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Abstract

We study the critical bosonic O(N) vector model with quenched random mass disorder
in the large N limit. Due to the replicated action which is sometimes not bounded from
below, we avoid the replica trick and adopt a traditional approach to directly compute
the disorder averaged physical observables. At N =∞, we can exactly solve the disor-
dered model. The resulting low energy behavior can be described by two scale invariant
theories, one of which has an intrinsic scale. At finite N, we find that the previously
proposed attractive disordered fixed point at d = 2 continues to exist at d = 2+ε spatial
dimensions. We also studied the system in the 3 < d < 4 spatial dimensions where the
disorder is relevant at the Gaussian fixed point. However, no physical attractive fixed
point is found right below four spatial dimensions. Nevertheless, the stable fixed point
at 2+ε dimensions can still survive at d = 3 where the system has experimental realiza-
tions. Some critical exponents are predicted in order to be checked by future numerics
and experiments.
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1 Introduction

Systems with quenched disorder are of great interest as they are expected to host novel univer-
sal behaviors. In the system of repulsively interacting bosons, even weak disorder would drive
the superfluid-insulator transition to a new universality class, which describes a superfluid-
glass transition [1–6]. This has attracted attention for decades due to its experimental rele-
vance [7–13]. Meanwhile, it remains a challenging theoretical problem because there is still
a lack of field theoretical understanding in the long distance limit, especially for systems in
higher spatial dimensions.

Such a bosonic problem can be formulated as a d + 1 dimensional1 effective Euclidean
quantum field theory with random couplings. In general, there can be random fields, random
mass, random chemical potential and random interaction, each of which affects the system
in a different way. Particularly, the bosonic critical theories with quenched mass or poten-
tial disorder have been studied extensively. Many works are done for d = 1 systems using
exact Bosonization techniques [1,14–16]. Higher dimensional systems have been studied nu-
merically [17–23]. Theoretically, besides some general developments [24–26], perturbative
methods are still largely used to shed light on the weak disorder problems.

We study a theory of N-component vector bosons. For each component being a real field,
the system has O(N) symmetry. It is well-known that the clean O(N) vector model has a contin-
uous phase transition at the famous Wilson-Fisher fixed point below three dimensions [27–29].
The limit of N →∞ gives a critical theory of generalized free fields. Such large N theories
coupled to a random field are comprehensively discussed [30]. Here, we are particularly in-
terested in mass disorder. As this quenched disorder is a (marginally) relevant perturbation
at d ≥ 2, around the fixed point at N =∞ and d = 2, we use the double expansion of 1/N
and ε= d −2 to access a system with finite N and higher spatial dimensions, hopefully ε= 1.
Previous works gave the RG flow around this UV fixed point [4] and suggested that at d = 2
there is an attractive disordered fixed point in the IR [5,6].

1Hereinafter, d stands for spatial dimension and we fix the temporal dimension to be one.
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Figure 1: Schematic fixed point structure at d spatial dimensions is presented as
our main result of this work. λ denotes the interaction and W 2 quantifies the ran-
domness. They span the coupling space of interest. Gray zones represent the non-
perturbative regions which cannot be reached in our study. (a) At d = 2+ ε, there
is a IR stable fixed point (blue dot labeled by “D") at finite randomness and finite
interaction, together with the Gaussian fixed point (black dot labeled by “G") and
Wilson-Fisher fixed point (red dot labeled by “WF"). As we increase the spatial di-
mension, the disordered fixed point moves rightward as shown by the orange arrow.
(b) At d = 4− ε, the theory flows to the non-perturbative region. Meanwhile, there
exists a stable but unphysical fixed point (blue circle) at negative randomness. (c)
Above four spatial dimensions, the originally unphysical fixed point enters the right
half plane (blue dot labeled by “D"). Its stability is changed. As a result, the Gaussian
fixed point becomes stable under weak disorder.

In this work, we verify that this stable fixed point continues to exist in d = 2+ ε spatial
dimensions, as schematically shown in Fig. 1(a). If we go to higher dimensions, the fixed
point structure evolves in the following ways, as presented in Fig. 1. Firstly, as the spatial
dimension exceeds d = 3, the Wilson-Fisher fixed point moves into the lower half plane and
becomes unstable along both directions while the Gaussion fixed point becomes stable against
the interaction. Secondly, the stable disordered fixed point continuously moves towards the
strong disorder regime. It is expected to either enter the non-perturbative regime or annihilate
with another unstable fixed point at critical spatial dimension dc , meaning we can no longer
keep track of it. At d = 4−ε, our calculation finds no physical fixed point at finite randomness
for free bosons (Fig.1(b)). This is also suggested by the unstable replicated action of the
random mass Gaussian theory. However, this perturbative study is failed to predict the RG
flow in the strong disorder regime. It is possible that the interaction becomes relevant at large
randomness even above three spatial dimensions and hence stabilizes the theory. Thirdly, at
d = 4− ε, an unphysical fixed point appears at negative randomness as shown in Fig. 1(b).
It approaches the Gaussian fixed point as the spatial dimension goes up. As d becomes larger
than four, it enters the right half plane and is no longer stable under disorder. As a result, the
Gaussian fixed point becomes stable (Fig. 1(c)). It is worth mentioning that in the deep IR,
the disorder distribution is unlikely to remain Gaussian, as implied in Sec. 6.2. So, besides the
mean and variance, we also need the higher moments of the distribution to characterize the
disordered fixed point. This is beyond our scope and requires non-perturbative methods.

Previous works mentioned above make use of the replica trick. This is a standard way of
doing disorder averaging. It is done by considering n copies of the same system and integrat-
ing over the disordered coupling with respect to its probability measure in the total partition
function. This produces an effective replicated action. One can further study its RG flow and
compute disorder averaged observables. However, the replicated action is not always well-
defined. For example, the O(N) model at d > 3, which will be discussed in the later sections,
does not have a replicated action which is bounded from below. Thus, instead of using the
replica method, we adopt a traditional approach which is used to study the problem of ran-
dom impurity scattering [31–33]. In this way, we compute the correlation functions as a series
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expansion of the random coupling, followed by a truncation at finite order. Then, we can do
the disorder averaging order by order. This would be a good approximation as we suppress
the random coupling by a factor of 1p

N
throughout the paper. Sec. 2.2 reviews its diagram-

matic representation in detail. Then, based on the general functional formalism in Sec. 2, we
study the critical O(N) vector model with Gaussian random mass disorder in 2< d < 4 spatial
dimensions in Sec. 3 ∼ Sec. 6. It is known that the clean critical point is at the Wilson-Fisher
fixed point when d < 3 and at the Gaussian fixed point when d > 3. Based on the criterion of
the relevant disorder given in Sec. 3, the disorder is found to be relevant at the Wilson-Fisher
fixed point for 2 < d < 3, while the disorder is relevant at the Gaussian fixed point when
3 < d < 4. We proceed to study the N =∞ system in Sec. 4, where the system is described
by a theory of generalized free fields. At 3< d < 4, the disorder is simply decoupled from the
Gaussian theory. At 2< d < 3, the system flows to a new fixed point where all the anomalous
dimensions of the fundamental and composite operators can be obtained by exactly computing
the correlation functions and then taking the low energy limit. These results have an alter-
native understanding if we introduce an intrinsic scale to the system. Around the d = 2 and
d = 4 fixed points at N =∞, we use the ε = d − 2 and ε = 4− d expansions, respectively
in Sec. 5 and Sec. 6, together with 1/N expansion to study the system at finite N and small ε.
Furthermore, the 1/N2 correction at d = 4− ε is given in App. G. Finally, Sec. 7 summarizes
the results and gives a discussion on the fixed point structure in 2< d < 4. Appendices A ∼ G
contains more detailed calculations.

2 General formalism

In general, we consider a d + 1 dimensional scale invariant theory, such as a conformal field
theory, perturbed by the quenched disorder. Particularly, we deform a clean theory S0 by a
local scaling operator Ox ,τ whose random coupling Jx is only a function of space coordinate.
In Euclidean spacetime, the deformed partition function is

Z[J] =

∫

Dφ e−S0[φ]−
∫

dd xdτJxOx ,τ[φ] . (1)

Both S0 and Ox ,τ are functionals of fundamental fields φx ,τ. The disorder Jx is quenched,
meaning that it is infinitely long-range correlated along the time direction. It is drawn from a
distribution P[J] which is fully determined by its moments Jx1

. . . Jxℓ =
∫

DJ P[J] Jx1
. . . Jxℓ

or cumulants. We are especially interested in the Gaussian distribution where Jx = 0,
Jx Jx ′ = W 2δd(x − x ′) and all higher cumulants of Jx are zero. Equivalently, the distribu-
tion is

P[J] =
1
N

exp
¦

−
1

2W 2

∫

dd x J2
x

©

, (2)

where N = (2πW 2)V/2 is the normalization factor such that
∫

DJ P[J] = 1 and V is the
number of sites in the system. W 2 is the variance characterizing the width of the Gaussian
distribution, which also quantifies the randomness of the coupling. As a result, the partition
function in Eq. (1), as well as other observables, are functions of the disorder realization.
Ultimately, the quantities of physical interests need disorder averaging.

In the conventional functional formulation, the correlation functions of a particular oper-
ator Ox ,τ, including Ox ,τ and its composite operators, such as O2

x ,τ, O3
x ,τ, etc., are encoded in
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the generating functional. For example, a m-point connected correlation function is given by

〈Ox1,τ1
. . .Oxm,τm

〉cJ =
1

Z[J]

∫

Dφ Ox1,τ1
. . .Oxm,τm

e−S0[φ]−
∫

dd xdτJxOx ,τ−
∫

dd xdτ tx ,τOx ,τ

�

�

�

t=0

= (−1)m
∂

∂ t x1,τ1

∂

∂ t x2,τ2

. . .
∂

∂ t xm,τm

lnZ[J , t]

�

�

�

�

t=0

. (3)

It is a functional of random coupling Jx as denoted by the subscript “J". The superscript “c" is a
label for the connected correlation function. The generating functional of the connected corre-
lation functions is thus defined as G[J , t] = lnZ[J , t]. It is a functional of both external source
t x ,τ and random coupling Jx . Consequently, the key to the disorder-averaged observables is
to compute the disorder-averaged generating functional

G[W 2, t] =

∫

DJ P[J] G[J , t] =

∫

DJ P[J] lnZ[J , t] , (4)

which leads to the disorder averaging of Eq. (3) being

〈Ox1,τ1
Ox2,τ2

. . .Oxm,τm
〉cJ = (−1)m

∂

∂ t x1,τ1

∂

∂ t x2,τ2

. . .
∂

∂ t xm,τm

G[W 2, t]

�

�

�

�

t=0

. (5)

Conventionally, the replica trick simplifies the integration of a logarithm in Eq. (4), as reviewed
below in Sec. 2.1. Alternatively, in this paper, we evaluate the disorder averaging in Eq. (4) by
expanding the logarithm as a power series of the random coupling Jx and then do the disorder
averaging term by term. For a theory of generalized free fields, such as large N theories, if
the disorder couples to the fundamental field, the series expansion gives a finite number of
terms. Therefore, the disorder averaging in this case can be done exactly. In contrast, if the
disorder couples to a composite operator of a free theory, or it couples to any operator in an
interacting theory, the expansion leads to an infinite series. A truncation at finite order would
be a good approximation if the distribution of random coupling Jx has small second and higher
moments. For Gaussian distribution, this requires the width of the distribution W 2 to be small.
More details will be given in Sec. 2.2.

2.1 Replica method

The replica trick is based on the identity lnZ= limn→0
Zn−1

n . It gives G[W 2, t] = limn→0
Zn[t]−1

n ,
where

Zn[t] =

∫

DJ P[J]
∏

a

[Dφa] e−
∑n

a=1 Sa
0 [φ

a]−
∫

dd x Jx
∫

dτ
∑n

a=1 O
a
x ,τ−
∫

dd xdτ
∑n

a=1 ta
x ,τOa

x ,τ , (6)

is the disorder averaged partition function of n-copies of the original system. Superscript a is
a replica index. If P[J] is the Gaussian distribution given in Eq. (2), we can easily integrate
over the random coupling Jx and get

Zn[t] =

∫

∏

a

[Dφa] e
−
∑n

a=1 Sa
0 [φ

a]+W 2
∫

dd x
�

∫

dτ
∑n

a=1 O
a
x ,τ

�2

−
∫

dd xdτ
∑n

a=1 ta
x ,τOa

x ,τ . (7)

The disorder effect is fully encoded in the second term proportional to W 2. This term mixes
operators from different replicas and is non-local along the time direction. Evidently, the effect
of disorder at the clean fixed point is determined by whether this term is relevant or not. As
[x] = −1, [τ] = −1, and [O] = ∆, the scaling of randomness W 2 given by power counting
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is [W 2] = d + 2− 2∆. Then, [W 2] > 0 ([W 2] < 0) indicates the disorder is (ir)relevant. In
particular, if the disorder couples to the singlet operator with the lowest scaling dimension,
since the critical exponent ν is associated with its scaling dimension ∆ as ν = 1

d+1−∆ , the
dimension of the coupling W 2 can be reduced to [W 2] = 2

ν − d. This reproduces the familiar
Harris criterion [34] that the disorder is (ir)relevant if 2

ν ≥ d ( 2
ν < d). Therefore, the replicated

theory gives a standard protocol to tell when the disorder is relevant no matter which operator
the disorder couples to. Naturally, we are able to proceed to study the RG flow of the replicated
theory. Upon Eq. (7), either momentum shell RG or field theoretical RG can be implemented
following the standard procedure.

However, the replica method is valid only if the replicated action is bounded from below.
Otherwise, it will give rise to instability. For example, as we will study in Sec. 6, the disorder
averaging of n-copies of free bosonic theories with random mass, i.e. S0 =

∫

dd xdτ (∂ φx ,τ)2

and Ox ,τ = φ2
x ,φ , generates a negative quartic term −W 2

∫

dd xdτdτ′
∑

ab(φ
a
x ,τ)

2(φb
x ,τ′)

2 in
the effective action. Therefore, the replica approach cannot be used to study this particular
disorder problem.

2.2 Traditional method by random coupling expansion

To avoid the issue caused by the replica trick, in this paper, we take another approach from
the first principle. It was applied to the system of electrons scattered by random impurities
decades ago [31–33]. Before we review the technical details of the method, the criterion for
the relevant disorder is discussed. Without the replica trick, one can still tell if the disorder
is relevant by the similar power counting. Here, the random coupling Jx in the partition
function Eq. (1) acquires a dimension [J] = d + 1 − ∆ given [O] = ∆. This can directly
lead to [W 2] = d + 2 − 2∆ in the probability density function of a Gaussian distribution.
When [W 2] > 0, the Gaussian distribution is broadened under coarse graining, indicating
more randomness is introduced to the system at lower energy scale and thus the disorder is
relevant. When [W 2] < 0, the width of the Gaussian distribution becomes narrower. In the
IR limit, the distribution is asymptotically a δ-function, i.e. limW 2→0 P[J] =

∏

x δ(Jx). As a
result, the disorder averaging effectively imposes the constraint Jx = 0 at any site in the space,
which leads to a clean theory in the long distance limit. In short, the disorder is irrelevant.

Instead of disorder averaging the UV action as we do in the replica method, here, we
average the truncated series expansion of the generating functional. Namely,

∫

DJ P[J] G[J , t] ≈
L
∑

ℓ=0

Jx1
. . . Jxℓ G

(ℓ)[t] , (8)

where we keep the first L terms and G(ℓ) is the ℓ-th coefficient. Later, in the study of the O(N)
model, the random mass is drawn from a Gaussian distribution with zero mean and small
variance suppressed by 1

N . This gives nonzero Jx1
. . . Jxℓ ∼ N−

ℓ
2 when ℓ is even. Then, the

truncation error in Eq. (8) is of order N−
L
2 which can be ignored in the large N limit.

Diagrammatically, the computation of Eq. (8) including the series expansion and disorder
averaging is represented in Eq. (9) and Eq. (10), successively. Together Eq. (8) with Eq. (3),
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the series expansion gives the m-point connected correlation function as

〈Ox1,τ1
. . .Oxm,τm

〉cJ = (−1)m
L
∑

ℓ=0

∫

dd y1 . . . dd yℓ

×
�

∂

∂ t x1,τ1

∂

∂ t x2,τ2

. . .
∂

∂ t xm,τm

G(ℓ)[t]
�

t=0

Jy1
. . . Jyℓ

=
L
∑

ℓ=0

∫

dd y1 . . . dd yℓ

. . .
. . .

3

2
1

m

m− 1

m− 2

J1J2 J3. . .
Jℓ−1 Jℓ

. (9)

The expression is truncated at the L-th order. There are m external points in each diagram,
denoted by black dots. Each red dot corresponds to a disorder coupling J . The ℓ-th term
contains all possible connected diagrams linking the m external points with ℓ disorder cou-
plings Jy1

. . . Jyℓ . Then, for the Gaussian distribution, the disorder averaging is implemented
in Eq. (10). Here, pairs of red dots are connected with a dashed line, according to the following
rules.

〈Jx Jx ′〉 = W 2 δd (x − x ′) , or 〈JkJ−k〉=W 2 δ(ω) . (10)

Only momentum, not frequency, is transferred along the dashed line. Later, we would study
the vector O(N) model based on Eq. (9) and Eq. (10).

Conventional RG transformation can be implemented in the disordered theory. In the
scheme of Wilsonian RG, we assign a hard UV cutoff Λ to the system. As we integrate out fast
modes with momentum in the shell Λ− δΛ < k < Λ followed by a rescaling of spacetime to
restore the UV cutoff, the form of the effective theory stays the same. This coarse graining
induces the flow of couplings. The disordered coupling of Ox ,τ thus flows from Jx to Jx +δJx
with δJx ∝ δΛ. This means the random mass now has distribution P ′[J+δJ] instead of orig-
inal P[J]. For an infinitesimal RG step, the evolution of the Gaussian distribution is encoded
in the change of its mean and variance W 2. Meanwhile, for a generic interacting theory, other
couplings inevitably become functionals of Jx . This is due to the mixture of UV operators in
which only the singlet couples to the disorder. This is the general picture of how a disordered
theory flows under coarse graining without using the replica trick.

Besides the momentum shell RG, the field theoretical RG can also be formulated for an
arbitrary theory coupled with disorder, with Λ pushed to infinite. In the general theory in
Eq. (1), one can define the renormalized field as ZO OR;x ,τR

= Ox ,τ in the real space, where Ox ,τ
can be φx ,τ, Ox ,τ, etc.. ZO is a renormalization constant. Notice the quenched disorder gives
rise to anisotropy in spacetime. We hence need to introduce renormalized time as ZττR = τ.
The renormalized randomness is ZW WR = W which controls the propability density function
of the Gaussian disorder. Then, in terms of renormalized variables, the generating functional
can be written as

G[e0; J , t] = ln

∫

DφR e−S0[e0(e),ZφφR;x ,τR ]−ZτZO
∫

dd xdτRJxOR;x ,τR−ZτZO
∫

dd xdτR tx ,τOR;x ,τR

= GR[e; ZτZOJ , ZτZO t] , (11)

where e0 and e collects all the bare and renormalized couplings in S0. Equivalently,
GR[e; J , t] = G[e0; Z−1

τ Z−1
O J , Z−1

τ Z−1
O t]. Then, the disorder averaged generating functional
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becomes

G[e0, W 2, t] =

∫

DJ P[W 2, J] G[e0; J , t]

=

∫

DJ̃ P̃[W 2
R , J̃] GR[e; J̃ , ZτZO t]

= GR[e, W 2
R , ZτZO t] , (12)

where J̃x = ZτZOJx and the Gaussian distribution parameterized by its variance W 2 is rede-
fined as

P[W 2, J] =
1
N

exp

�

−
1

2W 2

∫

dd xJ2
x

�

=
(ZτZO)V

Ñ
exp

�

−
1

2W 2
R

∫

dd x J̃2
x

�

= (ZτZO)
V P̃[W 2

R , J̃] . (13)

The new normalization factor is Ñ = (ZτZO)VN . In addition, it is easy to find the following
relation among the renormalization constants

Z2
W Z2

τZ2
O = 1 . (14)

Then, the renormalized m-point correlation functions are given by

〈Ox1,τ1
. . .Oxm,τm

〉cJ = (−1)m
δG[e0, W 2, t]

δt x1,τ1
. . .δt xm,τm

�

�

�

�

t=0

= (−1)m
δGR[e, W 2

R , ZτZO t]

δt x1,τ1
. . .δt xm,τm

�

�

�

�

�

t=0

= Zm
τ Zm

O 〈OR;x1,τR;1
. . .OR;xm,τR;m

〉cJ . (15)

In the momentum space, Fourier transformation gives ZτZOOR;k,ωR
= Ok,ω. Besides, we have

the renormalized frequency defined as ω= Z−1
τ ωR. Then, the bare and renormalized correla-

tion functions are related by

〈Ok1,ω1
. . .Okm,ωm

〉cJδ
d

� m
∑

ℓ=1

kℓ

�

δ

� m
∑

ℓ=1

ωℓ

�

= ZτZm
O 〈OR;k1,ω1

. . .OR;km,ωm
〉cJ

×δd

� m
∑

ℓ=1

kℓ

�

δ

� m
∑

ℓ=1

ωR;ℓ

�

. (16)

All the above discussions can also be applied to disconnected correlation functions as well.
They can be viewed as a product of connected correlation functions before disorder averaging.
Consider a disconnected correlation function made up from m connected correlation functions,
the k-th of which has nk operators. Then, disorder averaging gives

〈
n1
∏

i=1

Ox1i
,τ1i
〉cJ . . . 〈

nm
∏

j=1

Oxmj
,τmj
〉cJ = (ZτZO)

∑m
j=1 n j 〈

n1
∏

i=1

OR;x1i
,τR;1i
〉cJ . . . 〈

nm
∏

j=1

OR;xmj
,τR;mj
〉cJ . (17)

Diagramically, it is represented by a product of diagrams in Eq. (9). Each of them contains a
fixed number of external points and disorder couplings denoted as red dots. Then, the disorder
averaging connects all the red dots pairwise according to Eq. (10). This transfers momentum
from a connected diagram to another. Thus, in the momentum space, there is one constraint
for momenta while there are m constraints for frequencies in the example of Eq. (17). In terms
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of the renormalized frequencies, different from Eq. (16), the constraints of the frequencies are
written as

m
∏

ℓ=1

�

δ

� nℓ
∑

i=1

ωℓi

��

= Zm
τ

m
∏

ℓ=1

�

δ

� nℓ
∑

i=1

ωR;ℓi

��

, (18)

where each connected diagram gives a Zτ.
As usual, to the leading order of the perturbation, the renormalization constant determines

the anomalous dimension. Particularly, operator O gains an anomalous dimension defined as
γO = µ∂ µ ln ZO. Since [W 2] = d + 2− 2∆, the β function of W 2

R is given by

βW = −µ∂µW 2
R = (d + 2− 2∆)W 2

R + γW W 2
R , (19)

where γW = µ∂ µ ln Z2
W . Similarly, µ∂µ ln Zτ plays the role of an anomalous dimension of

time. Thus, we can characterize the spacetime anisotropy by the dynamical exponent defined
as z = 1−µ∂µ ln Zτ.

3 Relevant disorder effect on the O(N) vector model

From now on, we study the O(N) vector model perturbed by the random mass disorder. In
other words, we introduce a random coupling to the singlet operator with the lowest scaling
dimension. For a d + 1-dimensional system, the UV action in Euclidean spacetime is given by

S =

∫

dd xdτ
�

1
2
(∂ φx ,τ)

2 +
1
2
(m2 +

1
p

N
J ′x)φ

2
x ,τ +

λ

2N
φ4

x ,τ

�

, (20)

whereφx ,τ is a N component vector of real bosonic fields. Singlet operatorφ2
x ,τ ≡
∑

αφ
α
x ,τφ

α
x ,τ

couples to a random coupling J ′x . α is the O(N) index and we will omit it throughout the pa-
per for simplicity. J ′x is drawn from a Gaussian distribution P[J ′] = 1

N0
exp{− 1

2W 2
0

∫

dd x(J ′x)
2}

with zero mean and variance W 2
0 . The normalization factor is N0 = (2πW 2

0 )
V/2. We suppress

the disorder coupling by a factor of 1p
N

. In the action, the quartic term is (ir)relevant at d < 3
(d > 3). Therefore, we will separately discuss the effect of the disorder in d < 3 and d > 3
spatial dimensions.

3.1 d < 3

In this case, it is well-known that, the quartic interaction is relevant in the clean system which
drives the RG flow from the UV Gaussian fixed point towards the stable Wilson-Fisher fixed
point when m2 = 0. In order to write the fixed point action in the IR, it is convenient to do the
Hubbard-Stratonovich transformation by introducing an auxiliary field σx ,τ. In the presence
of the disorder, we follow the same procedure, which gives

S =

∫

dd xdτ
�

1
2
(∂ φx ,τ)

2 +
1
2

m2φ2
x ,τ +

1
2

iσx ,τφ
2
x ,τ +

N
4λ
[σx ,τ + i

1
p

N
J ′x]

2
�

=

∫

dd xdτ
�

1
2
(∂ φx ,τ)

2 +
1
2

m2φ2
x ,τ +

1
2

iσx ,τφ
2
x ,τ + i

p
NJxσx ,τ +

N
4λ
σ2

x ,τ −λJ2
x

�

. (21)

In the second equality, we redefine Jx =
1

2λ J ′x . Correspondingly, the Gaussian distribution for
Jx has width W 2 =W 2

0 /(4λ
2) and the normalization becomes N =N0/(2λ)V . The last term

is a constant and can be dropped. As the mass is fine tuned to zero, without considering the
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irrelevant term σ2
x ,τ, we can get the critical action of the Wilson-Fisher fixed point coupled to

disorder as

S =

∫

dd xdτ
�

1
2
(∂ φx ,τ)

2 +
1
2

iσx ,τφ
2
x ,τ + i

p
NJxσx ,τ

�

. (22)

Here, the random mass disorder is coupled with the singlet field σ. The bosonic fields φ and
σ have engineer dimensions ∆φ =

d−1
2 and ∆σ = 2. Thus, the relevance of disorder requires

d + 2− 2∆σ > 0, i.e. d > 2.

3.2 d > 3

In this case, the quadratic action

S =

∫

dd xdτ
�

1
2
(∂ φx ,τ)

2 +
1
2
(m2 +

1
p

N
J ′x)φ

2
x ,τ

�

, (23)

is enough to describe the system. By fine tuning m2 = 0 in the absence of disorder, we can
approach the Gaussian fixed point where the free field has scaling dimension ∆φ =

d−1
2 . This

means the operator coupled to the disorder has the scaling dimension ∆φ2 = d − 1. When
d + 2− 2∆φ2 > 0, i.e. d < 4, the disorder is relevant.

4 The O(N) vector model at N =∞ in 2 < d < 3 spatial dimen-
sions

In this section, we study the N = ∞ disordered O(N) vector model in Eq. (22) which is
of purely theoretical interest. In this case, the Wilson-Fisher fixed point is described by two
generalized free fields:2 the free bosonic field φ and the singlet field σ with their scaling
dimensions equal to engineer dimensions. The coupling between them is of order 1/N . Thus,
as N →∞, the two sectors of operators {φn} and {σn}, made up of φ, σ and their composite
operators respectively, are decoupled. The disorder couples to σ and hence leaves the φ
sector intact. We can then integrate over the φ field in Eq. (22). After redefining the field as
σx ,τ→

1p
N
σx ,τ, the resulting effective action is

SWF
N=∞ =

1
2

∫

dd kdω G−1
σ (k,ω)σk,ωσ−k,−ω + i

∫

dd kdω J−kδ(ω)σk,ω , (24)

where the propagator of σ in the momentum space is Gσ(k,ω) = 2
c2
(k2 + ω2)

3−d
2 with

c2 = −
21−2dπ

2−d
2

Γ ( d
2 ) sin

π(d+1)
2

> 0, as computed in Appendix A.

4.1 Disorder averaged connected correlation functions

Making use of the Feynman rules in Eq.(9) and Eq. (10), we can obtain the diagrammatic
expression of the disordered averaged connected correlation functions, by listing all the con-

2Generalized free field is one of the CFT operators that has scaling dimension ∆ different from that of free
fields, i.e. ∆ ̸= d−1

2 . It has non-zero two point function with the form 1
r2∆ and vanishing higher point functions.

The theory for single generalized free field Φ has Gaussian type of action S =
∫

dd+1r Φ(−∇2)∆−
d+1

2 Φ.
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nected diagrams before directly linking the random couplings with dashed lines. In the fol-
lowing, a few expressions are given.

〈σx1,τ1
σx2,τ2

〉cJ = =

∫

dd kdω
(2π)d+1

Gσ(k,ω) eik·(x1−x2)+iω(τ1−τ2) , (25)

〈σ2
x1,τ1

σ2
x2,τ2
〉cJ = 2 + 4 , (26)

〈σ2
x1,τ1

σ2
x2,τ2

σ2
x3,τ3
〉cJ = 8 + 8



 + +



 . (27)

As a generalized free field, the connected higher-point correlation functions of σ are all zero.
For composite operators of σ, higher-point functions are nonzero and can be obtained in the
same way. With a finite number of external points, there are always a finite number of con-
nected diagrams which contribute to the correlation functions.

Notice disorder doesn’t affect the connected 2-point function of σx ,τ. However, if we com-
pute its disconnected 2-point function, the correction by disorder appears, as denoted below
by Gd . Namely,

〈σx1,τ1
σx2,τ2

〉J = 〈σx1,τ1
σx2,τ2

〉cJ + Gd , (28)

where

Gd(k,ω) = = −W 2[Gσ(k, 0)]2δ(ω) = −
4W 2

c2
2

k2(3−d)δ(ω) . (29)

It contains two connected diagrams if we cut the dashed line. In the real space, the disorder
effect is given by

Gd(x ,τ) =

∫

dd k
(2π)d

dω
2π

Gd(k,ω)eik·x+iωτ

= −
4W 2

c2
2

∫

dd k
(2π)d

k2(3−d) eik·x = −
W 2c1

|x |6−d
, (30)

where c1 =
22d+6π

d
2 −2 cos2[π2 d]Γ [3− d

2 ]Γ
2[ d

2 ]
Γ [d−3] . It is independent of temporal separation. Accordingly,

the connected Green’s functions of σ2
x ,τ are

〈σ2
x1,τ1

σ2
x2,τ2
〉cJ = 2c2

3(x
2
12 +τ

2
12)
−4 − 4c1c3W 2(x2

12 +τ
2
12)
−2(x2

12)
d−6

2 , (31)

〈σ2
x1,τ1

σ2
x2,τ2

σ2
x3,τ3
〉cJ = 8c3

3(x
2
12 +τ

2
12)
−2(x2

13 +τ
2
13)
−2(x2

23 +τ
2
23)
−2

− 8c1c2
3W 2
�

(x2
12 +τ

2
12)
−2(x2

13 +τ
2
13)
−2(x2

23)
d−6

2 + permutations
�

, (32)

where x i j = x i − x j and τi j = τi − τ j . The coefficient c3 = −
2d+3cos[π2 d]Γ [ d

2 ]

π
3
2 Γ [ d−3

2 ]
is negative at

2 < d < 3. These results are reproduced by exact computation in Appendix B or by using the
conventional replica method in Appendix C. These two correlation functions have power law
behavior. Notice at integer dimensions, the disorder doesn’t affect the system due to c1 = 0
even though it is relevant at d > 2. At fractional dimensions, the correction proportional to
W 2 is finite.

It is believed that all the correlation functions obey the power law. We now study if there
is an appropriate scale transformation such that the theory in the IR limit is scale invariant. As
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shown in Eq. (25), the 2-point function of σ is the same as in the clean theory. Thus, under
scale transformation x i j → x i je

ℓ and τi j → τi je
ℓ, 〈σx1,τ1

σx2,τ2
〉cJ is invariant if σ is a scaling

operator and has scaling dimension ∆σ = 2. Here, ℓ is the change in logarithmic length scale.
It remains positive as we approach to the IR limit. Meanwhile, this transformation of spacetime
makes it evident that the contribution proportional to W 2 in Eq. (31) and Eq. (32) dominants
in the long distance limit when d > 2 as long as c1 ̸= 0. As a result, these correlation functions
are approximately

e8ℓe−(d−2)ℓ〈σ2
x1,τ1

σ2
x2,τ2
〉cJ ≈ −4c1c3W 2(x2

12 +τ
2
12)
−2(x2

12)
d−6

2 , (33)

e12ℓe−(d−2)ℓ〈σ2
x1,τ1

σ2
x2,τ2

σ2
x3,τ3
〉cJ ≈ −8c1c2

3W 2
�

(x2
12 +τ

2
12)
−2(x2

13 +τ
2
13)
−2(x2

23)
d−6

2

+ permutations
�

. (34)

On the left hand side, the scale transformation σ2→ e−∆
d(2pt)
σ2 ℓ

σ2 with∆d(2pt)
σ2 = 4− d−2

2 leaves

the 2-point function invariant. When d > 2, ∆d(2pt)
σ2 ̸= ∆σ2 = 2∆σ. In other words, the

composite operator σ2 acquires an anomalous dimension γσ2 = 1− d
2 which only vanishes at

d = 2. For the 3-point function, the scale transformation of σ2 becomes σ2 → e−∆
d(3pt)
σ2 ℓ

σ2

where ∆d(3pt)
σ2 = 4 − d−2

3 ̸= ∆
d(2pt)
σ2 . Moreover, we can consider an m-point function of σ2,

where σ2 acquires a scaling dimension ∆d(mpt)
σ2 = 4− d−2

m . Consequently, the scaling operator

σ2 acquires an infinite number of distinct scaling dimensions ∆d(2pt)
σ2 ̸= ∆d(mpt)

σ2 with m > 2,
which is impossible in a well-defined scale invariant theory. For other composite operators,
this inconsistency also exists.

Naturally, we would like to fix the scaling dimension ofσ2 to be∆d(2pt)
σ2 . Then, in the IR, all

its higher-point functions vanish. In this way, we can get a scale invariant theory where each
composite operator in the clean system acquires a distinct anomalous dimension, as listed in
Tab. 1. This is like a theory of infinitely many generalized free fields but no composite of them.

Table 1: The clean system consists operatorσ and its composite operators. The latter
has scaling dimension equal to a multiple of the scaling dimension of σ, i.e. ∆σ. In
the disordered systems, except the operator σ, all other operators gain anomalous
dimensions listed in the third column.

operators ∆clean ∆dirty

σ ∆σ ∆σ

σ2 2∆σ 2∆σ −
d−2

2

σ3 3∆σ 3∆σ − 2 d−2
2

...
...

...

σn n∆σ n∆σ − (n− 1) d−2
2

...
...

...

Alternatively, it is more interesting to introduce an intrinsic scale set by the dimensionful
coupling W 2. In other words, under scale transformation, W 2 is also changed as
W 2 → W 2e−∆W2ℓ where ∆W 2 = d + 2 − 2∆σ = d − 2. Then, the composite operator σn
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can be assigned a scaling dimension ∆σn = 2n the same as in the clean theory. This disor-
dered theory with an intrinsic scale is analogous to the theory of fermi surface, where the
fermi momentum plays the role of intrinsic scale. The coarse graining effectively increases
the fermi momentum in the long distance limit. Similarly, in the system we study here, the
disorder strength W 2 increases when d > 2 as we approach the IR limit. As will be studied
in Sec. 4.2, normal to the direction of the intrinsic scale, the subdimensional system is scale,
even conformal, invariant. This is the phenomenon of dimension reduction which has been
found and studied extensively in the effective theory of the random field Ising model [35–41].

Although the space and time transform in the same way to preserve the scale invariance
as we discussed above, i.e. the dynamical exponent satisfies z = 1, the behavior of correlation
functions has anisotropy in space and time. For example, the equal time and almost equal
space 2-point correlation functions are

〈σ2
x1,0σ

2
x2,0〉

c
J ≈ −4c1c3W 2|x12|d−10 , (35)

〈σ2
0,τ1
σ2

a,τ2
〉cJ ≈ −4c1c3W 2|τ12|−4ad−6 , (36)

in the long distance limit. In Eq. (36), we set the spatial splitting a very small so that
0< a = |x12| ≪ |τ12|.

4.2 Dimension reduction

As we pointed out, the critical O(N) model in 2 < d < 3 dimensions at N = ∞ can be
understood as a theory with an intrinsic scale. In this section, we would like to make it clear in
its effective theory. In order to do this, we introduce fermions into our system and rewrite our
theory. Starting with the free disordered theory in Eq. (24), any disorder averaged observable
can be computed as

〈(Ox1,τ1
. . .Oxm,τm

)[σ]〉cJ =
∫

DJ P[J] (Z[J])−1

∫

Dσ (Ox1,τ1
. . .Oxm,τm

)[σ] e−SWF
N=∞[σ;J]

=

∫

Dσ (Ox1,τ1
. . .Oxm,τm

)[σ] e−Seff[{σx ,τ}] , (37)

where each operator Ox ,τ is a functional of the fundamental operator σx ,τ. The disorder
averaged effective action is thus

e−Seff[{σx ,τ}] =

∫

DJ P[J] (Z[J])−1

∫

Dσ e−SWF
N=∞[σ;J]

=

√

√

√

�

W 2

2π

�V ∫

DψDψ̄Dξ e−S′eff[σ,ξ,ψ,ψ̄] . (38)

where ψ and ψ̄ are anti-commuting fields while ξ is a commuting field as σ. Given

(Z[J])−1 =

√

√

√(2π)−V
∏

k,ω

G−1
σ (k,ω) exp

�

1
2

∫

dd k Gσ(k, 0)JkJ−k

�

, (39)

we can get

S′eff[σ,ξ,ψ, ψ̄] =

∫

dd kdω
�1

2
G−1
σ (k,ω)ξk,ωξ−k,−ω + ψ̄k,ωG−1

σ (k,ω)ψ−k,−ω

+
1
2

G−1
σ (k,ω)σk,ωσ−k,−ω

�

−
W 2

2

∫

dd k (ξk,0 − iσk,0)(ξ−k,0 − iσ−k,0) , (40)
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after integrating out the Gaussian disorder. This effective action can be simplified by defining
new commuting complex fields ηk,ω = ξk,ω − iσk,ω and ϕk,ω =

1
2(ξk,ω + iσk,ω), which gives

Seff[η,ϕ,ψ, ψ̄] =

∫

dd kdω G−1
σ (k,ω)
�

ηk,ωϕ−k,−ω + ψ̄k,ωψ−k,−ω
�

−
W 2

2

∫

dd k ηk,0η−k,0 . (41)

It can be used to compute any disorder averaged correlation function of operators rewritten in
terms of the η and ϕ. The disorder only couples to the η field at zero frequency ω= 0. So we
can integrate out the fields at nonzero frequency. Recall Gσ(k,ω = 0) = 2

c2
(k2)

3−d
2 . Without

loss of generality, we can set 2W 2

c2
= 1 and the effective action becomes

2
c2

Sω=0
eff [η,ϕ,ψ, ψ̄] =

∫

dd k
�

(k2)
d−3

2 ηk,0ϕ−k,0 + (k
2)

d−3
2 ψ̄k,0ψ−k,0 −

1
2
ηk,0η−k,0

�

. (42)

This theory can also be obtained using the replica trick as we show in Appendix D and the
physical meaning of these fields is rather obvious in terms of replica fields. Suppose the the-
ory is isotropic, which means the Lagrangian is independent of the directions of momenta.
Then, with
∫

dd k = Ωd

∫

kd−1dk where Ωd =
2πd/2

Γ [d/2] , we can define a new momentum pµ in

D = 2d
d+1−2∆σ

dimensions satisfying p2 ≡ pνpν = (kµkµ)
d−3

2 , such that the original theory can

be viewed as a free theory of fields η′p = ηk,0, ψ̄′p = ψ̄k,0,ψ′p =ψk,0 and ϕ′p = ϕk,0 in D= 2d
d−3

dimensions. The effective action is hence in the following familiar form:

ΩD

Ωd

2
c2
Sω=0

eff [η
′,ϕ′,ψ′, ψ̄′] =

∫

dDp
�

p2η′pϕ
′
−p + p2ψ̄′pψ

′
−p −

1
2
η′pη
′
−p

�

=

∫

dDx
�

η′x(−∇
2)ϕ′x + ψ̄

′
x(−∇

2)ψ′x −
1
2
(η′x)

2
�

. (43)

Previous study [37] tells us that this action has a supersymmetry whose transformation is

δϕ′x = −āεµxµψ
′
x , δη′x = 2āεµ∂µψ

′
x , δψ′x = 0 , δψ̄′x = āεµ(xµη

′
x + 2∂µϕ

′
x) , (44)

where ā is an infinitesimal anticommuting number and εµ is an arbitrary vector. Then, we can
define a superfield Φx = ϕ′x + θψ

′
x + θ̄ ψ̄

′
x + θθ̄η

′
x such that the effective action in Eq. (43)

can be written in a rather simple form as

Sω=0
eff [Φ] = c2

Ωd

ΩD

∫

dDxdθdθ̄
�

Φx[−∇2 − 2∂θ̄∂θ ]Φx

�

, (45)

where the Berezin integral over the Grassmann variable θ or θ̄ is defined to be
∫

dθθ =
∫

dθ̄ θ̄ = 1. The Grassmannian coordinates have integral negative dimensions.

Therefore, this theory describes a free CFT in D − 2 = 4∆σ−2
d−3 dimensions. This means the

original d + 1 spacetime dimensional system has the scale invariance in 2∆σ − 1 = 3 sub-
dimensional system. Interestingly, when d = 2, the total spacetime dimension saturates this
requirement. So the disordered system is scale invariant in the IR. While when d > 2, apart
from the scale invariant three dimensional system, there is extra fractional dimension d − 2
left as the dimension of the intrinsic scale. Finally, I would like to briefly comment on what
happens at d = 3. Notice the operator σ2 is exactly marginal. So, it should be included in the
action in Eq. (24). Consequently, G−1

σ (k,ω) reduces to a constant. Then, the effective action
defined in Eq. (38) by integrating over random coupling J is only a functional of the bosonic
field σ. Atω= 0, it describes a scale invariant theory in d = 3 dimensions although the whole
system lives in d + 1= 4 dimensions.
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5 1/N correction at d = 2+ ε

In this section, we study the critical O(N) vector model at d = 2+ε and finite N using double
expansion of ε and 1/N . The bare action is

SB =
1
2

∫

dd xdτ (∂ φx ,τ)
2 +

1
2

∫

dd xdτ

∫

dd x ′dτ′ σx ,τG−1
σ (|x − x ′|, |τ−τ′|)σx ′,τ′

+
i

2
p

N

∫

dd xdτ σx ,τφ
2
x ,τ + i

∫

dd xdτ Jxσx ,τ . (46)

And the Gaussian disorder has a bare distribution P[J] = 1
N exp
¦

− 1
2W 2

∫

dd xJ2
x

©

. The prop-

agator of σ is Gσ(k,ω) = 2
c2
[k2 +ω2]

1
2 in 2+ 1 dimensions. Accordingly, the Feynman rules

can be defined as

Gφ =
1

k2+ω2 ,
i

2
p

Nσ

φ

φ

, Gσ =
2
c2
[k2 +ω2]

1
2 , Gd = −

4W 2

c2
2

k2δ(ω)
=

. (47)

At the order of 1/N , the bare connected correlation functions GB
φ

and GB
σ acquire correc-

tions as shown in the following.

GB
φ = +

L1
+ L2

+ O
�

1
N2

�

,

GB
σ = +

L3

+
L4

+
L5

+
L6

+
L7

+
L8

+ O
�

1
N2

�

. (48)

The loop diagrams are evaluated in Appendix E. The results are listed in Tab. 2, which are
consistent with [6].

Table 2: Evaluation of the UV divergence of loop diagrams L1 ∼ L6 at the order of
1/N . µ is the renormalization scale. L7 and L8 are not divergent.

L1(k,ω) 8
3π2N

1
ε (k

2 +ω2)µε L2(k,ω) W 2

N
128
π

1
ε (ω

2 − k2)µε

L3(k,ω) − 1
3π2N

µε

ε
1

(k2+ω2)1/2 L4(k,ω) 8W 2

πN
µε

ε
k2

(k2+ω2)
3
2

L5(k,ω) − 1
π2N

µε

ε [k
2 +ω2]−

1
2 L6(k,ω) 16W 2

πN
µε

ε [k
2 +ω2]−

1
2
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In total, the bare correlation functions are

GB
φ(k,ω) =

1
(k2 +ω2)

+
L1 + L2

(k2 +ω2)2
,

GB
σ(k,ω) = 16[k2 +ω2]

1
2 + 256[k2 +ω2](L3 + L4 + L5 + L6) . (49)

In terms of the renormalized variables defined as

φR = Z−1
φ φ , σR = Z−1

σ σ , τ= ZττR , ω=ωR/Zτ , ZW WR =W, (50)

we can obtain the finite renormalized connected correlation functions GR
φ(k,ωR)=Z−2

φ Z−1
τ GB

φ(k,ω)

and GR
σ(k,ωR) = Z−2

σ Z−1
τ GB

σ(k,ω). The divergence in the bare correlation function can be can-
celed by counterterms, which fixes the renormalization constants to be

Zτ = 1−
W 2

R

N
128
π

µε

ε
, (51)

Zφ = 1+
1
2

�

8
3π2N

�

µε

ε
, (52)

Zσ = 1+
1
2

�

−
64

3π2N
+

512W 2
R

πN

�µε

ε
. (53)

Then, the anomalous dimensions of φ and σ operators as well as the dynamical exponent are
determined as

γφ = µ∂µ ln Zφ =
1
2

�

8
3π2N

�

, (54)

γσ = µ∂µ ln Zσ =
1
2

�

−
64

3π2N
+

512W 2
R

πN

�

, (55)

z = 1−µ∂µ ln Zτ = 1+
W 2

R

N
128
π

. (56)

We can also study the renormalization of the composite operators. At the order of 1/N , the
operator σ2 acquires an anomalous dimension twice as that of σ. The equality in Eq. (14)
further gives

ZW = 1+
1
2

� 64
3π2
−

256W 2
R

π

� 1
N
µε

ε
, (57)

which gives the β function of the randomness W 2
R as

βW 2 = −
dW 2

R

d lnµ
= εW 2

R +W 2
R

d ln Z2
W

d lnµ
= εW 2

R +
64W 2

R

3π2N
−

256W 4
R

πN
. (58)

Besides the unstable clean fixed point at W 2
R = 0, there is another fixed point at

W 2
R

N
π

256(ε+
64

3π2N ).
3 At this disordered fixed point, there are universal quantities

γ∗σ = ε+
32

3π2N
, (59)

z∗ = 1+
ε

2
+

32
3π2N

. (60)

More discussion will be given in Sec. 7 on the fixed point structure in the space of randomness
W 2

R .

3W 2
R /N is the small parameter in the perturbative study.
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6 1/N correction at d = 4− ε

6.1 Field theoretical RG

At 3< d < 4, as analyzed before in Sec. 3.2, we consider the perturbation around the Gaussian
fixed point by disorder, where the disorder couples to the composite operator φ2 with scaling
dimension ∆φ2 = d − 1. The action in Eq. (23) at m= 0

S =
1
2

∫

dd xdτ
�

(∂ φx ,τ)
2 +

1
p

N
Jxφ

2
x ,τ

�

, (61)

defines the Feynman rules as

Gφ(k,ω)
φk,ω φ−k,−ω

,
1

2
p

N

Jx

φx ,τφx ,τ . (62)

As N →∞, the disorder doesn’t affect the system since it couples with φ2 at the order of 1p
N

.
At the order of 1/N , the disorder averaged 2-point function of φ is corrected to be

GB
φ(k,ω) = 〈φk,ωφ−k,−ω〉cJ = Gφ(k,ω) + L9

=
1

k2 +ω2
−

W 2

(4π)2N
2µ−ε

ε

ω2

(k2 +ω2)2
. (63)

In terms of the renormalized variables defined as before

φR = Z−1
φ φ , φ2

R = Z−1
φ2φ

2 , τ= ZττR , ω=ωR/Zτ , ZW WR =W , (64)

we can then get the finite renormalized correlation function GR
φ
= Z−1

τ Z−2
φ

GB
φ

. The divergence
in the bare correlation function fixes the renormalization constants to be

Zτ = 1+
W 2

R

16π2N
µ−ε

ε
,

Zφ = 1−
W 2

R

32π2N
µ−ε

ε
. (65)

As a result, the dynamical exponent and the anomalous dimension of φ are

z = 1−µ∂µ ln Zτ = 1+
W 2

R

16π2N
, (66)

γφ = µ∂µ ln Zφ =
W 2

R

32π2N
, (67)

respectively. We can also compute the bare disorder averaged disconnected 4-point function
of φ defined as

GB(4pt)
φ

= Γ B
4φGB

φ

�k
2
+q,

ω

2
+ω′
�

GB
φ

�k
2
+p,

ω

2
+ω′′
�

GB
φ

�k
2
−q,

ω

2
−ω′
�

GB
φ

�k
2
−p,

ω

2
−ω′′
�

, (68)
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where Γ B
4φ is the 4-point vertex. Then, the renormalized 4-point function is given by

GR(4pt)
φ

= Γ R
4φGR

φ

�k
2
+ q,

ωR

2
+ω′
�

GR
φ

�k
2
+ p,

ωR

2
+ω′′
�

× GR
φ

�k
2
− q,

ωR

2
−ω′
�

GR
φ

�k
2
− p,

ωR

2
−ω′′
�

= Z−4
τ Z−8

φ Γ
R
4φGB

φ

�k
2
+ q,

ωR

2
+ω′
�

GB
φ

�k
2
+ p,

ωR

2
+ω′′
�

× GB
φ

�k
2
− q,

ωR

2
−ω′
�

GB
φ

�k
2
− p,

ωR

2
−ω′′
�

= Z−2
τ Z−4

φ
GB(4pt)
φ

, (69)

which relates the renormalized and the bare 4-point vertex in the following way

Γ R
4φ = Z2

τZ4
φ
Γ B

4φ . (70)

At the tree level, the bare 4-point vertex is W 2/N . The 1/N correction is contributed by the
1PI diagram at the order of 1/N2. To this end, the bare vertex is given by

Γ B
4φ =

φ k
2+q,ω2 +ω

′ φ k
2+p,ω2 +ω

′′

φ k
2−q,ω2 −ω′

φ k
2−p,ω2 −ω′′

+ 2

φ k
2+q,ω2 +ω

′ φ k
2+p,ω2 +ω

′′

φ k
2−q,ω2 −ω′

φ k
2−p,ω2 −ω′′

=
W 2

N
+

2W 4

N

∫

dd p
(2π)d

1

(p2 +ω2
1)[(k3 − k1 + p)2 +ω2

1]

=
W 2

N

�

1+
W 2

4π2N
µ−ε

ε

�

. (71)

This determines the renormalization constant to be ZW = 1− W 2
R

8π2N
µ−ε

ε , and the β function of
the randomness is

βW 2 = −
dW 2

R

d lnµ
= εW 2

R +W 2
R

d ln Z2
W

d lnµ
= εW 2

R +
W 4

R

4π2N
. (72)

At positive ε, there is an unphysical attractive fixed point at
W 2

R
N = −4π2ε. While at negative

ε, we can find a physical but unstable fixed point at
W 2

R
N = −4π2ε. This fixed point has two

relevant directions including both the disorder and the mass perturbation.
Besides, according to the relation in Eq. (14), one can get the renormalization constant

associated with the composite operator φ2 as

Zφ2 = Z−1
τ Z−1

W = 1+
W 2

R

16π2N
µ−ε

ε
, (73)

which finds its anomalous dimension to be

γφ2 = µ∂µ ln Zφ2 = −
W 2

R

16π2N
. (74)

Compared to 2γφ , it has an opposite sign. This indicates that the scaling dimension of the
singlet operator decreases as W 2

R becomes larger. It is possible that the interaction term (φ2)2

becomes relevant if the randomness is strong enough. This would induce extra RG flow to-
wards strong interaction regime above three spatial dimensions. This result is checked by
directly computing the renormalization of the φ2 field, as studied in Appendix F.
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6.2 Momentum Shell RG

We can alternatively use the momentum shell RG to find how the randomness W 2 flows under
coarse graining. Let us begin with the action in Eq. (61) again. The bosonic field is scat-
tered by the quenched disorder. This process only transfers the momentum, which mixes the
fast and slow modes. As the integration of the frequency shell doesn’t change the form of
effective action, we thus focus on how the action gets modified after integrating over the mo-
mentum shell. In order to do this, we separate the field φ into the fast mode and the slow
mode, i.e. φ = φ> + φ<. Then, in the momentum space, we can write done the action as
S = S< + S> + Smix, where

S< =
1
2

∫ Λ0

0

dω
2π

∫ Λe−ℓ

0

dd k
(2π)d



(k2 +ω2)φ<k,ωφ
<
−k,−ω +

1
p

N

∫ Λe−ℓ

0

dd p
(2π)d

Jk−pφ
<
k,ωφ

<
−p,−ω



 , (75)

S> =
1
2

∫ Λ0

0

dω
2π

∫ Λ

Λe−ℓ

dd k
(2π)d

�

(k2 +ω2)φ>k,ωφ
>
−k,−ω +

1
p

N

∫ Λ

Λe−ℓ

dd p
(2π)d

Jk−pφ
>
k,ωφ

>
−p,−ω

�

, (76)

Smix =
1
p

N

∫ Λ0

0

dω
2π

∫ Λ

Λe−ℓ

dd k
(2π)d

∫ Λe−ℓ

0

dd p
(2π)d

Jk−pφ
>
k,ωφ

<
−p,−ω . (77)

The renormalization scale is defined as ℓ = − ln
�

1− δΛΛ
�

> 0 where δΛ is the decrease in the
UV cutoff of momentum. In other words, δΛ≈ ℓΛ. So larger ℓ results in a longer length scale
after the integration over fast modes. The UV cutoff of frequency is chosen to be Λ0≪ Λ. The
disordered coupling Jk is independent of frequency and is drawn from the Gaussian distribu-
tion

P[J] =
1
N

exp
�

−
1

2W 2

∫

dd k [Jk − J0δ
d(k)][J−k − J0δ

d(−k)]
�

. (78)

Here, we take a generic form with a nonzero mean value J0, i.e. Jk = J0δ
d(k). Higher moments

of Jk are functions of both J0 and W 2. A few of them are listed in Appendix G. Nonzero J0 can
also be viewed as a mass term in the UV action. To make it clear, we can define a new disorder
coupling J ′k = Jk − J0δ

d(k). Then, J ′k obeys the Gaussian distribution with zero mean while

there exists an additional mass term 1
2
p

N
J0

∫ dd k
(2π)d

dω
2πφk,ωφ−k,−ω in the action. We can define

the Feynman rules based on the action S.

G<(k,ω)
φ<k,ω φ<−k,−ω

,
G>(k,ω)

φ>k,ω φ>−k,−ω
,

Jk−p

φ
<(>)
k,ω φ

<(>)
−p,−ω1

2
p

N

,

Jk−p

φ>k,ω φ<−p,−ω1p
N

. (79)

After integrating out the fast modes, the effective action at the order of 1
N becomes

S< =
1
2

∫ Λ0

0

dω
2π

∫ Λe−ℓ

0

dd k
(2π)d

×



(k2 +ω2)φ<k,ωφ
<
−k,−ω +

1
p

N

∫ Λe−ℓ

0

dd p
(2π)d

Jk,p(ω) φ
<
k,ωφ

<
−p,−ω



 , (80)

where p and k are both smaller than Λe−ℓ. The second term is represented as a summation of
diagrams

Jk−p

φ<k,ω φ<−p,−ω1
2
p

N

−
G>(q,ω)

Jk−q Jq−p

φ<k,ω φ<−p,−ω

+

Jk−q1
Jq2−pJq1−q2

q1 q2
φ<k,ω φ<−p,−ω

+ O(1/N2) . (81)
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As a result, the effective coupling of the singlet operator can be expanded as a power series of
Jk:

Jk,p(ω) = Jk−p −
1
p

N

∫ Λ

Λe−ℓ

ddq
(2π)d

Jk−qJq−pG>(q,ω)

+
1
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d
Jk−q1

Jq1−q2
Jq2−pG>(q1,ω)G>(q2,ω) + . . . , (82)

which is in general a function of frequencyω. Now the distribution of Jk,p is different from the
original Gaussian distribution P[J] in Eq. (78). Up to the order of 1

N , the mean and variance
are corrected to be

Jk,p(ω) = Jk−p −
1
p

N

∫ Λ

Λe−ℓ

ddq
(2π)d

Jk−qJq−pG>(q,ω)

+
1
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d
Jk−q1

Jq1−q2
Jq2−pG>(q1,ω)G>(q2,ω) +O

�

1/N
3
2

�

,

Jk1,p1
Jk2,p2

−Jp1,k1
Jp2,k2

= Jk1−p1
Jk2−p2

+
2
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d

×
�

Jk1−p1
Jk2−q1

Jq1−q2
Jq2−p2

− Jk1−p1
Jk2−q1

Jq1−q2
Jq2−p2

�

× G>(q1,ω)G>(q2,ω) +O
�

1/N
3
2

�

. (83)

Provided that the internal momenta q and q1,2 within the momentum shell are much larger
than the external momenta in the long wavelength limit, the distribution of disorder is
parametrized by the following mean and variance

Jk,p(ω) =
�

J0 −
W 2

p
N
η1(ω) +

W 2J0

N
η2(ω)
�

δd(k− p) + . . . , (84)

Jk1,p1
(ω)Jk2,p2

(ω)−Jk1,p1
(ω) Jk2,p2

(ω) =

�

W 2 +
2W 4

N
η2(ω)

�

δd(k1 + k2 − p1 − p2) , (85)

where up to the first order in ℓ and ω2, we have the approximations

η1(ω) =

∫ Λ

Λe−ℓ

ddq
(2π)d

G>(q,ω)≈
ℓ

8π2
(Λ2 −ω2) ,

η2(ω) =

∫ Λ

Λe−ℓ

ddq
(2π)d

[G>(q,ω)]2 ≈
ℓ

8π2

�

1−
2ω2

Λ2

�

. (86)

As Λ2≫ω2, the second term in η2(ω) can be ignored. Notice that in Eq. (84), the mean value
of the random coupling is shifted by a function ofω. In the limit of low frequency, we are able
to eliminate this ω dependence by redefining the frequency. This leads to a new disorder
coupling J ′k,p = Jk,p(ω) −

W 2ℓ

8π2
p

N
ω2, whose mean is independent of ω. Consequently, after

integrating a frequency shell with thickness zδΛ, the effective action in Eq. (80) is modified
to

Seff =
1
2

∫ Λ0e−zℓ

0

dω
2π

∫ Λe−ℓ

0

dd k
(2π)d

�

(k2 +ω2
R)φ

<
k,ωφ

<
−k,−ω +

1
p

N

∫ Λe−ℓ

0

dd p
(2π)d

J ′k,p φ
<
k,ωφ

<
−p,−ω

�

. (87)

Up to the order of 1
N , we have

ωR =ωexp[(z − 1)ℓ] , and z = 1+
W 2

16π2N
. (88)
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The quantity z is known as the dynamical exponent, consistent with what we got in Eq. (66)
using field theoretical RG. Then, we want to restore the UV cutoffs by doing rescaling with
ω→ωRe−zℓ and k→ ke−l . This results in an action

Seff =
1
2

∫ Λ0

0

dωR

2π

∫ Λ

0

dd k
(2π)d
�

(k2 +ω2
R)φ

<
R;k,ωφ

<
R;−k,−ω

+
1
p

N

∫ Λ

0

dd p
(2π)d

e(2−d)ℓJ ′ke−ℓ,pe−ℓ φ
<
R;k,ωφ

<
R;−p,−ω

�

. (89)

We can find the first term returns to the same form as Eq. (61) if the renormalized fundamental

field φ is defined as as φR;k,ω = e−
(d+z+2)

2 ℓφke−ℓ,ωe−zℓ . This means the field φ acquires an

anomalous dimension γφ =
W 2

32π2N . In the second term, the UV action can be reproduced
if the renormalized disorder coupling is defined as

J ′R;k,p = e(2−d)ℓJ ′ke−ℓ,pe−ℓ . (90)

Then, the RG flow of the mean value of the disorder couplingJ ′k,p is described by the β function

βJ =
dJ0

dℓ
= 2J0 −

W 2

8π2
p

N
+

W 2J0

8π2N
, (91)

where J0 = J0/Λ
2. Notice it can flow to a nonzero value even though it is set to be zero in

the UV. However, no matter what value it is, we can always fine tune a constant UV mass to
cancel it such that the system remains critical. Besides, one can also define the renormalized
width of the Gaussian distribution as

W 2
R =W 2 exp
�

(4− d)ℓ+
W 4

4π2N
ℓ
�

. (92)

It has the β function

βW 2 =
dW 2

R

dℓ
= εW 2

R +
W 4

R

4π2N
, (93)

at d = 4− ε. This equation is the same as Eq. (72). As we described before, the width of the
Gaussian distribution keeps increasing as we go to a larger length scale below d = 4 spatial
dimensions. At the order of 1/N , there is no sign of any physical fixed point. We can compute
higher order corrections of these β functions. But still, no fixed point can be reliably obtained
in this perturbative calculation up to 1/N2 order, as we discussed in Appendix G.

7 Discussion and conclusion

In this work, we have studied the weak disorder effect on the clean Wilson-Fisher fixed point
and the free Gaussian fixed point. The RG flow driven by the random mass disorder is encoded
in the β-functions given by Eq. (58) at d = 2+ε and given by Eq. (72) or, equivalently, Eq. (93)
at d = 4− ε.

At 2 + ε and finite N , there exists an attractive fixed point at
W 2

R
N = π

256(ε +
64

3π2N ). At
ε = 0, this is the disordered fixed point at d = 2 found in previous work [6]. Below two
spatial dimensions, there is still an attractive fixed point if N |ε|< 64

3π2 . This is because the 1/N
correction reduces the lower critical dimension. Concretely, at the order of 1/N , the anomalous
dimension of the σ operator given by Eq. (55) is negative provided W 2

R = 0 in the clean
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system. Thus, the lower critical spatial dimension is corrected to be d ′ = 2− 2γσ|W 2
R=0 < 2.

Notice as N → ∞, the universal data of this fixed point at finite ε, such as the anomalous
dimension γ∗σ, cannot be continuously deformed from what we listed in Tab. 1. The reason for
this discontinuity is that the limit of N →∞ and the disorder averaged scaling limit do not
commute at ε > 0. In order to get the physical behavior, we should take the IR limit first. This
requires the double expansion of ε and 1/N , which cannot be obtained by a 1/N expansion
at finite ε. The system at N =∞ is of pure theoretical interest.

At 4− ε, the system is decoupled with disorder at N =∞. At finite but large N , disorder
will drive the system away from the Gaussian fixed point below four spatial dimensions. At
positive ε, there is a stable fixed point at negative randomness which can never be reached in
a physical system. This concrete RG calculation actually reproduce the instability encoded in
the replicated action being not bounded from below. If ε is negative, there can be a physical

fixed point at positive
W 2

R
N . However, it is unstable. This means, even though weak disorder is

irrelevant at the Gaussian fixed point, a strong enough mass disorder will still be significantly
enhanced in the IR.

There is one interesting possibility that the stable fixed point at 2+ ε survives at d = 3 at
finite interaction strength. If this is the case, we expect its universal behavior already encoded
in the critical exponents in Eq. (59) and Eq. (60) as analytical functions of ε and 1/N . At
N = 2 and ε = 1, we can get z∗ = 3

2 +
16

3π2 ≈ 2.04 and ∆σ ≈ 3.54 which leads to ν ≈ 2
3 =

2
d

at d = 3. This saturates the bound given by the Harris criterion, i.e. νd = 2, which doesn’t
have to be true if we include higher order corrections. This fixed point should describe the
phase transition between a glassy phase and the superfluid phase in a 3+1 dimensional inter-
acting bosonic system perturbed by off-diagonal disorder. In the presence of the particle-hole
symmetry, the glassy phase is expected to be an incompressible Mott glass [23]. Thus, we
suggest that this phase transition is continuous. Hopefully the critical exponents predicted
above can be testified in the future numerical and experimental studies. It is possible that
more fixed points exist at larger randomness which renders the situation more complicated.
Sophisticated non-perturbative technique is needed to study the strong disorder regime.

In conclusion, we study the random mass O(N) vector model at 2< d < 4. At N =∞, the
disordered theory can be solved exactly. We have two ways to understand its scale invariance
in the IR. Around the fixed point at N =∞ and d = 2 as well as the fixed point at N =∞
and d = 4, we can perturbatively obtain the RG flow around the Wilson-Fisher fixed point and
the Gaussian fixed point, respectively at d = 2+ε and 4−ε, by using the double expansion of
ε and 1/N . The results are shown in Fig. 1. It helps us to postulate the fixed point structure at
d = 3, where the system has experimental realizations. By all means, a concrete study of the
d = 3 system calls for non-perturbative methods. We also hope our study can stimulate more
numerical or experimental study on the bosonic system with random mass disorder, especially
at d = 3.
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A Gσ(k,ω)

At the clean Wilson-Fisher fixed point, the system is described by the critical O(N) model in
Eq. (22) with Jx = 0. The φ field is only coupled to σ at order of 1

N . So in the large N limit,
the propagator of φ is the same as in the free theory, i.e.

Gφ(K) = 〈φKφ−K〉= = K−2 . (A.1)

Here K is a short notation for (k,ω). Since the propagation of σ is driven by its interaction
with φ, it is thus of order 1/N and is given by

〈σKσ−K〉= Gσ(K) = 2λ
N +

Gφ
+

Gφ
+ . . . (A.2)

=
2λ
N
+
�

2λ
N

�2 N
2

∫

dd+1P
(2π)d+1

1
P2(K − P)2

+
�

2λ
N

�3
�

N
2

∫

dd+1P
(2π)d+1

1
P2(K − P)2

�2

+ . . . .

The integration in each loop can be evaluated as I =
∫ dd+1P
(2π)d+1

1
P2(K−P)2 = c2Kd−3 where

c2 = −
2−(d+1)(4π)

2−d
2

Γ ( d
2 ) sin

π(d+1)
2

. It is positive at 2 ≤ d < 3. Then, the sum of all the diagrams gives

〈σKσ−K〉 =
2λ
N

1
1+c2λKd−3 . When d < 3, as K → 0 in the low energy limit, 〈σKσ−K〉 ≈

2
c2N K3−d

which is independent of UV coupling λ. As we make the changeσ→ 1p
N
σ in the main context,

we can rewrite the propagator as Gσ(K) =
2
c2

K3−d .

B Exact study of the model in Eq.(24)

In this sections, we compute the correlation functions of the theory in Eq.(24) as functions of
the disordered coupling. Given the action in Eq.(24), we can add a source t x ,τ coupled to the
generalized free field (GFF) σx ,τ. Then, the total action in the real space is

S =
1
2

∫

dd xdτdd x ′dτ′ σx ,τG−1
σ (|x − x ′|, |τ−τ′|)σx ′,τ′ +

∫

dd xdτ (iJx + t x ,τ)σx ,τ. (B.1)

It is easy to compute the partition functional Z[J , t] by integrating overσ, which is a functional
of disordered coupling J and source t.

Z[J , t] = Z0 exp
¦1

2

∫

dd xdτdd x ′dτ′(iJx + t x ,τ)Gσ(|x − x ′|, |τ−τ′|)(iJx ′ + t x ′,τ′)
©

, (B.2)

where Z0 =
r

(2π)V
det G−1

σ
is a constant depending on systems size V . Then, the correlation functions

of σx ,τ can be obtained by taking derivative of Z with respect of t followed by setting t = 0.
Here we list the exact results of a few correlation functions.

〈σx0,τ0
〉J = −

1
Z[J , t]

∂ Z[J , t]
∂ t x0,τ0

�

�

�

t=0
= −i

∫

dd xdτJx Gσ(|x − x0|, |τ−τ0|) ,

〈σ2
x0,τ0
〉J =

1
Z[J , t]

∂ 2Z[J , t]
∂ t2

x0,τ0

�

�

�

t=0
= −
∫

dd x1dτ1dd x2dτ2Jx1
Jx2

× Gσ(|x1 − x0|, |τ1 −τ0|)Gσ(|x2 − x0|, |τ2 −τ0|) ,
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〈σx1,τ1
σx2,τ2

〉J =
1

Z[J , t]
∂

∂ t x2,τ2

∂

∂ t x1,τ1

Z[J , t]
�

�

�

t=0
= Gσ(x12,τ12)

−
∫

dd x3dτ3dd x4dτ4Jx3
Jx4

Gσ(x13,τ13)Gσ(x24,τ24) ,

〈σx1,τ1
σx2,τ2

〉cJ =
∂

∂ t x2,τ2

∂

∂ t x1,τ1

ln Z[J , t]
�

�

�

t=0
= Gσ(x12,τ12) ,

〈σ2
x1,τ1

σ2
x2,τ2
〉J =

1
Z[J , t]

∂ 2

∂ t2
x2,τ2

∂ 2

∂ t2
x1,τ1

Z[J , t]
�

�

�

t=0
= 2[Gσ(x12 ,τ12)]

2

+

∫

dd x3dτ3dd x4dτ4dd x5dτ5dd x6dτ6Jx3
Jx4

Jx5
Jx6

× Gσ(x13,τ13)Gσ(x14,τ14)Gσ(x25,τ25)Gσ(x26,τ26)

− 4Gσ(x12,τ12)

∫

dd x3dτ3dd x4dτ4Jx3
Jx4

Gσ(x13,τ13)Gσ(x24,τ24) ,

〈σ2
x1,τ1

σ2
x2,τ2
〉cJ = 〈σ

2
x1,τ1

σ2
x2,τ2
〉J − 〈σ2

x1,τ1
〉〈σ2

x2,τ2
〉J

= 2[Gσ(x12τ12)]
2 − 4Gσ(x12,τ12)

∫

dd x3dτ3dd x4dτ4Jx3
Jx4

× Gσ(x13,τ13)Gσ(x24,τ24) . (B.3)

We use the same notation as in the main text where the subscript “J" denotes the disorder
coupling dependence and the superscript “c" labels the connected correlation functions. These
expressions can be represented by Feynman diagrams given in Eq. (25), Eq. (26) and Eq. (27).
More connected and disconnected correlation functions can be computed in the same way.

C Replica trick

In this section, we use the replica trick to study the theory of GFF in Eq. (24). Based on the
equality ln Z[J] = limn→0

Zn[J]−1
n , we can sum over n copies of the original theory and then do

the disorder averaging to get a replicated theory. In order to evaluate the correlation functions,
we can introduce the source t and t ′ coupled to σ and σ2 respectively. The disorder averaged
2-point functions of σ and σ2 are naturally given by

〈σk,ωσ−k,−ω〉cJ = (−1)2
∫

DJ P[J]
∂

∂ tk,ω

∂

∂ t−k,−ω
ln Z[J , t, t ′]
�

�

�

t=t ′=0
(C.1)

= lim
n→0

1
n
∂

∂ tk,ω

∂

∂ t−k,−ω
Zn[W 2, t, t ′]
�

�

�

t=t ′=0
= lim

n→0

1
n

∑

α,α′
〈σα,k,ωσα′,−k,−ω〉 ,

〈σ2
k,ωσ

2
−k,−ω〉

c
J= lim

n→0

1
n
∂

∂ t ′k,ω

∂

∂ t ′−k,−ω
Zn[W 2, t, t ′]
�

�

�

t=t ′=0
= lim

n→0

1
n

∑

α,α′
〈σ2
α,k,ωσ

2
α′,−k,−ω〉 , (C.2)

where the replicated action Zn[W 2, t, t ′] is

Zn =

∫

DJ Dσα exp
§

−
n
∑

α=1

∫

dd kdω
�

1
2
σα,k,ωG−1

σ (k,ω)σα,−k,−ω + iJ−kδ(ω)σα,k,ω

�ª

×exp
§

−
1

2W 2

∫

dd k JkJ−k

ª

exp
§

−
∫

dd xdτ t x ,τ

n
∑

α=1

σα,x ,τ −
∫

dd xdτ t ′x ,τ

n
∑

α=1

σ2
α,x ,τ

ª
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=

∫

Dσα exp
§

−
�

1
2

∫

dd kdω
n
∑

α,α′=1

σα,k,ω

�

G−1
σ (k,ω)δα,α′ +W 2δ(ω)

�

σα′,−k,−ω

�ª

×exp
§

−
∫

dd xdτ t x ,τ

n
∑

α=1

σα,x ,τ −
∫

dd xdτ t ′x ,τ

n
∑

α=1

σ2
α,x ,τ

ª

. (C.3)

The last equality in Eq. (C.1) and Eq. (C.2) are obtained by explicitly taking the deriva-
tives of the replicated theory. In Eq. (C.3), α is the replica index. We can define
a matrix whose row and column indices are replica indices. Its element is given by
G−1
α,α′(k,ω) = G−1

σ (k,ω)δα,α′ +W 2δ(ω). It is straightforward to find its inverse exactly as

Gα,α′(k,ω) = Gσ(k,ω)δα,α′ −
W 2δ(ω)[Gσ(k,ω)]2

1+nW 2δ(ω)Gσ(k,ω) . Recall that Gσ(k,ω)∝ (k2 +ω2)
2∆σ−d−1

2 . If

we perform the scale transformation by doing the replacements k → ke−ℓ and ω → ωe−ℓ,
where ℓ is a change in logarithmic length scale, then each matrix element Gα,α′ becomes

Gσ(k,ω)e(d+1−2∆σ)ℓδα,α′ −
W 2δ(ω)e(2d+3−4∆σ)ℓ[Gσ(k,ω)]2

1+nW 2δ(ω)Gσ(k,ω)e(d+2−2∆σ)ℓ
. If d + 2 − 2∆ < 0, then the order of

two limits n→ 0 and ℓ→∞ commute. Taking these two limits successively, the second term
contributing Gα,α′ vanishes. As a result, each replica decouples and the disorder effect is irrel-
evant. While when d+2−2∆> 0, the two limits don’t commute. We need to take n→ 0 first
and then ℓ→∞ in order to get physical results.

Next, we evaluate the correlation functions in Eq. (C.1) and Eq. (C.2). For σ, its disorder
averaged 2-point function is

〈σk,ωσ−k,−ω〉cJ = lim
n→0

�

Gσ(k,ω)−
nW 2δ(ω)[Gσ(k,ω)]2

1+ nW 2δ(ω)Gσ(k,ω)

�

= Gσ(k,ω) . (C.4)

For the composite operator, we can get

〈σ2
k,ωσ

2
−k,−ω〉

c
J = lim

n→0

2
n

n
∑

α,α′=1

∫

dd pdΩ
(2π)d+1

〈σα(k− p,ω−Ω)σα′(−k+ p,−ω+Ω)〉

× 〈σα(p,Ω)σα′(−p,−Ω)〉

= lim
n→0

2
n

n
∑

α,α′=1

∫

dd pdΩ
(2π)d+1

×
�

Gσ(k− p,ω−Ω)δαα′ −
W 2δ(ω−Ω)[Gσ(k− p,ω−Ω)]2

1+ nW 2δ(ω−Ω)Gσ(k− p,ω−Ω)

�

×
�

Gσ(p,Ω)δαα′ −
W 2δ(Ω)[Gσ(p,Ω)]2

1+ nW 2δ(Ω)Gσ(p,Ω)

�

= 2

∫

dd pdΩ
(2π)d+1

Gσ(k− p,ω−Ω)Gσ(p,Ω)

− 4 lim
n→0

∫

dd pdΩ
(2π)d+1

W 2δ(Ω)Gσ(k− p,ω−Ω)[Gσ(p,Ω)]2

1+ nW 2δ(Ω)Gσ(p,Ω)

+ 2 lim
n→0

n

∫

dd pdΩ
(2π)d+1

W 2δ(ω−Ω)[Gσ(k− p,ω−Ω)]2

1+ nW 2δ(ω−Ω)Gσ(k− p,ω−Ω)

×
W 2δ(Ω)[Gσ(p,Ω)]2

1+ nW 2δ(Ω)Gσ(p,Ω)
. (C.5)

The physical results by taking the n→ 0 limit first are consistent with the exact results listed
in Eq. (B.3).
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D Dimension reduction

Starting from the replicated theory in Eq. (C.3), we can also derive the supersymmetric effec-
tive action discussed in Sec. 4.2, as studied in Ref. [40, 41]. Set t = t ′ = 0. We can define
ϕ = 1

2(σ
1 +ρ), η = σ1 −ρ and χa = σa −ρ for a = 2, . . . , n, where ρ = 1

n−1(σ
2 + · · ·+σn).

While ϕ represents the mean value of replica fields, η and χa quantify the replica symmetry
breaking. In terms of these new fields, the replicated theory can be written in the following
way such that in the limit of n→ 0, we have Zn → 1. The disorder averaged n-copies of the
partition function is given by

Zn = |n− 1|
∫

DϕDηDχa δ
�

n
∑

a=2

χa
�

× exp
¦

−
1
2

∫

dd kdω
�

(ϕ +
1
2
η)k,ωG−1

σ (k,ω)(ϕ +
1
2
η)−k,−ω

+
n
∑

a=2

(χa +
2ϕ −η

2
)k,ωG−1

σ (k,ω)(χa +
2ϕ −η

2
)−k,−ω

�

−
W 2

2

∫

dd kdωδ(ω)[nϕ +
2− n

2
η]k,ω[nϕ +

2− n
2
η]−k,−ω

©

= |n− 1|
∫

DϕDηDχa δ
�

n
∑

a=2

χa
�

exp
¦

− S0 − nS1 − n2S2

©

, (D.1)

where the effective action consists

S0 =

∫

dd kdω
(2π)d+1

G−1
σ (k,ω)[ηk,ωϕ−k,−ω +

1
2

n
∑

a=2

χa
k,ωχ

a
−k,−ω]

+
W 2

2

∫

dd kdω
(2π)d+1

δ(ω)ηk,ωη−k,−ω ,

S1 =
1
2

∫

dd kdω
(2π)d+1

G−1
σ (k,ω)
�

ϕk,ωϕ−k,−ω −ηk,ωϕ−k,−ω +
1
4
ηk,ωη−k,−ω

�

+
W 2

2

∫

dd kdω
(2π)d+1

δ(ω)(2ϕk,ωη−k,−ω −ηk,ωη−k,−ω) ,

S2 =
W 2

2

∫

dd kdω
(2π)d+1

δ(ω)(ϕk,ωϕ−k,−ω −ϕk,ωη−k,−ω +
1
4
ηk,ωη−k,−ω) . (D.2)

We can check that limn→0 Zn = 1. Therefore, any observable can be expressed as

〈O[σ]〉= lim
n→0

∫

DϕDηDχa δ

� n
∑

a=2

χa

�

O[ϕ,η,χa] exp
¦

− S0

©

. (D.3)

Furthermore, in the limit of n→ 0, we have equality

lim
n→0

1
2

n
∑

a=2

χa
k,ωG−1

σ (k,ω)χa
−k,−ω = ψ̄k,ωG−1

σ (k,ω)ψ−k,−ω , (D.4)

where ψ and ψ̄ are anti-commuting scalar fields. This can be verified by Gaussian integral
over the fields on both sides. Consequently, the effective action becomes
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lim
n→0

S0 =

∫

dd kdω
(2π)d+1

G−1
σ (k,ω)[ηk,ωϕ−k,−ω

+ ψ̄k,ωψ−k,−ω] +
W 2

2

∫

dd kdω
(2π)d+1

δ(ω)ηk,ωη−k,−ω . (D.5)

Notice that the disorder only couples to the zero mode of the η field. So we can integrate over
all other modes and get the effective action as

Sω=0
eff =

∫

dd k
(2π)d

�

ηk,0G−1
k,0ϕ−k,0 + ψ̄k,0G−1

k,0ψ−k,0 +
W 2

2
ηk,0η−k,0

�

. (D.6)

In an isotropic system, by defining a new momentum p in D = 2d
d+1−2∆σ

dimensions as what
we do in the main text, we can get a free action in terms of new fields η′p = ηk,0, ϕ′p = ϕk,0,

ψ′p =ψk,0 and ψ̄′p = ψ̄k,0. In the real space, it is

2
c2
Sω=0

eff =

∫

dDx
�

η′x(−∇
2)ϕ′x + ψ̄

′
x(−∇

2)ψ′x +
1
2
η′xη

′
x

�

, (D.7)

where we set W 2 = c2
2 . This action is invariant under a transformation

δϕ′x = āεµxµψ
′
x , δη′x = 2āεµ∂µψ

′
x , δψ′x = 0, δψ̄′x = āεµ(−xµη

′
x + 2∂µϕ

′
x) , (D.8)

where ā is an infinitesimal anticommuting number and εµ is an arbitrary vector. Then, in
terms of a superfield Φx = ϕ′x + θψ

′
x + θ̄ ψ̄

′
x − θθ̄η

′
x , the effective action in Eq. (D.7) can be

written as

Sω=0
eff [Φ] = c2

Ωd

ΩD

∫

dDxdθdθ̄
�

Φx[−∇2 − 2∂θ̄∂θ ]Φx

�

, (D.9)

which is the same as Eq. (45) in the main context.

E Loop corrections

In the main context, there are two types of propagators:

α

(k2 +ω2)−α
,

α

(k2)−αδ(ω)
. (E.1)

The one on the left transfers both momentum and energy simultaneously while the other one
on the right only transfers momentum. We then compute the four types of subdiagrams below.
The results will be used later.

α β

D1

,
α β

D2

,

α

β

D3

,

α

β

D4

. (E.2)

The diagrams D1 ∼ D4 are evaluated as following:

D1[α,β; k,ω] = (k2 +ω2)−α−β , (E.3)

D2[α,β; k,ω] = (k2)−α−βδ(ω) , (E.4)
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D3[α,β; k,ω] =

∫

dd pdΩ
(2π)d+1

1
(p2 +Ω2)α

1
[(k− p)2 + (ω−Ω)2]β

=
Γ [α+ β − d+1

2 ]Γ [
d+1

2 − β]Γ [
d+1

2 −α]

(4π)
d+1

2 Γ [α]Γ [β]Γ [d + 1− β −α]

1

[k2 +ω2]α+β−
d+1

2

, (E.5)

D4[α,β; k,ω] =

∫

dd p
(2π)d

1
(p2 +ω2)α

1
[(k− p)2]β

=
Γ [α+ β − d

2 ]Γ [
d
2 − β]

(4π)d/2Γ [α]Γ [ d
2 ]

2F1

�

d
2
− β ,α+ β −

d
2

,
d
2

,
k2

k2 +ω2

�

1

(k2 +ω2)α+β−
d
2

. (E.6)

Additionally, we can have following useful integrals.

D′3[α,β; k,ω] =

∫

dd pdΩ
(2π)d+1

p2

(p2 +Ω2)α
1

[(k− p)2 + (ω−Ω)2]β

=
d
2

Γ [α+ β − d+3
2 ]

(4π)
d+1

2 Γ [α]Γ [β]

Γ [ d+3
2 − β]Γ [

d+3
2 −α]

Γ [d + 3−α− β]
1

[k2 +ω2]α+β−
d+3

2

+
Γ [α+ β − d+1

2 ]

(4π)
d+1

2 Γ [α]Γ [β]

Γ [ d+1
2 − β]Γ [

d+5
2 −α]

Γ [d + 3−α− β]
k2

[k2 +ω2]α+β−
d+1

2

, (E.7)

D′′3 [α,β; k,ω] =

∫

dd pdΩ
(2π)d+1

Ω2

(p2 +Ω2)α
1

[(k− p)2 + (ω−Ω)2]β

=
1
2

Γ [α+ β − d+3
2 ]

(4π)
d+1

2 Γ [α]Γ [β]

Γ [ d+3
2 − β]Γ [

d+3
2 −α]

Γ [d + 3−α− β]
1

[k2 +ω2]α+β−
d+3

2

+
Γ [α+ β − d+1

2 ]

(4π)
d+1

2 Γ [α]Γ [β]

Γ [ d+1
2 − β]Γ [

d+5
2 −α]

Γ [d + 3−α− β]
ω2

[k2 +ω2]α+β−
d+1

2

. (E.8)

We can then compute the following diagrams.

• L1 and L2

L1
, L2

. (E.9)

These two loops are special cases of D3 and D4. In the ε = d − 2 expansion, we still
adopt the propagator of σ at d = 2. This gives

L1[k,ω] = −
2

c2N
D3[1,−

1
2

; k,ω]≈
8

3π2N
1
ε
(k2 +ω2)µε, (E.10)

L2[k,ω] =
4W 2

c2
2 N

D4[1,−1; k,ω]≈
128W 2

πN
1
ε
(ω2 − k2)µε. (E.11)

• L3 and L4

L3

,

L4

. (E.12)
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These two loops are computed as

L3[k,ω] = −
∫

dd pdΩ
(2π)d+1

L1[p,Ω]
(p2 +Ω2)2

1
(k− p)2 + (ω−Ω)2

= −
8

3π2N
µε

ε
D3[1,1; k,ω]

= −
1

3π2N
µε

ε
(k2 +ω2

B)
−1/2 , (E.13)

L4[k,ω] = −
∫

dd pdΩ
(2π)d+1

L2[p,Ω]
(p2 +Ω2)2

1
(k− p)2 + (ω−Ω)2

= −
128W 2

πN
µε

ε

�

D′′3 [2, 1; k,ω]− D′3[2, 1; k,ω]
�

= −
8W 2

πN
µε

ε

k2

(k2 +ω2)
3
2

. (E.14)

• 3-vertex

In order to compute more diagrams, we study theσφφ vertices. Simple power counting
tells that these diagrams are UV divergent. For the purpose of this paper, we only need
to evaluate the divergent part. This means we are able to reconnect the external points
to the equivalent internal ones such that the diagrams are made up of only subdiagrams
listed in Eq. (E.2), namely D1∼4. This trick of computing divergent part is illustrated
comprehensively in [42].

– One loop corrections

k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv
1

,
k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv
2

. (E.15)

These two loops are expressed as

Lv
1[k, p,ω,Ω] =

−i2

c2N
3
2

∫

ddqdω′

(2π)d+1

[(p− q)2 + (Ω−ω′)2]
1
2

[( k
2 − q)2 + (ω2 −ω′)2][(

k
2 + q)2 + (ω2 +ω′)2]

, (E.16)

Lv
2[k, p,ω,Ω] =

i4W 2

c2
2 N

3
2

∫

ddq
(2π)d

(p− q)2

[( k
2 − q)2 + (ω2 −Ω)2][(

k
2 + q)2 + (ω2 +Ω)2]

. (E.17)

Both integrals are divergent in the UV. After reconnecting the external and internal
points, the resulting diagrams are shown below.

k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv−div
1

,
k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv−div
2

. (E.18)

They respectively have the same divergent parts as the two integrals above, i.e.
Lv

1,2 ≈ Lv−div
1,2 as ε→ 0. These two diagrams are given by

Lv−div
1 = −i

2

c2N
3
2

∫

ddqdω′

(2π)d+1

1

( k
2 − p− q)2 + (ω2 −Ω−ω′)2

1

[q2 + (ω′)2]
1
2

= −i
2

c2N
3
2

D3[1,
1
2

;
k
2
− p,

ω

2
−Ω]≈ i

8

π2N
3
2

µε

ε
, (E.19)

Lv−div
2 = i

4W 2

c2
2 N

3
2

∫

ddq
(2π)d

1

( k
2 − p− q)2 + (ω2 −Ω)2

= −i
128W 2

πN
3
2

µε

ε
. (E.20)
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– Two loop corrections

k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv
3

,
k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv
4

. (E.21)

These two diagrams are expressed as

Lv
3[k, p,ω,Ω] = i

4

c2
2 N

3
2

∫

ddq1dω1

(2π)d+1

ddq2dω2

(2π)d+1

1

( k
2 − q1)2 + (

ω
2 −ω1)2

×
1

( k
2 + q1)2 + (

ω
2 +ω1)2

[( k
2 − q2)2 + (

ω
2 −ω2)2]

1
2

(q2 − q1)2 + (ω2 −ω1)2

×
[( k

2 + q2)2 + (
ω
2 +ω2)2]

1
2

(p− q2)2 + (Ω−ω2)2
, (E.22)

Lv
4[k, p,ω,Ω] = −i

8W 2

c3
2 N

3
2

∫

ddq1dω1

(2π)d+1

ddq2

(2π)d
1

( k
2 − q1)2 + (

ω
2 −ω1)2

×
1

( k
2 + q1)2 + (

ω
2 +ω1)2

( k
2 − q2)2

(q2 − q1)2 + (
ω
2 −ω1)2

×
[( k

2 + q2)2 +ω2]
1
2

(p− q2)2 + (Ω−
ω
2 )2

. (E.23)

By reconnecting the external points to the equivalent internal points, we can get
following diagrams with the same divergent parts, i.e. Lv

3,4 ≈ Lv−div
3,4 in the limit of

ε→ 0.

k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv−div
3

,
k,ω→

→ k
2 + p, ω2 +Ω

→ k
2 − p, ω2 −Ω

Lv−div
4

. (E.24)

In the following, we found the divergent parts are both zero.

Lv−div
3 = i

4

c2
2 N

3
2

∫

ddqdω′

(2π)d+1

D3[1, 0, q,ω′]
q2 + (ω′)2

1

( k
2 − p− q)2 + (ω2 −Ω−ω′)2

= 0 , (E.25)

Lv−div
4 = −i

8W 2

c3
2 N

3
2

∫

ddqdω′

(2π)d+1
D4[1,−

1
2

, q,ω′]
1

q2 + (ω′)2

×
1

( k
2 − p− q)2 + (ω2 −Ω−ω′)2

= i
2W 2

c3
2 N

3
2

1

(4π)
d+1

2

Γ [1− d
2 ]

Γ [3
2]Γ 2[−1

2]

∫ 1

0

d td xd y t
1
2 (1− t)−

3
2 x−

3
2 (1− x t)−

d
2

= i
2W 2

c3
2 N

3
2

1

(4π)
d+1

2

Γ [1− d
2 ]Γ [−

1
2]

Γ [3
2]Γ [−

d
2 ]Γ [

1
2]

3F2[{−
1
2

,−
1
2

,−1}, {−1,
1
2
}, 1]

= finite . (E.26)
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• L5 and L6

Now we are ready to compute the loop corrections of theσσ propagator. It is contributed
by the following two diagrams.

L5 : , L6 : . (E.27)

Using the result of Lv−div
1,2 , we can get

L5[k,ω] = i
p

N

∫

dd pdΩ
(2π)d+1

Lv
1[k, p,ω,Ω]

1

( k
2 + p)2 + (ω2 +Ω)2

1

( k
2 − p)2 + (ω2 −Ω)2

= −
8
π2N

µε

ε
D3[1, 1; k,ω] = −

1
π2N

µε

ε

1
p

k2 +ω2
, (E.28)

L6[k,ω] = i
p

N

∫

dd pdΩ
(2π)d+1

Lv
2[k, p,ω,Ω]

1

( k
2 + p)2 + (ω2 +Ω)2

1

( k
2 − p)2 + (ω2 −Ω)2

=
128W 2

πN
µε

ε
D3[1, 1; k,ω] =

16W 2

πN
µε

ε

1
p

k2 +ω2
. (E.29)

There would be a factor of 2 for each diagram coming from both left and right subdia-
grams. However, it is cancelled by the symmetry factor 1

2 .

• L7 and L8

As shown before, there is no divergent subdiagram. Therefore, these two diagrams are
finite.

F Renormalization of composite operator φ2 at 4− ε

In this section, we compute the connected 2-point correlation function of the composite op-
erator φ2. Up to the order of 1

N , the bare correlation function is contributed by the following
diagrams.

GB
φ2 =

Gk,Ω

Gp−k,ω−Ω

L10

+

Gk,Ω

Gp−k,ω−Ω

L11

+

(p− k,ω−Ω)

(k,Ω) (p− q,ω−Ω)

(q,Ω)

L12

+ O(1/N2) . (F.1)

These diagrams are evaluated as following. Firstly, L10 is given by

L10 = 2N D3[1, 1, p,ω] = 2Nc2[p
2 +ω2]

d−3
2 , (F.2)

where c2 = −
2−(d+1)(4π)

2−d
2

Γ [ d
2 ] sin

(d+1)π
2

. At d = 4, c2 = −
1

128π . Secondly, we can compute L11 as

L11 = −
8NW 2

(4π)2
µ−ε

ε
D′′3 [2, 1, p,ω] =

W 2Nc2

8π2

µ−ε

ε

�

−[p2 +ω2]
1
2 +

ω2

[p2 +ω2]
1
2

�

. (F.3)

At last, the diagram L12 is expressed as
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L12[p,ω] = 4NW 2

∫

dd k
(2π)d

ddq
(2π)d

dΩ
2π

1
k2 +Ω2

1
q2 +Ω2

×
1

(p− k)2 + (ω−Ω)2
1

(p− q)2 + (ω−Ω)2
. (F.4)

It contains subdiagram

S[p,ω; p− q,ω−Ω; q,Ω] =

∫

dd k
(2π)d

1
k2 +Ω2

1
(p− k)2 + (ω−Ω)2

≈
µ−ε

8π2ε
, (F.5)

which finally gives

L12[p,ω] = 4NW 2 µ
−ε

8π2ε

∫

ddq
(2π)d

dΩ
2π

1
q2 +Ω2

1
(p− q)2 + (ω−Ω)2

=
W 2N
2π2

µ−ε

ε
c2[p

2 +ω2]
d−3

2 . (F.6)

Consequently, the bare correlation function is

GB
φ2 = L2 + L3 + L4 = 2N

�

1+
� 3

16π2
+

1
16π2

ω2

p2 +ω2

�W 2

N
µ−ε

ε

�

c2[p
2 +ω2]

1
2 . (F.7)

The divergence is cancelled by the counterterms which can fix the renormalization constant
Zφ2 to be

Zφ2 = 1+
3

32π2

W 2
R

N
µ−ε

ε
−

1
2
δτ = 1+

1
16π2

W 2
R

N
µ−ε

ε
, (F.8)

which is the same as Eq. (73).

G β function of the randomness up to order 1/N2

The Gaussian distribution in Eq. (78) has higher moments of the disordered coupling as fol-
lows.

Jk1
Jk2
=W 2δd(k1 + k2) + J2

0δ
d(k1)δ

d(k2) , (G.1)

Jk1
Jk2

Jk3
=W 2J0

�

δd(k1 + k3)δ
d(k2) +δ

d(k2 + k3)δ
d(k1) +δ

d(k1 + k2)δ
d(k3)
�

+ J3
0δ

d(k1)δ
d(k2)δ

d(k3) , (G.2)

Jk1
Jk2

Jk3
Jk4
=W 4
�

δd(k1 + k2)δ
2(k3 + k4) +δ

d(k1 + k3)δ
2(k2 + k4)

+δd(k1 + k4)δ
2(k2 + k3)
�

+W 2J2
0

�

δd(k1 + k2)δ
d(k3)δ

d(k4) +δ
d(k1 + k3)δ

d(k2)δ
d(k4)

+δd(k1 + k4)δ
d(k2)δ

d(k3) +δ
d(k3 + k4)δ

d(k1)δ
d(k2)

+δd(k2 + k4)δ
d(k1)δ

d(k3) +δ
d(k2 + k3)δ

d(k1)δ
d(k4)
�

+ J4
0δ

d(k1)δ
d(k2)δ

d(k3)δ
d(k4) , (G.3)

Jk1
Jk2

Jk3
Jk4

Jk5
=W 4J0

5
∑

i=1

∑

ja ̸=i

δd(ki)
�

δd(k j1 + k j2)δ
d(k j3 + k j4)

+δd(k j1 + k j3)δ
d(k j2 + k j4) +δ

d(k j1 + k j4)δ
d(k j2 + k j3)
�
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+W 4J3
0

�

δd(k1 + k2)δ
d(k3)δ

d(k4)δ
d(k5) +δ

d(k1 + k3)δ
d(k2)δ

d(k4)δ
d(k5)

+δd(k1 + k4)δ
d(k2)δ

d(k3)δ
d(k5) +δ

d(k1 + k5)δ
d(k2)δ

d(k3)δ
d(k4)

+δd(k2 + k3)δ
d(k1)δ

d(k4)δ
d(k5) +δ

d(k2 + k4)δ
d(k1)δ

d(k3)δ
d(k5)

+δd(k2 + k5)δ
d(k1)δ

d(k3)δ
d(k4) +δ

d(k3 + k4)δ
d(k1)δ

d(k2)δ
d(k5)

+δd(k3 + k5)δ
d(k1)δ

d(k2)δ
d(k4) +δ

d(k4 + k5)δ
d(k1)δ

d(k2)δ
d(k3)
�

+ J5
0δ

d(k1)δ
d(k2)δ

d(k3)δ
d(k4)δ

d(k5). (G.4)

Up to the order of 1/N2, the disorder coupling of the singlet operator is

Jk,p = Jk−p −
1
p

N

∫ Λ

Λe−ℓ

ddq
(2π)d

Jk−qJq−pG>(q,ω)

+
1
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d
Jk−q1

Jq1−q2
Jq2−pG>(q1,ω)G>(q2,ω)

−
1

N
3
2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3

(2π)3d
Jk−q1

Jq1−q2
Jq2−q3

Jq3−pG>(q1,ω)G>(q2,ω)G>(q3,ω)

+
1

N2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3ddq4

(2π)4d
Jk−q1

Jq1−q2
Jq2−q3

Jq3−q4
Jq4−p

× G>(q1,ω)G>(q2,ω)G>(q3,ω)G>(q4,ω) . (G.5)

In order to get the distribution of Jk,p, we can compute the mean and variance as

Jk,p = Jk−p −
1
p

N

∫ Λ

Λe−ℓ

ddq
(2π)d

Jk−qJq−pG>(q,ω)

+
1
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d
Jk−q1

Jq1−q2
Jq2−pG>(q1,ω)G>(q2,ω)

−
1

N
3
2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3

(2π)3d
Jk−q1

Jq1−q2
Jq2−q3

Jq3−pG>(q1,ω)G>(q2,ω)G>(q3,ω)

+
1

N2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3ddq4

(2π)4d
Jk−q1

Jq1−q2
Jq2−q3

Jq3−q4
Jq4−p

× G>(q1,ω)G>(q2,ω)G>(q3,ω)G>(q4,ω)

+O
�

1/N
5
2

�

, (G.6)

and

Jk1,p1
Jk2,p2

= Jk1−p1
Jk2−p2

−
1
p

N

∫ Λ

Λe−ℓ

ddq
(2π)d

Jk1−p1
Jk2−qJq−p2

G>(q,ω)

−
1
p

N

∫ Λ

Λe−ℓ

ddq
(2π)d

Jk2−p2
Jk1−qJq−p1

G>(q,ω)

+
1
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d
Jk1−q1

Jq1−p1
Jk2−q2

Jq2−p2
G>(q1,ω)G>(q2,ω)

+
2
N

∫ Λ

Λe−ℓ

ddq1ddq2

(2π)2d
Jk1−p1

Jk2−q1
Jq1−q2

Jq2−p2
G>(q1,ω)G>(q2,ω)

−
2

N
3
2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3

(2π)3d
Jk1−q3

Jq3−p1
Jk2−q1

Jq1−q2
Jq2−p2
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× G>(q1,ω)G>(q2,ω)G>(q3,ω)

−
2

N
3
2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3

(2π)3d
Jk1−p1

Jk2−q1
Jq1−q2

Jq2−q3
Jq3−p2

× G>(q1,ω)G>(q2,ω)G>(q3,ω)

+
2

N2

∫ Λ

Λe−ℓ

ddq1ddq2ddq3ddq4

(2π)4d
Jk1−p1

Jk2−q1
Jq1−q2

Jq2−q3
Jq3−q4

Jq4−p2

× G>(q1,ω)G>(q2,ω)G>(q3,ω)G>(q4,ω) +O(1/N
5
2 ) . (G.7)

For the external momenta in the long wavelength limit, to the first order of ℓ, we can get

Jk,p =
�

J0 −
W 2

p
N
η1 +

W 2J0

N
η2 −

W 2J2
0

N
3
2

η3 +
W 2J3

0

N2
η4

�

δd(k− p) , (G.8)

Jk1,p1
Jk2,p2

−Jx Jx ′ =
�

W 2 +
2W 4

N
η2 −

16W 4J0

N
3
2

η3 +
6W 4J2

0

N2
η4

�

δd(k1 + k2 − p1 − p2) , (G.9)

where

ηm =

∫ Λ

Λe−ℓ

ddq
(2π)d

[G>(q, 0)]m =
Λ4−2mℓ

8π2
. (G.10)

Then, under rescaling of the spacetime, the disordered coupling requires a redefinition as
Jx → Jxeℓe

−2ℓ. As a result, the mean value and the variance of the Gaussian distribution at
longer length scale becomes J0 =

J0
Λ2 →

J0
Λ2 + ℓβJ and W 2→W 2 + ℓβW 2 , where

βJ =
dJ0

dℓ
= 2J0 −

W 2

8π2
p

N
+

W 2J0

8π2N
−

W 2J 2
0

8π2N
3
2

+
W 2J 3

0

8π2N2
, (G.11)

βW 2 =
dW 2

dℓ
= εW 2 +

W 4

4π2N
−

2W 4J0

π2N
3
2

+
3W 4J 2

0

4π2N2
. (G.12)

including higher order terms up to the order of 1/N2 correcting Eq. (91) and Eq. (93). From
these two β functions, we still cannot find any physical stable fixed point. If we keep one
more term in each of them compared with Eq. (91) and Eq. (93), we can find two solutions
satisfying β = 0 at

J ∗0p
N
= −

ε

4
+O(ε2) ,

(W 2)∗

N
= −4π2ε+O(ε2) , (G.13)

and

J ∗0p
N
=

1
8
+O(ε) , (W

2)∗

N
=

16π2

7
+O(ε) . (G.14)

The first one is unphysical because it locates at negative W 2. While the second one is at positive
W 2. It is at couplings of order one as ε→ 0. This makes all the higher ordered corrections of
the same order, which signals a breakdown of the perturbation. Thus, the second fixed point
found within this framework is not reliable. Generally speaking, up to the order of 1/N2, there
is no physical stable fixed point found by the perturbation method.
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