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Abstract

A family of two-dimensional (2D) spin-1/2 models have been constructed to realize Ki-
taev’s sixteen-fold way of anyon theories. Defining a one-dimensional (1D) path through
all the lattice sites, and performing the Jordan-Wigner transformation with the help of
the 1D path, we find that such a spin-1/2 model is equivalent to a model with » species
of Majorana fermions coupled to a static Z, gauge field. Here each species of Majorana
fermions gives rise to an energy band that carries a Chern number C = 1, yielding a total
Chern number C = ». It has been shown that the ground states are three (four)-fold
topologically degenerate on a torus, when v is an odd (even) number. These exactly

solvable models can be achieved by quantum simulations.
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1 Introduction

Topological order [1-3] is a novel organizing principle for gapped quantum matters that is
beyond the classic Landau-Ginzburg-Wilson paradigm. Instead of the spontaneous symmetry
breaking in the classic paradigm, the long-range quantum entanglement plays an essential
role in topological orders [4]. In a pioneer work [5], Kitaev proposed a systematic method,
dubbed “sixteen-fold way”, to characterize and classify topological orders in two dimensional
(2D) quantum systems that consist of weakly interacting fermions. The basic idea is that the
topological properties of a 2D gapped state can be uniquely characterized by the topological
properties of its fractional quasi-particle excitations, “anyons”, in bulk: namely, the distinct
classes of anyons, and the statistics and the fusion rule among them. These bulk topological
properties of anyons also encode information about possible chiral gapless edge states inher-
ently.

The simplest example for topological order is a Z, gauge theory [3], on which a gas of free
(Majorana) fermions is coupled to a static Z, gauge field. It was suggested by Kitaev that the
crucial bulk parameter for the anyon statistic is the topological spin of a vortex, 6, = e!™"/8,
where v is the total Chern number of Majorana fermions. So that the topological properties
depend only on v mod 16, rather than the Chern number v itself. The topological orders of
Kitaev’s sixteen-fold way are closely related to a wide range of topological phases of matter [6],
including fractional quantum Hall insulators [7], topological superconductors, and quantum
spin liquids [8-12]. In particular, Kitaev proposed an exactly solvable spin-1/2 model defined
on a honeycomb lattice that can harbor » = 0 and v = %1 topologically ordered states [5].

Besides the exact solution via the elegant four Majorana fermion decomposition method,
which was proposed by Kitaev himself, the honeycomb spin-1/2 model can be exactly solved
with the help of Jordan-Wigner transformation as well [13-16]. The Jordan-Winger trans-
formation enables a fermionization of the spin model without redundant degrees of freedom
(that are unavoidable in the four Majorana decomposition and can be removed by imposing a
Gutzwiller projection), and allows us to map the original spin-1/2 model to a p-wave-spinless
BCS pairing model. Thus, the weak pairing gives rise to the v = £1 non-Abelian phase, while
the strong pairing leads to the v = 0 Abelian phase [10].

Moreover, the Jordan-Wigner transformation also provides a topological characterization
of quantum phases and quantum phase transition by itself: As long as a one-dimensional (1D)
path has been properly chosen to “lace” all the sites on the 2D honeycomb lattice, which is the
prerequisite for the Jordan-Winger transformation, a nonlocal string order parameter can be
defined in one of the two phases (v =0 and v = +1) [14,16]. These string order parameters
become local order parameters after some singular transformation. In appropriate dual repre-
sentations in the two phases, a description of the phase transition in terms of Landau’s theory
of continuous phase transitions becomes applicable [14].

Due to the significance of the exactly solvable honeycomb model, great theoretical efforts
have been devoted to searching for its generalizations. The generalizations to other 2D and
3D lattice models can be found in Ref. [17-21] and Ref. [22-29], respectively. There are
also some generalized models with multiple-spin interactions [30,31]. The generalizations to
higher spin models have been achieved in a I' matrix representation [32-35]. Recently, a class
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of generalized Kitaev spin-1/2 models have been constructed in arbitrary dimensions, which
can be solved exactly with the aid of the Jordan-Wigner transformation [31].

One of the most important issues on 2D topological orders is to find exactly solvable models
for |v| = 2 classes. Indeed, some examples have been demonstrated in Ref. [36-38]. Moreovet,
a full construction of explicit lattice models for all ¥ mod 16 has been achieved in Ref. [39]
very recently, on which a series of I' matrix models [17,33] have been proposed on honeycomb
(square) lattice to realize odd (even) Chern number v = 2q — 1 (v = 2q — 2). However, a
systematic construction for exactly solvable spin-1/2 models for all ¥ mod 16 is still in demand.

In this paper, we construct a family of quantum spin-1/2 models to realize Kitaev’s sixteen-
fold way for 2D topological orders that can be solved exactly via the Jordan-Wigner transfor-
mation. We have proposed two kinds of models on a 2D lattice which consists of 2q sites in
each unit cell in accordance with even and odd Chern number v. By defining the ordering
of lattice sites and performing the Jordan-Wigner transformation, we are able to map these
spin-1/2 models to a Z, gauge theory that consists of v species of free Majorana fermions and
a static Z, gauge field. Since each species of Majorana fermions contributes a Chern number
C =1, the whole system has a total Chern number C = ».

The rest of this paper is organized as follows. We begin with revisiting the Kitaev honey-
comb model and the Jordan-Wigner transformation in Section 2, which is the major technique
used in the present work. Then a family of exactly solvable quantum spin-1/2 models have
been constructed for odd and even Chern numbers in Section 3. In Section 4, we solve these
spin model on a torus and study the ground state degeneracy that characterizes the topological
orders. Section 5 is devoted to conclusions and discussions, where the equivalence relationship
between our v = 2 model and the Yao-Zhang-Kivelson (YZK) model [32] has been discussed.

2 Solve the Kitaev honeycomb model via Jordan-Wigner transfor-
mation

The original Kitaev honeycomb model is defined by the following Hamiltonian,

H=—J1Zaf‘af—JZZG?'O';'—J3ZGfGJ"T, (D
(if) (ij)y (ij)s

where i and j label the sites on a honeycomb lattice as plotted in Fig. 1. of (a = x, y, 2) is the

Pauli matrix at site i, (ij), denotes the nearest neighbor (NN) bond in the a direction, and J;

(A=1,2,3for a=x,y,z) is the corresponding coupling constant. In order to be consistent

with the models constructed in Section 3, we use J, rather than J, here, which is different

from the notation in Kitaev’s original work.

As mentioned before, the Kitaev honeycomb model defined in Eq. (1) can be solved exactly
by using the Jordan-Wigner transformation [13]. The exact solution can be done on different
geometries, with either open boundary condition [14-16] or periodic boundary condition [18,
40] (PBC). To do this, we introduce the brick-wall representation of the honeycomb lattice [ 14,
15], and label each lattice site by the unit cell vector 7 = [17i; + l,7i5 (13, [, € N,) and the
sublattice index 3 = A, B, where 7i; and i, are the primitive vectors for the brick-wall lattice
[as shown in Fig. 1 (c)]. Notice that the primitive vectors that we choose here are slightly
different from those in previous works. Then the Hamiltonian in Eq. (1) can be written as

_ x x y y b4 b4
H==2 (105,407 540207 07 5 +030%,0% 4 1,5) (2)
;.'

In order to perform the Jordan-Wigner transformation, we define a 1D path through all
the lattice sites as follows: for two sites [ and m, (1) if [, < m,, then [ < m; (2) if I, = m,

3
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Figure 1: (a) A honeycomb lattice on which the Hamiltonian in Eq. (1) is defined.
(b) The terms in Hamiltonian (1). (c) Brick-wall representation of the honeycomb
lattice. A site is labeled by the unit cell vector 7 = [;7i; + Iy (11, I, € N, ) and the
sublattice index 8 = A, B, where 71, and 7, are the primitive vectors. White and black
circles represent sublattices A and B, respectively. The ordering of sites is indicated
by numbers that defines a 1D path for the Jordan-Wigner transformation.

(d) The terms in Hamiltonian (2).

Figure 2: A plaquette where the flux operator qu’—r- in Eq. (5) is defined.

and [; < my, thenl < m; (3) ifl, =my, [; = my, and [l € A, m € B, then [ < m. By this
definition of site ordering, we are able to solve the Hamiltonian defined in Eq. (2) with the
help of the Jordan-Wigner transformation, which is given by

O-T_{T—l = frj:leiﬂ:ka fiy , (3a)
o% =2f,—1, (3b)

where o = %(afn + iof;) is the spin raising operator, frZ is the creation operator for the

spinless fermion at site m, and fi,, = frz fm is the fermion occupation number operator. We
further decompose each complex fermion f,, into two Majorana fermions 7,,, and v, as follows:
(1) forme A, n,, = frfl + fn and v, = i(fri —fm); (2) form € B, n,,, = i(f,:; — fm) and
Ym = fni + f,. After the Jordan-Wigner transformation, the Hamiltonian (2) takes the form of

H=1 Z (177,477, +JoY7 AYr—r, B + 3D 3, Y7 aT7—7,—7,.8) 4
=

where D; = N7, BNi+ii+7i,,4- 1L 1S easy to verify that D commute with each other and with the
Hamiltonian (2), and DFZ = 1. So we can replace the operator D; by its eigenvalues D; = %1,
which can be viewed as a static Z, gauge field. To characterize the Z, gauge field, an alter-
native and gauge-invariant way is to define a flux operator ql;p’; on each plaquette, which is a
specific product of 6 spin operators [as shown in Fig. 2],

N X y z x Y z
Pp, 7 = OF 5074y 471y, AC Pty i, BO 7427 +i1y, A0 741y, BT 471, (5)
= Dy Dz, -
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It is easy to see that (,55’? = 1. So that the Hilbert space can be divided into subspaces in
accordance with the sets of eigenvalues {¢, = £1}.

According to Lieb’s theorem [41], the ground state of the Hamiltonian (2) is in the sector of
Hilbert space on which q[;p’; = 1 everywhere, i.e., the zero-flux sector. Thus we set all D: =1
to solve Eq. (4) in the ground state sector and obtain the following energy dispersion,

€ (_IE) ==+2|J; +J2e_i_’€'ﬁ1 +J3e_i7<"(ﬁ1+ﬁ2) . (6)

As pointed out by Kitaev [ 5], the energy dispersion in Eq. (6) will be gapped if one of the three
|J5| is greater than the sum of the remaining two and will be gapless otherwise. The gapped
phase yields a Chern number v = 0. In the gapless phase, a time-reversal-symmetry (TRS)
breaking perturbation will open the gap at the Dirac cones of Eq. (6), and give rise to a Chern
number v = £1.

3 Exactly solvable spin-1/2 models for arbitrary Chern number

In the spirit of the separation of the degrees of freedom as discussed in the previous section,
we generalize Kitaev honeycomb model to obtain exactly solvable spin-1/2 model for arbitrary
Chern number v. First, we notice that there are two types of Majorana fermions in the Jordan-
Wigner transformed Kitaev honeycomb model, i.e., “gauge Majorana fermions” and “itinerant
Majorana fermions” [1)- and y- Majorana fermions in Eq. (4)]. Gauge Majorana fermions are
localized on the vertical bonds of the brick-wall lattice [see z-z bonds on Fig. 1] and give rise
to the static Z, gauge field D, while the itinerant Majorana fermions are non-interacting and
coupled to D-. Second, the honeycomb or brick-wall lattice can be divided into two sublattices,
such that each unit cell consists of two (or an even number of) Majorana fermions on each
sublattice (A or B), namely, one is 1} and the other is y.

It is sufficient to consider non-negative v > 0, since the topological order of Chern number
C = —v is the Kramers counterpart of the C = v one. To realize the topological order with
C = v > 1, it is natural to make v copies of itinerant Majorana fermions that are all coupled
to a single static Z, gauge field on a brick-wall-type lattice. Thus, we need v pairs of itinerant
Majorana fermions and at least one pair of gauge Majorana fermions per unit cell. When
v=29q—1(q=1,2,---)is an odd number, only one pair of gauge Majorana fermions are
required, and each unit cell consists of 2q¢ = v + 1 physical spins; while for an even Chern
number v = 2¢ —2 (¢ = 2, 3, ---), we need four gauge Majorana fermions, and there are
2q = v+ 2 physical spins per unit cell.

The above idea can be illustrated by the Kitaev honeycmb model itself: There are 4 Majo-
rana fermions (y,4, Y5, N4 and 1g) per unit cell in Kitaev honeycomb model. The Jordan-Wigner
transformed Hamiltonian (4) contains a pair of itinerant Majorana fermions y, and yp that
are coupled to a static Z, gauge field described by D; = N7, BNi+ii +ii,,4- SO that Kitaev hon-
eycomb model is able to host topologically ordered ground states in the vortex free sector up
to|v|=1.1

Indeed, a “v copies of itinerant Majorana fermions” construction has been proposed for
higher Chern number v > 2 by Chulliparambil et al. in Ref. [39], which is a generalization
of Kitaev’s four-Majorana construction. They defined odd number v = 2q — 1 models on a
honeycomb lattice and even number v = 2q —2 models on a square lattice, where both square
and honeycomb lattices are bipartite and have two sites per unit cell. To be specific, they

'Here a small time-reversal symmetry breaking perturbation can be added to open an energy gap. It is also
worth mentioning that for large time-reversal symmetry breaking term, the ground-state is in the vortex full sector
has a Chern number v = 2 [42].
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Figure 3: (a) A 2D lattice where the Hamiltonian (7) is defined. Each unit cell consists
of 2g sites and dashed lines represent the abbreviated g — 2 sites between the sites
u =1 and u = q. Each unit cell is labeled by 7 = ;7 + [, (11, [, € N,), where ii;
and 71, are the primitive vectors for the lattice. The sites in a unit cell are divided into
two sublattices, A and B. White circles and black circles represent sites in sublattice
A and B, respectively. In each set, the index u (u =1, 2, ..., q) is used to distinguish
different sites. (b), (c¢) and (d) denotes the terms in H;’dd, H gdd and H?dd, respectively.
Blue stars represent the product of 0*’s on corresponding abbreviated sites.

defined models by I' matrices [17, 33] that are 29-dimensional representation of the Clifford
algebra, say, a set of Hermitian matrices I'* (a = 1, -+, 2q + 1) satisfying {I'*, TP} = 204,
together with their commutators I'*? = %[Fa, I'#]. For the purpose of solving these I'-matrix
models, 2g + 2 Majorana fermions have been introduced to represent the 2¢-dimensional Clif-
forda agebra, i.e., FJF" = ib;?‘cj and I'*f = ib;"bf (a, B=1,---,2g+1). Note that the 2q + 2

Majorana fermions double the local Hilbert space, so the local constraint ic; 1—[(21q=+11 b;‘ =1 has
to be imposed to restore the 29-dimensional physical Hilbert space. The coordinate number of
a honeycomb (square) lattice is z = 3(4). So that z species of Majorana fermions are localized
to form a static Z, gauge field, and the remaining 2q + 2 — 2z species Majorana fermions are
mobile and give rise to a Chern number C up to v = 2q + 2 — 2, namely, v = 2q — 1 on the
honeycomb lattice and v = 2q — 2 on the square lattice.

In the rest part of this section, we shall construct spin-1/2 models for odd and even Chern
numbers, say, v =2g—1and v =2q—2(q =2, 3, - - ), respectively. These spin-1/2 models can
be exactly solved by the Jordan-Wigner transformation without redundant degrees of freedom.

3.1 0dd Chern number v=2q—1

To realize v = 2q —1 (q > 2) topological orders, we shall construct spin-1/2 models on brick-
wall lattices consisting of 2q sites per unit cell, such that the Jordan-Wigner will map these 2q
spins to 4q Majorana fermions. Divide all the lattice sites into two sets (A and B) and choose
one species of Majorana fermions (n-Majorana fermions) on each sublattice (A or B) to form a
static Z,, gauge field, we are able to utilize the remaining 4g—2 itinerant Majorana fermions to
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construct 2q — 1 copies of v = 1 Majorana fermion band whose Hamiltonian takes the pairing
form of Eq. (4). Note that the 2g — 1 copies of itinerant Majorana fermions are couple to the
same static Z, gauge field that arises from gauge Majorana fermions. In order to lift possible
local degeneracy, as pointed out in Ref. [31], the coupling between two Majorana fermions on
different sites can be achieved by introducing a spin-1/2 string operators connecting the two
sites.

We define our models on a L; x L, x 2q brick-wall lattice as plotted in Fig. 3 (a), which
can be divided into two sublattices, A and B. Introducing a basis index u, one can label a
lattice site as (7, 8, u), where 7 is the Bravais lattice vector, § = A,B,and u =1,2,---,q.
The Hamiltonian H°% takes a form of

HO4 = godd 4 godd 4 podd, (7a)
Here the three parts in H°%: Hgdd, H ‘b’dd and Hfdd can be written as follows,

odd _(_1\q a x b4 z x
Hy = (1) ZZ(JLM%A,M [1 ot || 11 ofs, |ois.
Foou

u+l<p<q 1<psu—1

a y z z h 7b
+J2,u0% 5, B, | | OF—fi,B,p I I Otap0 |9 Au (7b)
utlsp<gq 1<psu—1

a y z y Y z y
”&u“%—ﬁl—ﬁz,s,u( [T o ?—ﬁl—m,s,p) U?—ﬁl—ﬁz,B,q"?,A,l( [ U?,A,p)‘f F,A,u)’
2 —1

utl<psqg-1

odd _ __q1yq+1 ZZ/ b Yy b9 l_[ 2 y
Hy™ =1 JLu%% A IF,Ap 9%.8p | 9F.B.u
rou u+l<p<q 1<psp—1
b x z z x 7c
2,0 amul |1 oFam Trap | OF A 79
ut+lsps<gq 1<p<su—1
b x 2z Yy y z x
3 105 i, B ( a?—ﬁl—ﬁz,B,p) O% i, —1,,B,¢97,4,1 ( l_[ UF,A,p) O-F,A,p,) >
ut+l<p<q-1 2<p<su—1
odd _ c Y y C X z Z X
HR =3 (J 197,477,811 /207-5,,8,1 OF iy, Bp Trap | T7aq
7 2<p<q 1<ps<g—-1 (7d)
C X z Yy y z X
+J30% 54,81 l_[ O—fiy—iy,Bp | O 7—it iy, B,qO 74 1 0% ap UF,A,q)’
2<p<q-1 2<p<g—1
. . . . . b
where O'% Bt (a = x, y, 2z) is the Pauli matrix at site [. The coupling constant J;(M)
A=1,2,3)in H;’?S) is associated with a string of operators that connects two sites sharing
the same u index. The J; terms in Hfdd couple two sites with indices (4, q) and (B, 1) via a
. . N9 /g1 .
string of operators. The summations },, = >/, and > = >./_,, respectively. Two conven-
. . L 2 _ .
tions have been adopted in Eq. (7): (1) (]_[l< p<m 0% ﬁ’p) = 1ifm < [ and
ss y z y — _ 2 : _ odd odd : .
(ii) O3 a1 (n2<p<u—1 U?’A’p) O an="9%41 if u=1. H° and Hy““ consist of (q + 1)-spin

interactions only and the terms in Hfdd are of different lengths.
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Jodd
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Figure 4: A plaquette where the flux operator qggd; in Eq. (8) is defined.

7. B.q

The Hamiltonian (7) has flux operators as local integrals of motion, which is similar to
those in Kitaev honeycomb model. The flux operator qb;dg is defined as follows [see Fig. 4],

fodd _ _x y Z Z
Pp7 =078, 4ty 4y 41 | | O 47t +it5,A,0 | | O 47ty +i5,B,p
25psq 1<p<q
(8)
y z Z
Xar+2n1+nzAla?+ﬁl,B,q l_[ G?+ﬁ1,A,p l_[ G?+ﬁ1,B,p
1<p<q 1<p<qg—1
odd

Because all flux operators commute with each other and with the Hamiltonian (7), and

(qbgdf) =1. The elgenvalues of qbo compose a set of good quantum numbers {qSOdd} where

qbgfig = +1 is the eigenvalue of the flux operator 4);’:1;1.

The Jordan-Wigner transformation will be exploited to solve the model defined in Eq. (7) in
accordance to the sets of good quantum numbers {qbgdd} To implement it, we keep the three
sort rules given in Section 2 unchanged and add a fourth sort rule associated with the basis
index u: (4) if [y = my, l, = my, B; = B, and y; < U,,, then [ < m. The way to decompose
complex fermion f,,, depends on the sublattice index f,,: (1) for 5, = A, n,, = f,) "+ f, and

m = i(f,j; —fm); (2) for B,, =B, n,, = i(fn"g —fm) and v, =ij; + f;,- The Hamiltonians Hgdglc
are mapped to be

dd __
Hg =1 ZF ZM (Ji,uY'r',A,uY'r',B,u +J§,MY?,A,HYF—ﬁ1,B,u + J Dr i —7y V7, A, uY 7—ii;—iiy, B ,u) (9a)

odd _ - /(1b b

Hb =1 ZF ZH (Jl,un?,A,un?,B,,u +J2,Mn'r',A,un'r'—ﬁ1,B,u + J Dr nl—nznr AuNe— fiy—ly, B, u) (9b)
odd _ - c c c

H™ =1 Z (J1 N#,4,¢M7,8,1 TIN5 4,¢M7—7,,B,1 T JgD?—ﬁl—ﬁzn?,A,qn?—ﬁl—ﬁz,B, 1), (90)

—

7

where D: = N7 B,qMF+7,+7,,4,1 commute with each other and with the Hamiltonian H odd,
and ﬁ?z = 1. It can be seen from Egs. (9) that the two Majorana fermions 0z » 1 and 1z p 4
constitute a static Z, gauge field. The corresponding Z, flux is given by qggfi;i =DeDs s .-

For each sublattice A or B, there exist q species of itinerant Majorana fermions [y, , and
Yy W=1,2,...,9)]in Hgdd, q — 2 species of itinerant Majorana fermions [n, , and ng ,
w=2,3,...,g—1)]in Hgdd, and one species of itinerant Majorana fermions [, 4 or np 1]
in H?dd, respectively. All the 2g — 1 species of itinerant Majorana fermions are coupled to the
same Z, gauge field. Moreover, the pairing of each species of itinerant Majorana fermions is
of the same form as that in Eq. (4). Therefore, the ground state of H°d must be a zero flux
state on which all the Z, fluxes qbg’d?d = 1. The energy dispersion in the ground state sector
reads

83?1‘3)’“ (k) = £2 Ji(‘lj) +J§,(5)e—iz'ﬁ1 " J:‘gl’(ﬁ)e—ii(.-(ﬁl-&—ﬁz) ’ (108)
£ (k) = £2 |J¢ + Jse kM 4 jeemikGntiia)| (10b)
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To obtain a topologically ordered state with an odd Chern number v = 2q — 1, we tune
the coupling constants in the Hamiltonian H°Y to make each filled bands in Egs. (10) to
have two Dirac cones as the gapless phase in the original Kitaev model [5]. Then a TRS
breaking perturbation H’°% will be introduced to gap out all the Dirac cones. As long as the
2q — 1 species of itinerant Majorana fermions remain decoupled in the presence of H’*4, the
total Chern number can be obtained by the sum over all the 2q — 1 filled bands, resulting in
v =2q — 1. To simplify the discussion, we set all the coupling constants in H°% to be a single
value J, and define the perturbation

H*Y=H +H, +H., (11a)

that is composed of three parts as follows:

[ X 2
H, —"ZZ(UF—m,A,u( [] oian
u

S
&
N——
- \
N
°
s
9
Tl 3
El
™
o
~
- '
A
o
A
k)
L
9
~ N
S
&S
N——
q
=
S
=

[ +1<p<q q
(11b)
+0? o? o? o? o
F—iiy, B, u 7—iiy, B,p AP 7,B,p 7,B,u |’
utl<p<q 1<p<q I<psp—1
! y z 2z b4
Hb—_KZZ O i, Au l_[ Oty Ap O, B,p l_[ Otap |9FAu
Foou u+l<p<q 1<p<q 1<p<pu—1
(110)
X z z z Yy
+atn1 B,y O%—#,,B,p O%,ap 9.8, |9F,B u) ’
utl<p<q 1<p<q I<p<sp—1
—_ y z Z x
H = KZ(OF—ﬁlAq( U?—ﬁl,B,p)( Oz ap | 9744
7 1<p<q 1<p<q—1
(11d)

Note that all the terms in H°% are of (2q + 1)-spin interactions. The Jordan-Wigner transfor-
mation will map H°% to a quadratic form of Majorana fermions as follows,

/odd __
H™" =ik Z (Z (Y?,A,MY?—ﬁl,A,u - YF,B,MY?—ﬁl,B,M)

PN L

/
+ Z (nF,A,unF—ﬁl,A,,u - n?,B,,uTI?—ﬁl,B,u) + (T)?,A,qn‘f—ﬁl,A,q — M, B, 1TIF—H1,B,1) ) .
u

Therefore the perturbed system H°4 + H’°4 remains exactly solvable, and leads to gapped
energy dispersions:

82?5),u (k) =24 (k) = iz\/ J2|1+ ekt 4 eik (i +i) |2 +A2(k), (12)
where A(K) = 2k sin (_IE . ﬁl). Each filled band in Eq. (12) gives rise to a Chern number
v = sgn(x), and the total Chern number is v = (2q — 1)sgn(x) = £(2q — 1).

It is remarkable that such a single-value choice of coupling constants leads to a model on
which the SO(2q — 1) symmetry is respected [39]. Nevertheless, we can adjust the couplings

Jf ((zb )3) ’ and Jf(z 3) in H°4 such that some of the 2q — 1 species of Majorana fermions remain
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--n.
(b) Tk T (c) .y
Jziu * ,1 s Ji)“u = l1 »
o Yk o

Figure 5: (a) A 2D lattice where the Hamiltonian (13) is defined. A bond in brown
is added to connect the sites 7, A, q and 7 + 75, B, 1 in each plaquette of the former
2D lattice. (b) and (c) denotes the Jy ,, terms and J,, b 4y terms in H™" and Hj even
respectively. Blue stars represent the product of 0*’s on correspondmg abbrev1ated
sites.

gapless with Dirac cones, meanwhile other species are fully gapped by H° itself, i.e. in the
Abelian phase [5]. A small TRS breaking perturbation can open an energy gap at each Dirac
cone, resulting in a non-Abelian state, on which each species of Majorana fermions gives rise to
a Chern number v = +1. Thus, we are able to realize v =—2q+1, —2q+2, -+, 29—2, 2q—1
topological orders in different phases of a single exactly solvable model, while the SO(2q — 1)
symmetry is no longer respected when |v| < 2q —1.

3.2 Even Chern number v =2q —2

We proceed to construct spin-1/2 models that host v = 2q — 2 topological orders and respect
SO(2q — 2) symmetry. The v = 2g — 2 model will be defined on a similar brick-wall lattice as
the v = 2q — 1 one, which consists of 2q sites per unit cell as well. The Major difference is
that we need two rather than one gauge Majorana fermions per sublattice and per unit cell for
vy = 2q — 2. Since gauge Majorana fermions are associated with vertical bonds, we need two
vertical bonds per unit cell for v = 2q —2. The v = 2q — 2 brick-wall lattice can be found in
Fig. 5 (a), where additional vertical bonds connect sites (¥, A, q) and (¥ +1i,, B, 1). The model
Hamiltonian

Heven — Hsven + szen , (13a)

consists of two parts,

HE' =H 4 (— 1)‘”122 “‘W( § Gé’A’p)

ut+l<ps<qg-1

X Z X
X 0? A,q97+iiy,B,1 ( l_[ OF+ﬁZ,B,p) OF4i,,B,u°

2<pspu—1

(13b)

10
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7 B.q

Figure 6: The plaquettes where the flux operators ¢e"en and ¢even

defined.

in Egs. (14) are

preven —podd (_DqZZ/Jb o l_[ o
b b 4,u” AU AP
PO

1<p<q—1
u+1<p<q (130)

oX z Y
X O3 407471y B,1 | | O%1ii,,B,p | OF+iiy, By’
2<p<pu—1

where extra terms with coupling constants J (b) have been added to Hogf), and if u = 1,
X X — _ 2 even
OF iy B.1 (1—[2<p<u 10545, p) OF i, By = U?+ﬁ2,B,l . Note that each term in H®*" is of
q + 1-spin interaction.
As shown in Fig. 6, there are two types of fluxes, ¢even and ¢>e)"in, that are local integrals

of motion of the Hamiltonian H*'*". The operators qbe"e“ and ¢'e" can be defined as follows,

1 even o z y x | | z
p,F Gr B,q0 747, +iy,A 1 | | OFsiiy+iiy,Ap | OF+it,+7iy,B,10 F+ii,A,q Oitiap | (14a)
2<p<q 1<p<g—1
1 even y | | ox y | |
pL,F GF Aq r+n2,B 1 ar+n ,B,p r+ﬁ1+ﬁ2,A,1a?,B,q ar B,p |- (14b)
2<p<q 1<p<q 1

All the flux operators qgg";n and ;"en commute with each other and with H**", whose eigen-
values e‘(’e?) . = 1. So that the total Hilbert space for H**" can be factorized into a direct
product of sectors that are eigenspaces of qbeve“ and qbe"e“.

Keeping the same ordering of sites as that for H Odd, we apply the same Jordan-Wigner
transformation to H®"*". Thus, the spin Hamiltonian H®"*" in Eqs. (13) can be expressed in
terms of Majorana fermions as follow,

Heven _lZZ( M}/rAuyr B, M+J HYrAHYr iy, B, U
(15a)

a A
+ J3,MDF—ﬁ1—h’2Y?,A,y.Y?—H + J D"Yr A, ,uYH—nZ,B u)
/
even __ - b
Hb =t ZZ (JLPLT’?’A’ Mnr’B’M + Jz,un?;A; Mnr—nl,B,M
Foou

b
+J3,

(15b)

MDF—ﬁl—h'an,A,un?’—ﬁl—r‘iz,B,u + J D"nr A, uT7+ii,,B, u)

where ﬁi = Ny A qNi+ii,,B,1- 10 parallel with the analyses for ¥ = 2q — 1, bond operators
D and Dq commute with each other and with H®*", whose eigenvalues are D, Dﬁ = +1.
Thus D and DF constitute as a static Z, gauge field together. The corresponding Zz fluxes
can be characterized by the flux operators defined in Egs. (14) that read (ﬁg";“ = ﬁ;ﬁ.;. +i and

n

;}"}n = DaDﬁ. It is easy to verify that ¢°dd ¢even¢;)’e?n+ﬁl, which is implied in Fig. 6.
It can be seen from Egs. (15) that Hsven describes q species of itinerant Majorana fermions

Yapandyg , (u=1,2,...,q) and H;"*" describes q—2 species of itinerant Majorana fermions

11
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Nayuand ng , (u=2,3,...,q—1), respectively. All the 2q — 2 species of itinerant Majorana
fermions are coupled to the same Z, gauge field. Besides, the Hamiltonian for each species
of the itinerant Majorana fermions is equivalent to a Hamiltonian defined on a square lattice
whose unit cell consists of two sites (¥, A, u) and (r, B, u). Thus the Lieb’s theorem [41] for
square lattice is applicable to H*"*" as well: the ground state of H*V*" is in the flux sector where

all the eigenvalues of qb;";“ = d);Y‘}“ = —1 (m-flux sector). So that we can choose D: = 1 and
D; = —1 everywhere to obtain the energy dispersion of in the ground state sector,
even a(b) a(b) —lk a(b) —lk (i +y) a(b) ikt
Eqtbyp = T2 1, +Jo, Mty 141z —Jy e (16)

The energy dispersion for each band in Eq. (16) will be gapped if one of the four |JPwu|
is greater than the sum of the remaining three, while will be gapless with two Dirac cones
otherwise. A model characterized by an even Chern number v = 2g — 2 can be obtained from
H®'*" by adding a perturbation H'*'*" = H, + H ;7 to open gaps in the Dirac spectra, similar as
what we did for v =2qg — 1. Here H (’1 and H ;) are defined in Egs. (11). In terms of Majorana
fermions, H'®'*" reads

H'®V" = ik Z ( Z (YF,A,MYFfﬁl,A,M - YF,B,,uY'r'fﬁl,B,u) + Z/ (nF,A,,un'r'fﬁl,A,u - nF,B,,uanﬁl,B,u) ) .

T u u

The perturbed system H®"®" + H’®"*" remains exactly solvable since H’®"*" commutes with D
and D’. The energy dispersion of H**" + H’®'*" takes a form of

sy, (k) = iZ\/ J2 |1+ etk 4 e=ik(i+iy) — e~ik- nz| +22(k), (17)
where we have set all the coupling constants in the Hamiltonian H*'®" to be a single value J
for simplicity.

With the help of parallel analyse to those for v = 2q — 1, we are able to obtain the
v = 2q — 2 topologically ordered phase that respects the SO(2g — 2) symmetry, and other
v=-2q+2, -+, 2q — 2 topological phases that break the SO(2q —2) symmetry.

3.3 Alternative construction for even Chern numbers

In this subsection, we would like to provide alternative construction for v = 2q — 2 model,
where each unit cell consists of 2g—1 (q = 2) rather than 2q sites. In this approach, we define
our models on a L; x Ly x (29 — 1) 2D lattice as plotted in Fig. 7 (a), on which each site is
labeled by (7, u), i.e., the unit cell vector 7 and a basis index u (u =1, 2, ..., 2g —1). The
Hamiltonian A" takes a three-part form:

Heven — I:IZVEH + I_NIgven + I:Iéeven , (183)
with
reven _ (114 Ja X
g =) zz(auay,u( ) ! e
7o utl<p<sq—2+u
Ta X oZ y
+ Z,pto-? i, q—1+u F O-F,u (18b)

q+u<p<2q 1

__fa X o oX z y
I3, W0 i)~y g—14u O i, ~fig,0 | O F—it1—fiy, 2q— 1‘7; 1 | | O30 U?,M)’
q+,u<p<2q 2 2<p<su—1

12
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Jﬁu Jé’,u
T K Y THhzZ ZhkY
_____ Ot O=0::=:0
y qg—14+p ¢g—14+p 2q—-1 1 yos
Y
J?‘}’M 2’
T T
q—1+p 2q-1
Jy J5
xr kT Y%z Y
O renns o) O O=—0
1 q q 2-11
z
Js 1
g*az
q 2q-1

Figure 7: (a) A 2D lattice on which the Hamiltonian (18) is defined. Each unit cell
consists of 2q—1 sites and dashed lines represent the abbreviated 2q—3 sites between
the sites u = 1 and y = 2q — 1. Each unit cell is labeled by 7 = [17i; + l,7iy (11, [,
€ N, ), where 7i; and i, are the primitive vectors for the lattice. (b), (c¢) and (d)
denotes the terms in sze“, H o and I:If"en, respectively. Blue stars represent the
product of 0*’s on corresponding abbreviated sites.

—/

& — +1 b Sy

M Gy
Fou

utlsp<sq—2+u

7b y 2 Z x
i apion [ ) (R | O ) P o (18¢)
1<
_7b y Z x y z x
Js,u"f—ﬁl—ﬁz,q—lm( [l U?—ﬁl—ﬁz,p)U?—ﬁl—ﬁz,Zq—laF,l( [1 Uap)aw)’
2

q+Husp<2q—2

Fc X 4 X Tc Y 4 y
J19%1 l_[ T%p | TFa T2, l_[ Tr—iip | 971
25p<g—1 q+1<p<2g—1

jc Y z z
tJ30% 5 d,.q | | OF i, —iiyp UF—ﬁl—h‘z,Zq—lU?,l)’
q+1<p<2qg—2

I:ICeven =(=1)¢ Z ( _

7

(18d)

where J E(Z) and J 5 (A =1, 2, 3) are coupling constants, and the summations i u= ZZ:Z and

~/
-1 .
Z,u = Zi:g; l‘eSpectlvely.
aeven

As illustrated in Fig. 8, a flux operator ¢ p,7 can be defined as follows,

aeven
g _ Y y z x x 2
bpr = U?,Zq—laF+ﬁ1+ﬁ2,l( | | UF+ﬁl+ﬁ2,p)U?+2ﬁ1+ﬁ2,1UF+ﬁ1,2q—1( | | U?+ﬁ1,p)' (19)

25p<2q-1 1<p<2g—2

aeven
Similarly, all the flux operators ¢ p,7 commute with each other and with the Hamiltonian (18),

13
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Figure 8: A plaquette where the flux operator q§§"§“ in Eq. (19) is defined.

aseveny 2 aeven
and (qb .7 ) = 1. The eigenvalues of qS 7 compose a set of good quantum numbers {qbe"e“}

where qb}f"en +1.

Define the order of sites as follows: for two sites [ and m, (1) if [, < m,, then [ < m; (2)
if l, =my and [; < my, thenl < m; (3) if [, = my, [; = my, and y; < Y, then I < m. We
can perform the Jordan-Wigner transformation to fermionize the spin-1/2 model Hamiltonian
H®®" resulting in,

‘reven __ - Fa Ta
Ha - IZZ(Jl,MYFsHYF,q_l"‘H +J2’MYF,MYF—ﬁ1,q—1+u +J Dr nl—nz}/r M}/r i —ily, q— 1+u)
oMU

(20a)

Heven ZZ Jlb unr unr q—1+u +J2 ,ﬂ?r unr iy, q—1+u +J Dr nl—nznr unr i —ilp, q— 1+u) (20b)
u

vaen = iz (ijF,m?,q +j§Y?,1TIF—ﬁl,q + ng?—ﬁl—ﬁzY?,mF—ﬁl—ﬁz,q), (200)

7

where the complex fermions frl have been decomposed into two Majorana fermions in the
same way: 1, = fn'l + f, and v, = i( fn'l — fm). Here two Majorana fermions 7z ; and 71z q
constitute the gauge field D; = N, 2g—1 M7+, +7,,1» which commutes with each other and with
the Hamiltonian A", and lc).? = 1. The corresponding Z, flux reads qgg";'n = 5?ﬁ?+ﬁ .-

Note that HZ"*", H;'*" and H'*" are composed of g—1 [y, and vz g_14, (W =2, 3, ..., Q)],
q—2[np, and Nz g1y, (u = 2,3,...,9— D] and 1 [yz; and 7n; 4] species of itinerant
Majorana fermions, respectively. All the 2g — 2 species of itinerant Majorana fermions are
decoupled to each other and coupled to the same Z, gauge field. Since the pairing form of
each species of itinerant Majorana fermions takes the same form as that in Eq. (4), the ground

state of H®'*™ must be in the zero flux sector on which ql;;"gn = 1 everywhere. The energy
dispersion in the ground state sector reads

NS‘(/ZI; (k) +9 Ja(b)-I-JZ e —ik-ft; +Ja(b) —ik-(i1+7i) (21a)
é:sven(k)ziz j1c+j2ce—ik-n1 +j§e—ik~(n1+n2) . (21b)

To obtain a model characterized by an even Chern number v = 2q—2, we tune the coupling
constants in the Hamiltonian (18) to set all the 2g —2 filled bands in Egs. (21) gapless at first.
Then we introduce the following perturbation Hamiltonian,

H®*"=H' +H, +H., (22a)

14
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which is made of three parts,

(22b)
X b4 z y
Oty q—1+p O —iiyp %0 ?,q—1+u) ’
qtusps<2q—1 1Sp<qg—2+u
—
ﬁ/=KEE ol || oz ||oz oX
b F—ii p F—iiy,p o | Tu
oM ut+l<ps<2g—1 1<p<p—1
(22¢)
—~Y | | b4 z X
O iy g-1tu O—firp II O%p U?q—1+u)’
qtusp<s2g—1 1Sp<q—2+u
T/ x b4 y
H = KZ(‘T?—ﬁl,l( [ UF—ﬁl,p)oF,l
7 2<p<2q—1
(22d)

y b4 z X
+ 05 g [1 oo 11 < U?,q)‘
g+1+usps<2q—1 1Sp<g—-1

The Jordan-Wigner transformation will fermionize the Hamiltonian A’*"*" to be

[y/even — iKZ( Z (}/7,“}’?_?11,“ - Y?,q—l+uYF—ﬁ1,Q—1+u)

AT

—
+ Z (’f)?,w?—ﬁl,u - n'r’,q—1+un'r’—ﬁ'1,q—1+u) + (YF, 1Y7—,, 1~ n?,qn?'—ﬁl,q) ) .
u

The perturbed system A" + H’¢'®" remains exactly solvable, since H’¢"*" commutes with D.
The perturbation H*"*™ opens energy gaps in the spectra, yielding

o e ~ d = RPN R 2 -
82 HOE £ (%) = 12\/ J2|1 4 ek 4 ek (@) | 4 A2(K), (23)
where A(k) = 2« sin (75 . ﬁl) and we have set all the coupling constants equal J. Each filled
band in Eq. (23) gives rise to a Chern number v = sgn(x), and we obtain the v = 2q—2 topolog-
ically ordered phase that respects the SO(2g —2) symmetry, and other v =—2q+2, ---, 2¢—2
topological phases that break the SO(2g —2) symmetry, following the parallel analyse to those
for v=2q—1.

4 Topologically degenerate ground states
The topological order can manifest itself via the ground state degeneracy on a manifold with
nonzero genus [2]. In this section, we study exactly solvable spin-1/2 models under PBC,

which allows global Z, fluxes along two directions. To do this, we shall treat the physical
boundary condition for the Jordan-Wigner transformation properly [18,40].

15
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4.1 Periodic boundary condition, boundary terms, and local and global Z, fluxes

Without loss of generality, we consider a L; x Ly x 2q lattice with (PBC) along both 7i; and 7i,
directions. To be simple, L; and L, will be chosen to be even numbers hereafter. Under PBC,
there will appear additional boundary terms in Hamiltonian (7) and (13) [18]. In terms of
Majorana fermions, these additional boundary terms read

-1)s o7 | | o? | | o? o’
=1) 2,17 (Ly,13), B, (L1,13),B,p (1,1),Ap (L,),Au
ut+1l<p<q 1<pspu—1

— ;7a n
- lJZ,pLY(l;lz),A,IJ«Y(Lblz),B,MFlz ’

_1)\9 74 y l_[ Z Y y l_[ Z Y
D390, )80 ( "(Ll,lz),B,p) O 1).B.0 (L 410,41 ( "(1,12+1),A,p) T 1,41, A

ut+l<p<q-1 2<p<su—1

_ 70 1 i
=13, Di1,,1)7 (1, 141),40Y (11, 1), B, uFl, 5

-1 q+1Jb O_x O_z O'Z O.x
2 os sl T ohmss [T ot |o6man
u+l<p<q ISp<sp—1

_-7b 7
=y ,M0,1),4uM11, 1), 8,11, »

_1\q+17b x l_[ z y y l_[ z X
D3 L0 ) Tt Bp | OLn1y),B,q (L1 +1),A1 T, 4p |90, L+1AL
u+l<p<qg—1 2<p<pu—1

s ,
=3 D1y, 1)M0, 1,+1),4uM(Ly, 1), B, uF1, 5

C X z z X
5508 mma| L1 9 mmp [T otman |90ma
25p<q 1<p<g—1

_ s 7C n
= UsN0,1,),49M(Ly, 1), 8,11, 5

C X 4 Yy Yy ¥4 X
Js"ul,zz),s,l( l_[ "(Ll,zz),s,p)"(Ll,zz),B,qau,zzH),A,1( l_[ 0(1,12+1),A,p)0(1,12+1),A,q
2 2

<ps<g—1 <psg—1

=iJ3D(1,,1,)M01, 1,+1),4,¢N(L,1,),B,1F1, »

. 5 = = A ik, g .
where (l%, [,) dgnotes the unit (':ell r= lln1‘+ lyiiy, Fj, =0 and.Nl2 = le,/&,u”(ll,lz),ﬁ,u
are fermion parity and occupation number in the I,-th row respectively. Note the coupling
constant J:(ﬁ) is absent in these additional boundary terms. Thus every boundary term in

H®"" is a boundary term in H°Y too. The fermion parity 13"12 will also appear in the flux
operators on the edge,

~odd oA N N
P11 = Pt )P, i) Fy
d)p,(Ll—l,lz) - D(L1—1,12)D(1,12)F12+1 ’
7 even _ A AN/ b
P (Il = Pt )P, 1,)F
[ even

(1) = P 1) Py, 1)1 -
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In addition to the local flux operators, we can define two extra Z, global flux operators:

These two global fluxes commute with each other and with d;;d;i, A;";“ and A;}’e?“ as well as
H°% and H®"*" under PBC. It is easy to see that ‘i’%(z) =1, and the corresponding eigenvalue is

&4 () = +1.Thus we can divide the total Hilbert space of H odd (freven)y into subspaces according

: dd
to the sets of eigenvalues {qb;’,? , <I>1,<I>2} or { ;‘f;n, ¢;}’,e;‘,<1>1, <I>2}.

4.2 Topologically degenerate ground states on a torus

To study the topological degeneracy of spin-1/2 models, let us count the degrees of freedom
at first. For a spin-1/2 model defined on an L; x L, x 2q lattice, there are 224112 physical
spin states. On the other hand, we consider the degrees of freedom arising from fermions that
are subject to a constraint H;cb;fg =1or H;¢ej’§“¢;§’,e§ = 1 under the PBC on a torus: (1)
for a v = 2q — 1 model, there are (L,L, + 2) Z, fluxes and (4q —2)L, L, itinerant Majorana
fermions, giving rise to 2L12272 x 2 x 224~ Dlil2 = 92al1L>+1 gpates; (2) for a v = 29 —2 model,
there are (2L,L, + 2) Z, fluxes and (4q —4)L, L, itinerant Majorana fermions, resulting in
22Ila¥2 5 3 x 2(24=2hils = 920hiLa+] grates as well. Therefore the degrees of freedom in
the Fock space composed of Majorana fermions have been enlarged by a factor of two. This
unphysical redundancy can be removed by a projection P = (1+FF)/2[40], where F =[] L 8 "

is the total fermion number parity and F is its eigenvalue for a given set of {(,b;d.rf‘, b, <1>2}
({qbeven qbeve_p ®, (1)2}) for Hodd (Hevem),

p,7 > Tp,T?

In the Majorana fermion representation, the ground states of H°d and H®'*" lie in the
subspace where the eigenvalues of local flux operators have been determined. The unde-
termined eigenvalues of global flux operators &; and &, leads to four-fold topologically de-
generate ground states |¥;(®;, $,)) on the torus, characterized by ; = +1 and ¢, = *1.
Indeed, @15y = 1 and &,() = —1 give rise to periodic and anti-periodic boundary condi-
tions for itinerant Majorana fermions along the Fil(z) direction, respectively. For ®12) = 1,
the 7i;(5)-component of the wave vector k is determined by ky(2) = k- i) = 0, £27/Ly(p),
47/ Lq(9), *+» £(Lq(2) — 2)7/Ly(a), 7; While for &;(4) = —1, the corresponding value is given
by kq(2) = £7/Ly(ay, £37/Ly(2), =+, £(Lq2) — 1)7/Ly(2). On the other hand, in the gapless
phase of the original Kitaev model, the quadratic form in Eq. (4) leads to a p-wave pair-
ing term around each Dirac cone. Moreover, a TRS breaking perturbation will result in a
p %+ ip pairing term and open an energy gap at the Dirac cone. Thus, when &; = &, = 1,
the p £ ip pairing term vanishes at k; = k, = 0, which gives rise to unpaired fermions at
the Fermi level and a sign change of the presumed value F in each filled band, resulting in
(14 FF)|W,(®, =1, %, =1)) = 0 [40]. By contrast, the fermions are fully paired in other
three topological sectors, on which either &; = —1 or &, = —1. Note that the fermions are
fully paired in the gapped v = 0 phase too, whatever $; and $, are.

As mentioned before, the models in Egs. (9) and (15) can be viewed as v copies of itinerant
Majorana fermions in Eq. (4) that are coupled to a single static Z, gauge field. When there are
v topologically non-trivial (i.e., p £ ip pairing) bands filled, an extra sign (—1)” will appear
in the projector, yielding (1 + FF) |Wg(®, =1, &, =1)) = [1 + (=1)"]|¥c(®; =1, &, = 1)).
Consequently, the fermionic ground state with ®; = &, = 1 will be eliminated by the projection
P, when v is an odd number. Then we draw the conclusion that the physical ground states of
H°4 and He"" are three- and four-fold topologically degenerate, respectively.
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xactly solvable models toward Kitaev’s sixteen-fold way:

comparison

between our models (H°d, Hee" and He*") and those presented in previous
works [36-39].

lattice Chern number C = v vortex sector local degrees of freedom
Ref. [36]|square-octagon lattice| v =0, £1, £2, £3, £4 zero-flux a spin—% per site
ground state:
Ref. [37]| honeycomb lattice |v=0, £1, £2, £3, +4, +8 fractional-flux a spin-% per site
(or 1-flux)
triangular vortex
_ =0, +1, +2, £3, . . ) .
Ref. [38]| honeycomb lattice v configurations and a spin-+ per site
+4, £5, +6, +8 : 2
T T their dual
honeycomb ground state: (2q+1)
Ref. [39]| (square) lattice for vy=2q—1orv=2q9—2 | zero-flux (r-flux) for 29-dimensional T
odd (even) v odd (even) v matrices per site
brick-wall round state:
godd lattice: 2q sites y=2q—1 & ) a spin—l per site
. zero-flux 2
per unit cell
brick-wall round state:
Heven lattice: 2q sites v=2q—2 & -flux ’ a spin-% per site
per unit cell
brick-wall lattice: ground state:
rreven 1 —9q_ : 1 .
H 2q 1.s1tes per v=2q—2 zero-flux a spin-5 per site
unit cell

5 Conclusions and discussions

In summary, we proposed a family of 2D quantum S = 1/2 spin models to realize Kitaev’s
sixteen-fold way of anyon theories. With the help of Jordan-Wigner transformation, all these
spin models can be fermionized and mapped to quadratic form of Majorana fermions, thereby
are exactly solvable. These exact solutions allow us to study the ground state degeneracy of
these models on a torus. It turns out that the ground states are three- (four-) fold topologically
degenerate, when the total Chern number v of Majorana fermion bands is an odd (even)
number.

For better understanding of our exactly solvable models on 2D brick-wall lattices, it is
worthwhile to compare them with existing models hosting the sixteen Kitaev topological or-
ders. In Table 1, we list some exactly solvable models in literature [36-39], and compare them
with ours.

(i) We would like to point out the close relation between our » 2 model and the
spin-3/2 Yao-Zhang-Kivelson (YZK) model [32] that host algebraic spin liquid states. The
spin-1/2 Hamiltonian H*'*" in Eq. (13) can be fermionized via the Jordan-Wigner transforma-
tion, resulting in Eq. (15). When v = 2 (or q = 2), the latter Majorana fermion form can be
explicitly written as follows,

2
v=2 __ a a
H —IZZ (Jl,uY?,A,MY?,B,M T Jy W VF,AuY -7y, B,

-y

7 ou=1
a A a N
+J3  Diiiy—ii, V7, A, 1Y F—fiy—ity, B, T J4’MDFY?,A,/¢Y?+ﬁ2,B,u) ,

where two species of itinerant Majorana fermions vz 4 1 (Y7,5,1) and v 4 2 (v7 p,2) appear in
the sublattice A(B). In order to compare with the YZK model, we add a new term H couple ¢
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Figure 9: (a) The q = 2 version of the brick-wall lattice in Fig. 5 (a). (b) Combine
two sites A, 1 and A, 2 (B, 1 and B, 2) into a single site A (B). (c) The lattice in (a) is
transformed into a square lattice via the site combination shown in (b). Here open
and solid squares form two sublattices A and B respectively.

couple these two species of Majorana fermions with each other,

couple __ x y _ Y x
R = ZJ 5 (OF,A, 197,427 97,8, 1‘7F,B,2)
?

=—1 ZJS (rr.a177.02+Y7,8177.8,2) - 24
=

a _ ja _ a _ ja _ b _ b _ g/ b _ b _ g/
Then we choose Jl,l —JZ,1 =J,, Jg,1 —J4,1 =Jy, J1,2 —Jz,z =J, and J3’2 = J4,2 —Jy,
such that the Hamiltonian H tf)fazl = H"=2 + H" hecomes

s . .,
Hy =i E :(JXY?,A,l(Y?,B,l + ¥Y7-5,,8,1) T Iy Y7 4 1(Dr—i,—ii, Y7—fi,—iip, B,1 T D Y747ty B,1)

7

/ / A Ay 25
+J.77,42(Y7 8,2 + Yi-ity,8,2) T, Y7 4 2(Dr—ii, i, Y7—it,—iiy, B,2 T DiY7+ii,,8,2) (25)

—Js(Yr,a177,A2 + V7,8,177,5,2)) -

Note that Ae"gn and Ae}’e; remain integrals of motion of H t‘;ﬁazl, and serve as static Z,, fluxes
as well. Itis stra,ightforwar,d to examine that the energy dispersion of Eq. (25) takes the same
form as that in the YZK model [32]. Indeed, this equivalence can be understood as follows:
As shown in Fig. 9, the q = 2 version of brick-wall lattice in Fig. 5 (a) can be transformed into
a square lattice via coarse-graining [see Fig. 9 (b)]. The direct product of the Hilbert spaces
of two S = 1/2 spins is associated with the four-dimensional representation of the Clifford
algebra that composed of five 4 x 4 I matrices and their commutators. On the other hand,
the spin-3/2 representation of the SU(2) algebra are formulated in a four-dimensional Hilbert
space too. Furthermore, all the five 4 x 4 ' matrices can be represented by symmetric bilinear
combinations of the three SU(2) generators in the spin-3/2 representation. These allow us to
establish the equivalence between these two models.

(ii) It is worth mentioning that Egs. (9) is not the unique choice to divide the 4q — 2
Majorana fermions into 2q — 1 pairs. The way that we choose in Egs. (9) keeps the index u
for each pair the same except for the pair, 7, , and np ;. This choice is convenient for our
discussion, while leaves a long spin string operator of length 2¢ in H?dd. To reduce the length

19


https://scipost.org
https://scipost.org/SciPostPhys.14.5.087

Scil SciPost Phys. 14, 087 (2023)

of the longest spin string operator in H°%, alternative pairing scheme is applicable: changing
the pairing of n Majorana fermions to 14 ,4+1Mp,, (U =2, 3, ..., ¢—1). The corresponding
spin-1/2 Hamiltonian contains up to (g + 2)-spin interactions.

(iii) As mentioned in Section 3, some particular choice of the coupling constants will lead
to an SO(|v|) internal symmetry, which is absent in generic models. This enlarged symmetry
will give rise to the same velocity of chiral Majorana fermions on the boundary, and featured
entanglement spectra that are depicted by corresponding conformal field theories.

(iv) Finally, we would like to emphasize that our spin-1/2 models is easier to realize than
those of higher spins via quantum simulation by various types of qubits. In particular, the
long-range interacting terms in our models can be simulated, since the all-to-all interactions
are feasible in cutting-edge quantum device techniques [43,44].
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