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Abstract

Jarzynski’s equality sets a strong bound on the probability of violating the second law of
thermodynamics by extracting work beyond the free energy difference. We derive finite-
time refinements to this bound for driven systems in contact with a thermal Markovian
environment, which can be expressed in terms of the geometric notion of thermody-
namic length. We show that finite-time protocols converge to Jarzynski’s bound at a rate
slower than 1/4/7, where 7 is the total time of the work-extraction protocol. Our result
highlights a new application of minimal dissipation processes and demonstrates a con-
nection between thermodynamic geometry and the higher order statistical properties of

work.
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1 Introduction

The second law of thermodynamics implies that, on average, the work W extracted from
a system in contact with a thermal bath at temperature T is bounded as

(W) < —AF, (1)

where (...) stands for an average over realisations of the work-extraction process and AF is
the Helmholtz free energy change between an initial and final equilibrium state of the system
at temperature T. Since W is a stochastic quantity, it is well known that individual events
can yield W > —AF, i.e., apparent violations of the second law [1-4]. The likelihood of these
events is negligible for macroscopic systems but they become relevant at the microscopic level,
and this has been a subject of high interest in the last decades [5-20]. When the system
is initially at thermal equilibrium, the probability of violating (1) can be inferred from the
Jarzynski equality [6], which states that

<eﬁW> — e—ﬁAF , (2)

where 3 = 1/kgT. This equality implies the following bound on the probability P(W > A) of
extracting W > A [21],

P(W > A) < e PAFHA) (3)

This means that the likelihood of extracting work above —AF becomes exponentially sup-
pressed as we increase the threshold A > —AF. Recently, Cavina, Mari and Giovannetti [15]
developed a work-extraction protocol that saturates the bound (3), which we will refer to as
the CMG protocol. It consists of two isothermal processes separated by a quench in the system’s
energy levels such that the resulting work distribution contains two sharp peaks around the
maximum target value W = A and a minimum W = W,;;, < —AF that represents a worse-case
scenario. This structure -two isotherms separated by a quench- is in fact needed to saturate
Eq. (3) (see [15] and Sec.5 below). In turn, the presence of the isothermal (and hence re-
versible) transformations implies that infinite time is required to reach the bound (3) [15,19].
This is in close analogy to the saturation of the standard average law (1), which also requires
infinitesimally slow processes. This raises natural questions: What are the fundamental limi-
tations on the probabilistic violation of (1) in finite time? What are the corresponding optimal
protocols? How are they related to optimal protocols for maximising (W)?

The goal of this article is to provide answers to these questions. Focusing on driven systems
in contact with a (Markovian) thermal bath, and using techniques from finite time stochastic
and quantum thermodynamics [22-24], our key result is to derive a finite-time correction to
Eq. (3) that behaves as:

C
P(W 2 A) S e PO 22 4 o (7720) 0<a<1/2, 4)
T

where C, > 0 and 7 is the total time of the work-extraction process (see Fig. 3). The first im-
plication of (4) is that the convergence to the upper bound (3) in the infinitely slow limit scales
no faster than O(t~1/2). This demonstrates that even minor deviations from a perfect isotherm
can have a noticeable effect on the maximum possible cumulative distribution P(W > A) for
any chosen A > —AF. For the finite-time correction, we derive an expression that depends
only on the boundary conditions of the protocol (in analogy with AF). We also show that
the optimal process saturating (4) is one that minimises the average entropy production along
the finite-time isotherms, which also ensures the majority of the total work fluctuations are
provided by the energetic quench that separates the two isotherms in the protocol. Paths of
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minimal entropy production can be found using geometric methods [23,25,26], with the opti-
mal protocol corresponding to a geodesic path within the manifold of control parameters. This
implies that C, in (4) can be expressed in terms of the so-called thermodynamic length [27,28]
between the different boundary points in the protocol.

Our results are directly relevant for a recent implementation of the CMG protocol in a single
electron transistor [ 18], where it was demonstrated that one can extract significant amounts
of work beyond the free energy decrease with a probability greater than 1/2. As expected, be-
cause the experiment was realised in finite time, the idealised sharp peaks of the CMG protocol
were broadened leading to a smaller P(W > A) than theoretically possible. Our results provide
means of improving the protocol realised in [18] in order to substantially increase P(W > A)
given the same amount of time and level of control. Beyond this interesting application, the
optimal processes derived here yield new insights for the control of microscopic machines such
as biomolecular motors and single enzymes [2,29], where one may need to drive the system
above some barrier or activation energy that exceeds the available free energy change.

The structure of the paper is as follows: in Section 2 we recall the CMG protocol that can
saturate the bound (3) using perfect isothermal steps, in Section 3 we formulate our finite-time
version of the protocol for a classical bit, in Section 4 we show how to optimise P(W > A)
over all protocols and present a finite-time correction to (3) in terms of the thermodynamic
length, and in Section 5 we show how to extend our analysis to higher dimensional systems
with non-trivial relaxation dynamics.

2 Optimal protocol in infinite time

Here we first give an overview of the CMG protocol developed in [15] that is able to max-
imise the work extraction likelihood according to (3), given some fixed initial and final equilib-
rium configuration. For simplicity, and to connect our results directly to the experiment [18],
we will first consider transforming a classical bit or two-level quantum dot. Our results will be
generalised to systems with more degrees of freedom in Sec. 5. Suppose our classical bit has
two distinct energy levels, {0, E} with E > 0, and when in equilibrium at inverse temperature f3
the probability of observing the system in the zero-energy ground state is

()

The excited energy level E represents the free parameter that can be controlled externally in
order to extract work. The free energy of the bit is given in terms of E as

F(E) = —%m@ +ePE). ©)

The CMG protocol consists of three steps (see Fig. 1):

(A) The system begins with spacing E; and undergoes an isothermal process at inverse tem-
perature f3 by changing the Hamiltonian to a new value E,,.

(B) The system Hamiltonian is then quenched rapidly from E, up to a greater value E;, > E,
with no dissipation arising from the environment.

(C) Another isothermal process at the same temperature is performed from energy Ej, to E;.

During the isotherm in Step (A), the extracted work is given deterministically by the free energy
decrease W, = F(E;) — F(E,). In Step (B), we either extract no additional work Wp = 0 with
probability p(E,) as defined in (5) or an amount Wi = E, — E;, with probability 1 — p(E,) if

3
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there is an excitation of the bit. In the final isothermal Step (C), we extract work equal to the
free energy decrease W = F(Ep) — F(E;) deterministically. The total work extracted is just
the sum of these three steps,

W:=W,+ W+ W, (7)

and the resulting work distribution takes the form

P(W) = p(Eg)5[W — Winax | + (1= p(Eq))5[ W — Winin | (8)

where
Wmax =—AF + AFab 5 (9)
Whin = Whnax — AEgp - (10)

Here we define AF = F(E;) — F(E;) as the total free energy change, AF,, = F(E,)— F(E,)
the intermediate free energy change across Step B and AE,;, = Ej, — E, the work done during
Step B. Itis straightforward to see from Ej, > E, that the two peaks in the work distribution are
situated either side of the total free energy decrease, namely W,,,, > —AF and W,,;, < —AF.
It is then clear that

oo e_ﬂAF — eﬂWmin

dw P(W) =p(E,) = -

Wmax —eﬁwmin ’ (11)

P(W = Wmax):f

Wmax

where the final equality follows from inverting the pair of equations (9) and (10) to solve
for E,. Note that in a situation where we have an additional constraint on the work distribution
P(W < W,;,) = 0, the optimal bound (3) is corrected to [15]

e_ﬁ AF _ eﬂwmin

P(W>A)<
e

ﬁA —eﬁWmin (12)

With the CMG protocol we can then get exponentially close to the upper bound (3) for any
threshold A by choosing E, and Ej, such that

Whax =A, and Wiin — —09.. (13)
Importantly, given a two level system, the described protocol is the only one saturating the
bound (3) [15], see Sec. 5 for generalisations to d-level systems.

The physical limitation of the CMG protocol rests on the fact that Steps (A) and (C) re-
quire perfect isothermal transformations. Isothermal processes in principle require an infinite
amount of time as the system must remain in equilibrium with respect to the environment at
all times. However, in any realistic implementation these steps will occur with a finite time
duration, in which case the system will deviate from perfect equilibrium. This introduces ad-
ditional dissipation and fluctuations, so that we can no longer expect the extracted work to
equal W, = F(E;) — F(E,) and W; = F(E,) — F(Es) with zero stochastic fluctuations during
the isotherms [19,30-33]. This finite-time behaviour was observed in the experiment in [18]
where the two peaks in (8) were replaced by a pair of normal distributions of finite width as il-
lustrated in Fig. 1; see also the recent experiment [34] and the theoretical work [ 19] for similar
effects. These additional fluctuations prevent one from obtaining the optimal bound (12). In
the next section, we show how to model this behaviour for regimes where the system remains
close to isothermal.
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Figure 1: (a) Set-up considered in this work: Work extraction through a driven two-
level system in contact with a thermal bath at inverse temperature 3 (see also Sec. 5
for extensions). The second law of thermodynamics implies that (W) < —AF, but in-
dividual events can satisfy W > —AF. Our goal is to maximise the likelihood of such
events, given by P(W > A) with A > —AF. (b) Sketch of the CMG work extraction
protocol, consisting of two isothermal/reversible processes (from E; to E,, and from
E} to Ey) separated by a quench from E, to Ej [15]. This protocol can maximise
probabilistic work extraction, P(W > A), and saturate the fundamental bound (3).
However, it requires infinite time to realise perfect isotherms (N — o0). (c) A sketch
of the work probability distribution P(W) obtained when performing the CMG pro-
tocol in finite time (finite N). It consists of two Gaussian distributions with their
first and second moments related via the work fluctuation dissipation relation [33].
In the limit N — oo, the (average) entropy production (26) vanishes (o) = 0 so
that the Gaussian distributions are replaced by Dirac deltas; the protocol maximising
P(W = A) then requires choosing E;, — o0 and E, such that A = W,, (13). Instead,
for finite time (o) > 0, it is convenient to take finite E, and E, such that W, > A
in order to maximise P(W > A).

3 Probabilistic work extraction in finite time

We now model the steps (A) and (C) in finite time by assuming that the system is driven
by a series of discrete quenches in the energy E followed by relaxations with respect to the
environment, following a well-known discrete approach to finite-time thermodynamics [28,
33,35,36]. A similar approach has been recently used in Ref. [19] to characterise P(W > A)
as well as the form of the work distribution. We will generalise our results to driven Markovian
systems in Sec. 5.

Let us first decompose Step (A) into a series of Ny—1 quenches in the energy gap E, where
we label the n’th energy value by EY(IA) with boundary conditions E&A) = E; and EI(\}: ) = E,.
The work extracted along the n’th quench is given by the energy decrease labelled WTSA), and
the total extracted work along the whole of Step (A) is then just the sum W, = Zgi_ll WrgA).
For our two level system, there are two possible outcomes at each quench given by WrgA) =0
with probability p(ET(IA)) and WTEA) = ET(IA) - Er(l’i)l with probability 1 — p(Er(lA)). Each quench is
followed by a relaxation with the environment at zero work cost and each work increment
WrgA) is independent of the previous step, meaning that the likelihood of extracting a given
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amount W, during Step (A) is given by

Ny—1
pw) =[] (5[W§A>]p(E,§A)) +6[WW 4+ B —EW(1 - p(Ef;‘D))) : (14)
n=1

In a similar manner, we can model Step (C) as another series of N — 1 quenches and re-
laxations, with the energy gaps passing through a trajectory of values ET(IC) with boundary
conditions Egc) = E, and EI(VCC) = E¢. The distribution of work W, during this final step is then,
in analogy with (14),

Ne-1
P(W,) = l_[ (5[Wn(c)]p(Eff)) +6[W© +E9 —EO](1 —p(E,(f)))) . (15)

n=1

Step (B) is also independent of (A) and (C), which means the total work distribution along all
three stages with outcome W = W, + Wy + W, is given by

P(W) =5[W — W, — W [P(W,)P(W¢)p(E,) (16)
+ 5[ W — Wy — W + AEq, [P(W)P(W)(1—p(Ey)) (17)

where we have used the fact that W,, Wy and W, are independent random variables, and
recall the definition AE,;, = E, —E,.

The degree to which we can get close to the upper bound (3) depends on how close we
can approximate the desired isotherms in Step (A) and (C). A perfect isotherm is achieved in
the infinite step limit Ny = N, = 00. In order to investigate the more realistic situation where
these steps are finite, while keeping the problem tractable, we turn our attention to a regime
where the number of steps are large:

N2>1, NZ>1, (18)

which means we treat terms of order O(1 /Nj) and O(1 /Ng) as negligible in subsequent
calculations. To this order of approximation, we can replace the series of quenches
{EW; n=1,2,..N,} and {E'©); n = 1,2,...N;} along Steps (A) and (C) by a pair of smooth
functions E@(t) and E(©)(t) for dimensionless parameter t € [0, 1] with fixed boundary con-
ditions (see e.g. [33])

{ED0) =E;, EY(1) =E,}, (19)
{E©)(0) = Ey, E©(1) =E;}. (20)

In terms of the full statistics, it is known that the work distribution behaves approximately
Gaussian where the average excess work is proportional to half the variance divided by
kT [30,33]. That is, for large N2 > 1 we can approximate the distribution at Step (A)
and (C) by

P(Wx) ~ N((Wx),—2ksT ((Wy) + AFx)); X ={AC}, (21)

where N({x),Ax?) denotes a normal distribution with mean (x) and variance
Ax? = (x2?) — (x)2. In the above we have labelled the free energy changes by AF, = F, — F;
and AF; = Fy — Fp, and used the work fluctuation-dissipation relations,

(Wx) + AFx = _%ﬂAW)?J X ={A,C}, (22)
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which holds up to order O(1 /N}?). Comparing this with (16) we see that the full work distribu-
tion will be a convex sum of two independent Gaussian distributions centered on (W,) + (W)
and (W,)+ (W) —AE,, respectively. We can now directly compute the likelihood of extracting
work above some threshold A, which is given by

oo

P(W>=A)= f dW P(W)
A

1 A—(Wy) — (W)
=— f
2p(Ea) “ C(Z\/kBT(WmaX (WA> - WC )
1 A+ AEg, — (W) — (We)
—(1— fc
’ 2(1 p(Ea)) “ (2\/kBT(Wmax (WA) ( ) ) (23)
1 A—(Wy) — (W)
- f
~gpE et e s ) @
where
erfe(x) := \/%f dy e_yz/z, (25)
T X

is the complementary error function and W, is given in Eq. (9). In the last line of (23) we
neglect the second error function as it is exponentially small term with respect to BAE ;. Itis
useful to rewrite this in terms of the average entropy production (of steps A and C), which is
given by

(O-> = ﬂ(Wmax - (WA> - (WC>) . (26)

Comparing with (23) gives us

27)

P(W > A) = %p(Ea) erfc(ﬁ(A_ Wina) + () )

2/{o)

Given that we now have an expression for the cumulative work distribution, we can optimise
it given a fixed free energy change. Let us fix the boundary points according to (19) and (20).
Our first main result is the following observation:

‘For large N, the process that maximises the likelihood of extracting work W > A > —AF 1is one
that minimises the total average dissipation (o) along Steps (A) and (C).’

To prove the above statement, let us consider the function

X +x
x) = erfc 28
s=erte ) (28)
where X € R is a fixed constant and x > 0. Its derivative is given by

1 (x—X (X + x)?

/ - = A
f= m( )T ) (29)
which is negative for X < 0. If we compare this with (27), we note that A < W,,,, (see

Figure 1), in which case the function P(W > A) is monotonically decreasing in (0') as desired.

Fortunately this means that in order to find a finite time correction to the Jarzynski
bound (3), we only need to consider deriving a finite time correction to the usual second
law bound (o) > 0. We will use some existing geometric techniques [23,25,26] to do this in
the next section.
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4 Geometric optimisation of the protocol

To find a process that minimises the average dissipation, it is instructive to introduce some
tools from information geometry. Let the vector p = {py, py,...P,,} denote a normalised prob-
ability distribution with /B - 4/P = 1 and a set of d outcomes. We can define a line element
ds on the manifold of normalised distributions according to

d 2
a2 =y (‘Z)p—x) . (30)

x=1

If we let this distribution depend on some scalar parameter E through p = p(E) and consider
apathy:t— E(t) for t €[0,1], the length between points E(0) = E; and E(1) = Ef is given

by
! ds
ZY:J;dS:JO dt E(t)(ﬁ) (31)

It is well known that the shortest curve, or geodesic, connecting the endpoints is given by
the Bhattacharyya angle between the initial and final distribution p; = p(E;) and p; = p(Ey)
respectively [23,37]. This is given by

irylfly = 2arccos (/P - \/E) (32)

These geometric quantities connect to our setup when one Taylor expands the average dissi-
pation (26) and neglects terms of order O(1/N?) [28,35,38,39]. In this case one finds

1 1
1 oz ds® 2 1 conz( ds(\?

e [P (E0F L [ op(S9Y,

(o) 2N, fo (E)\ g5 2N |, EN 5@ 33)

where ds® is the line element (30) associated to the binary distribution

BEW) = {p(EW),1 — p(E®W)} as defined by (5) while ds(©) relates to

B(E)) = {p(E©),1—-p(E)}.

Consider now a pair of paths y, : t — E®(¢t) and y. : t — E©(t) describing the chosen
protocols along Step (A) and (C) respectively. It follows from the Cauchy-Schwarz inequality
that we can tightly lower bound (33) by the sum of squared lengths (32) according to

2
Ly Le

> A ¢ 34
(o) 2N, " 2N, (34)

where

L, = 2arccos (\/ﬁ(Ei) . \/ﬁ(Ea)) , (35)
Lo= 2arccos(\/f5(Eb)- 1/1'5(Ef)), (36)

are the geodesic lengths along (A) and (C). We can saturate this inequality by keeping the
integrands in (33) constant [25], which for our two-level system is achieved by choosing a
protocol such that

BEX(¢) o \/cosh[[jE(X)(t)] +1, X={AC}. (37)
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Figure 2: Comparison of P(W > A) for a geodesic path (see Eq. (37)) and fol-

lowing a linear drive of E(t). Parameters: § = 2, E; = 6, E; = 0.1, A = —2AF,
E,=0.987E.°, E, > 1.

As a further parameter to consider, we minimise the RHS of (34) with respect to the number
steps along (A) and (C) subject to a constraint on the total number of steps N = N, + N. The
minimum is found by setting

La
Ny=N—"——, 38
AT L+ L 38)
Lec
Ne=N—""—, 39
€T L+ Le (39)
and thus the minimal entropy production is given by
1 2
*Y := mi =—I(Ls+ L), N =N, +N¢.. 40
(™) ){?IYT;(U) 2N( atLe) At Ne (40)

As our final step, we use our observation that the path of minimal dissipation will maximise
the chance of extracting work in excess of the free energy and combine (27) with (34) to get

ﬁ(A — Wmax) + (O-*> )
2+/{c%) '

This gives us a path independent bound on the optimal probability for work extraction in terms
of the four boundary points, E; — E, — E, — E;. Importantly we know that this bound is
tight and can be saturated by following the relevant geodesic paths during Step (A) and (C)
and choosing the number of steps accordingly. In order to illustrate the relevance of following
a geodesic path, in Fig. 2 we compare P*(W > A) with the P(W > A) obtained via a linear
drive E®)(t) o< constant given some {E,, E,,N}.

As can be seen in Fig. 1, the choice of the intermediate levels E, and E, fixes the position
of the peak that sits below the free energy change. We can therefore view these boundary
points as setting the threshold at which we are willing to tolerate a sub-optimal outcome.
For example, while we can ensure that the majority of trajectories will extract some work
above —AF, this can come at the expenses of having a small chance of consuming a larger
amount of work instead. Increasing the chance of optimal work extraction means we have to
increase the shift AE,;, but then we pay a higher price for the sub-optimal outcomes due to
this trade-off. If one is not concerned about the magnitude of the peak below the free energy
decrease, then the bound (41) can be further optimised over the intermediate levels E,, Ey:

P*(W = A):=maxP(W = A)= 1p(Ea) erfc( 41D
YaYc 2

Poax(W = A):= EnaExP*(W >A). (42)
a>&b
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In the infinite-time limit N — 0o, we have P, (W > A) = e A(AF+M) with the corresponding
optimal E,, E};, given by Ej, — 00 and E, = E_° with [15]

a

1
B = —g In(e 1), (43)

For finite N, these optimal points can be found numerically, and in general depend on the
boundary conditions and N. The result of this numerical optimisation is shown in Fig. 3,
where we plot P, (W > A). We stress that P,,,,(W > A) is optimised over all protocols, and
hence can be understood as a finite-N correction of the ultimate bound (3).

We can gain some insight into how P, (W > A) converges to the Jarzynski bound (3) as
a function of the step size N as follows. First recall that in order to approach the infinite time
protocol saturating (3) we need E, — oo and E, = E>°, leading to

P(W > A)— p(E?). (44)

This means that in the large N limit we require the error function in (41) to approach unity,
which implies

lim Vio) )

Neoo(/s(A—wmam @)= )

or equivalently

1

lim ( ) =0. (46)
N—oo ‘/Nﬂ (A - Wmax) + <O>

In addition to this, to saturate (3) we also need

lim B(A—Wy.)+ (o) =0. “47)
N—-oo
We therefore take an ansatz

BN = W) +{0) == 8

where 0 < @ < 1/2 and ¢ > 0 (positivity can be seen from Fig. 1). Rearranging the LHS in
terms of p(E,), taking E, > E, and expanding for large N we find

p(E,) = e PLAFHN=E/N" L O(1/N). (49)

Note that if we expand the complimentary error function in (41), we get an exponentially
small contribution since

erfc(ﬂ(A _ZV\‘//IHF;_i; <U*>) ~ O(e‘N”agz) ) (50)

Plugging (49) and (50) into (41), we find the leading order corrections to (3) must take the
form

£

Poax(W > A) = e—ﬂ(AF+A)(1 s oJ¢! /NZ“)) ) (51)

Hence, while we do not have an analytic expression for £, we can still conclude that the optimal
finite-time protocol will converge to the infinite-time limit (3) as we increase the number of
steps at a rate that is always slower than 1/+/N. This confirms the implicit structure of our
bound in (4) presented at the start, where in this case we quantify the duration of the process
by the number of steps N. This slow convergence demonstrates that finite time constraints
can lead to a significant correction to the Jarzynski bound (3). In particular, for the specific
parameters of Fig. 3 we numerically find that a ~ 0.44 and { ~ 2.45 is a good approximation
for N > 1. Of course, our analysis here also sets a limit on the speed of convergence of our
analytic bound (41) with fixed boundary points as well as any sub-optimal protocol.

10
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Figure 3: In this figure we illustrate the main result of this article, a finite-time bound
on P(W > A), which tends to Jarzynski’s bound in Eq. 3 in the asymptotic limit. More
precisely, we plot P,,.(W > A) given in (42), which provides a bound on all possible
protocols, as a function of the number of steps N. For comparison, we also show the
best linear protocol, obtained by optimising over E, and E; all protocols with a linear
driving of E(t). Parameters: 3 =2., E; =6., Ef = 0.1, A= —2AF.

5 Generalisations for multiple energy levels and relaxation timescales

While we have thus far modelled the working substance as a single classical bit, here we
generalise our approach to d-level systems (qudits) interacting with a Markovian environment.
In this case, we replace the discrete step processes by continuously driven open systems for
a total time 7 (note that the former can be seen as a particular case of the latter in the slow
driving limit [33]). Let us model the system with a Hamiltonian of the form

d
HIE(D)] = D Eq(0)In)(n]. (52)
n=1

Here we assume that there is full control over a finite set of d energy levels
E(t) = {EL(0), E5(t),...,E4(t)}, while each energy eigenstate |n) is kept fixed (in the slow
driving limit, rotating the eigenstates would only increase dissipation and work fluctua-
tions [23, 33]). For simplicity we assume that there are no degeneracies in the energy lev-
els. The system can be brought in weak contact with a thermal environment such that the
corresponding dynamics of its density matrix p(t) obeys a time-dependent Markovian master
equation, given by

p(0) = Zglp(0)]. (53)

Here £ [.]is a time-dependent generator parameterised by the set of energy levels, and has
an instantaneous thermal fixed point:

o~ BHIE(D)]

Lz E())]1=0; Et)=———. 54
il (E(0)] n(E(0)) Tr (e~ BHIE®)) (54)

Furthermore, the free energy of the equilibrium state is given by
F(E):=—kyT In Tr (e PHLE]) (55)
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Let us first discuss the family of protocols that can saturate Eq. (12) (and hence (3)) in the
asymptotic limit T — oo. This bound can only be saturated by a two-peak distribution of the
form (8) [15]. In turn, this can only be achieved by a protocol of the form in Fig. 1, i.e., two
isothermal processes separated by a quench. The isothermal processes ensure the lack of fluc-
tuations in each peak of the work distribution [15,33], whereas the quench is needed to obtain
the two peaks. In analogy with Sec. 2, we consider Steps (A) and (C) that involve changing
the energy levels according to two smooth curves 7, : t — E®(t) and y. : t — E(©)(¢t) each
with duration t € [0,7,] and t € [0, 7] respectively, and with T = 74+ 7. Step (B) connects
EW(1,) with E(©)(0) by an energy quench (where the state is assumed not to evolve). As we
did with (19), the boundary conditions for the three steps are taken as

{(EW(0) = E;, EW(1,) =E,}, (56)
{EC90)=Ey, E(re) =Ef}. (57)

]:fi and Ef are given by the particular work-extraction process of interest (they define AF),
whereas E, and E, can be chosen to maximise probabilistic work extraction. In order to repli-
cate the two-peak work distribution (8), we need the following constraint

E,=E,+25, with &;€{0,1} Vj, (58)

where the vector & containing only 0 and 1’s can be chosen at will (for qudit systems, the
optimal protocol is not unique), and the constant A plays the analogous role of AE,; for the
qubit system (see Egs. (10) and 9).

Having characterised the family of optimal protocols for qudit systems, we now derive
finite-time corrections in analogy with Secs. 3 and 4. It is convenient to first characterise
average quantities. The average work done along (A) and (C) is given by the integrated power

(Wy) =—f th Tr (HE® (0] p®(t)), X =1{A,C}, (59)
0

where p®)(¢) is the respective solution to (53) for the two protocols y4 and y.. Similar to
taking a large step approximation that was made in (18), we assume that the duration of
Step (A) and (C) is large relative to the characteristic timescale 7¢¢ of the dynamics (53). In
this case, by neglecting terms of second order in 7°?/7 one can approximate the corresponding
entropy production (26) as

<O> = ﬁ(Wmax - <WA) - (WC>) 5

Ta ZA) T 2(A) ¢ 2(C) T 2(C)
dE dE dE dE
~ B2 dt[ ] GW(t [—}+ 2 dt[—] GOt [—] 60
ﬁjo = O il = O | ©
where G¥) is a symmetric d x d positive matrix given by
GYO() = kT TULEX()] o FEEX(0)], (61)

where F[E®)(¢)] is the thermodynamic metric tensor with elements given by the negative
Hessian of the free energy [28]:

32

(FLED),, =
The matrix T*/[E(t)] is the integral relaxation tensor for the dynamical generator (53), which
describes the various timescales over which the conjugate forces associated with the Hamil-

tonian decay to their equilibrium values. For brevity we do not specify its exact form here,
though details can be found in [25,40].
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We now move to the full probability distribution P(W). Assuming that the system equi-
librates at the four boundary points (E;, E,, E,, and E £), we can again treat the total work
extracted as a sum of three independent random variables W = W, + Wy + W,. For the ap-
proximate isothermal processes, Steps (A) and (C), the work distribution can be found through
unravelling the master equation (53) in terms of the incremental changes in the energy as the
system interacts with the environment (see eg. [41-43]). Since we assume that the system
evolves slowly with respect to the characteristic timescales of the bath, the work distributions
along Steps (A) and (C) will be of the Gaussian form (21), again with the fluctuations propor-
tional to the dissipated work according to the fluctuation-dissipation relation (22) [30,33,44].
Therefore, in this more general setting, the probability of extracting work W > A > —AF will
also be given by (27), with (o) given by the more involved expression (60). Crucially, this also
means that the overall principle of minimum entropy production applies in this more general
setting. To minimise the entropy production we introduce the line element along Steps (A)
and (C):

dsy := B/ [dE@D]T GO [dEW], (63)

with X = {A, C} and the corresponding geodesic length
Ly = minJ dsy . (64)
Yx
Tx

It then follows again from the Cauchy-Schwarz inequality that the average entropy produc-
tion (60) is tightly bounded according to

<O-> > <O-*> = %(ﬁA‘i‘ﬁc)z, T= TA+ TC 5 (65)

where we set the duration of each step to be

_ L4

TA_T(ﬁAMC), (66)
_ Lc

TC_T(£A+£C). 67)

We therefore have the upper bound on the probability of extracting work above the free energy
as

(68)

PO 2 1) < Jp(E,) erte P Ve £ ()

24/ (o*)

where p(E,) is the probability of having no excitation at Step B. By similar reasoning to (51), if
we optimise over {E_, E;, } this bound will give a correction to the Jarzynski bound (3) that con-
verges slower than +/7¢4/ 7, where 7% is the characteristic timescale of (53). Note that, while
the above bound is tight and depends only on the four boundary points, finding the exact proto-
col to saturate along with an analytic expression for the thermodynamic length (64) requires
solving the relevant geodesic equation [25]. This will consist of a set of d coupled second-
order differential equations that depend on the particular structure of the generator (53).
Nonetheless, our main conclusion still stands: minimising the entropy production along the
slow isotherms maximises the probability of extracting work above the free energy.
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6 Conclusions

Taking as a starting point the optimal protocols in the infinite-time limit [15], we have
developed optimal finite-time protocols for maximising probabilistic violations of the sec-
ond law for driven systems in contact with a Markovian thermal environment. We have ob-
tained a general expression (68) for the corrections in terms of the so-called thermodynamic
length [27, 28], and we have explicitly computed these corrections for the particular case of
a driven qubit system with a simple thermalisation model (see in particular in Fig. 3). Two
general insights can be obtained from our results. The first one is that protocols that minimise
average entropy production can be utilised to maximise P(W > A) by combining geodesic
paths with an intermediate quench. This has enabled us to demonstrate a connection between
thermodynamic length [23,25-28] and the higher order statistics of extracted work. The sec-
ond insight is that the convergence to the asymptotic bound (3) is always slower than 1/4/71,
where 7 is the total time of the process, which shows that finite-time effects noticeably con-
strain a system’s ability to maximise its chance of violating the second law while respecting
the fluctuation theorem (2). This should be contrasted with the faster convergence exhibited
by the average dissipation which is known to scale as 1/7 at leading order [45], and reflects
the fact that the cumulative work distribution depends non-linearly on its average.

While the bounds and optimal protocols that we have derived are relevant for small scale
systems where fluctuations are significant, they become irrelevant at larger scales due to the
exponential suppression caused by the fluctuation theorem (2). However, there is a possibility
to avoid the exponential decay of the likelihood P(W > A > —AF) at macroscopic levels
through the use of catalysis [46]. It would interesting to apply our methods to investigate
the optimal bounds on such an approach, as this could offer the possibility of increasing the
probabilistic work yield from larger systems with an improved scaling with respect to the size
of the working substance.

Acknowledgments

H. J. D. M. acknowledges support from the Royal Commission for the Exhibition of 1851. M.
P-L. acknowledges funding from Swiss National Science Foundation through an Ambizione
grant PZ00P2-186067.

References

[1] C. Jarzynski, Equalities and inequalities: Irreversibility and the second law of ther-
modynamics at the nanoscale, Annu. Rev. Condens. Matter Phys. 2, 329 (2011),
doi:10.1146/annurev-conmatphys-062910-140506.

[2] U. Seifert, Stochastic thermodynamics, fluctuation theorems and molecular machines, Rep.
Prog. Phys. 75, 126001 (2012), doi:10.1088/0034-4885/75/12/126001.

[3] S. Vinjanampathy and J. Anders, Quantum thermodynamics, Contemp. Phys. 57, 545
(2016), doi:10.1080/00107514.2016.1201896.

[4] J. Goold, M. Huber, A. Riera, L. del Rio and P Skrzypczyk, The role of quantum informa-
tion in thermodynamics—a topical review, J. Phys. A: Math. Theor. 49, 143001 (2016),
doi:10.1088/1751-8113/49/14/143001.

14


https://scipost.org
https://scipost.org/SciPostPhys.14.4.072
https://doi.org/10.1146/annurev-conmatphys-062910-140506
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1088/1751-8113/49/14/143001

Scil SciPost Phys. 14, 072 (2023)

[5] D.J.Evans, E. G. D. Cohen and G. P Morriss, Probability of second law violations in shear-
ing steady states, Phys. Rev. Lett. 71, 2401 (1993), doi:10.1103/PhysRevLett.71.2401.

[6] C.Jarzynski, Nonequilibrium equality for free energy differences, Phys. Rev. Lett. 78, 2690
(1997), doi:10.1103/PhysRevLett.78.2690.

[7] G.E. Crooks, Entropy production fluctuation theorem and the nonequilibrium work relation
for free energy differences, Phys. Rev. E 60, 2721 (1999), d0i:10.1103 /PhysRevE.60.2721.

[8] G. M. Wang, E. M. Sevick, E. Mittag, D. J. Searles and D. J. Evans, Experimental demon-
stration of violations of the second law of thermodynamics for small systems and short time
scales, Phys. Rev. Lett. 89, 050601 (2002), doi:10.1103/PhysRevLett.89.050601.

[9] D. J. Evans and D. J. Searles, The fluctuation theorem, Adv. Phys. 51, 1529 (2002),
doi:10.1080/00018730210155133.

[10] C.Jarzynskia, Nonequilibrium work relations: Foundations and applications, Eur. Phys. J.
B 64, 331 (2008), doi:10.1140/epjb/e2008-00254-2.

[11] N. Merhav and Y. Kafri, Statistical properties of entropy production derived from fluc-
tuation theorems, J. Stat. Mech.: Theor. Exp. P12022 (2010), doi:10.1088/1742-
5468/2010/12/p12022.

[12] N. Y. Halpern, A. J. P Garner, O. C. O. Dahlsten and V. Vedral, Introducing one-shot
work into fluctuation relations, New J. Phys. 17, 095003 (2015), do0i:10.1088/1367-
2630/17/9/095003.

[13] A. M. Alhambra, J. Oppenheim and C. Perry, Fluctuating states: What is the
probability of a thermodynamical transition?, Phys. Rev. X 6, 041016 (2016),
doi:10.1103/PhysRevX.6.041016.

[14] A. M. Alhambra, L. Masanes, J. Oppenheim and C. Perry, Fluctuating work: From quan-
tum thermodynamical identities to a second law equality, Phys. Rev. X 6, 041017 (2016),
doi:10.1103/PhysRevX.6.041017.

[15] V. Cavina, A. Mari and V. Giovannetti, Optimal processes for probabilistic work extraction
beyond the second law, Sci. Rep. 6, 29282 (2016), doi:10.1038/srep29282.

[16] T. Yamano, A lower bound on work extraction probability prescribed by nonequilibrium
work relation, Proceedings 2, 162 (2017), doi:10.3390/ecea-4-05015.

[17] 1. Neri, E. Rold4n, S. Pigolotti and E Jiilicher, Integral fluctuation relations for entropy pro-
duction at stopping times, J. Stat. Mech.: Theor. Exp. 104006 (2019), doi:10.1088/1742-
5468 /ab40a0.

[18] O. Maillet et al., Optimal probabilistic work extraction beyond the free energy
difference with a single-electron device, Phys. Rev. Lett. 122, 150604 (2019),
doi:10.1103/PhysRevLett.122.150604.

[19] C. Strei3nig and H. Kantz, Apparent violations of the second law in two-level systems, Phys.
Rev. E 100, 052116 (2019), do0i:10.1103/PhysRevE.100.052116.

[20] D. S. P Salazar, Detailed fluctuation theorem bound for apparent violations of the second
law, Phys. Rev. E 104, L062101 (2021), doi:10.1103/PhysRevE.104.1.062101.

[21] C. Jarzynski, Microscopic analysis of Clausius-Duhem processes, J. Stat. Phys. 96, 415
(1999), doi:10.1023/a:1004541004050.

15


https://scipost.org
https://scipost.org/SciPostPhys.14.4.072
https://doi.org/10.1103/PhysRevLett.71.2401
https://doi.org/10.1103/PhysRevLett.78.2690
https://doi.org/10.1103/PhysRevE.60.2721
https://doi.org/10.1103/PhysRevLett.89.050601
https://doi.org/10.1080/00018730210155133
https://doi.org/10.1140/epjb/e2008-00254-2
https://doi.org/10.1088/1742-5468/2010/12/p12022
https://doi.org/10.1088/1742-5468/2010/12/p12022
https://doi.org/10.1088/1367-2630/17/9/095003
https://doi.org/10.1088/1367-2630/17/9/095003
https://doi.org/10.1103/PhysRevX.6.041016
https://doi.org/10.1103/PhysRevX.6.041017
https://doi.org/10.1038/srep29282
https://doi.org/10.3390/ecea-4-05015
https://doi.org/10.1088/1742-5468/ab40a0
https://doi.org/10.1088/1742-5468/ab40a0
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevE.100.052116
https://doi.org/10.1103/PhysRevE.104.L062101
https://doi.org/10.1023/a:1004541004050

Scil SciPost Phys. 14, 072 (2023)

[22] B. Andresen, Finite-time thermodynamics and thermodynamic length, Rev. Gén. Therm.
35, 647 (1996), doi:10.1016/s0035-3159(96)80060-2.

[23] P Abiuso, H. J. D. Miller, M. Perarnau-Llobet and M. Scandi, Geometric optimisation of
quantum thermodynamic processes, Entropy 22, 1076 (2020), doi:10.3390/e22101076.

[24] S. Deffner and M. V. S. Bonanga, Thermodynamic control —An old paradigm with new
applications, Europhys. Lett. 131, 20001 (2020), doi:10.1209/0295-5075/131/20001.

[25] D. A. Sivak and G. E. Crooks, Thermodynamic metrics and optimal paths, Phys. Rev. Lett.
108, 190602 (2012), doi:10.1103/PhysRevLett.108.190602.

[26] P R. Zulkowski, D. A. Sivak, G. E. Crooks and M. R. DeWeese, Geometry of thermodynamic
control, Phys. Rev. E 86, 041148 (2012), doi:10.1103/PhysRevE.86.041148.

[27] P Salamon and R. S. Berry, Thermodynamic length and dissipated availability, Phys. Rev.
Lett. 51, 1127 (1983), doi:10.1103/PhysRevLett.51.1127.

[28] G. E. Crooks, Measuring thermodynamic length, Phys. Rev. Lett. 99, 100602 (2007),
doi:10.1103/PhysRevLett.99.100602.

[29] U. Seifert, Stochastic thermodynamics of single enzymes and molecular motors, Eur. Phys.
J. E 34, 26 (2011), doi:10.1140/epje/i2011-11026-7.

[30] T. Speck and U. Seifert, Distribution of work in isothermal nonequilibrium processes, Phys.
Rev. E 70, 066112 (2004), doi:10.1103/PhysRevE.70.066112.

[31] J. Hoppenau and A. Engel, On the work distribution in quasi-static processes, J. Stat.
Mech.: Theor. Exp. P06004 (2013), do0i:10.1088/1742-5468/2013/06/P06004.

[32] C. Kwon, J. D. Noh and H. Park, Work fluctuations in a time-dependent harmonic po-
tential: Rigorous results beyond the overdamped limit, Phys. Rev. E 88, 062102 (2013),
doi:10.1103/PhysRevE.88.062102.

[33] M. Scandi, H. J. D. Miller, J. Anders and M. Perarnau-Llobet, Quan-
tum work statistics close to equilibrium, Phys. Rev. Res. 2, 023377 (2020),
doi:10.1103/PhysRevResearch.2.023377.

[34] D. Barker, M. Scandi, S. Lehmann, C. Thelander, K. A. Dick, M. Perarnau-Llobet
and V. E Maisi, Experimental verification of the work fluctuation-dissipation re-
lation for information-to-work conversion, Phys. Rev. Lett. 128, 040602 (2022),
doi:10.1103/PhysRevLett.128.040602.

[35] J. Nulton, P Salamon, B. Andresen and Q. Anmin, Quasistatic processes as step equilibra-
tions, J. Chem. Phys. 83, 334 (1985), d0i:10.1063/1.449774.

[36] J. Anders and V. Giovannetti, Thermodynamics of discrete quantum processes, New J. Phys.
15, 033022 (2013), doi:10.1088/1367-2630/15/3/033022.

[37] S. Ito, Stochastic thermodynamic interpretation of information geometry, Phys. Rev. Lett.
121, 030605 (2018), doi:10.1103/PhysRevLett.121.030605.

[38] P Salamon and J. D. Nulton, The geometry of separation processes: A horse-carrot theorem
for steady flow systems, Europhys. Lett. 42, 571 (1998), d0i:10.1209/epl/i11998-00289-y.

16


https://scipost.org
https://scipost.org/SciPostPhys.14.4.072
https://doi.org/10.1016/s0035-3159(96)80060-2
https://doi.org/10.3390/e22101076
https://doi.org/10.1209/0295-5075/131/20001
https://doi.org/10.1103/PhysRevLett.108.190602
https://doi.org/10.1103/PhysRevE.86.041148
https://doi.org/10.1103/PhysRevLett.51.1127
https://doi.org/10.1103/PhysRevLett.99.100602
https://doi.org/10.1140/epje/i2011-11026-7
https://doi.org/10.1103/PhysRevE.70.066112
https://doi.org/10.1088/1742-5468/2013/06/P06004
https://doi.org/10.1103/PhysRevE.88.062102
https://doi.org/10.1103/PhysRevResearch.2.023377
https://doi.org/10.1103/PhysRevLett.128.040602
https://doi.org/10.1063/1.449774
https://doi.org/10.1088/1367-2630/15/3/033022
https://doi.org/10.1103/PhysRevLett.121.030605
https://doi.org/10.1209/epl/i1998-00289-y

Scil SciPost Phys. 14, 072 (2023)

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

S. J. Large and D. A. Sivak, Optimal discrete control: Minimizing dissipation in dis-
cretely driven nonequilibrium systems, J. Stat. Mech.: Theor. Exp. 083212 (2019),
doi:10.1088/1742-5468/ab342b.

D. Mandal and C. Jarzynski, Analysis of slow transitions between nonequilibrium
steady states, J. Stat. Mech.: Theor. Exp. 063204 (2016), doi:10.1088/1742-
5468/2016/06/063204.

J. M. Horowitz and J. M. R. Parrondo, Entropy production along nonequilibrium
quantum jump trajectories, New J. Phys. 15, 085028 (2013), doi:10.1088/1367-
2630/15/8/085028.

G. Manzano, J. M. Horowitz and J. M. R. Parrondo, Quantum fluctuation theorems for
arbitrary environments: Adiabatic and nonadiabatic entropy production, Phys. Rev. X 8,
031037 (2018), doi:10.1103/PhysRevX.8.031037.

H. J. D. Miller, M. H. Mohammady, M. Perarnau-Llobet and G. Guarnieri, Joint statistics
of work and entropy production along quantum trajectories, Phys. Rev. E 103, 052138
(2021), d0i:10.1103/PhysRevE.103.052138.

H. J. D. Miller, M. Scandi, J. Anders and M. Perarnau-Llobet, Work fluctuations in slow
processes: Quantum signatures and optimal control, Phys. Rev. Lett. 123, 230603 (2019),
doi:10.1103/PhysRevLett.123.230603.

M. Nakazato and S. Ito, Geometrical aspects of entropy production in stochastic
thermodynamics based on Wasserstein distance, Phys. Rev. Res. 3, 043093 (2021),
doi:10.1103/PhysRevResearch.3.043093.

P Boes, R. Gallego, N. H. Y. Ng, J. Eisert and H. Wilming, By-passing fluctuation theorems,
Quantum 4, 231 (2020), doi:10.22331/q-2020-02-20-231.

17


https://scipost.org
https://scipost.org/SciPostPhys.14.4.072
https://doi.org/10.1088/1742-5468/ab342b
https://doi.org/10.1088/1742-5468/2016/06/063204
https://doi.org/10.1088/1742-5468/2016/06/063204
https://doi.org/10.1088/1367-2630/15/8/085028
https://doi.org/10.1088/1367-2630/15/8/085028
https://doi.org/10.1103/PhysRevX.8.031037
https://doi.org/10.1103/PhysRevE.103.052138
https://doi.org/10.1103/PhysRevLett.123.230603
https://doi.org/10.1103/PhysRevResearch.3.043093
https://doi.org/10.22331/q-2020-02-20-231

	Introduction
	Optimal protocol in infinite time
	Probabilistic work extraction in finite time
	Geometric optimisation of the protocol
	0.92Generalisations for multiple energy levels and relaxation timescales 
	Conclusions
	References

