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Abstract

We construct for the first time Drukker-Trancanelli (DT) type fermionic Bogomolnyi-
Prasad-Sommerfield (BPS) Wilson loops in four-dimensional A/ = 2 superconformal
SU(N) x SU(N) quiver theory and A/ = 4 super Yang-Mills theory. The connections of
these fermionic BPS Wilson loops have a supermatrix structure. We construct timelike
BPS Wilson lines in Minkowski spacetime and circular BPS Wilson loops in Euclidean
space. These Wilson loops involve dimensionful parameters. For generic values of pa-
rameters, they preserve one real (complex) supercharge in Lorentzian (Euclidean) sig-
nature. Supersymmetry enhancement for Wilson loops happens when the parameters
satisfy certain constraints. The nature of such loops is quite different from the Wil-
son loop operators involving fermions constructed previously in the literature on four-
dimensional gauge theories. We hope that further investigations of such new Wilson
loops will explore deep structures in both the gauge theories and gauge/gravity duali-
ties.
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1 Introduction

Line operators are very important in the study of gauge theories. The vacuum expectation
values (vevs) of Wilson-'t Hooft line operators can be used to distinguish different (infrared)
phases of gauge theories [1,2]. The precise description of the gauge theory should take into
account the choice of the set of Wilson-'t Hooft line operators included in the theory [3]. Also
notice that Wilson lines and ’t Hooft lines can carry charges of 1-form global symmetries [4].

In supersymmetric gauge theories, line operators preserving part of the supersymmetries
constantly attract much attention [5,6]. In A/ = 4 super Yang-Mills theory (SYM), for a Wilson
line along a timelike straight line or a Wilson loop along a circular loop in Euclidean theories
to be supersymmetric, the line/loop should also couple to the scalar fields in the theory [7-9].
The former can be understood as the dimensional reduction of a lightlike Wilson line in ten-
dimensional A/ =1 SYM.

Such Bogomolnyi-Prasad-Sommerfield (BPS) Wilson loops (WLs) also play an important
role [7,8] in AdS/CFT correspondence since the earlier days of this holographic duality [10-
12]. The vev of a circular half-BPS Wilson loop depends on the SYM coupling constant non-
trivially. It was conjectured that this vev can be computed by using a Gaussian matrix model
[13]. The result in the large N and large 't Hooft coupling limit is consistent with the prediction
from the IIB superstring theory on AdSs x S° background [9,14]. This is one of the first precise
checks of the AdS/CFT correspondence beyond checks related to various non-renormalization
theorems [15-17]. Later, the conjecture about the reduction to the Gaussian matrix model
was proved using supersymmetric localization [18]. People have found a large amount of BPS
Wilson loops with fewer supersymmetries in A/ = 4 SYM. Among them, there are Zarembo
loops [19] and Drukker-Giombi-Ricci-Trancanelli (DGRT) loops [20,21]. The special property
of Zarembo loops is that their vev are constants protected by supersymmetries. As for DGRT
loops, though they are also BPS, their vevs depend on the SYM coupling constant. Further
classification was discussed in [22].

The situation for BPS Wilson loops in three-dimensional super-Chern-Simons theories is
more complicated and interesting. The construction of bosonic BPS WLs [23-26] here is quite
similar to the one in the four-dimensional SYM when the auxiliary fields in the vector mul-
tiplets are used. Taking into account the equations of motion, these auxiliary fields will be
replaced by scalar bilinears. Since the scalars in three-dimensional spacetime have dimension
one-half. The coefficients of these bilinears are dimensionless and the BPS condition imposes
constraints on these coefficients. More or less surprisingly, this Gaiotto-Yin type BPS WL along
a straight line or a circular loop in ABJM theory can be at most 1/6-BPS. However, the study
of probe F-strings/M2-branes in the string/M-theory side predicts that there should exist half-
BPS Wilson loops [24,26]. This puzzle was resolved by Drukker and Trancanelli through the
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construction of half-BPS fermionic Wilson loops [27]. A key point here is to include fermions
in the construction of the super-connection. Since the fermions in three-dimensional space-
time have dimension one, we still do not need to introduce dimensionful parameters in the
construction. Later, fermionic 1/6-BPS Wilson loops were found [28, 29], and these loops
are interpolation between bosonic 1/6-BPS Wilson loops and fermionic half-BPS Wilson loops.
These 1/6-BPS Wilson loops are not locally SU(3) invariant, and this indicates that they are
not dual to F-strings with Dirichlet boundary conditions in CP3. In fact, they are dual to
F-strings with complicated mixed boundary conditions [30]. These general 1/6-BPS Wilson
loops can be thought of as marginal deformations of half-BPS Wilson loops from the defect
conformal field theory (dCFT) point of view. Although the marginality of the deformations
is yet to be proved at quantum level on the field theory side, it is supported by the general
classification of superconformal line defects and the studies of their deformations [31] and
the fact that there are massless fermions on the worldsheet of F-string dual to the half-BPS
Wilson loop [30, 32, 33]. General BPS Wilson loops in N > 2 super-Chern-Simons theories
were constructed in [34] based on [28,29]. The moduli spaces of such loops were shown to
be quiver varieties [35]. For many important aspects of Wilson loops in three-dimensional
super-Chern-Simons theories, we would like to recommend the wonderful review [36].

We now review some features of the fermionic BPS WLs in three-dimensional theories.
Two features will be compared with four-dimensional counterparts, and third one is about the
pattern in the construction which also appears in the four-dimensional case. The first feature
is above the supersymmetry enhancement. Using ABJM theory as an example, the fermionic
BPS WLs in [28, 29] preserve at least the same supercharges as the bosonic BPS WLs when
they are along the same timelike straight lines or circular loops, and the fermionic WLs can
have enhancement supersymmetries when the parameters in these WLs take certain special
values. The second is about the choice between the trace and the supertrace. Although a
super-connection was used, it was found that one should use a trace instead of a supertrace
in the construction of fermionic BPS Wilson loops [27]. Later such WLs were rewritten us-
ing a supertrace accompanied by adding certain shifts [35-37]. Also notice that the earlier
construction of fermionic WLs with fewer supersymmetries in [38] used a supertrace accom-
panied by multiplying a constant twist matrix. It is interesting to study switching between
the above two new approaches. The third feature is about a pattern in the construction of
fermionic super-connections. The construction of fermionic BPS WLs is more complicated
than the bosonic ones. The superconnection L¢ of a fermionic BPS WL can be constructed by
suitable deformation of a bosonic BPS WL with connection Ly [28,29,34]. In [35-37], it was
noticed the following pattern in such deformation, Ly = Lg+(---)QG +(--- )G? with Q one of
the supercharges preserved by Lz and G certain linear combination of scalar fields. (:--)’s are
coefficients to be determined.

It is natural to explore whether one can construct BPS fermionic WLs in four-dimensional
superconformal gauge theories. In this paper, we successfully construct WLs in a simple four-
dimensional N' = 2 quiver superconformal theory and N' = 4 SYM. Our construction can be
easily generalized to general quiver superconformal theories. For the fermionic WLs to be BPS,
we should also introduce scalar bilinears besides the scalar terms already in the bosonic WLs.
Simple dimensional analysis shows that we need to introduce dimensionful parameters in the
construction. So the BPS Wilson lines along a timelike straight line are not scale invariant.
They only preserve Poincare supercharges.! As for Wilson loops along circular loops, they
preserve some linear combinations of Poincare supercharges and superconformal charges. The
BPS fermionic WLs along timelike straight lines or circular loops preserve only a small part of
the supercharges preserved by the BPS bosonic WLs along the same lines or loops. This is

!WLs only preserving Poincare supercharges were already appearing in three-dimensional A/ = 2 super-Chern-
Simons theories when the matter fields have non-canonical dimensions [34].
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quite different from the three-dimensional case as reviewed above. About the choice between
the trace and the supertrace, we find that in the four-dimensional case, we should employ a
supertrace in the approach used in [27]. For N/ = 4 SYM, since there is only one node in
its N/ = 2 quiver diagram, we should employ more than one copy of the connection in the
bosonic BPS WL. Similar construction involving multiple copies has been employed in [34].
As in many three-dimensional cases, The construction in the current paper is based on the
pattern Ly = Lg +(---)QG + (- )G? mentioned above.

This paper provides the first construction of Drukker-Trancanelli type fermionic BPS Wilson
loops. This construction is quite different from the Wilson loops involving fermions in the
four-dimensional gauge theory literature [9,39-41]. There are many aspects of these novel
fermionic loops to be explored. Such investigations should be important to further studies of
both gauge theories and gauge/gravity dualities. We leave these investigations to further work
and list some possible future directions in the discussion section.

The paper is organized as follows. In section 2, we construct fermionic BPS Wilson loops
in A/ = 2 superconformal SU(N) x SU(N) quiver theory. In section 3, we construct fermionic
BPS Wilson loops in N' = 4 SYM. The last section is dedicated to conclusions and discussion.
We summarize our conventions in appendix A. Appendix B contains some technical details.

2 Fermionic BPS Wilson loops in N = 2 superconformal
SU(N) x SU(N) quiver theory

In this section, we introduce the N = 2 superconformal SU(N) x SU(N) quiver theory which is
a marginal deformation of the Z, orbifold of N' =4 SYM. A detailed discussion of the orbifold
procedure can be found in [42]. Then we construct fermionic BPS Wilson loops along an
infinite timelike straight line and a circle in Lorentzian and Euclidean signatures, respectively.

2.1 N = 2 superconformal SU(N) x SU(N) quiver theory

We begin by introducing the N' = 2 superconformal SU(N) x SU(N) quiver theory which,
as we have just mentioned, is a marginal deformation of the Z, orbifold of the N = 4 SYM.
We use six-dimensional (6d) spinorial notations for the spinors. The fields in the two N = 2
vector multiplets corresponding to two gauge group factors can be arranged into 2 x 2 block

matrices:
AL o
— u —
AM_( 0 A(z)), ‘U,—O,...,S,
u

A0
Aa:( 8 2’(2) ) a:152)
a

e8]

where A, withm =0, ..., 3 is the gauge field and A, 5 are two real scalars. The SO(1, 5) Weyl
spinors A; and A, have chirality —1 for I°1234> and satisfy the reality condition A* = —e®/ A%

where €% is the antisymmetric symbol with €' = 1.2 (See appendix A for our conventions
on the spinors and gamma matrices). The matter content consists of two bifundamental hy-
permultiplets with component fields:

. 0 q(l)a B 0 w(l)
q = ( q(Z)a 0 ) b ,llj - ( ,l/)(z) 0 ) (2)

2Later, we will use €4p Which is defined to be the inverse of e, €ap efr = 5;.
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1—v012345

where g2 are complex scalars and 1) is an SO(1,5) Weyl spinor of chirality +1 for
We denote by g, the complex conjugate of g*. The action of the N' = 2 gauge theory is

1 i - o
Syey = J d4x(—ZTr(FWF‘“’)—ETr(A“F“Duka)—Duan“qa—u/)F“Duilj
+v2g2%q, Typ—vV28 Y Tyq* Ao—g*(q. T"q" (a5 Tag®)
1
+§g2(anAq°‘)(q/s TqP )) , 3

where T# are the generators of the gauge group. The coupling constants for the two gauge
group factors can be independently varied while preserving A/ = 2 superconformal symmetry.

We assemble them into a matrix:
(1
[ &7In 0
&= ( 0o g®i, ) , 4

where we denote by Iy the N x N identity matrix. At the orbifold point where g(V=g¢(?) the
theory can be obtained via orbifolding A/ = 4 SYM by Z,. The definitions of the covariant
derivatives are

DA = 3,A—igl[A,,Al, (5)
D,q* = 0J,q"—igA,q“, (6)
Dyda = 0Ouda+189cAy, 7
DY = 3,V—igA,V, (8)

with A, ZAﬁ T,. The definition of the field strength is

Foy=3,A,—8,A, —iglA,,A,]. ©)

One can show that the action is invariant under the A = 2 superconformal transformations:>

§A, =—iE T Ay = IAT, &,

==
5qa =—i ﬁéa’lp s
0qy =—1 ‘/illjga >
1 . .
524 = EF;‘VI‘Wga+21ganAqﬁ Ep—igqp TP &, —2ALTD,,, (10)

- 1- _ I _ _
SAMA = —EéaFﬁvF“”—Zlgqﬁ TAq*EP + igqp TAgP §“+21?aA‘2I‘a ,
§vy =—v2D,q THE ,—2v/2q%F,,
S = ﬁE“F“Duqa—Z\/ﬁﬁ“qa,
where &, = 0, + x™I,,¥, and the index a = 4,5. The constant spinors 6, and ¥, gener-
ate Poincaré supersymmetry transformations and conformal supersymmetry transformations,
respectively.

2.2 BPS Wilson lines in Minkowski spacetime

Let us start with reviewing the construction of bosonic BPS WLs. In Minkowski spacetime, one
can define a 1/2 BPS Wilson line along the timelike infinite straight line x™ = 6'7 as

Whos = Petf 4l »L1j2 = 8Ag— 8As . (11)

3A typo in [42] has been corrected.
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The persevered supersymmetries can be parameterized by &, satisfying

I5I6€q = &4 - (12)

In three-dimensional A/ = 2 superconformal Chern-Simons theories fermionic BPS Wilson
lines can be constructed as deformations of the bosonic BPS ones [36]. We follow a similar
procedure here. Let us consider the Wilson line operator

err = PeideL 5 (13)

where the connection L is a supermatrix analogous to the ones constructed in [27]:

The matrices B and F are defined as
B 0o
b =( o B | (15
F =(% + ), (16)
C(l)CIN 0
c :( , an
0 (@rry
(2
= 1
n ( 0 W, ); (18)

where BM and B® are products of scalar fields and ¢ and 7 are bosonic spinors. Different
from the three-dimensional case, the parameters {¢ and 1) have the dimension of inverse square
root of mass. We would like to construct a Wilson line invariant under a given supersymmetry
transformation 6, parameterized by £, = 6s, where 6 is a real Grassmann variable and s, are
bosonic spinors. At this moment we restrict our attention to Poincaré supersymmetries and
thus s, are constant spinors along the line. It is convenient to define the preserved supercharge
Qsas bz = V20Q,. We need the transformation

qua = —i§a1/) >
Qo = its,,
st = uqarusa B

Qs =$5°T"D,q, -

To make the Wilson line preserve supercharge Q, with a fixed s, satisfying s, = I5Iys,, we
require L to transform as [27,43]

(19)

QSL:DOGSEaOGs_i[Ll/2+BJGs]+i{FJGs}J (20)

for some bosonic matrix G;. Splitting this constraint into a fermonic and bosonic part, we find

QB =i{F,G}, (21)
Q,F = 3yG;—i[Ly/5 + B, G;]. (22)

Acting Q, on F, we get
QF =—C(Dyq"T"sp) + (ST"D,qp)n 23)

In order that Q,F takes the form of J,G, + ..., we require
Ishon =n, (Tl = —(°, (24)

6
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and thus

QsF = 0yG; —i[ Ly, G,], (25)
where

Gs = CCFOSaqa - Clas_aron . (26)
Comparing equation (22) with (25), we need [B, G,] = 0. Since Q,B = i{F, G,}, B should be a
sum of scalar bilinears. From [B, G,] = 0, one can show that B = _stz where k is a complex

number. Acting Q, on G,, we find

Q,G, = —i{ Tys 5% — ihs 54Ty = —és‘“rosag%p — ét[_)ns_al“osa - —%s_al“osaF @

Therefore k = 2/(5%Tys,) and the super-connection can be written as*

2 2

L=Lyp+——Q,G,— :
12 % G ) % T Gatgs ) O

(28)

As we can see, F is proportional to Q,G, and B is proportional to Gsz. This pattern was first
noticed in [36] for general fermionic BPS WLs in ABJM theory and later utilized in in [35,37].
A similar pattern will also appear in the construction of the circular WLs in this A = 2 theory
and the WLs in A/ = 4 SYM later in this paper.

The next task is to know whether the Wilson loop can preserve other supercharges.
We need to solve all the u, satisfying u, = TsTyu, and Q,L = DyG, where
G, = Tyu,q* — q,u*Tyn. We need

[G2,G,]=0, (29)
{Q.G;, G} = {Q,G;,G,}. (30)
It follows from (29) that
kD1 0
G, =KG, = ( 0 N k(z)IN )GS, (3D
or equivalently
CTouaq” — qait*Ton = K($Tps9% — qo5“Tom) - (32)

Then (30) leads to

{QuGSJ GS} = {QSGSJ Gu}
& Q,6,G,=Q,G,G, and G,Q,G;=G,Q,G,
& Q,6,G,=KQ,GKG, and G,Q,G,=KG,KQ,G,

(33)
& (@%Tyue)Qs G, = (P Tys kWK, G,

—a
o (W@ - LTola
S%T5S,
Assuming (@ is nonzero, and taking into account that §* = —e“ﬁsz, we can decompose s,
ass . . . .
Sq= eaﬂc—(l)ﬁ C(l) + Cg)Bg(l)* , (34)

“*For Wilson lines, we focus on the construction of the super-connection since only the WL along a closed curve
is truly gauge invariant without subtleties.

5In egs. (34)-(36) and other equations with repeated (i)’s, there is no summation with respect to the repeated
indices i’s.
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where B = I'®® in our convention.® It follows from (32) that
g = K0 e 1) 4 O DB, (35)
and o
1%Tou, = kOkOzoT,s, . (36)

Then (30) leads to

{QuGSJ GS} = {QSGS)Gu} @ {QuGu) GS} = K{QSGS’KGS}
Sl (ﬂaroua){QsGs9 Gs} = (gﬂrosa)k(l)k(Z){QsGs: Gs} (37)
l_laroua

o kW@ = k@ =M

SIS g

Repeating the similar analysis for other terms in (32), we find in general k) and k®
are real numbers and the Wilson loop preserves one real Poincaré supercharge. But when
(M, MW, Bg@* By(2*) are all proportional to a single spinor, k() can be complex. In this
case, the Wilson loop preserves two real Poincaré supercharges. In both cases, the Wilson
loop cannot preserve any conformal supercharges because {¢ and n have the dimension of
inverse square root of mass. One can check this explicitly by applying the superconformal
transformations on L. Therefore the Wilson loop is 1/16 or 1/8 BPS with respect to the total
16 supercharges. Compared with the bosonic BPS Wilson lines, the fermionic ones preserve
quite fewer supersymmetries. One reason is that all conformal supercharges are broken.

2.3 Circular BPS Wilson loops in Euclidean space

In the Euclidean signature, the bars over the spinors do not stand for Dirac conjugation.
and v are independent spinors. It is convenient to define §* = —e“ﬁsfj for any spinors with
an a index.

Let us start with the 1/2-BPS bosonic connection

L1/2=ngAm+igrA5, (38)

on the contour of a circle (x°, x!, x2, x3) = r(cos 7,sin 7, 0,0). The supersymmetries preserved

by the bosonic Wilson loop W, = P exp(i fOZH dTLy /(7)) satisfy
XM, 5E, =18, =  O,=—ir Tys50,. (39)

The dot denotes derivation with respect to 7. We would like to construct a Wilson loop on the
same contour which is invariant under a supercharge Q, parameterized by
0 L 0 v i T9156 (40)
= Sa>s == 01598 »
¢ oov2 " © 242 ¢
where 6 is a complex Grassman variable and s* is a bosonic spinor. On the contour, the
supercharge Q; acts as:

Q,q* =—15TL 1,

Q4o = ill_’n+5a >

Q) = —Dyq“TH 1 sq +ir ™ q*To1584
QY =$°TI_T*D,q, +ir '§Ty15q,,

(41)

%Notice that this B is not the one in (14).
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where I, = % + 2%1“5)'("11“,“. We assume the fermionic part of the super-connection takes the
form:

. (Deg 0 @) 0
F=r{T ¢+ryln, C“=( ¢ ON (@eq ) n=(n N - (42)

0 fr)(l)IN
We find
Q. F =L°T_(—1r"'D,q%x™T,;5, — iDsq*X ™5 + 11 q*X ™ 5,)
+(r715%X™,D.qy + 15%X ™, Dsqy — 115X ™ Ty q o )17 - (43)
In order that Q,F takes the form of 9.G; +..., we need
3, (C°TI_)%™T 5, = 0,5%%™T,,8,(I1,n) = 0. (44)

As discussed in appendix B.1, if s; and s, are linearly dependent, the Wilson loop is BPS only
when QL = 0. In Lorentzian signature, linear dependence of s; and s, is not consistent with
the reality condition. In the following of this section, we assume that s; and s, are linearly
independent.

Solving the differential equations (44) for {“II_ and II, 7, we find the general solutions
can be represented by 7T-independent {¢ and n which satisfy

{To155¢ = 5%Tp15m = 0. (45)

Then we get
G, =il _T55,9% —iq $°Ts11,n. (46)

Acting Q; on G, we find
QG = (I T55,,(*T1_1p) + 5T 11, (P11, 5,)
1_ 1_ -
= Es“ﬂ_l},sa(ccn_w) + Esal“smsa(%bﬂm) 47)
1 P04
= Zs IM_Tss, F.

Similar to the straight line case, one can obtain B from the conditions [B,G,] = 0 and
Q,B = i{F, G,}. The result is,

2r
=i———G?. (48)
5oTl_Tss, °
Finally the super-connection L is
2r 2r
L=L+——9G,+i——G?, 49
127 sa1_Tys,, sG; §oTl_Tys, ¢ (49

which satisfies Q;L = D G,. Because G; is periodic on the contour, the trace of the holonomy
of I does not preserve the supercharge Q;, which is different from their three-dimensional
counterparts [27]. Since L has a natural supermatrix structure, we can define the Wilson loop
by using the supertrace:

Wier = STI'P exp (1} LdT) , (50)

which preserves the supercharge Q. Following similar steps as in the three-dimensional case
[27,45], one can show that the condition Q;L = DG, leads to a classical Q,-cohomological
equivalence between the fermionic BPS Wilson loop and the bosonic one:

Weer — Whos = st P (51)

9


https://scipost.org
https://scipost.org/SciPostPhys.14.1.008

Scil SciPost Phys. 14, 008 (2023)

where

Whos = STI'P exp (ljg Ll/sz) , (52)

and V is a complicated function of the gauge and matter fields whose first few orders are

V= STrP(eifLusz(f Alt{)dT,+ %(A*F —FxA)

(53)
+iA>|<B—iB*A—A*F*F—F*A*F—F*F*A+...)),
where A = 2irG,/(5*I1_Iss,) we use the notation
XxY = J dTldfzx(Tl)Y(Tz), (54)
TI>T,
XxY+xZ = (XxY)*Z. (55)

The complete construction of V can be performed following the procedure in appendix D
of [45].
To investigate the possible supersymmetry enhancements of the Wilson loop, we need to
solve all the u,, satisfying’
90,L=D.G,, (56)

where G, = i{‘II_T5u,q* —iq,u*IsI1, 7. Detailed discussion of the solutions are relegated to
appendix B.2. Here we summarize the conclusion as follows:

e When {® and n® are all proportional to a nonzero bosonic spinor y satisfying
xTo15x = 0, the Wilson loop is 3/16-BPS. Denoting the two-dimensional vector space
spanned by {¢(, T, ¢, 1y5¢M, T5,¢ W} by Ve, s, can be decomposed as

Sqg = CaS1em +Sg|z 5 (57)

where s, ) is a vector in V) and s, ) is a vector in the complementary transverse
direction. The preserved supercharges can be parameterized by

u, = kWs, + C“ullli(l)’ (58)

where u|’| (@ is an arbitrary vector in Vy. There are three complex parameters, one in

k™M and two in /,,,,, so the Wilson loop is 3/16-BPS. In another word, taking u’

llg@? llgW,1
and ul’| (o tO be one basis of Vyu), u, is in the three-dimensional complex space spanned
/ /
by s, Calljira 1 Calljpm o for each a.

» When {® oc M, & oc n@ ¢Depy ¢ =0 and Ve N Vg = {0}. The Wilson loop
is 1/8-BPS. The preserved supercharges can be parameterized by

Uy = k(2)C((xl)S||C(1) + k(l)C((xz)S”é'(z) . (59)

There are two complex parameters k™ and k®, so the Wilson loop is 1/8-BPS. Now u,,
is in the two-dimensional complex space spanned by cg)s”w) and c((f)s” ¢ for each a.

"More precisely speaking, we should exclude other types of combinations of Poincaré superchanges and confor-
mal superchanges. We conjecture that the combinations other than Q, will not be preserved by the above fermionic
WLs.

10
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e When (@ and n® are all proportional to a nonzero bosonic spinor x satisfying
X Toisx # 0 and

(5§ To1551)(s5To1582) — (55 To1552)* = 0, (60)
the Wilson loop is 1/8-BPS. In this case it is not easy to list a basis of the linear space

which u,’s belong to. We refer to the appendix B.2 for details.

* Otherwise, the Wilson loop is 1/16-BPS. u, is in the one-dimensional complex space
spanned by s, for each a. In another word, all preserved supercharges are proportional

to Q,.

3 Fermionic BPS Wilson loops in A/ =4 SYM

Since the A/ = 2 theory considered in the previous section can be obtained from the N' = 4
SYM by orbifolding followed by a marginal deformation, one might expect to find fermionic
BPS Wilson loops in A/ = 4 SYM. In this section, we turn to the N’ = 4 SYM and construct
the fermionic BPS Wilson loops. As in the N' = 2 case, line BPS Wilson loops in Minkowski
spacetime in general preserve one real supercharge and circular BPS Wilson loops in Euclidean
space preserve one complex supercharge. We also give some examples of fermionic Wilson
loops preserving more supercharges.

3.1 BPS Wilson lines in Minkowski spacetime

The action of N’ =4 SYM is
1 P .
Syeg = f d*x (—ZTr(FMNFMN) - éTr(\IJI“MDM\IJ)) ) (61)
R4

In this section I'M’s are 10d gamma matrices. We use the index conventions M,N = 0,...,9
and R,S =5,...,9. The action is invariant under the superconformal transformations:

5AM = _lgcl—‘M\I’,

1 (62)
5U = EFMNFI‘”Ng —2I5A( 1,

where £ = 0 + x™I}, ¥ with m = 0,...,3. The constant spinors 6 and  generate Poincaré
supersymmetry transformations and special superconformal transformations respectively.
The supersymmetries preserved by the bosonic 1/2-BPS connection [7, 8]

Ly =gA)—8As, (63)
on the straight line x™ = 6’7 satisfy
].—‘5].—‘05 = 6 . (64)

In this subsection we focus on Poincaré supersymmetries and set 4 = 0. We would like to
construct a fermionic Wilson loop with a connection

on the same contour which is invariant under a supercharge Q, where s is a bosonic spinor
satisfying I:T;s = s. On the contour, the supercharge Q, acts as:
QSAM == —lng\I/ 5

1 (66)
Q¥ = EFMNrMNs.

11
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We require Q,L = D, G, and assume the bosonic matrix G, takes the form of G, = m>Ag where

mS is a vector in the directions 4,...,9. Acting Q, twice on G,, we find
Q,G, = —imS3Tx ¥, (67)
Q*G,=— %mS§FSFMNFMN5 = —iFgnSm°TNs = —i(ST°s)(8,G; —i[L1 2, G, ). (68)

Then a connection L satisfying Q,L = DG, is

L=L L G L G2
B 1/2+5T53QS s ’

6
sT>s % (69)

and the Wilson line Wi, = P exp (i f Ldr) preserves the supercharge Q,. More generally, we
can take G, = M® ® A where M* is an r x r matrix-valued vector and the connection becomes

i 1
L=1.®Lyy+—M°®QA;— —(M° ®Ac)>. 70
r= P2 orss QAs §F5s( s) 70

We now consider supersymmetry enhancement. Acting another supercharge Q, with the
condition I';Tyu = u on F, we find

1 i
Q.F = 2(51"55)MS ® FnsTsTMNy . (71)

In order that Q,F takes the form of d.G, +..., the terms with M,N = 1,2, 3 must vanish.
One way is to take

M*=M°=0, ro78% = — ro78%y = —u. (72)

Then we have

MPsT,T®u® (Fo, — F
GTSs) P (Foq =Fsq) (73)

=30Gu - l[Ir ® L1/2) Gu]’

Q.F =

with 05
N P, Q Q— §FPF u
G, =M"U,*®Aq, Up” = s (74)
We use the letters P and Q in the range of 6,...,9. Using the identity,
1 - QS - -
5. (STpI™u)uly, =3Tp, (75)
we find . ;
i i
P s @6 = sy W 70

and therefore Q,F = 0.G, —i[ Ly, G, ] is satisfied.
By using an explicit representation of the I'-matrices, one can show that the matrix U” has
two distinct eigenvalues A, and A_, which satisfy

al*u
ST5s ’

A 77)

and each eigenvalue corresponds to a two-dimensional eigenspace. So we can write G, as

Gy =AM @A, +A_MP @Ay, MP=MF+MP, MEUSR=2A.ME, (78)

12
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and we have

2 _ (1273 7PasQ 2PQ‘1F5”PQ‘1F5”PQ
G2= MM+ 2 MP M + ——MP MO+ ——MP M) @ ApA, . (79)
u ST3s STs
Therefore if
MPME=MPM2 =0, (80)
we have 1 1
2 2
=—G~. 81
ul>u * 3I5s ¢ 81)
and the conditions
[G2,G,]=0,{Q,G;,G,} = {Q,G;, G} (82)

are satisfied. To summarize, the Wilson line preserves the supercharge Q, when (72) and (80)
are satisfied. In the following, we provide a simple example to illustrate our construction. Let
the Wilson line preserve supercharge Q, with s satisfying

I'50s = —Tg7895 = —I3675 = 5. (83)

The solutions to these constraints are linear combinations of two linearly independent
Majorana-Weyl spinors. By using an explicit representation of the I'-matrices, one can show
that the matrix U has the form of

P1 P2 0 0

Q_| P2 1 0 O
Up™ = 0 0 p1 p2 ’ (84

0 0 —py p1

where p; and p, are constants depending on the u and s we choose. The eigenvectors of U
are

eigenvalue p1+ipy: mq, =(0,0,1,1), my, =(i,1,0,0), (85)
eigenvalue p1—1ipy: m,_=(0,0,—i,1), m,_=(—i,1,0,0).
Therefore we can take ' _
MP =K'm]_ +J'm},, (86)
where the matrices K and J! satisfies
K'K'=JJ =0. 87)

3.2 Circular BPS Wilson loops in Euclidean space

In the Euclidean signature, the superconformal transformations are formally the same as (62),
but there are no reality conditions for the spinors. The supersymmetries preserved by the
bosonic 1/2-BPS connection [7, 8]

L1/2 =g5CMAH+igrA5, (88)
on the circular contour (x°, x!, x2, x3) = r(cos 7,sin 7, 0, 0) satisfy
5(“1"“1"56 = lg = 9= —ir_1F0159 . (89)

We would like to construct a Wilson loop on the same contour which is invariant under a
supercharge Q, parameterized by

0=—ys, ﬁz—LFowxs, (90)
2r
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where y is a complex Grassmann variable and s is a bosonic spinor. On the contour, the
supercharge Q; acts as:

Q.Ay, = —is‘TI_Ty, ¥,
seAM M

1 o1
QW = EFMNF"“Vms +ir TS AgTyyss,

where I1, = % + %FSXmFm. The connection L = Ly, + B + F is expected to transform as
Q,L = D.G,. We assume the bosonic matrix G, take the form of G, = mSAg where m® is a
vector in the directions 4, ...,9. Acting O, twice on G,, we find

i
Q*G,=— EmRsCH_FRFMNFMNHJrs + 1 mRsCTI_TR IS Ag Ty s
= — iFpysTI_mRTN I s + r i mRsCT_TR IS Ag Ty 55
=imRFgpsTI_T°s + r ' mRx™F s TI_T°s + r I mRs TI_TR I Ag T 55 (92)
=r 1(s“II_I°s)(x™3,,G, — i[Ly/9,G])
smeFms5}“(?:z +irs Ty TRISs

— 1 inRARsTI_T®s — imRA
2r2

Therefore we require

—l.c,m S FoC S
r st x M, s0p + 15 Ty 5IRIs _

m’ +im" 55T T55 (93)
The solution is
mS (1) =cRs“TI_Tss(exp M)RS ) 94)
where the matrix M is defined by
s [T, sToisIRSs
M5 = J 47 ST s (95)

It is not hard to obtain that

S
2iM Vo + (v +ivs)tan( %
mS (1) =cRs°TI_Tss exp(—ﬁtanh_l( ot (1 5) (2))) , (96)

/1,2 2 2 /1,2 2 2
VO+V1+V5 VO+V1+V5 R

=sT,;s and (Mp5), = sTy15IxI°s. The matrix M5 satisfies

where Yy

1 1
Mgls - ETr(Mgls)MOB - (ETr(Mgls) +v2)WV*Myy5 =0, (97)

15

where v? =2 + v + vZ. Therefore the exponential exp M takes the form:

TeM2 TeM2
Cref V52 1 0, TV 53 1 el D 4 G/ 4 ¢, 98)

where C; are T independent matrices and

V0+(V1+iV5)tan(%)) (99)

/1,2 2 2
VO+V1 +V5

14
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From

£(7) eT(VH+vyg—ivy +Vs)+ v+ v+ iV, — Vs
e =

~ ; ; ) (100)
elT(V_VO+lV1_V5)+V_VO_lV1 +V5

we know that e/ (") is periodic with period 27, then the first two terms in (98) are periodic
when

TrM?
\—1— > Lez. (101)
v
A simple example is when I'78%s = —s, we have
TrM?
\ —-1- —ngls =1. (102)

As far as we know, it is for the first time that we need to impose extra constraints to guarantee
the (anti-)periodicity of G; in the construction of circular fermionic BPS WLs.

A connection L which satisfies Q,L = DG, is
ir

L=Ly,+ +—
1/2 s¢II_TSs

Q,G; G2. (103)

r
sCTI_T'>s
One can generalize m® to an r x r matrix-valued vector M° by taking cR in (96) to be a r-
dimensional constant matrix and the connection becomes

ir
sCTI_T>s

r

S
s—CH_F5sM ® QAg +

L=1,®Lj;+ (MS ® Ag)?. (104)
Because G, is periodic on the contour provided (101) is satisfied, to construct a BPS Wilson
loop we need L to be a supermatrix and only off-diagonal blocks of M® are nonzero. Explicitly,

we demand M to be

MS
MS =( 1\25 01 ) ) (105)
2
And then L can be decomposed as
B, F
L:( F; B; ) (106)

Then a BPS Wilson loop preserving the supercharge Q. can be defined as

Wiy = STr'P exp (lé Ld’l,'). (107)

As the case in the previous section, one can prove that W, — Wy, = Q,V where

Wios = STI'P exp (i jg(lr ® Ll/z)d’r) s (108)

with sTr defined as the one in (107), and V takes a similar form as that given by (53) with
now A = irG,/(s‘TI_I"s).

It would be difficult to find all possible supersymmetry enhancements. Leaving it for future
investigation, here we give a simple example of a Wilson loop preserving two supercharges Q,
and Q,, with s and u satisfying

ir%s = 16789 =5 %789, =y , U= s, (109)

>

If we take

M*=M>=0, MP=K'm{ +J'm}_,

(110)

where the vectors m;, are given in (85) and the matrices K " and J? satisfy K ikl =Jiji =0,
the Wilson loop will be invariant under Q, and Q,,.
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4 Conclusion and discussions

In this paper we have constructed fermionic BPS Wilson loops in A/ = 2 quiver theory with
gauge group SU(N) x SU(N) and NV = 4 SYM. The connections of these fermionic BPS Wilson
have a supermatrix structure. We have constructed BPS Wilson lines in Minkowski spacetime
and BPS circular Wilson loops in Euclidean space.

There are at least two features of such four-dimensional fermionic WLs which are quite
different from the such WLs in ABJM theory: the first is that the fermionic WLs along straight
lines in four-dimensional break the scale invariance, and the second is that the fermionic WLs
in four dimensions preserve a small part of the supercharges preserving by the bosonic WLs.
The common feature of four-dimensional WLs and three-dimensional WLs in [27-29] is that
the fermionic WL is always in the same Q-cohomology class of a bosonic WL with Q being a
supercharge shared by these two WLs. This was explicitly illuminated at the classical level.
Assuming that this is also correct at the quantum level, we predict that the fermionic BPS WL
has the same vev as one of W;,,. For circular loops, the vevs of W;,,, defined using supertrace
can be obtained from the results in [13,42,46,47]. It is valuable to check this prediction from
Q-cohomology at the quantum level through direct perturbative computations, as people have
already done in three-dimensional cases [48-50]. Comparing vevs of WLs obtained from per-
turbative computations and localization in three-dimensional super-Chern-Simons theories is
subtle because they depend on the choice of framing which is a result of the point-splitting reg-
ularization prescription of the perturbative expansion of a WL. It was suggested [51] that one
should choose framing —1 for perturbative computations of vevs of bosonic WLs to compare
with the prediction from localization. And in [52], a suitable regularization scheme within
this framing for fermionic BPS WLs was proposed. But the computations in this scheme are
quite complicated in practice. We expect that comparing WL vevs in four-dimensional SYM
would be easier because of the absence of framing dependence in four dimensions.

In our construction of fermionic WLs, we started with half-BPS bosonic WLs along a line
or circle. Since there are various bosonic WLs with fewer supersymmetries, it is interesting
to construct BPS fermionic WLs starting with these loops. One may first start with 1/4-BPS
Wilson loops along a latitude circle [20, 21, 53], since they are almost the simplest among
WLs with fewer supersymmetries. Another way to include fermions inside the WLs is based
on N = 4 non-chiral superspace [39].% One big difference is that the WLs there are along
contours in superspace instead of ordinary spacetime. The possible relation between the loops
there and the ones constructed here certainly deserves investigation.

The bosonic WLs in A/ =4 SYM are dual to (Wilson-)’t Hooft loops under S-duality trans-
formation [5, 54] and F-stings/D-branes/bubbling geometries [7, 8, 55-61] under AdS/CFT
correspondence. It is interesting but also challenging to study the S-dual and the holographic
dual of the fermionic WLs constructed here.

Bosonic WLs play at least two roles in the study of integrability of the planar N = 4
SYM theory. When we insert composite local operators into the WLs, WLs provide integrable
boundary conditions/interactions for the open spin chains from the composite operators [62,
63].° When we consider the correlators of a half-BPS circular WL (in the fundamental or an
antisymmetric representation) and a non-BPS single trace operator in the ’t Hooft limit, this
WL will provide an integrable matrix product state [64]. It is appealing to explore whether
the fermionic WLs constructed here also have such an integrable structure.

The construction of fermionic WLs involves dimensionful parameters which lead to the
breaking of scale invariance. So such WLs will lead to defect quantum field theories (dQFTs),

8These WLs were studied in [40] using integral forms. See also an old related construction in [41] and the
construction of the supersymmetrized WLs in appendix C of [9].
°The usual Wilson loops also provide integrable boundary conditions/interactions [63].
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instead of defect conformal field theories (dCFTs). On the other hand, by taking fermionic
WLs as deformations of bosonic BPS WLs suggested by the construction, these WLs lead to
irrelevant deformations of dCFTs. It is interesting to study possible ultraviolet completion of
such irrelevant deformations.
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A Conventions

In Lorentzian signature, we use the following representation for the 10d gamma matrices:
b 0 _
Iy =1®T, ©=0,...,5,
s _ pl0—s o 1012345 —
Doy =T ®Te*, s=6,...,9.
The 4d gamma matrices in Euclidean signature are defined as

i 0 —io; 0 I
j j 4 _ 2
I‘(4) - ( io; 0 ) ’ I‘(4) - ( I, 0O ) > (A.2)

(A.1)

and the 6d gamma matrices in Lorentzian signature are defined as
F(06) =(ioy) ® (—03) ®(—03),
F(le) =(01)®(—03)®(—03),

F(26) =, ®0,®(—03),
3 (A.3)
gy =2 ® 0, ®(—03),
1—‘(46) :Iz ®12®O'1,
F(Sé) =12 ®12®O'2,
where o;’s are Pauli matrices. The charge conjugate matrices are defined as
Cao) = C4) ® Ce) » (A.4)
_ _pl3 _ icp, 0
Cy =T = ( 0 io, ) : (A-5)
( 0O 0 0 O 0O 0 O 1 \
0O 0 0 O 0O 0 -1 0
0O 0 0 O 0O 1 0 O
O 0 0 0 -1 0 O O
_ 1035 _
“©=Ie’ =] 0 0 0 -1 0 0 0 0| (A.6)
0O 0 1 O 0O 0O O O
0O -1 0 0 0 O O O
\1 000 00 0 0)

[y
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and the charge conjugation of a spinor & is defined as £€ = & TC(IO). The supersymmetry

0123456789 » __
F(lO) ‘S - E

transformation parameter in the N = 4 satisfies the the chirality condition

and the reality condition & = £°.
To derive the N' = 2 supersymmetry transformation, we write the N' = 4 supersymmetry
transformation parameters as

Ei
2
e=| < |, (A.7)
<1
€2
where the components are 6d spinors. The chirality condition can be written as
F(%%2345(§1) 52: 51) 52) = (51: gz) _gla _52) > (A-S)
and the reality condition can be written as
(51; 525 51: 52) = (_52) gl’ _521 gl)TC(6) = (_gZC’ €1C, _ggy gi) . (Ag)
The N = 2 supersymmetry transformation parameters satisfies 1“(6170%95 =-¢:
0
0
= . (A.10)
=l &
P!
The fermionic fields in the A/ = 2 theory can be reduced from ¥ in the N' = 4 theory using
v T
v = _C(f)w (A.11)
1
A
In Euclidean signature, we use Fg(lo,é) = iI“(Olo’ 6)" In subsections 2.3 and 3.2, we use the Eu-

clidean Gamma matrices and omit the superscript E. We use the same definition of the charge
conjugate matrix C in both signatures. There are no reality conditions for the supersymmetry
transformation parameters in Euclidean signature.

B Technical details for section 2.3

B.1 The case when s; o<s,

When s; o< s,, the solutions to (44) are more complicated. Assuming (44) is satisfied, G; is
still given by (46) but

1
QuGy = —§*T1_Tys,F =0. (B.1)
The general form of B is
B=R%q.qp +RLq%qp + Rapq®a” +R%qaq” . (B.2)
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Then QB =ig{F,G,} gives

R Q.qqqp +R S Qiq%qp +Rap Q:q”q” +R% Qsq4q" (B.3)
=({ Tt + I T T554q* — iq,5*TsI1,m)
=R (I1,s,) = —ig (s’ 511, 1), (B.4)
RP(*N) = igl N_(PTsI n), (B.5)
Rop(3°T_) = —ig{“TI_({T_Tssp), (B.6)
R“ﬁ(H+sa) =igIl, n({T_Tssp) (B.7)
=T _Tysp =3P, =0, (B.8)

where we have used $II_Tssg = 0. Now we have QB = Q;F = G, = 0. The solution is

B =(R,q® +R%q,)(Spq" +SPqp), R,s* =S8,s* =35"R, =35, =0, (B.9)
M= f(r)'M_, Myn=g(t)s,, §*Tyssp=0, (B.10)

where f(7) and g(7) and are arbitrary functions.

B.2 Supersymmetry enhancement

Using the explicit expression (49) for L, equation (56) can be decomposed into three equa-
tions:

2
e— = —1i[L B.11
§aH_F55a Qu QsGs ar Gu l[ 1/2> Gu] s ( )
[G2,G,]1=0, (B.12)
{QuG57Gs} = {QsGs:Gu}- (B.13)

It follows from (B.11) that {“Ty;5u, = ti*Ty;5m = 0 and from (B.12) that

K1 0
G,=KG, = ( o N o G . (B.14)
or equivalently
10N _Tsu,q® —iqau®TsI,m = K(i{ TI_T55,9% —iq,S°T5I1. 7). (B.15)

Then (B.13) leads to
{QHGS) GS} = {QSGS’GL[}
<=09,G,G, = Q.,G,G, and G,Q,G,=G,9,G;
<=09,G,G,=KQ,G,KG, and G,Q,G,=KGKQ,G;

D (o (B.16)
<:>(ﬁaF5H+u(X)QSGS = (EﬁF5H+sa)k( )k( )QSGS
W@ = Pl
SeIsII, s,
Now we are left with equations:
¢O_Tou, = kD¢Wer_Tis,, (B.17)
1°Ts1,n® = kD511, 0@ (B.18)
C(i)cro]_sua = l_laro]_s'r)i =0. (B.].g)

19


https://scipost.org
https://scipost.org/SciPostPhys.14.1.008

Scil SciPost Phys. 14, 008 (2023)

We divide the discussion into two cases: the spinors (@ and n® satisfy
{OTy15¢W = nDTy5m® = 0 or not.

Case 1: {0,500 = n(Dery, @ = 0.

Let us consider the linear equations involving (1)

W _ru, = kWM Tss,,, (B.20)
C(l)crmsua =0. (B.21)

When {(M1,:¢M = 0, the vector space spanned by {{M),Ty;¢M, Tys¢MW To¢M} is two-
dimensional. Let Vya) denote the vector space spanned by {{ M, 15, ¢V, 15¢D 150D}, 1t
is a subspace of the three-dimensional solution space of the equation {(YTy;ss, = 0. There-
fore s, can be decomposed as

Sa = CaS 1y F Sq e, (B.22)

where Sq|¢ is a vector in Vya) and s L¢o is avector in the complementary transverse direction.

One can use the inner product s's to define a unique s ;. The solution to (B.20) can be
written as
Uy, = k(l)CaSJ_(:(l) + Ug|lg- (B.23)

So k(M is a constant. Repeating similar analysis for the bottom-left block of the connection,
k@ is also constant and thus

0Ty MLty _ oy M ST Cad e

KW@ = = _ (B.24)
Sel:I1, s, sﬁ‘g(l)FSHJrcasL:(n
is a constant. This leads to
it TiCas Leo = k(2)§|‘7‘§(1)1}ca3 L, (B.25)
fori =0,1,5. The solution is
Ugjz) = k(z)sa”gu) + Cauﬂg(l) , (B.26)
where u|/| (@ is an arbitrary vector in Vy). Finally, we get
Uy = k(l)CaSJ_z:(l) + k(z)sa“{(l) + cauhw) . (B.27)

Now we consider linear equations involving {(¥¢. There are two subcases:

(1) When ¢ and ¢® are proportional to the same vector, we find k() = k®. Further-
more, if {0 and n® are all proportional to a nonzero vector, the solution is

u, = kWs, + Cau|/|g(1) (B.28)

and the Wilson loop is 3/16 BPS when ¢, # 0.'° When ¢, = 0, we get §*II_I:s, = 0 which is
not consistent with our construction, as can be seen from (49).

(2) When ¢ M and 4 @) are linearly independent, we have either Vey = Ve or
VC(]) N V((z) = {0}.

If iy = Ve, {Myss, = {PTy55, = 0 implies s, € Vew. In this case we get
§*II_Tss, = 0 which is not consistent with our construction.

19Taking v/ and u/ to be one basis of V. u, is in three-dimensional complex space spanned by s,

[[{OB] llc®),2

/ /
Callyrry 4 Calljry for each a.
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If Vo) N Ve = {0}, the solution to ¢{Meryss, = {PTy155, = 0 can be decomposed as

Sq = c((xl)s”év(n + C((XZ)S”g(z) , (B.29)
where st € Vyo. Therefore we get
Uy, = k(z)Cg‘l)S”g(n + k(l)Cg‘Z)S”c(z) . (B.30)

The analysis for the n-equations is similar and we get

Sq = CaS1em +5a||§(1) = CaS1nym +Sa||71(1) B (B.31)
U, = k(l)casMu) + k(z)sa”al) + uflc(l) = k(l)casln(n + k(2)sa”n(1) + u?l’rl“)' (B.32)
Let us consider the case when (M is not proportional to nV. Now if Ve = Voo,

My 55, = NWTys5, = 0 leads to 5%I1_Tss, = 0. On the other hand, if Vey NV, = {0},
equations (B.32) and (B.31) lead to u, = k(l)sa. Therefore supersymmetry enhancement is
possible only when ¢V oc n@), ¢® oc @ and Vryay NV = {0}. In this case the Wilson loop
is 1/8-BPS and the preserved supercharges can be parameterized by

Uy, = k(z)Cg‘l)S”g(U + k(l)Cg‘Z)S”c(z) . (B.33)

Now u,, is in the two-dimensional complex space spanned by Cgl)S”C(l) and cfxz)s” (@ for each a.
Case 2: At least one of the spinors () and ¥ satisfies y“Ty;sy # 0, ¥y = {® or n®.
Without loss of generality, we assume {T,,:¢™ # 0 and thus {V°Ty, ¢Mery, (T and

8 Y; 015 0 1 5
¢WrTy, s are linearly independent. We can decompose a spinor u satisfying {(PTy;su = 0 as

u=U;Tp; ¢ + U, s CW 4+ U T o 0. (B.34)

Therefore we can associate a spinor u with a three-dimensional vector V(u) = (U;, U,, Us).
We find

3 c
s Torsu
Vis)-Viw) = ) V(s)Vi(u) = ———, (B.35)
; o LTy 5¢ )
(VI Tou

where Z = %(1,—i sinT,icos 7). Denoting S,= (S41,S42,S43) = V(s,) and U, = V(u,), equa-
tion (B.20) is equivalent to

S,-ZUy-Z—S5-2U,-Z=0. (B.37)

From the coefficients of 1,sin 7, cosT,sin27,cos 27, we get

2U11521 — 2511Us1 — US55 + 812Uz — Up3S23 +S13U23 =0, (B.38)
—U11S22 + 811Uz — U12S21 + S12Us; =0, (B.39)

U11523 —511Ua3 + U13S21 —S13U21 =0, (B.40)

U253 —S12Ua3 + U13S22 —S13U22 =0, (B.41)

U12S22 — S12Uz2 — U13S23 + S13Uz3 = 0. (B.42)

Viewing them as linear equations of U, and computing the rank of the matrix of the coeffi-
cients, we find when detS,, - Sg # 0, the solution is U, = kMs,, and thus u, = kWs, and k¥
is a constant.
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When detS, - Sg = 0, there is a vector E, = a;S; + a,S; such that E, - S, = 0. We can
further choose a basis of vectors {E_, E_, Ey} such that

E, -E_=2E,-Ey=2,Ey-E, =E,-E,=0. (B.43)
Then S, can be decomposed as
Sq=M_E, + M E,. (B.44)
The solution of (B.20) can be written as
Uy =M, (x1Ey +K3Eg) + M (k1Eg —KE_). (B.45)
For each a, U, is in the two dimensional complex space spanned by S, and M_"Eq — M aOE_.

We get
A (K1E+ + K2E0)

Z'E+

kD —

(B.46)
Using (B.16), we find

_ ik
@ = IsIug €7 ZiUy U
§aF5H+Sa eiijiSUSZk

= kM2 (B.47)

where one can decompose Z over the basis {E,,E_,Ey} and use Z - Z = 0 to derive the last
equality. Therefore we get k() = k3,

When {@°T,;5¢@® £ 0 or n12°Ty;5m(12) # 0, we get similar results. So in the case, when
¢{D and n® are all proportional to a nonzero bosonic spinor y satisfying yTy;sy # 0 and

(51T01551)(s5T01552) — (Sirmssz)z =0, (B.48)

the Wilson loop is 1/8-BPS. Otherwise, one can show the Wilson loop is 1/16-BPS, only the
supercharges proportional to Q; are preserved.
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