
SciPost Phys. 14, 086 (2023)

Conformal Carroll scalars with boosts

Stefano Baiguera1, Gerben Oling2, Watse Sybesma3 and Benjamin T. Søgaard4

1 Department of Physics, Ben-Gurion University of the Negev, Beer Sheva 84105, Israel
2 Nordita, KTH Royal Institute of Technology and Stockholm University,

Hannes Alfvéns väg 12, SE-106 91 Stockholm, Sweden
3 Science Institute, University of Iceland, Dunhaga 3, 107 Reykjavík, Iceland

4 Department of Physics, Princeton University, Princeton, NJ 08544, USA

Abstract

We construct two distinct actions for scalar fields that are invariant under local Car-
roll boosts and Weyl transformations. Conformal Carroll field theories were recently
argued to be related to the celestial holography description of asymptotically flat space-
times. However, only few explicit examples of such theories are known, and they lack
local Carroll boost symmetry on a generic curved background. We derive two types of
conformal Carroll scalar actions with boost symmetry on a curved background in any
dimension and compute their energy-momentum tensors, which are traceless. In the
first type of theories, time derivatives dominate and spatial derivatives are suppressed.
In the second type, spatial derivatives dominate, and constraints are present to ensure
local boost invariance. By integrating out these constraints, we show that the spatial
conformal Carroll theories can be reduced to lower-dimensional Euclidean CFTs, which
is reminiscent of the embedding space construction.
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1 Introduction

Theories with Galilean symmetries can successfully describe many problems in astrophysics
and classical mechanics, despite features such as absolute time and instantaneous interactions
in for example Newton’s laws that we ultimately believe to be unphysical. From an algebraic
perspective, this is related to the observation that Galilean symmetries can be recovered from
a non-relativistic c →∞ limit of the fundamental Lorentz symmetries. In this work, we are
interested in the opposite c → 0 limit, which leads to the so-called Carroll symmetries [1, 2].
Despite some of their counter-intuitive features, such as ultra-local behavior, it turns out that
theories with Carroll symmetries can nevertheless provide a worthwhile vantage point for
describing physical theories.

One particular application of Carroll symmetries that we want to highlight arises in the
context of flat space holography [3–7]. Here, the Bondi, van der Burg, Metzner, Sachs (BMS)
algebra [8–13] captures the asymptotic symmetries that arise at null infinity. For this reason,
the BMSd algebra associated to a d-dimensional asymptotically flat spacetime should be re-
flected in a putative (d −1)-dimensional holographic dual. It turns out that the BMSd algebra
is isomorphic to the conformal extension of the Carroll group in (d − 1) dimensions [12],

conformal Carrolld−1 ≃ BMSd . (1.1)

Several works have explored the implication of this identification. A complementary approach
to the holographic description of four-dimensional asymptotically flat spacetimes involves two-
dimensional celestial conformal field theories (CCFT) on the celestial sphere [14–16]. In this
approach, S-matrix elements, which are presumed to be the only gauge-invariant observables
in quantum gravity and the only available observables at null infinity, are related to conformal
correlation functions.

Several properties of such CCFTs are required to be significantly different than usual two-
dimensional conformal field theory, and little is known about concrete theories implementing
all these requirements. Recently, it has been argued that conformal Carroll theories can be re-
lated explicitly to CCFTs [17,18]. However, only few examples of theories realizing conformal
Carroll symmetries exist, especially on the level of actions. As a result, a basic testing ground
for more advanced concepts in conformal Carroll field theory and its connection to flat space
holography is currently missing.

Even in the absence of conformal invariance, it has been a difficult task to determine Car-
roll field theories starting from a well-defined action principle. Several examples have been
proposed, including scalars, fermions and gauge theories [19–22].

In the conformal case, two-dimensional scalar actions were obtained in [23]. In general
dimensions, conformal scalar actions were derived using Carroll Weyl covariance in [24] and
also recently in [25]. However, as we will explain in the main part of the paper, these theories
are not required to be invariant under local Carroll boost symmetries, which we believe to
be an essential part of the geometry. Without these local boost symmetries, the notion of
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energy-momentum tensor appears to be problematic. For example, Killing vector fields do
not lead to conserved currents without further conditions [26]. We will discuss this in more
detail in Section 2.6 below. For this reason, we reconsider the conformal coupling of scalars
to curved Carroll geometry. Using local Carroll boost symmetries, we can recover a regular
energy-momentum tensor and also discover several new features of the resulting theories.

In flat space, Carroll boosts act on the time and spatial coordinates as

t → t + v⃗ · x⃗ , x⃗ → x⃗ , (1.2)

where v⃗ is a boost parameter. These boosts impose restrictions on the scalar two-point func-
tions, which have two distinct classes of solutions [18,22]

〈φ(t, x)φ(0, 0)〉=

¨

f (t)δ(x) ,
g(x) .

(1.3)

These two distinct branches of solutions correspond to two different types of Carroll-invariant
actions, which we will refer to as the timelike and spacelike theories [21, 22, 27, 28]. In the
context of electromagnetism, they are usually known as electric and magnetic limit, depending
on whether the gauge field is timelike or spacelike, respectively.1

To derive conformal Carroll scalar actions, we apply a covariant expansion in the speed of
light around c→ 0 to a d-dimensional relativistic conformally coupled scalar action in curved
spacetime. This was recently developed in the context of the ultra-local Carroll expansion of
general relativity [28], building on related work for the non-relativistic expansion [29, 30].
For the spacelike action, we find that it is possible to dimensionally reduce to a relativistic
Euclidean CFT in one lower dimension. Furthermore, we verify that their energy flux vanishes,
as required by the local Carroll boost Ward identity [22,31].

Conformal Carroll correlators are conjectured to be holographically related to observables
in asymptotically flat spacetimes through a combination of Fourier and Mellin transforma-
tions [17] or through a modified Mellin transformation [18]. We will not pursue this line
of thought in the current work, but the explicit theories we construct could for example be
used as playgrounds to test general bootstrap techniques for BMS-invariant field theories fol-
lowing [32,33] and the recent discussion of representations of the conformal Carroll algebra
in [34]. Beyond the scope of flat space holography, Carroll symmetry can be viewed as a novel
starting point for a perturbative study of interesting relativistic phenomena. In this sense, it
is relevant for ultra-local limits of general relativity [28] and for the description of tensionless
and null strings [35–40]. Furthermore, the Carrollian point of view provides new insights on
fracton physics [41, 42], Love numbers [43], the membrane paradigm [44], the fluid/gravity
correspondence [26,45–50] and a possible road to understanding dark energy [22].

This paper is organized as follows. We review the essential features of Carroll geometry
in Section 2, both from an intrinsic perspective and from a limit of Lorentzian geometry. Fur-
thermore, we discuss the consequences on the energy-momentum tensor of Weyl and boost
invariance and we compare this to other approaches to Carroll geometry and Carroll fluids
(as summarized in [26]) in Section 2.6. In Sections 3 and 4 we develop two distinct Carroll
limits of a relativistic theory coupled to Lorentzian geometry to find the timelike and spacelike
Carroll-invariant actions, respectively. For each of them, we explicitly show their invariance
under Carroll boosts and Weyl transformations and we derive the energy-momentum tensor
using a variation of the background geometry. In the case of the spacelike action, we show in
Section 4.3 that it is possible to dimensionally reduce to a relativistic Euclidean CFT in one
lower dimension. Finally, we conclude in Section 5, where we also discuss possible future
directions.

1Since the terminology timelike or spacelike is independent of the specialization to an electromagnetic theory,
we will use this terminology throughout all the present work.
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2 Carroll geometry background

In this section, we introduce the curved Carroll geometry that our scalar field theories will
couple to. Several of its key ingredients have appeared previously in the literature, including
its metric data, an appropriate connection and its curvature, and the notion of local Carroll
boosts. We briefly review these ingredients in Sections 2.1 and 2.2, mainly following the
discussion in [28]. There, they were also derived using an expansion of Lorentzian geometry
in the speed of light, which we summarize in Section 2.3.

We then discuss Weyl transformations in Section 2.4. Next, in Section 2.5, we introduce
a procedure for defining an energy-momentum tensor from a Carroll-invariant action using
variations of the background Carroll geometry, and we discuss the corresponding Ward iden-
tities and conserved currents associated to isometries. Here, it is important to distinguish the
notion of Carroll geometry considered here from other approaches in the literature, as recently
summarized in [26]. We discuss their differences and a proposal for an identification of their
geometric data in Section 2.6.

2.1 Metric data and boosts

The metric data of Carroll geometry consist of a vector field vµ that designates the direction
of time and a degenerate symmetric two-tensor hµν that, roughly speaking, acts as the metric
for spatial directions. We can supplement these with a one-form τµ and a two-tensor hµν so
that

vµhµν = 0 , τµh
µν = 0 , vµτµ = −1 , hµρhρν = δ

µ
ν + vµτν . (2.1)

We will conveniently denote the spatial projector in the last identity as hµν ≡ hµρhρν. The
previous relations allow us to define a vielbein determinant as e =

Æ

det(τµτν + hµν). Its
variation can be expressed as

δe = e
�

−vµδτµ +
1
2

hµνδhµν

�

= e
�

τµδvµ −
1
2

hµνδhµν
�

. (2.2)

Just as in Riemannian geometry, we can use e to integrate scalar functions.

Carroll boosts In a general Carroll manifold, the flat space Carroll boosts (1.2) from the
Introduction are generalized to the local Carroll boosts

δλvµ = 0 , δλhµν = hµρλρvν + hνρλρvµ , δλτµ = λµ , δλhµν = 0 . (2.3)

Here, λµ(x) is a spacetime-dependent one-form which parametrizes the local boost velocity. It
is ‘spatial’, in the sense that it satisfies vµλµ(x) = 0. As discussed in [28], Carroll boosts arise
from an ultra-local c → 0 limit of local Lorentz boosts. They are therefore an indispensable
part of Carroll geometry and can be understood from an ultra-local expansion of Lorentzian
geometry.

From (2.3) we see that not all of the metric variables of Carroll geometry are invariant
under local boost transformations, in contrast to Lorentzian geometry. However, the physical
quantities we consider will always be invariant under Carroll boosts, even though some of their
terms may transform individually. For example, we can see that the vielbein determinant e
is invariant under local boosts, even though it involves the non-invariant one-form τµ, by
plugging the boost transformations (2.3) into (2.2).

Since vµ and hµν are boost-invariant, we can consider them as the fundamental metric
quantities of a Carroll geometry. However, they do not uniquely determine the inverse quan-
tities τµ and hµν. In fact, the ambiguity in solving (2.1) precisely corresponds to the boost
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(a) Newton–Cartan (b) Carroll (c) Carroll

Figure 1: Foliation of spacetime in terms of a) spatial slices from τµ in Newton–
Cartan geometry, and b) timelike curves from vµ in Carroll geometry. In the latter
case, using adapted coordinates as in c), we can still use τµ to define coordinates in
a fixed boost frame.

freedom (2.3). On the other hand, we can uniquely solve the pair τµ and hµν from the pair
vµ and hµν, and vice versa. For this reason, we express metric variations in terms of these
combinations, as in Equation (2.2).

Spacetime foliations In Newton–Cartan geometry, the analog of (2.3) are local Galilean
boosts, which transform vµ but leave τµ invariant. As a result, it is natural in the context of
local Galilean symmetry to define ‘spacelike’ vectors Xµ using the requirement τµXµ = 0. If
the one-form τµ satisfies the Frobenius condition

τ∧ dτ= 0 , (2.4)

we can use it to define hypersurfaces whose tangent vectors are spacelike. A Galilean structure
therefore naturally foliates spacetime into spatial slices, see Figure 1a.

In Carroll geometry, the nowhere-vanishing vector field vµ is invariant under local boosts.
Its integral curves then naturally lead to a foliation of a Carroll spacetime in one-dimensional
‘timelike’ curves, as depicted in Figure 1b, and vµ can also be used to define ‘spacelike’ covec-
tors Yµ as those satisfying vµYµ = 0. We will occasionally raise the indices of spatial covectors
using Y µ = hµνYν, which can subsequently be lowered without loss of information due to (2.1).

On the other hand, since τµ transforms under the local Carroll boosts (2.3), we do not have
a natural notion of spacelike hypersurfaces as in Newton–Cartan geometry. Instead, using the
local Carroll boost transformation of τµ, we can choose a boost frame such that (2.4) holds,
as argued in [28]. In adapted coordinates xµ = (t, x i) with

vµ∂µ = ∂t , τµd xµ = −d t + bid x i , (2.5)

we see that the boosts λµd xµ = λid x i act on τµ by shifting bi → bi +λi . We can then use the
boost symmetry to ensure (2.4) holds, for example by setting bi = 0, so that the resulting τµ
can be used to define spatial slices, as in Figure 1c. It is important to realize that the choice of
adapted coordinates (2.5) is non-unique and the above procedure of setting bi = 0 does not
lead to a unique τµ given a set of Carroll data (vµ, hµν). While the resulting spatial foliation
depends on the boost and coordinate frame, it will still be useful in Section 4.3 below.

We will frequently do computations on the flat Carroll background, which is characterized
by the following metric data:

vµ∂µ = ∂t , τµd xµ = −d t , hµνd xµd xν = δi jd x id x j , hµν∂µ∂ν = δ
i j∂i∂ j . (2.6)
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Note that τµ and hµν are specified in a particular boost frame (corresponding to bi = 0 above).
They still transform under boosts, but this choice will be a useful way to define boost-invariant
results.

Extrinsic curvature and acceleration We will also frequently encounter

Kµν = −
1
2
Lvhµν , (2.7)

which is the extrinsic curvature associated to hµν. This symmetric two-tensor is spacelike,
since vµKµν = 0. For this reason, we can define its trace as K = hµνKµν. Note that both Kµν
and K are invariant under boosts. Finally, it is often useful to denote the exterior derivative
of τµ as τµν = 2∂[µτν], and

aµ = vντνµ (2.8)

is known as the acceleration. Since vµaµ = vµvντµν = 0, this one-form is also spatial.

2.2 Connection and torsion

It is convenient to introduce a connection that is adapted to the Carroll metric quantities, and
one possible choice is [28,51,52]

Γ̃ρµν = −vρ∂(µτν) − vρτ(µLvτν) +
1
2

hρσ
�

∂µhνσ + ∂νhσµ − ∂σhµν
�

− hρστνKµσ . (2.9)

This connection is chosen such that the boost-invariant variables vµ and hµν are covariantly
constant with respect to the covariant derivative ∇̃ associated to this connection. Conversely,
∇̃µτν and ∇̃ρhµν are nonzero, but we will not need their explicit expressions here. This
covariant derivative is not invariant under Carroll boosts, so in physical quantities it will only
appear through boost-invariant combinations. We will explicitly check the boost invariance of
the actions involving curvature that we construct below.

The connection (2.9) has nonzero torsion,

T̃ρµν = 2Γ̃ρ[µν] = 2hρλτ[µKν]λ . (2.10)

We can write a total covariant derivate as

∇̃µXµ = ∂µXµ + Γ̃ρρνX
ν =

1
e
∂µ (eXµ)− KτµXµ , (2.11)

which allows us to do integration by parts. We will frequently drop boundary terms, which
we denote by a “≈” symbol. In the following, we will also want to do integration by parts
for Lie derivatives Lv with respect to vµ. Using Lve = −eK , which follows from the general
variation (2.2), we see that
∫

�

vµ∂µ f
�

g e dd x =

∫

(Lv f ) g e dd x ≈
∫

�

− f
�

vµ∂µg
�

+ f gK
�

e dd x . (2.12)

Note that this identity does not depend on the connection.

2.3 From an expansion of Lorentzian geometry

Starting from a Lorentzian geometry, we can obtain a Carroll geometry using the following
procedure [28], which is similar to the procedure that was developed for the non-relativistic
Galilean or Newton–Cartan expansion in [30].
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First, we reparametrize the metric and its inverse using variables that designate a particular
‘time’ direction,

gµν = −c2TµTν +Πµν , gµν = −
1
c2

VµV ν +Πµν , (2.13)

TµVµ = −1 , TµΠ
µν = 0 , VµΠµν = 0 , ΠµρΠρν = δ

µ
ν + VµTν . (2.14)

This parametrization, which is similar to the 3 + 1 decomposition that is used in the ADM
formalism, allows us to factor out overall powers of the speed of light c in the geometry. As
such, it prepares the geometry for a uniform expansion around the ultra-local c → 0 Carroll
limit, and so it is also known as the ‘pre-ultra-local’ (PUL) parametrization.

The parametrization (2.13) singles out a time direction, since it is not invariant under local
Lorentz transformations. Given such a choice, we can obtain Carroll metric variables from the
leading-order terms in a c→ 0 expansion,

Vµ = vµ +O(c2) , Πµν = hµν +O(c2) , Tµ = τµ +O(c2) , Πµν = hµν +O(c2) . (2.15)

Higher-order terms will give corrections to the leading-order Carroll geometry, but we will not
make use of them here. The expansion of the local Lorentz transformations Λa

b(x) acting on
local frames Ea

µ(x) reproduces the local Carroll boosts (2.3) at leading order. Algebraically,
this corresponds to the İnönü–Wigner contraction of the Poincaré algebra to the Carroll algebra
that was originally introduced by Lévy-Leblond [1].

Note that we have assumed the variables to be analytic in c2. Performing a coordinate
transformation in the Lorentzian geometry that breaks this assumption prior to the expansion
will generically lead to an inequivalent Carroll geometry. Likewise, performing local Lorentz
boosts prior to the expansion leads to a different Carroll geometry, since they change the
designated time direction.

The torsionful Carroll connection (2.9) that we introduced previously can be obtained from
the Levi-Civita connection as follows. First, using the parametrization (2.13) we can rewrite
the latter as

Γρµν =
1
c2

(−2)

Sρµν +
(0)

Sρµν + C̃ρµν + c2
(2)

Sρµν , (2.16)

where C̃ρµν is the PUL analogue of the Carroll connection Γ̃ρµν from (2.9),

C̃ρµν = −Vρ∂(µTν) − VρT(µLV Tν) +
1
2
Πρσ
�

∂µΠνσ + ∂νΠσµ − ∂σΠµν
�

−ΠρσTνKµσ . (2.17)

Using the expansion (2.15), this reproduces the Carroll connection (2.9) at leading order.
Here, we have defined

Tµν = 2∂[µTν] , Kµν = −
1
2
LVΠµν , (2.18)

in analogy with the previous subsection. The remaining tensors in (2.16) are
(−2)

Sρµν = −VρKµν ,
(0)

Sρµν = Π
ρλTνKµλ ,

(2)

Sρµν = −T(µΠ
ρλTν)λ . (2.19)

Following the decomposition (2.16) of the Levi-Civita connection, we can rewrite the
Lorentzian Levi-Civita Ricci scalar as follows,

R=
1
c2

�

KµνKµν +K2 − 2Vµ∂µK
�

+Πµν
(C̃)

Rµν +
c2

4
ΠµνΠρσTµρTνσ −

(C̃)

∇µ(V νΠµρTνρ) , (2.20)

where
(C̃)

Rµν is the Ricci tensor of the connection (2.17). Here, K = ΠµνKµν denotes the trace
of the extrinsic curvature. Finally, we can integrate by parts using the identity

(C̃)

∇µXµ = ∂µXµ +
(C̃)

ΓρρνX
ν =

1
E
∂µ (EXµ)−KTµXµ . (2.21)
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Here, E =
Æ

det(TµTν +Πµν) =
p
−g/c is the Lorentzian vielbein determinant, which reduces

to the Carroll vielbein determinant e at leading order in the ultra-local expansion.

2.4 Weyl transformations

In Lorentzian geometry, we can parametrize infinitesimal Weyl transformations of the metric
as follows,

δωgµν = 2ωgµν , δωgµν = −2ωgµν . (2.22)

In the context of Carroll geometry, we consider the Weyl transformations2

δωvµ = −ωvµ , δωτµ =ωτµ , δωhµν = −2ωhµν , δωhµν = 2ωhµν . (2.23)

These transformations are compatible with the Lorentzian transformations (2.22) after the
pre-ultra-local parametrization (2.13) and the expansion (2.15).

Under the Weyl transformations (2.23), the extrinsic curvature (2.7), the acceleration one-
form (2.8) and the Carroll-compatible connection (2.9) transform as

δωKµν =ωKµν − hµνvρ∂ρω , δωK = −ωK − (d − 1)vρ∂ρω , (2.24)

δωaµ = −2hµνh
νρ∂ρω , (2.25)

δΓ̃ρµν = δ
ρ
µ∂νω+δ

ρ
ν ∂µω− hµνh

ρλ(∂λω) +δ
ρ
µτνvσ(∂σω) . (2.26)

Finally, following (2.2), the Carroll vielbein determinant transforms as

δe = dω e . (2.27)

The actions we construct will be invariant under these Carroll Weyl transformations.

2.5 Energy-momentum tensor and Ward identities

Similar to the relativistic case, we can define an energy-momentum tensor for a Carroll-
invariant action by varying with respect to the background Carroll geometry. First, varying
the action gives rise to two (sets of) currents,

δS = −
∫

dd xe
�

T v
µδvµ +

1
2

Th
µνδhµν
�

. (2.28)

Note that we vary the action with respect to vµ and hµν following the discussion below the
boost transformations (2.3). If the action S is invariant under local boosts, it follows from the
transformations of the metric variables that T v

µ transforms under boosts,

δλT v
µ = −Th

µνλ
ν , δλTh

µν = 0 , (2.29)

which cancels the transformation of the metric variation δhµν under boosts. We can then
combine these two currents into a single energy-momentum tensor [56,57]

Tµν = −vµT v
ν − hµρTh

ρν , (2.30)

which is invariant under local Carroll boost. We will discuss in Section 2.6 below how this
notion of Carroll energy-momentum tensor and the following properties are related to other
constructions in the literature.

2From an intrinsic Carroll perspective, it is possible to introduce an inhomogeneous Lifshitz scaling parameter z
between the ‘time’ and ‘space’ directions. This leads to a generalization of Equation (2.23), which was consid-
ered in, for example, [53–55]. Since we are mainly interested in Carroll theories that descend from limits of
Lorentzian theories, we restrict ourselves to the uniform z = 1 scaling. It is also only for this value of z that the
isomorphism (1.1) between the conformal Carroll algebra and the BMS algebra holds [12,13].
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Boost Ward identity If we specialize the metric variations in (2.28) to boost transformations,
invariance of the action under arbitrary local boosts implies

Th
µνλ

µvν = 0 =⇒ Th
ρνvν = 0 =⇒ hµρTρνvν = 0 , (2.31)

which holds without using the equations of motion. It is important to stress that this Ward
identity follows from the invariance under local Carroll boosts. In particular, it is unrelated to
diffeomorphism symmetry.

Diffeomorphism Ward identity If we act on an action S with an infinitesimal coordinate
transformation xµ→ xµ + ξµ(x), we get the on-shell variation

δξS =

∫

dd x e
�

−T v
µLξvµ −

1
2

Th
µνLξh

µν

�

=

∫

dd x eξρ
�

−T v
µ∂ρvµ −

1
2

Th
µν∂ρhµν + e−1∂ν

�

e
�

−T v
ρ vν − Th

ραhαν
��

�

.

(2.32)

As a result, diffeomorphism invariance of S then implies

e−1∂ν
�

eTνρ
�

= T v
µ∂ρvµ +

1
2

Th
µν∂ρhµν . (2.33)

On the flat background (2.6), this reduces to the conservation of the energy-momentum tensor.
This identity is not covariant, however we will use it as an intermediate result to establish a
covariant derivation for the conservation of the current Tµνξ

ν below.

Weyl Ward identity Additionally, as in a Lorentzian theory, Weyl invariance of the action im-
plies that the energy-momentum tensor (2.30) is traceless. Specializing the metric variations
of the action in (2.28) to the Weyl transformations (2.22), we get

δωS =

∫

dd x eω(x)Tµµ =⇒ Tµµ = −T v
µ vµ − Th

µνh
µν = 0 . (2.34)

The tracelessness of the energy-momentum tensor holds upon using the equations of motion.
In a quantum theory, this Ward identity may become anomalous.

Conserved currents for isometries Finally, the diffeomorphism Ward identity (2.33) allows
one to construct conserved currents associated to Carrollian isometries. A Carrollian Killing
vector field ξµ is defined by preserving the Carrollian metric data,

Lξvµ = 0 , Lξhµν = 0 . (2.35)

For such a vector field, we can show that Tµνξ
ν is conserved, independent of a choice of

connection. To do this, it is useful to dualize to the (d − 1)-form

Jµ1...µd−1
= ξρTνρ e ενµ1...µd−1

. (2.36)

Here, εµ1...µd
is the totally antisymmetric Levi-Civita symbol, which becomes a boost-invariant

tensor when multiplied by the vielbein determinant. To demonstrate that the current Tµνξ
ν

is conserved, we now show J is closed. First, we can rewrite

dJµ1...µd−1
= ∂µ(eξ

νTµν)εµ1...µd
. (2.37)
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Then, using the diffeomorphism Ward identity (2.33), we see that

∂µ(eξ
νTµν) = e
�

T v
µLξvµ +

1
2

Th
µνLξh

µν

�

= eTh
µνvµhνρLξτρ = 0 . (2.38)

In the second equality, we used the Killing equation (2.35) together with the identity
δhµν = −hµρhνσδhρσ+2v(µhν)ρδτρ, which follows from the orthonormality relations (2.1).
The resulting expression vanishes since Th

µνvν = 0 due to the boost Ward identity (2.31).
Hence, we conclude that J is closed and that we have a conserved charge associated to each
isometry. This construction generalizes to conformal isometries,

Lξvµ = −ωvµ , Lξhµν = 2ωhµν , (2.39)

provided that the energy-momentum tensor is traceless, corresponding to the Ward iden-
tity (2.34) for Weyl transformations.

2.6 Comparison to other work

In this subsection we will comment on how the notion of Carroll geometry and the energy-
momentum tensor discussed above relate to other constructions in the literature. This dis-
cussion is mostly independent from the rest of the paper, and a general reader that is not
interested in this comparison can skip it without loss of continuity.

Geometric structure The modern notion of a Carroll manifold was first introduced in [12,
13,27] as a so-called ‘weak’ Carroll structure, consisting of a manifold M endowed with a de-
generate metric hµν whose kernel is spanned by a vector field vµ. This perspective was further
developed in [51, 52], textitasizing the role of local Carroll boost as a gauge transformation
arising from the non-canonical choice of τµ, and it was subsequently applied to gravity and
field theory in for example [22, 28, 58, 59]. Any such Carroll theory is invariant under local
boost transformations (2.3), which implement the Carrollian equivalence principle and re-
moves the unphysical degrees of freedom that would otherwise be contained in the inverse
tensors hµν and τµ.

In the literature there also exists another approach to curved Carroll spacetimes [24,26,46,
47,60,61], which is distinct at first sight. In this approach, an important role is played by the
notion of Carroll diffeomorphisms. From our perspective, these arise as the diffeomorphisms
that preserve the metric data vµ and hµν in a specific class of adapted coordinate systems.
Using the notation of [26], these correspond to xµ = (t, x i) such that3

vµ∂µ = Ω
−1∂t , hµνd xµd xν = ai jd x id x j , (2.40a)

τµd xµ = −Ωd t − bid x i , hµν∂µ∂ν = Ω
−2 bi b

i∂ 2
t + 2Ω−1 bi∂t∂i + ai j∂i∂ j , (2.40b)

where the indices i, j, . . . are raised using the matrix inverse ai j of the spatial metric ai j . The
Carroll diffeomorphisms are then the subset of coordinate transformations that preserve the
form of vµ and hµν in (2.40a) above.

Local Carroll boosts In this alternative approach to Carroll geometry, the geometric data is
taken to be (Ω, ai j , bi). Using the parametrization (2.40), this corresponds to the spatial metric
hµν and vector field vµ above. However, in contrast to our previous discussion, this choice of
data means that the one-form τµ and inverse spatial metric hµν are also fundamental Carroll
objects.

3Note that we use an opposite sign in the contraction vµτµ = −1 in comparison to [26] to be consistent with
our conventions in (2.1) above.

10

https://scipost.org
https://scipost.org/SciPostPhys.14.4.086


SciPost Phys. 14, 086 (2023)

This parametrization (2.40) of the geometry is covariant under the restricted set of coordi-
nate transformations known as Carroll diffeomorphisms [46,47]. On a flat background, these
include global Carroll boosts, but this type of Carroll geometry does not require the existence
of local boosts (2.3). If it would, τµ would transform under them, which would be in conflict
with considering bi as a fundamental object.

Many of our results crucially rely on local Carrollian boosts and the associated Ward iden-
tity (2.31). Therefore, several of our results are incompatible with for example the recent
work [26], which provides a useful overview of this alternative notion of Carroll geometry
and its consequences. Again, in our view, the main reason for these discrepancies comes down
to the inclusion of local boost invariance. Additionally, we work with generally covariant
quantities that are invariant under arbitrary diffeomorphisms instead of the subset of Carroll
that preserves the parametrization (2.40), but we believe that this distinction is of secondary
importance.

A simple example of this difference in the notion of Carroll-invariant theories is in coupling
a massless (non-conformal) scalar φ to an arbitrary Carrollian background. Two candidate
scalar actions are

St =
1
2

∫

dd x evµvν∂µφ∂νφ =
1
2

∫

dd x Ω
p

a (Ω−1∂tφ)
2 , (2.41a)

Ss =
1
2

∫

dd x ehµν∂µφ∂νφ =
1
2

∫

dd x Ω
p

a ai j ∂̂iφ∂̂ jφ , (2.41b)

where we have written the action both in covariant form as well as using the parameteriza-
tion (2.40) with the definition ∂̂i = ∂i +

bi
Ω ∂t of [26]. The action St is a Carrollian action in

the sense used in this paper as the scalar couples only to the boost-invariant objects e and vµ.
On the other hand, Ss does not enjoy local boost invariance and consequently its energy-
momentum tensor does not automatically satisfy the boost Ward identity. The form of Ss is
invariant under Carrollian diffeomorphisms and thus it would be admissible as a Carrollian
theory in the sense of [26]. Indeed, the derivative coupling in Ss has appeared in papers using
this alternative notion of Carrollian geometry such as [24,25,60].

Energy-momentum tensor One place where the coordinate choice (2.40) initially has con-
sequences is in computing the responses of the theory to variations of the metric data. In
particular, in this parametrization the vector field vµ is constrained to be proportional to ∂t
and cannot probe the ∂i directions.

As a result, the time-space component τµTµνh
ν
ρ of our energy-momentum tensor (2.30)

cannot be computed by varying with respect to (Ω, ai j , bi). The authors of [26] do remark that
such a momentum Pi should exist after carefully analyzing the diffeomorphism Ward identity
in the frame (2.40), but conclude that it is not conjugate to a geometric object. One can obtain
the momentum Pi by extending the parameterization (2.40) to using an additional field f i as
follows,

vµ∂µ = Ω
−1(∂t + f i∂i) , hµνd xµd xν = f i fid t2 − 2 fid td x i + ai jd x id x j . (2.42)

The extended parametrization of hµν is chosen such that vµhµν = 0 still holds. The restricted
parametrization (2.40) corresponds to f i = 0 above. The expressions for τµ and hµν are
modified in a similar way. With this, the missing momentum Pi is now related to the response of
varying with respect to f i . As a result, we see that with this addition (2.42) now parametrizes
a vector field vµ and a spatial two-tensor hµν that are fully general. In Section 2.5, we have
defined the energy-momentum tensor using arbitrary variations δS/δvµ and δS/δhµν, and
our answers thus agree with the above once f i is included as in (2.42).
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A separate question is the consequence of local boost invariance. As we already briefly
mentioned below Equation (2.5), these boost transformations map to the transformations
bi → bi + λi in such coordinates. For this reason, bi should have a vanishing conjugate en-
ergy or momentum in our formalism, and indeed one can show that the vanishing of δS/δbi
corresponds precisely to the boost Ward identity (2.31). Conversely, since local Carroll boosts
are not included in the formalism of [26], their energy-momentum tensor does not necessarily
satisfy our Ward identity, see also [60]. However, we will now give two arguments for why we
think it is natural to include local Carroll boosts.

Killing vectors and conserved currents First, in the recent paper [26] the authors show
that Carrollian Killing vectors (2.35) generically do not lead to an on-shell conservation law
unless further constraints are imposed. This result appears to be in tension with our previous
Equation (2.38), where we showed that we can define a conserved current Tµνξ

ν for any
Killing vector field.

However, from our perspective, this discrepancy can be traced back to the absence of local
boost invariance in [26], as the conservation of (2.38) depends crucially on our boost Ward
identity (2.31). Indeed, without boost invariance, the aforementioned authors find that the
non-conservation of their current is proportional to Πi∝ δS/δbi . This metric response van-
ishes precisely if local boost invariance is imposed. The apparent disagreement between our
Equation (2.38) and [26] is therefore purely a question of the assumption of local Carroll boost
invariance.

Local boosts from a limit Second, we want to argue that local Carroll boosts arise naturally
in the ultra-local c → 0 limit of Lorentzian theories. For this, consider a Lorentzian action
S[gµν,φ, . . .] with a suitable overall factor4 of cN such that the action is finite in the limit
c→ 0, when written out in terms of the PUL parameterization (2.13),

gµν = −
1
c2

VµV ν +Πµν . (2.43)

In fact, this over-parametrizes a generic metric gµν since Vµ designates a particular time
direction, and such a choice is not contained in the Lorentzian metric data. This over-
parameterization implies a relation between the functional derivatives of the action with re-
spect to the PUL variables,

Vµ
δS
δΠµν

= −
c2

2
ΠµρΠρν

δS
δVµ

. (2.44)

Then consider the scaling of these quantities in the c→ 0 limit. By assumption, both δS/δV ν

and δS/δΠµν are at most O(c0). Hence, the relation above can only hold if the contraction
V ν(δS/δΠµν) actually is O(c2). In the limit c → 0, the latter is equivalent to the Carroll
boost Ward identity (2.31). This argument shows that invariance under local Carroll boosts
is automatically satisfied by Carroll theories that are obtained as the small c limit of the PUL
parametrization of a Lorentzian theory.

Note that the above does not depend on any frame bundle structure. Of course, one can
also understand the appearance of local Carroll boosts more directly by considering the limit
of local Lorentz boosts in the frame bundle, as described in [28].

4We can always include such an overall factor by performing an appropriate field redefinition.
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Summary Before concluding this section, we summarize a number of properties of Tµν as
defined in (2.30) that make it a natural candidate for a spacetime energy-momentum tensor
of a Carroll-invariant field theory:

1. At least for scalar theories, Tµν coincides with the canonical energy-momentum tensor
obtained by the Noether procedure (up to Belinfante improvement terms).

2. It allows for the construction of conserved currents associated to (conformal) Killing
vector fields without any additional constraints on the geometry.

3. It encodes the full content of the response to varying the metric data (vµ, hµν) in a boost-
invariant manner.

In conclusion, some care is required in comparing results coming from the notions of Car-
roll geometry used in this paper and the one reviewed recently in [26]. Apart from some
notational differences, the main distinction between these two notions is the existence of lo-
cal Carroll boost invariance. As we argued above, this is a natural property of Carroll theories
that are derived from a limit of Lorentzian theories, and it furthermore allows us to construct a
spacetime energy-momentum tensor with very similar properties to its Lorentzian counterpart.

3 Timelike conformal Carroll scalar action

Having discussed the relevant aspects of Carroll geometry, we now turn to the main goal of
this paper. Starting from the conformally coupled relativistic scalar, we will derive two distinct
classes of scalar actions that are conformally coupled to Carroll backgrounds. We will refer to
them as the ‘timelike’ and ‘spacelike’ actions due to the type of derivatives in their respective
kinetic operators. We first focus on the timelike case.

Our starting point is the usual Lorentzian conformally coupled scalar action

S = −
1
2

∫

dd x
p

−g
�

gµν∂µφ∂νφ +
(d − 2)
4(d − 1)

Rφ2
�

. (3.1)

This action contains the Lorentzian background metric gµν as well as the Ricci scalar R of the
corresponding Levi-Civita connection. It is invariant under the Lorentzian Weyl transforma-
tions (2.22).

Using the pre-ultra-local parametrization of the Lorentzian geometry that was introduced
in Section 2.3, we can rewrite this action in a form that is suitable for a covariant Carroll
expansion. In particular, rewriting the metric using (2.13) and the Levi-Civita Ricci scalar
using (2.20), the action (3.1) becomes

S = −
c2

2

∫

dd x E

�

�

−
1
c2

VµV ν +Πµν
�

∂µφ∂νφ

+
(d − 2)
4(d − 1)

�

1
c2

�

KµνKµν +K2 − 2Vµ∂µK
�

+ΠµνR̃µν (3.2)

−∇̃µ(V νΠµρTνρ) +
c2

4
ΠµνΠρσTµρTνσ

�

φ2

�

.

This action still describes precisely the same dynamics as the usual action (3.1) above. In this
expression, we have rescaled the fields usingφ→ c1/2φ so that the leading-order term is finite
in the ultra-local c→ 0 limit. Taking this limit, we obtain

S = −
1
2

∫

dd x e
�

−(vµ∂µφ)2 +
(d − 2)

4(d − 1)

�

KµνKµν + K2 − 2vρ∂ρK
�

φ2
�

. (3.3)
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This action contains the Carroll geometric variables defined in Section 2.1. In this limit, time
derivatives dominate and spatial derivatives are suppressed. For this reason, we refer to (3.3)
as the timelike action.

The flat space version of (3.3) has been considered in several places, for example recently
in [18,22]. In two dimensions, the conformal coupling vanishes, and the corresponding action
in curved backgrounds has recently been discussed in [23]. In addition, [24, 25] considered
a similar action coupling to a curved background geometry using the alternative approach
Carroll geometry that we discussed in Section 2.6. However, following our earlier discussion,
the invariance under local Carroll boosts of the action (3.3) was not exploited in that works.

Since the action (3.3) is derived from the Lorentzian conformal scalar action (3.1), it
should be invariant under local Carroll boosts and Weyl transformations, and we will show
this explicitly in Section 3.1. Additionally, in Section 3.2 we derive the energy-momentum
tensor of the action (3.3) by varying with respect to the Carroll background metric data. In
the classical theory, this energy-momentum tensor is traceless and satisfies a Ward identity
associated to Carroll boosts.

3.1 Carroll boost and Weyl symmetries

The boost invariance of the action (3.3) follows from the fact that all tensors entering in it are
invariant under local Carroll boosts (2.3). First, recall that the timelike vector field vµ and
the spatial metric hµν are boost-invariant. The extrinsic curvature Kµν corresponds to the Lie
derivative of hµν with respect to vµ, so it is also boost-invariant.

To see the Weyl invariance of the action, we use the Carroll Weyl transformations discussed
in Section 2.4. Together with the standard Weyl transformation of the scalar,

δωφ = −
(d − 2)

2
ωφ , (3.4)

we see that the conformal coupling term in the action (3.3) transforms as

δω

�

−e
(d − 2)

4(d − 1)

�

KµνKµν + K2 − 2vρ∂ρK
�

φ2
�

= e
(d − 2)

2
K
�

vµ∂µω
�

φ2 − e
(d − 2)

2
(LvLvω)φ

2

(3.5)

≈ e(d − 2)φ
�

vµ∂µφ
�

(vν∂νω) . (3.6)

In the last line, we have used the Lie derivative identity (2.12) to integrate by parts, dropping
total derivatives. Next, the Weyl transformation of the kinetic term gives

δω

�

e
�

vµ∂µφ
�2�
= −e(d − 2)φ
�

vµ∂µφ
�

(vν∂νω) , (3.7)

which precisely cancels against the transformation (3.6) of the conformal coupling. This means
the timelike action (3.3) is indeed invariant under Weyl transformations.

3.2 Energy-momentum tensor

Following the general procedure described in Section 2.5, we now obtain the energy-
momentum tensor for the timelike action (3.3) by varying with respect to the background
Carroll geometry. Here we will focus on small variations of the flat space defined in Equa-
tion (2.6), in a boost frame where τµd xµ = −d t. Varying the conformal coupling around this
background, we get

δ
�

KµνKµν + K2 − 2vρ∂ρK
��

�

flat = −2vρ∂ρ δK |flat = −hµνvρvλ∂ρ∂λδhµν + 2vµhνρ∂µ∂νδvρ , (3.8)
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so that we obtain the following responses

T v
µ =

1
2
τµ
�

vρ∂ρφ
�2 −

1
2

d
d − 1

hρµ∂ρφ
�

vλ∂λφ
�

+
1
2

d − 2
d − 1

hρµ vλφ∂ρ∂λφ , (3.9a)

Th
µν =

1
2

1
d − 1

hµν
�

vρ∂ρφ
�2 −

1
2

d − 2
d − 1

hµνφvρvλ∂ρ∂λφ . (3.9b)

The resulting energy-momentum tensor Tµν agrees with the c → 0 limit of the energy-
momentum tensor of the Lorentzian theory (3.1). Note that T v

µ transforms under boosts, in
agreement with the general identity (2.29). The components of the flat space boost-invariant
energy-momentum tensor are then

T0
0 =

1
2
φ̇2 , (3.10a)

T i
0 = 0 , (3.10b)

T0
i =

1
2

d
d − 1

φ̇∂iφ −
1
2

d − 2
d − 1

φ∂iφ̇ , (3.10c)

T i
j = −

1
2

1
d − 1

φ̇2δi
j +

1
2

d − 2
d − 1

φφ̈δi
j , (3.10d)

where ḟ = vµ∂µ f denotes time derivatives. In contrast to the intermediate result (3.9), these
quantities are invariant under local boost (even though they do transform under the global
boost coordinate isometries of the flat background). Additionally, we see that T i

0 vanishes,
in accordance with the boost Ward identity (2.31). Furthermore, the trace of the energy-
momentum tensor is

Tµµ =
1
2
(d − 2)φφ̈ , (3.11)

which vanishes on shell in general dimensions using the equation of motion φ̈ = 0. This
energy-momentum tensor coincides in flat space with the Noether current corresponding to
translational symmetry (see for example [22]), up to improvement terms. As in the relativistic
case, there is an inherent ambiguity in the choice of the improvement terms and in the cou-
pling of the action to a curved background. From the action with conformal coupling in Equa-
tion (3.3), by varying the Carroll background around flat space, we find an energy-momentum
tensor that satisfies both the boost and Weyl Ward identities.

4 Spacelike action and dimensional reduction

In the preceding, we obtained a timelike conformal Carroll action by directly taking the c→ 0
limit of the rewriting (3.2) of the Lorentzian conformal scalar action. We can also take the limit
in a different way, which will produce an action with spacelike derivatives in the kinetic term.
This mirrors earlier work in the context of Carroll limits of electromagnetism, p-form gauge
theories, higher-spin theories and gravity [21, 27, 28]. Here, our result will be a spacelike
Carroll action for a conformally coupled scalar.

First, using the total derivative identity (2.21), we can rewrite the leading-order terms in
the conformal coupling of the Lorentzian action (3.2) as follows,

(d − 2)
4(d − 1)

�

KµνKµν +K2 − 2Vµ∂µK
�

φ2 ≈
(d − 2)
(d − 1)

φKVµ∂µφ +
(d − 2)

4(d − 1)

�

KµνKµν −K2
�

φ2 . (4.1)

Using this observation, we can rewrite the leading kinetic and conformal coupling terms in the
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Lorentzian scalar action (3.2) as a sum of two squares,

− VµV ν∂µφ∂νφ +
(d − 2)
4(d − 1)

�

KµνKµν +K2 − 2Vµ∂µK
�

φ2 (4.2)

≈ −
�

Vµ∂µφ −
(d − 2)

2(d − 1)
φK
�2

+
(d − 2)
4(d − 1)

�

KµνKµν −
1

d − 1
K2
�

φ2 (4.3)

= −
�

Vµ∂µφ −
(d − 2)

2(d − 1)
φK
�2

+
(d − 2)
4(d − 1)

ḠµνρσKµνKρσφ2 . (4.4)

Here, we have introduced the tensor Ḡµνρσ which, together with its inverse, is given by

Ḡµνρσ =
1
2

�

ΠµρΠνσ +ΠµσΠνρ −
2

d − 1
ΠµνΠρσ
�

, (4.5)

Ḡµνρσ =
1
2

�

ΠµρΠνσ +ΠµσΠνρ −
2
d
ΠµνΠρσ

�

. (4.6)

Note that these satisfy ḠµνρσḠρσγδ = ΠγρΠδσΠρ(µΠν)σ−ΠµνΠγδ/(d−1), which is the identity
operator on the space of symmetric spatial traceless two-tensors. As a result, Ḡµνρσ can be
regarded as a modified version of the deWitt metric, which can be unambiguously inverted
on the space of symmetric spatial traceless two-tensors. This mirrors the construction of the
covariant spacelike (or magnetic) Carroll gravity theory in [28], where the regular deWitt
metric enters.

With this, we can then rewrite the leading-order terms in the action (3.2) using a scalar
Lagrange multiplier χ and a symmetric traceless Lagrange multiplier Xµν

c2

4
χ2 +χ
�

Vµ∂µφ −
(d − 2)
2(d − 1)

φK
�

−
c2

4
ḠµνρσXµνXρσ + ḠµνρσXµνKρσφ . (4.7)

Integrating out Xµν and χ reproduces (4.4) times an overall factor of 1/c2, which is how these
terms appear inside the action (3.2). However, by writing these terms as in (4.7), we have
lowered their overall degree in c2, so that the c → 0 limit of the Lorentzian conformal scalar
action (3.2) now leads to an inequivalent result. Rescaling the fields φ, χ and χµν with a
factor of c−1 for the overall scaling, we obtain

S = −
1
2

∫

dd x e
�

hµν∂µφ∂νφ +
(d − 2)

4(d − 1)

�

hµνR̃µν − ∇̃µaµ
�

φ2+χ
�

vµ∂µφ −
(d − 2)

2(d − 1)
Kφ
�

+χµνKµνφ
�

. (4.8)

Here, aµ = hµνaν is the dual vector to the spatial acceleration one-from (2.8) and
χµν = GµνρσXρσ is a symmetric spatial traceless tensor.

In this action, spatial derivatives dominate, so it is clearly distinct from the timelike ac-
tion (3.3). In addition, the timelike action identically vanishes when the constraints imposed
by the Lagrange multipliers are applied. Thus, we conclude that we cannot consider both
actions at the same time, in contrast to [24, 25]. As we will check explicitly below, the re-
sult (4.8) is also invariant under both Weyl transformations and local Carroll boosts, so it
describes a different, ‘spacelike’ notion of conformal Carroll scalars. Furthermore, we will
derive its energy-momentum tensor, and we will verify that it satisfies the classical Ward iden-
tities that were established in Section 2.5. Finally, we show that it is possible to effectively
reduce the d-dimensional conformal Carroll scalar action (4.8) to a (d−1)-dimensional action
for a Euclidean conformally coupled particle.

A curved space Carroll action similar to (4.8) has also been derived in [24], and it was
recently reconsidered in [25]. However, this did not include the constraint terms. As we will
see below, these constraints are essential to maintaining local Carroll boost invariance. This
is to be expected, since we argued in Section 2.7 that the presence of local Carroll boosts is
the crucial difference between our notion of Carroll geometry and the formalism employed
in [24–26].
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4.1 Carroll boost and Weyl symmetries

We now show explicitly that the spacelike action (4.8) is invariant under boosts and Weyl
transformations. For this, we can either retain the Lagrange multipliers, or we can integrate
them out and work on the constraint surface. We will mainly take the latter route, but we also
list the transformations of the Lagrange multipliers that result in the invariance of the action
away from the constraint surface.

The constraints imposed by the Lagrange multipliers are

vµ∂µφ −
(d − 2)
2(d − 1)

φK = 0 , (4.9a)

Kµν −
K

d − 1
hµν = 0 . (4.9b)

Note that the Lagrange multiplier χµν is traceless, which is why the trace of Kµν is uncon-
strained. Since they only contain boost-invariant tensors, the constraints are invariant under
local Carroll boosts. Likewise, using the transformations (2.24) of the extrinsic curvature un-
der Weyl transformations, one can check that the constraints transform homogeneously with
weight −d/2 and 1, respectively.

Weyl symmetry. First, we show that the first two terms in the action (4.8) are Weyl invariant
on the constraint surface. From Equation (2.26), we can derive that the curvature terms
transform as

δω(h
µνR̃µν − ∇̃µaµ) = −2ω(hµνR̃µν − ∇̃µaµ) + 2(1− d)∇̃µ(hµν∇̃νω) . (4.10)

On the other hand, the kinetic term transforms as

δω(h
µν∂µφ∂νφ) = −dhµν∂µφ∂νφ + (2− d)hµνφ∂µφ∂νω

≈ −dhµν∂µφ∂νφ −
2− d

2
∇̃µ(hµν∇̃νω)φ2 , (4.11)

where we integrated by parts in the last equality. Adding (4.10) and (4.11) using their relative
coefficients in the action (4.8), we see that the inhomogeneous terms cancel, leaving the action
invariant under Weyl transformations.

Alternatively, we can keep the Lagrange multipliers χ and χµν in the action and specify
their Weyl transformations. As the kinetic and the conformal coupling are invariant by them-
selves, the transformation laws for the Lagrange multipliers are homogeneous and their task
is to balance the Weyl weight of the constraints, so that we can take

δωχ = −
d
2
ωχ , δωχ

µν = −
d + 4

2
ωχµν . (4.12)

With these transformations, the action (4.8) is also Weyl invariant without imposing the con-
straints.

Boost symmetry. We now turn to demonstrating the boost invariance of the spacelike action,
again first by assuming that the constraint equations hold. For the kinetic term of the spacelike
action we find

δλ(h
µν∂µφ∂νφ) = 2vµλν∂µφ∂νφ =

d − 2
2(d − 1)

Kλµ∂µφ
2

≈ −
d − 2

2(d − 1)
∇̃µ(Kλµ)φ2 , (4.13)
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where we used the constraint (4.9a) in the second equation. On the other hand, the boost
variation of the curvature terms appearing in the action is

δλ(h
µνR̃µν − ∇̃µaµ)φ2 = 2φ2∇̃ρ(λρK − vρ∇̃µλµ) + 2φ2aµλνKµν + 2φ2Kµν∇̃µλν

= 2φ2∇̃ρ(λρK − vρ∇̃µλµ) +
2Kφ2

d − 1
(hµν∇̃µλν + aµλν)

≈ 2∇̃µ(Kλµ)φ2 , (4.14)

where we used a variational identity for the Ricci tensor in the first equality. In the second
equality we imposed the constraint (4.9b) and in the last equality we integrated by parts before
using the constraint (4.9a). Plugging Equations (4.13) and (4.14) into the action (4.8), we
conclude that it is indeed boost-invariant on the constraint surface.

Alternatively, we can retain the Lagrange multipliers and impose

δλχ = −2λν∂νφ −
d − 2
d − 1

φ∇̃µλµ, (4.15)

δλχ
µν = −

d − 2
2(d − 1)

φ

�

a(µλν) −
aρλ

ρ

d − 1
hµν + hρ(µ∇̃ρλν) −

∇̃ρλρ

d − 1
hµν
�

. (4.16)

These boost transformations of the Lagrange multipliers precisely cancel the terms in the other
transformations that previously vanished due to their associated constraints. Either way, the
spacelike action (4.8) is invariant under local Carroll boosts.

4.2 Energy-momentum tensor

Following our general procedure in Section 2.5, the energy-momentum tensor can be com-
puted by varying the spacelike action (4.8) with respect to the background Carroll geometry.
Here, we will focus on fluctuations around the flat background (2.6), in a boost frame where
τµd xµ = −d t. First, from the definitions it is straight forward that

hνσδR̃νσ
�

�

flat = hργhαβ
�

∂ρ∂αδhγβ − ∂ρ∂γδhαβ
��

�

flat , (4.17)

δ∇̃µaµ
�

�

flat = hµεvδ∂µ∂δδτε + hµετδ∂µ∂εδvδ
�

�

flat , (4.18)

which leads to the following variation of the conformal coupling term,

δ
�

hµνR̃µν − ∇̃µaµ
��

�

flat

= −2τνh
αβ∂α∂βδηvν +
�

−hρµh
α
ν∂ρ∂α + hµνh

ργ∂ρ∂γ + vρ∂ρτ(µ∂ν)
�

δhµν
�

�

flat ,
(4.19)

where we used hµνδτν = −τνδhµν. In addition, it is convenient to use

δ(χµνKµν) =
1
2
χµνvρ∂ρδhµν −χρσhµσ∂ρδηvµ , (4.20)

where Ḡρσαβ is a projector as defined in (4.5) and we allow for raising and lowering the
indices of χµν using the spatial metric.

For compactness, we introduce the notation ∂̂µ = hνµ∂ν, where hνµ is the spatial projector
defined below Equation (2.1). Using the identities (4.19) and (4.20), the constraint (4.9a)
which in flat space implies vµ∂µφ = 0, and the equation of motion ∂̂ 2φ = −1

2 vρ∂ρχ, we find
that the on-shell energy-momentum tensor is given by

T v
ν =
−1

d − 1
τν(∂̂ φ)

2 −
1
2

d − 2
d − 1

τνφvρ∂ρχ −χ∂̂νφ +
1
2

d − 2
d − 1

∂̂ν(χφ)− ∂̂α(χανφ) , (4.21a)

Th
µν =

1
d − 1

(∂̂ φ)2hµν −
d

d − 1
∂̂µφ∂̂νφ +

d − 2
d − 1

φ∂̂µ∂̂νφ + vρ∂ρ(χµνφ) . (4.21b)
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In terms of the flat space coordinates xµ = (t, x i), the resulting components of the boost-
invariant energy-momentum tensor (2.30) are given by

T0
0 = −

1
d − 1

(∂iφ∂
iφ)−

1
2

d − 2
d − 1

φvρ∂ρχ , (4.22a)

T i
0 = 0 , (4.22b)

T0
i = χ∂iφ −

1
2

d − 2
d − 1

∂i(χφ) + ∂ j(χ
j
iφ) , (4.22c)

T i
j = −

1
d − 1

(∂iφ∂
iφ)δi

j +
d

d − 1
∂ iφ∂ jφ −

d − 2
d − 1

φ∂ i∂ jφ − vρ∂ρ(χ
i
jφ) . (4.22d)

We note that by putting χi j = 0, and upon identifying χ as canonical momentum, we find
exactly the same momentum structure T0

i as in the timelike case, where φ̇ plays the role of
canonical momentum. Using the fact that the spatial symmetric tensor χi j is traceless, we find

T0
0 + T i

i = −
d − 2
d − 1

�

1
2
φvρ∂ρχ +φ∂i∂

iφ

�

= 0 , (4.23)

which is zero due to the equations of motion. This shows that the classical energy-momentum
tensor is traceless for generic dimensions, as a consequence of the Weyl invariance of the action
(4.8) and upon using the equations of motion.

4.3 Reduction to lower-dimensional Euclidean CFT

On the flat Carroll background (2.6), the spacelike action (4.8) takes the form

S =
1
2

∫

dd x e
�

−χφ̇ −δi j∂iφ∂ jφ
�

. (4.24)

Note that the transformations of hµν∂µ∂ν = δi j∂i∂ j under boosts are precisely cancelled by
the constraint that vµ∂µφ = φ̇ = 0, so the action above is indeed boost-invariant. From a
Hamiltonian perspective, we have πφ = −χ and H = δi j∂iφ∂ jφ. The result is that the field φ
has no time evolution, only a non-trivial spatial profile along the x i directions is possible. On
this background, the conformal Carroll scalar therefore effectively reduces to a scalar particle
coupled to a flat Euclidean background.

With this in mind, it seems reasonable to ask if the spacelike action (4.8) can also be
dimensionally reduced for a curved Carroll background. We would then expect the result to
be a Euclidean conformal field theory on a general (d−1)-dimensional Riemannian geometry
with hµν as its metric. After all, the Carrollian time evolution vµ∂µφ of the scalar field is fixed
by the constraint (4.9a). We now show that this is indeed the case.

Integrating out the constraints To be precise, we will show in this section that the ac-
tion (4.8) for a conformally coupled spacelike Carroll scalar in d spacetime dimensions can
be reduced to the Euclidean version of the usual conformal scalar action (3.1) on a (d − 1)-
dimensional spatial slice, together with an additional background field. This reduction is pos-
sible due to the constraints (4.9) on the configuration space and the background geometry,
which are simple enough to allow for explicit integration.

The constraints in the spacelike action fix the evolution of φ and hµν along vµ. It is there-
fore useful to introduce adapted coordinates xµ = (t, x i) such that

vµ∂µ = α
−1∂t , hµνd xµd xν = hi jd x id x j , τµd xµ = −αd t + bid x i . (4.25)
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Here we have introduced a lapse function α(t, x i), which will be useful later on, and
i, j, . . . = 1, . . . , d − 1 are spatial indices. As we discussed around Equation (2.5), the clock
one-form τµ is not invariant under Carroll boosts λi , which act by shifting bi . We can there-
fore set bi = 0 using boosts, so that

vµ∂µ = α
−1∂t , hµνd xµd xν = hi jd x id x j , τµd xµ = −αd t . (4.26)

The resulting τµ defines a spatial foliation consisting of constant t slices, and we will first
perform the reduction of the spacelike action in this boost frame. We will argue afterwards
that a generic spatial foliation defined by a τµ with bi ̸= 0 can be included using a coordinate
transformation that acts as a Weyl transformation in the lower-dimensional action.

Recalling that Kµν = −
1
2Lvhµν, we see that the constraints (4.9) written in terms of the

coordinates (4.26) imply

φ̇(t, x i) =
d − 2

2(d − 1)
α(t, x i)K(t, x i)φ(t, x i) , (4.27a)

ḣi j(t, x i) = −
2

d − 1
α(t, x i)K(t, x i)hi j(t, x i) , (4.27b)

where the dot denotes the t derivative. Additionally, it is useful to introduce the determinant
h= det hi j of the spatial metric. Its time evolution follows from

Lve = −evµaµ − ehµνKµν = −eK = vρ∂ρe+ e∂ρvρ , (4.28)

where we have used (2.2) in the first equality. Since e = α
p

h, this implies

ḣ(t, x) = −2α(t, x i)K(t, x i)h(t, x i) . (4.29)

We can integrate these first-order ordinary differential equations (4.27) and (4.29) for a given
background. Since these differential equations are all of the same form, the resulting time
evolutions are related. In particular, it is convenient to write the time evolution of φ(t, x i)
and hi j(t, x i) in terms of the time evolution of h(t, x i),

φ(t, x i) = φ(0, x i)

�

h(t, x i)
h(0, x i)

�
2−d

4(d−1)

, hi j(t, x i) = hi j(0, x i)

�

h(t, x i)
h(0, x i)

�
1

d−1

. (4.30)

As the time dependence of these fields is a purely multiplicative conformal factor, we can scale
it out using a finite Weyl transformation without changing the spacelike action (4.8), since the
action is Weyl-invariant. To absorb the time dependence of these quantities, we can act with
the following Weyl transformation,

hi j(t, x i)→
�

h(t, x i)
h(0, x i)

�− 1
d−1

hi j(t, x i) = hi j(0, x) , (4.31a)

φ(t, x i)→
�

h(t, x i)
h(0, x)

�− 2−d
4(d−1)

φ(t, x i) = φ(0, x i) . (4.31b)

Note that the powers in (4.30) precisely allow us to cancel the time dependence of both ob-
jects at the same time. The Weyl transformation also acts on τµ, and using the parametriza-
tion (4.26) this means it acts on α(t, x) as

α(t, x i)→ α(t, x i)

�

h(t, x i)
h(0, x i)

�− 1
2(d−1)

= α′(t, x i) . (4.32)

After this Weyl transformation, we have therefore moved all the time dependence into the
(modified) lapse function α′(t, x i). This only fixes the time-dependent part of the Weyl sym-
metry of the action, and x i-dependent Weyl transformations are still allowed.
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Rewriting to Riemannian quantities Furthermore, to relate the Carrollian objects to the
Riemannian geometry induced on the constant t slices, we need to define the spatially pro-
jected derivative

∇̂ρXµν = hγρhαµhβν ∇̃γXαβ , (4.33)

which can be shown to coincide with the Levi-Civita connection induced by the pull-back
of hµν. Having defined a covariant derivative on the spacelike hypersurface, following the
discussion in [28], one can derive a Gauss-type equation relating the Ricci of the ∇̃ and ∇̂
connections

R̂= hµνR̃µν + ∇̂µaµ + aµaµ . (4.34)

Along with the coordinate-specific identities e = α
p

h and ∇̂µaµ+ aµaµ = α−1∇̂2α, the Gauss
equation allows us to rewrite the action (4.8) on the constraint surface as

S = −
1
2

∫

dd x e
�

hi j∂iφ∂ jφ +
(d − 2)

4(d − 1)
(R̂− 2(∇̂µaµ + aµaµ))φ2

�

(4.35)

= −
1
2

∫

dd−1 x
p

h

�∫

d t α′
�

�

hi j∂iφ∂ jφ +
(d − 2)
4(d − 1)

R̂
�

−
1
2

∫

dd−1 x
p

h
−2(d − 2)
4(d − 1)

φ2∇̂2

�∫

d t α′
�

,

where we used the fact that only α′ has a t-dependence to move the t-integral. The form of
the action (4.35) suggests defining the quantity

A(x i) =

∫

d t α′(t, x i) =

∫

d t α(t, x i)

�

h(t, x i)
h(0, x i)

�− 1
2(d−1)

. (4.36)

This transforms as a scalar from the point of view of the spatial x i diffeomorphisms. Under
the remaining spatial Weyl transformations, A inherits the transformation of α,

δωA=ωA . (4.37)

Inserting the definition of A back into the action (4.35), we can rewrite it as

S = −
1
2

∫

dd−1 x
p

h

�

hi j∂iφ̂∂ jφ̂ +
(d − 3)
4(d − 2)

R̂φ̂2 (4.38)

+
1

4(d − 1)(d − 2)
(R̂− (d − 1)(d − 2)A−2hi j∂iA∂ jA+ 2(d − 2)A−1∇̂2A)φ̂2

�

.

In the first line, we collected the terms which make up the action for a Euclidean relativistic
CFT in d − 1 dimensions, with hi j as the Riemannian metric. Furthermore, we defined the
(d − 1)-dimensional scalar field as

φ̂ = A1/2φ ⇒ δωφ̂ =
3− d

2
ωφ̂ , (4.39)

in anticipation of φ̂ being a conformal scalar in (d−1) dimensions, i.e., it has the correct Weyl
weight. Remarkably, we can recognize the last term in (4.38) as a finite Weyl rescaling of a
Ricci scalar leading to the expression

S = −
1
2

∫

dd−1 x
p

h

�

hi j∂iφ̂∂ jφ̂ +
(d − 3)
4(d − 2)

R̂φ̂2 +
1

4(d − 1)(d − 2)
A−2R̂A−2hi j

φ̂2

�

, (4.40)

where R̂A−2hi j
denotes the Ricci scalar calculated with respect to the metric A−2hi j . The final

form of the reduced action (4.40) makes the Euclidean Weyl symmetry manifest: the first two
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terms constitute the usual relativistic scalar action, while the non-trivial reminder R̂A−2hi j
is

inert since A−2 and hi j transforms oppositely.
Finally, since we performed the reduction in a particular boost frame (4.26), we should

investigate what happens in a general boost frame (4.25) where bi ̸= 0. Assuming the cor-
responding clock one-form τµ satisfies the Frobenius condition τ ∧ dτ = 0, since we would
otherwise not have a spatial foliation on which we can reduce, we can find a new adapted set
of coordinates x̃µ = ( t̃, x i) = ( t̃(t, x i), x i) such that

vµ∂µ = α̃
−1∂ t̃ , hµνd xµd xν = hi jd x id x j , τµd xµ = −α̃d t̃ . (4.41)

However, the spatial slice t̃ = 0 does not necessarily correspond to the t = 0 slice. On the other
hand, since we do not modify the x i coordinates, these slices are just related by a (possibly
x i-dependent) evolution in time. We therefore have

φ(t( t̃ = 0, x i), x i) = Ω̃(x i)−
d−2

2 φ(t = 0, x i) , (4.42a)

hi j(t( t̃ = 0, x i), x i) = Ω̃(x i)2hi j(t = 0, x i) , (4.42b)

α̃′( t̃, x i) =
∂ t
∂ t̃
Ω̃(x i)α′(t( t̃, x i), x i) . (4.42c)

The first two lines follow from (4.30) and the last line can be obtained using the coordinate
transformation t̃(t, x i) in either vµ∂µ or τµd xµ together with the definition (4.32). Integrating
the last line over t̃, we obtain

Ã(x i) =

∫

d t̃ α̃′( t̃, x i) = Ω̃(x i)A(x i) . (4.43)

Consequently, we see that all fields entering in the reduced action (4.40) transform under a
spatial Weyl transformation Ω̃(x i), which is given by

Ω̃(x i) =

�

h(t( t̃ = 0, x i), x i)
h(t = 0, x i)

�

. (4.44)

Since the reduced action is precisely invariant under spatial Weyl transformations, we con-
clude that any boost frame corresponding to a spatial foliation of our d-dimensional Carroll
spacetime leads to the same (d − 1)-dimensional Euclidean conformal action (4.40).

Relation to embedding space construction? With these results in mind, it is tempting to
draw an analogy to the embedding space construction that is frequently used in relativistic
conformal field theory, see for example the lectures [62]. This construction relies on the fact
that the Euclidean conformal group SO(d, 1) in (d−1) dimensions is equivalent to the Lorentz
group of isometries of Rd,1. Since the latter is linearly realized on the higher-dimensional
fields, this is a useful tool to construct spinning representations of the conformal algebra.

A crucial step in this construction is the reduction of the (d + 1)-dimensional Lorentzian
degrees of freedom to the Euclidean CFTd−1. For this, the Euclidean submanifold can be
recovered as the projective identification of the light cone at the origin of Rd,1 along null rays.
This is reminiscent of our dimensional reduction of the spacelike action. The light cone in Rd,1

carries a natural Carroll structure, as illustrated in Figure 2, where the null direction along the
light cone corresponds to the Carroll time direction. The projective identification along the null
rays then appears to be similar to our process of integrating out the Carroll time. Remarkably,
our reduction of a spatial conformal Carroll theory to a CFTd−1 takes place on the level of the
action, whereas (to our knowledge) the embedding space construction has only been used to
construct representations. It would be very interesting to make this analogy more precise.
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Figure 2: Carroll structure on the light cone of the embedding space formalism.

5 Discussion

We derived two distinct scalar field actions that are invariant under local Carroll boosts, Weyl
transformations and general diffeomorphisms on curved backgrounds. Corresponding to the
derivatives that appear in their kinetic terms, we refer to these actions as timelike and space-
like, respectively. For both the timelike and spacelike actions, we derived a traceless energy-
momentum tensor using the coupling to general curved Carroll geometries, and we showed
that their energy fluxes vanish. This fact is a consequence of the invariance under local Carroll
boosts and it is one of the main novelties of the models proposed in this work. In the space-
like case, our action contains a set of constraints that are essential for the invariance under
local Carroll boosts. Additionally, we showed that the spacelike action can be dimensionally
reduced to a Euclidean CFT on the spatial directions. In addition to the spatial metric, this
CFT couples to a scalar that encodes its higher-dimensional pedigree.

A fundamental property of the actions that we derived in this work is their classical Weyl in-
variance. The breaking of this symmetry at quantum level is an important area of research [63]
and has previously been considered in several non-Lorentzian theories [53–55,64–66]. In the
context of flat holography, there have been recent discussions on loop corrections to the ce-
lestial energy-momentum tensor [67–69] and the trace anomaly close to a flat background
for two-dimensional BMS field theories [70]. We plan to make contact with both of these di-
rections by performing the systematic classification of the trace anomaly for Carroll-invariant
theories, using a cohomological approach. Furthermore, the conformal scalar actions pre-
sented in this work open the possibility for the computation of the trace anomaly in specific
models, for example using heat kernel techniques [71, 72] (see [73–78] for applications in
the non-relativistic case) or perturbative methods [79] (see [80] for the Lifshitz case). The
computation of the conformal anomaly in explicit examples is not only a consistency check of
the cohomology result, but will also determine the central charges of the models under con-
sideration. Since trace anomalies can be used to characterize monotonicity quantities along
the RG flow [81–83], these investigations could lead us to unravel further universal aspects of
field theories with Carroll symmetry.

It is well known that the energy-momentum tensor of the relativistic conformal scalar can
be cast in perfect fluid form. In order to investigate whether we can do the same for the
timelike and spacelike scenarios we studied here, we can use the tensorial form of a general
boost-agnostic perfect fluid energy-momentum tensor [31]

T0
0 = −E , T i

0 = −(E + P)v i , T0
j = P j , T i

j = Pδi
j + v iP j , (5.1)

where E , P, v i and P j respectively denote the energy density, pressure, fluid velocity and
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momentum flux density. For the timelike case, we can identify v i = 0 and

E = −1
2
φ̇2 , P = −

1
2

1
d − 1

φ̇2 +
1
2

d − 2
d − 1

φφ̈ ,

Pi = −
1
2

d
d − 1

φ̇∂iφ +
1
2

d − 2
d − 1

φ∂iφ̇ .
(5.2)

The fact that this fluid is not moving is in line with general Carroll expectation. A special
feature of this fluid is that it has non-vanishing momentum flux, despite having vanishing
fluid velocity. Remarkably, this means we find an explicit example of a theory that defies
the usual assumption that Pi ∝ v i and requires for Pi to be treated as a fundamental fluid
variable, which was proposed as a possibility in [22]. This property would likely contribute
to for example novel transport contributions [84–87] and would change the analysis of its
stability [88]. On the other hand, at first sight it seems challenging to interpret the spacelike
case as a perfect fluid.

Finally, the details of the quantization of these Carroll theories remain unclear. In the
timelike theory, the absence of spatial derivatives means that the spatial coordinates appear
only as a label for independent copies of the scalar field at each point. From this perspective,
the timelike theory describes a collection of free particles with arbitrary energies. One could
also consider adding a mass regulator [18], which breaks conformality. This leads to the
usual harmonic oscillator spectrum at every independent spatial point instead, which is not
continuously connected to the free particle spectrum.5 Fully understanding the quantization
of these conformal Carroll theories will surely require us to go further down the rabbit hole.
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