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Abstract

We consider the transverse field Ising model with additional all-to-all interactions be-
tween the spins. We show that a mean-field treatment of this model becomes exact in the
thermodynamic limit, despite the presence of 1D short-range interactions. Namely, we
show that the eigenstates of the model are coherent states with an amplitude that varies
through the Hilbert space, within which expectation values of local observables can be
computed with mean-field theory. We study then the thermodynamics of the model and
identify the different phases. Among its peculiar features, this 1D model possesses a
second-order phase transition at finite temperature and exhibits inverse melting.
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1 Introduction

Mean field theory (MFT) is a useful approximation that gives a rough qualitative idea of the
behaviour of a model that is intractable otherwise, see e.g. [1]. But this approximation is rarely
exact. Exception cases include models where each component interacts with a large number
of other components, such as lattices with infinite dimensions [2-5], or long-range interacting
models with a power-law exponent smaller than the dimension [6-9]. It also includes cases
where, on the contrary, the components do not interact directly with their neighbours, such
as infinite-temperature limits [10], or only interact collectively through a component that is
singled out [11,12]. The common feature of these cases is that the eigenstates are tensor prod-
ucts at each site, and correlations are constant in space. But in presence of nearest neighbour
interactions, MFT is expected to be only an approximation.

In this work, we consider the 1D Transverse Field Ising Model (TFIM) [13] with additional
all-to-all interactions between the spins, scaled in a way that the all-to-all interactions and
the nearest neighbour interactions in the TFIM both contribute to the energy densities in the
thermodynamic limit. We show that for this model, MFT becomes exact in the thermodynamic
limit, in the sense that the energy density of any state, as well as the expectation value of local
operators, can be computed with a MFT Hamiltonian. This MFT Hamiltonian is the TFIM in
which the transverse magnetic field is determined self-consistently, see below in Section 3.6.
This includes in particular equilibrium expectation values of local operators at zero or finite
temperature in the thermodynamic limit. Although all-to-all interactions are a usual feature
of models for which MFT is exact, it is unexpected that the 1D nearest neighbour interactions
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present in the TFIM do not spoil the exactness of MFT. In particular, the eigenstates of the
model are not tensor products at each site, and display non-constant correlations in space. To
establish this result, we show that one can obtain eigenstates of the model in terms of coherent
states with an amplitude that varies through the Hilbert space. This consists in a generaliza-
tion of the TFIM eigenstates which are regular coherent states, i.e. with an amplitude that is
constant through the Hilbert space.

From this exact solution, we study then the behaviour of the model at both zero and finite
temperature, and find a number of interesting features. We find that at zero temperature, the
all-to-all interactions displace the critical value of the magnetic field, and marginally corrects
the critical behaviour of observables. More notably, the Hamiltonian exhibits a second-order
phase transition at finite temperature. This is allowed in this 1D model because of the long-
range interactions and does not contradict Peierls’s argument that applies to short-range in-
teractions only. For the simplicity of its solution, this model could thus serve as a useful toy
model for finite temperature transitions in quantum models, usually appearing in unsolvable
2D models. Finally, there is a tiny region in parameter space where the model presents inverse
melting/freezing, i.e. a region where increasing the temperature drives the system into an or-
dered phase [15]. This seems to be the simplest quantum model with this behaviour [16-18].

Finally, let us mention occurrences of models with all-to-all interactions in the litera-
ture. The model we study has itself appeared in different contexts, such as particle-number-
conserving version the Kitaev wire model [19], power-law interactions with exponent smaller
than 1 [8, 20, 21], or in models of quantum optics at zero temperature [22]. Celebrated
models with all-to-all interactions are the Curie-Weiss model [23] and the Lipkin-Meshkov-
Glick model [24], and different models with all-to-all interactions have attracted attention
recently [25-29].

Note added. After appearance of this manuscript on the arXiv, Ref [30] was brought to our
attention, in which it was shown with a different approach that the energy density at thermal
equilibrium can be computed with MFT in a class of models that contains (1).

2 Model and notations

2.1 The Hamiltonian

We consider the Hamiltonian on a chain with L sites

L L P
_ z 2 x 7~ X X
H(h,A) = Zojaj+1+h20j+L Zajok, (D
j=1 j=1 k=1
with o;’y * the Pauli matrices at site j, and h, A parameters. We impose periodic boundary
conditions 077 = 07”*. We note that the rightmost all-to-all interaction term has been

rescaled by a factor 1/L in order to be of order O(L) as the other terms. The case A = 0
corresponds to the Transverse Field Ising Model (TFIM), which is solvable in finite size L
[13,31].

2.2 Notations

The Hamiltonian commutes with the symmetry operator

(2)

~
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—
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I
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Q
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and so splits into two sectors where S = £1. We perform a Jordan-Wigner transformation
by introducing operators c; that satisfy canonical anticommutation relations {c;, c;} = 0 and

{cj,cz} = 0k, and such that

j—1
U;‘ =1- 2c}'cj s O'j.' =(c;+ c}') l_[(l - 2c2'c5) . 3
=1
The fermions are given periodic boundary conditions c¢;,; = ¢; in the S = —1 sector and
antiperiodic boundary conditions ¢; ; = —c; in the S = 1 sector [13,31]. We then define
1 <&
c(k)=—=> elkc;, )
with in the S = 1 sector
2 +1/2
keK:{M,nz—L,...,L—l}, (5)
and in the S = —1 sector
2
k€K={$,n=—L,...,L—1}. (6)

For each sector, given k C K a subset of momenta with an even/odd number of elements for

S = %1, we define the state
k) =] [cil0), @)

kek
with |0) the tensor product of +1 eigenstates of a;.‘ at each site. In this expression, an arbitrary

fixed ordering of the c,’s is chosen for each k. We choose this ordering such that

kU {g,—q}) = clycllk) . ®)

Finally, we define the shorthand notations

L L
N Y E T ©

in terms of which the Hamiltonian is
Ao
H(h,A):—SZZ'Fth'Fsz. (10)

For future reference, let us give the matrix elements of S,, and S, in the basis of the |k)’s.
Those of S, are

(kis,lk)=L—2>"1, (11)
kek

and all the other matrix elements are zero. As for S,,, we have for g € K

(kIS.;|k) =2 cosk,  (kIS,,|kU{g,—q}) =—2ising, (12)
kek

if g,—q ¢ k. All the other non-related matrix elements are zero.
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2.3 Relation with other models

In this Section we review models that can be mapped to H(h, A).

2.3.1 Particle-number-conserving Kitaev model

In [19] was introduced particle-number conserving version of the Kitaev wire model [32]. The
Hamiltonian reads

-1 -1
t + A ‘ 4 4,
Hsc:_i E (c]fcj+1+c;+1cj)—§ E (cjcj+1el¢+c}+1c;e ’¢)—,uNW+TC(n—nC)2, (13)
j=1 j=1

where t, A, u,n., £, are real parameters, c; canonical fermions, N,, = Z]L.:l c;'cj is the operator
counting the number of particles in the wire, n the operator counting the number of Cooper
pairs and e!? is a ladder operator for n, i.e. [n,e!?] = e!?. Particle number conservation in
the wire and superconductor is implemented by requiring N = N,, + 2n to be fixed constant.
The scaling with L of the charging energy % of the superconductor comes from the Coulomb
interaction in the 3D superconductor [19]. At t = A, by writing n in terms of N,, and using
the Jordan-Wigner transformation, it is seen that up to an additive constant this model is
equivalent to gH (h, A) in the thermodynamic limit with
u 2

E
h=5—-="(2 2L —N = ) 1
t Lt( nC+ )} A‘ (4)

In [19, 33] were established multiple properties that the Hamiltonian Hg. shares with the
Hamiltonian obtained by treating the quadratic term (n —n,)? in a mean-field way.

2.3.2 Many-body cavity systems

Similar systems to (1) can be realized with cold atoms on optical lattices interacting with a
cavity, see e.g. [34-39]. All-to-all interactions between spins can appear as a resulting coupling
to an external ancilla degree of freedom. One example is the so-called Dicke-Ising Hamiltonian.
The Dicke Hamiltonian is a fundamental model for light-matter interactions that reads [40]

L
o i g T x
Hpjcke = wea'a+ ﬁ(a+a );0]. R (15)

with a bosonic operator a satisfying the canonical commutation relation [a,a’] = 1, and with
g,w, > 0 real parameters. The Dicke-Ising model is then obtained by imposing Ising interac-
tions between the spins

L
— z 3z x
HDicke—Ising - HDicke - Z Uj 0j+1 + hZ Uj . (16)
j=1 j=1

It was shown in [22] that the ground state energy density of the Dick-Ising model is the same
as the ground state of H(h, A) for
g

A=— .
4w,

(17)
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2.3.3 Long-range Ising chain with Kac rescaling

The Hamiltonian (1) is also related to a long-range Ising chain. Let us define

X X
O'l-O'j
1

L L
_ Z 2 X
H= E ajaj+1+h E (7].+,u2 |'—j|2"
=1 j=1

i#]

(18)

for some parameters u and a. We set here |n|; = min(|n|,|n + L/2|,|n — L/2]) in the last
term to be compatible with the periodic boundary conditions. If a > 1, this last term is of
order O(L). However, if a < 1 it is of order O(L?™%). In particular, it makes the ground state
energy super-extensive. A simple way to define a long-range interacting model with a < 1
with extensive energy is to consider the so-called Kac prescription [41], that is setting

. v
nu’_ Ll—a’

(19)

for v constant. This ensures that the energy levels of H are of order O(L). But then, one sees
that any term with |i — j| = O(1) is suppressed in the thermodynamic limit. Let us consider
|1y) a state that satisfies clustering for o*, namely such that for large |i — j|

(Ylofoilp) = (PloFl)lofy) +o(li—jI°). (20)

Then |v) has the same energy density in H and in H(h, A)

I = TIEC M) +0(L), @D

with y

11—«
Hence, provided the clustering property holds for an eigenstate of H, this wave function is also
an eigenstate of the all-to-all interacting chain H(h, A) in the thermodynamic limit. This kind
of reduction from a power-law interacting model with exponent smaller than 1 to an all-to-all
interacting model has been observed and shown for the ground state of other models [8, 20,
21].

. (22)

3 Diagonalizing H(h, A) in the thermodynamic limit

3.1 Preservation of pair structure

In the remainder of the paper, we will fix the sector to S = 1, and so set K to (5). Let us first
show a block diagonal structure of the Hamiltonian H(h, A). From the matrix elements (11)
and (12), we see that H(h, A) can have non-zero matrix elements in the basis of the |k)’s only
between states that differ by a pair of momenta q,—q. This suggests to decompose a set of
momenta k C K into momenta k € k that are paired, i.e. for which —k € k, and momenta that
are single, for which —k ¢ k. Specifically, we introduce

K,={keK | k>0}, (23)
the set of positive momenta, and for k ¢ K, define k C K as

k=ku(—k). (24)
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Besides, we call s C K a set of single momenta if it has an even number of elements and if
—s ¢ s for s €s. Then we define

K, ={k€eK | k>0, k¢s, —k¢s}, (25)

the set of strictly positive momenta that do not belong to s and whose opposite do not belong
tos. Any set of momenta p C K can be decomposed uniquely as p = kUs for some set of single
momenta s and k C Ki. Hence, from the matrix elements (11) and (12), fixing a set of single
momenta s, we have that

H(h,A)|kUs) (26)

is a linear combination of states |[p Us) with p C K. Namely, H(h, 1) splits into sectors with
fixed set of single momenta s, and so can be diagonalized separately in each.

For simplicity and lightness of the notations, we will present in details the diagonalization
of H(h, A) in the sector where the single set of momenta is the empty sets = (. The results for
a generic set of single momenta s will then be given in Section 3.10.

3.2 Warm-up: solving the TFIM with coherent states

As a warm-up to the next sections, we show how to solve the TFIM case A = 0 using the so-
called coherent states. The coherent state |¢) for a given function ¢(q) defined on K, is the
state defined by

=AY (l_[qu(k)) =a[ T (1+io@c! ) o), (27)

kcK, \kek qE€K,

. _ 1 N
with A = ]_[eK+ Teoor @ normalization factor. The relevance of these states for the TFIM

were first noticed in [42,43]. It satisfies the “factorization property” for ¢ ¢ k C K.

(ku{g,—q}l¢) =ip(q)(kl¢). (28)

Let us look for an eigenstate of H(h,0) with A = 0 under the form of a coherent state |¢).
Given the matrix elements (11) and (12) we have

(kls,|¢) = (L 231 )k|¢> 29)

kek

and _ )
(kls..l¢) = > (klS..lq)(ql¢)
qCK
qek
+ > (kls..lk U {g, —q}) (kU {q,—q}|¢).
q¢k

Hence, using the factorization property (28), we obtain
(k|H(h,0)|¢) = E(k){kl¢) , (BD

with the “candidate energy”

E(k)=hL—-2 Z qb(k)sink+22[—2h—2cosq + (¢(q)— ﬁ)sinq] . (32)

keK, qek
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Since H(h,0) preserves the pair structure, |¢) is an eigenstate of H(h,0) if and only if E(k) is
independent of k. This is is equivalent to having for all ¢ € K,

—2h—2cosq+(¢(q)—ﬁ)sinq=0. (33)

For each g € K, there are two solutions for ¢(q)

2
¢(q):h+cosqid(h+cosq) e 34

sing sing

Each of these 2'/2 choices for the function ¢ gives an eigenstate of H(h, 1)

H(h,A)|¢) = E|¢), (35)
with energy
E=hL—2 ) ¢(k)sink. (36)
keK,

Let us denote E, the energy obtained by choosing the + sign in (34) for all k. Denoting then
q C K, the subset of momenta for which the — sign is chosen in (55), the energy of this
eigenstate is

E=EO+4Z\/1+h2+2hcosq. (37)
q9<q
These are exactly the energies of the 21/2 paired eigenstates of the TFIM Hamiltonian H(h, 0)
[13,31].

3.3 Density-resolved coherent state

Let us now generalize the approach of Section 3.2 to the non-integrable case A # 0. We
consider |¢) a linear combination of paired states |k) with k C K., and define ¢4(q) with
q €K, by

(kU{q,—q}l¢) =idr(q)(klP). (38)

We note that for any state with non-zero overlaps over the paired states |k) there exists such
a function ¢;(q) without further assumptions. Repeating the steps of Section 3.2, we obtain
similarly

(k|H(h,A)|p) = E(k)(k|¢), (39)

with now the candidate energy

E(k)=hL—2 Z (k) sink +22[—2h—2cosq + (qbk(q)— m)sinq}

keK, qek
N 2 (40)
+7 (L —4>" 1) .

The condition for |¢) to be an eigenstate of H(h,A) is again that E(k) is independent of k.
Contrary to the integrable case A = 0, we see however that a coherent state, i.e. a state for
which ¢ (q) = ¢(q) is independent of k, cannot satisfy this condition. Indeed, sets with only
one element k = {q} for ¢ € K, would fix the value of ¢(q)— ﬁ through a condition similar
to (33). But then, considering sets with two elements k = {q;, g}, we would necessarily have
E({q1,92}) # E({q:}) if A #0.

To go further, we are going to consider an ansatz state |¢) for which in the thermodynamic
limit, ¢4 depends only on the density p(k) of momenta in k, denoted then ¢,, and that

8
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moreover ¢, has a smooth dependence in p. We are going to show that one can build indeed
a functional ¢, that will make the candidate energy E(k) independent of k. So the state |¢)
is assumed to satisfy the factorization property in the thermodynamic limit

(ku{q,—q}l¢) =i, () (klp), (41)

with p the density of k. Such a state will be called density-resolved coherent state, in the sense
that the function ¢ (q) involved in the coherent state factorization property (38) now depends
on the density of momenta p in the state for which the overlap is computed.

The functional ¢,(q) entering the definition of the density-resolved coherent state (41)
cannot be chosen freely. The definition of ¢ in (38) actually implies an important constraint
on ¢, in the thermodynamic limit. Indeed, one can form a state by adding momenta in a
different order, so that some consistency equations have to be satisfied on ¢. For example,
adding momenta q; or g, first implies

Px(q1)Prug, (42) = Pr(q2) Prug, (q1) - (42)

We show in Appendix A that in the thermodynamic limit, the only resulting constraint on ¢,,

° Fp(q)Pp (k) _ i) Pp(q)
¢, (k) ¢,(q)

(43)

forall k,q €K,.
Returning to (40), the candidate energy density e(p) = @ takes the following form in
the thermodynamic limit

T

e(p):h_lJ qbp(k)sinkdk+2J p(k)[—Zh—Zcosk+(qbp(k)—m)sink}dk
T Jo 0 i

T 2
+A(1—4J p(k)dk) .
0

For |¢) to be an eigenstate of H(h, A) one requires that e(p) is independent of p. Without
constraints on ¢,, one could make e(p) independent of p in many ways, e.g. by replacing
the magnetic field h in (34) by h + 2A(1 — 4 f Oﬁ p(k)dk). But the resulting ¢, would vio-
late the constraint (43). The condition that e(p) is independent of p can be formulated as
Op(gye(p) =0 forall g € K, and for all p. This is

(44)

T

Fpelp) =2 [—2h—2cosq + (qbp(q) - m) sinq] —8A (1 —4J p(k)dk)

0
1+¢,(k)* 1
¢o(k)?2  2m

However, finding a solution ¢, (k) to this equation that satisfies the constraint (43) is a priori
a difficult task.

(45)

+2f 8p(q)¢p(k)sink[p(k) ]dk:O.
0

3.4 Dominant density

To go further, let us come back to the factorization Pproperty (41). Because of this relation,
one sees that the overlap of |¢) with a basis state |k) will be exponential in L and take the
following form in the thermodynamic limit

(k) I*> = a[pletPlr], (46)

9
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with a, b some functionals of p of order L°. Here, (41) implies

eP@blPl =g (g (47)

Let us now consider O an observable that is local in the basis of the |k)’s, i.e. that has non-zero
matrix elements (k|O|q) # 0 only if g has less than n momenta that differ from k, with n fixed.
We have then

(@101p) = > (klgp)glp) (glOlk). (48)

k,qcK

Using that O is local in the basis, one can write

(@101p) = > I(klo)] (Z l_[qup(q] q|<9|k>) (49)

kcK, qn j=1

where ¢,(q;) = ¢,(q;) if q; ¢ k and ¢,(q;) = —1/¢,(q;) if q; € k, with p is the density
of k. The quantity in parentheses is of order at most polynomial in L, whereas the overlap
|(k|¢)|? is exponential in L. Moreover, there are e-S[P] terms whose k has density p in the
thermodynamic limit, with the entropy

S[p] :—%J 2nplog(2np)+ (1 —27p)log(l—2mp). (50)
0

Hence in the thermodynamic limit, states |k) with density p contribute to (¢|O|¢) with a
weight e"[P] where

wlp]=>blp]+S[p]. (51)

It follows that in the thermodynamic limit, the states with density p, that maximises the ex-
ponent w[p] will dominate exponentially. A necessary condition is J,yw[p] =0 at p = p,,
which gives

p«(q)
Gpgplp-1=log T =0, (52)
P —p.(@)
namely
1 ¢, (@F
p.(q) = —qbp*—q. (53)

2m 1419, (@I

Hence, as long as operators local in the basis are concerned, expectation values within a
density-resolved coherent state |¢) will depend only on the value of ¢, (q) where the domi-
nant density p, satisfies (53).

We note that this condition (53) would also be satisfied by a local minimum of w[p],
whereas the dominant density p, should be a maximum. We will come back to this in Sec-
tion 3.8.

3.5 The energy densities in the thermodynamic limit

Let us now come back to the condition for which |¢) is an eigenstate of H(h, A) in the ther-
modynamic limit, i.e. J,(ge(p) = O written in (45). One sees that, remarkably, if ¢, (k) is
real, this condition simplifies greatly at the dominant density p, since the coefficient in front
of J,(¢)®, (k) vanishes. This yields the following quadratic equation on ¢, (k)

—2h—2cosq + (qﬁp*(q)— m)sinq —4A (1 —4[ p*(k)dk) =0. (54)

0

10
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We obtain thus the exact expression

¢p.(q) = (55)

h+2A(1 —4D)+ cosq n (h+27t(1—4D)+cosq)2 +1
sing sing ’

where we introduced -
D= f p.(k)dk. (56)
0

Hence, notably, we can determine the only needed value of ¢, in the thermodynamic limit
without solving the full equation (45). The choice of the =+ sign in (55) parametrizes different
eigenstates, as in the TFIM case. For each of these choices, the condition on the dominant
density (53) implies then that D satisfies the self-consistent equation

1 (7 ¢p.(a)
D=— | —f% gk, 57
21 _L 1+ ¢, (q)? (57)

The value of the energy density of this eigenstate is then given by e(p,) in (44). This reads

T
e(p*)=h+,1_%J ¢, (k)sinkdk — 162D, (58)
0

3.6 Interpretation in terms of a mean-field Hamiltonian

We can reformulate the previous results in a more familiar way. Let us denote
x=h+2A(1-4D), (59)

and ¢.(q) the expression (55) on the right-hand side. Introducing

g, (k)= V1 + x2+ 2xcosk, (60)

we compute
¢.+(q)sing— ¢_(q)sinqg = 2¢,(q),
ol 2@ _ @ (61)
1+¢2()) 14929 =77

Hence, introducing the density of excitations 0 < v(k) < % indicating the density of the k’s
for which the — sign is chosen in (55), we find that the energy density £(v) reads

1 (" (x —h)?
E(v) :_Efo ex(k)(1—4nv(k))dk — a (62)
where from (57) x satisfies the equation
22
x+—J 0,6, (k)(1—4nv(k))dk =h. (63)
T Jo

We note that this equation is exactly the extremality condition of £(v) with respect to x, namely
2,E(v) = 0. Such formulation precisely corresponds to a mean field TFIM with an effective
transverse field x

(x h) 1
Z—ZU] J+1+xZ , x=h+2A Zzaj , (64)
j=1

11



https://scipost.org
https://scipost.org/SciPostPhys.14.5.133

Scil SciPost Phys. 14, 133 (2023)

where the expectation value is taken in the eigenstate considered with fixed excitations v(k).
This amounts to making the mean-field “approximation” in H(h, 1)

L 2 L L L 2
(3] =23 (33er)-(33) - =
=1 =1 =1 =1

The derivation of the previous subsections of Section 3 shows that the MFT Hamiltonian (64)
becomes exact in the thermodynamic limit.

3.7 Local correlations in the thermodynamic limit

The fact that eigenstates of H(h,A) are density-resolved coherent states also allows for an
exact expression of a large class of expectation values and correlation functions. Indeed, for
any observable O that is local in the basis of k’s, the reasoning of Section 3.4 applies and in
the thermodynamic limit the expectation value of O is

Jim (¢p101¢,) = (b, 101d,,) - (66)

This means it can be computed within a (not density-resolved) coherent state with amplitude
¢, (k). For these states, techniques allow for the computation of any expectation value of
operators that are local in the basis. We refer the reader to Ref [43] where expectation values
of various observables are computed within a coherent state.

3.8 Computing ¢, for p # p,

In this Section, we investigate the construction of a solution ¢ o O (45) that satisfies (43),
perturbatively in

Sp(k) = p(k)—p.(k). (67)
To that end, we introduce F, (k) the functional defined by
¢,(k)= ¢, (k)expF,(k). (68)

The constraint (43) translates into the fact that the quantity

fal@1, -+ +50) = Fp(qy) - - Fp(g,)Fp (@)l p=p. (69)

must be symmetric in its arguments qq,...,q, for all g;’s and n. We recall that |¢) is an
eigenstate of H(h, A) if and only if the candidate energy density e(p) in (44) is independent
of p. We saw that the equation J,(q)e(p) = 0 at p = p, yields an equation on ¢, . Similarly,
an equation on f,, is obtained from

Fp(an) -+ Fp(gn (Pl p=p, = 0. (70)

From the expression (44) for e(p), and using the condition for the dominant density (53), we
obtain for n = 2 the following algebraic Riccati equation on f,

16+ ok, @) (sink (9. (0 + 54 ) +sing (9. @ + 525 )

1 (" i (71)
- —J folle,p)———L— £,(p,q)dp =0,
T Jo ¢p*(p) + . )

12


https://scipost.org
https://scipost.org/SciPostPhys.14.5.133

Scil SciPost Phys. 14, 133 (2023)

while for n > 2 we obtain the linear equation on f,,

k, k
fulds - ,qn)Z(¢p*(ql)+¢ ) sing - ZJ ¢f((k)ql+)sm(k) Pl @)K
ith

= sz,...,fn_l (q1: CER) qn) P (72)

with some function G;, . that depends on fs, ..., f,_; and that is symmetric in g, ..., q,.

As a quadratic equation in f5, (71) has many solutions. To go further, let us express the
amplitudes | (k|¢)|? in terms of f, at next-to-leading order in 5 p. We consider a density p # p,
and a state |k), with density tp +(1—t)p,, and define b, as in (46), namely the number such
that

| (klp)[? ~ €"Pe. (73)
From (47), one finds

Y
Orbe = ZJ 6p(k)log ’¢tp+(1—t)p*(k)| dk, (74)
0
which is, at order 6p?
Y Y Y
ob, = 2J 5p(k)log|o, (k)Idk + ZtJ f 6p (k)6 p(q)R fo(k,q)dkdq. (75)
0 0o Jo
Hence, integrating between 0 and 1, we have |{k|$)|*> ~ e2blP] with
blp]—blp,]= ZJ op(k)loglo, (k)ldk +J f 5p(k)5p(q)% f2(k,q)dkdg + O(5p°). (76)
0 o Jo

Taking into account the entropy factor e“5tP1, one finds that the states with density p contribute
to order e"[P] with

W[p]—W[p*]=—%J J 5p(k)5p(QH(k,q)dkdqg + O(5p°), (77)
0 0

where
6(k—q)

p(k)(1—2mp,(k))
We recall from Section 3.4 that the density p, should be a maximum of w[p], whereas the
equation (53) only imposes an extremality condition. This means that for the construction of
Section 3.3 to hold, there should be a solution f, to (71) such that # is positive definite. To
investigate this, we will work with the assumption

H(p,q) =

—2%f5(k,q). (78)

0<w(k)< 4%, (79)

which is indeed satisfied for zero and finite temperature equilibrium, see Section 4. We find
the following criterion

Property 1. Under the assumption (79), there is a solution f, to (71) such that (78) is positive
definite, if and only if
A > 0 and x local maximum of £(v) or

80
A < 0 and x local minimum of £(v). (80)

Moreover; if it exists, the solution f, is unique.

13
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Figure 1: Plot of AE = (E,es — Ey,)/Ey, s a function of 1/L, with E, ., the measured
ground state energy in size L and Ey, the theoretical result for L — co. From top
to bottom, the parameters used are (h, A) = (—0.5,—3), (0.5,—1), (2,—0.5), (2,0.5),
(0.5,1). The dashed lines are simple linear fits on the values plotted.

This Property is proven in Appendix B. We note that in the case (79), when A > 0 a solu-
tion to J,£(v) = 0 always satisfies 335 (v) < 0, so the first possibility of Property 1 could be
simplified to A > 0. We also remind the reader that the mean-field equation on the effective
magnetic field x derived in Section 3.6 is only that x is an extremum of £(v). We see here that
the maximality of p, refines this condition and imposes a maximality/minimality condition on
X.

Let us finally briefly comment on physical situations that will involve the full functional ¢ ,.
Although the values of ¢, for p # p, do not play any role in thermodynamic properties, they
will appear in broader problems like out-of-equilibrium physics. Indeed, when decomposing
a state in terms of the eigenstates of the model, the overlaps are not necessarily dominated by
the dominant density p,. For example, time-evolving |0) with H(h, A), the overlaps between
the initial state and the eigenstates depend only on |(0|¢)|?, and not on |{k|¢)|? for k with

density p,.

3.9 Numerical checks

In Figure 1 we provide numerical checks of the exact spectrum of (1) in the thermodynamic
limit given in Section 3.6. Specifically, we compute numerically the ground state energy den-
sity for several parameters and compare it to (62) for ¥ = O (see below in Section 4.1). We
observe excellent agreement, with a relative precision of order 1074,

3.10 Non-empty set of single momenta s

As promised in Section 3.1, let us come back to the case where s the set of single momenta that
parametrizes different sectors of H(h, A) is not empty s # . In this case, we define coherent
states |¢) for ¢(q) a function of g € K3 as

) =4 (ﬂicp(k)) ke us). (81)

kcks \kek
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They satisfy as well the factorization property

(kU {q,—q}uslp) =ip(q)(kUsle), (82)

for any q € K \ k. By changing K, into K3, it is straightforward to adapt the derivation
of Section 3.2 to show that eigenstates of the TFIM H(h,0) can be found under this form.
Specifically, we have

(k Us|H(R,0)l¢) = E(k)(k Us|¢), (83)
with
E(k) =hL — 22coss—22¢(k)smk+22[ 2h — 2cosq+(q§(q) ¢(q))51nq] (84)
keks, qek

and imposing independence from k the same condition (33) follows.

As in the case s = (), eigenstates of H(h,A) can be found by promoting ¢ (q) in (82) into
a functional ¢,(q) of the density p of momenta k. We introduce as well o (k) the density of
single momenta in s, defined for —m < k < m. The candidate energy density e(p) of (44)
becomes then

T

e(p)=h—2f U(k)coskdk—%f (1—2mn(o(k) + o(—k))) ¢, (k)sinkdk

—T 0

+2Lﬂp(k) [—2h—2cosk+(q’3p(k) - (k))smk]dk (85)

b T 2
+7L(1—2f o(k)dk—4f p(k)dk) .
—T 0

Proceeding as before We obtain the following. We introduce for —m < k < 7 the density of
excitations 0 < v(k) < Zn counting both the density of the |k|’s for which the — sign is chosen
in (55), as well as the density of s. We find that the energy density £(v) reads

n 12
£(v) = —i f £ (k) (1 — 47 v(k)) dk — ("4—;), 86)

—T

where x satisfies the equation

x+%J d,e,(k)(1—4mv(k))dk = h. (87)

—T

4 Thermodynamics

4.1 Phase diagram at zero temperature
4.1.1 Ground state energy

Let us determine the phase diagram of the model at zero temperature, namely the analyticity
regions of the ground state energy as a function of h, A. With the notations of Section 3.6,
the set of excitations v corresponding to the ground state has to satisfy the local minimum
conditions

8v(k)€(v) > O, if V(k) =

av(k)g(V) <0, if V(k) = 27_[ B (88)

Oyin€(») =0, if 0 < v(k) < 5 5 -
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From (62) and (63), we find

FyE(v) = 4e,(k), (89)
which is strictly positive for 0 < k < 7. Hence the ground state energy density is obtained
with v = 0 for all parameters h, A. So it is

(x—h)?
42

Fx) =—% f . (k)dk — (90)
0

where x satisfies F/(x) = 0. In case of multiple solutions to F’(x) = 0, the ground state is given
by the lowest F(x). One notes, however, that if there is only one x that satisfies F/(x) = 0, it
can a priori be the maximum of F and not the minimum.

As a function of x, F(x) is non analytical only when x = 1. Hence the phase transitions of
the model are located either (i) at (h, A) such that x = 1, or (ii) when x has a non-analyticity
as a function of h, A. To go further, we need to study the solutions to F’(x) = 0.

4.1.2 CaseA>0

Let us consider first A > 0. We have

T

1 —
Fl(x) = -+ x +cosk dk—x h’
T Jo 4/x+cosk)? +sin®k 22
" sin® k 1 oD

F(x) = —~ L
7 Jo ((x +cosk)? +sin? k)3/2 22

We see that F”(x) < 0 for all x, and F/(+00) — Fo0, hence there is a unique solution to
the equation F/(x) = 0. It follows that when A > 0, the only possible phase transitions occur
when x = £1. Since F/(£1) = :F% — %;h, we conclude that there are two critical lines for
A = 0 given by
42
:F _—
T

h +1. (92)

These phase transitions are not associated to discontinuous changes of eigenstates, so they are
continuous (second-order) phase transitions. The order parameter is the magnetization (o*)
as in the usual TFIM. It is non-zero for —1 — % <h<1+ % = h. and zero for h outside
this interval. In the TFIM, the magnetization behaves as (o) ~ §h'/® at the transition at
h =14 6h. Here, for A > 0, this critical behaviour is marginally modified by the singular
behaviour of the effective magnetic field x at the transition. Indeed, around x = 1 + dx we

have

h 1 2 1
/ — —— ———— —
F'(x)= TRET + n5x10g|5x| + O(6x). (93)
Hence forh =1+ % + 6h, the unique solution to F/(x) = 0 behaves as
n  6h 6h
=1—— + . 94
X 22 log |6h] O(log|5h|) oD

It follows that we have a behaviour of the magnetization at A > 0 that is marginally corrected

compared to A =0 as
h.—h 1/8
Ao | —— ) 5

We note that this kind of multiplicative logarithmic corrections generally arises when marginal
operators perturb the field theory describing a critical point [44,45].
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4.1.3 Case A <0

Let us now consider the case A < 0. It is convenient to introduce

h
/ /

OF (x)=F'(x)+ 20 (96)
which is independent of h. This way, the solutions to F/(x) = 0 correspond to intersections of
the graph of the function 6 F/(x) with the horizontal lines ﬁ This naturally suggests to study
the phase diagram of the model by fixing A < 0 and varying h from —oo to +00. To study the
solutions to 6F/(x) = ﬁ as a function of h, we need more information on the behaviour of
this function. As shown in Appendix C, F"”’(x) is odd and we have

97)

F"”(x) <0, for0<x<1,
F"”(x)>0, forx >1.

Hence F”(x) is decreasing for 0 < x < 1, goes to —o0 at x = 1, is increasing for x > 1, and
goes to —ﬁ > 0 when x — co. Given that F”/(x) is even, we conclude that F”/(x) changes sign
two times from x = —o0 to +00 if F”(0) < 0, and four times if F/(0) > 0. It follows that the
equation F’(x) = 0 has at most three solutions if F”/(0) < 0, and at most five if F”(0) > 0. If
one of these solutions x satisfies F”/(x) < 0, then since F(x) — +00 when x — +00, there has
to be another solution x’ < x with F(x’) < F(x), and so x cannot correspond to the ground
state. Hence there are only at most two possible values of x when F”(0) < 0, and at most
three when F”(0) > 0. When F”(0) < 0 there is a unique interval of values of x (specifically,
where F”/(x) < 0) that can never correspond to the ground state for any value of h, and when
F”(0) > 0 there are two such intervals.

Now, since F”(x) — —% > 0 when x — 00, the function §F’(x) is strictly increasing for
|x| sufficiently large, and is not divergent anywhere on the real line, so for |h| large enough
the equation 6 F/(x) = ﬁ has only one solution x that behaves as x — 00 when h — +o00.
Hence, because of the intervals of values of x that are excluded, there are either one or two
discontinuous changes of x as h goes from —oco to oo at fixed A. These changes precisely
correspond to first-order phase transitions. If F”/(0) < O there is only one excluded interval
and so there is exactly one phase transition. If F”/(0) > 0 there are two excluded intervals
that do not contain 0. By symmetry, the ground state has a value x between the two excluded
intervals if and only if the ground state is obtained for x = 0 at h = 0. Hence, summarizing,

there is exactly one phase transition from h = —0c0 to h = oo if x = 0 is not the minimum
of F(x) at h = 0, and this phase transition occurs at h = 0. There are exactly two phase
transitions from h = —oo to h = oo if x = 0 is the minimum of F(x) at h = 0, and they occur

at some values of magnetic field £hy(A). Let us investigate quantitatively these conditions as

a function of A. We have 11
F// 0)=—=— — ,
(0) 2 2A
so at least for A < —1 we have F”/(0) < 0, implying only one phase transition. For 0 < A < —1
one has F”(0) > 0, so that the criterion to distinguish between one or two phase transitions is

whether F(0) = —1 is the minimum of the function F(x) at h = 0. This condition means

(98)

1 (" >
Vx, ——J \/1+x2+2xcoskdk—x—z—1, (99)
), 47

which is equivalent to

1 x2
VYx, A>- . (100)
41—%fo7T V14 x2 +2x coskdk
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Figure 2: Left: Phase diagram at zero temperature of the Hamiltonian (1) in the
(A, h) plane. Blue thick lines indicate first-order phase transitions and red thick lines
second-order phase transitions. The value of A, is quoted in (102). Right: Sketches
of F(x) as a function of x for h = 0 and different values of A. The ground state value
is given by the minimum of the function plotted.

Hence, denoting
1 x2

——min1 = ’
4 xeR Efo v1+x2+2xcoskdk—1

there is only one phase transition in h for A < A, occurring at h = 0, and there are two phase
transitions in h for A > A.. Numerically, this critical value is

Ae = (101)

A. =—0.836584... (102)

Finally, we remark that when A < O there cannot be any phase transitions coming from the
non-analyticity of F(x) at x = 1. Indeed, we have F”(+1) —» —00, so x = %1 cannot be a
minimum, so x = %1 is never the effective magnetic field corresponding to the ground state.

From these analytic considerations, we obtain the following phase diagram in Figure 2.
The different phases mentioned in Figures 2 and 4 are

* Phase I: ordered phase for o*: (o*) # 0. Paramagnetic phase for o*: (o*) # 0 increas-
ing odd function of h.

* Phase II+: disordered phase for o*: (0*) = 0. Paramagnetic phase for c*: (o*) # 0
increasing odd function of h.

* Phase II: disordered phase for o*: (o*) = 0. Ordered phase for c*: (o) # 0.
* Phase III: disordered phase for o*: (0*) =0, and for o*: (o) =0.
Moreover, we provide in Figure 3 a numerical comparison of the phase transition for (U;F) as
a function of h at zero temperature.
4.2 Phase diagram at finite temperature
4.2.1 The free energy at finite temperature
Let us now consider finite temperature equilibrium. It is known that in presence of long-range

interactions, the canonical and microcanonical ensembles are not necessarily equivalent [46].
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Figure 3: Plot of (0;.‘ ) evaluated in the ground state of the model across a first order
phase transition, as a function of h for A = —0.5, for different sizes L = 6,10,14,18
(black, blue, purple, red). The thick line is the theoretical result in the thermody-
namic limit, and displays a first-order phase transition.

We will restrict our study of the finite temperature phase diagram to the canonical ensemble
only. In this case, the free energy at finite inverse temperature f3 is defined by

1
j(B) = lim — 27 log re 0D (103)

In the partition function tre PH("A) the terms with density of excitations v contribute as
e PLED) with £(v) the energy density given in (62), and there are asymptotically e’5(") of
them, with the entropy

S(v)=— f [ v(k)log (2mv(K)) + (5= — v(k))log(1 —2mv(k)) ] dk-. (104)
0

Hence the free energy is

(B = min| €)= 550, (105)

where the minimum is taken over the set of functions 0 < v(k) < iﬂ The extremality condition

for the minimal v is
1 1

V(k) = % 1 N eﬁav(k)g(v) >

(106)

with ,()&(») given in (89). Hence, writing £(v) — %S (v) in terms of this v(k), one finds that
the free energy is

n 132
Fﬂ(x):—ﬁ O 1og[2cosh(2/38x(k))]dk—(xMh) ,

(107)

with x satisfying (63), which is exactly F /'3 (x) = 0. In case of multiple solutions x, the free
energy is the one that minimizes Fg(x) among these solutions. One notes, however, that as
in the zero-temperature case, x can be a local maximum of Fg(x) if there is only one x that
satisfies Ff’j (x)=0.
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4.2.2 CaseA>0

We start with the case A > 0. Looking for solutions to F /’5 (x) =0, we compute

1 1

Fi(x) =~ T JO 92¢e, (k) tanh(2B e, (k))dk

" (108)
_ % f (8,(K))? (1 — tanh?(2B e, (k))) dk.
0

Since we always have ¢,.(k), ajex(k) > 0, we see that for A > 0 we have F/’a’(x) < 0 for all
x. Since F é(ioo) — F00, we conclude that there is a unique solution to F/(x)=0 and that
solution is a smooth function of h, A, . Moreover, for f < oo the free energy Fg(x) is a
smooth function of x. Hence there is no phase transition at finite temperature for A > 0, and
the system is in the high-temperature phase as soon as 8 < co.

4.2.3 Case A <0 and f§ small

We now consider A < 0 and the high temperature phase, namely 8 close to 0 in a sense that
we will precise. Using the expression for ¢, (k), we write

T

p 1 28 2y tanh(2pBe, (k))
F =———— 1—(0,e,(k))) ————=dk
f0 === | (0= @eaor) =5
5 n (109)
— ?ﬂ f (B, e, (k))* (1 —tanh?(2Be,(k))) dk.
0
Using then |%| <1 and |0,¢,(k)| <1, we find that for A < 0 and
B < 1 (110)
8|Al°

we have Fg (x) > 0 for all x, so only one solution to F[; (x) = 0. Hence at least in the region
(110), the system is in the high-temperature phase.

This also implies that at fixed f < oo, there is always a band Ay,() < A < 0 with
Ao(B) < —# in which the system is in the high-temperature phase.

4.2.4 Case A <0 and f3 large

We now fix A < 0 and h and consider the low temperature phase, namely # >> 1 in a sense
that we will precise. Comparing the finite temperature F /’5 (x) and the zero temperature F'(x)

we have
T

Fj(x)—F/(x) = %f 8.£.(K)(1 — tanh(2B e, (k)))dk . a11)
0

Hence
|F;5(x) —F/(X)| < e—4[5min(|1—xl,|1+x|) , (112)

and it follows that for any fixed & > 0, F /’5(x) converges uniformly to F’(x) in the region
[|x| —1] > 6 when 5 — oco. Now, we know that F/(+1) — —oo and that for A < 0 the value
of x corresponding to the ground is a minimum of F(x) (see the end of Section 4.1.3). Hence
at fixed A < 0, there is a 6 > 0 such that for all h, the value of x at zero temperature satisfies
[|x| —1| > &. It follows that solutions to F /’5 (x) = 0 have a smooth dependence in f for # in a
neighbourood of co.
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Let us now assume that h, A are chosen away from the phase transition lines. In this case
there is a unique global minimum of F(x), and the other possible local minima take a value
6’ > 0 larger. Hence for f3 large enough the minimum of the function F s(x) will vary smoothly
in 3. We conclude thus that for A < 0 and h, A away from the phase transition lines at zero
temperature, there is no phase transition in x for f,(h, A) < # < oo with some large enough
Po(h,A) < o0.

4.2.5 Existence of a finite-temperature phase transition for A <0 and h =0

Let us fix A < 0 and consider the case h = 0. From Section 4.2.3 we know that for § small
enough the only solution to Fé (x) =01is x = 0. Now, we have

1 tanh(2f3)

7 _ _ _ 2
Fg (0)= 7 2 B(1—tanh=(2f)). (113)
SoF /’5’ (0) = 0 for all B is equivalent to
A=A, (114)
with 1
Al = —min 5 ) (115)
B>0 tanh(2f) + 2 (1 —tanh“(2))
The value S for which this minimum is attained is the unique positive solution to
2/3; tanh(2[5cl) =1. (116)
Numerically, this is
Al =-0.833557...,  f.=0.599839... (117)

Hence for A < A/ there is necessarily a range of temperatures for which F /’5’ (0) < 0, hence for

which x = 0 is not a minimum of Fg(x). Hence at least for A < )\é there is a phase transition
at finite temperature.

4.2.6 More details: numerical study

To say more about the phase diagram, we need to carry out a precise analytical study of Fg(x),
similar to that performed in the zero-temperature case. Unfortunately, the finite temperature
case is significantly more involved and we were not able to prove the following result gener-
alizing (97). What we observe numerically is the existence of 3.’ > 0 that satisfies F [’5',’,' (0)=0
and that is such that ‘

forp<p), Vx>0, Fg’(x) >0,

" . : F//(x)<0, for0<x<xq,
for > ", there exists a unique 0 < x( < 1 such that //5//
Fﬂ (x)>0, forx>xg,.

(118)
We will assume (118) satisfied in the following. Let us investigate the consequences of this

property.

Second-order finite temperature phase transition line

We know that at fixed A < A/ there is a phase transition at finite temperature, since Fg (0)
is positive for f = 0 and negative for 3 large enough. However, the transition does not
necessarily occur at x = 0, as there could be another solution x > 0 to F [’5 (x) = 0 appearing

as we increase f3 before F [’3’ (0) becomes negative. Because of (118), a necessary and sufficient
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s

A

Figure 4: Left: phase diagram at temperature T = 0.33 with the same conventions
as the left panel of Figure 2. The red dots indicate critical points with second-order
phase transition, occuring at ~ (—0.525,+0.335). Right: sketch of the finite temper-
ature phase diagram of H(h,A) for h = 0, in terms of A and temperature T = 1/f.
The numerical values are quoted in (120) and (102). The blue thick line indicates
a first-order phase transition and the red thick line a second-order phase transition
whose expression is (121). The curve of the blue line has been slightly exaggerated
on the plot so that the inverse melting region is visible.

condition for this latter fact not to happen is that F /’5’0’ é (0) > 0 at the value of § = (1) for
which Fgo (1)(0) = 0. Hence if fip(A) < B! then there is a second-order phase transition at

Bo(A). Otherwise the transition is first order. We define then A by F//5/é’(0) =0,i.e.,

A =— ! . (119)
¢ tanh(2p7) + 27 (1 — tanh*(2/))

Numerically, we find
Al =—0.834428..., PB.=0.57149... (120)

For A < A/ there is always a second-order phase transition at finite temperature f3 satisfying
F /’3’ (0) = 0, namely given by the curve

A=— L , A< A’ (121)
tanh(28) + 2(1 — tanh?(23)) ‘

First-order phase transition line at finite temperature

We see that A’ < A’. Hence there is a region that includes at least A" < A < A/ for which
there is a first-order phase transition at finite temperature as we increase 3 occurring before
(and so, hiding) the second-order phase transition.

Inverse melting/freezing region

We finally note that A, < A’. At zero temperature for A > A, and h = 0 the system is or-
dered for 0% and disordered for o*. We know from Section 4.2.4 that at low temperature the
system will remain disordered for c* (and becomes immediately disordered for o*). At high
temperature the system is also disordered for o*. However, we also know that for A < A’
there is necessarily a phase transition for o* as we lower the temperature from the infinite

22


https://scipost.org
https://scipost.org/SciPostPhys.14.5.133

Scil SciPost Phys. 14, 133 (2023)

temperature region, entering thus an ordered phase for o*. Hence at least for A, <A < A/
there is inverse melting/freezing [15], in the sense that increasing/decreasing the tempera-
ture drives the system into an ordered/disordered phase. We note that the region of parameter
space [A,, Aé] is very tiny, but the inverse melting/freezing regions of other models are also
typically tiny [16, 18]. Gathering these different findings, the phase diagram of the model at
finite temperature is plotted in Figure 4.

5 Summary and discussion

In this paper, we showed that the transverse field Ising model with additional all-to-all inter-
actions can be exactly solved with MFT in the thermodynamic limit. This is a surprising fact
as the model contains short-range interactions, which usually spoils the exactness of MFT. We
obtained an expression for the energy density of any state in the thermodynamic limit, as well
as expectation value of local operators within any state. We then studied the phase diagram of
the model at both zero and finite temperature. These results are interesting for the following
reasons.

Firstly, this work provides a new solvable model that is in a sense intermediate between
a free model and an interacting model. In this optics it can be used as a testbed for studying
features of many-body quantum physics. This is particularly relevant since it displays proper-
ties that are absent from the TFIM while remaining solvable, most notably a phase transition
at finite temperature. Such transitions are usually absent from 1D models from Peierls’s ar-
gument, and 2D quantum models which can display them present huge obstacles. Hence this
model could open valuable analytical studies. Among other facts, the model also displays
critical behaviour with a marginally relevant perturbation, as well as a region with inverse
melting/freezing. An interesting open question is whether the model displays thermalization
like a generic many-body quantum model, or if it behaves like an integrable model.

Secondly, we introduced a novel method to solve the model in the thermodynamic limit.
It consists in looking for an eigenstate of the model under the form of an eigenstate of a free
model whose parameters are modulated by the density of momenta in a basis where the Hamil-
tonian only creates a finite number of excitations. The fact that the method only works in the
thermodynamic limit is appealing, since it leaves hope for more general applicability beyond
this model. However, importantly, the present method also relies on the exact solvability of
the MFT Hamiltonian. For these reasons, we plan to investigate in future works to what extent
the method can be applied to more general models.
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A Proof of (43)

Property 2. We consider ¢4(q) a functional of k that is assumed to depend only on p the density
of momenta of k in the thermodynamic limit, then denoted ¢ ,(q), and with a smooth dependence
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in p. For ky,...,k,, €K distinct with n; = O(L), we define the quantity

ny
Z(kys k) = [ [ @iy ()
j=1

We have for all k,q
Fp(q)Pp (k) . Fp)Pp(Q)

¢ dol@)

if and only if we have

Z(ky, sk
Z(ky, ..,k

ky,....k; )

gy -1
=1+ 0(L

k k,) @),

qr o psees Ky

for all sequences ki, ...,k, andany p <q.

(A1)

(A.2)

(A.3)

Proof. We will denote p; the state with momenta ky,...,k;_;, and Z/Z’ the ratio studied. We

have
7z ¢p, (k) [ = Pp,(k;) Pp,(ky)
27 Pp,(kq) (j:pﬂ ¢pj\{kp}U{kq}(kj)) P p\ 1k, otk (kp)
b, (k) [ 9= Pp, (k) Pp,(kg)

+0(L™)

¢pp(kq) i=pt1 ¢)pj(kj)— ap(kp)fpj(kj) 4 5p(kq)‘i’pj(kj) ¢pq(kp)

¢p (kp)¢p (kq) 1 q—1 )
~ 4, q T 24 91080y, (k) = o log b, (k) | +O(LTH).
b, (kg)p, (Kp) Tl j=zp+:-1 plky) 108 Py ) Colhy) 108 Py

If (A.2) is satisfied, then

Z ¢p (kp)d)p (kq) 1 ! _
£ _ TP ‘ d 3 nl k)= 3,011 k !
z' ¢Pp(kq)¢pq(kp) =P szzp-;l o) Og¢pj( ) o) Og¢pj( I
by ()b, () b0 () o]
= 1 —1
bp (k) () P85, 0y %%, (k| TOU
=14+0(L™),

(A4)

(A.5)

because log ¢P1+1 (k,) =1log qbpj (k) + %Sp(kj) log qbpj (kp). This shows the direction = of the

equivalence.

If now (A.2) is not satisfied at some point, then there is € > 0 such that forany 0 < € < ¢

there exist intervals I,J such that fork € I,q € J
Fp(g)Pp (k) _ Fpk)Pp () > e
¢, (k) ¢,(q)
Taking I small enough, we can always assume besides that for k,q € T

So@®p(K) o ®p(q) <2
¢, (k) ¢ (q) ’

(A.6)

(A7)

because (A.2) is satisfied if k = q. Then, considering a sequence ky,...,k, such that

k, €J,ks €1 and k; €1 for all p < j < q, together with ¢ —p = cL with ¢ > 0, we have
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2z _ 30,10, ()
20"y, (k)bp, (ky)

-1
1 q
2
exp | ec+0(e?) + D Boip 108 b, (ky) — Bor log (k)

j=p+1
+0(L™)
> eec+0(62) + O(L_l),

(A.8)
which cannot be 1+ O(L™!) for e small enough. This shows the other direction of the equiva-
lence. O
B Proof of Property 1
Let us first do the change of variable

¢p,(q) + ﬁ
ok, @) = —g(k, @) ———"—+ 1t(¢, (@) + 5=5)°8(k —q). (B.1)
sing p.(q
The equation (71) becomes
Y .
2 1 V.o sing
J g(k,p)g(p,q)dp == (¢p*(q)+ W) sinq6(k—q)+16TA—————.  (B.2)
0 P qbp*(q) + $p. @

Hence g(k, q) is a square root of the matrix on the right-hand side. As a diagonal matrix plus
a rank one matrix, the right-hand side is diagonalizable. So for each eigenvalue there is a +
sign to choose when considering a solution g. There are thus several solutions to the equation
(71). In terms of g, H is then

1
¢p* (@) + 6. @

H(k,q) = 2%g(k,q) . (B.3)
sing
We now introduce the following matrix for0 <t <1
2. sin
G, (k,q) = 7> ((,i)p*(q) + ﬁ) sin? g5 (k —q) + 16mAt 1 (B.4)

1
¢p* (@) + )

The matrix on the right-hand side of (B.2 ) is G;, and G, has a smooth dependence on t. Let us
show that G,(k, q) is positive definite for all 0 < t < 1 if the condition of Property 1 is satisfied,
under the assumption (79), and that G; is not positive definite if the condition of Property 1
is not satisfied.

Using that

sing (@) + 52 ) = 25(@)ex (@), (®.5)
with s(q) the + sign appearing in (55), we have
s(q)sin*q
ex(@Q)

Using the matrix-determinant lemma holding for an invertible matrix A and column vectors
u,v

G,(p,q) = 4n*e,(q)*6(k—q) + 8mAL (B.6)

det(A+uvt) = (1 +viA u)detA, (B.7)
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we find by writing the characteristic polynomial of (B.6 ) that a negative eigenvalue —z of G,
with z > 0 must satisfy

s 2
sin® k 1
1+ 8mAt k . dk=0. B.8
o fo s( )sx(k) 4m2e, (k)2 +z (B.8)

Hence in terms of v(k) we have

T . 9
sin“k 1—4nv(k)
1+8mAt dk=0. B.

m Jo g.(k) 4m2e, (k) +z (B.9)

If A > 0, using the assumption (79), this equation cannot hold for z > 0 since the integrand is
strictly positive. Hence the matrix on the right-hand side of (B.2 ) has only positive eigenvalues
if A > 0. Let us now consider A < 0. Using z > 0, 0 < t < 1 and the assumption (79), we have

"sin?k 1—4nv(k) 21A] (7 sink
8mtA dk| < — 1— k))dk. B.10
T Jo ex(k) 4m2e, (k) +2 T Jo ex(k)?’( 4mv(k)) ( )
We remark now that )
sin® k
= 02%e,(k). B.11
o =% (B.11)
But the minimality condition (1) for A < 0 written in terms of £(v) read
2 (7,
— 0 e (k)(1—4mv(k))dk < 1. (B.12)
1
0
Hence we have —
sin“k 1—4nv(k)
8mtA dk| <1 B.13
T Jo ey (k) 4m2e, (k) + 2 ’ ( )

and so (B.8 ) cannot be. Hence G, has only strictly positive eigenvalues for any A.

Let us now assume that the condition of Property 1 is not satisfied, which implies A < 0,
and set t = 1. At z = 0 the left-hand side of (B.9 ) is negative, whereas for z — oo it is
positive. By continuity there has to be a solution z > 0 to (B.9 ), and so G; has a negative
eigenvalue.

We now define g,(k,q) by

J g:(k,p)g:(p,q)dp = G.(k,q). (B.14)
0
For t = 0, we have

go(k,q) =s(Q)($,, () + 5 ) singd(k—q), (B.15)

with s(q) € {1,—1} a g-dependent sign. Assuming the condition of Property 1 satisfied, G,(p, q)
is always positive definite for 0 < t < 1. Hence each of these solutions produces a family of
solutions g,(k,q) that are continuous in t, and whose eigenvalues never vanish. So for each
solution, the H, defined in terms of g, is smooth in t and its determinant never vanishes.
Hence a solution g; gives a positive definite 7, at t = 1 if and only if it is gives a positive
definite H, at t = 0. And at t = 0 only the solution go(k,q) = n(¢, (q)+ m)sinqﬁk—q)
gives a positive definite H,. Hence, at t = 1 there is a unique solution g such that H,=His
positive definite.

Assuming now the condition of Property 1 not satisfied, g has to have at least one purely
imaginary eigenvalue. But since G; is a real rank one perturbation of a real diagonal matrix,
its eigenvectors are real, and so those of g are real too. Hence fg has a zero eigenvalue. It
follows that H has also a zero eigenvalue and it is not positive definite.
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C Proof of (97)

We have - )
k)sin“ k
F(x) = > (x + cos )Sl_n ——dk. (C.1)
7 )y ((x +cosk)?+ sin® k)5/2

The change of variable k — m — k shows that it is an odd function of x, so that we focus on
x > 0. For x > 1, since x + cosk > 0 for all k, we immediately have F"”/(x) > 0. The case
0 < x < 1 is more involved. Let us first show that for 0 < x < 1 we have

" (x+cosk)sin®k —0 .2)
o ((x +cosk)? +sin? k)2 ' '
To that end, we write
(x + cosk)sin® k 1 " sin®k
o ((x +cosk)? +sin? k)2 27 ), (x+cosk)?+sin?k
1 27 sin® k
=—=0,|(1+x? : . : —dk C.3
4 [( x )Jo (x +etf)(x + e~tk)(x —etk)(x — eik) ] (€3)

__L 2 (22—1)2
N 16ax [(1 X )f 2(x +2)(zx + 1)(x —2)(zx — 1)dz] ’

where the last integral is over the unit circle. The residue theorem gives for 0 < x <1

(2% — 1) _ 4in
_(f 2(x+2)(zx +1)(x —2)(zx — 1)dZ T 1+ ax2” (C.4)

Hence we obtain (C.2 ) indeed. Now, we write

T . 2
1
F///(X):E (x + cosk)sin“ k dk, C.5)
)y (14+x2+2xcosk)? +/1+ x2+ 2xcosk

and notice that the integrand is strictly positive for k < arccos(—x) = g and strictly negative

for k > q, while the factor -———— is a strictly increasing function of k. This factor takes
1 v1+x24+2x cosk

the value = at k = q. Hence
F"(x) < 3 1 i |x + cosk| sin” k . g 1 K |x + cos k| sin® k
T/1—x2 J, (1+x2+2xcosk)? T /1—x2 . (14+x2+2xcosk)?
(C.6)
which is, using (C.2)
F"(x)<0. (C.7)
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