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Abstract

The null energy condition (NEC), an important assumption of the Penrose singular-
ity theorem, is violated by quantum fields. The natural generalization of the NEC in
quantum field theory, the renormalized null energy averaged over a finite null segment,
is known to be unbounded from below. Here, we propose an alternative, the double
smeared null energy condition (DSNEC), stating that the null energy smeared over two
null directions has a finite lower bound. We rigorously derive DSNEC from general world-
volume bounds for free quantum fields in Minkowski spacetime. Our method allows
for future systematic inclusion of curvature corrections. As a further application of the
techniques we develop, we prove additional lower bounds on the expectation values of
various operators such as conserved higher spin currents. DSNEC provides a natural
starting point for proving singularity theorems in semi-classical gravity.
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1 Introduction

The Null Energy Condition (NEC) is obeyed by all sensible classical theories, but even the most
familiar quantum field theories can violate this condition. This violation suggests the possible
construction of exotic geometries such as traversable wormholes and bouncing cosmologies in
semi-classical gravity. Therefore it is interesting and relevant to investigate (i) the extent of
NEC violation that is possible in quantum field theory and (ii) what this implies for physically
realizable geometries in semi-classical gravity.

In this paper, we report progress on the first of these fronts. In particular we prove bounds
on ‘smeared’ null energy: the null components of the stress tensor, averaged over a spacetime
region. Our main result can be stated roughly as follows. Define the operator T™ by aver-
aging over a distance 6, in the x* direction and &6_ in the x~ direction. We will sometimes
refer to this operator the double (null) smeared null energy, or “DSNE". In dimensions higher
than 2 this operator is smeared over only a subspace of the entire spacetime.

In the simple context of free scalar quantum fields in Minkowski spacetime, we prove that

(schematically)
<Tsmear> > _ NZ[Y]
- - (5+)n/2—1(5—)n/2+1 ’

e8]

where n is the spacetime dimension and N, is a dimensionless parameter depending on the
number of scalar fields and the details of how the operator is smeared. For massless fields,
N, is simply proportional to the number of fields; however, for massive fields N, depends on
the smearing lengths through the dimensionless combination of the mass and the smearing
lengths, y = 576~ m?. For small y and smooth smearing functions, N, is an O(1) factor times
the number of fields. However, in [1] it was shown that for large masses and in a class of
squeezed states NV, becomes exponentially small in y. Here we show, for general states in free
theories, that N; — 0 as y — oo. The precise form of our bound is given in equation (50),
and the connection to the schematic form above is demonstrated in (52) and (53).

The universal, power-law dependence on the smearing lengths 5* follows from symmetry
arguments, namely the transformation of T__ under boosts, as well as the overall engineering
dimension of the operator. The nontrivial result is that this operator is indeed bounded from
below. This result was first suggested and coined the “Double Smeared Energy Condition" or
“DSNEC" in [1] but was not proven there.

Our result is closely related to the Smeared Null Energy Condition (SNEC) [2] which con-
strains the null energy, averaged over a portion of a single null geodesic. The SNEC, however,
does not have a finite field theory limit as its lower bound diverges when the UV cutoff of
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the theory goes to zero. Here, we will see that smearing in the perpendicular null direction
(“fattening" the geodesic slightly) leads to an operator that is bounded below in quantum field
theory. Additionally, we show that the Averaged Null Energy Condition (ANEC) can be derived
from DNEC at the appropriate limit for 6_ — co.

Along the way we develop technology for constructing lower bounds on a wide class of
smeared operators, at least in the context of free scalars on Minkowski spacetime. As a “test
drive" of this technology we also prove smeared bounds on ¢? expectation values as well as on
expectation values of higher-spin currents, J__ _. For the latter we arrive at a lower bound
morally similar to (1)

N

(5+)n/2—1(5—)n/2—1+5 ’

(gemear) > — 2
with dependence on the smearing lengths, 6%, fixed by engineering dimension and the trans-
formation of J____ under boosts. Here s € 2N is the spin. This bound implies the “higher-spin
ANEC" [3], as we will show later in the paper.

In regards to the relevance of these bounds in semi-classical gravity it is necessary for us
to move away from Minkowski space. While we do not attempt to implement the DSNEC
in a full semi-classical setting, as a first step we will rephrase our bound in the context of
an absolute inequality that does not make use of a reference state (such as the Minkowski
vacuum). In particular we show that a general world-volume inequality proven by Fewster
and Smith [4] implies the DSNEC for massless fields in Minkowski space. This world-volume
inequality provides a blueprint for the future incorporation of curvature effects.

All of the above bounds will make use of a fixed momentum space reference frame. As a
final result of this paper we will show how to use this ambiguity to our advantage by varying the
bound over choices of reference frame. To be specific about the scope of this optimization, we
vary over boosts acting on the domain of positive frequencies. The result of this optimization is
a lower bound with restored Lorentz covariance and with unexpected, non-linear, dependence
on the smearing functions, seen in equation (129). We will show that in even dimensions we
can cast this bound in a simple (though still non-linear) form in position space (138).

A brief summary of the organization of this paper is as follows. Below we remark on pre-
vious work in the realm of null energy bounds in quantum field theory and will also fix our
conventions. In section 2 we discuss renormalization schemes in quantum field theory, in-
cluding normal ordering (in the context of Minkowski space) and Hadamard renormalization.
In section 3 we discuss bounding smeared operators in Minkowski space; in this section we
will derive the precise form of the DSNEC (section 3.2), bounds on qbz (section 3.3), and on
higher-spin currents (section 3.4). Afterwards, in section 4, we will recast the DSNEC in the
context of an absolute quantum energy inequality. After a brief introduction of the relevant
technology (section 4.1) we will rederive the massless DSNEC and discuss massive corrections
to the bound (section 4.3). Following that, in section 5 we perform the optimization over
boosted domains and discuss the form of the lower bound we find. Lastly, in the discussion,
section 6, we will discuss our results in the context of field theory and in semi-classical gravity
and what open questions remain at this stage.

Relation to previous work.

Ford [5] was the first to introduce bounds on the averaged renormalized energy density and
flux of quantum fields now known as Quantum Energy Inequalities (QEIs). QEIs generally
express restrictions in duration and magnitude of negative energies in the context of quantum
field theory.

Since then, there has been much progress proving QEIs for a variety of fields on flat and
curved spacetimes (see [6] and [7] for recent reviews). Most of these results are for averages
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over timelike curves. Here, we focus on progress on bounds over null geodesics.

* ANEC: The averaged null energy condition (ANEC) states that the integral of the null
energy (classical or quantum) over an entire null (achronal) geodesic is non-negative

f dA(T__)=>0. (3)

—0Q

The ANEC has been proven for flat [8] and curved spacetimes [9] for free fields using
QEIs and in Minkowski spacetime for interacting fields using general quantum informa-
tion bounds [10] and causality [3]. It also follows from the quantum null energy condi-
tion (QNEC) [11], discussed below, using holography [12], and from the monotonicity
of relative entropy [13], just to mention a few results. In section 3.2 we show that the
ANEC follows from the DSNEC. There are no known counterexamples to self-consistent
achronal ANEC in the semi-classical regime.

* Null QEIs: The first null QEIs bounds were obtained in two spacetime dimensions, start-
ing with Flanagan [14] for free fields in flat and curved spacetimes. Fewster and Hol-
lands [15] proved a null QEI for classes of interacting conformal field theories (CFTs), a
result recently generalized to curved spacetimes [16].

In four spacetime dimensions the situation is very different. Fewster and Roman [17]
showed using an explicit counterexample that finite lower bounds of null QEIs do not
exist. In their work they used a sequence of vacuum-plus—two—particle states. As the
three-momenta of the excited modes become more and more parallel to the spatial part
of the null vector tangent to the geodesic, the bound diverges to negative infinity.

To circumvent that problem, Freivogel and Krommydas [2] suggested the SNEC

+00 +00
J dAg*(AT__) > —g—BJ dA (g/(k))z > 4
N J—-oco

—0Q0

where g(A) is a differentiable ‘smearing function’ that controls the region where the
null energy is averaged, B is an unknown dimensionless constant and Gy is the Newton
constant. When gravity is coupled to such theories, the renormalized Gy to 1-loop order
is Gy ~ Z’LI,T,Z /N where £y is the UV cutoff of the theory and N the number of fields.
The presence of the UV cutoff ensures that the bound remains finite in cases such as the
Fewster-Roman counterexample. The SNEC has been proven for free fields in Minkowski
spacetime [1] but such a proof cannot easily be generalized for interacting fields and
spacetimes with curvature. Additionally the bound diverges when the UV cutoff is taken
to zero. We comment on the relationship between DSNEC and SNEC in Appendix B.

* QNEC: The Quantum Null Energy Condition (QNEC) [18] is an extension of the NEC
to a local lower bound on the null stress tensor valid in generic quantum field theories
in Minkowski space-time [11,19,20]. The QNEC bounds a state’s null energy at a point
by the second variation of the entanglement entropy of the state reduced on a portion
of a null hypersurface with respect to infinitesimal null-deformations of its entangling

surface: 1
1
(T—) 25— Senc> (5)
where a is the induced area element on the entangling surface at the given point. In
this sense, the QNEC is a state dependent bound of an entirely different character than
discussed in section 2 since the right-hand side cannot be written as the expectation

value of an operator.
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* Singularity theorems: The Penrose singularity theorem [21] proves null geodesic in-
completeness using as an assumption the NEC thus it is inapplicable in semiclassical
gravity. Efforts to weaken the energy condition required in the theorem started with the
works of Tipler [22] and Borde [23]. Fewster and Galloway [24] and more recently Few-
ster and Kontou [25] proved singularity theorems with conditions inspired by QEIs. The
first semiclassical singularity theorem for timelike geodesic incompleteness was recently
proven [26] and the required initial contraction estimated for cosmological spacetimes.
An analogous theorem for null geodesic incompleteness was proven using SNEC as an
assumption [16]. While we do not prove a singularity theorem in this work, the deriva-
tion of DSNEC is partly inspired by the need to have a semiclassical replacement of the
NEC as an assumption to singularity theorems.

* QFC: A different approach is the Quantum Focusing Conjecture (QFC) [18] which pro-
vides an elegant proposal for how to generalize singularity theorems to semi-classical
gravity by promoting the classical expansion to a quantum expansion. It depends both
on null variations of the geometric area element and the outer entanglement entropy.
Thus it has a state-dependence of a similar character to the QNEC and in fact the QNEC
follows as a consequence of the QFC. This poses the following issue with the QFC: the
initial condition needed to prove a singularity theorem is the non-positive quantum ex-
pansion on some surface. However, it is not clear that the quantum expansion is an
observable quantity (again, since the entanglement entropy cannot be written as the
expectation value of an operator). Our approach is complementary to the QFC and ap-
propriate for proving singularity theorems from purely geometric aspects of the initial
surface.

Conventions

Unless otherwise specified, we work in n spacetime dimensions, assume i = ¢ = 1 and use
metric signature (+,—,...,—). While we will make statements involving general metrics, Euv>
we will perform concrete calculations primarily in Minkowski space. When considering null
subspaces we will denote, w.l.0.g., null coordinates’ x* = t = x! and transverse coordinates,
y=(x2...,x"):
n n
ds?=dt?> = (dx') = dx*dx™— > (dy")* (6)
i=1 a=2
Null derivatives will be denoted as d, := %(@ + J;). In momentum space this implies the
following notation k. := %(ko + k;); the inner product with coordinates remains unchanged,
kyxt =kot+kpx' =k xt +k_x" +k.y.
For the Fourier transform we use the following convention

fk) = f d"x f (x)e** = f dtdxd" 2y f(x)ek~ 7)
Rn

Finally, for future reference, we define f, 5, the square-root of a normalized Gaussian with unit
variance:

1 2
frg(s) = We_s /4. (8)

!Note importantly a discrepancy in integration measures dtdx® = %dx*dx’. In the interest of compari-
son to previous results and to be clear on this front, we will always denote integrations with respect to null-
coordinates by d%x* := dx*dx~. Similarly integrations in momentum space will follow a similar notation:
d?k, :=dk, dk_= %dkodkl.
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2 Renormalization in quantum field theory

We consider the massive minimally coupled classical scalar field ¢ with field equation
(O, +m*)¢ =0, 9

where m has dimensions of inverse length. The Lagrangian is

191 = (Vo) —m*9?). a0

Varying the action with respect to the metric gives the stress-energy tensor

1 1
Tuv:vud)vvd)_gg,uvglpvld)qus + Eng;w- (11)
After quantization, our main object of interest is the two point function,

Wy (3, x7) = ()P (x )y, (12)

where 1) is a quantum state of interest. The class of states we consider in this paper are the
Hadamard states [27] whose two point-functions have well-known singularity structures.

We renormalize the stress-energy tensor following the prescription of Hollands and Wald
[28,29]. In these works they present the axioms that express the desired properties of lo-
cal time-ordered products of fields. Those properties include locality, continuity, analyticity,
symmetry of the factors and unitarity. The procedure described below defines a renormalized
stress-tensor that obeys these properties up to finite renormalization freedoms.

First let’s define the point-split stress-energy operator

. ’ 1 / / 1
’H‘;pift(x, x) = V‘(j‘) ® V(;f ) _ ngz(x, x) g (x, x’)V;x) ® V;’f )4 Engwf(x, xN1e1, (13)

where g,,/(x,x") = 8up(x) &P, (x, x') is the parallel propagator implementing parallel trans-
port of vectors along the unique geodesic connecting x and x’ (we assume the points are close
enough to be in a geodesic convex neighborhood). That is, if V is a tangent vector on x’, then
the vector at x after parallel transport along the geodesic is given by

VH(x) = g*, (e, x VY (1), (14)

which defines g“,,. Note that in the coincidence limit

xli_r)r;/g“v,(x,x’)=g“v(x’)=5’j. (15)
Then we can define
- . / li
(TSEM(X) = xl/linxgv” (x, X')T;Pv}t o (Wy, —Hy)(x,x"), (16)

where “o" denotes the action of the differential operator T on the bi-distribution Wy —Hpy-
H(y are terms up to order k of the Hadamard parametrix, a bi-distribution that encodes the
singularity structure of the two-point function of Hadamard states, expressed as an infinite se-
ries [30]. As an example to keep in mind, for the massless free scalar the Hadamard parametrix
coincides with the Minkowski vacuum two-point function. We are being schematic now but
we will discuss this parametrix in more detail in section 4 where its details are more relevant.

If v is Hadamard then any open globally hyperbolic subset of the manifold is also con-
sidered as a spacetime. Then we have W, —H(y) € C? for k large enough in any globally

6


https://scipost.org
https://scipost.org/SciPostPhys.14.2.024

Scil SciPost Phys. 14, 024 (2023)

hyperbolic convex normal neighbourhood. We should note that every point x on the manifold
has such a neighbourhood called an ultra-regular domain [4].

Then Tipift o(W —Hy)(x, x") is defined and continuous along coincident points. As a bit
of short-hand for the future, we will denote the coincident limit of a generic bi-distribution,

B(x,x"), as

[B](x)= lim B(x,x"). 17)

By (T°") we denote the expectation value of the renormalized stress-energy tensor follow-
ing the axioms of [28,29]. The difference of (Tﬁl) between two Hadamard states 1) and v

is smooth at the coincident limit x — x’

(o) = (T2 o = [ 80" T 0 Wy =Wy ) ] (18)
where _
(T () = (T = Q(x) gy (x) + Cpy (). (19)

The definition includes the remaining finite renormalization freedom which takes the form
of a state-independent conserved local curvature term C,,, that vanishes in Minkowski space.
Here Q is a term introduced by Wald [31] to preserve the conservation of the stress-energy
tensor.

In Minkowski space we have a distinguished state, the Minkowski vacuum, annihilated
by the generators of the Poincaré group. We will always denote this state by Q. This defines
a canonical renormalization scheme via subtraction by the Minkowski vacuum, i.e. normal
ordering. We will denote it by : : as is customary

(Tovidy =& TP o Wy —We) || (20)

We will extend this definition to a general operator statement:
:0:=0—-(0)q. (21)

The Hadamard series coincides with the singularity structure of the Minkowski vacuum and
so in Minkowski space

(:Tyyi)y = (Tﬁi‘)w (22)
as local operators. Additionally :T__: coincides with T'®" in Minkowski space since terms
proportional to the metric are killed by contraction with null vectors (these operators do not
have to coincide however for the energy density). When it is clear by context that we are
working in Minkowski space (for example in the next section) we will drop the : : from T},
with it being clear the renormalization scheme being used.

Because of the subtraction of divergences, operators that are classically positive can acquire
negative quantum expectation values after renormalization. It is the goal of this paper to
diagnose the magnitude of this negative expectation value in the form of a lower bound, or a
quantum inequality. The most general form of a quantum inequality that bounds O is

(O(f e = —(2(f ), (23)

where f is a non-negative smearing function on spacetime. In general the operator Q(f) could
be an unbounded operator.

We call difference QEIs the ones where we bound the smooth difference between the ex-
pectation values of two Hadamard states

(O(f e —(O(f Ny, = —(Qy,(fw- (24)
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In that case the bound can depend on both the reference state ¥, and the state of interest
U. If instead we renormalize using the Hadamard parametrix the QEI is called absolute. If
the reference state is the massless Minkowski vacuum the two kinds coincide. If the bound
depends on W then it is a state dependent bound. The bounds of interest in this paper are state
independent and take the form

(O e = (O(f ), = —Qq,(f). (25)

3 Derivation of a general Minkowski bound

In this section we derive a quantum energy inequality for Minkowski spacetime over a general
domain. We want to bound smeared quantities of the form

Apo = f dPx g(x)*(: O(x)* :)y (26)
P

1

where ¥, is a p-dimensional time-like subspace of RL"1, We will only consider time-like
subspaces in this paper as it is expected that if %, is a space-like subspace then the right hand
side of any prospective bound will diverge leaving the bound trivial. We will additionally as-
sume from here on that %, is flat and translationally invariant such that fields admit a (partial)
Fourier transform along ¥, and denote the space of these momenta as f]p. Using this partial
Fourier transform we can fictitiously “point-split" the operators:

_ | 4
AOO - fjp (ZTE)p

We emphasize that at this point both terms in (27) possess contact singularities: indeed (27)
is still exactly equal to (26) as the momentum integration simply induces a delta-function. It
is the difference of the two terms that is finite. Now we make the main assumption

f dPxdPx’ e g (x)g(x") ((0(x)O(x))y — (O()O(x))q) . (27)
Z:P

Assumption 1: The commutator of O with itself is a c-number:
[0(t,%),0(0,0)] o< 1, (28)

where 1 is the identity operator on the Hilbert space.

This assumption is certainly satisfied when O is a free field or derivative there-of. More gen-
erally Assumption 1 is very constraining and as explained in Appendix A, it is likely that this
assumption is only satisfied by generalized free fields, i.e. operators whose higher-point func-
tions can be evaluated via Wick contractions.? We pause to note that while for most of this
paper we will focus on free theories, the construction in this section and the bound (36) are
valid e.g. for interacting theories with some large N parameter that suppresses non-Wick terms
in O higher-point functions by powers of 1/N, in the N — oo limit. As a word of caution,
however, the bounds we are able to derive for generalized free field theories apply to operators
that are quadratic in the generalized free field itself or derivatives of the generalized free field.
This does not include the stress tensor unless the field is exactly free.

Under Assumption 1 the difference appearing in the integrand of (27) is symmetric under
x < x’ and we can then restrict the k integration to a half-space,®> D flp. Importantly, the

2We thank Tarek Anous and Mert Besken for a discussion on this point.
3That is, under the parity map P : k — —k on flp, D is such that flp =D UP(D).

8
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first term of (27) is a positive-definite regardless of the choice of domain as it can be written
as the inner product

p .
J é—nfp<0g@wl0g<m>, 05(E)) 1= J xS g(NO)Y).  (29)
D

Thus if we are interested in bounding A, from below, it suffices to focus on the second term

Apo = —QpplD], Quol[D]= ZJD 2n

dpg / N IE(x—x" /
J dPxdPx’ g(x)g(x" e O(x)O(x"))q .
¥ U,

(30)
It is worth clarifying the previous step, the role of D in (30), and why (30) is finite when
both terms in (27) were individually divergent: because of the structure of divergences of
Hadamard states any potential contact divergences are exactly cancelled in the difference in
(27). To this finite expression we restrict the momentum integration to D; both terms in the
integrand are now finite and we drop the obviously positive terms. As a result of restriction
of momentum integration to D, the & integral is now prohibited from reproducing a delta
function &P(x — x’); this changes the “fictitious point splitting" in (27) to an effective point
splitting, softening the contact divergences in (30) (we will soon see an explicit example il-
lustrating this) and allowing us to write non-trivial lower bounds. After dropping the first,
positive, term we are not allowed to reverse the logic and “re-extend" D to a full momentum
integration and potentially rediscover contact singularities: the integrand of (30) is no longer
symmetric under x « x’ because the commutator of O(x) and O(x’) is generically not zero.
Within the regime of validity of our main assumption, (30) is otherwise fairly general and valid
for arbitrary dimensions, masses, etc. If one knows the vacuum 2-point function in position
space, one can pick a domain D and just integrate.

Let us illustrate this logic with a simple choice of domain that we call the canonical domain; it
is given by the half-space of positive frequencies in 2,

Dy:={£€%,|& =0}, (31)
for which the bounds take the general form
6P~ (% —X')

Dyl=2| dPxdPx’ ok
QoolDo] L xdPx" g(x)g(x ) ——

(O(x)O(x"))q - (32)

p
As we see, the contact divergence in the two-point function (O(x)O(x’))q is softened by the
kernel i(t —t’ 4+ ie)* which effectively point-splits it.

When p > 2, we also have a family of bounds obtained by boosting D, in (w.1.0.g) the (£°,&!)
plane by a parameter 1 € R:

D, := {EefIPI«En =eE, +e E_>0}. (33)
It is clear that when p > 2 that D, is a special case of D,, with n = 0.

In general a choice of domain D breaks any subgroup, ng C SO(1,n—1), of Lorentz invari-

ance originally possessed by f]p and so, unsurprisingly, (30) will depend on a fixed reference
frame. However since (30) applies, at least in principle, for any domain, D, we are free to
optimize over choices of D,

App = —mDin QoolD], (34)

9
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and we expect this minimization to restore covariance under Hip.df In practice, however, this
is somewhat unwieldy minimization; in this paper we will content ourselves with varying over
the much smaller family of boosted domains, D,, as this provides a controlled one-parameter
minimization over n € R. The minimization over D, will likely not provide the tightest bound,
but will restore covariance under boosts in the (ky, k1) plane. In general this will not restore
the full Hs covariance (since this subgroup could consist of boosts in multiple directions plus
rotations in the internal space) but for the two-dimensional time-like domains we primarily
consider in this paper, this boost minimization will restore covariance.

Generally, the position space correlators are not simple objects to work with (e.g. in mas-
sive theories). It will be convenient for us to express the above entirely in the Fourier space,
f}p. Translational invariance of the vacuum implies

(OO ) := 2r)P 62 (k + k" )Goo (K, (35)

for some Gyn. We then obtain

QoolD]=2 (2 )pl gk )IZJ any Cootk=8)- (36)

Note the difference in integration regions between & and k. We have written this formula in a
convenient and general form; below we apply it to some specific situations.

3.1 Two-dimensional smeared null-energy

To begin let’s apply the bound (36) to the null-energy of a two-dimensional massive scalar
smeared over spacetime (i.e. we will take X, = RY1). Indeed, T__ can be written in the form
: 00 .,

T (x",x)=:9_¢2 ¢ : (x",x7), (37)
and so identifying
2
Gaga. ¢(k)——k o(k)(2m)5 (k+ i ) (38)
we have ) -~
d“Es di_ . .. 2
Qr [D]=2 lgk)P| . (39)
More specifically, we can investigate Qr__[D, ] for the boosted domains, (33):
d?k, d¢_ m?
D, ]1=2 k)2 k. —e M7 —eh—
Qr [D,] (Zn)zjo S (O e( e~ (40)

where k, = ek, + e "k_. Doing the linear {_ integral between the endpoints of Heaviside

domain, 2 5e’ (k + 1/kz —mz) we find

d?k
QT__[DHJ—— Gn ;|g(ki)|2 ny/ K2 —m26(k, —m), (41)

*The argument is the following: any D,,, found through a variational principle will be stationary under in-
finitesimal changes of frame. This includes infinitesimal H 5, transformations.
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leading to a bound”®

d?k
Jdzx*g(x*)2<T__(xi)>(2d)> nelﬁ— e 80Ky fRE —m2O(ky —m). | (43)

3.2 Double smeared null energy in higher dimensions

We now look to apply (36) to the null-energy smeared in two null directions in di-
mensions n > 3 in what was coined the DSNE in [1]. Since we are interested
smearing in x* the relevant domain, %,, is the (x,x™) plane defined by the level-set
%, ={(x",x7;¥*=0)|a =2,...,n—1}. The “partial Fourier transform” flp is then spanned
by two momenta, k*.

To be specific we will continue to work with a free massive scalar field. The relevant

momentum space correlator is
(0_p ks, ko, ¥ = 0)a_¢ (K}, k', = 0))q = (27m)*6*(k + k' )Gr_(K), (44)

with

Vi K24k, k_—m?)'T © (4k k_—m?)O(k.), (45)

Gr_(k)= W .

where V,_; = (27'5 B )/ 1"(“ 2) is the volume of the angular S™3. The bound on the stress
tensor is, for general mass and dimension,

f d*x*g(x)(T__(x*,§ = 0))y = —min Qr_[D], (46)
where we will write
d?ky . 9
Qr [D]= 518 (ke)["hp(ks), (47)
(2m)
so that the function hj (k) encodes the choice of reference frame:
8Vn—3 dzgﬂ:

hD(k) =

anys | @O c D)¢* (44.¢-—m?) " ©(4¢, - —m?)e() gi;kf;f)

Processing hj, a bit by changing integration variables from &, to . we find for the boosted
domain, D,,

8Vh3 dzC:l: 2 2422 2
ho, (ki) =55 525 (2 SC40,L —m) T e, ~me(C)elk, ~C,)
e 2 221
T (nﬂ ey (fcy —m=) = €k —m), (49)

where k, = ek, +e "k_. This provides a “first principles" derivation of the bound suggested
in [1] by investigating T, expectation values in squeezed states:

f d*x*g(x*)(T__(x*,§ = 0))y = —minc{” ¢ f =g (k) Pk, (k2 —m?) = ©(k, —m),
5, ne (2m)2

(50)

>This bound differs from an apparent factor of 4 from that appearing in the appendix of [1] stemming from a
difference in normalization of the Fourier transform here (equation (7)) and in [1]:

1
_gthere(k) . (42)

2 ikx 1 ikx —
ghere(k) ::jdzxek g(x): Eszxie k g(x) = 2

This factor of 4 follows all comparisons to results in [1].
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with

(n) 1
o = g (51)
(4m)=T (")

To make the matching to [1] more explicit, let us call g(x*,x™) = 6+5_]:(x+/5Jr x~/67),

where F(s*,s7) is a function of dimensionless variables dropping off quickly for |s*| > 1 and
normalized to f d?s*F(s*,s7)? = 1. Calling e = \/?e” and p, = 6*k,, and denoting
Py = ep, + e p_, the universal power-law dependence on 5§ and 6~ can be scaled out of
the integral:

d?x* Nzn[Y]
Flxt /6%, x /6 )T__(x%,7y =0 —”, 52
LZ Gro /OIS TG = Oy 2 — B (52

where

M= minel? & [ S 7o p O oo} )T 00— (53
is now a dimensionless parameter dependlng on the (dimensionless) Fourier-transformed
smearing function, F(p.) := fdzs eiPs” .7-" (s*) and the dimensionless combination of the
mass and smearing lengths, y? := 5§76~ m?. This is precisely the form of the bound proposed
in the introduction, (1), and What was referred to as the DSNEC in [1]. Note that in [1] 7 was
implicitly set to zero however we have left it as tuneable degree of freedom in our bound above.
This suggests, following the discussion at the beginning of this section, a further optimization
over 7). We will do this in section 5.

Equation (53) shows that the prefactor A, , — 0 as the mass becomes large compared to
the smearing lengths. To see this, note that as y — 00, the theta function restricts the integral
on the right side of (53) to very large p ;. (For this discussion, we can just pick any value of the
boost 7j.) Since the smearing function F(p.) must fall off at large dimensionless momenta p,
the integrand becomes small in the region of integration, so the entire expression approaches
zero as y — 00,

ANEC

Having derived the DSNEC we now take a brief opportunity to show that it implies the ANEC.
We want to take the limit 6+ — 0 and 6~ — oo while holding 576~ = a? fixed. To recover
the ANEC limit we require that the smearing function satisfies

51+1mo5hm —f(x+/5+ x /867 =A5(xT—B), (54)

where A and 8 are real numbers. An example of such a function that satisfies (54) is the
Gaussian, F(s*,s7) = f ;5(s*)f sg(s7). Then Eq.(52) becomes

o0
f dx(T__(x* = B,x",¥ =0))y > — lim Nonly] —L "5t =0. (55)
5t—0 Aqm

—0Q

We note that V, , remains fixed in this limit.

3.3 The smeared ¢ ¢ correlator

Though the main focus of this paper is on smeared null-energy, we comment on the generality
of (30) by applying to two additional situations in this section and in section 3.4. To start, we
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can posit a bound on the smeared correlator of the n-dimensional massive scalar smeared over
two null dimensions, X,:

20F J( EV2 (4200 F — > _mi
Jd x=g(x™) ¢ (x™, x7, y = 0))yy = —min Q4 [D]. (56)
We start with the “partial Fourier transform" of the vacuum correlator
(pky ko, 7 =0)p(K K., 7 = 0))q = (21)*6%(k + k)G (K'), (57)
with
Gy (k) = =12 (4k k_—m2)"7 © (4k, k_—m>)O(k,) (58)
o) 2(2m)n—3 +— +/:
Writing
d?ky 9
QpelD]= (2n)? 1§ (ks )“hp (k) (59)
then by similar techniques to the previous section, for the boosted domains, D,, we find
1 o
4 m* 1+v/1—w
hp (ki) = ———=06(k, —m)k" 2 d - 1 —_— ], 60
Dn( +) (471:)"/2 ( n m) n fmz/k% W(W kz) og(l_ 1_W) (60)

where we changed variables tow =4, {_/ k%. When the field is massless, the dependence on
k, is completely power-law and the integral can be evaluated when exactly for n > 3 (when
n = 2 the integral diverges leaving the bound trivial). The end result is

() d 2 7.n—2
2= Iggﬂg} ¢¢f(2 )2| gk )"k 0(k,), | (6D

J d*x* g(x*)(p*(x*,7 = 0))y
%,

with

(n) 4 (n 4) 3 62)
00T 4= \n—2) T (52)r (55)

and k, = ek, + e "k_. To our knowledge, neither this bound (or its massive counterpart,
(60)) have appeared explicitly in the literature.

3.4 Smeared higher-spin currents

As a final example, we use (30) to derive a similar double-smeared bound on null higher-spin
currents. To be specific, we will focus on the massless scalar (again in n dimensions). As is
well-known, there are a tower of even-spin conserved currents with null-components given by

J—_=0"¢3"¢: s even, (63)
up to total derivative. Given the above recipe, bounding J__ _ only amounts a modification
in the kernel G: v

G k)= —"23_k° kk_®k (k). 6
o (B = 55 K (4 k ) T Ok )e(k) (64)

By similar mathematics as above, the associated th(k) can be evaluated as

hp, (k) =

4 . i
(47’[)"/2qu dug'u'z @(C )@(u)@(k —e ”é’__enf)

——eﬁn S s 1"(5%2) 5+n—2
254(4m)n/2s ezd:d(ﬁ)r(f—ﬂ ey 0 ky), (65)

2
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leading to a bound of the following form

ner *

2
Pt g T (5,71 =)y = —mine® [ L5 pqopen ek, | (66)
, v (2m) n "

with

s—1 T k+2
cm = v Z (5)(_2) (67)

T 2iany s R \kJT (K1)
and again, k, = ek, +e Tk_.
Higher Spin ANEC
We can put (66) in a similar form to that of the DSNEC by again defining the smearing lengths
explictly in our smearing function,

g(x*,x) = \/%f(f/é*,x‘w‘), 68)

for some dimensionless smooth function F(s*,s™) dropping off quickly for |s*| > 1. Rescaling

our boost parameter e := v/ g—Ie” and integration variable p, = 5k, the bound takes the
schematic form

(69)7 (57

d?x*
J FOxt /64, x7 /6 )T _(x5,5 1 =0))y = — , (69)

6t6~

where N, , is an O(1) dimensionless factor depending on the details of the smearing function:

. d®ps o 2 _
N = min Cf,")f ﬁ N F(pL)Pp5 %0 py). (70)

Now once again we can let F(s*,s7) = f ;5(s")f g(s™) factorize where f /5 is the square-root
of the normalized Gaussian with unit variance, (8). We then multiply both sides of the bound
by 6~ and take the limit 57 — 0 while holding a = 615 fixed. In this limit we recover the
“higher spin ANEC" proposed by [3]

_ _ V2N,
f dx {(J_ _(x*=0,x",y, = 0))y =— lim ———= (Y)Y t=o. (71)

5+—0 o2 +s—1

4 Worldvolume QNEI

Having explained the method for deriving the DSNEC (among other bounds) as difference
inequalities in Minkowski space, we will show in this section how this bound is implied by
an existing absolute QEI [4] averaged over a spacetime worldvolume. This QEI is valid for
general curved spacetimes, however here we focus on Minkowski space. First, we will describe
the QEI in question. Then, we use it to obtain a familiar timelike averaged bound first derived
by Fewster and Roman [17] in 4 dimensions as a pedagogical example. We will then proceed
to apply the QEI to the DSNE, confirming the bounds described in Sec. 3.2.
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4.1 A general quantum null energy inequality

We start by stating the general form of the QEI of Ref. [4]:

f dvol(x)g?(x) H:D Q@ D(Wy, —H(k))]] >
b3

danr -
Lo | g, o Mg 8t (D DHG)] (<E,E),  (72)
» 2m)n

where D is a partial differential operator of order at most one with smooth real-valued coeffi-
cients. For convenience, we have introduced a notation [-]*(&;, &,) for a bi-Fourier transform
in two arguments x and x’, i.e.

[BINE, &) = J d"x d"x' ¢S B(x, x). 73)

The Hadamard bi-distribution H, expressed as an infinite series in even dimensions, is given
by [30]

r(%%) [ ulex) o (x,x)
N 2 ) / +\A /
H(x,x")= Py {o+(x,x’)”/2—1 +V(x,x)ln[ 1B :|+W(x,x)}, (74)
where £ is an arbitrary length scale, and for odd dimensions
M%) [ utex)
A 2 > /
H(x,x")= Py {a+(x,x’)“/2—1 +W(x,x )} . (75)

The bi-distributions U(x, x") and V(x, x”) are regular in the coincidence limit and can be ex-
pressed as power-series in o

U(x,x") = Z Uy (x, x")o(x, x")t, V(x,x)= Z V,(x,x") o (x, x), (76)
{=0 (=0

with symmetric coefficients calculated uniquely by requiring that H obeys the field equation
(9) at each order with the appropriate boundary conditions [30]. In contrast,

W(x,x)= ZWg(x,x’)o(x,x’)l (77)
(=0

are not uniquely specified as Wy(x) is undetermined. This coefficient depends on the state
of the quantum field and once it is fixed the W,’s can also be determined using the recursion
relations derived from the field equation.

We will specify the order of the Hadamard series using the following convention: by H;
we denote the term of order® o while by H; all the terms up to order k. In Ref. [4], it was
required that k = max{n + 3,5} for the QFEI of Eq. (72). However, in Ref. [32] it was shown
that only k = 2 are needed for a first order differential operator.

We define

Hx,x') = %[H(x,x’) +H(x,x) +E(x, x)], 78)

where E(x, x”) is the antisymmetric part of the two-point function.

By convention terms of the form log o are order zero.
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The function o is the squared invariant length of the geodesic between x and x’, negative
for timelike separation. In flat space

o(x,x") = —=n,,(x = xW(x—x)", (79)

where 7,,, is the Minkowski metric. By F(o ), for some distribution F, we mean the distribu-
tional limit

F(o,)= lirg+ F(o.), (80)
where
o (x,x")=o(x,x") + 2ie(t(x)—t(x)) + €. (81)

Following Ref. [4] and [33] we define a small sampling domain. A small sampling domain
Y} is defined to be an open subset of (M, g) that (i) is contained in a globally hyperbolic convex
normal neighbourhood of M, (ii) may be covered by a single hyperbolic coordinate chart {x"},
which requires that 3/3x° is future pointing and timelike and that there exists a constant
¢ > 0 such that

(82)

holds for the components of every causal covector, u, at each point of . That statement
means that the coordinate speed of light is bounded. Now we may express the hyperbolic
chart {x*} by map x : & — R, where, x(p) = (x°(p), x(p),...,x"1(p)). Any function g
on % determines a function g, = go k! on %, = k(). In particular, the inclusion map
t : ¥ — M induces a smooth map ¢, : £, — M. We have ¥ : £ x ¥ — M x M the map
B(x,x") = (L ®1)(x,x’). Here h = 1*g is a Lorentzian metric on X and h,. is the determinant
of the matrix xk*h. Then the bundle N'* of non-zero future pointing null covectors on (M, g)
pulls back under ¢,. so that

UNT CE %D, (83)

where D C R" is the set of all u, that satisfy Eq. (82). As in Minkowski space there is some
freedom in choosing D. One example of appropriate D is D, which is the set of all u, with
uy > 0 so it is a proper subset of the upper half space R* x R*L.

To conclude the introduction of this general QEI we should note that it is not covariant
in full generality because it depends on the coordinates used and the choice of tetrad near
Y. Ref. [4] following methods of [34] showed that covariance can be restored by picking the
right set of coordinates. In particular with a choice of Fermi normal coordinates the bound
was shown to be locally covariant.

Now we state a specific example of the QEI of Eq. (72) where the differential operator
D = ("V,, where (" is a future pointing null vector, thus the quantity bounded is the null
energy. The bound has the form

J dvolgz(x)(T;inﬁ“B My =
M

d"g 1/4 1/4 v % A
-2 L e sl g @ Vg (9, 8 09, Hy ) ] (6,0

+J dvolg(x)? Cuthe”. (84)
M

From this inequality one can calculate the bound for general curved spacetimes in a pertur-
bative way. By perturbative here we mean up to a certain order in the curvature components
and their derivatives.

16


https://scipost.org
https://scipost.org/SciPostPhys.14.2.024

Scil SciPost Phys. 14, 024 (2023)

A similar calculation was performed in [32] for the energy density in n = 4 dimensions
and it included the computation of the Hadamard coefficients in ﬁ(z)- If additionally one
requires that the curvature components and their derivatives are finite (but not necessarily
small) the bound can be written as a sum of integrals of the smearing function with constant
coefficients. For example, one such additional term that appears in the energy density bound
is (schematically)

Jdtf(t)z(ngn)wZ...—Rmaxjf’(t)zdt+..., where |R,,| < Ry, (85)

in a Fermi-Walker coordinate system [32]. Then the derivation of DSNEC for curved spacetimes
can follow the procedure described in the following subsections for Minkowski spacetime.

Massless fields

Let us first discuss the bound for massless fields in Minkowski space for which Eq. (84) becomes

d"&
p (2m)n

/ ~ A
f dvolg (x 2 (TIeReH %) > —2 [((gt"v, @ gtV ) | (-6,8),  (86)
M

where only the most singular term of (74)-(75) is relevant:

—2
r(%=%) 1
4n/2 O'+(x,x’)”/2_1 '

H_n/2+1(X,X/) :H_n/2+1(X,X/) = (87)

Since we are in Minkowski space the timelike curve can be parametrized by t. Then we can
define At=t—t'and AX =X—X'

1 ()

Honj22 00, x7) = (AL _axpyT (88)
To proceed we pick the direction (—) for the null vector {# defined by x~ = t — x while
x* =t+x. Then )
thg, =0_= 5@ =0y, (89)
and (_1)11/2—11—- (n_—Z)
H—n/2+1(X,x/) = 2 (90)

4m/2(Ax—Axt —2ie At — Ay?2)n/2-1’
where we remind the reader that y denotes the transverse spatial dimensions. Applying the
derivatives gives

(D" ("3?) (Ax*)?

w v 3 N —
() O i (X, X ) = A AT — 2ie At — Ay 2y

(91)
So we have

f dvolg(x)*(T"), >
M

DY (%2) [ dne , (AxH)? !
- 2R J p 2m)" [g(x)g(x )(Ax—Ax+ —2ie At — Ay2)n/2+1 ] (=£.9).
(92)
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Massive fields

For massive fields there are additional singular terms in the Hadamard parametrix that are
relevant for the renormalization of the stress tensor. The details of these terms are dimension
dependent and are fixed requiring the expansion (76) to satisfy the massive field equation at
each order. Likewise the number of terms relevant for renormalizing the stress tensor is dimen-
sion dependent. In particular, following the standard Hadamard renormalization prescription
of subtracting only the singular terms (what one might regard as a minimal subtraction scheme)
only a finite number of coefficients U, and V, are relevant. We emphasize that in Minkowski
space this is, in principle, a different scheme than normal ordering: since the Minkowski two-
point function is typically a transcendental function of the mass, subtraction by the vacuum
expectation value is a subtraction in all orders of m?. Since these two schemes differ only by
terms vanishing in the coincident limit they yield the same local operator, T'*", however for
the derivation of a lower bound we will find different results. To see this, in section 4.3 we
will construct the corresponding lower bound implied by (84) for the 4d massive scalar and
discuss it in comparison to the Minkowski difference inequality (50).

4.2 Timelike smearing

As a brief check on the content of (92), let us reproduce the time-like null-energy bound in
4d first derived in [17]; this will also provide a blue-print calculation for the double smeared
quantities to follow. To implement a worldline smearing we will take

g(t,%)* = go(£)*8°(%). (93)

To take the “square-root” of the delta function, we will regard it is as the limit of a sharply-

peaked Gaussian, i.e.

22

oy 1 1 _2
g(6,x) = él%go(t)we 40 (94)
where its Fourier transform is given by

g(w,ié) = gi_r% go(w)03/2n3/429/4e_02_’22 . (95)

From Eq. (92) for n = 4, The bound on the time-like smeared null-energy then is

f dego(£)* (T (6))y =
03292 [ 4% [ do do’ [ d%k d3k 4y g g0t
cr—>0 /2 |, 2n)* ) (2n)(2n) ) (2n)3 (2n)3
. 2
eiwt+iw’t’eik5€+ik’ —lEAng(w)gO(w ) (AX+) (96)

(Ax—Axt —2ieAt —Ay2)3"

We will shift the x integral to s = Ax = x — x’. The x’ integral yields the delta functions
(2m)*5 (w + w")83(k + k), which we then collapse and perform the Gaussian integration over
k:

1 d*&
dtgo(t)* (T (¢ > —lim — 2
J go(OHTIE(D)y = —lim — @y (2 )I &o(w)|
eos—ifs — (s)?
d4 iwsy—i&s -2 ) 97
XJ s¢ ¢’ (s—s+—2ieso—s}2,)3 ©7)
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We now make a spec1ﬁc choice of smooth sampling domain, namely D, = {£§, = 0}. The
integration over E then introduces (27)363(5) which, upon collapsing, leaves the o — 0 limit
safe:

fdtgo(rP(Tfeﬂ(r) > L f ) f 22 ol f dsg el @ . (99

Using the general result

o0
plws 2nelp7't/2

li ds WPt R

E%J_m G-ty 1 O O»  PER o2
and writing { = w — &, we have

“de 1 dew
dt tZTrent >__ hathad 2 o3 habad 2 4
J golH(T™(0)) J e )|JO o 24n2f0 “lgo(e)Po
(100)

Using gg(w) = iwgy(w) and Parseval’s theorem

f 22 gy )P = f e () = f g = f degy(t?, (0D
0 n 0 —00 4 —00

we arrive at a nice representation in position space, matching the result of [4]

(-8 (%
| avserrman, = -E52E | agar, (102)

where (_- 3, =1,,(3_)*(3,)" = 3.

4.3 Double null smearing

Now we want to apply the worldvolume QEI, (92), to the main object of interest, the DSNE,
in n spacetime dimensions. To do so we write the smearing function as

gxt,x7,7)? =glxt,x7)?6" (), (103)

and so
1

—|7?/40*
O—(n—2)/2(2n)(n—2)/4e : (104)

glx™,x7,y) = lim g(x*,x7)
o—

Then the bound of (92) can be written as

F(@)ZSn/Zo.n—z dng
2.+ +12 /pren > 14 2
Jd x*g(x¥)HTED)y = lim (—1)"/2x , (2m)n

d?k,d?K’ dn- 2k dn— zk, ) y
f (2i g Sk kg KD) f NPT RiURAET

d"xd"x! kX HK X g8 (x—x) (Ax7)” (105)
(Ax—Ax+—2ie At — Ay2)n/2+1"

A calculation following a wholly similar logic as section 4.2 (we refer the reader interested in
following the details to look there) leads to

n+2 dz d2k
szxig(xi)2<Tfe_“)w > = 1)”/2nn/2f (2:;[(2 )izl gk, k)|?

2% i(k—E)ys*
X J d“s™e (s+—le)"/2—1(s——ie)”/2+1 . (106)
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Utilizing (99) we arrive at

8 e, [ dke
/22T (HT—Z) p (2m)2 | (2m)?

x(ky — &) 20k, —E ) (k- —E_)*O(k_—E_).
(107)

f a2t g (T, HONS

Up to now we have been fairly agnostic about the domain, D, beyond that it satisfies the
criteria of a small sampling domain. The freedom to choose this domain is very much
analogous to the choice of domain we encountered in the difference inequalities in section
3. In principle this freedom of a small sampling domain is a parameter that can be opti-
mized, however, much like in section 3 we restrict our focus to boosted domains of the form
D, :={&, =e"&, +e "&_ >0} and optimizing over n € R.

Defining variables {+ = ks — &+ (with the constraint k,, — {,, = 0 due to the domain D,))

2 d?k,
mn/2r (552) ) (2m)?

ek, e_”kn—e_ZT’ -
f dé'_f dZL ()22 () e(k,).
0 0

|&(ky, kP

fdzx*g(x*)zmef)w >

(108)
The . integrals then give the final expression
2n d?k
a2 g (xt, x TN, > - 2 13k, kPRI O(K,),
J L WA CZ0 R
(109)

with k, = ek, + e "k_. This is the same expression as the one derived in Sec. 3.2 (in the
massless limit).

Including a mass
We can compute the mass corrections, in 4d, to the massless bound, (109), by using the expan-

sion of the Hadamard parametrix. The relevant terms for the 4d massive scalar in Minkowski
spacetime are given by

H(l)(xs X/) = H—l(xa X/) +HO(X) X/) + Hl(x’ x/), (110)
where

~ 1 1

H (x,x") = H_(x,x)=— ,
i ) 1 ) 412 (Ax—Axt —2ieAt—Ay?)
. v
Hy(x,x") = Hy(x,x") =—4—021n((Ax_Ax+—2ieAt—Ay2)/£2),
T

H(x,x") = Hl(x,x/)=—%(AX_AXJ’—Ayz)ln((Ax_Ax+—2ieAt—Ay2)/£2),
T
(111)

with coefficients” [30]
1, 1

Vo :_Zm , Vv = 3—2m . (112)

"These coefficients differ slightly from [30] due to a difference in definition in o(x, x’).
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Higher order terms vanish in the coincidence limit. Applying the derivatives gives
. (AxT)?
2.)(@)HH 1 (x,x) =
(6-)(02)Hay( ) 2m2(Ax— Axt —2ie At — Ay2)3
m2(Ax™)? m*(Ax*)?
+ . + : :
16m2(Ax—Ax*T —2ie At —Ay2)2  12872(Ax—Axt —2ie At —Ay2)

Tracking the terms through the calculation of the previous section we arrive, intermediately,

at
_ 4 dzii d? ky Sy
2.+ + 2 _ 2 2.t i(k—&)x
Jd x* gt x I 2 —— JD G | Gy B kP | dPsteltds
n

(113)

y { 1 cm_ 1 m_“L}
(st—ie)(s——ie)> 8 (s——ie)?2 64 (s——ie)

d¢, d?ky 9
>—8 (27'[)2 (27_[)2 |g(k+’ k—)l e(kn - z:n)

TTl2 m4
x {Cf O(¢-)e(g4)——-0(6,)e-6(C-) + 3—25'(C+)@(C_)} , (14

where in the second line we changed variables to {, = k, — &, and incorporated the boosted
domain, D, into an appropriate theta function. From here the . integrals are simple to do

(noting that a%@(kn —¢y)=—e"0(k,—C,))
d?k,.
(2m)?

1§ (k. k) (k4 2k2 + 2m )e(kn).
(115)
We note that this is a different lower bound for massive fields than what we found by direct
construction in Minkowski space, (50). As discussed at the end of section 4.1, this is some-
what expected since Hadamard renormalization only subtracts a finite number of singular
terms while normal ordering subtracts an expectation value containing all orders in a mass
expansion. To check this intuition we can compare (115) to a perturbative expansion of (50)

dzx:tg(x+’ x—)2<Tren> > _& dzki |g(k+; k_)|2 {(k4 _ Ekz mZ + §m4) @(k )
— =" g2 (27)2 no9M 8 N

2 3 4
4 m- ., m- ., m- .,
+kn (—m5(kn)+75 (kn)—?(‘i (k"l)+2_45 (kn))'i'}

a2k,
6n2 (27)>

dzxig(xJ’, X—)Z(-Tren)w > _&
__ 6m2

3 3
|&%kJF{O%—E@nF+§mﬁ®&ﬂ+”},
(116)

where the second line, coming from expanding ©(k, — m), vanishes up to order m*. This
expansion matches (115) up to the “...” indicating higher order mass terms. Note that while
the coefficients of the mass terms can come with either sign, the general expectation is that
full difference inequality (50) is a qualitatively stronger lower bound than (115). Indeed it
was shown in [1] that for Gaussian smearing functions of smearing lengths §*, that at large
mass the integral in (50) can be evaluated at saddle-point and is exponentially suppressed in
m26*5~ making the bound very tight. This is contrast to (115), which gets weaker as the
mass increases.

To illustrate that fact we write the bound as a function of y := (616 m

(4)

2)1/2

J‘dzxig(x*)z(TET)ﬂ,z ——AQy), (117)

5+(5 )3
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: 14

0.0 0.5 1.0 1.5 2.0

Figure 1: In blue is the difference inequality, (50), which displays exponential damp-
ing in y2. In orange is the absolute inequality, (115), which increases (i.e. becomes
weaker) for large masses. This plot was made using square-root Gaussian smearing func-
tions, (8), glx*,x7) = 1/5;+Tf‘@(x+/(SJr)f‘@(x_/6_) and choosing the boost parameter
e =4/ 6-/6% to scale out the dependence on the smearing parameters as outlined in the
paragraph above equation (52).

and plot the two bounds as functions of y. The two plots are shown in figure 1.

5 Boost optimization of the bound

Having derived the DSNEC bounds in section 3.2 and section 4.3 we now address the issue of
Lorentz covariance, namely that our boundary involves a explicit reference frame. We remind
the reader that is related to a freedom in the choice of smooth sampling domain that we
discussed earlier.

In this section we utilize this freedom (or at least a portion of it) optimize the derived
bound over Lorentz boosts of the domain. We show in principle how this works in four space-
time dimensions where we derive an “boost-optimized" bound. More generally, however, we
show how a simple (albeit sub-optimal) Lorentz covariant bound can be derived in general
dimensions. For even spacetime dimensions, this bound can be expressed directly in position
space.

5.1 4-dimensions
We start with the expression Eq. (109) in n = 4 dimensions. Because the integrand is even®

about k, — —k,, we can extend D, to the entire R? plane at the expense of a factor of 1/2:

1 dk, dk_
1272 (2m)2

f d?xFg(x*, x )T > 1§ (ky, k_)lz(ﬂgki +4B%k3 k_
+6Bk k2 + 4k, k> + ﬁ—lki) , (118)

where 3 = e?". We will proceed by assuming that the smearing function factorizes as

18k, kPP =18, (k)P1Z- (kI (119)

8Since g is real in position space g(—k,,—k_) = g(k,,k_)".
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normalized to

dk
J—ﬂgi(kin =1. (120)

We will simplify the notation in what follows by defining moments

dk
J_iknlgﬂ:(kﬂ:)lz (ki), nez. (121)

While hidden in this notation, it is important to keep in mind that (k%) is a functional of g,
respectively. Additionally note that the assumption that the smearing function factorizes forces
the odd moments to vanish. So we have

1
1272

f Pt g (ot x P (TR, > (/33<ki> F6BL (2 (K2) + <ki>) = _Q(p). (122)

The minimizer of the bound, f3,, is a real positive solution to
QB)=0 = (k) —6p5(k3)(k*) 364 (k}) =0, (123)

and the boost-optimized bound is

U () (kE) +3(k2) (k2) (3k2) (k) + 1/9(k2)2(k2)2 + 3(k*) (K?) ))
(302)(k2) + /o022 02 + 30y )

Q(Bo) = (124)

Before moving on, let us remark on some features of the above bound. Firstly, we emphasize
that the optimization over boosts is only a one-parameter characterization of the freedom in
choosing a smooth sampling domain. Thus we strongly suspect that (124) is not the truly
optimal bound for 4d massless scalars.

Secondly, boost optimization has restored Lorentz covariance to (124): under
(ky,k_) — (Aky,Ak_) in the integrals defining the moments of |§|2, Q — A*Q consistent
with the engineering dimension of T__ and under (k,,k_) — (Ak,,A7'k_), Q — A72Q con-
sistent with the weight of T__ under boosts. We will find this to also be true of the bounds we
derive for general dimensions.

Thirdly, unlike what is suggested prima facie by (109), (124) is not a linear functional
of the original smearing function g2. This follows from solving Q’(3,) = O in terms of the
moments of |g|2, i.e. the optimizing boost parameter depends on the smearing function. This is
a common feature of the bounds we discuss for general dimensions below.

Lastly, for general dimensions (and in particular odd dimensions) the extension of
D, — R"! is only valid for the absolute value of k}!. As a consequence we will not be able

to drop odd moments of |g|2. Additionally, solving the resulting polynomial Q'(f3,) = 0 may
not be analytically possible in generic dimensions. As we will soon see we can circumvent
these difficulties and derive a generic expression at the expense of making the bound slightly
weaker.

5.2 General dimensions

We start by noting

a2k,
(2m)?

a2k,

21.n I
gy KPR O(K,) SToE

— 1§k, k) |k, (125)
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We will continue to assume that the smearing function factorizes as in Eq. (119) and normal-
ized as in Eq. (120), and we write

(n) p
c
J dzxig(xJ’,x_)Z(Tie_n)w > _% ( :1 )e(2+2m—n)n<|k+|m><|k_|n—m> , (126)
m=0

where we recall the definition of c(T'i)_ in equation (51). Note that we have made use of the
triangle inequality after expanding |k,|" and so we have already weakened the bound. Next we
implement Holder’s inequality on each term of the sum. The inequality is the following [35]:
given a probability measure du and two measurable functions f; and f, then

1/p1 1/ps
JdH|f1||f2| S(J d.u|f1|p1) (J d,u|f2|P2) , P21, 1/p1+1/py=1. (127)

For (|k,|™), for example, we use the measure du = %|g+|2, functions f; = |k, |™, fo =1,
and p; =n/m, p, = -=—. This doesn’t apply for the m = n term in the sum, however we don’t
need to implement the inequality for this term. We now have

C(n) n

szxig(Xﬂx‘)Z(Tiej‘m 2—% ( " )e(2+2m_”)”(|k+|”)m/"(|k_|“)1_m/”. (128)

m=0

Now defining f3 := e_”(|k+|”)_%(|k_|”)% to arrive at

(n)
CT = n—. n+
J @ g (e, x AT 2 = P(B) (ke () 5 (129)

where we recall the notation (|k,|P) := fdkilgi(ki)lzlkiIP. All residual dependence on the
boost parameter lies in

GRS A e B AR (150)
m=0

which a simple polynomial of 3 and whose optimal value is given by

n
= n+2 - n—2 n—2 n+2
= , P = + . 131
Po=\722 (o) n+2Nn+2 \Jn—z) (131)
Note that much like the 4d boost-optimal bound, (124), the general bound (129) has restored
covariance under boosts and rescalings of (k,,k_) and so fixes the dependence on smearing

lengths into the DSNEC form.
For instance, being explicit, we could choose the functions g, as

+\ 1 + +
g+(x™) = ﬁf\/a(x /6%), (132)
where we recall that f  is the square-root Gaussian, (8). The moments are’
r(mtt
(I ™) = mH(—Z) (133)
272 J/2m(6%)m

. . ~ i + . .
“We will choose the convention g, := % f dx*e*=*" g, (x*) in accordance with the factor of two encountered
in footnote 5.
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Then we see that Eq. (129) is precisely in the DSNEC form

d2 +
J5+5 Fra(et /8 f g™ /67Ty > An(5+)”/2—11(5—)n/2+1’ (134)

p o PPN (%) 1 ”—2(\J”_2+\J”+2)n. (135)

22 Jom 2(8m)2n+2 n+2 n—2

It is also helpful to compare this general bound to the “boost-optimal" bound, (124) in four
dimensions, again using square-root Gaussians as the smearing functions. A simple calculation
reveals that (124) and (129) imply, respectively,

where

d?x* 2.18 x 1073 o
f ST5- ff(x+/5+)2ff(x /6~ )Z(Tren)w 2 _W’ (Boost-optimized)
7.51 x 1073

(Equation (129))

2.+
| S ha 6P g T, R

(136)

and so indeed (129) is a weaker bound.

5.3 Even dimensions

We finish this section of the paper by noting that while generally our bound is most conve-
niently expressed in momentum space, in even dimensions the integrals can be inverse Fourier
transformed to integrals over local quantities in position space (this is not true in odd dimen-
sions because of our bound makes use of the absolute value of the momenta). Indeed by
noting

dk 1
(al") = ZJ Solglri=2 f dx* (gD )2, (137)

where the superscript ()2 indicates the n/2-th derivative, we arrive at simple position space
integrals

¢ P, (Bo)
8

( f dx*(gi"/”(xﬂ)z)ﬁ( f dx—(g(_"/”(x—))z)ﬁ, (138)

where we recall the definitions of the constant c( M in equation (51) and the coefficient P,(f3,)
in equation (131). In four dimensions, in partlcular, this is

1/4 3/4
fdzxig(xﬂx_)z(Tie_“)wZ 16 (de(g (x+))2) de_(gf(x_))z) . (139)

J d2x*g(x )Ty = —

8172

6 Discussion
In this work we investigated the double smeared null energy condition (DSNEC), a proposed

bound on the renormalized null energy smeared over two null directions. For free fields in
Minkowski space we derived this bound in two separate ways. First, we derived the DSNEC as a
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quantum difference inequality using the Minkowski vacuum as the reference state. We showed
that this derivation generalizes to bounds on a large set of operators including higher-spin
currents. Second, we showed that the DSNEC arises naturally from a general absolute quantum
worldvolume inequality. The formalism of this second derivation allows for a straightforward
generalization to curved spacetimes. As both approaches require a fixed domain of momentum
integration, we further utilized this degree of freedom to optimize the bound over a set of
boosted domains. This results in a bound that restores Lorentz covariance and displays an
unexpected, non-linear dependence on the smearing function. Finally, we showed how the
averaged null energy condition (ANEC) and the smeared null energy condition (SNEC) can be
derived from DSNEC at the correct limit.

There are several interesting directions for future work. The most obvious is to inves-
tigate the generalization of our bound to curved spacetimes. As mentioned above, this is
indeed a primary motivation for expressing the DSNEC as an absolute inequality: as opposed
to Minkowski space, there is no preferred reference vacuum state in curved spaces. Renormal-
izing with respect to the Hadamard parametrix provides a canonical way to derive the DSNEC
while allowing for curvature contributions. Generalizing the DSNEC to curved spaces is also a
chief concern for applications to semiclassical gravity, which we will return to discuss shortly.
Thus this is a direction of high interest and importance.

Further probing the validity of the DSNEC, one can also speculate about its application in
generic quantum field theories in Minkowski spacetime. For theories that are relevant per-
turbations away from free field theory, we generally expect the DSNEC to hold following the
argument given in [1]: at large momenta (compared to any inverse correlation lengths of the
theory) the divergences appearing in vacuum expectation values are roughly given by those
of the UV fixed point. Having shown that the DSNEC holds for the free fixed point, it is rea-
sonable to assume that the smeared null energy is lower bounded in the above situations as
well. The engineering dimension of T__ and covariance under boosts then fix the schematic
form of this bound. For strongly interacting theories, the question becomes more subtle and
a proof of the DSNEC will likely require formal CFT techniques. It has been suggested that
by looking at states prepared by stress-tensor insertions [36], that energy densities in 4d CFTs
obey worldvolume inequalities. It would be interesting to explore whether the same states
suggest the validity of the DSNEC and more generally, if the DSNEC can be proven in CFTs.
For non-conformal general interacting QFTs, the situation is more difficult as no such QFIs
have been derived. Their existence has been established only for operators arising from the
operator product expansion of theories satisfying a microscopic phase space condition [37].
However, it is not clear if these operators include components of the stress energy tensor of
interacting theories.

Another potential avenue for establishing the validity of the DSNEC in interacting quantum
field theories is to explore its connection (if any exists) to state-dependent entropic bounds.
The most pressing example is the QNEC, which, as discussed in the introduction, has been
proven to hold in generic Poincaré-invariant quantum field theories. There is a broad expec-
tation that the QNEC is tight for interacting theories: for holographic CFTs it is known that
the QNEC is saturated [38] and there are strong arguments (although not a strict proof) for
QNEC saturation in interacting CFTs [39] (these arguments break down precisely for free the-
ories). Speculating along similar lines, one may hope that any link between the DSNEC and
the generalized second law, or the quantum focusing conjecture may more directly establish
a role in constraining semi-classical gravity. However, it is not presently clear to us how one
can effectively remove the non-linear state-dependence of the QNEC through “double smear-
ing" and arrive at a finite state-independent bound such as the DSNEC. We finally remark on
the possibility of proving the DSNEC in the realm of holographic CFTs. Using the principle
of “no bulk shortcut" applied to boundary null geodesics, Leichenauer and Levine were able
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to prove the SNEC [40] for such theories. For the DSNEC one would like to extend this rea-
soning to a diamond in the (x*, x™) plane. One strategy is foliating the smearing region with
null-geodesics and applying “no bulk shortcut" to each geodesic, although some care will be
needed in not arriving simply at the SNEC trivially integrated over the other null direction.
Perhaps the broader principle of “causal wedge nesting" [41] is a more natural starting point
for the DSNEC; more ambitiously, a proof utilizing “entanglement wedge nesting" [42] might
also point towards connections with the QNEC (which follows from entanglement wedge nest-
ing in holographic theories [43]). We leave all of these points as interesting and open lines for
future research.

The other main direction for future work is to use this type of bound in order to prove
singularity theorems. Penrose showed, assuming the NEC, that trapped surfaces lead to sin-
gularities [21]. These theorems are violated in semi-classical gravity due to NEC violation.
Thus, a result like our bound gives the natural starting point (replacing the NEC) for prov-
ing semi-classical singularity theorems. One main obstacle for the DSNEC as an assumption
is that singularity theorems require bounds on individual null geodesics. In Appendix B we
explore one “light-ray limit" of the DSNEC in showing how to reproduce the SNEC. The SNEC
has been used as an assumption to a semiclassical singularity theorem for null geodesic in-
completeness [16]. However in the context of field theory alone, the SNEC bound is not very
useful as one must then make sense of the UV cutoff. An alternative direction is using the DNEC
along with “segment inequality” theorems [44]. Such theorems use worldvolume bounds on
the Ricci tensor to show that the length of any geodesic maximizing the distance to a Cauchy
surface is bounded, thus establishing singularity theorems.
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A On the validity of the Assumption 1

In this appendix we derive the constraints on what types of operators satisfy Assumption 1
from section 3. In line with the general philosophy that a QFT is defined by its flow away from
a conformal fixed point (and to be concrete), let us spell out what Assumption 1 implies for
primary operators in a CFT (if Assumption 1 is satisfied by a primary then it is also satisfied
by its descendants by acting with derivatives). Thus the main object of interest is

[OA(t:')_C))’ OA(O)]: (Al)

where A is the conformal weight of O . For simplicity we will focus scalar primaries although
our main conclusions will be unchanged for spinning operators. This can be evaluated with
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an appropriate ie prescription and using the operator product expansion (OPE) [45]

[Oa(t, %), 02(0)] = Him {OA(t — &, X)OA(0) — O (t +1e, X)OA(0)}

=lim ;gﬁA(f,f;a) 0a(0), (A.2)

t=t+ie

where the sum goes over all other primaries A’ and we intend this as an operator statement
true inside all Wightman functions with other local operators; via the operator-state correspon-
dence this statement holds in a dense set of the Hilbert space. The identity, 1, (with A’ = 0)
always appears in the operator product expansion of O, with itself. We are interested in what
other primaries can possibly contribute to this commutator. To isolate the contribution of a
primary O, we can consider the overlap of (A.2) in the conformal vacuum, €., with Oa/(y)
in the limit that |y| — oo. For instance a typical term is

1
y[2a"”

where we have used the universal form of primary two-point functions. In the |y| — oo
limit the contribution of descendants (coming from acting by %) are subleading and so the
leading contribution comes the primary operator itself. We can also evaluate the left-hand side
of (A.3) using the universal form of conformal three-point function and find

lim (Op()O0a(x)0A(0))g, = Jim GaA(x;—3W) (A.3)

|y|—=00

, : |y 122" cA
GY (x;0) = lim [y[22(0p(y)Oa(x)OA(0))g, = lim : —
Al yimeo Y (Oa ()OO0, lyl=o0 |y — x|A|x|2A=4"|y|A
Can
W. (A-4)

Here cﬁlA are three-point coefficients and are c-numbers specifying the CFT and its operator

content. To take stock, the contribution of primary operators to the commutator is then

[0A(t,),05(0)]2 D | cANOn(0)f 510/ (,3), (A.5)
A/
with
F(6 ) = lim{ L _ ! } (A.6)
MOS0 ((—(t—ie)2 + X2 (—(t+ie)2+x2)h )" '

Note that if a primary O 4, appears in the OPE (i.e. cﬁlA # 0), it is still possible to vanish in
the commutator as long as the associated f 5_a//, vanishes as a distribution,

fdt e(t)fp(t,X)=0 Y smooth ¢(t). (A.7)

This requires h € Z.,. For instance if h € Z., then the poles in f; can contribute to the
integration against a test function and so as a distribution [45]

27l

m{(f—|7f|)_h3th_15(t+|?€|)+(t+Ifl)_hath_15(t—|)?|)}. (A8)

Frez. (6, %)=
And if h ¢ Z, f} possesses branch cuts contributing to integrations against test functions

leading to [45]
frgz 0¢ sin(mh)(t* — )" {O(t — %) —O(t + |X])} . (A.9)
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Thus we are lead to conclude that as a necessary condition for only the identity operator
to appear in commutator [O,, O, ], the only primaries that can appear in O,O, OPE have
conformal dimensions

A'=2A+m me Zsg. (A.10)

Since descendent operators have conformal dimensions differing from primaries by positive
integers this is also a sufficient condition. This is very constraining of the operator spectrum
of a CFT. We in fact already know one set of primaries that naturally in appear in such an OPE
which are the so-called “double-trace" operators schematically of the form

Op(x) ~: 082" ... 00, : (x) A" =2A+2(+5s. (A.11)

Excepting the possibility of multiple conformal modules possessing the same conformal weight,
we find that O, only has its double-traces in its OPE which implies that higher-point functions
follow from Wick contractions, reminiscent of free fields. We make the passing remark that the
bounds we derive in section 3 make no use of the particular form of commutator, only that it is
proportional to the identity and so we make no requirements on the conformal dimension of
O, itself. This allows for the possibility for O, to be a generalized free field at some interacting
fixed point with some large parameter N suppressing non-Wick contractions by powers of
1/N. Thus our construction in section 3 provides lower bounds on such primaries (and their
descendants) to leading order in 1/N. However to re-iterate our warning from section 3 these
operators in generalized free field theories bounded by our method do not include the stress-
tensor unless the field is strictly free (since the stress-tensor is typically not quadratic in the
generalized free field unless that field is free).

Moving away from the fixed point we can ask how deformations of the CFT affect the
above analysis. For one, we expect that in order to preserve the equal-time commutators,
[OA(0,X),OA(0)], in Assumption 1 irrelevant deformations should be prohibited as they
might contain derivative couplings (or perhaps might induce derivative couplings via renor-
malization) that can alter the canonical structure. However, we also require Assumption 1 to
hold over all points in a causal domain and so we must evolve O, (0, X) away from t = 0 using
the interacting Hamiltonian. This will generically generate more operators unless the defor-
mation is Gaussian. Given these two arguments it seems that Assumption 1 will only hold for
the simplest massive deformation of a generalized free field fixed point: m2O,Ox4.

B SNEC from DSNEC

It is clear that in a “light-ray" limit, say, by taking the 6% — 0, the right-hand side of the
DSNEC diverges leaving a trivial bound. This is expected on general grounds: the null-energy
averaged along a finite portion of a light-ray is unbounded from below in QFT [17]. However,
with the introduction of a UV cutoff of the theory, the bound remains finite allowing the proof
of SNEC [1,2]. Here, we investigate the derivation of the “field theory” version of SNEC from
DNEC at the appropriate limit.

First we examine the schematic form of DNEC (52), imposing the following cutoff: we
take 67 — 0 while 676~ — ZIZN. Similarly to the way we derived ANEC we require that the
smearing function factorizes and limg+ f,(x*/6%)?/6, = 6(x* — ). Then we have

No

—_— B.1
e (B.1)

f dx g (x HT__(x" = B,x7 )y 2

consistent with a schematic form of the SNEC.
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To investigate if the DNSEC implies a SNEC type bound with the same number of deriva-
tives on the smearing function we start from Eq. (108). Picking the  — —oo limit of our
boosted domains D, the equation becomes'®

k_ (%)
f d?xFg(x®)H(T"") y 2 —f dzkilé(k+,k_)|2f dC_f dZ (M2 e k.).
0 0

(B.2)
Then the right-hand side is independent of k.. One might now be tempted to take the 6 — 0
limit on both sides. However we have only moved the divergence to a new place: the un-
bounded ¢, integration. We cannot infinitely boost D,, and expect a finite lower bound (in-
deed in this limit D, fails to satisfy the criteria of a small sampling domain). This is the point
at which we implement the UV cutoff. We place this cutoff covariantly on {

0l <lyy. (B.3)

In our first approach we additionally assume that momenta appearing in the state are
cutoff as ¢, < A, This is no longer a Lorentz invariant cutoff as imposed in some versions of
SNEC. However, this approach will allow us to derive SNEC for momenta arbitrarily close to
A.. Then the £, integral is bounded and Eq. (B.2) becomes

J d2x*g(x®)H(T™),, 2 — J A%k |3 (e, k)PAL P M2 (B.4)

We will assume that the support of the smearing function in momentum space, ||, only
has support for momenta below these cutoffs, k. < A,
1 d?k.
T2 2
02 ) em

szx*g(xi)zﬁie_“)w 2 8k, kIPK> 2 —E%_z j d*x*(3_g(x*))*. (B.5)

uv

Evaluating the stress-tensor on the x~ direction and assuming that the smearing function fac-
torizes as

g2 (x*) = g2(x)gh(x"), (B.6)
reproduces the SNEC bound

f dx g (x T, > —— f dx(2-g_(x ). ®.7)
eUV

In a different approach, we do not independently bound the {. momenta but just imple-
ment the covariant cutoff of Eq. (B.3). On mass-shell, 4{,.{_ = E i + m?, so one can view this
as a cutoff on the transverse momenta accessible to the theory. This is the same regime in
which light-sheets admit a “pencil decomposition" and in which the SNEC was proven in [1].
Revisiting (108) in the large e limit, the upper limit of the {, integration is approximately
replaced with .
02,

If we additionally assume that the maximum momenta for which the smearing function has

support obeys (k) max (K- )max K 65%,, then the second term of (B.8) is subleading (recall that

e~k )<L —ky < (Q1—03,k, ). (B.8)

10For the rest of this calculation we will ignore constant prefactors of order one for simplicity.
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{_ integral only has support for {_ < k_). Implementing this back into (108)

fdzxig(xi)z(TiT)qp R
1

d’ky . ) k_ 2 nj2-2 o/
| Gop Bl | de | T e @R e )

R S C— J d*x* (g, (B.9)
- +’ - - - - ’ .
ez ) (2n)? G

~

again arriving at the SNEC as before. Note that in this covariant approach the assumption that
(k) max (K ) max K KE%, places a strong limitation on how finely one can probe the light-ray,
depending on the UV cutoff.
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