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Equal-time approach to real-time dynamics of quantum fields
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Abstract

We employ the equal-time formulation of quantum field theory to derive effective kinetic
theories, first for a weakly coupled non-relativistic Bose gas, and then for a strongly
correlated system of self-interacting N-component fields. Our results provide the link
between state-of-the-art measurements of equal-time effective actions using quantum
simulator platforms, as employed in Refs. [1, 2], and observables underlying effective
kinetic or hydrodynamic descriptions. New non-perturbative approximation schemes
can be developed and certified this way, where the a priori time-local formulation of the
equal-time effective action has crucial advantages over the conventional closed-time-
path approach which is non-local in time.
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1 Introduction

Quantum fields describe the microphysical laws of nature and are relevant for quantum tech-
nology when devices become large. Despite their relevance, the complex dynamical properties
of quantum fields are to a large extent unknown because ab initio simulations in real time are
in general beyond capabilities of classical computers. Quantum simulators open up a way for-
ward, and prominent examples with ultra-cold atoms include the simulation of relaxation and
(pre-)thermalization dynamics [3–6], many-body localization [7, 8], quantum scars [9–11],
and universal dynamics far from equilibrium [12–14].

Ultra-cold atom measurements are typically done at snapshots in time with the important
ability to extract equal-time correlations to high orders [15, 16]. Equal-time correlations are
highly suitable for the description of non-equilibrium systems, similar in spirit – but not limited
to – kinetic descriptions in terms of single-time distributions. However, in contrast to these
time-local approaches the conventional formulation of non-equilibrium quantum field theory
is based on the closed-time-path contour [17–19] involving multiple-time correlations, which
are difficult to access experimentally. In particular, standard derivations of effective kinetic
descriptions from quantum field theory start from non-local equations in time which become
time-local only after a series of approximations [20,21].

In this work we derive effective kinetic theories for an ultra-cold Bose gas starting from
an equal-time formulation of quantum field theory [1,2,22]. The central quantity is the time-
dependent quantum effective action Γt , which contains the same information as the density
operator at time t, but is expressed in terms of equal-time correlations. From the functional
evolution equation for Γt [22] we derive evolution equations for equal-time vertices, which
may be directly extracted from quantum simulation results as pioneered in Refs. [1, 2]. Here
we demonstrate that the two- and four-point correlation functions at equal times contain the
complete information for the derivation of the Boltzmann equation for a weakly coupled non-
relativistic Bose gas, and of an effective kinetic theory for a strongly correlated system of self-
interacting N -component fields [23]. Our results establish a direct link between equal-time
correlations and observables underlying effective kinetic or hydrodynamic descriptions. The
approach thus opens up new possibilities to develop and certify novel approximation schemes
for the dynamics of complex quantum many-body systems.
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2 Model and overview

We consider an N -component non-relativistic scalar field theory with Hamiltonian

Ĥ =

∫

x

�∇Ψ̂†
x∇Ψ̂x

2m
−µΨ̂†

x Ψ̂x +
g

4N
: (Ψ̂†

x Ψ̂x)
2 :
�

. (1)

Here Ψ̂x = (ψ̂x ,1, ..., ψ̂x ,N ) is the N -component field operator at spatial position x , g is the
scattering constant, m denotes the mass of the atoms, µ represents the chemical potential
and the colons indicate normal ordering of operators. The field operators fulfill canonical
commutation relations [ψ̂x ,i , ψ̂

†
y, j] = δ(x− y)δi j , where we employ natural units with setting

ħh = 1. Here and in the following, we use short-hand notations for integrals over spatial
coordinates
∫

x =
∫∞
−∞ d3 x and momenta

∫

k =
∫∞
−∞ d3k/(2π)3. We focus on three spatial

dimensions where Eq. (1) may be considered as a low-energy effective theory for ultra-cold
Bose gases with a U(N) symmetry.

We define a generating functional for equal-time correlations as [22]

Zt[J
(∗)] = Tr
�

ρ̂t e
∫

x (Ψ̂
†
x Jx+J∗x Ψ̂x )
�

, (2)

where ρ̂t denotes the time-dependent density operator and J(∗)x = (J (∗)x ,1, ..., J (∗)x ,N ) are the N -
component source fields. The generating functional contains the same information as the t-
dependent density operator and fully describes the underlying quantum system at time t. With
this representation the system is completely characterized by its set of equal-time correlations
and its evolution is determined by the Hamiltonian of the theory. Repeated differentiation
with respect to the sources, and evaluation for vanishing sources, yields symmetrically ordered
correlation functions

G(n)α1..α j ,α j+1..αn
(t) =

1
Zt[J(∗)]

δ

δJ∗α1

· · ·
δ

δJ∗α j

δ

δJα j+1

· · ·
δ

δJαn

Zt[J
(∗)]
�

�

�

J,J∗=0
, (3)

where we abbreviated the spatial and component indices as αi , e.g. α1 = (x1, i1). According
to (3) we associate fields ψ̂ with the indices to the left (here α1 · · ·α j), and conjugate fields
ψ̂† with the rightmost indices (α j+1 · · ·αn). Throughout this work we consider the case of
U(N) invariant correlations in the non-relativistic theory. By choosing a U(N) invariant initial
state the symmetry is preserved for the dynamics with Hamiltonian (1). As a consequence,
all non-vanishing correlation functions involve an equal number of field and conjugate field
operators. Specifically, this yields one type of two-point function which is given by

G(2)α1,α2
(t) =

1
2
〈{ψ̂x1,i1 , ψ̂†

x2,i2
}〉t , (4)

where {·, ·} denotes the anti-commutator of operators, and the expectation value is given by
the trace with respect to the density operator at time t.

In general, we distinguish between connected and disconnected correlation functions.
Connected correlation functions (superscript “c”) are obtained by differentiating with respect
to the equal-time Schwinger functional Wt = log(Zt),

Gc,(n)
α1..α j ,α j+1..αn

(t) =
δ

δJ∗α1

· · ·
δ

δJ∗α j

δ

δJα j+1

· · ·
δ

δJαn

Wt[J
(∗)]
�

�

�

J,J∗=0
. (5)

At order 2n, they contain information about correlations of n bodies. Conversely, n-th order
disconnected correlation functions are given by sums of all combinations of connected correla-
tions involving in total n/2 bodies. For example, for n = 4 one gets (for the U(N)-invariant
case)

G(4)α1α2,α3α4
= Gc,(4)

α1α2,α3α4
+ Gc,(2)

α1,α3
Gc,(2)
α2,α4

+ Gc,(2)
α1,α4

Gc,(2)
α2,α3

, (6)
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and for n= 2 we have Gc,(2)
α1,α2

= G(2)α1,α2
since the one-point function vanishes.

The dynamics of quantum fields is often addressed in terms of effective kinetic theories
for a time-dependent distribution function fp(t), where we consider the case of spatially tans-
lation invariant systems to ease the notation and the momentum p is obtained from Fourier
transformation with respect to relative coordinates. In the following, using U(N) symmetry
the distribution function is obtained without loss of generality from the diagonal two-point
correlation function G(2)α1,α2

→ G(2)x1,x2
δi1,i2 in Fourier space as

G(2)p (t) = fp(t) +
1
2

. (7)

Starting from an exact evolution equation for the time-dependent quantum effective action
obtained as the Legendre transform of Wt in section 3, we will derive effective kinetic equations
of the form

∂t fp(t) =

∫

q,r,s
|Tpqrs(t)|2
�

( fp(t) + 1)( fq(t) + 1) fr(t) fs(t)− fp(t) fq(t)( fr(t) + 1)( fs(t) + 1)
�

. (8)

It shows characteristic "gain" and "loss" terms describing (in this case) 2↔ 2 scattering into
and out of the momentum mode p.

We first compute the dynamics of the Bose gas using a perturbative expansion in the small
interaction strength g ≪ 1 in section 4, where (8) reduces to the Boltzmann equation de-
scribing a dilute medium with occupancy fp ≪ O(1/g) such that particles stream freely in
between individual scatterings. In this simplest case one finds from the (irreducible part) of
the equal-time four-point function Gc,(4) a time- and momentum-independent matrix element
|Tpqrs(t)|2 = g2/2(2π)3δ(p + q − r − s)(2π)δ(∆ωpqrs), where ∆ωpqrs = ωp +ωq −ωr −ωs
is the single-particle energy difference of in- and out-going particles. Therefore, one recovers
that the scattering rate is given by the asymptotic T-matrix elements |Tpqrs|2 in vacuum in this
case.

In section 5 a non-perturbative approximation scheme is considered, where we employ
an expansion in the number of field components N . At next-to-leading order in the large-N
expansion we again recover an effective kinetic equation of the form (8), however, in this case
with a time- and momentum-dependent |Tpqrs(t)|2. We demonstrate that the latter is also fully
determined by the irreducible part of the equal-time four-point function, which implements
a geometric series resummation of the distribution fp(t) itself such that one obtains a closed
equation for the time evolution. The importance of the large-N kinetic theory is that it can
describe also strongly correlated systems with non-perturbatively high occupancies [24].

While these results establish a direct link between equal-time correlations and typical ob-
servables underlying effective kinetic theories, the exact quantum evolution equations we de-
rive from the equal-time effective action are not limited to kinetic theory approximations. In
section 6 we discuss an experimental protocol of how the exact equations could be estab-
lished in quantum simulations with ultra-cold atom platforms, extending the procedures of
Refs. [1,2] to the Bose fields appearing in the defining Hamiltonian.

3 Equal-time 1PI effective action

In this section, we introduce the equal-time effective action and the corresponding time-
dependent vertices, which are the irreducible building blocks of all connected equal-time cor-
relation functions. The equal-time one-particle irreducible (1PI) effective action [1, 2, 22],
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Gc,(6) =
<latexit sha1_base64="ZD4vDXJe2Vb6IqL/0Ol4uz7a22o="></latexit><latexit sha1_base64="YIwSl1TYGOrzuFOh3V4nS4LXu+o="></latexit><latexit sha1_base64="YIwSl1TYGOrzuFOh3V4nS4LXu+o="></latexit><latexit sha1_base64="YIwSl1TYGOrzuFOh3V4nS4LXu+o="></latexit>

+
<latexit sha1_base64="wweFPfyJXU0FrDV8A6NGNoD8lWM="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit>

perm .+
<latexit sha1_base64="wweFPfyJXU0FrDV8A6NGNoD8lWM="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit>

Figure 1: Connected correlation functions from irreducible building blocks. We show
the diagrammatic contributions to the 1PI connected six-point function (Gc,(6)). The
first term involves a 1PI six-vertex, the second is assembled from two four-vertices.
Field indices and permutations of external legs are implied and the number of in-
and outgoing arrows is conserved due to U(N) invariance. For details, see also ap-
pendix A.

analogous to the free energy, is defined as the Legendre transform

Γt[Ψ
(∗)] = −Wt[J

(∗)] +

∫

x

�

Ψ†
xJx + J∗xΨx

�

, (9)

with field-dependent sources J(Ψ), J∗(Ψ∗), and Ψ(∗)x (J
(∗)) = 〈Ψ̂(†)x 〉J , where the expectation

value is defined with respect to the trace in Eq. (2) in the presence of sources. The effective
action can be expanded in terms of the fields as

Γt[Ψ
(∗)] =

∞
∑

n=2

Γ
(n)
x1...xn,i1...,in

(t)×ψ∗x1,i1
...ψxn,in , (10)

with 1PI equal-time vertices that are obtained by differentiation as

Γ
(n)
x1...xn,i1...,in

(t) =
δnΓt

δψ∗x1,i1
...δψxn,in

�

�

�

Ψ∗,Ψ=0
. (11)

These 1PI vertices are the irreducible building blocks for connected correlation functions.
Specifically, this means that any equal-time connected correlation function is a combination of
equal-time vertices and two-point functions. Important relations of correlation functions and
effective vertices can be obtained by the definitions of the Schwinger functional and effective
action, in combination with the chain rule for derivatives with respect to fields and sources.
As an example, one finds for the two-point functions the relation Gc,(2)

α1α2
= (Γ (2))−1

α1α2
, and for

four-point functions

Gc,(4)
α1α2,α3α4

= −Gc,(2)
α1α
′
1
Gc,(2)
α2α
′
2
Gc,(2)
α3α
′
3
Gc,(2)
α4α
′
4
Γ
(4)
α′1α
′
2α
′
3α
′
4
. (12)

Here, every index α′i of the four-vertex is contracted with an equal-time two-point function also
carrying a corresponding external index αi . To illustrate this relation graphically, we introduce
the following notation

Gc,(2)
α1α2
≡ , (13)

Γ (2)α1α2
=
�

Gc,(2)
�−1
α1α2
≡ , (14)

Γ (n)α1..αn
≡ , (15)
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where each ending line represents an index α, and 1PI vertices are amputated (red bars). Lines
can furthermore meet at bare vertices, which in the evolution equations arise in combination
with either one or three inverse two-point functions attached to them, as we will establish
shortly.

In general, diagrams are assembled by connecting lines with vertices, which is accompa-
nied by integration and summation over vertex positions and component indices as summa-
rized by α. Importantly, the arrow indicates the flow of particles, such that all diagrams should
conserve the arrows along the attached lines. While this diagrammatic language is very sim-
ilar to perturbation theory in conventional quantum field theory, the equal-time correlation
functions here depend on spatial coordinates and an overall time argument, rather than a set
of spacetime coordinates, and no time-integrals appear.

Assuming spatial translation invariance, it will be beneficial to transform these objects and
their evolution equations to Fourier space, where two-point functions and vertices are assigned
momentum variables. Overall, momentum variables are assigned in a momentum conserving
manner, i.e. a δ-distribution (2π)3δ(p1 + p2 − p3 − p4) is implied at each vertex with ingoing
momenta p1, p2 and outgoing ones p3, p4. While connected four-point correlations originate
from the four-vertex, all connected n-point correlations with n > 4 are built from sums over
different diagrams involving vertices Γ (4), .., Γ (n). For example, the diagrams corresponding to
the connected six-point function are displayed in Fig. 1. To clarify the diagrammatic rules,
explicit formulae for diagrams are given in appendix A.

In the following, we first consider N = 1. The straightforward generalization to the N com-
ponent field theory will become important later for non-perturbative approximations based on
an expansion in powers of 1/N .

The effective action obeys an exact flow equation [22], which for the current model reads

i∂tΓt =

∫

x

�

δΓt
δψx

�

∇2

2m
+µ

�

ψx −
δΓt
δψ∗x

�

∇2

2m
+µ

�

ψ∗x (16)

+
g/2

Zt[J (∗)]
δ3Zt[J (∗)]
(δJx)2δJ∗x

δΓt
δψ∗x
−

g/2
Zt[J (∗)]

δ3Zt[J (∗)]
δJx(δJ∗x)2

δΓt
δψx
−

g
8
ψ∗x

δΓt
δψx

δΓt
δψ∗x

δΓt
δψ∗x

+
g
8
δΓt
δψx

δΓt
δψx

δΓt
δψ∗x

ψx

�

,

where J (∗) = J (∗)[ψ(∗)], such that the effective action is a functional of the fields ψ(∗) [25].
Similar to the von-Neumann equation for the density operator, the evolution equation of
the equal-time effective action is time-local. This is different from functional approaches in-
volving unequal-time effective actions, where the system’s history enters at each step of the
evolution. The first two lines of Eq. (16) represent the terms also present in the classical-
statistical theory, while the third line represents genuine quantum corrections. The term
∼ δ3Zt[J (∗)]/((δJx)2δJ∗x) corresponds to a symmetrized third-order correlation function
which may be written in terms of the effective action. To this end, we split it into connected
and disconnected correlations

〈ψ̂†
xψ̂

†
xψ̂x〉sym = 〈ψ̂†

xψ̂
†
xψ̂x〉csym + 2Gc,(2)

x x ψ∗x + 〈ψ̂
†
xψ̂

†
x〉

cψx + (ψ
∗
x)

2ψx , (17)

where “sym” implies the symmetrization over all operator orderings. We furthermore have
Gc,(2)

x x = (Γ (2))−1
x x and 〈ψ̂†

xψ̂
†
xψ̂x〉csym. = −(Γ

(2))−1
x y1
(Γ (2))−1

x y2
(Γ (2))−1

y3 xΓ
(3)
y1 y2 y3

. Since odd orders of

correlations vanish in the absence of a mean field (ψ(∗)[J (∗) = 0] = 0), these contributions
only contribute in the presence of further field derivatives.

Differentiation with respect to the fields ψ(∗) yields the evolution equations for the in-
verse propagators and vertices. After applying the derivatives δ2/δψ∗xδψy , and evaluating

6
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the resulting expression for ψ(∗)[J (∗) = 0] = 0, we get

i∂tΓ
(2)
x y =

�

∇2
y

2m
−
∇2

x

2m
+ g(Γ (2)x x )

−1 − g(Γ (2)y y )
−1

�

Γ (2)x y

+
g
2

∫

y

Γ (2)x y4
(Γ (2)y4 y1

)−1(Γ (2)y4 y2
)−1(Γ (2)y3 y4

)−1Γ (4)y1 y2 y3 y

−
g
2

∫

y

Γ (4)x y3 y1 y2
(Γ (2)y1 y4

)−1(Γ (2)y2 y4
)−1(Γ (2)y4 y3

)−1Γ (2)y4 y , (18)

where y refers to the set of integration variables y1, .., y4. For translationally invariant systems
we switch to Fourier space, where the expression simplifies to

i∂tΓ
(2)
p = −

g
2

∫

q,r,s
Γ (2)p (Γ

(2)
q )
−1(Γ (2)r )

−1(Γ (2)s )
−1(Γ (4)pqrs − Γ

(4)
rspq) . (19)

Here, we used the definition Γ (2)p (2π)
3δ(p−q) =
∫

x y exp(ipx − iq y)Γ (2)x y , see also correspond-

ing expressions in section A. Similarly, the four-vertices Γ (4)pqrs carry a momentum conserving

delta distribution (2π)3δ(p+q− r− s) which will be implied throughout the rest of this work.
From now on, we furthermore abbreviate Gc,(2)

p = Gp and Γ (2)p = Γp. The evolution equation
(19) has a characteristic two-loop structure reminiscent of scattering diagrams in quantum
field theory [21]. We note that at this stage the evolution equation is exact, such that knowl-
edge of the four-vertex allows one to compute the exact solution for the inverse two-point
functions.

For the four-vertex, we analogously obtain

i∂tΓ
(4)
pqrs =∆ωpqrsΓ

(4)
pqrs + Vpqrs(Γ

(2))−Mpqrs(Γ ) . (20)

The result consists of three different contributions: The first term corresponds to the free
evolution, and it is obtained by applying the four field-derivatives to the terms in the first line of
Eq. (16). Corresponding terms will appear at all orders in the hierarchy of evolution equations
and they lead to phase rotations with the single particle energies,∆ωpqrs =ωp+ωq−ωr−ωs,
with ωp = p2/2m−µ. The second term is the “bare" vertex function

Vpqrs = V C
pqrs + V Q

pqrs , (21)

which consists of a classical scattering vertex

V C
pqrs = −g(Γp + Γq − Γr − Γs)≡ + perm. , (22)

as well as a quantum contribution

V Q
pqrs =

g
4
(ΓpΓq(Γr + Γs)− ΓrΓs(Γp + Γq))≡ + perm. , (23)

where solid lines are amputated, i.e. corresponding two-point functions are removed. Quan-
tum scattering involves additional factors of inverse two-point functions, such that classical
scattering dominates for large occupancies. We furthermore obtain higher-loop contributions
Mpqrs(Γ ), which contain interaction vertices up to sixth order Γ (n≤6), see Fig. 2. They orig-
inate from derivatives acting on the second line of Eq. (16), as detailed in appendix B, and
here we focus on the translation invariant system. The set of diagrams couples the evolution
of four-point interactions with six-point correlations as well as non-linear combinations of
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M(�(4),�(6)) =
<latexit sha1_base64="KOaKsjmmbz1/GM9kh6ikRFnmGnQ="></latexit><latexit sha1_base64="qyYDYz9WQZMyPPmd9dVpNnBU4SQ="></latexit><latexit sha1_base64="qyYDYz9WQZMyPPmd9dVpNnBU4SQ="></latexit><latexit sha1_base64="qyYDYz9WQZMyPPmd9dVpNnBU4SQ="></latexit>

+
<latexit sha1_base64="wweFPfyJXU0FrDV8A6NGNoD8lWM="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit>

+
<latexit sha1_base64="wweFPfyJXU0FrDV8A6NGNoD8lWM="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit>

+
<latexit sha1_base64="wweFPfyJXU0FrDV8A6NGNoD8lWM="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit>

perm .+
<latexit sha1_base64="wweFPfyJXU0FrDV8A6NGNoD8lWM="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit><latexit sha1_base64="C39jKcbqUm/ANVINo90I5iOCqgE="></latexit>�<latexit sha1_base64="vopAcIOiHL+GBNHzb34RZSw7YN0="></latexit><latexit sha1_base64="vopAcIOiHL+GBNHzb34RZSw7YN0="></latexit><latexit sha1_base64="vopAcIOiHL+GBNHzb34RZSw7YN0="></latexit><latexit sha1_base64="vopAcIOiHL+GBNHzb34RZSw7YN0="></latexit>

Figure 2: Loop-contributions to the evolution equation of Γ (4) involving 1PI four-
and six-vertices in a translation invariant system. Note that all external propagators
(solid lines) are amputated and permutations of legs are implied. For the underlying
analytical expressions, see B.

four-vertices to realize the complex dynamics of the Bose fields. Corresponding higher-order
evolution equations for Γ (n≥6) follow from analogous differentiations of Eq. (16).

The vertex (21) already carries the “gain minus loss" structure characteristic for effective
ldescriptions in terms of kinetic equations. To also make contact with kinetic descriptions, we
derive the evolution equation for two-point functions from Eq. (19)

∂t Gp = −Gp(∂tΓp)Gp = iGp

� p p
−

p p �

Gp =

∫

q,r,s
gIm(Γ (4)pqrs)GpGqGr Gs . (24)

Here, the imaginary part originates from the structure ∼ Γ (4)pqrs − Γ
(4)
rspq in Eq. (19) and the

identity (Γ (4)pqrs)
∗ = Γ (4)rspq.

4 Perturbative expansion

The evolution equations derived in the previous section constitute an infinite hierarchy of
equations at higher orders of the vertices. The four-vertex is coupled to the six-vertex which
will depend on the eight-vertex, etc. In practice, solving this set of equations requires us
to truncate the hierarchy, for instance at a certain order of the vertices. In this section, we
consider a perturbative expansion in powers of the coupling constant g.

To achieve this, we address Eq. (20) by first transforming to a rotating frame
Γ̃ (4)pqrs(t) = exp(i∆ωpqrs t)Γ (4)pqrs(t), such that

i∂t Γ̃
(4)
pqrs = ei∆ωpqrs t
�

Vpqrs(Γ
(2))−Mpqrs(Γ )

�

. (25)

This equation may be integrated on both sides to yield our analog of a Bethe-Salpeter equation

iΓ (4)pqrs =

∫ t

t0

dt ′ei∆ωpqrs(t ′−t)
�

Vpqrs(Γ
(2)
t ′ )−Mpqrs(Γt ′)

�

, (26)

where we assumed the initial condition Γ (4)pqrs(t0) = 0 for all momenta p, q, r, s. This amounts to
starting the evolution from Gaussian initial conditions which is typical for kinetic descriptions.
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4.1 Leading order

At O(g2) we focus on the bare vertex and neglect all higher-order terms M. One can show
that this represents a self-consistent power counting, as Γ (4) is sourced by bare vertex terms
of order O(g) and hence M = O(g2). The contribution of loop diagrams to the evolution of
two-point functions will be of order O(g3). We get

iΓ (4)pqrs(t) =

∫ t

t0

dt ′ei∆ωpqrs(t ′−t)Vpqrs(t
′) . (27)

In the following, we focus on the late-time regime where the evolution of the two-point func-
tions is slow compared to the fast-rotating phase factor ∼ exp(i∆ωpqrs(t ′− t)). Hence, we set
t0→−∞ and the evaluation of the integral yields

iΓ (4)pqrs(t) =

∫ t

−∞
dt ′ei∆ωpqrs(t ′−t)Vpqrs(t

′) =

∫ ∞

−∞
dt ′θ (t − t ′)ei∆ωpqrs(t ′−t)Vpqrs(t

′) . (28)

Unless stated otherwise, integration boundaries are taken as ±∞ henceforth. Here, we em-
ploy an integral representation of the Heaviside function θ (x) =

∫

dω/(2π) i exp(−iωx)/(ω+ iε)
in the limit ε→ 0+. Specifically, we get

Γ (4)pqrs(t) =

∫

dt ′dω
2π

1
ω+ iε

ei(∆ωpqrs+ω)(t ′−t)Vpqrs(t
′) . (29)

Using a Taylor expansion of the time-dependent bare vertex with respect to the coordinate t,

Vpqrs(t
′) = e(t

′−t)∂s Vpqrs(s)
�

�

s=t , (30)

yields the expression

Γ (4)pqrs(t) =

∫

dω
2π

1
ω+ iε

e−i∂ω∂s Vpqrs(s)
�

�

s=t

∫

dt ′ei(∆ωpqrs+ω)(t ′−t) . (31)

From the integral in the second line we obtain a Dirac δ-distribution, i.e.

Γ (4)pqrs(t) =

∫

dω
2π

1
ω+ iε

e−i∂ω∂l Vpqrs(l)
�

�

l=tδ(∆ωpqrs +ω) . (32)

This expression can be integrated by parts and rewritten in terms of a derivative with respect
to ε, which subsequently is evaluated in the limit ε→ 0,

Γ (4)pqrs(t) = e∂ε∂l

�

Vpqrs(l)

−∆ωpqrs + iε

�

�

�

�

l=t,ε→0
. (33)

At sufficiently late times we expect time derivatives of distribution functions to be small. This
follows from the assumption that distribution functions evolve slowly at long times [20].
Specifically, higher-order terms in the expansion of the exponential function include terms
as ∂l Gp(l) =O(g2), which are again higher-order in the interaction constant. At order O(g2),
we approximate exp(∂ε∂l)→ 1 and get

Γ (4)pqrs(t) =
Vpqrs(t)

−∆ωpqrs + iε
≡ V

p s

q r

. (34)

Here, we defined a new Feynman rule representation for the solution of Γ (4) at leading order,
which includes the frequency factors. Corresponding factors will appear at every subsequent
coupling order as discussed next.
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4.2 Next-to-leading order (NLO)

Analogous to the leading-order result (34), one may systematically derive higher-order con-
tributions. To compute Γ (4) at order O(g2), we consider the following loop diagrams in its
evolution equation

Mpqrs(Γ
(4)) =

p

q

s

r

+

p

q

s

r

+ perm.+O(g3) , (35)

where the four-vertices on the right-hand side are expanded to leading-order O(g).
To illustrate the computation of next-to-leading order contributions to the solution of Γ (4),

we focus on the first diagram in Eq. (35) next. Explicitly, we get

p

q

s

r

= gΓq

∫

k′
Gk′Gk′′Γ

(4)
pk′k′′s

�

�

�

t
, (36)

where all ingredients are evaluated at time t and we introduced the shorthand notation
k′′ = p − s + k′ to abbreviate the loop momentum variable. The diagram’s contribution to
the solution for Γ (4) reads

Γ (4)pqrs(t) ⊃ g

∫ t

t0

dt ′ei∆ωpqrs(t ′−t)Γq(t
′)

∫

k′
Gk′(t

′)Gk′′(t
′)Γ (4)pk′k′′s(t

′) . (37)

To compute Γ (4) at order O(g2) on the left-hand side, we approximate Γ (4) at order O(g), as
given in Eq. (27), on the right-hand side of Eq. (37). We obtain

Γ (4)pqrs ⊃
∫

dt ′dωdt ′′dω′

(2π)2
Γq(t
′)

∫

k′
Gk′(t

′)Gk′′(t
′)

ei(∆ωpqrs+ω)(t ′−t)

ω+ iε
ei(∆ωpk′k′′s+ω

′)(t ′′−t ′)

ω′ + iε′
Vpk′k′′s(t

′′) , (38)

where we again have set t0 → −∞ and used the integral representation of the heaviside
function. Next, we rewrite the expression in analogy to the steps performed in Eqs. (30)-(33)
to arrive for the right-hand side of Eq. (38) at

e(∂ε′−∂ε)∂l′ e∂ε∂l

�Γq(l)
∫

k′ Gk′(l)Gk′′(l)

∆ωpqrs − iε

Vpk′k′′s(l ′)

∆ωpk′k′′s − iε′

�

�

�

�

�

l=l ′=t,ε′=ε→0
. (39)

At order O(g2), we again approximate the exponential operators by unity. Similar to Eq. (34),
we identify this result after time integration with a diagrammatic expression

Γ (4)pqrs ⊃
Γq
∫

k′ Gk′Gk′′

∆ωpqrs − iε

Vpk′k′′s

∆ωpk′k′′s − iε
≡

V

p

q

s

r

, (40)

where all quantities are evaluated at time t. It is important to keep track of the frequency
factors. In the present case, there is one factor 1/(−∆ωpk′k′′s + iε) which comes with the
vertex “V " and another factor 1/(−∆ωpqrs+ iε) carrying the external momentum labels of the
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left-hand side’s vertex Γ (4)pqrs. At order O(g2) we then write the solution for the time-dependent
four-vertex diagrammatically as

Γ (4)pqrs = V

p s

q r

+

V

p

q

s

r

+

V

p

q

s

r

+ perm. (41)

In general, frequency factors enter the calculation for each “insertion" of Γ (4) as demonstrated
for the present order in Eqs. (37) and (38).

4.3 Boltzmann equation

To derive the late-time evolution equation for the two-point functions at leading order
(∂t Gp = O(g2)), we consider the imaginary part of the corresponding solution of the four-
vertex

Im
�

Γ (4)pqrs(t)
�

= −πδ(∆ωpqrs)Vpqrs(t) . (42)

Here, the imaginary part is a crucial ingredient to obtain the energy conservation of the parti-
cles which stream freely in-between collisions. Plugging this result into Eq. (24), one finds

∂t fp =
g2

2

∫

q,r,s
(2π)3δ(p+ q− r − s)(2π)δ(∆ωpqrs)

×
�

( fp + 1)( fq + 1) fr fs − fp fq( fr + 1)( fs + 1)
�

, (43)

which is the well-known Boltzmann equation for weakly correlated non-relativistic systems.
Here, we defined a distribution function Gp = fp + 1/2 as in Eq. (7) corresponding to
fp = 〈ψ̂†

pψ̂p〉, with ψ̂p being the Fourier transformed field operator. Using this, one finds

VpqrsGpGqGr Gs = g[ fp fq( fr + 1)( fs + 1)− ( fp + 1)( fq + 1) fr fs] , (44)

which yields the result (43). It contains a characteristic “gain minus loss" structure and
has a momentum independent scattering rate g2/2, such that we get the matrix element
|Tpqrs|2 = g2/2(2π)3δ(p+ q− r − s)(2π)δ(∆ωpqrs). The equation describes a dilute medium
with occupancy fp ∼ O(1) for weak coupling at sufficiently late times, where leading-order
perturbation theory is expected to be valid. In the following section we derive the correspond-
ing scattering rate for a non-perturbative setting which allows to also access the regime of
over-occupied Bose fields.

5 Non-perturbative large-N expansion

While the previous section dealt with a perturbative expansion of equal-time vertices, we
consider a non-perturbative expansion for large numbers of field components next [26, 27].
Starting from the corresponding flow equation, the expansion will allow us to sum an infi-
nite number of scattering interactions as shown below. This yields important corrections to
the equal-time effective vertices, which can drastically alter the dynamics of Bose fields in
strongly correlated regimes.
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The large-N counting scheme is detailed in appendix C. We use in the following that for
suitable initial conditions, for instance Gaussian states, equal-time vertices obey [28]

Γ (n) =O
�

1

N
n−2

2

�

, n> 2 . (45)

Specifically, for Gaussian initial states, where Γ (n>2)(t0) = 0, the evolution of Γ (4) is sourced by
the bare vertex (see Eq. (1)) at order O(1/N). Vertices Γ (n>4) subsequently build up at corre-
sponding higher orders through combinations of bare vertices and Γ (4) according to Eq. (45).
Then, loop diagrams as displayed in Fig. 2 also contribute to the evolution of Γ (4) at order
O(1/N) at most, where every vertex comes with a factor of 1/N and factors of N originate
from summation over field components in closed loops. To determine the contribution of
equal-time vertices to the evolution equation at order 1/N , we focus on the case, with exter-
nal field indices i1 = i4 and i2 = i3.

In the following, to keep the notation in the main text simple, we use the U(N) symmetry
to diagonalize the two-point function in field space. Subsequently, we may explicitly sum over
the field components, and we will omit the field index i in our notation. The bare vertex is
given by

Vpqrs = −
g

2N
(Γ (2)p + Γ (2)q − Γ

(2)
r − Γ

(2)
s ) +

g
8N

�

Γ (2)p Γ
(2)
q (Γ

(2)
r + Γ (2)s )− Γ

(2)
r Γ

(2)
s (Γ

(2)
p + Γ (2)q )
�

, (46)

and using the expansion to order O(1/N), the evolution equation for Γ (4) involves no more
than propagators and four-vertices, i.e.

Mpqrs(Γ
(4)) =

p

q

s

r

+ perm.+O
�

1
N2

�

, (47)

where

p

q

s

r

=
g
2
Γq

∫

k′
Gk′Gk′′Γ

(4)
pk′k′′s

�

�

�

t
=O
�

1
N

�

. (48)

The shown diagram involves two factors of 1/N for the bare vertex and for Γ (4), as well as a
factor of N representing the different field components which “run” in the loop (cf. appendix
C). The corresponding evolution equation thus evolves Γ (4) again at order 1/N , and it can
formally be integrated to yield

iΓ (4)pqrs(t) =

∫ t

t0

dt ′ei∆ωpqrs(t ′−t)
�

Vpqrs(t
′)−Mpqrs(t

′)
�

, (49)

which by employing analogous approximations as in the previous section becomes

Γ (4)pqrs(t) =
−1

∆ωpqrs − iε

�

Vpqrs(t) +
� g

2
(Γq − Γr)
∫

k′
Gk′Gk′′Γ

(4)
pk′k′′s(t) + {p, s↔ q, r}

�

�

, (50)

where we sum over a second term with permuted external legs. For i1 = i4 and i2 = i3 at
order 1/N , only combined permutations of p, s with q, r appear. At this stage, Eq. (50) is
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analogous to Eq. (37), but we keep Γ (4) consistently at order 1/N here. Eq. (50) can be solved
by iteration in terms of an infinite set of loop diagrams. In the following we first illustrate the
iterative computation to two-loop order, while we subsequently calculate the full evolution of
distribution functions at order 1/N .

The vertex is diagrammatically given by

Γ (4)pqrs = V

p s

q r

+

V

p

q

s

r

+ perm.+
∞
∑

n=2

n-loop (51)

=
−1

∆ωpqrs − iε

�

Vpqrs −
�

g
2
(Γq − Γr)
∫

k′
Gk′Gk′′

Vpk′k′′s

∆ωpk′k′′s − iε
+ {p, s↔ q, r}
�

�

+ higher-orders ,

where frequency factors are assigned analogous to Eq. (40). The corresponding two-loop
expression is given by summing the following diagrams

2-loop=

V
p

q

s

r

+

V
p

q

s

r

+

p

q

s

r

V + perm. , (52)

where summation over permutations of external lines is implied. The first diagram corresponds
to the equation

V
p

q

s

r

k′ ′ k′ 

q′ ′ q′ 

≡
� g

2

�2
∫

k′,q′

−Γr
∆ωpqrs − iε

Gk′

∆ωpk′k′′s − iε

Gq′Gq′′Vpq′q′′s

∆ωpq′q′′s − iε
, (53)

where the two-point function at momentum k′′ is amputated by the inverse propagator rep-
resented by the dashed line. The first frequency factor 1/(−∆ωpqrs + iε) originates from the
external lines, the second factor carries the momentum labels of lines connecting to the upper
loop, i.e. p, k′, k′′, and s. The last insertion is given by the bare vertex, which comes with a
frequency factor carrying the same momentum labels, 1/(−∆ωpq′q′′s + iε). Analogously, the
last diagram is obtained as

p

q

s

r

V k′ ′ k′ 

q′ ′ q′ 

≡
� g

2

�2
∫

q′,k′

−ΓrΓs
∆ωpqrs − iε

Gk′Gk′′

∆ωpk′k′′s − iε

Gq′Gq′′Vk′q′′q′k′′

∆ωk′q′′q′k′′ − iε
. (54)

Again, the result is augmented with frequency factors for each iteration step, which carry in-
going and out-going momentum labels according to the momenta of the internal four-vertex
which is iterated. Here, the last insertion of the bare vertex is internal, i.e. the corresponding
frequency factor carries internal momenta only. In general, one needs to keep track of the
“history” of insertions for the correct assignment of labels.
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At this point, we distinguish different cases originating from the various possibilities of
forming diagrams at order 1/N . In the following, we sort contributions according to the num-
ber of external inverse two-point functions attached to the diagram. To this end, we will name
the set of loop diagrams leading to an odd number of external inverse propagators Γ A, while
the loop diagrams with an even number are represented by Γ B. Thus, Γ A represents important
corrections to the bare classical and quantum vertices, while Γ B yields a new type of vertex
which is not present in the perturbative theory. The summation of both contributions will yield
a Boltzmann equation for a strongly-correlated Bose system with momentum- and medium-
dependent scattering rate. We note that the series of diagrams at order 1/N is reminiscent of
the diagrams employed in Ref. [29], where (unequal-time) propagators are similarly sorted by
their quantum (dashed) and classical (solid) external lines.

5.1 Vertex Γ A

At first, we consider the terms with an odd number of external propagators. To distinguish the
diagrams with respect to their configuration of external legs we introduce the vertices

V C
pqrs

−∆ωpqrs + iε
≡ V

p s

q r

+ perm. (55)

and

V Q
pqrs

−∆ωpqrs + iε
≡ V

p s

q r

+ perm. , (56)

see also the definition of Eq. (34). The expression Γ A is given by the sum of the bare vertices
(55) and (56) with all n-loop diagrams Γ A,n involving an odd number of external Γ (2), i.e.

Γ A
pqrs(t) = V

p s

q r

+ V

p s

q r

+ perm.+
∞
∑

n=1

Γ A,n
pqrs(t)

≡
p

q

s

r

A +

p

q

s

r

A + perm. , (57)

where the symbol “A” comprises all diagrams with according configuration of external legs.
For a particular configuration, Eq. (50) reads diagrammatically

p

q

s

r

A =

p

q

s

r

V +

V

p s

q r

A

+

V

p s

q r

A

. (58)

Iterating this equation for example to one-loop order, we obtain

V

p s

q r

+

V

p s

q r

= −
1
N

Γr
∆ωpqrs − iε

Πps , (59)

including the usual frequency factors. Here, we also defined a one-loop self-energy function
as

Πps(t) =
g
2

∫

k′

Gk′(t)− Gk′′(t)
∆ωpk′k′′s − iε

, (60)

14

https://scipost.org
https://scipost.org/SciPostPhys.14.2.011


SciPost Phys. 14, 011 (2023)

where we sum over both possibilities of amputating an internal loop propagator. Using the
series
∑

n≥0(−Πps)n = 1/(1+Πps), the sum over all loop orders reads

Γ A
pqrs = −

Vpqrs

∆ωpqrs − iε
×

1
1+Πps

+ {p, s↔ q, r} , (61)

where we introduced the notation

Vpqrs/g = −
1

2N
(Γq − Γr)
�

1−
1
4
ΓpΓs

�

, (62)

Vpqrs/g = −
1

2N
(Γp − Γs)
�

1−
1
4
ΓqΓr

�

, (63)

i.e. Vpqrs = Vpqrs + Vpqrs.

The vertex Γ A has a similar structure as the bare vertex defined in Eq. (34), including a
correction arising from the non-perturbative resummation of the infinite series of diagrams
presented in this section. Indeed, the bare vertex V emerges from Eq. (61) in the perturbative
expansion at leading order, where Π=O(g) and hence 1/(1+Π)→ 1+O(g).

The relevant contribution to the evolution equation (24) is the imaginary part of the four-
vertices. Here, we get

Im
�

Γ A
pqrs

�

= −πδ(∆ωpqrs)Re

� Vpqrs

1+Πps

�

−P
�

1
∆ωpqrs − iε

�

Im

� Vpqrs

1+Πps

�

+ {p, s↔ q, r} , (64)

whereP denotes the Cauchy principal value. Using the identities Im(1/(1+Π))=−Im(Π)/|1+Π|2

and Re(1/(1+Π)) = (1+Re(Π))/|1+Π|2, and the definition of an effective coupling and vertex

geff
ps =

g
|1+Πps|2

, V eff
pqrs =

Vpqrs

|1+Πps|2
, (65)

we find

Im
�

Γ A
pqrs

�

= −πδ(∆ωpqrs)V
eff
pqrs

�

1+P(Πps)
�

+P
�

1
∆ωpqrs − iε

��

V eff
pqrsIm
�

Πps

�

+ {p, s↔ q, r}
�

. (66)

In the first line, we used that Re(Πqr) = Re(Πps) under the conditions of energy and momen-
tum conservation, represented by δ(∆ωpqrs)δ(p + q − r − s), see appendix F. We thus find
an on-shell contribution ∼ δ(∆ωpqrs) as well as off-shell terms involving the principle value
P
�

1/(∆ωpqrs − iε)
�

. All terms include the effective coupling geff, which leads to a suppression
of the effective interaction of modes if the gas is highly occupied towards lower momenta [30].
In this regime, the denominator is dominated by the large distribution function in the one-
loop self-energy Π [24]. Our findings are in qualitative agreement with results obtained from
Ref. [2], where such an infrared suppression was observed experimentally.

5.2 Vertex Γ B

Next, we consider the diagrams with an even number of external inverse propagators and
(amputated) propagators. We may similarly sort terms by their number of loops

Γ B
pqrs(t) =

∞
∑

n=1

Γ B,n
pqrs(t)≡

p

q

s

r

B + perm. , (67)
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however, no bare vertices appear in this case, and we define the diagram “B” according to the
configuration of the two external Γ (2). In terms of bare vertices, we get the series

p

q

s

r

B =
V

p s

q r

+

V

p s

q r

+

V

p s

q r

+

p s

q r

V + {p, s↔ q, r}+ higher-order loops . (68)

For any loop order, this equation may equivalently be written in the form

p

q

s

r

B =

p s

q r

A
+

p s

q r

A
+

p s

q r

B
+

p s

q r

B

+ {p, s↔ q, r}+ higher-order loops . (69)

Explicitly, for a general configuration of external legs, we obtain the integral equation

Γ B
pqrs =

1
N

� g
2

�2 (Γp − Γs)(Γq − Γr)
−∆ωpqrs + iε

∫

k′

�

−
Gk′Gk′′ −

1
4

∆ωk′psk′′ − iε
1

1+Πk′k′′
−

Gk′Gk′′ −
1
4

∆ωk′′qrk′ − iε
1

1+Πk′′k′

�

+
g
2

Γr − Γq
−∆ωpqrs + iε

∫

k′
Gk′Gk′′Γ

B
pk′k′′s +

g
2

Γs − Γp
−∆ωpqrs + iε

∫

k′
Gk′Gk′′Γ

B
k′′qrk′ , (70)

where we used the solution for Γ A, Eq. (61). In the following, we focus on the imaginary
part of Eq. (70), as Im(Γ B) is the relevant quantity to determine the evolution of two-point
functions in the Bose system. In appendix D, we demonstrate that this equation is solved by
the ansatz

Im(Γ B
pqrs) = P
�

(Γp − Γs)(Γq − Γr)
−∆ωpqrs + iε

�

� g geff
ps

4N

∫

k′
πδ(∆ωpk′k′′s)
�

Gk′Gk′′ −
1
4

�

+ {p, s↔ q, r}
�

. (71)

Again, we find that each term contains the medium-augmented non-perturbative interaction
vertex geff through the resummation of diagrams.

5.3 Non-perturbative Boltzmann equation

In this section we assemble the results for the resummed effective vertices to derive the evo-
lution equation for two-point functions. Starting from Eq. (24), one gets

∂t Gp =

∫

q,r,s
gIm(Γ (4)pqrs)GpGqGr Gs =

∫

q,r,s
gIm(Γ A

pqrs + Γ
B
pqrs)GpGqGr Gs, (72)

where momentum conservation, represented by δ(p+q− r− s), is implied. The full vertex so-
lution is the sum over all configurations of external legs and hence we add Γ A and Γ B. Plugging
in Eqs. (66) and (71) we obtain by direct computation (appendix E)

∂t Gp = −
∫

q,r,s
πδ(∆ωpqrs)V

eff
pqrsGpGqGr Gs , (73)
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which is equivalent to the previous perturbative Boltzmann equation except for the replace-
ment V → V eff, i.e.

∂t fp =

∫

q,r,s

g geff
ps

4N
(2π)3δ(p+ q− r − s)(2π)δ(∆ωpqrs)

�

( fp + 1)( fq + 1) fr fs − fp fq( fr + 1)( fs + 1)
�

. (74)

Accordingly, the matrix element of the kinetic equation is given by
|Tpqrs|2 = g geff

ps /(4N)(2π)3 ×δ(p+ q− r − s)(2π)δ(∆ωpqrs), which receives the momentum-

dependent correction 1/|1+Πps|2 compared to the perturbative case. This momentum depen-
dence dominates the non-perturbative evolution with large occupations where Π ≫ 1, with
drastic consequences for dynamical phenomena such as turbulence and far-from-equilibrium
universality [12,30,31].

6 Measurement protocol

The above coupling and large-N expansion results establish a direct link between equal-time
correlations and standard observables for effective kinetic theories and corresponding hydro-
dynamic descriptions. However, the quantum evolution equations we derive in section 3 from
the equal-time effective action are exact and not limited to kinetic theory approximations. For
instance, the exact time evolution equation (19) relates the time derivative of Γ (2) – encoding
distribution information – to the effective interaction Γ (4) and convolutions with the distri-
butions. It would be a tremendous progress for quantum many-body physics to be able to
extract the exact quantum evolution equation for strongly correlated systems from quantum
simulation measurements of Γ (2) and Γ (4) for relevant times. This would provide important in-
sights into the long-standing problem of finding suitable approximations of the time evolution
equations also for strongly coupled systems and their range of validity.

In this section we devise an efficient scheme to measure equal-time effective vertices, in
particular Γ (2) and Γ (4), in cold-atom quantum simulators. This discussion extends the pro-
cedures of Refs. [1, 2] to the underlying Bose fields appearing in the defining Hamiltonian.
Often, such experiments are limited to extracting equal-time density correlations. A common
strategy is to let the system evolve to time t and illuminate with light to obtain a snapshot at
this instant of time. Subsequently, density correlations are extracted by averaging over many
repetitions of this procedure.

To relate the experiment with theory it is especially beneficial to express effective descrip-
tions of the system in such equal-time quantities. We hence provide a protocol to extract the
relevant two- and four-point correlation functions via density measurements. 1PI equal-time
vertices are extracted according to Eq. (12), i.e. by “amputating" the external legs. This is
most efficiently performed in Fourier space, where “amputation" refers to dividing out the
corresponding two-point functions. While we illustrate our scheme for the case of a single-
component gas, it is more general and can similarly be applied to multi-component systems.

The desired quantities are the symmetrized two- and four-point correlation functions of
the fields, i.e. 〈{ψ̂†

x , ψ̂y}〉 and 〈ψ̂†
xψ̂

†
vψ̂yψ̂w〉sym. While we specifiy the symmetrically ordered

correlation functions here, all other operator orderings are equivalent and they are related
through the equal-time commutation relations. For simplicity, we focus here on the observables

O1 = 〈Ô1〉= 〈ψ̂†
xψ̂y〉, (75)

O2 = 〈Ô2〉= 〈ψ̂†
xψ̂

†
vψ̂yψ̂w〉. (76)

The central idea is to couple the atoms at the respective positions to ancilla degrees of freedom
to create effective three-state systems, for instance in aΛ-type configuration, see Fig. 3. Raman
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Figure 3: Schematics of the measurement scheme. We construct an effective Λ-
type level scheme and propose to introduce rotations between the states with Raman
transitions or microwave coupling with strengths Ω,Ω′.

beams or microwave pulses can transfer population among the three states or manipulate their
relative phases. Achieving this requires addressing the bosonic fields position-selectively, e.g.
by locally adjusting the chemical potential µ.

We start by transferring the population from position x to the ancilla. Afterwards we
couple position y to the ancilla, therefore effectively coupling positions x and y . Density
measurements of ancilla and the spatial mode at y will then give rise to 〈Ô1〉. Here we use that
these manipulations can be performed on much shorter time-scales compared to the system
evolution, such that the information about the quantum state is effectively frozen during the
measurement procedure. We outline this procedure in detail next.

We describe the ancilla degree of freedom “b” with bosonic operators b̂, b̂†. The microwave
interaction of the ancilla with a bosonic mode ψ̂x , ψ̂†

x is described by the two unitary operators

Û x
1 (ϕ) = eiϕ(b̂†ψ̂x+ψ̂†

x b̂), (77)

Û x
2 (ϕ) = eϕ(b̂

†ψ̂x−ψ̂†
x b̂). (78)

In a Schwinger boson representation these operators may locally be interpreted as rotations
of the collective spin on a Bloch sphere. Using bosonic commutation relations, we obtain the
transformations of the operators

ψ̂x → Û x
1 (ϕ)ψ̂x(Û

x
1 (ϕ))

† = cos(ϕ)ψ̂x + i sin(ϕ)b̂, (79)

ψ̂x → Û x
2 (ϕ)ψ̂x(Û

x
2 (ϕ))

† = cos(ϕ)ψ̂x + sin(ϕ)b̂ . (80)

We first couple the ancilla to the atoms at position x with Û x
1 (π). Secondly, we couple position

y to the ancilla with Û y
1 (π/2). A subsequent density measurement yields

〈b̂† b̂〉1 = 〈ψ(t)| Û
y
1 (π/2)Û

x
1 (π)b̂

† b̂ Û x ,†
1 (π)Û

y,†
1 (π/2) |ψ(t)〉

=
1
2
(〈ψ̂†

xψ̂x〉+ 〈ψ̂†
yψ̂y〉)− Im (O1) , (81)

where |ψ(t)〉 is the time-dependent Schrödinger quantum state, and 〈ψ̂†
xψ̂x〉 is the local mean

number density at time t, which can be accessed in a separate measurement. Measuring the
density at position y after the rotation Û1 similarly yields

〈ψ̂†
yψ̂y〉1 = 〈ψ(t)| Û

y
1 (π/2)ψ̂

†
yψ̂y Û y,†

1 (π/2) |ψ(t)〉

=
1
2
(〈ψ̂†

xψ̂x〉+ 〈ψ̂†
yψ̂y〉) + Im (O1) , (82)
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such that we obtain Im (O1) by subtracting the two measurements. In order to measure the
corresponding real part in separate realizations of the experiment, we perform the same series
of unitary operations with Û2 replacing the second operator. We get

〈b̂† b̂〉2 = 〈ψ(t)| Û
y
2 (π/2)Û

x
1 (π)b̂

† b̂ Û x ,†
1 (π)Û

y,†
2 (π/2) |ψ(t)〉

=
1
2
(〈ψ̂†

xψ̂x〉+ 〈ψ̂†
yψ̂y〉) +Re (O1) , (83)

and for position y one finds

〈ψ̂†
yψ̂y〉2 = 〈ψ(t)| Û

y
2 (π/2)ψ̂

†
yψ̂y Û y,†

2 (π/2) |ψ(t)〉

=
1
2
(〈ψ̂†

xψ̂x〉+ 〈ψ̂†
yψ̂y〉)−Re (O1) . (84)

The difference yields the real part Re (O1), which subsequently allows to reconstruct the ob-
servable O1 by combining real and imaginary part. In the Schwinger boson representation real
and imaginary parts of O1 correspond to spin projections in x and y direction, respectively.
Our scheme thus effectively employs appropriate spin rotations to rotate the information to
the z component which can be accessed with density measurements.

Similarly, one can access the observable O2 by adding a second ancilla mode “d” with
bosonic operators d̂, d̂† and measuring density correlations between both ancillas. Here, we
focus on the situation where all four positions x , v, y, w are different, assuming those cases with
equal positions to become irrelevant in the thermodynamic limit of a large-scale quantum sys-
tem described by quantum field theory. We assign ancilla b to positions x , y and ancilla d to
positions v, w and subsequently perform the same operations on both sets of modes individu-
ally. Appropriate density correlation measurements of both ancillas give the four combinations

¬

�

Re
�

Ô1(x , y)
�

, Re
�

Ô1(v, w)
�	

¶

, (85)
¬

�

Re
�

Ô1(x , y)
�

, Im
�

Ô1(v, w)
�	

¶

, (86)
¬

�

Im
�

Ô1(x , y)
�

, Re
�

Ô1(v, w)
�	

¶

, (87)
¬

�

Im
�

Ô1(x , y)
�

, Im
�

Ô1(v, w)
�	

¶

, (88)

where {·, ·} is the anti-commutator. These contributions can be combined with the equal-time
commutation relations and two-point functions O1 to compute the observable O2.

7 Conclusion

In our work we outlined an equal-time approach to the dynamics of quantum fields out of
equilibrium. Starting from the equal-time quantum effective action, we derived effective ki-
netic equations in two regimes: First we considered a dilute, perturbative system governed by
two-to-two scattering. Secondly, we extended our analysis to the case of non-perturbatively
large occupancies of the gas, which results in important vertex corrections to the scattering
rates.

Our results open up new avenues in non-equilibrium quantum field theory. While our cal-
culations are performed for a non-relativistic Bose gas, the approach is general and can also
be applied to systems with fermions, relativistic field theories, and in particular gauge theories
where the time-local formulation can provide important advantages in finding approximations
consistent with local gauge symmetries. Moreover, the textbook (“unequal-time”) approach
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to non-equilibrium quantum field theory employing a closed-time path yields ab initio evolu-
tion equations that are non-local in time, such that late times are difficult to reach and the
derivation of efficient time-local descriptions require additional approximations.

Most importantly, our approach matches experimental capabilities of quantum simulators
such as employing ultra-cold quantum gases. These platforms offer the unique opportunity
to extract the irreducible correlations directly from experiments in the many-body regime de-
scribed by quantum fields. Our results demonstrate that the extraction of lower equal-time
correlations, such as the two- and four-point functions, involve already all the ingredients to
obtain effective kinetic descriptions from first principles. Strikingly, the approach also offers
the perspective of determining the exact evolution equations from quantum simulations. This
can provide essential insights into the long-standing problem of finding non-perturbative ap-
proximations for strongly coupled systems.
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A Diagrammatic examples

In this appendix, we present further details on the calculations given in the main text.
To illustrate the diagrammatic rules Eqs. (13)-(15), we give the full expression for the

exemplary diagrams of Fig. 1 for the example of N = 1. The first diagram represents the
connected four-point function (Eq. (12)), which is obtained as

Gc,(4)
x1 x2 x3 x4

=
δ

δJ∗x1

δ

δJ∗x2

δ

δJx3

δ

δJx4

Wt[J
(∗)]
�

�

�

J ,J∗=0

= −
∫

y

δψy1

δJ∗x1

δψy2

δJ∗x2

δψy3

δJx3

δψy4

δJx4

Γ (4)y1 y2 y3 y4

= −
∫

y

δWt

δJ∗x1
δJy1

δWt

δJ∗x2
δJy2

δWt

δJ∗y3
δJx3

δWt

δJ∗y4
δJx4

Γ (4)y1 y2 y3 y4

= −
∫

y

Gc,(2)
x1 y1

Gc,(2)
x2 y2

Gc,(2)
y3 x3

Gc,(2)
y4 x4
Γ (4)y1 y2 y3 y4

, (89)

where we used the definitions for n-point functions and the effective action, the U(1) symmetry,
and y refers to position variables y1, .., y4. Going to Fourier space Gc,(2)

x y =
∫

p Gc,(2)
p exp(ip(x− y)),

we get

Gc,(4)
x1 x2 x3 x4

= −
∫

p

Gc,(2)
p1

Gc,(2)
p2

Gc,(2)
p3

Gc,(2)
p4

eip1 x1+ip2 x2 e−ip3 x3−ip4 x4Γ (4)p1p2p3p4
, (90)

such that

Gc,(4)
p1p2p3p4

= −Gc,(2)
p1

Gc,(2)
p2

Gc,(2)
p3

Gc,(2)
p4
Γ (4)p1p2p3p4

. (91)
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Here we used

Γ (4)p1p2p3p4
=

∫

y

e−ip1 y1−ip2 y2 eip3 y3+ip4 y4Γ (4)y1 y2 y3 y4
, (92)

Gc,(4)
p1p2p3p4

=

∫

x

e−ip1 x1−ip2 x2 eip3 x3+ip4 x4 Gc,(4)
x1 x2 x3 x4

. (93)

Using the translation invariance in real-space one finds that Γ (4)x1 x2 x3 x4
is independent of the

sum of its arguments x1 + x2 + x3 + x4 such that the integration over this component results
in a momentum conserving factor δ(p1 + p2 − p3 − p4) in Fourier space.

The second and third diagrams are given accordingly by

Gc,(6)
p1..p6

= −Gc,(2)
p1

Gc,(2)
p2

Gc,(2)
p3

Gc,(2)
p4

Gc,(2)
p5

Gc,(2)
p6
× Γ (6)p1..p6

+

∫

q
Gc,(2)

p1
Gc,(2)

p2
Gc,(2)

p3
Γ (4)p1p2p3qGc,(2)

q Γ (4)qp4p5p6
Gc,(2)

p4
Gc,(2)

p5
Gc,(2)

p6

+ permutations . (94)

B Loop expressions

The loop diagrams which involve the scattering of two and three particles are summarized
in the function M, and diagrammatically displayed in Fig. 2 for N = 1. In this section, we
derive the analytic expressions which underlie the individual diagrams contributing to the
evolution of Γ (4). The loop expressions originate from field-derivatives acting on the second
line of Eq. (16), where we focus on one representative of each type of diagram (without listing
complex conjugates or trivial permutations). Also, the integration over internal indices will be
implied throughout this section. We consider

1
Zt[J (∗)]

δ3Zt[J (∗)]
(δJx)2δJ∗x

δΓt
δψ∗x

= G(3)x x ,x
δΓt
δψ∗x

, (95)

where G(3)x x ,x = 〈(ψ̂
†
x)

2ψ̂x〉J ,sym is non-zero in the presence of a source J . The expression may
be split into its connected components and is subsequently differentiated with respect to the
four external fields:

• First, one gets

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψ∗xψ
∗
xψx

δΓt
δψ∗x

�

⊃ δx1 x4
δx2 x4

δx3 x4
Γ (2)x1 x4
→ , (96)

representing the bare classical scattering vertex.

• Secondly, one finds terms of the kind

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψ∗x Gc,(2)
x x

δΓt
δψ∗x

�

, (97)

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψx G̃c,(2)
x x

δΓt
δψ∗x

�

, (98)
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with G̃c,(2)
x x = 〈(ψ̂∗x)

2〉cJ . Applying all derivatives in (97) to the first and the last factor in
the bracket, we get the first diagram of M

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψ∗x Gc,(2)
x x

δΓt
δψ∗x

�

⊃ −Gc,(2)
x1 x1
Γ (4)x1 x2 x3 x4

→ . (99)

For translation invariant systems this diagram cancels against its permutations. The
analogous expression (98) vanishes as G̃c,(2)

x x = 0 when setting J = 0. When acting two
derivatives on the two-point function in (97), we get

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψ∗x Gc,(2)
x x

δΓt
δψ∗x

�

⊃ −Γ (4)x1 y1 y2 x4
Gc,(2)

x3 y1
Gc,(2)

y2 x3
Γ (2)x3 x2
→ , (100)

by using that

δ

δψx1

δ

δψ∗x2

Gc,(2)
xz

�

�

�

ψ(∗)=0
= −Γ (4)x1 y1 y2 x2

Gc,(2)
x y1

Gc,(2)
y2z , (101)

where contributions involving the three-vertex vanish due to U(1) invariance. Similarly,
an analogous contribution arises from (97)

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψ∗x Gc,(2)
x x

δΓt
δψ∗x

�

⊃ −Γ (4)x1 y1 y2 x4
Gc,(2)

x3 y1
Gc,(2)

y2 x3
Γ (2)x3 x2
→ . (102)

• Third, we consider

δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

Gc,(3)
x x ,x

δΓt
δψ∗x

�

. (103)

By U(1) symmetry, the only surviving contributions are obtained by applying an odd
number of derivatives to each factor inside the brackets.

For one derivative acting on the three-point function, we use that

δ

δψ∗x4

Gc,(3)
x x ,x

�

�

�

ψ(∗)=0
= −Γ (4)x4z1z2z3

Gc,(2)
xz1

Gc,(2)
z2 x Gc,(2)

z3 x → , (104)

which yields the diagram in combination with the other derivatives acting on the second
factor to yield Γ (4)x x3 x1 x2

.

In the case where three derivatives act on the three-point function, we get terms of the
kind

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

Gc,(3)
x x ,x

�

�

�

ψ(∗)=0
→−Γ (6)x3 x4z1 x2z2z3

Gc,(2)
xz1

Gc,(2)
z2 x Gc,(2)

z3 x → , (105)

where we again augmented the result with the second factor, here Γ (2)x x1
, or alternatively

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

Gc,(3)
x x ,x

�

�

�

ψ(∗)=0
=

δ

δψx2

δ

δψ∗x3

�

−Γ (4)x4z1z2z3
Gc,(2)

xz1
Gc,(2)

z2 x Gc,(2)
z3 x

�

⊃ −Γ (4)x4z1z2z3
Gc,(2)

xz1
Gc,(2)

z2 x
δ

δψx2

δ

δψ∗x3

�

Gc,(2)
z3 x

�

= Γ (4)x4z1z2z3
Gc,(2)

xz1
Gc,(2)

z2 x Γ
(4)
x3 y1 y2 x2

Gc,(2)
z3 y1

Gc,(2)
y2 x

→ , (106)
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including again Γ (2)x x1
.

Analogously, we give the expression for the computation of the conjugate of the diagram
shown in Eq. (100). This diagram will be especially important for the computation of
observables in the 1/N expansion of the effective action. It originates from the term

−
1

Zt[J (∗)]
δ3Zt[J (∗)]
(δJ∗x)2δJx

δΓt
δψx

= −G(3)x ,x x
δΓt
δψx

, (107)

where G(3)x ,x x = 1/2〈{ψ̂†
x , ψ̂2

x}〉J . Again applying the external derivatives, we get

−
δ

δψx1

δ

δψx2

δ

δψ∗x3

δ

δψ∗x4

�

ψx Gc,(2)
x x

δΓt
δψx

�

⊃ −Γ (4)x1 y1 y2 x4
Gc,(2)

x2 y1
Gc,(2)

y2 x2
Γ (2)x2 x3
→ . (108)

C 1/N counting of diagrams

In this section, we briefly review the counting of powers of N in loop diagrams. While the
Hamiltonian is invariant under a global U(N) symmetry, there are N U(1) subgroups which
imply the conservation of particle number for the individual components i. Since we diago-
nalized the two-point function in field space, i.e. Gc,(2)

α1α2
= Gc,(2)

x1 x2
δi1 i2 , lines carrying a certain

field index are never interrupted throughout a diagram. For the effective vertices, we get

Γ (4)α1..α4
∝ δi1 i3δi2 i4 + perm., (109)

Γ (6)α1..α6
∝ δi1 i4δi2 i5δi3 i6 + perm. , (110)

and analogously for all higher-order vertices.
Depending on field indices and orientation of vertices, we can differentiate between dif-

ferent contributions, illustrated here for the example of a one-loop diagram

=O(1/N2) , (111)

=O(1/N2)×O(N) , (112)

where red lines follow field components through the diagrams. The factor of 1/N2 originates
from the two bare vertices, which come with a factor of 1/N each. The additional factor of N
in the second diagram originates from the summation over all possible intermediate particles
within the loop. In general, each such closed loop of field indices yields a factor of N . Using
this and assuming Eq. (45), we get the following power counting for the diagrams shown in
Fig. 2 (where we always pick the representative with the largest power of N). Subleading
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diagrams of Fig. 2 are the following

=O(1/N2) , (113)

=O(1/N3)× N =O(1/N2) , (114)

=O(1/N3)× N =O(1/N2) , (115)

=O(1/N3)× N =O(1/N2) . (116)

The dominant contribution at order 1/N is given by

=O(1/N2)× N =O(1/N) . (117)

Eventually, we can confirm self-consistently that all contributions lead to an evolution of the
four-vertex at order O(1/N). As Γ (4) is initially sourced by the bare vertex at order O(1/N),
it confirms our initial assumption Eq. (45). This line of argument can be applied to the entire
hierarchy of equal-time vertices: Γ (6) is sourced by a combination of the bare vertex and Γ (4)

(i.e. at order O(1/N2)) and the corresponding diagrams for its evolution remain at this order.

D Proof of Eq. (71)

Here, we explicitly demonstrate that the expression (71) is a solution to the imaginary part of
Eq. 70. First, we make use of the defining property of Γ B, to define

Γ B
pqrs ≡ (Γp − Γs)(Γq − Γr)Bpqrs , (118)

where we made the external inverse propagators explicit. With this, Eq. (71) becomes

Bpqrs =
g2/(4N)
−∆ωpqrs + iε

∫

k′

�

−
Gk′Gk′′ −

1
4

∆ωk′psk′′ − iε
1

1+Πk′k′′
−

Gk′Gk′′ −
1
4

∆ωk′′qrk′ − iε
1

1+Πk′′k′

�

︸ ︷︷ ︸

(I)

−
g/2

−∆ωpqrs + iε

∫

k′
(Gk′′ − Gk′)Bpk′k′′s

︸ ︷︷ ︸

(II)

−
g/2

−∆ωpqrs + iε

∫

k′
(Gk′ − Gk′′)Bk′′qrk′

︸ ︷︷ ︸

(III)

, (119)

and our ansatz for the solution (71) is accordingly given by

Im(Bpqrs) = P
�

g geff
ps /(4N)

−∆ωpqrs + iε

�

∫

k′
πδ(∆ωpk′k′′s)
�

Gk′Gk′′ −
1
4

�

+ {p, s↔ q, r} . (120)

In the following, we will strip Eq. (119) into its individual parts and analyse terms separately.
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D.1 First term: (I)

Considering the first term of Eq. (119), we use the symmetry relation (135) to get

δ(∆ωpqrs)

∫

k′
Re
�

−
Gk′Gk′′ −

1
4

∆ωk′psk′′ − iε
1

1+Πk′k′′
−

Gk′Gk′′ −
1
4

∆ωk′′qrk′ − iε
1

1+Πk′′k′

�

= 0 . (121)

Using this, the imaginary part of the first term in Eq. (119) is given by

Im(I) = P
�

g2/(4N)
−∆ωpqrs + iε

�

× Im
�

∫

k′

Gk′Gk′′ −
1
4

∆ωk′psk′′ − iε
1

1+Πk′k′′
+ {p, q↔ r, s}
�

. (122)

Next, we compute the second factor separately,
∫

k′
Im

�

Gk′Gk′′ −
1
4

∆ωk′psk′′ − iε
1

1+Πk′k′′

�

=

∫

k′
πδ(∆ωk′psk′′)
�

Gk′Gk′′ −
1
4

� 1+Re(Π∗k′k′′)

|1+Πk′k′′ |2

+

∫

k′
Re

�

Gk′Gk′′ −
1
4

∆ωk′psk′′ − iε

�

Im(Π∗k′k′′)

|1+Πk′k′′ |2
, (123)

D.2 Second and third term: (II) and (III)

Similarly, for the second and third term of Eq. (119), which involves B itself, we have

Im

�

g/2
−∆ωpqrs + iε

�∫

k′
(Gk′′ − Gk′)Re
�

Bpk′k′′s − Bk′′qrk′
�

= −π
g
2
δ(∆ωpqrs)

∫

k′
(Gk′′ − Gk′)Re
�

Bpk′k′′s − B∗pk′k′′s

�

= 0 , (124)

where we used the identity B∗pk′k′′s = Bsk′′k′p, see section F. As a consequence, we focus on the
following combination of real and imaginary parts

−
g
2

Re

�

1
−∆ωpqrs + iε

�∫

k′
(Gk′′ − Gk′)Im(Bpk′k′′s) = −P

�

g/2
−∆ωpqrs + iε

�∫

k′
(Gk′′ − Gk′)Im(Bpk′k′′s) . (125)

Next, we compute the second factor of this term by employing the definition of B, i.e. Eq (120)
∫

k′
(Gk′′ − Gk′)Im(Bpk′k′′s) =

∫

q′,k′

�

Gq′Gq′′ −
1
4

�

� g geff
ps

4
P
�

(Gk′′ − Gk′)
−∆ωpk′k′′s + iε

�

πδ(∆ωpq′q′′s)

+
g geff

k′k′′

4
P
�

(Gk′′ − Gk′)
−∆ωpk′k′′s + iε

�

πδ(∆ωk′q′′q′k′′)
�

=
g geff

ps

4
P(Πps)

∫

q′
πδ(∆ωpq′q′′s)
�

Gq′Gq′′ −
1
4

�

∫

q′

g geff
q′q′′

4
P
�

Gq′Gq′′ −
1
4

−∆ωpq′q′′s + iε

�

Im(Πq′′q′) .

(126)

Putting all terms together, we observe

Im(I) + Im(II) + Im(III) = P
�

g2/(4N)
−∆ωpqrs + iε

�∫

k′
πδ(∆ωk′psk′′)

Gk′Gk′′ −
1
4

|1+Πk′k′′ |2
+ {p, s↔ q, r}

= P
�

g geff
ps /(4N)

−∆ωpqrs + iε

�

∫

k′
πδ(∆ωk′psk′′)
�

Gk′Gk′′ −
1
4

�

+ {p, s↔ q, r}

= Im(Bpqrs) , (127)

which confirms that the ansatz Eq (120) solves the imaginary part of Eq. (119).
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E Non-perturbative Boltzmann equation

To derive the non-perturbative Boltzmann equation, we compute

∂t Gp = −
∫

q,r,s
gIm(Γ A

pqrs + Γ
B
pqrs)GpGqGr Gs . (128)

To this end, we again split the expression into individual parts

E.1 Im(Γ A)

We first consider the following term, see also (66),
∫

q′
Im
�

Γ A
pq′q′′s

�

Gq′Gq′′ = −
∫

q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′s

−
∫

q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′sP(Πps)

+

∫

q′
P
�

Gq′Gq′′

∆ωpq′q′′s − iε

��

V eff
pq′q′′sIm
�

Πps

�

+ {p, s↔ q′, q′′}
�

, (129)

where we adapted the notation of Eqs. (62) and (63). Here, the second line is given by

−
∫

q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′sP(Πps) = −(Γp − Γs)

geff
ps

2N
P(Πps)

∫

q′
πδ(∆ωpq′q′′s)
�

Gq′Gq′′ −
1
4

�

+
geff

ps

2N
P(Πps)Im(Πps)

�

1−
ΓpΓs

4

�

. (130)

The third line can be rewritten to yield
∫

q′
P
�

Gq′Gq′′

∆ωpq′q′′s − iε

�

V eff
pq′q′′sIm
�

Πps

�

= −
geff

ps

2N
P(Πps)Im(Πps)

�

1−
ΓpΓs

4

�

, (131)

and similarly, we obtain for the fourth line
∫

q′
P
�

Gq′Gq′′

∆ωpq′q′′s − iε

�

Vq′psq′′
Im
�

Πq′q′′
�

|1+Πq′q′′ |2
= (Γp − Γs)
∫

q′,k′

g geff
k′k′′

4N

�

Gq′Gq′′ −
1
4

�

π (132)

×δ(∆ωq′k′′k′q′′)P
�

Gk′ − Gk′′

∆ωpk′k′′s − iε

�

.

E.2 Im(Γ B)

The second term can be brought into the form
∫

q′
Im
�

Γ B
pq′q′′s

�

Gq′Gq′′ = −(Γp − Γs)
geff

ps

2N
P(Πps)

∫

q′
πδ(∆ωpk′k′′s)
�

Gk′Gk′′ −
1
4

�

− (Γp − Γs)
∫

q′,k′

g geff
q′q′′

4N

�

Gk′Gk′′ −
1
4

�

πδ(∆ωq′k′′k′q′′)P
�

Gq′ − Gq′′

∆ωpq′q′′s − iε

�

. (133)

In summary, all but one term cancel, and we get
∫

q′
Im
�

Γ A
pq′q′′s + Γ

B
pq′q′′s

�

Gq′Gq′′ = −
∫

q′
πGq′Gq′′δ(∆ωpq′q′′s)V

eff
pq′q′′s , (134)

which straightforwardly leads to Eq. (73).
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F Symmetries under coordinate exchange

In our calculations we frequently use the symmetry of certain objects under the momentum
exchange p, s↔ s, p (i.e. p, s↔ q, r in the presence of the momentum and energy conserving
delta functions). For instance, we get for the one-loop self-energy function

Πsp = g

∫

k′

Gk′ − Gk′−(p−s)

∆ωsk′(k′−(p−s))p − iε
= g

∫

k′

Gk′+(p−s) − Gk′

∆ωs(k′+(p−s))k′p − iε

= g

∫

k′

Gk′ − Gk′+(p−s)

∆ωpk′(k′+(p−s))s + iε
= Π∗ps . (135)

Here, a crucial ingredient was the anti-symmetry of the numerator under the coordinate flip.
We employ similar arguments to demonstrate the relation B∗pqrs = Brspq which we use to

solve the non-perturbative evolution equation for Im(Γ B). First, we show the identity at the
one-loop level, cf. Eq. (68). Using

V

p s

q r

∝
1
N

ΓrΓs
∆ωpqrs − iε

∫

k′

Gk′Gk′′ −
1
4

∆ωpk′k′′s − iε
. (136)

one gets

Bpqrs =
−g2/N

∆ωpqrs − iε

∫

k′

Gk′Gk′′ −
1
4

∆ωpk′k′′s − iε
+ higher-oder loops . (137)

In presence of the energy and momentum conserving δ-distributions δ(∆ωpqrs)δ(p+q−r−s),
we find

� −g2/N
∆ωpqrs − iε

∫

k′

Gk′Gk′′ −
1
4

∆ωpk′k′′s − iε

�∗
=
−g2/N

∆ωpqrs + iε

∫

k′

Gk′Gk′′ −
1
4

∆ωpk′k′′s + iε

=
−g2/N

∆ωrspq − iε

∫

k′

Gk′Gk′′ −
1
4

∆ωk′′spk′ − iε
=
−g2/N

∆ωrspq − iε

∫

k′

Gk′Gk′+(p−s) −
1
4

∆ω(k′+(p−s))spk′ − iε

=
−g2/N

∆ωrspq − iε

∫

k′

Gk′+(s−p)Gk′ −
1
4

∆ωsk′(k′+(s−p))p − iε
=
� −g2/N
∆ωpqrs − iε

∫

k′

Gk′Gk′′ −
1
4

∆ωpk′k′′s − iε

�

p,q↔r,s
. (138)

With this, the identity B∗pqrs = Brspq is easily shown at the one-loop level. The generalization
to any loop order, and thus the full expression B, follows in the same manner iteratively from
Eq. (119), where it is respected in each term individually.
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