E, ey =n, es =m= @(Mae—lad)), €4 =m. (237)
J 2y Yoo

7We thank Ali Seraj for bringing this to our attention, and for suggesting to study the shear of n.
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These are such that {#n, = —1 = —rﬁ“rﬁ“ with all the other contractions vanishing. The
spacetime metric® is gM” = el.” e]?’ 1/, where 1 is the Minkowski metric with n'?> = —1 and
34 _

n +1, and the angular metric is y,5 = rﬁ(Ar?lB). Notice that because of the doubly-null
choice of internal metric the dyad on the sphere is complex.

The NP formalism relies on the use of the spin coefficients, whose expression in the par-
tial Bondi gauge is given in appendix C. One can check that these expressions are consistent
with the geometrical meaning of the coefficients”. We have in particular that x = 0 since £
forms a null congruence, and € + € = 27,8 since these geodesics are not affinely parametrized
(unless we are in NU gauge). Since p € R this null congruence is hypersurface orthogonal
(and the rotational optical scalar w = Im(p) is vanishing), meaning that ¢ is proportional to
the gradient of a scalar field. It is however not equal to the gradient of a scalar field since
a+p—1=—2m"9,p # 0. Finally, the tetrads n, %, m have a non-trivial parallel transport
along £ since t Z0#e¢—€ [171].

We also give in appendix C the radial expansion of the spin coefficients, which is needed in
order to write down the expansion of the NP evolution equations. These evolution equations
are expressed in terms of the Weyl scalars, which we now compute, before studying the case
A = 0 and then the Bondi mass loss for (A)dS.

Contrary to the previous section where we have stayed off-shell of the constraints coming
from the Einstein equations in order to display the structure of the said equations, here we are
going to make repeated use of the constraint ‘BQB =0 as well as AL,z = 0 (which holds either
trivially in the flat case, of because the logarithmic term has to vanish in (A)dS). One must
therefore keep in mind that most of the expressions written here are obtained on-shell in this
sense.

2.4.1 Weyl scalars and covariant functionals

The Weyl scalars are defined as contractions of the Weyl tensor with the null tetrad (2.37),

which can then be expanded in terms of the dyad for the angular metric. In order to compute

these Weyl scalars we first define the rescaled frame m” := rii”®. With this, on-shell we find

1 1

Vo :=—Wpim = —4£ABmAmB + n—SrBEle\BmAmB + —55ABmAmB +00™9), (2.38a)
r r r
Inr s A, 1 A -5

\Ijl = —Wenlm = _4D SABm + _4PAm + O(r ): (2'38]))
r r

1 1 . _

Yy = —Wimmn = _E(Wenfn - WanTﬁ) = E(M + IM’\) +O(r 4) ? (2.38c)
1 _a -3

\1-13 = _Wnﬁml = ﬁjAm + O(r ), (238d)
1

Uy = —Wyinm = —Nagmm? + O(r™2). (2.38¢)
r

It is important to note that this is not yet a true expansion in r~* since the frame m” itself is
r-dependent. We come back to this important point below. The coefficients appearing here
are however r-independent, and given by functionals which we now discuss.

First, in ¥, after two terms due to the logarithmic branches, we find the so-called covariant

8Note that our choice of signature for the metric is opposite to that in e.g. [8,9,171,172]. As a result, the NP
evolution equations (2.53) have a change of sign in front of all the spin coefficients.

°It is always possible to perform gauge transformations of the tetrads so as to set some of the coefficients to
zero, but this is not necessary for our purposes. We note that in the tetrad formulation of gravity, where the frames
are the fundamental variables, it could be that some of these transformations are not pure gauge but become large.
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spin-2 aspect defined as

3

16CAB([CC]—4D). (2.39)

5 1
8AB = 3EX;3 — EEZT;B — ECSAB +

In ¥; we find the covariant momemtum

3 4 3
Py = _Ee_2ﬁ0 U3 — 2,508 — 5DBsAB + 3—2e2/50 dx(e™*Po(4D —[CC]))

+§CAB(CBC86ﬁO—aBC+DCCBC). (2.40)
In ¥, we find the covariant mass
M =e2Pop 4 11—6e—2ﬁ0(au +8,In /q + Ui, + D,UL)(4D — [CC])
+(04C —D5C*) 3,y + %(El —4E), (2.41)
and the covariant dual mass

M= (%NAB - %DADB) e (ch)", (2.42)
where €8 = ¢8/,/q is the Levi-Civita tensor with respect to the leading metric and % the
Levi-Civita symbol. Here we see the explicit appearance of the generalized news (2.34). The
mass and its dual together define the complex mass M := M + iM.

The covariant mass M, angular momentum P,, and the tensor £,5, which have respective
spin 0, 1, 2, are built from M, UAQ’, and E,p, which are the terms of order r~!in the Zuu> ua» and
gap components of the metric. They are responsible in the flat case for the leading, subleading,
and sub-subleading soft graviton theorems respectively [55]. Interestingly, the spin-2 is also
involved in a subleading symmetry and a class of memory observables which are non-local in
time [56,173,174].

The other covariant functionals are a bit lengthy to write down in the general case, so we
turn off some boundary sources in order to keep the expressions simple. In ¥; we encounter
the so-called covariant energy current, which for Ué = 0 is given by

1 1 A 1
Tn = 5DBNAB + ZaAR[q] i (PA + Z(C{?FCDBC& —CDcCEC + DB(CChy )) . (2.43)
Finally, ¥, contains the radiation tensor, which for ; = 0 and Ug = 0 is given by the trace-free
expression

A? A? A
e — o CCTF CTF _ _R CTF
NAB 365AB 24[ ] 'AB 12 [q] 'AB
1 ]‘ TF A TF ]‘ TF
+§3u NAB—ECAB%IH\/G 7 W [NC ]_E[CC 16,Iny/q
1

-3 (DAaB - %qABDcﬁc) 3,1n /g + %(D(ADCCEF)C —quDDPCY).  (2.44)
One can see that this radiation tensor is non-vanishing even in the case N,z = 0 of vanishing
news, signaling that the enlarged solution space which we are considering allows for shear-
free gravitational radiation [175,176]. This is sourced by the non-trivial time-dependency of
the boundary metric and by the covariant spin-2, and is a necessary ingredient in order to have
non-trivial radiation in (A)dS.
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One should however keep in mind that there is so far no well-understood notion of news
and radiation in (A)dS, so the name of N,z might be a misnomer. It is however possible to
identify from this tensor an important quantity which appears in the (A)dS mass loss and
which is conjugated to g, in the (A)dS symplectic structure. This is the trace-free tensor

A2
S = NAB 4 g8 (2.45)
36
In BS gauge this reduces exactly to S8 = —A2J48 /6 where J*B is (2.41) of [67].
It is interesting to notice that in the flat case and without boundary sources the radiation
tensor can be rewritten in terms of the time derivative of the generalized news as

1 1 1
NAB\AIO - Ea“NAB{Azo — E (DAaB — EqABDCaC) au In ﬁ. (2.46)

This can be rewritten more compactly if we introduce the Geroch tensor [177] (see also [34,
178,179]). For this, we use the fact that any metric on the two-sphere can be written as
qup = e‘I’qZB, where ® is a time-dependent conformal factor (sometimes called the superboost
field [178]) and qj;; is the metric of the round two-sphere with R[¢°] = 2. Introducing the
shifted generalized news

) 1 TF
NAB = NAB —_ TAB 5 TAB = (DAan) + §3A¢ an)) 5 (2.47)

we then find that the radiation (2.46) can be written as

A

1
Nag|yeo = 50Nas - (2.48)

The Geroch tensor T,g is sometimes called the vacuum news. Furthermore, since the Geroch
tensor satisfies

1
DAT,5 + 5aBR[q] =0, (2.49)
we see that the first two terms in the covariant energy current are

1 5
Tlrzo =50 Rus (2.50)

We therefore consistently recover the relationship between the radiation, the energy current,
and the shifted news (which is also called covariant news) in the case of a time-dependent
boundary metric. It would be interesting to study further the proper notion of shifted news in
(A)dS and/or in the presence of the boundary sources.

We now turn to an important remark about the Weyl scalars and the covariant func-
tionals computed above. These “covariant functionals” generalize the expressions identified
in [124,125], using a symmetry argument, as the objects transforming as primary fields (i.e.
homogeneously) under the action of Diff(5%) x Weyl. We will see below, when computing
the transformation laws, that the presence of the logarithmic terms does however break the
covariance property of some of these functionals. We therefore use the terminology “covari-
ant” in an abuse of language, to simply denote the fact that these expressions are identified as
components of the Weyl tensor, and that they generalize the expressions of [124,125].

An important point to notice is that the scalars (2.38) are computed from the projection of
the Weyl tensor onto the full r-dependent spacetime tetrad (2.37), and not from the projection
onto the leading components of this tetrad. Because of this, the expressions in (2.38) as they
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1

stand are not genuine expansions in !, since the frame m” itself is r-dependent. We will see
below the important implications of this simple fact for the consistency of the formalism.

Finally, we should comment on the fact that the inclusion of logarithmic terms in our
solution space also has an impact on the peeling properties of the Weyl tensor. Indeed, we
see in (2.38) that the fall-off of this latter depends on whether the logarithmic terms are
present or not. In the absence of logarithmic branches (which is always the case in (A)dS
while it is a choice in the flat case), we have the standard Penrose—-Sachs peeling with fall-offs
W, = O(rk=>) for k € {0,1,2,3,4}. In the presence of the logarithmic branches we get the
relaxed and non-smooth fall-offs

4

g 1, _
vy = F+r—5(\11051nr+\118)+(9(r 6), (2.51a)
U, = %(xpi“ Inr+9)+00™), (2.51b)
r
Uy = O(r* ) for k € {2,3,4}. (2.51¢)

While this peeling is obviously weaker than the Penrose-Sachs condition, one should keep
in mind that this latter is simply an hypothesis, which might be too restrictive as has been
discussed by several authors [127,138,141-145,147,150]. The fall-offs (2.51) are for example
consistent with the hypothesis used in the study of the global non-linear stability of Minkowski
spacetime [180], which is

U =OF7?) for k €{0,1,2}, ¥, = Or*>) for k € {3,4}. (2.52)

Here, instead of imposing a priori fall-off conditions we have chosen to simply follow the
structure imposed by the solution space. In the presence of the logarithmic branches, the
study (deferred to future work) of the symplectic potential, the charges, and of the possible
interplay with the memory effects and the logarithmic soft theorems [154-156], will give
possible physical criteria for interpreting the relaxed non-smooth peeling.

2.4.2 Evolution equations for A =0

The evolution equations for the above functionals can now be derived from the NP formulation
in terms of spin coefficients [172], where they are encoded in the Bianchi identities. They take

the form!®
n"9, W, = m"0,¥; — (4y — u)¥o + 2(27 + f)¥; —30¥,, (2.53a)
Tl'uau‘ljl = T’fl‘ua‘u\pz - 'V\IIO —_ Z(Y —_ ‘U,)\I—’l + 37,-\1’2 —_ 20'\113 5 (2.53b)
n“au‘ljz = Tﬁ“@M\I/3 - 211\1/1 + 3“‘1’2 - 2(/3 —_ T)\I/g —_ 0'\114 , (253C)
n“aqug = ﬁl“@u‘lq - BV\IJZ + 2(2‘U, + ')/)\IJ3 —_ (4ﬂ —_ T)\IJ4 . (253d)

It should be noted that these NP evolution equations are in fact also valid in the case A # 0
(see e.g. [82] or the appendix to [172]). As we will see in the next section, considering A # 0
only modifies the expansion of the spin coefficients and of these evolution equations.

In order to expand these evolution equations, we first have to rewrite the scalars (2.38) in a
true Taylor expansion. We will then check for consistency that these NP evolution equations are
consistent with the evolution equations derived above from the tensorial Einstein equations,
and then write the mass loss formula in (A)dS.

1°Due to an opposite choice of signature for the metric there is a change of sign between the equations displayed
here and e.g. reference [172].
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Expansion of the Weyl scalars

In order to obtain the genuine Taylor expansion of the Weyl scalars, we need to take into ac-

count the radial dependency of the dyad. The rescaled frame m” = ri* admits the expansion

mA
mAzm’8+—1+(’)(r_2), (2.544)
r
+1i
5= \ qzﬂ(—ﬁ e 53—1'52) , (2.54b)
q dge
1 1
A — AlmB B B, C),.A - A
my = 4 (CB(mO - Zmo) - (CchO mg )mo — Ecmo) s (2.54¢)

and similarly for the complex conjugates iy and /. The leading frames m{) and m; are null in

the leading metric 45, and are related to this metric and to the volume form by ¢*f = mgArhg)

and €8 = —imgArhg], where the bracket denotes anti-symmetrization. They also satisfy im-
portant relations given in appendix C, and which we use repeatedly below in order to establish
the dictionary between the NP formalism and the tensorial Einstein equations.

Using the above expansion of the frame we can now rewrite the expansion of the Weyl

scalars (2.38) as'!

o 1
¥, = —2 + —5(\p§)5 Inr+¥3) +0O(r™°), (2.55a)
r r
1
v, = —4(\Ili4 Inr+ \Ilf) +00™>), (2.55b)
r
2 ot
U, =—=+007), (2.55¢)
r
2
Wy = r—;’ +0™%), (2.55d)
1\ )
U, = - +0O(r ). (2.55e)

In this genuine expansion in r ", the “coefficients” which appear in the “fake” expansion (2.38)
are mixed due to the radial dependency of the sphere frames. This does not affect the leading
terms in the (polyhomogeneous) expansion, but is evidently important to take in to account
when computing the subleading terms. For example, in ¥, the term in r° is modified and we
have

Wt = €= Lpmimb, W =& = 3E] mim5 Uy =E+2Lpmomb,  (2.56)

where £ = SABm‘gmg. For ¥; the overleading logarithmic term does not propagate to the

covariant momentum, and we simply have
Wit =DpBe,pmy, =P =Pms, (2.57)
while for the other scalars we simply get the leading contributions

W3 = Me = M +iM, W2 =7 = Juml, Ul = N = Nl . (2.58)

""Here the notation ¥} denotes the coefficient at order r™ in the expansion of ¥, and \I!,l(” denotes a term in
r~"Inr. This differs from the notation which is traditionally used to expand the Weyl scalars [126,164,165,172],
where authors use \I/,f to denote the leading term in each expansion. The notation used here will be more handy
when studying the subleading components of the Weyl scalars and the Newman—Penrose charges.
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We will come back to the study of the subleading components (which in particular for ¥, con-
tain the spin-s charges) in future work. It is clear that each subleading components ¥', when
written in terms of tensors and frames, will involve the contraction of overleading coefficients
in (2.38) with subleading coefficients in the expansion (2.54a) of the frame (as it already
happens for ¥3).

NP evolution equations

Let us now present the expansion of the NP evolution equations (2.53). Our goal is to verify
explicitly that these equations match the evolution equations derived in section 2.2 using the
tensorial Einstein equations. Once this check is done, we can then rely on the NP equations
to write the evolution of the mass and angular momentum, which we are still missing at this
stage. We choose to turn off the boundary sources, i.e. set f =0 = Ué at this stage. The study
of the NP equations with boundary sources is postponed to future work. We also initially set
A = 0 in order to study the effect of the logarithmic terms. On-shell of the constraint %gB =0,
we then find that y, in (C.3a) reduces to 4y, = —3,1n ,/q.

We now expand (2.53) and collect the relevant equations. First, expanding (2.53a) at
order O(r™*) gives

(8,—4y0)e=0. (2.59)

The expansion at order O(r>) gives
(8,—670) WL = (mha, + 2B, ) ¥4, (2.60a)
(8,—670)¥5 = (mAds+2B1)P — 30, M —27o¥L° + (ug + 2V, —47,)L, (2.60b)

where the first equation comes from the Inr term. Note that here f3; is the term in the expan-
sion (C.2b) of the spin coefficient . Expanding (2.53b) at order O(r—*) gives

(8,—6y,)¥l* =0, (2.61a)
(8,—670)P = miuMc —20,T — 2y, ¥i* — w8, (2.61b)
where the first equation comes from the Inr term. Expanding (2.53c) at order O(r~3) gives
(8,—6y0)Mc = (mhdy—2p,)T — 0N . (2.62)
Finally, expanding (2.53d) at order O(r~2) gives
(8,—670)T = (myo,—4B1)N . (2.63)

These are the evolution equations for the covariant functionals and the logarithmic terms. We
can now check the consistency of these evolution equations with the ones derived directly from
the tensorial Einstein equations in section 2.2.

Consistency with the tensorial Einstein equations

Let us first note that in the absence of boundary sources and when A = 0 the on-shell constraint
%gB = 0 plugged in (C.4) implies that 28um6‘ =-J,In/q m‘g = 4Y0m6‘. This implies immedi-
ately that (2.59) is equivalent to the evolution equation (8u2AB)m‘3mg = 0, consistently with
(2.17¢).

Similarly, these relation together with (C.6d) can be used to rewrite (2.60a) in the form of
the projected equation

2
(2@153;3 +E350,In y/q— §DADC ;:BC) mymg =0, (2.64)
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which is equivalent to (2.20) for A = 0 since the trace-free part of the last two terms in the
bracket do not contribute by virtue of the nullness of m’g in qup.

Then one can check the equivalence between (2.60b) and (2.21). We can obtain the former
by contracting the latter with mo m0 , and using the fact that in the absence of boundary sources
and for A = 0 we have

2(9, 6}/0)£A3m0m1 (YOC——QC 4)/1) (2.65)

on-shell of 9,£,5 = 0, as well as the identity (C.6d). Equivalently, we can also use this on-shell
relation (2.65) to rewrite (2.60b) as

3 1
(8,—670)E = (M8, +2B1)P — 303 M¢ —27&; — (—R[q] + —(au — 2yO)C) £,  (2.66)

which is the contraction of (2.21) with m? m0 We see that although (2.60b) initially involved
‘IJS, and therefore an object contracted with both m0 and ml, it is possible to use other evolution
equations to obtain the rewriting (2.60b) in terms of projections solely on the celestial sphere.
We expect that the same mechanism will work for the subleading evolution equations, and
that they can therefore all be rewritten as projections onto the leading frames.

One can then check that (2.61a) is equivalent to (8u U}\‘? +U }‘3311 In ﬁ)mg‘ = 0, which is
the evolution equation obtained from the logarithmic term in (2.25b).

Next, one can show that (2.63) is tautological and implied by the definition of the energy
current 7 and the radiation N, consistently with the fact that we have not encountered this
evolution equation in the tensorial Einstein equations. Indeed, using (C.6e) one can show that
(2.63) is the contraction with rhg of the tensorial equation (Bu - 4y0)jA = DBN,z, which in
turn follows from the above definitions of the energy current and the radiation tensor.

We are now left with two evolution equations which we have not yet derived from the
tensorial Einstein equation (although we have identified where they appear). This is (2.61b)
for the angular momentum and (2.62) for the mass. To obtain the tensorial form of (2.61b)
we use (C.6f) and (C.6g), and also the fact that without boundary sources and in the flat case
vy = 2ﬁ16‘3A}/0. With this one can show that the NP equation is the contraction with mg‘ of the
evolution equation

(8u—470)Pa= 8 M + €230 M+ CJ 7P — 2D (70 £a5).. (2.67)

This shows that the contribution from the logarithmic branch does not affect the evolution of
angular momentum when integrated on the celestial sphere.

Finally, we can write the tensorial form of the evolution equation (2.62) for the covariant
mass. Using the identities (C.6h) and (C.6i) we get

1 1
(8,—6y0)M = 5DAJA + ZrCABJ\/AB . (2.68)

This is a version of the flat Bondi mass loss. One should however note that here it is written in
terms of the covariant mass M and not the bare mass M, which is why the term in addition to
the angular divergence on the right-hand side is not negative semi-definite. In order to get the
more familiar Bondi mass loss in terms of M we should use (2.41). In BS gauge and without
time-dependency of the boundary metric (2.68) reduces to the familiar Bondi mass loss

1 1
oM = EDAJA — gNABNAB ) (2.69)

The two definitions of the mass M and M therefore differ in these two key properties: the
former is covariant under the action of BMSW [124] and appears as a Weyl scalar, while the
latter satisfies a manifest mass loss formula at each u when integrated on the celestial sphere.

One should however notice that upon integration over Z* the integrated flux-balance laws for
M and M agree.
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Removing the logarithmic terms

For comparison with previous results in the literature let us consider the case without loga-
rithmic terms. The above evolution equations in NP form then read

(6,—670)T = (m‘gaA —4B)N, (2.70a)
(8,—670)Mc = (mhay—2p,)T — 0N, (2.70Db)
(8,—670)P = miguMc — 20,7, (2.70¢)
(8,—670)E = (M8, +2B1)P — 30, Mc, (2.70d)

and are organized in a hierarchy with the functionals successively sourcing each other.

At this point it becomes convenient to assign “quantum numbers” to the various functionals,
which can be used as a book-keeping device for the structure of the various equations (such as
the evolution equations and the transformation laws). These are the conformal (or scaling) di-
mension w, the spin j, and the Newman-Penrose spin (or helicity) s. The conformal dimension
assigned to the line element is w(ds?) = 0, while for the coordinates (and their differential one-
forms) w(u) = —w(r) = w(x*) = —1 and for the vector fields w(3,) = —w(3,) = w(8,) = +1.
The terms in the expansion of y,5 and U” start respectively with w(quz) = 0 and W(Ug‘) =0,
and then have increasing conformal weights. Then, we assign spin j > 0 to objects with j lower
angular indices as j(y,5) = 2, and spin —j < 0 to objects with j upper indices as j(U%) = —1.
Finally, the frames are assigned an helicity (or spin-weight) s(m‘g) = +1 and s(rh‘g) = -1,
while they both have W(m‘g) = W(ﬁl‘g) =0and j (m‘g) =j (ﬁl‘é) = —1. Full contraction with the
frames therefore returns a scalar and trades spin j for helicity s. For example T,z with weight
w and spin j = 2 gets mapped to the scalar (i.e. spin j =0) T = Typ m’gmg with weight w and
helicity s = +2.

The NP evolution equations can then be rewritten more compactly if we label the vari-
ous functionals by their helicity as Q; = ¥3** = {N ,J, Mc,P,E } and introduce the spin-
weighted derivatives

611 = au+2(]—W)')/0, 0= (mgaA+28ﬂ1), 6: (rhgaA—ZS/;l) (2.71)
The equations (2.70) then take the simple form
0,9, =009, 1 —(s+1)0,9,_,, for —1<s<2, (2.72)

where the various weights and helicities are given by'?

N j M(C P 5 51 £ 611 6 VO Yo U1 /j]_ (o) mé Tﬁé
s | —2|—-1 0 1(2(2(2|0(|1|—-1|0]O0 1 2 1 | -1
w| 3 3 3 31313 (2|1 ]1]| 2 1 2 1 1 0 0

We recover the equations of motion written in [ 164], with the functionals Q, now generalized
to the partial Bondi gauge. In the presence of the logarithmic terms there is no such compact
rewriting of the evolution equations (although of course each evolution equation can be writ-
ten separately). Even in the absence of logarithmic terms, the subleading evolution equations
become quite intricate [165].

One should note that the subleading component m/l4 of the frame, given in (2.54c¢), does not
posses a definite helicity. Because of this, the subleading evolution equations (or the leading
equations in the presence of logarithmic terms) will involve terms which also have no definite

"“Note that the spin coefficients v, and 7, only have a well-defined helicity in the case A=0and A =0= U}
respectively. The helicity of u,, 8, and o, is however always well-defined.
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helicity. For example \Ilg has no definite helicity since it involves the term in (2.92). This is
also the case of the spin coefficient y; appearing in the evolution equation (2.60b), as can be
seen in (C.3b). The terms in the radial expansion of the spin coefficients may also have no
well-defined helicity (see footnote 12). We will encounter below examples of quantities which
can be rewritten on the celestial sphere (i.e. on a basis of leading frames m’g) but which have
no well-defined helicity. This is the case e.g. for (2.92). This mixing of helicities is a genuine
feature which cannot be bypassed. We also note that this mixing was observed in celestial
OPEs [44,54].

2.4.3 Evolution equations for A # 0

We now briefly study the evolution equations in the case of (A)dS, focusing in particular on the
evolution of the mass. When A # 0, the NP evolution equations are still given by (2.53). Now
however, because the vector n and some of the spin coefficients contain overleading terms
with respect to the flat case, some coefficients and Weyl scalars have to be expanded further.
Using the same notation as above (and again setting the boundary sources to zero) we then
obtain evolution equations which can be repackaged in terms of the spin-s functionals as

(6u — %(s +1)C Qs) Q=09 1 —(s+1)02,Q; 5+ %‘I’E‘fﬁ > (2.73)

for —1 <s < 2. We see that A # 0 brings in the subleading terms \Ilgfg in the expansion of the
Weyl scalars.

Let us now focus on s = 0 in order to obtain the evolution of the mass in (A)dS. In order to
compute W7, we need to also extend the solution space to subleading order. This subleading
solution space is given in appendix F. With this we can continue with the expansion (2.55c)
to find

LR AR s 3
\112=r—3+;(\112+\112 1nr)+(’)(r ), v, = Mc. (2.74)
The general off-shell expressions for Re(\Ifg ) and Re(\I/é“) in the case of an arbitrary cosmo-
logical constant are reported in appendix F. For A # 0, all the logarithmic terms disappear
on-shell of the constraints, one has Re(\Ifé‘*) =0, and we are left with

1 3 A
Re(¥i)=—=D,P*—=C —CupE®. 2.75
e(¥3) = =3 DaP" = JCM+ 2 Cpé (2.75)
The NP equation for the evolution of the mass is then
A A
(8,—670)M¢c = (mhoy—2p,)T — 0N + gCMe+ 2 5. (2.76)

Using the fact that (C.3a) gives 4Re(y,) = V,,, the real part of the above equation finally leads
to the (A)dS mass loss formula

3 A 1 A 1
=0,In/q—= =D, TJA—=P |+ = AB 2.
(8u+28un q 4C)M 5 A(J c )+4CABS (2.77)

This is in agreement with (2.52) of [67]. One can indeed check with some rewriting that

in BS gauge and in the absence of logarithmic terms we have J4 — AP*/6 = —AN(% /3 and
S = —A2J48 /6, where N(% and J*8 are the quantities defined respectively in equations
(2.40) and (2.41) of [67]. We note that when A = 0 the functional S*8 reduces to N“B, so

that the above evolution equation reduces to its flat limit (2.68).
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2.5 Intermediate summary

Starting from the partial Bondi gauge including logarithmic terms in (2.3), we have solved the
Einstein equations in a radial expansion for an arbitrary value of A. We summarize in table 2
below the structure of the solution space and the role of the various constraints and evolution
equations. The data which is a priori free is given by the mass M, the angular momentum
U?, the boundary sources f3;, and Ug, and the (smooth and logarithmic) components of the
angular metric. We have seen and we recall below how some of this data can be repackaged
into covariant functionals, which are the quantities appearing in the NP formalism. Some of
this data is also subject to evolution equations or constraints, such that at the end of the day
not all the data is free. This turns out to depend on whether the cosmological constant is
vanishing or not. We also recall in the table below which assumption (if any) on the boundary
sources has been used at which stage. This indicates what has to be relaxed in future work.

In the case A # 0 the Einstein equations enforce the vanishing of the trace-free parts of the
logarithmic terms. We gather in the table the location of the various equations which remove
these logarithmic terms at the first few orders. When further completing the partial Bondi
gauge to reach the BS or NU gauge, there are then constraints on the traces of the terms in
the expansion of y,5. In particular, it is important to notice that the traces of the logarithmic
terms are always vanishing in BS or NU gauge on-shell of the A # 0 Einstein equations. This
vanishing is imposed by the determinant condition in BS gauge, and by the vanishing of 8 at
all orders in NU gauge. This happens at all order and with all the logarithmic terms, and the
final result is that there are no logarithmic terms in the (A)dS solution space.

Moreover, when A # 0 the shear C;, is completely determined in terms of the boundary
metric (more precisely UOA and the time derivative of g,5) through the constraint %I{X\B = 0.
This is drastically different from the flat case, in which C}; is free and independent from qyp.
As explained in [67], the (AB) Einstein equations give at every order an equation of the type
Ayup = uygl +(...) for n > 1. This therefore does not constrain E,z in terms of the time
evolution of Dyp since n > 1. For example equation (I.1) shows that F,; is indeed determined
by 6,E45 (which contains J,E,;). This means that the solution space is entirely determined by
11 functions of (u, x*). These are the 8 unconstrained functions (3, Ug‘, das, E,3), and the 3
functions (M, U?f‘) subject to evolution equations. By contrast, in the flat case the equation (I.1)
has to be interpreted as an evolution equation constraining E,,. It is therefore interesting to
note that, in (A)dS where E, is unconstrained, this field sources the mass loss (2.77) together
with the radiation tensor. Ef‘% is therefore part of the radiative data in (A)dS, even when
8quB =0.

When A = 0, nothing prevents the logarithmic terms from being included in the solution
space, and they are furthermore subject to evolution equations which we also recall in the
table. These evolution equations depend only on the boundary metric and are not sourced by
the shear. Among the data there are, first, the 6 functions (3, Ug, qap) with the time evolution
of gq4p constrained by %23 = 0. There is then an infinite tower of functions appearing in the
radial expansion of the angular metric (namely E;7,, F;3, ...) and admitting a non-trivial time
evolution as in (I.1) [28]. The logarithmic terms have a non-trivial time evolution as well,
but this latter depends only on the boundary metric and sources, as for example in (2.17c)
and (2.20). When the boundary metric has no time dependency and the boundary sources
are turned off, the evolution of the logarithmic terms in y,z can be integrated. For example
L4p is a constant of the motion by virtue of (2.17c), and therefore E;,5 evolves linearly in u
according to (2.20). This is in accordance with equation (12) of [138], which is a particular
case of our evolution equations.

In summary, the solution space contains an infinite tower of constrained functionals Q-
in the flat case, together with possible logarithmic terms if one chooses to include them in the
solution space. We will come back to the study of these higher spin functionals in future work
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as here we have stopped at s = 2. In (A)dS, on the other hand, the quantities Q.. are fixed
algebraically by the time evolution of Q;, leaving only Q, ~ £ free [67]. This is the reason for
which, in the last three lines of table 2 below, we have written that (2.73) gives the evolution
equations for Q, with s > 2 only. Indeed, for s = 2 the equation for Q, is (I.1), which is not

an equation constraining E,; but rather an equation determining Fj; in terms of J,E;.

Table 2: Structure of the solution space in partial Bondi gauge.

condition on A quantity or equation notation and origin simplification

— mass and momentum M and U‘3“ —

— boundary sources Bo and Ug‘ —

— smooth terms in y 4z 45> Cag>Dag, Eag, - - - —

— logarithmic terms in y,p Eiag, Fiag, Fi2am, - - - -

— covariant spin-2 Exp (2.39) —

— covariant momentum P4 (2.40) —

— covariant mass M (2.41) —

— energy current T (2.43) U =

— radiation Nyg (2.44) 0o =0="U}

— Cc=0 BS gauge (3.2a) -

— E = BS gauge (3.2¢) or NU gauge (2.7c) —

- F2=0 BS gauge (3.2d) or NU gauge (E1a) —
A#0 F,=0 BS gauge (3.2d) + EI | o1 —
A#0 F,=0 NU gauge (F1b) + Ef| o1 —

Lap=0="Us B3| o0y & (2.17D) -

A0 Ef,=0 | o) & (2170) -
Flt = B3| o) & (2:20) -

FT.,=0 B3| o) & (2:19) -

— evolution of g, E;FB\O(H : ‘BQB =01in (2.18) —
evolution of £,5 EE:B|(’)(F_2) S (2.21) < (2.60Db) Po=0= Ug
evolution of P, But| o2y € (2.67) & (2.61b) 0v=0=UA

A=0 evolution of M Euu| g2y & (2:68) & (2.62) Bo=0=U4
evolution of £,5 E;%|O(r,1) < (2.17¢) = (2.59) —

evolution of EJ}, Ejs| o2 € (2.20) & (2.602) | fo=0=U}

evolution of UL Bl | o2y € (225b) & (2.61a) | fp=0=Uj

evolution of Q,, (2.73) Bo=0="Uj

A#0 evolution of M Eud| o2y & (2.76) & (2.77) Bo=0="U4

determination of FXE E;FB \ 0-2) < (LD Po=0= Ué

2.6 Asymptotic symmetries

Although the partial Bondi gauge is an incomplete gauge fixing, it still enables to define resid-
ual symmetries and to compute the ensuing transformation laws. This is because the radial
expansions of all the free functions in the line element (2.1) have been determined. We can
therefore obtain general expressions for the asymptotic symmetries and their action on the
solution space, before then reducing these expressions to the BS or NU gauge. For this let us
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first derive the expression for the vector fields generating the residual symmetries.

2.6.1 Vector fields

Preserving the partial Bondi gauge, i.e. imposing $:g., = 0 = $:g,4 = 0, imposes that the
vector field & = 48, + &7 8, + £73, has temporal and angular components given by

gi=f, EA=v4+ 14, (2.78)
with

o
d.f =0=23.Y%, IAz—f dr’ e?Py4B o, f . (2.79)

From this we can already compute the Lie derivatives

$evap = (fau + 8y + $1)YAB +&"0:va8— Y(ac UC@B)f ) (2.80a)
$:lny = (f0,+&78,)Iny + 2D,&* —2U4,f , (2.80b)
$egur = —e*P(2898,B + 0,8 + UAGsf + 3, ). (2.80c)

These expressions will be used below in sections 3 and 4 when looking at the conditions which
preserve the BS and NU gauges.

The radial part of the vector field is then determined by the requirement that (2.80a) be
compatible with the ansatz (2.3). Preserving the form of the angular metric imposes that the
radial part has an expansion of the form

11
&= r§:1+§6+%+§(£{21nr+§£)+(’)(r_3), (2.81)

where the various coefficients of the expansion are a priori arbitrary functions of (u, x%).

In summary, the residual symmetries are generated by &, parametrized by the free func-
tions of (u, x*) which are the supertranslations f, the superrotations Y, and the functions
appearing in the expansion of £". These vector fields preserve the on-shell fall-off conditions
(2.4) without any extra restrictions on the generators. The functions appearing in the expan-
sion of £" are for the moment arbitrary, but will be determined in terms of the field content
of the solution space upon reduction of the partial Bondi gauge to the BS or NU gauge. Since
the choice of BS or NU gauge amounts to a choice of radial coordinate, it is natural that this
is what determines the form of the radial component of the vector field. We show below in
section 3 that in BS gauge &" contains a single free function (in addition to f and Y#), which
appears at order O(r) and parametrizes Weyl transformations. In section 4 we then show that
in NU gauge in addition to this Weyl parameter there is a free function also at order O(r°),
which parametrizes the radial translations. One should then compute the charges in order to
see which part of the vector field is actually associated with a true (i.e. non-gauge) asymp-
totic symmetry. We know that the Weyl transformations are associated to a non-vanishing
charge [125], and are therefore physical, while for the radial translations there is so far no
computation of the charge. This lengthy task is postponed to future work, and for the time
being we focus on the algebra and transformation laws.
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2.6.2 Transformation laws

In order to obtain the transformation laws of various functionals on phase space, we first
expand the angular part of the asymptotic Killing vector as
A A A
B=vi+ 1+ 24:2 1007
roor2 r3
g c® 1
=Y (— — 57 +35(28a" + riB)) Opf +0O(r™), (2.82)
r

r 2r2

with 8, and yﬁB given respectively in (2.7b) and (D.7a). The transformation laws for the
boundary sources and volume element are

8e1n/q=2&", + f3,Iny/q—USof + DsY*, (2.83a)
1

5ePo=(f8u+8y)Bo+ 5 (&5 +0uf + Upduf ), (2.83b)

5:Uy = (f0u+ 8y +0,f +U§acf )Uy— 3,V — 3e“’%a’*f, (2.83¢)

where $y X4 = [V, X" = Y® ;X4 —X® 0, Y. This shows that £, is related to the Weyl rescal-
ings of the induced boundary metric. These transformation laws also give the constraints
on the symmetry generators which have to be satisfied if the boundary sources are turned
off and/or if the boundary volume element is kept fixed. In particular, we see that fixing
Po=0= US‘ imposes that the Weyl factor is determined by J,f. We also note that the trans-
formation of U, does not depend on &".

Looking at the radial expansion of (2.80a), we can now read the transformation laws of
the various subleading components of the angular metric. We find

Seqap = (fOu+ 8y +287)aus — U S » (2.84a)
65Cap = (f Oy +$y + &1 )Cap + (81, +280)0as — (UL + UL )95 f

=(f0,+$y +&",)Cas +2Eqap — 2e /50(28(Aﬁ083)f +Dadpf ) = U0y f ,  (2.84b)
8zDap = (f 8+ $v)Dap + ($1, + £5)Cap + (81, + 287 )qas — (UG + Uy + U(A)aB)f

= (£, + 8y )Das + EyCap + 28105 — UL, f

+ Eezﬁo (D€ Clac — CacDE — 8aC — 2C(ac o )3y f

+ %ezﬁo (DuCiyc — 2D Cag —2C(ac 3y B0 )2 £ (2.84c)
OcEpp = (o +8y —& )Ea+E Eiap + 81, Dap + ($12 +E7)Cap + ($13 +2E5)qap

— (U3, + U3 + Ul + EacUS )3y f (2.84d)

S¢Eap = (f 8y + v — &1 )Euap + 2E],qu8 — Eyac Us O5)f — U 08)f (2.84e)

where $yCap = Y 3:Cpp + CiacFp) Y and we have denoted U, = C,3U® and U, = DygUB.
Using 6C = ¢*B5Cy5 — 545 C*8 we then find the variations of the traces, which are

C=(f3,+8y —&",)C+4E; —2e*P0(48,, + Dy)0"f (2.85a)
5:D = (8, +$y —28},,)D +£5C + 48 — €20 Cap(48” By + DP) + 28,C — 2DPCyp )41,
§cE = (f0,+8$y —3&" )E +4E, —2Unduf . (2.85b)
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From this we then get that the variations of the trace-free tensors appearing in the solution
space are given by'®

5:Ca = (FOu+ 8y +E,)Ch — Chc US 85 f —2¢*P0(204Bods) f +Dadsf) (2.86a)

8By = (f0u+ 8y — &1 By — Elfy US O f — (UR s f ) (2.86b)
5eLas = (f3u+8y)Cas — LacUS Op)f (2.86¢)
5¢%8Y, = (£, +0uf + Sy +287,)BY, — B US ) f +BLUS acf + %(D(A(e4ﬁ°83) )
5By = (f 8y +8uf + 8y +281 )8 — B Us O5)f +BapUs Ocf - (2.86d)

The last three variations are used as a consistency check. They show that imposing the con-
straint SBQ\B = 0 and/or removing the logarithmic terms does not give any restrictions on the
symmetry parameters. The variation (2.86b) shows that the logarithmic term U }\3 gives rise to
a logarithmic term E;,5 in the angular metric.

We now give for completeness the variation of the “covariant” spin-2 functional, which can
be computed from the definition (2.39) and the above transformation laws. We find

Sebap = (F O+ 8y — &1 )Eap + 38 EN, — 287 €45 — Enc US Oy f + 2620 (P )™
- ezﬂo((s(ACDB)a F) = (8 D) +0CF(48cBo+Dc)eas).  (2.87)

As announced above, we see that this functional does not transform homogeneously even for
the subset of symmetries corresponding to f = 0 (which is Diff(S2) x Weyl in the BMSW gauge
studied in [124,125]). Furthermore, we see that since £,5 and Ej45 have the same weight for
&', in their transformation laws, it is not possible to find a combination which is homogeneous
for f = 0. Similarly, for the momentum we find

§ePa=(f0,+8y — 287 )Py—UBPRa,sf + DB(E7,L5,) + 3e2Po(Mqyg — Meng )35 f
+ (terms in 9,f ),
(2.88)

so the logarithmic term coming with £’ ; gives an anomaly. It is interesting to note that these
anomalous terms in the transformation of £,5 and P, are related to the overleading logarith-
mic terms appearing at the same 1/r" order in the expansion (2.38). This suggests that all
the leading terms in the expansion (2.38), or equivalently (2.55), do not suffer from these
anomalies and are actually covariant when f = 0. This is confirmed by the transformation
(2.86¢) of £45, and by the transformation of the leading term in (2.38b), which is

5e(DPLap) = (fo, + 8y —287,)(DBLas) + 02f (0, + 8, In /G + US D¢ + 2D US ) Lap

1
— EaAf(xBC 0,qc +2USDC L5 ) — € £ (2DPU2 L5 + £80,q5¢) - (2.89)

We do not compute here the lengthy transformations of M, 7, and Nz, but conjecture based
on this observation that these functionals transform homogeneously when f = 0, and therefore
truly deserve the name “covariant” (while, we recall, £,5 and P, are only covariant in the
absence of logarithmic terms). One should note that £,5 and P, are however covariant when
A # 0, since in this case all the logarithmic terms vanish.

It is also interesting to study the transformations of the NP scalars projected on the leading
frames. For this we first compute the variation of the leading frame itself. Decomposing Y on

13 TF _ TF TF s
~ Qne should note that 6:C,; = 55(CAB) # (6 ECAB). g and similarly for the other tensors, so these are the
variations of trace-free tensors and not the trace-free variations.
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the null frames as Y# = Ym§ + Ymj with Y = Yym{) and Y = Y,m5, we find

1
65m‘3: (fau_ 11)’"13"' Emg(a(Ang)_D(AYB))"' mo(mo mo —m, mo)(anU DCYB)
1 o .
=(f8,— rl)m’3+§m’3(U0(6+6)f+U0(6—6)f—(6+6)y—(6—6)y)
—mH(dY — Updf ), (2.90)

with Uy = USm$ and U, = Ujm$, and where we have used mdf + mydf = 8“f. Note that f
is of helicity 0. With this we then find

5e2=(f0,—287, + Y8+ V0 +(3+8) V=) +(Uy— Up)3+8)f ), (2.91a)
6:6 = (fau —3EL, + Y3+ Y0+ (0+8)(YV—V)+(Uy—Up)(d+ a‘s)f)gZ (2.91b)

—6mOUl36f (291C)
5¢€ = (fau—3EL, + Y8+ I8+ (3+3)(T =)+ Uy — Up)3+d)f )& (2.91d)

+ 1,6 — 2858+ e2Po(4Pof —49,,0°F £ —2(30f ) —0f 8L —3foL), (2.91e)

which shows once again that £ and &; transform homogeneously when f = 0 while £ has an
anomaly due to the logarithmic terms.

As explained at the end of section 2.4.2, subleading term in the expansion (2.55) of the
Weyl tensor, such as \I/g =&+ EABm‘gm’f , do not have a well-defined helicity. This quantity
can however still be written in terms of a projection on the celestial basis mg‘. Explicitly, this
comes from the rewriting

£, = Lpmim? = (2(02 —&,)—C)e, (2.92)
where the right-hand side is indeed a projection onto momo, although it is the sum of terms
of respective helicity +4, 0, and +2. The transformation law for this object is

52, =(f3,— 38, + YmAo, + Ymho,) e, —&LL
- - - - _ < 1
+(@+8)V =) +4(IBr — V1) + Uy —Te)(0+8)f ) (02 - ZC)S
+ %ezﬁos(aé +38+ 080 —38)f + Le*Po2(8B,8f +3Bodf +8Pedf —BBeSf),  (2.93)
which can be combined with (2.91¢e) to show that \Ilg does indeed not transform homoge-
neously.

As a conclusion for this subsection, we can note that all the transformation laws computed
above, for any phase space function O, take the general form

5:0=(fo,+8y +(—w)E )0+ (Uy-0-3f)+(...), (2.94)

where the terms in (...) do not depend on O. The component £, of the radial part of the
vector field, which later on will be related in BS and NU gauge to the Weyl transformations,
appears with a factor controlled by the spin and the conformal weight. For the various func-
tionals considered here these labels are given by

j10|[0]|O 2 2 2 2 2 1 2 2 -1 -1
w| 3 |13]2] 0 1 2 3 3 3 2 0 1({2( 0 0

o
o
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The second term in (2.94) is a contraction of the boundary source Ué with an angular deriva-
tive of f and the functional O, whose particular index structure depends also on the spin of
0.

The tensor Cyp has spin and weight such that 8,C,z = (9, + 2y)Cap, Which is indeed the
combination appearing in the generalized news (2.34). This latter, just like the news N,5, has
conformal dimension w = 2, so 8, N,z = J,N,p in agreement with (2.46).

2.6.3 Symmetry algebra

Let us finally discuss the algebra formed by the vector fields preserving the partial Bondi gauge.
With the above transformation laws at our disposal, we can use the modified (or adjusted) Lie
bracket [28] to compute the bracket between vector fields where the coefficients of the expan-
sion (2.81) have an arbitrary field dependency. This generically leads however to algebroids
with field-dependent structure functions. In order to bring the algebra in a more readable
form, it is convenient to imagine having performed a field-dependent redefinition of the radial
coefficients in order to write the vector field as

EH = ( fohr+k+ %e2ﬁ0(48Aﬁ0 +D,)0% +O(r™1), YA — %eZﬁoaAf + O(r_z)) . (2.95)

The function h parametrizes the Weyl transformations and is common to the BS and NU gauges,
while k parametrizes the radial translations which only appear in the NU gauge. Expression
(2.95) is precisely the form that the asymptotic Killing vector will take in NU gauge, or in BS
gauge when setting k = 0.

There is a subtlety to be noted at this stage however, which is that (2.81) contains a priori an
infinite tower of arbitrary functions. Here we are considering in (2.95) only the contributions
from the leading functions &' ; and &, which are the only ones which will survive the gauge
fixing to BS and NU gauge later on. In any case, one can expect that computing the charges
with (2.81) will reveal that the functions &7 _  are pure gauge.

Using the modified bracket on (2.95) in order to take into account the field-dependency,
we find

[E(fL hy, Ky, Y1), E(fo M ko, Vo) |, = [E(f1, e, ke, Y1), E(fo, ha, Ko, Yo) | — (6,82 — 66,€1)
= &(f12, 12, k12, Y12),

(2.96)
with
f12:flauf2+Y{43Af2_5§1f2_(1(_)2); (2.97a)
hiy = fid,hy + Y{'O4hy — 5 hy — (1 — 2), (2.97b)
kiz = fr0.ks + Y{'04ky —hyky — 6z ky — (1 > 2), (2.97¢)
Yy, = f10,Y5 + V23RV — 6. Y —(1 > 2). (2.97d)

When §(f,Y4,h, k) =0, i.e. for field-independent parameters, we therefore obtain an algebra
given by the double semi-direct sum

(diff(Z*) & Ry,) & Ry . (2.98)

Here diff(Z") stands for the diffeomorphisms diff(S2) of the two-sphere, generated by Y,
together with the temporal diffeomorphisms diff(R) generated by f. Let us stress once again
that this is only the asymptotic algebra, and that (2.81) contains a priori more independent
functions. In the BS and NU gauge however only h and k survive.
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From these basic commutation relations, we can then compute the structure functions of
the algebra (or algebroid) obtain with any field-dependent redefinition of the parameters. We
see for example from (2.83) that freezing the boundary volume or turning off the boundary
sources imposes field-dependent consistency conditions on the parameters, which must be
taken into account in order to compute the algebra of vector fields in these special cases.

In the three-dimensional construction of the NU gauge with Weyl and radial translation
symmetries, a change of slicing is required in order to obtain integrable charges [123]. This
change of slicing is a field-dependent redefinition of the symmetry generators. Based on this
three-dimensional result, one can guess that in the four-dimensional NU gauge with boundary
sources a change of slicing will also be necessary in order to arrive at a “genuine” slicing,
defined by the requirement that the charges be integrable in the absence of news [95]. If such
a field-dependent redefinition of the generators is required in order to reach a genuine slicing,
then the structure (2.97) of the algebra (2.98) will change accordingly. One can conjecture that
the resulting algebra will be the semi-direct product of the A-BMS algebra with two abelian
components (corresponding to the Weyl transformations and the radial translations), but the
study of the charges is necessary in order to confirm this.

It is interesting to note that the symmetry algebra (2.98) bears similarities with the
so-called extended corner symmetry algebra recently discussed in the literature. In [181,
182], it was argued that the corner symmetry algebra canonically associated with co-
dimension 2 boundaries has the structure A® = (diff(Sz) ¢ gl(2, R)) & R2, which becomes
AL = (diff(S e Weyl) & R? asymptotically and in Bondi gauge [104] (i.e. a subgroup of the
linear group becomes the Weyl factor). Similarly to what happens in three dimensions [123],
one can expect that a change of slicing for the asymptotic Killing vector fields will lead to
a rewriting of the algebra (2.98) in the form A7, where Weyl = R;, and where the R? en-
compasses the supertranslations and the radial translations R;. In this sense, the symmetry
algebra (2.98) is an extension of the BMSW algebra which is closer to the universal corner al-
gebra A°. This answers in part the question of which gauge and boundary conditions can lead
to an asymptotic realization of .4°. One can expect that the inclusion of gl(2,R) will require a
relaxation of the condition g,4 = 0 imposed in the partial Bondi gauge.

2.7 Symplectic potential

The symplectic potential is the object which defines the covariant phase space. It enables to
identify the flux, gives rise to the symplectic structure which identifies the canonical pairs,
and serves as the starting point for the computation of the charges. As is well-known, in
some situations the symplectic structure may diverge asymptotically. Instead of curing these
divergencies by strengthening the fall-off conditions, it is now accepted that a procedure of
symplectic renormalization should instead be used [67, 69, 91,98, 99,168,178, 183]. This
is done by supplementing the symplectic potential with a corner term, which in turn can be
understood as the symplectic potential of a boundary Lagrangian. In the three-dimensional
study of the (generalized) NU gauge with cosmological constant and boundary sources, this
was achieved in [123]. The initial step is to study the bare symplectic potential coming from
the Einstein—Hilbert action.

The symplectic potential and its components of interest in the partial Bondi gauge are given
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byl4
oM = \/__g(gaﬁ 51"5,3 _ guagrfﬂ , (2.99a)
o' = 7Py B5T + 5(I7 +T4,)), (2.99b)

e = ﬁ(é(rjjﬂ +T4 T )+ U (T, + 15, — 1% ) + %5% + ezﬁyABar/;‘B) . (2.990)

Our goal is to compute the divergent and finite pieces of the temporal and radial fluxes in the
partial Bondi gauge, in order to then restrict the results to the BS and NU gauges. To do so, we
note that /¥ = O(r?), so that the terms multiplying this volume above must be expanded to
O(r~3) in order to obtain the finite and divergent pieces. An additional complication in the NU
gauge (and therefore also in the partial Bondi gauge) is that the co-dimension 2 volume form
has a non-trivial radial expansion (D.10b) due to the relaxation of the determinant condition.
This has the effect of mixing various orders in the terms multiplying the volume in (2.99).
Let us start by analyzing the time component of the symplectic potential. This gives the
symplectic structure on a constant-u hypersurface. Using (D.10) and the expansions

FXB = %6_2/50 (quAB + CAB) + O(r_l)z (21003)
I’ =003, (2.100b)
2 C

A -3

rA—;—ﬁ'FO(T ), (2.1000¢)
we find
1

o' = Eﬁ(Zré(lnq —4PBo) + Capdq™® +C5(Ing—2p,)) + OGr™). (2.101)

This is in agreement with (B.19) of [125] when C = 0 = f3, (i.e. in BS gauge and without
boundary sources). Again, it should be noted that here C,5 is not trace-free if we are not in
BS gauge.

The computation of the radial part of the potential is extremely lengthy, and detailed in
appendix H. The only simplifying assumption which we use in this appendix to compute the
radial potential is the absence of logarithmic terms in the solution space. We defer the study
of holographic renormalization in the presence of logarithmic terms to future work. For clarity
and simplicity we are going to report here the potential when the boundary sources are turned
off by setting 5, = 0 = Ué (the full result is in the appendix). With these simplifications, the
constraint %A}B = 0 which we have found in the solution space becomes

A
8,q5 éqABaulnﬁ+§c/§g. (2.102)

Furthermore, it is more transparent to write the potential in BS and NU gauge separately. The
expansion of the radial part of the potential is

O =r’0)+r’0,+ro]+0,+0(r ). (2.103)
In the absence of boundary sources, the divergent pieces in BS gauge are
2A
5 ps = 5 0Va> (2.104a)
O ps =—063,v7, (2.104b)
1 A
CHIE Eau(ﬁqAB5C;g)—5(ﬁR[q]+gﬁ[CC]), (2.104¢)

14We work in units in which 16nG = 1, so that the Lagrangian is L = ,/—g (R—2A).
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while in NU gauge they are given by

®§|NU :@g|BS’ (2.105a)
A

e£|NU:e£|BS+55(1/aC): (2.105b)
1 A

GHNU = ®;|Bs - Eé’u(51/§C) + 55(1/5(2C2 - [CC]))- (2.105¢)

We see that all the divergent pieces of the potential (in either gauge) are total variations
or total time derivatives. This is what enables to identify the counter-terms which must be
used for the symplectic renormalization. It is actually expected that the divergent pieces of
the potential take this general form, as this follows from the on-shell conservation of the
symplectic current. Indeed, by definition of the symplectic potential we have on-shell that
5L~ de = 03,0+ 3.0" + 3,0, so the divergent pieces in ®" are necessarily the sum of total
variations and total derivatives. This is the argument which explains why it is always possible
to implement symplectic renormalization, and the above explicit rewriting of the divergent
components of the potential therefore gives a useful consistency check. We can therefore per-
form the symplectic renormalization of the potential in the BS or NU gauges.

The finite piece ©) = ,/q ;) of the potential is very lengthy and can be found in appendix
H. In the absence of boundary sources we report its expression in BS and NU gauge in (H.17)
and (H.18) respectively. Because the study of these terms is more involved, we postpone it to
the sections below devoted specifically to the BS and NU gauges.

3 The BS gauge

We now explain in little more details how the partial Bondi gauge is reduced to the Bondi-
Sachs (BS) gauge upon imposing the determinant condition. This provides a useful consistency
check with known expressions in the literature, and also enables us to obtain the expression
for the (A)dS symplectic potential with free boundary volume (i.e. the Weyl sector). We also
explain how the reduction to the BS gauge determines the radial part of the asymptotic Killing
vector.

3.1 Gauge fixing

As discussed at length in the previous section, the partial Bondi gauge used to bring the metric
in the form (2.1) still leaves a freedom in the choice of the radial coordinate. In the BS gauge
this is fixed by the so-called determinant condition

- YY) _
C, = ar(ﬁ)_o, 3.1)
where y = dety,5. When this condition is imposed the radial coordinate is the areal distance
(see (2.36)). In order to satisfy this determinant condition, with y = qr*, the components in

the expansion (2.3) of the angular metric need to have a fixed trace. This can explicitly be
seen for example in (D.10b). Each subleading term in the angular metric is then determined
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up to a trace-free tensor. Indeed, imposing the determinant condition at each order leads to

c,=00" = C=0, (3.2a)
C, =00 = Dyp = %qAB[CC] + Dz, (3.2b)
E,=0 = Epp=8&up,
C,=00™) = 1 (3.2¢)
Epp = EqAB[C@] + &
F12=0 = FZZABZQIZAB’
1
C,=0(r% = F=[CE] = Fip=amlCEI+ Tus, (3.2d)

Fpp = %qAB (4[65] +2[29]— %[cc]z) + Zup,

where Dup, Eap, Fap> Eias, Fiap and F24p are all trace-free.

We see as expected that the determinant condition starts by setting C = 0. This implies in
particular that in BS gauge we have £, = 9,5, which is indeed the tensor which is set to zero
in order to remove the logarithmic branches in BS gauge [184]. As explained in (E.5), it is
important to recall that due to the determinant condition in BS gauge we have D,P4 = D,PA
for any vector P4

3.2 Solution space

In the “traditional” way of studying the solution space in BS gauge, one starts from the onset
with the determinant condition, and therefore the terms in the expansion of the angular metric
are determined up a trace-free part as in (3.2). Solving the (rr) Einstein equation then leads
to

E, =0 = B, =0, (3.32)
E.,. =000 = By = —é[cc], (3.3b)
E,=00"% = {ﬂ3 - _%[C@]’ (3.30)
Biz =0,
P24 =0,
E,=0r7) = Pra = ‘;_Z[CEI]’ (3.3d)

1 1
Ba=—5; (B[Cé”] +2[29] - Z([CC]Z + [CEz]))-

One can check that this is indeed consistent with plugging (3.2) in the solutions (2.7) obtained
in the partial Bondi gauge. The construction of the solution space and the reduction to the
BS or NU gauge are of course commuting procedures. One can therefore obtain the solution
space in BS gauge from that in the partial Bondi gauge by using everywhere in the previous
section the expressions (3.2) obtained from the determinant condition.

In the case A # 0, as explained above and summarized in table 2, the BS gauge removes
all the logarithmic terms. More precisely, the determinant condition (3.2) sets the traces of
the logarithmic terms to be vanishing, while the trace-free parts are set to vanish by the (AB)
Einstein equations. As explained in [67], the (AB) Einstein equations then give at every order
an equation of the type Ay, = uyggl +(...) for n > 1, which therefore does not constrain &z.
For example equation (I.1) shows that %5 is indeed determined by 9, 8,5. This means that the
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solution space is entirely determined by 11 functions of (u, x*). These are the 8 unconstrained
functions (3, Ug‘, 4, ap), and the 3 functions (M, Ug‘) subject to evolution equations.

In the case A = 0, we still have the 6 functions (f3, Ug, gap) but the time evolution of
gp is constrained by %23 = 0. There is then an infinite tower of functions appearing in the
radial expansion of the angular metric (namely &5, Z45, ...) and admitting a non-trivial
time evolution [28]. The logarithmic terms have a non-trivial time evolution as well, but this
latter depends only on the boundary metric and sources, as for example in (2.17¢) and (2.20).
When the boundary metric has no time dependency and the boundary sources are turned off,
the evolution of the logarithmic terms in y,z can be integrated. For example £,5 = 95 is a
constant of the motion by virtue of (2.17c), and therefore Ej4,z = 45 evolves linearly in u
according to (2.20). This is in accordance with equation (12) of [138], which is a particular
case of our evolution equations.

3.3 Symplectic potential

In section 2.7 we have already presented the temporal component of the potential, as well
as the divergent pieces of the radial potential. We now focus on the finite piece of the radial
potential, gathering here once again the results of appendix H and restricting for clarity to the
case of vanishing boundary sources. This will enable us to perform some consistency checks
with the existing literature, and to present a new expression for the potential in (A)dS.

We recall that in BS gauge we have C = 0 and Ny = 9,C,, = 9,Cysp, and that the deter-
minant condition and the solution space give (3.2) and (3.3). The potential in BS gauge can
be found by imposing these conditions in (H.14d) and multiplying by the volume. This gives

1 5A
O ps = Z\/qqAB‘s |:CAB (R[Q] + ?[CC]) —2A&Epp —2DADCCBC}

+ 5\/6(2M + %DADBCAB + %[CC]@H In ﬁ) — %ﬁCAB5NAB

1

2
1 1

- E\/GDA(DBCABSIn Ja)— Eau(:s\/qé[cc] +2[CC15vq).

+5 (qu + gﬁau[cc] + [Cc]auﬁ)

(3.4
The last three terms are respectively a total variation, a total angular derivative, and a cor-
ner term. This general expression features A, 6,/q, and J,,/q. The cosmological constant
introduces the spin-2 &,z in the potential and will enable us to reach the flat limit and also
the (A)dS rewriting of the potential. The variation of the boundary volume gives us access to
the Weyl sector and introduces the mass in the potential. Finally, the time derivative of the
leading metric will lead to a u-dependent generalization of BMSW, and also allow us to have
non-trivial radiation in (A)dS.

We can now check the consistency of this result in various limits. First, we note that the
flat limit is well-defined. This is the advantage of the Bondi gauge over the Starobinsky-
Fefferman-Graham gauge [67-69]. Taking A = 0 as well as 9,q,5 = 0 leads to the time-
independent BMSW gauge of [125]. The above expression is then in agreement with (2.36)
or (B.18) of [125] (up to the last corner term). Restricting in addition to 6,/ = 0, we can
massage the potential to put it in the form of equation (5.17) of [178]. These limits provide a
first consistency check for the expression of the potential in BS gauge when A = 0.

Let us now rewrite the symplectic potential in the case A # 0 in order to compare it with
the result of [67]. For this we use the constraint (2.102) to rewrite the shear in terms of the
time evolution of the leading metric as AC*F = —3(3,¢"8 + ¢*%9,1n ,/q). Using this the (A)dS
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potential (3.4) can be rewritten as

1 ! L
or[ar = V08T + 5&(2M +5DaDpC + 2[CC15, In «/ﬁ)

+6 (ZﬁM + Eﬁau[cc] + 1[cc]am/a) — lﬁDA(DBCABSIn NG)
1,

— 165 (3[5[CCJ+2[CCJ5f——qu35NAB) (3.5)

where we have identified
1 5A 1 3
In order to match exactly [67] we can further rewrite this potential using the tensor S,z defined

in (2.45) and appearing in the (A)dS mass loss formula. We recall that in BS gauge and in the
absence of logarithmic terms this trace-free tensor is given by

A? 5A2 A
Syp = —8p— —I[CC]Css — —R[q]C
AB 6 AB 96[ ] 12 [q] AB
1 A 1
+§3u NAB_ECABauln\/E — a8 [NC]—E[CC]%IH«@
_1 _1 c A C _ CnD
5 DADB 2qABDCD 8u1n‘/q+ 12 D(AD CB)C CIABD D CCD . (3.7)

Using the identities (E.9) and q¢*85(qusT) = 2(8T + T In ,/q), a lengthy rewriting leads to

or[ar = -3 VAT 58+ 5@(2/\4 + EDADAau In ﬁ)
+5(2fM——8 (valcc )——fDADBCAB——R[q]a f)
—EﬁDA(DBcABmHJm—(2DA51n,/q+DB5qAB—5qABDB)au1n ,/q)

+au( f5[cc]+—quB5NAB—4—q 5Ca5d, f+—R[ ]5[)

(3.8)
This shows that the canonical partner to ,/qq"? is the quantity S, identified in the (A)dS
mass loss formula (2.77), consistently with [67]. We note, as introduced in (2.45), that this
quantity is not just the radiation tensor, but a shift of this later by the covariant spin-2. We
also obtain here a generalization of the (A)dS potential to the case A-BMSW, and we see in
particular that the scalar quantity conjugated to the boundary volume naturally involves the
covariant mass (2.41) (written here in BS gauge and in the absence of boundary sources).
One should note that here the flat limit of (3.8) is well-defined, provided that we simply go
back to the equivalent expression (3.4). This is to be contrasted with the situation in [67,69],
where the flat limit requires the introduction of a corner term. The reason for this apparent
difference is that the starting point of e.g. [69] for the flat limit is their equation (4.4), which
upon a matching of the notations is only the first term in (3.8). Up to the irrelevant terms in
0 4/q and the total derivatives, (3.8) and (4.4) of [69] therefore differ indeed by a corner term,
which needs to be reintroduced in this reference in order to obtain a well-defined flat limit.
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3.4 Vector fields and symmetries

We have seen in section 2.6 that the partial Bondi gauge admits asymptotic Killing vectors,
where the functions in the expansion of the radial part (2.81) of the vector field are a priori
free. The reduction to BS or NU gauge, which amounts to picking a radial coordinate, puts
additional conditions on this radial expansion. In order to see this, we use the fact that the
asymptotic Killing vectors in BS gauge must preserve the determinant gauge condition. This
amounts to the condition J.($; Iny) = 0, where (2.80b) in BS gauge becomes

$:Iny =3, lny+§§r+2DA§A—2UA3Af. (3.9)
This in turn fixes the radial part of the vector field to
£ = %(Zh —Upauf —DaI* + U%3,f ), a.h=0, (3.10)

where h(u, x?) is an integration “constant” arising because the determinant gauge condition
is differential. Here we have already used the freedom in redefining h up to an r-independent
function. The reason for performing this redefinition is to obtain the asymptotic expression
(2.95) for the vector field, which as we have shown leads to an algebra (instead of an alge-
broid). The expansion of £ is

£ =rh+ %ezﬂo(%’Aﬂo +D,)0% +O(r™). (3.11)

The radial component (3.10) together with (2.78) define the asymptotic Killing vector in BS
gauge, where f, Y2 and h parametrize respectively supertranslations (which is an abuse of
language since here we also allow for A # 0), superrotations, and Weyl transformations. We
note that there are no other constraints on these symmetry parameters, and that they have in
particular an arbitrary time dependency. For field-independent (f, Y4, h) the algebra of these
vector fields is simply (2.98) with k =0, i.e.

diff(Z*) ¢ Ry, . (3.12)

This is nothing but the Weyl extension of the A-BMS symmetry studied in [67,69] (although
in these references the charge algebra has also been computed).

The transformation laws follow immediately from the general expressions derived in sec-
tion 2.6 once we use the radial expansion (3.11). In particular we find

8:In /7y =2h+ f0,In yq—USOuf +DaY?, (3.13a)
6:qap = (f 0+ 8y +2h)qas — U f (3.13b)
1
5ebo=(f0,+8v)Bo+ 5 (h+a.f +Usduf), (3.13¢)
A
5eUy = (f0,+ 8y +8,f +U§cf )Uy—3,Y* — §e4ﬁ°8Af , (3.13d)
0gCpp = (fO,+38y +h)Cap— U&aB)f — 2¢?ho (Za(AﬁoaB)f +Dp0gf )TF- (3.13e)

We recall that in BS gauge /7 = r2 /4. We also note that with [ determined as in (3.11) the
partial Bondi gauge transformation law (2.85a) becomes 6:C = ( fo,+ 8%y — h)C , SO we can
consistently set C = 0 in BS gauge.

Finally, let us mention for completeness the constraints on the symmetry parameters which
arise when turning off the boundary sources and considering a time-independent boundary
volume. This is the context of the time-independent BMSW study of [ 125] (the only difference
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being that we have both the cases A # 0 and A = 0 here). We can see from (3.13a), (3.13¢),
and (3.13d) that setting J,,/q = 0 and fp = 0 = Ué imposes respectively the consistency
conditions

20,h + 3,(D,v*) =0, h=-9,f, 8uYA:—%3Af. (3.14)

When A = 0 we therefore get 3,Y = 0 and 3u2 f =0, which implies that f = T+uW, where T
and W are functions of x only which parametrize the time-independent supertranslations and
Weyl transformations. The resulting BMSW vector field is the one used in [54, 55, 124, 125]
to identify the covariant functionals as the primary fields under the action of Diff(S2) x Weyl
parametrized by (Y4, W), and to identify the asymptotic equations of motion (equivalent to
the NP ones) by looking for primaries under the action of T. With these restrictions on the
solution space and the symmetry parameters, we can take the time derivative of (3.13e) to
find that the transformation of the news is given by

5€NAB|BMSWZ (fau+$Y)NAB_2DA3BW+QABDC8CW- (3.15)

In general, the time derivative of the transformation (2.86a) of C, in the partial Bondi gauge,
or the transformation of the generalized news (2.34), will be much more complicated due to
the presence of time-dependency and the boundary sources. It should however be studied
in the future in order to understand the vacuum structure in the partial Bondi gauge, and in
particular what will play the role of the Geroch tensor.

4 The NU gauge

We finally turn to the study of the NU gauge. While this latter has been studied previously in the
Newman-Penrose formalism in absence of boundary sources and with C = 0[126,128,136],
here the partial Bondi gauge enables us to present a treatment which is closer to that of the
BS gauge.

4.1 Gauge fixing

Here again, the goal is to complete the partial Bondi gauge with a fourth condition. The
historical Newman-Unti gauge condition which realizes this is g,,, = —1 [9]. We recall from
(2.35) that this amounts to choosing the radial coordinate as the affine parameter for the null
congruence.

Following the idea of Barnich and Troessaert to replace the algebraic determinant condition
by a differential condition in order to unleash the Weyl rescalings [28,29], here we can also
replace the algebraic condition of Newman-Unti by a differential condition. We should note
however that the Weyl transformations are already accessible in the algebraic NU gauge, as
unraveled and studied in [126]. However, as in the standard BS gauge analysis, the Weyl
transformations discussed there are time-independent. As we will see shortly, going to the
differential NU gauge enables to access time-dependent Weyl transformations.

What we now take as the definition of the NU gauge is the generalized (or relaxed)
Newman-Unti condition

argur =0 = g, = _e2ﬁo > (4.1)

with fo(u, x*) arbitrary. We see that in order to describe this (generalized) NU gauge it is
crucial that we have included from the onset the boundary source f3; in our analysis of the
partial Bondi gauge. The NU gauge condition is then simply the requirement that f3,~o = 0.
We will see shortly that the NU gauge also allows for an extra radial symmetry generator which
is implicitly set to zero in [126].

42


https://scipost.org
https://scipost.org/SciPostPhys.13.5.108

Scil SciPost Phys. 13, 108 (2022)

4.2 Solution space

If one builds the solution space starting from the NU gauge condition g,, = —e?Po, the (rr)
Einstein equation determines the expansion of the angular metric as

1
E,, =00 = Dy = §qAB[CC] + Dug, (4.2a)
El :O

E.=0° =
”‘ ) EAB:%qAB([C@]—%C[CCTF])+£’AB,

(4.2b)

where 2,5 and &, are both trace-free. One can check that this is indeed consistent with
the gauge condition, since plugging these solutions in (2.7) will lead to vanishing coefficients
for fB,~o- We do not give here the on-shell expression for F,z, which is obtained at the next
order, because it gets too lengthy and it is not necessary for our purposes. It can however be
computed from the vanishing of 3, given in (E1c).

Equivalently, we can also reduce the solution space in partial Bondi gauge to that in NU
gauge by imposing the vanishing of the coefficients (2.7) of the expansion of 3. At each order
this vanishing fixes the trace of a subleading component of the angular metric, and we can
then determine this component accordingly, up to a trace-free part. This gives the expressions
(4.2) above.

4.3 Symplectic potential

The temporal component of the potential and the divergent pieces of the radial potential have
been given above in (2.101) and (2.105). One can clearly see by comparison with (2.104)
the difference between the BS and NU gauges. It should be noted that these two gauges do
not only differ by C, but also by terms arising from the fact that the two solution spaces are
actually different, as can be seen e.g. by comparing (3.2) and (4.2).

In the absence of boundary sources, the constant piece of the radial potential in NU gauge
is given in (H.18). Since this expression is quite involved, let us study it in the flat case and
with 9,q.p3 = 0 = 6,/q. For comparison with the BS gauge, we should furthermore rewrite
the potential explicitly in terms of CfFB. This can be done using in particular (A.1h). Denoting
Ny = 9,C)5, we then find with the simplifying assumptions that

1
O |nu = Zr\/a(zNABzSC;‘;B —5q"8(CIhRIq]—2D,DECIY. + D,3;C) + 5CRIq] )
+6(...)+0,(...)+/qDu(...).

(4.3)

We have omitted the total derivatives and variations since they do not play a role. Already
in this simplified setup, where we have removed the cosmological constant, the boundary
sources, the Weyl factor, and the time-dependency of the leading metric, we see that the trace
C appears in two places in the potential. It modifies the canonical pair conjugated to ¢, and
also appears as conjugated to the two-dimensional Ricci scalar R[q]. We therefore conclude
that the finite piece of the potential in NU gauge differs from that in BS gauge by trace terms.
These terms however drop if we further restrict the setup to that of the original BMS analysis,
with a fixed two-sphere metric g5, such that 6q5, = 0 = 6R[q°]. Any relaxation of these
historical boundary conditions will give rise to a difference between the BS and NU gauges.
The fact that the BS and NU potentials differ is a surprise, and it suggests that the two
gauges may actually be physically inequivalent. This does not contradict the equivalence state-
ments made e.g. in [126,127,129], because these references set C = 0. We already see on the
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simplified setup leading to (4.3) that with C # O there is an extra canonical pair in the phase
space. The general formula (H.18) shows that for a more general setup (e.g. with A # 0 and
a time-dependent Weyl factor) the BS and NU potentials will differ also by terms not involving
C. Once again, this is because the solution space is different as we have seen above. As we
are about to see in the next section, it turns out that the presence of C in NU gauge is inti-
mately related to the existence of an extra radial asymptotic symmetry. Ultimately, one should
of course compute whether C and/or the extra symmetry parameter appear in the charges for
these asymptotic symmetries. We defer this heavy task to future work, and present for the
time being the structure of the symmetries.

4.4 Vector fields and symmetries

In order to find the asymptotic Killing vectors in NU gauge, we simply need to study how the
NU gauge condition (4.1) constrains the expansion (2.81) of the radial component found in
the partial Bondi gauge. Preserving the NU gauge condition requires ,($:g,,) = 0, where in
NU gauge (2.80c) becomes

$e8ur = —e*Po(2(f 8, +E18,)Bo + 8,&" + UABf +3,f ). (4.4)
This in turn fixes the radial part of the vector field to satisfy
0,&" =h+ULosf — 210y — UGS , 2.h=0, (4.5)

where h(u,x?) is an integration “constant”, which we have already shifted here in an r-
independent manner in order to obtain a vector field forming an algebra instead of an al-
gebroid. Upon further integrating (4.5), we see that the radial component " will contain
two integration functions, h(u, x*) and a new k(u, x*), so that £ has in total 5 free functions
(f, Y4, h, k) of (u, x*). To obtain the asymptotic expansion of the vector field we first use (2.82)
in NU gauge, and then integrate (4.5) to get

1
&= rhtk+ 5e0(49380 +D4)0"f + 00, (4.6)

where a log term has dropped because of (2.10a), and where we have once again used the
freedom in redefining the integration constant in order to shift k. This expansion of the radial
vector field should be compared with its BS analogue (3.11). With our choices of integration
constants, we see that these vectors conveniently differ at leading order only by the presence
of the additional symmetry parameter k in NU gauge. At lower orders the components &” in
BS and NU gauge actually also differ, in a way which we do not make explicit here but which
can easily be computed.

The transformation laws can be found by plugging the form of the radial vector field in NU
gauge into the general formulas of section 2.6. Because at leading order the vector field is the
same in BS and NU gauge up to the new symmetry parameter k, most of the transformation
laws are also the same up to the action of k. More precisely, here in NU gauge we get

Seln ¥ =2h+ £0,In/q—USosf + Dy Y4+ O(r ™), 4.7)

which agrees at leading order with the BS counterpart (3.13a). Note that here this equation is
computing the transformation of the expansion (D.10b), while in BS gauge the transformation
is exact because of the determinant condition. We see that here h plays also the role of a Weyl
rescaling, and that it is allowed to appear in (4.5) as an arbitrary function of (u, x) and
independently from f precisely because we have considered the differential version (4.1) of
the NU gauge. The algebra formed by the vector field in NU gauge, which contains the free
functions (f, Y4, h, k), is the time-dependent algebra (diff(I+) ¢ ]Rh) ¢ Ry.

44


https://scipost.org
https://scipost.org/SciPostPhys.13.5.108

Scil SciPost Phys. 13, 108 (2022)

The transformation laws for the fields f3, Ug‘, and qup are the same as in BS gauge and
given again by (3.13c), (3.13d), and (3.13b). The influence of the new symmetry generator
k is to act on subleading components of the angular metric, and we find

(5£CAB)’NU= (5§CAB)|BS+2kqAB: (4.8)

while for the trace we find
5:C=(f3,+8y —h)C+4k. (4.9)

We therefore see that (4.8) has acquired a shift in k with respect to the BS analogue (3.13e).
The transformation laws (3.13c), (3.13d), (3.13b), (4.7), and (4.8), are the generalization
to four-dimensional gravity of the three-dimensional results (2.12) in [123]. Note that (4.8)
should be read with care since in BS gauge C,3 is trace-free while this is not the case in NU
gauge. What we mean by this equation is simply that the transformation of C,5 in NU gauge
is given by the same formula (3.13e) as the transformation in BS gauge, although now with a
trace-full Cpg. In any case, this is consistent with plugging &, ; and &{ in (2.84D).

Equation (4.9) shows that the new symmetry parameter k appearing in the NU asymptotic
Killing vector is related to the presence of the non-vanishing trace C in the said gauge. This
trace C can be set to zero by a choice of origin for the affine parameter (which in NU gauge
is the radial coordinate r), but the extra symmetry parameter at order r° in £" can shift this
value. Said the other way around, one can argue that the presence of this symmetry allows to
fix C = 0. This is used explicitly e.g. in [129]. But the question remains whether this symme-
try is gauge or physical, i.e. associated to a (non-)vanishing charge. In the three-dimensional
analogue of the generalized NU gauge studied here, there is indeed a non-vanishing charge as-
sociated with these radial translations, and they furthermore form an Heisenberg algebra with
the Weyl charges [123]. In order to study the (possible) charge associated with k in the present
four-dimensional context, one should first investigate the simplified solution space leading to
the potential (4.3) (where C survives). We expect, based on results from the three-dimensional
theory, that extracting the proper charges will require the use of a corner ambiguity and also a
possible change of slicing [91,95,96,123]. All these aspects will be investigated in forthcoming
work.

5 Perspectives

In this article we have studied the structure of asymptotically locally (A)dS and flat gravity
in Bondi coordinates, using the partial Bondi gauge (2.1). This partial gauge, built with only
three gauge fixing conditions and with no determinant condition, enables to treat together the
Bondi-Sachs (BS) and Newman-Unti (NU) gauges, which can each be reached at any later
stage of a calculation in the partial gauge by further imposing a specific fourth condition. So
far, the Newman-Unti solution space has been studied in the literature using the Newman-—
Penrose formalism [126,164,165]. Here we have presented an analysis of the solution space
which is by design similar to the analysis in BS gauge. This enables to clearly contrast the two
gauge choices.

We have recalled why the NU gauge features an extra mode, which is the trace of Cyp,
while this trace is set to vanish in BS gauge by the determinant condition. The NU gauge
also admits an extra asymptotic symmetry, which is parametrized by a function at order O(r?)
in the radial part of the asymptotic Killing vector. Together with the supertranslations, the
superrotations, and the Weyl transformations, which are also present in BS gauge, this extra
component in NU gauge leads to the asymptotic symmetry algebra

(diff(Z) & Ry) & Ry . (5.1)
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The extra radial translation k present in NU gauge acts precisely by shifting the trace C. The
fate of this trace mode and that of the radial symmetry are therefore related. Indeed, one
should now compute the asymptotic charges in order to see whether the radial symmetry (used
to fix the value of C in [126,129]) is pure gauge or physical (as in the three-dimensional case
[123]). We have chosen to postpone this investigation to future work, but the key ingredients
for this calculation have been laid out here.

In this study of the partial Bondi gauge we have also included logarithmic terms in the
solution space by working with the polyhomogeneous expansion (2.3). We have seen that,
consistently, all these logarithmic terms are forced to vanish when A # 0 when completing the
partial gauge to BS or NU gauge and going on-shell. When A = 0 however, the logarithmic
terms are involved in evolution equations and also modify the Weyl scalars. Moreover, we have
kept in the construction of the solution space a free boundary metric with time-dependent fields
Bo> Ué, and q,z. The solution space constructed here is therefore an extension of that in [67]
in two respects: the relaxation to the partial Bondi gauge, and the inclusion of the logarith-
mic terms. The prospects are however similar, namely to also study sourced holography and
understand radiation in (A)dS. We have seen how, in this endeavor, the Newman-Penrose for-
malism using the Weyl scalars and spin coefficients proves to be very useful. This has enabled
us in particular to recover the (A)dS evolution equation (2.77) for the mass, and to identify the
quantity S*8 sourcing this equation and conjugated to g5 in the symplectic structure (3.8),
as the radiation tensor shifted by the covariant spin-2. This use of the NP formalism bypasses
the symmetry arguments used in [124] to identify the covariant functionals and derive the
evolution equations.

There are many interesting prospects to be explored in future work, and which rely on
some of the extensions of the asymptotic structure and the solution space presented here. A
non-exhaustive list is as follows:

* Radial translation charges.

An immediate and important follow-up is to compute the asymptotic charges and the
asymptotic charge algebra in the partial Bondi gauge. The question is that of the fate of
the new generator k in NU gauge, or equivalently the term of order O(r°) in the partial
Bondi gauge expansion (2.81). In three dimensions, we have shown in [123] that this
radial translation is a physical symmetry with a non-vanishing charge, and a choice of
corner term and integrable slicing was necessary in order to obtain integrable charges. In
the four-dimensional case, one can expect that similar subtleties will arise, and that there
will be a preferred genuine slicing in which the charges become integrable in the absence
of radiation. Although, as we have seen, there is no flux-balance law associated with the
trace mode C, it would be interesting to investigate whether and how this changes in
the presence of matter [134,135] and in modified theories of gravity [130-133].

* Subleading Weyl scalars and higher spin charges.

In the flat case there is an infinite tower of functionals whose time evolution is con-
strained. These are the subleading components of the angular metric, which appear
in “covariant” form in the subleading terms \1!8>5 in ¥,. We have seen here how E,j,
appears in covariant form &,z in \Ilg. These subleading terms are related to the higher
spin charges [51,54] and to the Newman-Penrose conserved charges [185-188]. We
have explained here how these subleading terms can have mixed helicities. It would be
interesting for future work to analyse these subleading terms in details (not necessarily
in the partial Bondi gauge), in order to understand their relationship with the higher
spin symmetries and to relate them with the operators defined in the context of celestial
holography.
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* Logarithmic terms.
Another aspect of the present work which should be explored further concerns the poly-
homogeneous expansion and the role of the logarithmic terms. While in the asymptoti-
cally locally (A)dS case the logarithmic terms are necessarily vanishing on-shell, in the
flat case they are subject to evolution equations which we have derived. The question
is now how these logarithmic terms affect the symplectic renormalisation of the poten-
tial and the construction of the charges. We have also seen how the logarithmic terms
relax the standard fall-offs of Weyl scalars, and one should now study how they modify
the subleading terms in the Weyl scalars and the Newman-Penrose charges [185-188].
Moreover, it would be interesting to understand whether the logarithmic terms in the
solution space are related to the log soft theorem [154-156]. Finally, let us mention
an example where logarithmic modes play an important role. This is the case of three-
dimensional chiral gravity [189], where it has been shown that there is a new mode, the
“logarithmic primary”, which violates the usual Brown-Henneaux boundary conditions
and requires a larger class of boundary conditions [190-197]. While the setup is quite
different from the present analysis, this shows nonetheless that logarithmic modes can
arise in certain contexts. One should also extend the present construction to include
matter in order to see whether the logarithmic terms can lead to new flux-balance laws
and memory effects.

¢ Radiation in (A)dS.

The notion of radiation for spacetimes with A # 0 is poorly understood [70-85]. Al-
though here we have not directly discussed notions pertaining to gravitational waves
and quadrupole formulas in (A)dS, we have seen how certain well-defined quantities in
asymptotically flat spacetimes generalize to the case A # 0 and 9,5 # O (the ques-
tion of whether these remain the relevant quantities is however open). For example,
we have proposed a notion of generalized news in (2.34), and also identified the role
of the unconstrained spin-2 in the quantity S*® sourcing the mass loss and entering the
symplectic structure. We hope to clarify in future work the role of these quantities when
studying the memory effects in (A)dS.

* Robinson-Trautman solutions.
Our extended solution space, which includes in particular arbitrary time-dependent
sources for the boundary metric, is adapted to the study of the algebraically special
Robinson-Trautman spacetimes [159-163, 178]. These spacetimes are interesting in
their own right in order to study sourced holography and memory effects, but could also
provide a simplified setup in which to study the role of the trace mode C and the radial
symmetry in NU gauge.

* Asymptotic structure at spatial infinity.
We have focused in this paper on the analysis at null infinity, and raised several questions
regarding how much the boundary structure should be relaxed (e.g. so as to include log-
arithmic terms and/or time-dependency). A necessary complementary analysis, which
could help shed light on many of the questions raised here, should be performed at
spatial infinity, where the asymptotic structure also encodes important physical infor-
mation [198,199]. The radical difference between charges at null and spatial infinity is
that typically these latter are conserved and do not include flux [200-204]. The match-
ing of the charges from null to spatial infinity (or from past to future null infinity via
spatial infinity) should therefore put strong constraints on the null asymptotic structure,
and in particular possibly fix part of the time-dependency of the symmetry generators.
Such a study would however require to also extend the study of the asymptotic structure
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and boundary conditions at spatial infinity. Interestingly, it has already been noted'® that
spatial infinity supports symmetries which are more general than the usual BMS trans-
formations, and are in particular related to so-called logarithmic translations [205,206].
It would be interesting for future work to study how the partial Bondi gauge presented
here can be matched to an extended gauge and boundary conditions at spatial infinity.
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Appendices

A Notations and conventions

We gather here some notations and conventions used throughout the main text, as well as
some useful identities.

* All the angular indices A, B, ... are lowered and raised with the leading order angular
metric q45. We therefore have C*8 = q*¢qBPCyp, and U, = qu5UP.

* The one and only exception to this rule is with the full angular metric y,5z, whose true
inverse such that yACyp. = 5’]‘;‘ is denoted 5.

* It is sometimes more compact to lower and raise indices with other two-dimensional
tensors, in particular in the study of the symplectic potential in appendix H, so in these
cases we write

Uy = qapU°5, Uy = ya5UB, U, = CapU®, U, =DyUB.
* The contraction of indices is denoted with square brackets, and in particular we have
[MN] = qapM"Ng, [MN]=y,;M*N®, [MN] = CysM*N®,
as well as objects such as [CC] = C8Cyp.

* The traces in the metric 45 are denoted by index-free objects, e.g. C = q8Cyp.

* Trace-free components are denoted by C,; = Cup — %CqAB, and it is easy to see
that we therefore have [C""D™] =[CD™] =[C™D].

* The covariant derivative associated with y .5 is D, and satisfies v, D UB = D U,.

e The covariant derivative associated with q,z is D, and satisfies g4 Do U? = D U,.

15We thank the anonymous referee for pointing this out.
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* For the expansions in r we use the big-O notation, so that solving an equation E=O(r™™)
means that the terms in "' and above have been killed. By abuse of notation we also
use O(r™") even for the polyhomogeneous expansions containing logarithmic terms.

* We define symmetrization as P4Qp) = P4Qp + P3Qy, i.e. without factor 1/2.

A few useful identities used throughout the main text are

Cupdq™® + CB5qu =0, (A.1a)
qup6C*® +q*5C,; = 26C, (A.1b)
CiacDg) = ([CD1—CD)qap + DCap + CDyg, (A.10)
1
CacC§ = 5([CC] —C?)qup +CCyz, (A.1d)
1 1
CacCCPCpp = 5c([cc] —C?)qup + E([CC] +C%)Cyp, (A.le)
1
5olccl= (c?—[cC1)61In g+ C*(6Cap — Cquz), (A1)
1
(61ny/q+6)3,In/q=—=53,/1, (A.19)
Va
1
8,Cap6C* = 0,CE 5CA5 — §C2§5(C3quB)
1
+ (EqABau + aquB) (coca®
+ % (%CzaquBSqAB +98,C6C+C8C3,In/q—C3,C51n @) . (A.1h)

We give other useful identities involving covariant derivatives in appendix E below.

B Christoffel coefficients

We gather here the components of the Christoffel connection for the metric (2.1) in partial
Bondi gauge. Noting that here the repeated angular indices in FlfA are summed, and using the

notation U, = y,5U®, we have

rﬁr =0, (B.1a)
A
r‘ =o, (B.1b)
1 _ 1%
T = 7€ 263, (e2ﬁ7 + }/ABUAUB) +238,8, (B.1c)
1 o5 -
Y = —5e 260 Uy + s, (B.1d)
1 _
Tis = 3¢ P8, v ap 5 (B.1e)
r_ L oV A Ar7B 1
T = 5 —8, + U3, | guu + 8,73 U UB | + 2—(2V8u[3’ —4,V), (B.1f)
r r
r__ 1 o 26V, 1 AprBY) _ 1A
L =—5¢ o | e - +2yABar(U UB) | —U"a,8, (B.1g)
I =20,p, (B.1h)
1 V. - .. 1
r r
1 _ .
I = ¢ 2Py, 58.UB + 8,8, (B.1j)
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I, = %e‘zﬂ ((8u + %ar) Yag + DaUs +DBUA) , (B.1k)

= SN 8,80+ 40,8) — 57 (B8 + 28,05), 1D
L= _%6_2/5 U9, Up + %YAC(ac Up— 35U + 3uYBc) + U9, (B.1m)
4 = —%e‘zﬂ(ar}fABUAUB +8,[0U]) +3,In y7 +U"3,8, (B.1n)

= %YAcarYBc: (B.10)
4, =06In/7, (B.1p)
= %YAB(a e?f —3.03), (B.1q)
IS =Tolyl+ —e 2PUC8. 145 . (B.1r)

C Spin coefficients and frame identities

Using the vectors £ and n defined in (2.27) and the null frames (2.37), the Ricci rotation
coefficients are defined by

Yijk =€ ekvve (C.D

Below we give their explicit expression in the partial Bondi gauge, as well as their on-shell
expansion using the expansion (2.54a) for the frames. We find

1 1/V A R A 1

a= 5()/124—)/344) = 5 (;F;‘A—F:A—mBVAmB)mA = Z_DA A4 o(r— ), (C.2a)
1 1(V T 1 A -2

[5 = E(leg —')/343) = = 2 FT'A FrA—m VAmB m = —2_DAm0 + O(r ), (C.Zb)
1 2 1, A

YZE(lez Y342)— (ro.v— V)—EanmA—gr+yo+—+O(r ),

(C.20)

1
E(YlZl_Y341): - ryAB(m mB —m mB) o.p= CAB(mOmO—mOmO)+O(r %), (C.2d)

1 _ s _ ; _
n=y421:—(5e ZﬁyABarUB+3A/3)mA=r—2(e 2ﬂ°Uj+CABaB[J’O)m6‘+(’)(r %), (C.2e)

gV _ A
V="Y490 = (e zﬁE(ZEA/j—e 2ﬂ}fABé’rUB)—l"‘iqn“) m’

A _ 1 _ _ A _ _
= EraA[jOm‘g + (Ee 2ﬁOaAV+2mg + §3A[50m’?) + O(r 1) , (CZf)
1 1% A A
U=7Y4p3 =——e 2P (8,1 Iny/y+—3o.In,/v+ DAUA) =S, fcoity O(r2), (C.28)
2 2r 6 24 r
1 %
A = ')/424 = —56_2/3 ((au + Za )YAB + ZDAUB) A B (C.Zh)
1A TF —2Bop A .
2—5 gCAB—e °B g mom0 +0@u™, (C.2i)
k=17131=0, (C.2i)
1 _ . 2 _
v =152 = (@ — 3¢ Frapd,U” )it = 20,y + 06, 20
1 1
O =Y133 — Ear')’ABTIT\lATTAlB 2 3 CAB mB + O(r ), (C2D
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C -
p:‘)/134— 8 ln\/_—;—ﬁ+(9( 3) (sz)

where
Yo = }f:‘zﬁo(v+2 + mAd,(USME ) — ha,(USmE ) — S UAD,mE )
+ ; ~2Po(mims — mimb) (%QB +2D,UJ — %eZﬂo cgg) , (C.3a)
11| yyz0 = 6(4D —[cc)+ 2A4 Gcc;g —QAB) (mymf —mgmf)
+ %e_zﬁo(aquB — %I{‘\B)(m‘gmf ﬁl’gﬁll) (DAmOm0 DAmOmo)aBﬂO
+ %e_zﬁo (NAB — 1C‘BQB) (mgmg — momo) (C.3b)

u; = —(2¢?+4D—3[cC])

36
—~ ée—zﬁo((zau +8,In 4/ + DAUS)C +4(Vyy + DaUS + T, UE)). (C.30)

The frames (2.54) used in the NP formalism satisfy important identities. First we have the
time derivative

1 1 1
aumé = ( quB(mOmO - mémg) - Eau In \/a) mg - E(aquCmo mg )mo P (C.4

which can in turn be used in (2.54c¢) to compute the time evolution aum‘;‘. Then, we have other
identities involving the time evolution, which are

2

mamb(8,9ac)a° (6u9p5) = grhfgrﬁlg (ACus —3B4,),In vq, (C.5a)
A

B (92q) = Y (g(au 18,1nvq)Cas— (8, + 3, In ﬁ)%gB) . (C5b)

Finally we have the identities

Capmiomy = Cyrmimy = iqace“’Cpymomb (C.6a)

DBm0 = mODBm0 , (C.6b)

DBm0 =— oDBmo , (C.60)

( 3A + Zﬁl)(VAm’g) = (DAVB)m‘gmg , (C.6d)
(mads— 4B, )(Tapmaml) = (DB TIE )ma, (C.6e)
20,V = —CapVAmg (C.6f)

(VAm‘g)(TAB mym ) T, VAmO , (C.6g)
2Re((mhd,— 26, )(Vams)) = DAV, (C.6h)
4Re(0, Typritgml) = —Cin T8 = —Cy T2, (C.61)

which hold for any vector V, and any symmetric tensor T,z, and which can easily be complex-
conjugated to obtain mirror relations.
To compute the above expansions of the spin coefficients we have also used the expansion
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of the normal n* = (n%, n",n?), which is

nt = e 2P0 + O(r72), (C.7a)

A 1 A
n = rzg + %€_2ﬁ0V+2 + Ee_zﬂov+1 + %(4D - [CC])

+ %e—zﬁo (Vo + %([cc] —4D)(60,1n 4/ + 6D U4 — ezﬁOAc)) +0(r™%), (C.7b)

n = e 2Pyl + %aA/sO +0072). (C.70)

D Expansion of the inverse angular metric

Here we explain how to obtain analytically the asymptotic expansion of the determinant and
the inverse of the angular metric. We initially assume that there is no logarithmic term in the
expansion of the angular metric, but the construction can straightforwardly be applied to take
such terms into account.

Let us denote all the matrices appearing in (2.3) by ¢ = q45, C = Cyp, and so on. We also
denote by ¢! = g8 the inverse to q, by C* = C*® = g71Cq ! the tensor with indices raised
by g.5, and by a dot the matrix product C*D* = C*qD* in q. We then use the fact that, for

arbitrary matrices A and B such that A and A+ B are non-singular, we have

(A+B)t=a"1 (Z(—BA_l)n) . (D.1)

n=0

Applying this formula to y (and discarding once again for simplicity the logarithmic terms)
withA=r2gand B=rC + D + O(r!) enables to extract the coefficients in

ook
_ Y
yl=), =, (D.2)
r
n=2
In particular, this gives
Y4 =—D"+C".C", (D.3a)
y; =—E*+ C*"D*+ D*C*—C*.C*.C*, (D.3b)

Ye =—F*+D"D*+C"E*+E".C*—C"C".D*—C".D*.C* —D*.C*.C* + C*.C*.C".C* . (D.3¢)
This can then be rewritten using the fact that for 2 x 2 matrices we have

AB + BA = (trA)B + (trB)A— det(A+ B)I + (det A)I + (det B)I, (D.4a)
det(A+ B) = detA + detB + (detA)tr(A'B), (D.4b)

where tr(+) is the usual matrix trace. Introducing now the trace with respect to q defined as
try(C) = tr(g7'C) = q*C,p and using the notation [CC] = tr(C*C) = C*8C,p we find

det(g™'C) = %(trq(C)Z —[cc)), (D.5a)
det(q_1C)tr(C_1D) = det(q_lD)tr(D_1C) =[CD]—try(C)try(D), (D.5b)
which we can use to obtain
C*.C* = %([cc] —tr,(C)*)g ! +tr,(C)C*, (D.6a)
C*D* + D*.C* = ([CD]—tr,(C)tr,(D))q " + try(D)C* + tr,(C)D*, (D.6b)
1
C*C*"C* = 5(trq(C)([CCJ —tr,(C)*)g ' +([CCl+ trq(C)Z)C*). (D.6¢)
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Combining these formulas and switching back to the notation of the main text finally yields

1
vyl =—D¥ +CCiP + 5[CCJqAB, (D.7a)

Y48 = "B 1+ CDB 4 DCAP — %([cc] +C2)Cc* + %(c3 —clccl+2[cpl)q™,  (D.7b)
va8 = —F" + CE2® + EC®P + DD — %([cc] +Cc3)p* + (c([cc]—D)—[cD])c*®

+ %([cc,’]([cc:] —2D)+4[CE]+2[DD]—4C[CD] + C*(6D — c2))qAB . (D.70

The subleading components yﬁ‘B and y‘;‘B are unfortunately necessary because they appear in
the symplectic potential and when solving respectively for 8, and f35 in section 2.2.

To obtain the determinant, we proceed with the same notations as above and use formula
(D.4b) to expand

det(y) = r* det(q) + r> det(C) + det(D) + det (5 + O(r_z))
r
+ det(q) tr q_l(r?’C +r’D+rE+D+ ul + O(r_z))]
L r

+ det(C)tr :C_l(rD +E+ ? + (’)(r_z))]

+ det(D)tr :D_l(g + (’)(r‘z))} . D.8)

To go back to the notations of the main text we then note that

det(C) 1, 5 det(C)
det(q) 2(C Lcel), det(q)

and similarly with the other tensors appearing in the angular metric. Combining all these
results, we can for example extract the next order in the partial Bondi gauge solution (2.7),
which is used in appendix F.

At the end of the day, we can also reintroduce the logarithmic terms in order to expand the
determinant and the inverse of the polyhomogeneous metric (2.3). In this case we find that
the angular metric and the volume element have an expansion of the form

AB AB YAB
q C 4 1
)’AB=———+ P +ﬁ(}/§B—EfBlnr)

r2 r3 r

+ le(ng + ([CE1q" — CE;q*® + E,C*8 + CE® —Ff‘B)lnr—FﬁB(lnr)z)
r

tr(C"'D)=CD—[CD], (D.9)

+0™7), (D.10a)
v 2y Sy 1(2D —[cc™]) + L (E + 1c[cc“*] —[CD™]+EIn r)
Ja 2 4 2r 4

1 (1 3 1 1
+— | —=(3c*—4[cc]?—4c?[cc])—=C?D+=D[CcC]+ =D?*+C[CD]—[DD
175 (33(3C1 ~4LCCP ~4CCCY) ~ 3C3D + T DICCT + D2 + CLCD] - [DD]

+ CE —2[CE]+2F + (CE; —2[CE;]+ 2F) Inr + 2F;2(In r)z) +0(™%). (D.10b)

All of these expressions can of course be obtained with a computer, although there can be a
lot of guess work involved as more and more combinations of the tensors appear as one goes
to lower order in the radial expansion.
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E Expansion of the angular connection

In this appendix we assume once again for simplicity and clarity that there are no logarithmic
terms in the expansion of the angular metric. The Levi—Civita connection associated with the
angular metric y,5 then admits an expansion of the form

re re re
TCIy]=TS[q]+ 22 + 28 4 B4 o), (E.1)
r r2 r3
with
1
IS, = E(DAcg +DpCS —DCCyp), (E.2)

1 1

FZC;QB = EqCD(aADDB + 3BDAD — 3DDAB) — ECCD(aACDB + aBC'AD - aDC'AB)
i T lal, (3
1 1

1
+ EYgD(aACDB + dgCap — aDCAB) + Y;@NQMCFA]\L[Q] ) (E.4)

with ij and yiB given above in (D.7). When the determinant condition is satisfied we have
at all orders the properties

B Iy1 218 [q]=,In/q, DPAZ D,PA, (E.5)

. . BS
or in terms of the above expansion F,qu =0, Vn.

We now give a few identities involving combinations of covariant derivatives. In the com-
putation of (H.11) we use identities of the form

D(aPgy — CiacDp)PC — 2T,y Pc = PDcCyp, (E.6a)
_ 1
DyPA—C¥®DyPy — TP, =T], P = 5pAaAc , (E.6b)

which hold for any vector P* with P4 = C*BP,, and where we have denoted g2 F&B = I‘lc .
With the expansion (2.9) we have

DU =D UL + %(DAU‘{“ +I4,UB) +O0(r™2). (E.7)
For any symmetric trace-free tensor T4z we have

D®D¢ Tps — (DD Tpye )" =RIq]Tys - (E.8)
Finally we note that

(6 +61n4/q)Rlq] +2D*D,51n 4/ = —DpD5q"*%, (E.9)

which also holds when replacing e.g. 6 — J, or 6 — J,.

F Subleading solution space

Here we report part of the structure of the solution space at subleading order. This is necessary
in order to compute the evolution equations in the case A # 0 and also to understand how the
logarithmic branches disappear in the case A # 0. Since we compute the evolution equations
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in section 2.4 with the boundary sources turned off, i.e. ;=0 = Ug‘, we also do so in this
appendix.

The solution for f is actually independent of the boundary sources 3, and Ug‘. Going
further in the expansion of (2.6), we find terms in r_4(ﬁ124(1n r)? +Bulnr + ﬁ4), with

3
Biza = —ngz ) (Ela)

3 9 3 1
Brg = QCEZ+§[CE{F]—§FI+ZF12, (E1D)

15
324 = —12F +4F; + 9[EC™] + 3CE — CE — ~[F,C™] +4[£D] + D?

+ %D(SCZ —22[CC])—5C[£C]— :—Zcz[cc] + g[cc]z. (E1c)

The expansion (2.9) then continues with terms in r—*(U 5 4(ln r)*+UfInr + U4), with

U, =0, (E2a)
3(1 1

U = - (Ecug + CpUpj, — Dp(E[" ) — gaAEl) , (F2b)

UZ‘ = (lengthy). (E20)

Finally, we find that the expansion (2.13) continues with r~!(V;>;(Inr)? + Vj; Inr +V; ), where

SA
V21 = EFIZ , (E3a)
A5 1 1 11
\41=E(ZCEZ—2FZZ+5F1)+ ~DUL — 4CV10—53 E - [EZ%A]——Ela In/q, (E3b)
V; = (lengthy). (E30)

The expressions for Uf and V; have been used for the computation of the NP (A)dS mass loss
equation, but are too lengthy to be displayed here.

We now give the real parts of the subleading terms in the Weyl scalar ¥, in the absence of
boundary sources. Off-shell of the (AB) Einstein equations we have

Re(wl*) —%DAUA + 1[EI%A] A ([Elc] + %[Cﬁ]) , (F4a)

A
——DAPA — —CM + 2—4CABSAB

5[CETF]+[C,Q]) DADBﬂAB+4[N£]—%[C2]8uln\/§. (E4b)

Re(;)

+
On-shell of the constraints and in the case (A)dS we therefore get Re(\I/é“) = 0 and (2.75),
which is what we have used in the main text.
G Alternative resolution of E,., =0

The field equation E,, = O can rewritten using its trace to obtain the equivalent form
R, = Ag, . At the difference with y*R,; = 2A, which is first order, this equation is sec-
ond order in V since we have

R, = (4, —a In y7)T +aArA —3,3.(In /7 +2B)

+ - (au')’AB)(a YAB)+ YAB C[Y (aBezﬂ_arUB): (G-l)
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which contains J.T" .. The expansion which solves this equation is of the form

V=r,5+r*Vyy+r(VyyInr + V) + VoInr +2M + O(r ™), (G.2)

which differs from (2.13) by the presence of an additional r Inr term. The rewritten equation
sets

A

Ry —Agyr = O(r_l) = Viz= Eezﬁo 5 (G.3a)
_ A

R, —Ag,=00"%) = Vo= gezﬁoc —9,In y/q—D,U%, (G.3b)
_ 1

R,—Ag, =003 = Vo= —E[CSBA], (G.30)

1 A
Ry—Ag, =00 = Vo = [DBA]— Zrc[caa“] + §e2/50151, (G.3d)

where the logarithmic terms involve %A}B defined in (2.18). As expected, we see that with this
method of resolution the logarithmic terms involve the constraints whose vanishing is implied
by the (AB) Einstein equations. The construction of the solution space is therefore consistent
if we follow the route presented in this appendix or that of section 2.2.

H Computation of ©"

Here we present the details of the calculation of the radial part ©" of the symplectic potential
in the partial Bondi gauge, assuming there are no logarithmic terms in the angular metric and
the solution space. We first rewrite the radial component of the potential in the form

14
e = \/?(5(27“ +TA —T7 )+ U (T + T2, —TF )+ 75r;‘}4 + ezﬂ}/‘Barf(B)
=: y7(6A+U%SB,+C+D). (H.1)

We then study each term separately using the off-shell expansion of the connection components
(B.1). The only simplification which we use is to set #; = 0 since at the end of the day this on-
shell condition is common to both the BS and NU gauges. We also assume that the logarithmic
branches have been removed so that e.g. Ug does not appear in the expansion of U4,

The first term in the above rewriting is

A=T! +T4 T =rA+1+A0+%+%+O(r_3), (H.2)

with
A =2V,4, (H.3a)
Ag=—e2P[UyU, 1+ 2[Uyd Bo] + Vg + 8,(In /G + 20, (H.3b)
Ay =—e 2Po([U U, 1+ 2[UoUy 1 + [T Uy 1) + 2[ U8 By ] — 4B5 Vs + %auc, (H.3¢)

Ao = —e(3([UpUs] + [U1U 1) +[01 Uy ]+ 2[ 0] + [ToUs ] — 2,[UpUr )
+2([Uyd Ba]+ [U30Bo]) —2M — 4BV, —6B3V,5 + %au(zp— [CCI+8B,). (H.3d)
The second term is

By, By, _
BA:FXu—i_szB_FAr _BOA+T+?+O(r 3), (H.4)
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with
Bos = e 2PoU} + 6,1n /1, (H.5a)
By = e 2Po(2U2 + T} ) + %aAc, (H.5b)
By = e 2P0(3U3 + 202 + U} —26,U} ) + %aA(zp —[ccl). (H.50)

The third term is

1% c, C
C=—6T4 =Cot+ —+—+ 00, (H.6)
r r r
with
ZCO - —V+35C 3 (H7)
2C, =—V,,6C +V,356([CC]—2D), (H.8)
1
2C, =—V,16C +V,,8([CC]—2D) + EV+35(C3 —6E—3C[CC]+6[CD]). (H.9)
Finally, the fourth and most intricate term is
26 r Dy, Dy -3
D = e*PyPoTy = 1Dy + Do+ — + — + O(r ™), (H.10)
r r
with
Dy1 =q*5(qusVyis) —46BoVss, (H.11a)
1 1
D, = ¢*%6 {qABV+2 —5CuVis + EaquB +DAU3}
+6Bo(CVis—4V,5—0,Inq—2D,US) + V,55C, (H.11b)

D, =q*86s {qABV+1 - %CABV+2 + %aucAB + DaUj + CpcDpUS + %UgDCCAB}
—CBs {%aquB +DAU§}
— 50(4Vs1 — CVyp + ([CC1—2D) Vi3 + 8,C +2D,Uf + US3,C)
+V,,6C+ %5V+3([CC] —2D)+V,3 (yj‘{BanB — %CABSCAB — 45/32) , (H.110)
D, =q**§ {ZMCIAB + %CABV+1 + %auDAB - %EABV+3}
+q"5 {Dy(U2 + U} + 09) — TS (UL + 02) — 15, U2}
— 85 {qABv+1 + %CABV+2 + %aucAB +D,(UL+T9) — rfABUg}
+7,56 {qABVJr2 + %CABVJr3 + %aquB +DAU§} +7255(qusVys)
— 5o(8M — CVyy —2DVyy — EVyg +q*3,Da5 + [CCIVip — C23,C5 )
— 50 12% (Cag Vs + 8,as + 2DAUD) + 2728 Vis )
—25p, (DA(UQ +Up—C00) + %(Uf +03)3,C + (IS, — FZC)Ug)

+6B5(CV,y53—4V,5,—0,Inq) —45B5V,s5. (H.11d)
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We then collect all these pieces and use the expansion (D.10) of the boundary volume to find

0" = /q(r?0; +r?0; +10] +06;), (H.12)

with
0r =5A, +D,q, (H.13a)
0, =5A0+D0+Co+[Uo5Bo]+%C9§, (H.13b)

0] =5A; +D; +Cy +[UySB, 1+ [U16B,] + %ce; + é(4D —Cc?-2[CC])0;, (H.130)

67 = 5Ag + Dy +Cy + [UpSBy] + [U3 5B, ] + [Up5EBo] + %ce{

+ %(41) —c?—-2[cCl)os + é (4E +3c[cCc]—4[CD]—2CD — %c3) ;.  (H.13d)
Here we clearly see in each 6, the terms involving 6] _ which come from the relaxation of
the determinant condition, or in other words the fact that the co-dimension 2 volume has a
non-trivial expansion. It is immediate to see that these terms drop in the BS gauge.

These expressions are so far valid off-shell. The only assumptions we have made about
the expansion is 3; = 0 and the absence of logarithmic terms. It is now convenient to use the
on-shell expressions derived in the partial Bondi gauge in section 2.2 in order to separate these
components of the potential into sources pieces (S) which vanish when the boundary sources
(Bo, Ug‘) are set to zero, and fixed pieces (F) which remain even in the absence of boundary
sources. For compactness and convenience we will however adopt a mixed notation where we
still keep e.g. U‘l“ without its on-shell value since it is a pure source term. We also keep (3,
and f; unspecified in order to later be able to reach the BS or NU gauge, and sometimes keep
writing V" instead of their explicit on-shell values.

We now decompose each coefficient in the expansion of the potential as 87 = ®60" +©® 0",
keeping in mind that we are now using the solution space of section 2.2. For the terms which
remain in the absence of boundary sources we find

(F)Qs‘r =V,361Inq, (H.14a)
1 1
®0; =(2CV,3—0,lnq—0,)51n /7 — §5qABaquB + §V+3(qA35CAB +256C), (H.14b)

A c?

Q! = —%qABes {qAB [eZﬁo (R[q] +3 G[CCJ -5 —D)) + %(au In y/q+ 2au)c}}

+ %qABé{CAB(au Ing—CVis) +23,Caz } — %CAB58quB

1 1 1
+ Z(CV+3 —0,Inq+238,)5C+V,4 (rféqAB — 5c:AB(sc,w + Z5[(:(:])

1 1
+5C76; + §(4D —c*—2[cCc)™o;,
(H.140)
1
65 =2(5Ing+5M + 2q*5 {8,Da5 — EngVis + Da(€2%(8,¢ —DC Cyc) )}
2
n %qAB5CAB {62/50 (R[q] + % (%[cc] — % —D)) + %(@l In/q+ Zé‘u)C}

— }}c:f‘Bé{c:AB(c:V+3 —0d,lnq) + 2aucAB} + %(esc,’v+1 —C6V,q)
1
+ Er:}B(é{qAB(cwg —8,Inq)} +8CuVis +68,0u5) + Y2265 Vis

58


https://scipost.org
https://scipost.org/SciPostPhys.13.5.108

Scil SciPost Phys. 13, 108 (2022)

+ %8115(2D —[CCI+8B,) +25{B(8,Inq — CV.3)} +665(3,Ing — CV,5)

1 1
+ Zr(CV+3 —3,Inq)s([CC]—2D)+ ZV+35(C3 —6E—3C[CC]+6[CD])
1 1 1
+ 5ezﬁo(af‘c —DC*)0,61n /g + 7C761 + §(4D —c?-2[cC])™o]
1 1
+3 (415 +3C[CC]—4[CD]—2CD— ECS) ®0r —106B3V,3. (H.14d)

For the terms which drop when turning off the sources we find

(5)9:; =26V,s, (H.15a)
905 = 2C5V,5—5{e 2P [UoU; 1—2[Uyd o] — 28,80 + 3DaU4 } +[Up5Bo]
+q*85(DAUY) — (DaUL)5 Ing — 5By (CVy3 — 8,Inq — 2D,UY), (H.15b)

1 1
©gr = _EqAB(s {qAB [ezﬂo (4DAaA/50 + 8(aA/30)(aA/50)) + E(DAU{)‘ + 2U§8A)c]}
1
+q*%5 {DAU; + CacDUS + EUgDCCAB} —Cc*5(DUY)
1 1 1
+ g5v+3(3[cc1 —4D)— E(z)AU;;‘)ac + EqABé(CABDC Us)
— 5/50(4V+1 —CV,,+([CC]—2D)V,5+ 8,C + 2D, U + Ug‘aAc)
— 5{e 2o ([U, U]+ 2[UgU,] + [ToUy 1)} +25[U, 2 ]
1 1
+[Up8B,]+[U16Bo] + 2CV0; + §(4D —c2-2[ccl)¥er, (H.15¢)
©g; =—q**5 {DA(eZﬁochaC/so) —Du(T} + 0 +TE (UL + T2) + TS, Ug}
1 1
+ ZqAB 5Cap {eZﬁo (4DAaA,50 + 8(aA/30)(aA/50)) + E(DAUS + 2UgaA)c}

1 _
+C%s {ECABDCUOC —D\(Ur+T0) + rfABUg}

1
+7y8 (ECAB5V+3 —5(qasDcUS ) + 5(DAU§)) + 72856V,

— 5o(8M — CViy —2DViy — EVys +q'88, D + [CCIV,, — CP8,C5 )
- 5/50(7/23(CABV+3 + 0,45 + 2DaUR) + ZYngABV+3)
~ 25 ( Da(U3 + B — 0) + 5 (U + 030, + (€T~ 15)U2
— & {e7Po(3([UoUs ]+ [U1U51) + [ 01Uy 1+ 200Uy ] + [ToUs 1 — 2685 [Up U1 1) }
+26([Ug8 Byl + [Us0Bo]) — 45 (BoDaUS) + 26 By DAUS — %DAU{)‘5([CC] —2D)
—6B35V,3+ [UpSBy]+ [Uy 6B ]+ Uss (e 2PoUl) — e*PoC?B 5, B335 In /G

1 1

+§c<5] 6] + %(4D —C*—2[CC])®0; + % (4}5 +3C[cC]—4[CcD]—2CD— 5cf*) ®g; . (H.15d)
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From these expressions it is then possible to reduce the potential to the BS or NU gauges.
This reduction is done by imposing either of the following two conditions:

(BS)  « c=0, D=-[CcC], E=[C9], (H.16a)

1

2
(NU) — [cc], E:§([C@]+§C(C2—2[CC])), (H.16b)

-lkli—‘[\JI»—l

where in NU gauge the conditions on D and E are equivalent to 3, = 0 and 33 = O respectively.

In the main text we have focused on the potential ™6, in the absence of boundary sources,
i.e. with B =0= Ué. We have furthermore split the potential between a part which survives
in BS gauge, and additional terms which are only present in NU gauge (involving essentially
C). The divergent pieces are reported in (2.104) and (2.105). The constant piece ¥, is
however still very lengthy so we report it here. In BS gauge it is given by

©67 | =2(5Ing +5)M — %qf‘%(/\gAB +DaD Cye )
+ 5076Cus (Rla)+ 1CCT) + 36C7 0,6 — £8.(C5C)
+ % (%cABaucAB —DAcABaB) 5ln,/q
+%([cc]5lnﬁ—3cA35cAB)aulnﬁ. (H.17)

In NU gauge we find instead

®0r [y =00 |5s + (%crjﬂ — A(C2 +[CCl)c® + ;ccABa In f) 5z

12
1(377—2"& 111; [ccl+c(ca, Rq]—CABaquB)+3AC3A——[CC]3 1nf)51nf

( ¢+ 3—(3 Ing + 23, )) s[ccl

+

Ac2 2001 7
(60 5 [cC] 4auc+8cau1n¢a)5c
+ (éCCAB — écquB + E[cc]qAB + lqAB(au In,/q+ 2au)c) 5Crz

6 6 96 8
+ %qABéS(DAaBC) + %q“éau(cc;g) - %6(CCABaquB)
- 1('S(CR[q]) + 105((2@ +8,In/q)C) - %au(czéln JG—CC5q,;)

1
+v([CC] +C%)53,/q— 75(@[6@]) — EqABa(aquB[CC] +qa50,[CC])

41/_ c(2.(vaq®5Cas)—3,8(vaC)—3,(5v3C)). (H.18)
This expression can surely be simplified further, but we refrain from doing so here. One should
just note that the additional terms which differentiate the BS and NU potential are not only
proportional to C. The reason for this is two-fold. First, we see by comparing (3.2) and
(4.2) that the on-shell expression of the subleading components of the angular metric differ
in BS and NU gauge. Second, we should recall that in BS gauge f3,,- # 0 while in NU gauge
Br>0 = 0. Since the NU potential is written in (H.18) as the sum of the BS potential and extra
terms, these terms need to remove the non-vanishing f,~o 7 0 which are present in the BS
potential (in order to ensure that for the NU potential we have 3, = 0).
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I Off-shell ET

AB

o)

We report here the off-shell expression for E)j, ﬁoo(j(,)z:)Uo . This is the expression from which

the equations (2.19), (2.20), and (2.21) have been derived in the main text (upon further
imposing A = 0 and going on-shell of %23 = 0). The length of this expression also illustrates
the clear advantage of the NP formalism over the use of the tensorial Einstein equations. We
have

ETF Bo=0=Up — %FTF

48| O(—2) 3 leB(lnr)Z—EOM(ElAB)lnr

1 5 2 1 c 1
+ A{§ 14— ngT/I;B + gFjg — ZC(AC(EITF)B) + ECE;&FB

1 (4 5 1
+—| =D[CC™]+ =C?[cCc]-=Cc*—[CC 2)
55 (3prcem1+ 2eec- Lot~ 1P Jan

1 TF CD ~TF 1 TF 1 1
+1_8C(AC£ DB)_§[CC ]SAB+§C[C£]qAB_6[D£]qAB

1 1 1 3 1
+-(3E,—5E+-CD—=C*+—=C[CC )‘BA — ~[EB"
4( l 4 ) 16 [ ] AB 2[ ]qAB

2 1 3 3 c —
— g{augAB — E(D(APB)) — ECIZ;M{A:O + EqACe DCBFBM

1 3 15
+ 5 (gAB — SEIT;B — gCSAB — z IZ};D + XS(AC(CTF)]%) d,In /q

1 3 1 3

9 7 11
+ ED(CTF)(CAau%B) + ES(ACCCDaquB) - E(C“)&(auqcp)ﬁ,?)

3 CD¢n0 S C O 1 0
+ 1 Clac 7 By — 55 C LBy + L [£B°1CH

21 CD ON\E 3 0N\C
+§C(ACCTF CBFE(% )B)_Q[CC]C(T.:C(% )B)
ﬂcc cPm0 tc[cc™]B° lczc“*
- 64 (Ac DB)+ [ ] AB+16 (AC

1 1
-3 ((2@ +3,In/q)E, + E(D(Aulgfj)“)

1 1
+(§E§A—4E&) SBg)C+5(E—ZEl)’BgB, (1)

3
(B° g)—EC[C%O]q{g}

with M|, _, =M + (8, + 8,In yq)(4D —[CC]) and

1 1
EOM(Ep) = (28, + 8, In y/q)E[%, + E(D(AU?) T EEl%gB (1.2)
3 1
+ EIT(FAC%](E)S + ZEZ%QB + E[EI%A]qAB
é TF __opTF __ 1 TF 1 2 1 CD TF
+ 5 | 5Fiias — 2Fias — 5 CEunp + 5 ([CCT1=C*) a5 + (Cuac £ Comy) |-

We note that the first term on the second line is always vanishing on-shell. This is because we
have ‘BXB = 0 in the flat case and EIT;B =01in (A)dS.
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