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Abstract

When continuous rotational invariance of a two-dimensional fluid is broken to the dis-
crete, dihedral subgroup D 6~ the point group of an equilateral triangle — the resulting
anisotropic hydrodynamics breaks both spatial-inversion and time-reversal symmetries,
while preserving their combination. In this work, we present the hydrodynamics of such
D ¢-Symmetric fluids, identifying new symmetry-allowed dissipative terms in the hydro-
dynamic equations of motion. We propose two experiments — both involving high-purity
solid-state materials with D c-invariant Fermi surfaces — that are sensitive to these new
coefficients in a D ¢-invariant electron fluid. In particular, we propose a local current
imaging experiment (which is present-day realizable with nitrogen vacancy center mag-
netometry) in a hexagonal device, whose D 6-exploiting boundary conditions enable the
unambiguous detection of these novel transport coefficients.
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1 Introduction

Recent years have seen numerous experimental realizations of viscous electron flow on micron
lengthscales in high-quality solid-state devices. While the most compelling evidence arises in
materials with small Fermi surfaces, such as graphene [1-9] or GaAs [10,11], anisotropic ma-
terials such as PdCoO, [12], PtSn, [13] or WTe, [ 14] may also display hydrodynamic behavior
(see [15] for a review). Independent of whether these particular materials realize hydrody-
namic electron flows, the question of what types of hydrodynamic signatures may realize in
anisotropic materials with discrete point groups holds substantial interest for experimental
and theoretical physics.
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Such anisotropic hydrodynamics—which manifestly break Galilean invariance—-are most
naturally realized in electron fluids. In general, such anisotropy results from the particular
point group of the underlying lattice, which constrains the resulting Fermi surface. Because
electron hydrodynamics is predominantly controlled by scattering near the Fermi level, the
equations of motion are sensitive to the symmetry group realized by the Fermi surface. With
only a handful of exceptions [16-21], most of the theoretical literature on electron hydro-
dynamics restricts to isotropic liquids [22-30], which have continuous rotational invariance.
However, fluids with discrete (finite) rotational point groups may realize hydrodynamic phe-
nomena not possible in isotropic fluids.

In this work, we consider fluids with discrete rotational symmetry and broken spatial in-
version symmetry,! focusing on two spatial dimensions. However, we note that the hydro-
dynamic behavior realized in any material with an inversion-breaking point group in general
must be analyzed on a case-by-case basis. In this work, we consider the hydrodynamics of fluids
with threefold rotational symmetry and reflection symmetry—e.g., electron fluids in materials
whose Fermi surfaces have the symmetries of an equilateral triangle (see, e.g., Fig. 2). The
corresponding point group is known as “32” in crystallographic notation, or D, (the dihedral
group of order six) in mathematical notation. We use the latter notation herein (see Tab. 1).
Our primary motivation for examining D,-invariant hydrodynamics is that D is the simplest
(i.e., smallest) point group that (i) is naturally realized in two-dimensional crystals and (ii)
breaks spatial inversion symmetry. In this sense, D, is a natural choice of point group to inves-
tigate the effect of inversion breaking on hydrodynamics in the presence of discrete rotation
symmetry.

The families of microscopic Hamiltonians compatible with such triangular point group are
detailed in Sec. 2.2, where we also discuss the roles of inversion and time-reversal symmetries.
Our goal is to understand what hydrodynamic consequences follow from the explicit breaking
of inversion symmetry upon reducing from continuous to discrete rotational symmetry. For
example, do new terms appear in the constitutive relations for the current and stress tensor?
Can new hydrodynamic phenomena arise that would be forbidden in isotropic fluids?

Answering these questions affirmatively, we show that a Fermi liquid with D, point group
exhibits one new hydrodynamic coefficient that—to the best of our knowledge—has not yet
been identified in the literature, outside of a technical companion piece to this paper [34]. One
simple consequence of this new hydrodynamic coefficient is that placing the electron fluid in a
background electric field E produces shear stresses T wy = Ty OF T, =T, proportional to
E. This is reminiscent of the classical theory of piezoelectricity; in the context of the mechanics
of solids with D, point group, such a term relating stress to electric field indeed appears in the
constitutive relations. However, in the setting of electron fluids, the shear stress need not be
associated with a mechanical deformation of the ions, but rather with the (approximately)
conserved momentum of the electrons moving inside a fixed crystalline lattice. Put more
formally, in a piezoelectric solid, rotational symmetry is spontaneously broken; in the electron
liquid, it is explicitly broken. An important consequence of this subtle difference is that the
electron fluid’s “piezo” effect is entropy producing (i.e. dissipative), in contrast to other recently
developed theories of anisotropic systems [35,36].

In Sec. 4 we present two experiments capable of identifying the hydrodynamic signatures
of the point group D,. The current-imagine experiment that we propose in Sec. 4.1 is uniquely
capable of detecting this new dissipative coefficient in electron liquids using nitrogen-vacancy
center magnetometry in a highly symmetric, hexagonal device. Due to the D -exploiting ge-
ometry of the proposed device’s boundary conditions (corresponding to the particular arrange-

Refs. [31-33] explore systems in which inversion symmetry is broken due to Berry curvature, while preserving
isotropy. Our results on the hydrodynamic coefficients allowed by breaking inversion symmetry will therefore differ
qualitatively from [31-33].


https://scipost.org
https://scipost.org/SciPostPhys.14.5.137

Scil SciPost Phys. 14, 137 (2023)

Table 1: Left: Naming conventions for the point group of an equilateral triangle.
We refer to this group as D, throughout. Right: Naming conventions for the three
irreducible representations of D6 (see Sec. 2.1.2).

| Point group of equilateral triangle | | Irreducible representations
Our notation D¢ Our notation | Crystallographic
Schoenflies D, Uy Ay
Hermann-Mauguin 32 Uy Ay
Coxeter [2,3]" R, E

ment of current-carrying leads affixed to the sample), a current signal appears at the device
center only if the hydrodynamic theory is invariant under D, but no signal appears if the the-
ory has any larger point group (such as that of a hexagon, D,,). In contrast, in Sec. 4.2 we
show that inversion-breaking effects are not as effectively probed by simpler, more conven-
tional Hall-effect experiments in narrow channels [37] .

Finally, in Sec. 5 we confirm using kinetic theory that in microscopically plausible models of
anisotropic Fermi surfaces, the new dissipative coefficients that we predict are indeed present,
and that their magnitudes are not unexpectedly small. We also state the temperature depen-
dence of these coefficients and give predictions for their value in the familiar example of (half
of) ABA trilayer graphene. As a result of these predictions, we expect that the D -invariant
hydrodynamics we derive herein may be discernible in near-term experiments.

2 Symmetries and microscopic models

The hydrodynamic equations governing the dynamics of a fluid are constrained by the irre-
ducible representations (irreps) of its symmetry group. In this section, we summarize a few
preliminary facts that will play an important role in developing the symmetry-constrained
hydrodynamics of D-invariant fluids in subsequent sections. In general, we consider the hy-
drodynamics of electron fluids, where the point group inherits from the underlying lattice
structure and is reflected by the dispersion relation &(p) (2.14).

We first consider the representation of the continuous symmetry O(2) (corresponding to
isotropic fluids) before discussing the particulars of the subgroup D, c O(2). In particular,
we emphasize the importance of the fact that this dispersion breaks both spatial-inversion and
time-reversal symmetries while preserving their combination.

2.1 Point group symmetry

In this work, we investigate two-dimensional fluids whose point group is generated by (i)
a discrete, threefold rotation p and (ii) a reflection r about a fixed line passing through the
rotation center, subject to the relations r pr p = p® = r? = e, where e is the identity element.
This is the group of planar symmetries of an equilateral triangle (three orientation-preserving
rotations p¥ and three orientation-reversing rotations r p*, where k € {0,1,2}), which we
denote by D (the dihedral group of order six). We denote this point group by D to emphasize
the number of symmetry elements it contains. Elsewhere in the literature, this point group is
sometimes denoted as “D,”, which instead emphasizes the number of sides of the symmetry
polygon (i.e., a triangle). The point group of an equilateral triangle is also known as “32” in
Hermann-Mauguin (or “international”) notation [38]. The various nomenclature conventions
are summarized in Tab. 1; in the remainder, we refer to this point group exclusively as “D.”
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Note that D is a subgroup of the two-dimensional orthogonal group O(2)—the group of
planar symmetries of a circle. As a result, O(2) contains not only spatial reflections, but also
continuous rotations by arbitrary angles. Isotropic fluids (such as the electron fluid in graphene
near charge neutrality [15]) have point group O(2).

Importantly, we show that there exists a rank-three tensor Al.jk that—despite transforming
nontrivially under the full isotropic point group O(2)—is invariant under the subgroup D,.
This implies that breaking rotational invariance from the continuous group O(2) to the discrete
subgroup D, generates terms in the hydrodynamic expansion proportional to Al.jk that are
disallowed under O(2). Elucidating the hydrodynamic implications of the new D,-invariant
tensor Aijk is one of the primary goals of this work.

2.1.1 O(2) representation theory

The isotropic group O(2) has two (real) one-dimensional irreps Z/{(;—L and infinitely many (real)
two-dimensional irreps R, (for k € N) [16]. The one-dimensional irreps L{Oi correspond to
mathematical objects that are trivial under O(2) rotations and are even (Z/Iar ) or odd (U)
under spatial reflection; we refer to these as the “scalar” and “pseudoscalar” irreps, respectively.
The two-dimensional representations R, correspond to mathematical objects that rotate by
angle k6 under O(2) rotations by angle 6; we refer to R, as the “spin-k” irrep, and R, in
particular as the “vector” (or “spin-one”) irrep. The hydrodynamic equations of motion are
constrained by consideration of these irreps.

Since we develop the hydrodynamic expansion in tensorial form, we now consider how
these representations are realized in vector spaces of tensors. The group O(2) has a natural
action on two-dimensional, rank-n tensors of the form Ti1-~ i with i, € {1,2}; this action is
found by independently transforming each index i, according to the irrep R, which may be
thought of as “rotating each index as a vector” [16]. In particular, this means that rank-n
tensors transform under O(2) according to an n-fold tensor product of R, i.e.,

T, .; € RI™. (2.1)

Importantly, the product representation R7" is generally reducible—i.e., it can be rewritten as

a direct sum of O(2) irreps. For example, a generic rank-two tensor T, j transforms under O(2)
as

T; €ER @R, =U; ®Uy OR,, (2.2)

where the final decomposition can be seen explicitly using the tensor identity

T _(%T )i+(mT )2+(0_’k‘zT )0_§+(0_i1T )L 2.3)
io\v2 )2 \v2 ) ve \v2 ) va  \va M) vz '

~~

g g
N —
€U €U, €R,

which is simply the familiar statement that, under the action of O(2), rank-two tensors de-
compose into a scalar trace component € U, a pseudoscalar antisymmetric component € U,
and a spin-two traceless symmetric component € R, corresponding to projection onto the
irreducible subspaces. For general tensor products of O(2) spin-k irreps R,, the general de-
composition is given by [16],

Ry ®Ry =Ry ®Ryyy» (2.4)

where we have defined the representation R, = Uy ® U, , which essentially follows from the
trigonometric identity

(coskB) - (coslB) = %cos[(k—l)@] + % cos[(k+1)6], (2.5)

5
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vl = (0, —s)

Figure 1: An equilateral triangle is shown, with vectors v!*>? connecting the triangle

center to each side midpoint. The D -invariant, rank-three tensor )\ijk can be defined
by symmetrizing the threefold tensor product vlvjzvlf over Dg; see (2.10) for the

i
corresponding formula. For numerical convenience, we take the overall scale s of

the triangle (which does not affect the invariance of )\ijk) to be s = 41/3,

2.1.2 D, representation theory

The group D, has two one-dimensional irreps U(;—L and one two-dimensional irrep R, [16].
The one-dimensional irreps UOi correspond to mathematical objects that are trivial under D
rotations and “parity even” (Uy) or “parity odd” (U under the D, reflection. As the D irreps
USE are trivial under rotations, they may be identified with the O(2) irreps Z/{(:)h when the latter
are restricted to D via

Uyp, =Uy (2.6)

where U corresponds to D, and U/ to O(2). We then identify the two-dimensional (or “vec-
tor”) irrep of D, as R, corresponding to mathematical objects that transform as vectors under
discrete rotations by integer multiples of (27t/3). As with the one-dimensional irreps Uoi, R,
recovers upon restricting the vector irrep R, of O(2) to D, via

R1|D6 =R,. (2.7)

The fate of higher, spin-k O(2) irreps R, upon restriction to the subgroup D, can be derived
using representation theory [16]. Instead, however, we motivate the result by imagining spin-
k irreps R, acting on an equilateral triangle. For example, it is easy to see that R2|D6 =R,

since a clockwise (counterclockwise) rotation of the triangle by 2 x (27t/3) is equivalent to

a counterclockwise (clockwise) rotation of the triangle by (27t/3). Similarly, we can see that

723{D = R0|D = Uar ® U, since rotations of 3 x (271/3) = 27 leave the triangle invariant. A
6 6

slight generalization of these observations to generic spin-k leads to the conclusion
Uf@®U,, kmod3=0,
Rilp, = (2.8)
6

R otherwise,

1 5
and we can now derive the action of D6 on rank-three tensors; using (2.1), (2.4), and (2.8),
we find

Tijk‘DG € R, 8R, O R, |, = 3R, @R,|;, =US @ Uy @3R,. (2.9)

Crucially, this decomposition contains a U, subspace, which implies that rank-three tensors—
which posses no scalar component under the isotropic group O(2)—do, in fact, have a scalar
component in D,. In other words, there exists a rank-three tensor Aijk that is invariant under
D, but not O(2).

We now explicitly derive the D.-invariant tensor Al.].k in an intuitive way. Consider the

1,2,3

equilateral triangle depicted in Fig. 1, with vectors v connecting the triangle’s center to
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the midpoints of its sides. If we fully symmetrize the threefold tensor product vl.1 vjzv]f over the

group Dy, itis clear that the resulting rank-three tensor must be invariant under the symmetries
of the triangle, i.e. lie in the UJ subspace of ®3R1. Carrying out this procedure yields

1 1 ¢2 ¢3

— g g g9 _ X Z

ik = 3 Z VPV TV = 5k1 aij+5k20ij, (2.10)
: g€Dy

where triangle side i is sent to triangle side g-i under the D, group operation g (see Fig. 1), and

o? are Pauli matrices; note that the final equality above can be verified by direct computation.

Even more explicitly, the tensor Aijk satisfies

Ay = gy = Agry = —Aggy = 1, (2.11)

112 121 —

with all other components zero. Note that Aijk is fully symmetric (i.e., invariant under ex-
change of any two indices).

2.2 Time reversal and inversion symmetries

Another key observation is that an electron fluid with a triangular Fermi surface breaks time-
reversal symmetry [39]. A simple way to see this is as follows: Consider a microscopic Hamil-
tonian describing N interacting electrons with canonical positions and momenta x; and p,,
respectively. Under time reversal (denoted by ©) one has

O-(x;,p;)=(x;,—p;)- (2.12)

The effective Hamiltonians describing systems with “triangular” dispersion relations are of the
(first-quantized) form

N

H=Yep)+ Y V,(x,—x,), (2.13)
i=1 i<j

where V; i is a two-body interaction and the dispersion £(p) is some function of p, and p y with

D, invariance. One such family of D -invariant dispersion relations ¢ is given by

s(p)za(pi+p§)+b(3p§—p}2,)py+c(pi+p}2,)2 , (2.14)

and contour plots (i.e. Fermi surfaces) corresponding to this dispersion relation are plotted for
various values of a, b, and c in Fig. 2. In general, the precise dispersion relation (2.14) may
contain other D,-symmetric corrections, and inherits from the underlying lattice structure.
The manner in which this effects the hydrodynamics is captured at the microscopic level in
our consideration of kinetic theory in Sec. 5.

Clearly, and independently of the microscopic model being considered, ¢(—p) # &(p),
manifestly breaking time-reversal symmetry. As a result, the Hamiltonian itself breaks time-
reversal symmetry:

H(©-(x,p)) #H(x,p). (2.15)
However, there is a sense in which time-reversal symmetry is restored in such systems. Con-
sider the spatial inversion operation (denoted by 7):

I’(xppi)z(_xi:_pi); (2.16)

where we emphasize that 7 is not an element of D,. As with time reversal, we find for inversion
that

H(Z-(x,p)) # H(x,p), (2.17)
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ep(a,b,c) =1
4,

a=0.1

" —b=10

2 / \ 0.5
> / ] \ a=1.0
= 0 b=—10
71X c=20

_ol )
a=06.0

b=50

—4r c=08

-4 -2 0 2 4
Pz

Figure 2: Contour plots of the D-invariant dispersion relation ¢ (2.14). Fermi sur-
faces of this type have the same point symmetry as an equilateral triangle—i.e.,
discrete threefold rotational invariance and an in-plane axis of reflection symme-
try. Note in particular that these Fermi surfaces lack p — —p invariance and hence
independently break both spatial-inversion and time-reversal symmetries, while nev-
ertheless retaining their combination as a symmetry.

due to the dispersion relation. However, assuming that the interaction between particles is
inversion symmetric (i.e., V(—x) = V(x)), we have that

H(Z©-(x,p)) =H(—x,p) =H(x,p), (2.18)

and we conclude that, in addition to the D point group symmetry, the electron liquid also has
an “IT symmetry,” corresponding to the combination of spatial inversion and time reversal.
This IT (or ZO®) symmetry turns out to play an important role both in developing the hydrody-
namic expansion and in constraining what types of experiments can detect phenomena unique
to liquids with D, point group.

3 Hydrodynamics

We now describe the hydrodynamics of a two-dimensional fluid with triangular point group.
For simplicity, we assume that the conserved quantities are particle number (or charge or mass,
with density p) and momentum (with density nj). This choice is sufficient to elucidate all of
the interesting structure that can arise without carrying around additional coefficients; the
mathematical structure of our theory would hold just as well if p corresponded to energy den-
sity, as may be appropriate for a phonon fluid [40,41]. We also note that in an electronic Fermi
liquid, under most circumstances, it is a good approximation to neglect energy conservation
since each quasiparticle carries the same (Fermi) energy with it, on average [15].

3.1 Continuity equations and constitutive relations

Hydrodynamics is an effective theory describing the long-wavelength and late-time physics of
interacting systems. Most observables in many-body systems are “fast” degrees of freedom,
in that they quickly decay to zero, leaving behind only the “slow” modes, which dominate at
late times and over long distances. In generic chaotic systems, the latter always correspond
to conserved quantities; their slow dynamics corresponds to the slow transport of conserved

8
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quantities over long lengthscales. Hydrodynamics integrates out the “fast” physics to provide
a useful, “effective” description of the relaxation of these conserved quantities from local to
global equilibrium (see Sec. 5).

For the systems relevant to this work, the relevant slow modes (i.e., conserved quantities)
correspond to charge (or particle) density p and momentum density 7..2 It is conventional
to replace some of these densities with their thermodynamic conjugate variables: For p, this
is chemical potential u, while for momentum density 7 P the conjugate is the velocity v;. By
convention, we take the hydrodynamic modes to be p and v i

The continuity equations require that any change in the local density of some conserved
charge (i.e., J,p) within an infinitesimal fluid volume be offset by a flux of the current corre-
sponding to that charge out of the volume, i.e.,

o,p+0j;=0, (3.19a)
3t ni+6’i Tl-jIO. (3.19b)

The current corresponding to a conserved density is written in terms of the conserved charges
(the slow modes described by hydrodynamics) using constitutive relations. Essentially, one
writes down all symmetry-allowed combinations of the hydrodynamic fields (density and ve-
locity, in this case) and their derivatives to leading order.

We also work in the linear-response regime, where we take p(x,y,t) = p,+6p(x,y,y)
and vj(x,y,t) — 5vj(x, y,t), and only keep terms to linear order in 6. The quantity
Py = (8p/du)eq (Where p is the pressure and u the chemical potential, and “eq” denotes
that the righthand side is evaluated with 6 p = 0) is the “background” charge density, and is
fixed by thermodynamic relations; the “background” velocity is taken to be zero.

We now construct the current j; and stress tensor 7, via derivative expansion. The deriva-
tives must act on the hydrodynamic variables p and v, (the charge density and velocity). We
note that a frame can always be chosen such that no time derivatives appear in the expan-
sion, leaving only powers of J,. Additionally, the only tensor objects that can appear in the
expansion are those allowed by D, representation theory, as discussed in Sec. 2.1.2. Those
D,-invariant tensors are

5ij > €€ = 5ik5jz _51151'1« Aijk' (3.20)

The hydrodynamic equations of motion correspond to the conservation laws (3.19) combined

with the constitutive relations, which relate j, and T, 0P and 7t; (or its thermodynamic

conjugate, the velocity v,). We first write the most general constitutive relation for the current,
allowing all terms that are compatible with D, symmetry:

Ji = Py vl.+K7Ll.jkvjvk—D op—al

aj Ve +rA aj 3kp+918j ajvi+923i 3jvj+--- , (3.21)

ijk ijk

which we truncate to first order in derivatives. This is sufficient to obtain a linearly stable
theory of hydrodynamics in which all finite-wavelength modes decay; hence, we ignore the y
and @ terms above. We also ignore the K term, as it is only nonzero at O(v?), and therefore
vanishes in the linear-response regime of interest. The coefficient D is referred to as the “in-
coherent diffusion constant,” where “incoherent” refers to the fact that D > 0 is possible even
when momentum is exactly conserved. This effect arises from the fact that, without Galilean
invariance, the charge current contains a term that is not proportional to momentum and can
relax (see, e.g., [16]).

2Including energy conservation is straightforward, and is discussed in [34]. For most experimental setups,
energy conservation does not qualitatively modify the observable hydrodynamics of an electronic Fermi liquid [15],
and so we neglect it.
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Indeed, we note that Galilean invariance must be explicitly broken in this system. The
Galilean symmetry group’s algebra can be understood as follows: The center of mass of the
fluid D, the total momentum P, and the Hamiltonian (energy) H must satisfy the classical
Poisson brackets

{D,H}=m""P,, (3.22)

where m is a microscopic mass scale. In any microscopic model, this fixes the dispersion
relation to be 2,
e(p) = Y
2m
which is isotropic and has full O(2) (rather than D,) symmetry. While, in principle, it might be
possible to realize electron-electron interactions V(x, x’) (2.13) that break O(2) down to D,
in general this would (i) require a very different kinetic theory than the standard version we
consider in Sec. 5 and (ii) be extremely difficult to predict (or engineer) in particular materials.
By contrast, it is most natural (and conceptually straightforward) if instead the D, point group
manifests in the dispersion relation £(p) due to the properties of the underlying lattice. As a
direct consequence, Galilean invariance is explicitly broken.
We now consider the momentum density and the constitutive relation for its corresponding
current, the (rank-two) stress tensor Ty The derivative expansion for T;; to first order leads
to the constitutive relation

) (3.23)

Ty = 5ijp +K’Aijkvk—nijkl o, v,— B lijkakp + ..., (3.24)
where A is the D invariant tensor’ defined in (2.11), the viscosity tensor Nkt is given by
Mijka =N (5ik5jl +0;0 5 — 5ij5kz) + 00,00 T M€€k (3.25)
and p is the thermodynamic pressure. In the linear response regime,
p=c?p, (3.26)

where c is the speed of sound, and we neglect the “Coulomb pressure” [15], which only mod-
ifies the sound modes via ¢ — c(k) without affecting the incompressible transverse fluid dy-
namics of interest herein. In particular, we do not expect any meaningful effect due to the
Coulomb pressure on the two experiments we propose in Sec. 4.

Consistency with thermodynamics implies that not all of the terms listed above are in-
dependent (e.g., p = dp/du), which provides further relations between various quantities.
Additionally, it turns out that

K' =0, (3.27)

in all known models of kinetic theory (see Sec. 5.2).

Taking K’ to vanish is also supported by general arguments that there should be a consistent
manner by which to couple the effective field theories of electron fluids to curved space [34].
As an aside, we further note that if K’ # 0, then consistency with the second law of thermody-
namics then requires that K # 0 in (3.21) [34]. More recently, it was shown that the existence
of such a K’ term will require an exotic kind of chiral anomaly [42], which can be found in
actual lattice models (but is unlikely to exist in electron fluids).

3Also note the useful identity A, A, =6, 6, +6, 6, —&,6, . This tensor identity shows that in D, the
X j imn jm " kn jn = km jkZmn* - X . K 6
traceless symmetric part of a tensor corresponds to the R, irrep; the projection of a tensor T, , onto R, is given by
Tl.’j =A. A T

ijk”“kmn = mn*
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For fluids with point group D, hydrodynamics is governed by the following pair of lin-
earized continuity equations,

O0,p=—0j;=—pyV-v+ DV?p +2a axay v.+a (3x2 - aj) Vs (3.28a)

ooV, = —aj’rﬁ = —czal.p + nﬁklajakvl + mijkajakp , (3.28b)
corresponding to charge (3.28a) and momentum density (3.28b). The individual velocity
equations are given by

Py0, v, = —czaxp +nV2vx+Cax (V-v)—noay (va)+2[38x8yp, (3.29a)

poatvy = —c28yp+nV2vy+§'8y (V-v)+noax (va)+/5 (Bf—ﬁj)p, (3.29b)

where V xv = 8l.el.jvj =0d,v, —0d, v, is the curl in two spatial dimensions.

We note that the viscosity tensor (3.25) has the same form as for fluids with D,, point
group (i.e., the rotational invariance of a hexagon) [16, 17], and that n, — 0 in the case
of O(2) rotation symmetry; the new dissipative terms compared to fluids with other point
groups involve the D,-invariant tensor A.., with coefficients @ and 8, which represent a sort

of “hybrid” between a viscosity and an (incoherent) conductivity.

3.2 Onsager relations for the D, coefficients

The Onsager reciprocal relations for D, fluids follow straightforwardly from standard argu-
ments from statistical mechanics. Abstractly, we define u, as the thermodynamic conjugate
to the conserved mode p, (e.g., chemical potential u is conjugate to charge density p). We
further suppose that the current j, associated with the conserved density p, takes the form

ji=—c v u,, (3.30)

with summation over b implied.

Fluids with point group D, possess neither spatial inversion (Z) nor time reversal (@) in-
dependently; rather, the microscopic system of interest is invariant only under the combination
76. By demanding consistency with the fluctuation-dissipation theorem, the matrix o of dissi-
pative coefficients (including the new D coefficients, viscosity, incoherent conductivity,* etc.)
must satisfy N B

ol =(10),(z0),0, (3.31)

ba’
where (Z6), = +1 when 76 - p, = p,, and (Z0), = —1 when 76 - p, = —p,, (i.e., these
factors encode the parity under IT of the conserved densities labelled a and b).
Note that o is best understood as a matrix by grouping the ia and jb indices; o is then block
diagonal, with different blocks corresponding to distinct irreps of the symmetry group (here,
D6). In ordinary fluids, when a = p, ia transforms as a vector, while fora = i “1j” transforms

as a rank-two tensor. Since vectors and rank-two tensors do not share irreps, O';]b must be block
diagonal, corresponding to incoherent conductivity when a = b = p and viscosity (3.25) when
a = b = m. However, in D6 representations, the rank-two tensor contains an R, index. As a

consequence, we anticipate that ognk o< }Lijk. This coefficient then corresponds to the a term
in (3.28a) and 3 term in (3.28b).

By (3.31), we should expect a and f3 to be related. Charge is even under both time reversal
and spatial inversion individually, so that (Z©) o= 1, while momentum density is odd under
both individually, so that (Z©) <=L The Onsager relation (3.31) then implies that

ij _—_ 5Jt =
O = Opep = a?Ll.jk, (3.32)

“Note that the incoherent conductivity is proportional to the coefficient D in (3.21); see (3.36).

11


https://scipost.org
https://scipost.org/SciPostPhys.14.5.137

Scil SciPost Phys. 14, 137 (2023)

and now, using the linear-response relation

d P Py
=P _FPo 3.33
X n 2 (3.33)
we conclude that
a=py. (3.34)
In some manipulations to follow, it will prove useful to define a single D, coupling, according
to
g=2 = ﬁz (3.35)
Py €

which is a lengthscale that can roughly be interpreted as a scattering length for the momentum-
conserving (but inversion-breaking) collisions, as we will later see in Sec. 5 when we consider
kinetic theory. Comparing & to other lengthscales in the system provides a measure of the
extent to which this new hydrodynamic coefficient can be detected in experiments—in other
words, the relative significance of realizing point group D,. Dimensionless values of the var-
ious hydrodynamic coefficients—including a ~ f—are provided in Sec. 5.4 for a microscopi-
cally inspired model of a Fermi surface.

Finally, we note that the second law of thermodynamics requires that the matrix o of
dissipative coefficients be positive semidefinite. This in turn implies (i) that the viscosity ten-
sor (3.25) is nonnegative (n = 0), (ii) that the incoherent conductivity also be nonnegative
(0, =0), and (iii) the following inequality:

oom=afy, where o,=Dy, (3.36)

which recovers from (5.105) and can be rewritten as Dn = p,, c2g2,

3.3 Quasinormal modes

From the linearized continuity equations (3.28) we can extract the quasinormal modes of this
system. In an ordinary fluid these quasinormal modes would correspond to a sound mode
coupling longitudinal momentum (7 || k) and density p, and a diffusive mode for transverse
momentum (7 L k). Qualitatively, the same thing happens here. In matrix form, those three
equations can be written

P
9, Povy | = (3.37)
PoVy
2 a a 2 2
v 1 —aszp—faxay 2 —aly+p—o(ax —3?) o
—c?0,+23.9,  5-(+Q 3+ - (n+n,)d;] > (¢=n,)8.9, Py |
—20,+p(07=0})  Z(k-nJag,  F+0 45 (n+n)ol) \Po¥y

and taking the Fourier transform (i.e., 5, — —iw and 8j ——i k]. with p — p), we have

(—iwl+M)| p,7, | =0, (3.38)
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where the matrix M (k) takes the form

M (k. k) = (3.39)
DK> —ik, +2.2k .k, —ik, + = (k2 —k2)
—ick, +2Bk.k, L+ Ok + = (n+n,)K2 o (E=m.) kK, ,
—ic2k, + (K2—K2) L (C—n)kk, o+ QI+ 5 (n+n,)K

and the normal modes correspond to choices of w(k) that satisfy

det(—iwl+M)=0, (3.40)
giving the quasinormal modes
W :I:ck—ﬁ(poD+n+C:|:2§p0c sin(B@)) k2 +..., “sound mode”,
@e= —pl (m+n)k*+..., “shear diffusion mode”,
0
(3.41)

up to O(k?), where k. =k cos(6) and ky =k sin(6), so that
2 _ 7.2
(3k2—K2) k,  Agkikke

k3 k8
and we note that stability of the quasinormal modes (3.41) requires that the imaginary part
of w be negative (to prevent unphysical exponential growth). This is trivially satisfied for the
shear diffusion mode (since 1 and 7, are positive), and for the sound mode, requires that
pPoD+n+{=2p,&csin(30). The most “dangerous” case is when the RHS of the foregoing
inequality is maximal; this corresponds to, e.g., 8 ~ /6 and £2 =D/ Po c? (3.36). Then the
stability condition becomes {/p, + (\/5 —+v/n/ pO)Z > 0, which is trivially satisfied.

The main new feature in (3.41) is the decay rate o< & sin(36)k?, meaning that sound
modes preferentially decay in certain directions, with threefold rotational symmetry. This
explicitly demonstrates the D, symmetry of the theory.

sin(30) =

(3.42)

3.4 Plasmons

We briefly consider how the inclusion of long-range Coulomb interactions [43,44] affects the
quasinormal modes (3.41) of the D fluid.> The effects of generic forces can be incorporated

into the continuity equations (3.28) via the transformation 8ju - 8j,u - F].e’“. Using the fact
that 5p/ou =y = p,/ c? (3.33), we incorporate generic forces via

dp—3;p—x Ff"t, (3.43)
where, in the case of the Coulomb interaction, this “external” force takes the form
F&(x,t) = -0, | &% —8— p(x', 1), (3.44)
J J lac — x|

where g is the Coulomb coupling in appropriate units; taking the Fourier transform of (3.44)
gives

~ . : 2
F}ext(k’ w) — J dt d2x elwt elk-x F;xt(x, t) = ikj % ﬁ(k, Cz)), (3.45)

°In models with a circular Fermi surface, recent experimental work [45] has indeed aimed to detect the hydro-
dynamic crossover in plasmon dispersion.
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and thus, we simply replace every instance of 3]. p =—ik : p in (3.28) with

o 218Py\ ~
_1kjp—>—1kj (1-&- 2K )p, (3.46)

and we find the modified normal modes (with plasmons included) by solving (3.38) where
the matrix M (3.39) is replaced by the modified version,

M'(k,, k)= (3.47)
Dk (k+2myg) (28K, i)k, —ik, +£(k2—k2)
(28K, —i) 2k, (1+2%82) o+ DK+ - (n+n,) K o (C=n )k .k, :
fo-te-)e (o) " AEadkk  AasbEAGine

where we used £ = a/p, = B/c? (3.35), y = po/c2 (3.33), and the shorthand k = |K|.
Diagonalizing this matrix M’ to O(k?) gives rise to three quasinormal modes, one of which is
the same “shear diffusion” mode reported in (3.41), while the other two “plasmon” (sound)
modes are given by

2 k312 i

—————inDygk———
2c+/2my g x8 290(

where we have ignored a contribution to the second term proportional to D? ~ ¢ ge.
As before, stability requires that the imaginary part of w be strictly negative, meaning
ntgyD+ (pOD +n+ Q’) k/2p, = c&+/2ng xk (for 6 = 1/6, e.g.). If & saturates (3.36),
then this condition becomes k(D + {/p,)/2 + (\/n gxD— \/n k/2 po)z > 0 which is always
satisfied for any values of the dissipative compatible with thermodynamic considerations.

In analogy to the plasmon-free case (3.41), the effect of the D point group manifests in
the decay rate o< & sin(360) k32 of the (modified) sound modes. As before, this new decay is
proportional to & and anisotropic in momentum space—the sin(360) factor manifestly respects
the threefold rotation symmetry. Note that inclusion of the Coulomb pressure will generically
modify the sound modes above; however, we do not expect this to have a meaningful effect
on either of the experiments we propose in Sec. 4.

w(k)=%c/2nygk* poD+n+{) k> £i&c/2myg sin(30)k*?, (3.48)

3.5 Stream function

In the experimentally oriented section that follows, we will be interested in steady-state (i.e.,
time-independent) solutions of the equations of motion (3.28), in which case (3.28a) reduces
to V-j = 0. Following previous work on the viscometry of materials with discrete point
groups [17], we find it convenient to consider the “stream function” v° defined implicitly in
terms of the current via

Ji= poeijajl,b. (3.49)

The continuity equations (3.28) can then be rewritten as
PoV; = Po€;; 0¥ +Dip +ar,; 3y, (3.50a)
czajp =n Vzvj + gaj (V . v) — noe].kak (V X v) + ﬁAjklakalp , (3.50b)

where in (3.50a) we have replaced the density continuity equation (i.e., 9,j, = 0) with the

definition of the stream function, and the curl is given by V x v = 8l.el.jvj.

®Note that the stream function ) is not well defined in a 2d domain with nontrivial first cohomology group.
We do not consider such domains herein, and restrict to simply connected 2d geometries.
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To leading order in £, the equation of motion for the density p is given by

B

CZ

vip = £ (392-82)8,0 +0(¢2), (3.51)

where the LHS is O(1) and the leading correction (on the RHS) is O({,,). The equation of
motion for the stream function is then (at leading nontrivial order in &)

4y [ @ B \o2(qas2_ A2 _ 2(a92_ 52 _ 2
v w_(p—o+c—2)v (302-82)8,y =2£v2(382-082)2,¢ =25 V22, 8,3,5,4, (3.52)

where the RHS vanishes for & = a/p, = 3/ ¢? = 0, recovering the standard biharmonic equa-

tion describing systems with continuous O(2) rotational symmetry, or D,,, dihedral symmetry,

with M > 4 even. See App. A for a more detailed derivation of the equations of motion.
Solutions for the stream function are derived to O(&) in App. A.7, and take the form

Y(r,0) = ¢o(r,0) + £y, (1, 0), (3.53)
where 1)) is a solution to the biharmonic equation [46],
\vai P, = 0. (3.54)

Solutions to (3.54) are given in polar coordinates in (A.31) [46]. We restrict to terms for which
the current j, = p, € 3]-1/) is nonsingular at the origin (r — 0); we further dispense with terms
corresponding to flows with fluid sources/sinks at r = 0 (i.e., ¢ o< 6 - f(r)). The remaining
solution to (3.54) then take the form

Yo (r,0) =a,r*+b,r* Inr + Z {(a,+b,r?*)r™cos(m0)+(a/, +b/ r*)r™sin(mb)},
m=1

(3.55)
and boundary conditions determine the values of the various coefficients.
The first correction ), at order & satisfies

viy, =2V (333 - 35) 3,y (3.56)
with 1), given by (3.55). In App. B, we recover particular solutions for v, in complex coordi-

nates; additionally, every allowed term in (3.55) is also allowed in ;.
In polar coordinates, 1), takes the general form

Y, (r,0) = byrsin(30)+12b,r* + Z:(m—kl)mrerl {b'm cos[(m—3)0]—b,, sin[(m—3)01} +...,
m=4

(3.57)
where ... indicates that any solution to the biharmonic equation (3.54) is also allowed in v,
(see App. B).
To leading order, the solution is given by

Y(1,0) =1y (r, 0) + &1, (1, 8) + O(E?)

oo
=a,r*+b,r*Inr + Z {(am+ b, r2)rm cos(m9)+(a:n +b r?) r™ sin(m0)}
m=1

+2§&Or2+2§i)0r2 Inr

+2€& Z {(&m+ Bm rz) rm cos(m9)+(d:n + Nb:n r2) rm sin(m@)}
m=1
+&Ebyrsin(30)+ 128 by r?

o0

+Er y_ (m+1)mr™ {b, cos[(m—3)0]—b, sin[(m—3)61} +0(£2),
m=4

(3.58)
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Figure 3: Contour plots of the Z3-invariant dispersion relation & (3.59). Fermi sur-
faces of this type possess only threefold discrete rotational symmetry. In particular,
note that these Fermi surfaces possess no reflection symmetry axis.

where the various coefficients above are set by boundary conditions order by order in each
order of &.

The effect of the D6-symmetric terms is evident in the final line of (3.58), where we observe
that the perturbation to the biharmonic equation (3.56) with coupling £ allows the angular
harmonics (which, in an isotropic fluid, must be independent of one another by rotational
symmetry) to mix according to m — m £ 3. We will see in Sec. 4 how this feature can be used
to detect £ # 0 unambiguously in experiments.

More formally; it is useful to note how the stream function v can be broken up into the dif-
ferent irreps of the point group Dg. First note that in the O(2)-symmetric fluid, following [17],
the m = 0 coefficients in (3.58) correspond to the {; irrep, since v is a pseudoscalar. The an-
gular harmonics sin(m#) (and cos(m8)) then combine and transform in the two-dimensional
irrep R,,. When O(2) is broken to D, any two irreps of O(2) that are equivalent upon restric-
tion to D, might then be expected to mix due to the reduced symmetry of the hydrodynamic
equations. Note in particular that the R, irrep of D, will contain every harmonic m that is not
a multiple of three, and by going to higher and higher orders in &, all of these harmonics can
mix together through the last line of (3.58).

3.6 Breaking reflection invariance: Z, fluids

Before discussing experimental proposals for detecting a and f3, we turn briefly the conse-
quences of breaking the reflection symmetry of D, which reduces D to the cyclic group Z,
consisting solely of 120° rotations. A dispersion relation with Z, symmetry is given, e.g., by

s(p)—a(px+py)+b(3px—py)py+c(px+py) +d(3pxpy—10pxpy+3pxpf’,) , (3.59)

where d # 0 ensures the lack of reflection symmetry (e.g., under p, — —p, ; see also Fig 3).
A priori, this symmetry-breaking pattern could be rather dramatic: Now the point group
is Abelian, and thus all irreps are one dimensional. The new invariant tensor under Z, is
€ (which is parity odd and was therefore forbidden under D6). However, one should not
add terms containing ¢, ; to the constitutive relations arbitrarily. For example, field-theoretic
considerations suggest that one should not add a term Ty~ €;P in a thermal system [34],
and indeed, we find that such a term is not possible within our kinetic theory constructions
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in Sec. 5. The momentum susceptibility must be a symmetric matrix, and so we cannot write
down 7, ~a,v; + A€V Consequently, we find that ideal hydrodynamics is unchanged from
the D¢-invariant case, which itself was equivalent to isotropic ideal hydrodynamics.

One simple argument for this appears to be that time-reversal symmetry will, in general,
include complex conjugation. The eigenvectors of the new Z,-invariant tensor €, are of the
form v, + v, corresponding to circularly polarized modes. Since these circularly polarized
modes convert into one another under the action of time reversal, the combination of IT with
this point group would form a non-Abelian symmetry group overall.

However, at first order in derivatives, we indeed find that new hydrodynamic coefficients
are allowed. In particular, &, j and €, are both Z,-invariant tensors; as a consequence, one

can realize a viscosity tensor of the form

Z
Mk :Y(aijekl +eij5kl) : (3.60)

where positivity requires that y? < nn_. We emphasize that this is not a Hall viscosity, which
would couple to tensors of the form afjail _Ufjozz (which is antisymmetric upon exchanging
the ij and k! indices). In fact, a Hall viscosity is not permitted in the Z, fluid as long as IT
symmetry is preserved.

The equations of motion (3.29) are then modified according to

Po 0, v, = ... —2y8x8yvx+y(8x2—8y2)vy, (3.61a)
pod,v, =...+7(82-082)v, +2r8.8,v,, (3.61b)
where “...” indicates the terms that also appear in (3.28b). The modified quasinormal modes

are given by a “sound mode,” whose dispersion relation is

. 3
w, (k) = :l:ck—%(D+7)+§:F2§c sin(39))k2¢{(D—n—@')z—(Z)f:I:zgc cos (360))* % ,
(3.62)
and a “shear diffusion mode” with

wo (k) = —i(n+n,)k*+2&y cos(30) k3---, (3.63)

where it is only at O(k®)—which is subleading for all modes—that we see the effect of the new
coefficient y. The effect is most pronounced for the shear diffusion mode, which acquires a
propagating and nondissipative contribution.

4 Experimental proposals

4.1 Hexagonal device

Here, we propose a class of experiments that can uniquely distinguish D fluids in devices with
symmetry-exploiting geometry. More specifically, following [ 17] we propose device geometries
with specific boundary conditions on the current corresponding to particular irreducible rep-
resentations of O(2) such that the current at the device center (r — 0) is nonzero only if the
fluid contained in the device has D, point group symmetry (or any subgroup thereof).

Regarding (3.58), the current at the center of a device with a D-invariant fluid subject to
arbitrary boundary conditions has the following form for its Cartesian components:

Jx(r—=0) = pya; +py & (& +by+2b), (4.64a)
iy (r—=0)=—py(a, +¢a,), (4.64b)
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where the £+ above depends on whether x — 0 is taken first (+) or y — 0 is taken first (—).
Hence for the current to be well defined everywhere, we must have b, = 0, and this will be
the case for the boundary conditions of interest.

Using group theoretic principles, we can choose boundary conditions such that the current
at the device center (r — 0) is nonzero only if the fluid has point group D.. Note that fluids
with continuous rotational invariance (O(2)) or higher dihedral point group (D.,,, with M > 3)
are governed by essentially the same continuity equations (3.28), but with £ = 0. Thus, for the
proposed device to distinguish D, rotational symmetry from other point groups, the current
at the device center should vanish as & — 0. Regarding (4.64b), this requires a, = 0, and to
leading order in &, that one or both of @, or @] are nonzero. By arranging leads as depicted in
Fig. 4, we can guarantee this outcome from group theoretic principles alone.

With this choice of boundary conditions, only quantities compatible with said irreps can
be nonzero at the device center. For fluids with higher rotational symmetry than D, (e.g. the
symmetry group D, of a hexagon), the minimal such irrep is rank two; however, in general,
such quantities cannot be measured directly (e.g., the stress tensor 7,.). Note that for a device
with point group D, the R, irrep of D, is equivalent to the R, irrep of D¢, which admits
a nonzero rank-one signal, realized by a nonzero current at the device center. Hence, by
affixing current-carrying leads to the sample in a particular pattern, one can realize boundary
conditions that force the current to vanish at the device center unless the device has point
group D, (or a subgroup thereof). Fig. 4 depicts a particular arrangement of current-carrying
leads on a sample that will lead to a nonzero current at the device center only if the point
group is Dy (or a subgroup thereof). For fluids with continuous (or discrete but morefold)
rotational invariance, only a rank-two signal can be nonzero at the center; in general, such
quantities cannot be readily measured. Hence, only fluids with point group D, (or any of its
subgroups) allow for a nonzero current at the center.

More precisely, the hexagon boundary conditions in Fig. 4 transform under the D, irrep
S =R,, and the circle boundary conditions in Fig. 4 transform under the O(2) representation
S = @mensn Ry, In either case, G = Dy is the only orthogonal subgroup G < O(2) for
which the G-restricted boundary representation S|, contains the vector (spin-one) irrep R;.
Since the center of the hexagon (or circle) is a fixed point of D,, / O(2), this implies that
a nonzero vector is allowed at the center of either device only when the contained fluid has
point group G = D,. Observation of a nonzero current (4.66) at the center of either device
can therefore uniquely distinguish D fluids.

For concreteness and analytical convenience, we consider the right panel of Fig. 4, corre-
sponding to a circular device, and assume the leads to be infinitesimally thin (i.e., modeled
by delta functions of the polar angle). However, any arrangement of leads corresponding to
the two-dimensional irrep R, of D,, (or equivalently, irreps R, of O(2) with k even but not a
multiple of three), will correctly distinguish D, fluids from those with other point groups.

A detailed derivation of the current flow j;, to first order in &, can be found in App. B; we
present only the main results here. In App. B.1 we impose boundary conditions on the current
that derives from 1 according to (3.49); these boundaries correspond to attaching radially
oriented and infinitesimally thin wires to the sample’s edge in a pattern corresponding to the
right panel of Fig. 4. In App. B.2 we find the resulting current in the sample bulk in radial
coordinates, and in App. B.3, we find the corresponding stream function.

The current at the device center is most easily evaluated by regarding the stream function
in Cartesian coordinates—to lowest order in x and y, the stream function is given by

x2+y?

RZ

x4 — y*
R2

jin v 3
P(x,y) = +y2—x2—20ER?*y +40& +0(r°), (4.65)
TPyR
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Figure 4: Hexagonal (left) and circular (right) devices with symmetry-engineered
boundary conditions. The hexagonal device is likely more feasible for experiment,
but for analytical convenience we will assume boundary conditions of the circular
type. Leads (green) are placed on the boundary, with current injected (red) or
drained (blue) orthogonally at each lead. Due to symmetry considerations, a nonzero
current can appear at the center of either device only if the contained fluid has D
point symmetry, thus providing a unique experimental signature of D fluids.

and the resulting current at the origin is given in Cartesian coordinates by

_2043¢ .

n E]ini jy

=0, (4.66)

X

which is proportional to the current through leads times the ratio £, /R; the coefficient of
proportionality is ~ 10.

As a reminder, while the exact value of the current at the device center (4.66) assumes
a particular arrangement of infinitesimally thin current-carrying leads, any arrangement of
leads corresponding to the R, irrep of D,, will result in a nonzero signal of order &/R times
the current through the leads. This can be understood in terms of the harmonic expansion of
the stream function (3.58).

In a previous study of inversion-symmetric fluids [17], numerous quantities could be de-
tected and isolated in measurements of heating at the center of a device with appropriate
geometry and arrangement of fluids. This conveniently provides for the isolation of various
dissipative coefficients in fluids with D,,, symmetry with M = 4,6 and higher. However, we
note that this is not possible in the D, fluid, as the contribution to heating from £ # 0 cannot
be isolated from contributions due to other terms (i.e., the shear viscosity 1, and incoherent
diffusion D). Hence, arranging leads on a sample as depicted in Fig. 4 and detecting a nonzero
current at the device center is the only way to isolate the effects of £ # 0 using the viscometric
principles of [17].

Lastly, we remark that there is another arrangement of leads, corresponding roughly to
a 90° rotation of the arrangement shown in Fig. 4, which would also lead to R, boundary
conditions. The effect one would observe is equivalent to what we write above, except with
jx=0andjy7é0.

4.2 Hall effect in narrow channels

Now we argue that, in contrast to the hexagonal device experiment presented in Sec. 4.1
(which records a clear signal at the lowest possible order in &), it is generally quite difficult
to detect & # 0 (i.e. D, point group symmetry) in a more standard Hall transport experiment
in an electronic system. The goal is to see a “Hall voltage”, realized in this case by a potential
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Figure 5: Electron fluid with D6 FerrPi surface (blue) forced down a narrow channel
(purple) by an applied electric field E. D, point anisotropy of the contained fluid will
generically lead to a p-dependent Hall effect signal, i.e. a voltage difference between
the channel walls y = +w/2; see Eq. (4.76).

difference across the channel in response to an electric field oriented along the channel. We
imagine cutting the D, sample into a narrow channel of width w, whose “walls” make an angle
 with the “original” (crystallographic) x axis. In the case where the Fermi surface is a regular
triangle, (3.28) assumes one of the edges of the triangle to be aligned with the x axis. Thus,
 is also the angle between the “base” of the Fermi surface and the channel walls, as depicted
in Fig. 5.

Naively, one might expect that such an experiment is quite effective for detecting the sym-
metry breaking pattern of the D, fluid. For example, if the channel is carved at a generic
angle relative to the triangular Fermi surface, the combination of the channel and the device
completely breaks the rotational symmetry of the device, and so we expect a Hall voltage
V,=R, I, with R, # 0 as it is no longer forbidden by any symmetries.

However, we note that (i) R, is quite sensitive to boundary conditions; (ii) even assuming
one did perfectly know the boundary conditions in an experimental setup, R, can appear

at order £2 which is a subleading signal relative to that in the hexagonal device previously
discussed; (iii) most importantly, this Hall effect is not unique to D fluids. For these reasons,
we do not suggest using Hall transport as a probe for novel transport phenomena in triangular
electron fluids. We now justify these conclusions in more detail.

The only terms in the continuity equations that are not invariant under rotation of the
coordinate axes are those with coefficient &, which arise from the D, rotational symmetry of
the Fermi surface, and are thus sensitive to its orientation. A derivation of these terms in the
rotated coordinates (X, ¥) is given in App. C.2. We then seek steady-state “flow” solutions that
do not vary with time, nor the distance X along the channel.

We also modify (3.28) by applying an electric field along the ¥ axis,” and look for steady-
state solutions (i.e., take d, — 0) that do not vary in the X direction (i.e., the distance along the
channel). The desired signal—a Hall voltage—is indicated by a nonzero difference in density
p between the two walls, i.e.,

Vigann < P(F =w/2) = p(§ = —w/2), (4.67)

which we expect to be zero—at least in the context of first-order hydrodynamics—for fluids
with continuous rotational invariance or higher dihedral point group D,,, (with M > 4). For
point group D, a nonzero Hall voltage is allowed by symmetry; as we will show, we generally
expect a signal proportional to £2.

7This can be viewed as applying an external chemical potential: u — y— EX.
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4.2.1 Summary of results

The equations of motion for Poiseuille flow are given by

poayvy =D 8}3 p —asin(3p) 8}3 v, —a cos(3¢p) a; Vg (4.68a)
—c?>yE = (n+no) E/’yz ve—p sin(3<p)85,2p, (4.68b)
czayp =+ 85,2 vy—/j cos(Bcp)ayzp, (4.68¢c)

where E is the strength of the electric field (oriented along the channel in the X direction), and
we restrict to solutions that do not depend on the time t nor the distance X along the channel.
The components of the current are then given by

Jg = Povs+tDYE—a cos(3<p)8y v, +a sin(3¢) 85, Vo, (4.69a)
Jg = povy—D 8y p +asin(3p) 85, veta sin(Sgo)é’y Ve, (4.69b)

and we now seek solutions to the above equations with sensible boundary conditions.

To obtain a more convenient form of the solution, we integrate (4.68c) once and take
the constant of integration to be zero; this particular choice does not have an effect on the
Hall voltage, nor the solutions themselves (allowing the constant of integration to be arbitrary
simply amounts to a constant shift in p, which does not affect the Hall voltage, currents, or
equations of motion). However, this choice greatly simplifies matching boundary conditions.

The equations of motion (4.68) can be solved exactly, with solutions given by

p(¥) = &y Esin(3p) n+e
n+mn

+C, eV eV, (4.70a)

Py &
n+n, 2
poéEsin(Bw)NJr 2

V,z(y) :A0+A15/_

sin(3¢) [C+ eVt 4 ¢ e_y/f—] , (4.70b)

o

oy -5/t —3/t

)= Bt T Y n+C[(6 cos(3¢) =€, ) C, e/ + (& cos(3p) —_) C_e V-],
(4.70c)

where A, B,,, and C, are constants of integration, to be determined by boundary conditions,

and the two lengthscales ¢, can be written in terms of hydrodynamic coefficients and the
misalignment ¢ as

poc2E2 (n+n,cos®(3¢) + {sin?(39))—D (n+n,)(n+)

E:i: = )
Poc2E (n+m,) cos(3) F /pyc2 (n+n,) (n+ ) (D (n+n,)— py 2 E2 sin?(3¢))
(4.71)
and are both proportional to £,.
The general result for the Hall voltage is given by
Vigan ©< p(j/)mv/vz/2 = ZZCisinh[w/ZKi] , (4.72)
+

which we note is sensitive to boundary conditions, to which we now turn.

Regarding the solutions (4.70), it is difficult to fix physical boundary conditions for arbi-
trary £. To make progress—and to determine at what order in £ a Hall voltage appears—we
expand the solutions order by order in &, allowing the coefficients A, ;, B,,, and C, arbitrary
dependence on £. We set jy to zero, and demand that Vg vanish at the channel walls, as these
choices are both physically sensible and sufficient for the Hall voltage to vanish when £ = 0,
which we expect on general symmetry grounds. Additionally, we require that v, be symmetric
at the two walls, i.e. v, (w/2) = v, (—w/2), where w is the channel width.
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This is a plausible choice of boundary conditions, but not required by any symmetry prin-
ciple; however, we note that (i) these boundary conditions reproduce the standards results for
fluids with O(2) symmetry and (ii) these choices are least favorable to seeing a nonzero Hall
voltage at low order in . Hence, we expect our results reflect the minimal signal one can
expect in such an experiment, are entirely consistent with typical boundary conditions, and
reproduce the expected results as & — 0 [16,47].

Before proceeding to the expansion, we note that this choice of boundary conditions is least
favorable to a nonzero Hall voltage: The signal resulting from this choice is the minimal result
that can be expected in a real experiment; more exotic choices of boundary conditions may
lead to a stronger Hall voltage (i.e., one that appears at lower order in the small parameter
g o< Eee)'

Imposing these boundary conditions, we find

DE n+{ w*  PoE (n+Q)sin®(3y) _

— ~ 2 3
R (ren) W coth (W) &2 +0(&?), (4.73a)
A, =0(&%), (4.73b)
Py E sin(6¢) 5 5
By = ——————<&7+0(57), 4.73
0 2 (’I’] + ’)’]O) g (g ) ( C)

n+¢

1 . x E sin(6p) n+¢
C, = _EXE sm(3g0)n+

24,

sech(w) (1 +Ww?) £2+0(&%),

csch(W)wé £

o o

(4.73d)

where we make use of the following two length scales,

: D(n+Q) . w _w | Pyc?
by=lm/{, =|——=>=, and W= — = -\|—, 4.74
0 glir(l) + Py C? and-w 24, 2\ D(n+7Q) ( )

which are, respectively, another length scale proportional to £, and a dimensionless parameter
proportional to w/{,,.
Using these results, the Hall voltage is

. n+¢
Vg < Ap = £2 y E sin(6¢) ;

1 tanh (W) {1 +w?* (1 —coth? (W)} +0(&%), (4.75)
+n, £,

o

which we can simplify by noting that tanh (W) and coth (W) approach unity for w > 1. In fact,
this corresponds to the limit of interest w > £_.: So long as the channel width is noticeably
larger than the electron-electron scattering length £, we can safely take coth(i#) = tanh(w) =1
in (4.75), to recover

. n+{ 1 _af _ . n+¢ Py c?
V..o o< E2 y E sin(6¢) ——=— — = —— E sin(6¢) , (4.76)
Hall n+mn, £,  c* n+n, \D(n+Q)

which is proportional to £, overall, much like the current signal in the hexagonal device
experiment. However, the Hall voltage here is proportional to £2, and thus higher order in the
D, coefficient than the current at the center of the hexagon, which is O(£).

For comparison, taking A, — 0 so that there is no constant contribution to the velocity v
along the channel, the longitudinal conductivity can be extracted from Ohm’s law according
to

w/2 5 o
1 .. PoW 2
O.. = — dyj. =yD+———+0(&9), 4.77)
== B J/ TP Gy TOC
-w
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where we have averaged the conductivity across the channel (i.e., the y direction).

From (4.76) we see that V;; , ~ & 2/¢ ee- IN contrast, using (4.77), the longitudinal voltage
will roughly scale as Viopg ~ (£ + w?/{ o)L /w in a channel of length L, which is significantly
larger than V_, in the hydrodynamic regime (since & < w), even when correcting for the
overall geometric prefactor of L/w. Thus the Hall voltage signal is rather weak, which can be
quantified by noting that the “Hall angle” 8;; which measures the relative angle between the
current j and electric field E will scale as 0y ~ (§/w)? < 1.

A curious feature of (4.76) is the presence of sixfold—rather than threefold—rotational
symmetry. This is a consequence of the fact that the signal is proportional to £2, rather than
£. In order to see a signal with threefold rotational symmetry, one must devise (or realize)
boundary conditions that are more sensitive to &.

Hence, we generally expect a nonzero Hall voltage across narrow channels with D,-
invariant fluids under a longitudinal electric field. At the same time, we also expect that this
signal can be weaker than the current in the hexagonal device experiment proposed in Sec. 4.1.
We also note that it may be possible to observe a stronger signal by enforcing other boundary
conditions, but (i) the prediction (4.76) constitutes the minimal signal one can expect, and
(i) there is not a microscopic determination of boundary conditions (besides trial and error)
in an actual experiment. This means that the Hall signal may be a rather poor test for a, 8 # 0
since the experimental signal is too sensitive to model details. We have also confirmed explic-
itly that including momentum relaxation processes in (3.28) does not qualitatively change the
resulting Hall voltage (4.76)—because the corresponding formulae are uninspiring to behold,
we have not included them here.

4.2.2 Nonuniqueness of the Hall voltage signal

Another reason we claim that the Hall effect signal is inferior to the “hexagonal device” as a
probe of a—despite its relative simplicity to realize experimentally—is that the Hall effect in
the channel is not unique to the inversion-broken fluid. In other words, it is not the breaking
of inversion symmetry that is responsible for a Hall voltage signal, since Z-0,, = 0, is
already invariant. What blocks a Hall voltage from appearing in experiment is the presence of
y — —y parity symmetry. Regardless of the Fermi surface shape, as long as it is not a circle,
this symmetry can be broken by orienting the Fermi surface at a sufficiently generic angle with
the channel.

Fig. 6 shows how in a (toy model of an) inversion-symmetric (Dlz-invariant) Fermi liquid,
in the ballistic limit, it is possible to find a nonvanishing Hall voltage when the Fermi surface is
rotated relative to the channel walls. The kinetic theory model of transport (including bound-
ary conditions on the channel) is described in [16]; since we used this model exactly as written
in [16], we will not reproduce the technical details here. We also note that a similar effect has
been seen in a recent experiment on PdCoO, [37]; note that PACoO, has an approximately
hexagonal Fermi surface, and the experiment was done in a more complicated geometry.

5 Kinetic theory

In this section, we develop a low-temperature kinetic theory for D, fluids. In particular, we
study the linear response regime of the Boltzmann equation for the quasiparticle distribu-
tion function f(x,p) assuming that charge and momentum are the only relevant conserved
quantities. The Boltzmann equation for f will depend on microscopic, band-theoretic details
(e.g., the dispersion relation €, and the linearized collision operator W), which we model
phenomenologically, subject to the restrictions required by demanding D, invariance.
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D5 Hall Effect

26

E Misalignment ¢

Figure 6: The presence of a Hall voltage signal is not unique to inversion-symmetry
breaking D6 fluids. Left: Electron fluid with D, Ferini surface (blue) forced down a
narrow channel (purple) by an applied electric field E. Note that D,, possesses inver-
sion p — —p symmetry, in contrast to D,. Right: Misalignment ¢ between the Fermi
surface and channel creates a particle density difference Ap = (pg — 1), and hence
Hall voltage V;; o< Ap, between the channel walls. The density difference Ap(y),
plotted here in arbitrary units, is numerically obtained from the kinetic theory model
developed in [16], with absorbing boundary conditions at the channel walls. Note
that the divergence of Ap(y — 0) in this model [16] reflects the assumption of per-
fect momentum conservation in the bulk; in a physical system, this divergence would
be instead regulated by a nonzero rate I' for momentum relaxation (e.g. impurity,
Umklapp scattering).

5.1 Formalism

We begin by describing the kinetic theory formalism following [48]. First, we expand the
distribution function f around the Fermi-Dirac distribution,

feg (@) =[1 4P ], (5.78)
evaluated at equilibrium:
afeq 2
fOP) = feg(P)+| =5 | 2(x,p)+0(2%). (5.79)
p

We focus on the distribution perturbation @ in the linear response regime (i.e., higher powers

of ¢ are neglected). Since
of kT
(— eq)=5(e—u)+0(—z ), (5.80)

de

extracts the low-temperature singularities in f — fq, and the distribution perturbation ¢ is
typically well-behaved as T — 0; we therefore focus on the dynamics of é. Following the
linear algebra formalism detailed in [48], we then introduce the distribution vector

|9(x)) = f d*p &(x,p)Ip) , (5.81)
integrated over a basis of momentum kets |p) subject to the inner product
0feq\ 6 (P—P’
(plp’)= (— eq) ( 2) : (5.82)
de, ) (2mh)
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Note that the factor (—8 feq /0 e) (5.80) reduces inner products of distribution kets |®) (5.81)
to integrals along the Fermi surface (in the low-temperature limit).

Taking the Fourier transform V — ik, the (source-free) linearized Boltzmann equation for
|®) becomes [48]

(G, +W+L) (k) =0, (5.83)

where
L=v(p) -V —ik-v(p) =ik-(Jy¢,), (5.84)

is the streaming operator, which models the convective transport of distribution kets, and W
is the linearized collision integral, which models the decay of (nonconserved) kets with time.

Note that W must be positive semi-definite, so as to exclude the possibility of negative-
eigenvalue eigenmodes of W exponentially growing in time via Eq. (5.83). Note also that W
must be symmetric as a consequence of IT symmetry [16]. Indeed, under the two symmetries,
momentum kets transform as

7 |p) = |-p), (5.85a)
e Ip) = |-p), (5.85b)

while the collision integral must transform, e.g., as

©-(p,|W|p,) = (Op,|W|OD,), (5.86)

and combining these two identities, we conclude that IT symmetry requires a symmetric col-
lision integral:

(P1|W[py) = {po|W[p,) - (5.87)

Hydrodynamics emerges in the long-time and long-wavelength limit of the kinetic theory; this
limit is taken by “integrating out” the nonconserved modes (i.e., eigenmodes of W with positive
eigenvalue) in the equation of motion (5.83), leaving only the conserved modes as dynamical
modes.

We now outline this “integrating out” procedure. Consider a solution |®) of the source-
free Boltzmann equation (5.83). Letting a label the dynamical conserved modes (i.e. eigen-
modes of W with zero eigenvalue) and b label the decaying modes to be integrated out (i.e.
eigenmodes of W with positive eigenvalue), we write the Boltzmann equation (5.83) in a

block-diagonal basis of W as
0 0 L L.y o 0
oorlo )+, W] ()-(6)
[ £T\0 W, L, Le ®, 0
where we have used the fact that the streaming operator L is anti-Hermitian (after Fourier

transforming V — ik). In the hydrodynamic limit (i.e. on timescales for which the b modes
have effectively decayed away) we have that 3, < W,. Hence, in this limit it is reasonable

to approximate J, ~ 0 in the b-sector equation. We then solve the b-sector equation for the
modes |<15b> and substitute the result into the a-sector equation, giving

[0, + L+ Ly (W, +1,) " LE, ] |8,) = 0. (5.89)

Finally, since W, ~ vy} and L, ~ vpk, we further have that L, < W, in the hydrodynamic
limit. Thus we may to good approximation take (W, + L b)_l ~ W, 1, so that

(6, +W +L,)I®,) =0 (5.90)
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in the hydrodynamic regime, with the effective collision integral

W =L, W;'L!, (5.91)

which is the origin of diffusive contributions to the hydrodynamic equations for the conserved
modes |<15 a).

The modifications of the low-temperature distribution functions that are compatible with
the conservation of charge and momentum are of the form

|8) =6u lp) +6v, |p;), (5.92)

where we have defined
lp) = f d*p Ip), (5.93a)
Ip;) = f d*pp;ilp), (5.93b)

and these three modes are the slow a modes from the discussion above. Inserting (5.92) into
(5.83), we find

3, (p|®) +ik, (j;|#) =0, (5.94a)
2, <pj‘<1>>+iki ,|8)=0, (5.94b)
where
i) = J d*pv,(p) Ip) , (5.95a)
Tij>=fd2p Vi(p)pj Ip) (5.95b)

represent the projections onto the charge current and stress tensor (momentum current). Ex-
pressions for |j) and |T) come from multiplying L onto the conserved modes. The projection
of |j) and |7) onto |p) and |p) will lead to ideal hydrodynamics (the L ) terms in (5.90)).
First-order hydrodynamics arises from the W’ terms in (5.90); the next two subsections detail
each case in turn.

5.2 Zeroth-order hydrodynamics

To obtain zeroth-order (ideal) hydrodynamics, we must project the currents onto the density
modes. This means that we approximate

lile) = (i

Now, the D, symmetry group immediately implies that

(5u‘p)+5vj

pj>) . (5.96)

(jile) =0, (5.97)

as these two objects transform in different irreps. Hence we must calculate instead

of, Ofeq) de
. _ 2 [ _“Jeq _ 2 [ _Zlea) 0€ -
<]i pj>—fdp( e )Vipj fdp( e )apip]

of
- JdZP (_8_;)?1 =9y fdzpfeq = Podyj- (5.98)

1
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Therefore within ideal hydrodynamics,

J; R Py o6V, (5.99)

in agreement with our earlier results in Sec. 3. A similar calculation reveals that

<Tij

which can be understood by noting that the density can only overlap with the U(;r -component
of 7, but holds even more generally on thermodynamic grounds [34]. Interestingly, we observe
that 7, j does have an R; component, so let us check whether or not 7, j could have a coefficient
proportional to 6v;:

afeq de
(ilpe) = f dzp (‘W)a_pipfpk - f @ (8,pi+6,p;) fug =0, (5.101)

where the latter integrals arise due to the observation that the D, invariant equilibrium distri-
bution can only support nonzero expectation values of functions in the U irrep. That this in-
tegral has to vanish on group theoretic grounds is nontrivial, since a conserved entropy current
can be constructed (in the absence of coupling to background gauge fields or geometry) [34].

P)=pb,;. (5.100)

5.3 First-order hydrodynamics

Now, we turn to first-order hydrodynamics. We denote the “incoherent” parts of the currents

<P’Tif>

T?}°>E.TU>— ooy P (5.102a)
i) = i) — éﬁ{zé\ i) (5.102b)

to be the components of the microscopic currents that do not overlap with hydrodynamic
modes. Observe that, e.g.,

Ly lp) = ik, |i™). (5.103)
By the definition of W’ (5.91), we can therefore immediately deduce the first-order corrections
to the equations of motion by evaluating matrix elements of the inverse collision integral W™*
(which is well-defined on nonconserved modes). To do this, it is convenient to first split the
stress tensor into its three irreps via

[T ) =]ra)+ ’Tyy> ) (5.104a)
o) =7 ) = |Tye) s (5.104b)
{\Tx>, Ty>} E{ Txy>+ Tyx>, xx)— Tyy>} B (5.104¢)

where, in the last line, we defined 7, = Aijkrjk. Using 0™ = yD to denote the incoherent
conductivity, we find

= (1_|Wt_), (5.105a)
45:( mejwW gy (5.105b)
4n5 = (T, W 7)), (5.105¢)
o8 = (W), (5.105d)
2a5 = (1;|W™1 J]%HC). (5.105¢)
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Figure 7: Plots of the Fermi surface in momentum space for ABA trilayer graphene;
the three panels correspond to different values of the Fermi energy E, leading to
different Fermi surface geometries and hydrodynamic coefficients. The three values
of E are 0.004 eV (a), 0.008 eV (b), and 0.024 eV (c); the corresponding hydrody-
namic coefficients are reported in Table 2.

Indeed, upon plugging (5.105) into (5.90), we recover (3.28). This demonstrates that (5.105)
gives the dissipative coefficients within a kinetic theory. Observe that Onsager reciprocity—
which relates a to 8 via (3.34)—is guaranteed by the symmetry of the stress tensor; we will not
refer to B further in this section. Furthermore, the required positivity conditions on dissipative
coefficients are assured by the positive semidefiniteness of W.

Note that we have made the somewhat crude approximation that all eigenvalues of W
are either O or Te_el. Correspondingly, all of the dissipative coefficients in (5.105) depend on
temperature T through 7, e.g., n, ~ W~ 1 e ™ T2 up to subleading log T corrections.
However, in reality, whenever the Fermi surface is a convex polygon, this assumption is likely
to break down. The problem is most studied on circular (isotropic) Fermi surfaces [49-52],
where one finds that even harmonics of the distribution function are much shorter lived (except
for the charge/energy density) while odd harmonics of the distribution function are long lived.
However, this notion of even versus odd harmonics stops making sense upon restriction from
O(2) to Dg: As noted in Sec. 2.1.2, the kth harmonic R, of O(2) realizes a combination of
the scalar irreps USE of Dy if k is a multiple of three, and realizes R, (the vector irrep of D)
otherwise. In particular, note that the odd harmonic k = 1 and even harmonic k = 2 both map
to R, under D; more generally, there is no hierachy of even versus odd “harmonics” under D.

Additionally, in our consideration of trilayer graphene in Sec. 5.4, we note that many of
the resulting D-invariant Fermi surfaces are not convex, so there may be no hierarchy of time
scales between distinct types of Fermi surface excitations (see Fig. 7). A more detailed scrutiny
of these points would be an interesting direction for future work.

5.4 Estimate of o on (half of) ABA trilayer graphene’s Fermi surface

It is instructive to determine the relative magnitudes of the dissipative hydrodynamic coeffi-
cients in an actual concrete model of a Fermi liquid with a triangular Fermi surface. Note that
we consider graphene so as to recover particular values for a relative the other dissipative co-
efficients in a familiar 2D material; our goal is not to consider the rich electron hydrodynamics
of graphene (including effects resulting from broken Galilean invariance) [15,53].

Following [54], we consider the triangular Fermi surfaces that arise near the K-point in
the Brillouin zone of ABA-trilayer graphene [55]. In ABA trilayer graphene, the inversion-
symmetric partner of this Fermi surface will arise elsewhere in the Brillouin zone. Whether or
not it is possible to gap out exactly one of these Fermi surfaces to obtain a genuinely triangular
Fermi surface, the microscopic band structure for this material (which is numerically computed
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Table 2: Dimensionless hydrodynamic coefficients for ABA graphene; columns corre-
spond respectively to the Fermi surfaces plotted in Fig. 7. The last row captures how

close a given Fermi surface is to saturating the Onsager constraint (3.36).

Coeff. Be l 0.004ev | 0.008ev | 0.024ev
i} 0.27(5) 0.35(2) | 0.252(7)
n, 0.30(2) 0.29(0) 0.0887
4 0.24(4) 0.386 0.0094
5inc 0.50(0) 0.40(6) 0.0929
a 0.056(9) | 0.1394 | 0.138(2)
a2 /7 eine 0.023(5) | 0.13(6) | 0.814(0)

from a six-band model identically to what is described in [54]) represents a useful example
for what one might expect in other (quasi-) two-dimensional electron liquids.

As in [54], we numerically determine the Fermi surfaces for varying Fermi energies E; like
in graphene, E; = 0 would correspond to a charge neutral point with vanishing Fermi surface,
so when Ej is small we can identify small triangular Fermi surfaces. We measure the average
Fermi velocity (squared) near the Fermi surface, which we denote as (VI?). We then consider
kinetic theory in the relaxation time approximation where all nonvanishing eigenvalues of W
are given by 1/7 .. Following (5.105), we then define the dimensionless transport coefficients

- (T_|W|z_)
N, = o > (5.106a)
(Px|Px) (VE) Tee

P Vi
)

4¢ = , (5.106b)
(PxlPx) (VE) Tee
475, = (T /W™ 7;) (5.106¢)
U (pelpa) (V) Tee
5ines UEWZL) (5.106d)
66 = ——m—s—, .
T {plp) (V3 Tee
(e W)
a (5.106¢)

51" = .
T V) (Pl (V2 Tee

The right hand side of these equations effectively normalizes each quantity by the typical
scale that one expects for these hydrodynamic coefficients: Dividing by 7, effectively removes
W', and the resulting denominator in each fraction corresponds heuristically to the expected
susceptibilities of the stress tensor or current operators (we did not use the exact susceptibilities
as that would trivially make certain constants equal to one). In each case, we find the constants
on the LHS obey, e.g., 0 < 7) < 1. When 1], < 1, it signifies that the Fermi surface is too close to
circular [16,54]; when { < 1, it signifies that the Fermi surface is too simple and there are not
Uy modes that can distort the Fermi surface without modifying the density; when Gt < 1,
it again signifies the Fermi surface is too close to circular (when it will obtain approximate
Galilean invariance [53]). And most importantly, when & < 1, it signifies that while D
symmetry is exact, the inversion-breaking is (in some sense) weak, and it will be challenging
to see the new hydrodynamic coefficients of the D-invariant fluid.

We now report the results of our calculations and give a sense of the relative scale of a
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in a material with a D -invariant Fermi surface, compared to the viscosities and incoherent
conductivity. The corresponding Fermi surfaces are plotted in Fig. 7, and the hydrodynamic
coefficients are reported in Table 2. We observe that a is generally somewhat smaller than
other coefficients, but it is not smaller by multiple orders of magnitude. Thus, it is possible
that the effect may be visible in a realistic electron liquid with D, symmetry.

6 Outlook

We have presented the hydrodynamics of a two-dimensional fluid with D, point group. In
contrast to earlier works which focus on the viscosity tensor [16-21], we have additionally
found a new dissipative coefficient @ (and its Onsager partner f3), which is allowed by the
explicit breaking of spatial-inversion and time-reversal symmetries.

We expect that the simplest way to look for a # 0 in experiments on electron fluids is to
use nitrogen-vacancy center magnetometry [8,9] to detect currents at the center of symmetry-
exploiting device geometries proposed in Sec. 4. However, it may also be possible to look for
this effect in classical soft or active matter made up of microscopic constituents that prefer to
be arranged in a “triangular lattice”. We are not aware of any liquid crystal molecules that
are appropriate for this purpose, but it may be possible to engineer active fluids comprised of
triangular objects following [56], which studied parity-breaking active matter fluids made out
of spinning disks. We hope to return to this problem in future work.
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A Stream function and steady state equations

A.1 Steady-state equations of motion

Starting from the steady state continuity equations, (3.50), we can obtain expressions for
the density p and streaming function 1 (3.49). The linearized continuity equations take the
general form

0=0,p+0Jj; (A.1a)
0=p0,v; + ;7 (A.1b)
where
Ji=povi—Dgp—ar; oy, (A.2a)
Tij =P Oy = Ny 9V = BAijp (A.2b)
M =1 (0% + 0707, ) + L85+ noeyyen (r20
Aijk = 5k,lal)'cj + 5k,20?j > (A.2d)
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and p = c?p. We then write the continuity equations for charge and momentum as

o,p=—V-j=—p, (V . v) +DV?%p + 2a8x8yvx + a(é’z ay)vy , (A.3a)

Pyo,v; = —czaip + najajv + {0, 8 v+ noﬁjeﬂa €V t+ ﬂ)tl]ka P> (A.3b)

and we can also write 8]. €j; = —€; 6’]. for convenience.

We now take the steady state limit (6,0 = J,v; = 0), which implies that V - j = 0, and in
any continuous two-dimensional space, this implies that the current is the curl of some scalar
field,

Ji= poeijajl,b , (A4)
where 1 is the “stream function” and j, = poaylp and jy = —p,0,4y. We can relate the
velocity to the stream function via

D a
ve=8p+—08p+—(3v,+8,v,), (A.5)
Po Po
D a
v, = —0.Y + —ayp +— (axvx — ayvy) , (A.5b)
Po Po
and we also have
Vv =—v2p+2—aav +—(a2 a2)v,, (A.6a)
Po Po Po
2 QA (H2_ _o &
Vv ==Vt (82-82)v, 21O 2.0,v,, (A.6b)

and we can recursively insert the expressions for v = to recover equations for v; (along with
V-v and V x v) in terms of p and v alone, to arbltrary orderin £,

We find equations of motion for the density p and stream functlon 1) by taking the diver-
gence and curl of (A.3b), given respectively by

AV =+ V*(V-v)+P2A;88,8p, (A.72)
0=(n+n,)V?(Vxv)+p8e;A,,8,8,0, (A7)

which we can simplify using the expressions for the divergence (A.6a) and curl (A.6b) of the
velocity. Using these results, we now write the original continuity equations in terms of p and
1 alone.

Starting from the modified biharmonic equation,

vy =25v2(392-02)3,y, (3.52)
we seek perturbative solutions in £. To lowest order, the solutions are of the form
Y, y) =Yy y)+EY,(x,y), (3.53)
where the unperturbed piece 1), satisfies the usual biharmonic equation,
Vi, =0, (A.8)
and the perturbation v, satisfies
Vhp, =2V (302-82)8 1. (A.9)

We now recover the particular solutions v ; relevant to the hexagonal device experiment
proposed in Sec. 4.1.
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A.2 Equation for the density

Taking the divergence of (A.3b) recovers

0=—c*V2p+(n+QV?*(V-v)+pA,;,8,0,9p,

AV =+ V2V -v+6(382-32)3,p, (A.10)
D a
2V2p = (n+) V2 (p—Vzp - (302-22) axw) +p(382-22)a,p,
0 0

and ignoring the O({ ge) terms— containing two factors of the O({ ) coefficients 0, {, D, a—we
find 5
2 _ P 2_ a2 _ 2_ 72
V=5 (302-22)a8,p=¢(382-32)a,p, (A.11)

and in the limit & = 3 = 0, corresponding to hexagonal rotation symmetry (point group D,,),
we recover
V2p =0, (A.12)

in agreement with Ref. [17].
A.3 Equation for the stream function
Taking the curl of (A.3b) (i.e., multiplying the jth component by 8l.eij from the left) recovers

0=—c20e .8.p+nV28.e.<vj+§8.e .8j8kvk—3ieijnoejk8 de v +Bde.A,,00p, (A.13)

i1 i ij i1ij i k“m-mn’'n i1 jklY kTl
and we note that 3iel.j 8j =0 and €€k = —&,,, and the above becomes
0=(n+n,) Vzal.eijvj + B¢, (51.’10’](‘1 + 5j,20-il) 9,.9,p
=(n+n,)V? (3ieijvj) +p (—ﬁya’kcl + axail) 3.0,p
=(n+n,)V2(vxv)+p(82-382)a,p, (A.14)

and we simplify this expression using the following relations:

— v+ X (0252} _2 &
Vxv= v¢+p0(ax 82)v, 2poaxayvy

:_v2¢+pﬁo(aj—aj)[ayw+...]—2pﬁoaxay[—axzp+...]

:_v2¢+pi(3aj—a;)¢+o(z§e), (A.15)
0
czaxp = anvx + 0, (V . v) — noay (V X v) + 2/38X5yp

=nV2[3,y+... | +78,0(¢,)—n,8, [~V +...]+2B3,3,p,
¢*0.p=(n+n,) V23,4 +0(€2,), (A.16)

where we note that 3, p is O({,,), so if we insert the expression for J, p into the 33 p term,
all new terms will be O(Ege), and therefore subleading. We find similarly for 8y o,

czﬁyp = fnvzvy + Cﬁy (V'v) +n,0, (V X v) +p (8)62—3},2);)
= V3[04 +...]+¢2,0(,.) + 0,8, [-V2 +... ]+ B (82— 32)p,
¢?3,p=—(n+n,) Vo +0(€2.), (A.17)
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and using this, the final equation for the stream function ) is

a4, _ & o 2 2 B o 2 2 2
\Y w_p—ov (3ax—ay)ayzp+c—2v {zaxay+(ax—ay)ay}w, (A.18)
and the final result is
4, [ @ B 2 2 2 _ 2 2 2
v w‘(p_o%—z)v (sa2-37)o,w=28v2(357-27)a,y. (352

A.4 Complex coordinates

We note that (3.52) is easier to solve in complex coordinates,
. - . . 1 - 1 .
g=x+iy, Z=x—1iy, with x=£(z+z), y=§(z—z), (A.19)
i
where the various derivatives are related by

d,=0,+3, 3,=i(9,—3,), and 8Z=%(8X—i8y), a.=%(ax+iay), (A.20)

z

and the relevant derivative operators can be neatly written as:

V2 =432, (A.21a)
(302-a2)a, =4i(a?—a?), (A.21b)

and the modified biharmonic equation takes the form
9,9,{9,0,— 215 (8’ -3})}w(z,28) =0, (A.22)

where we have dropped an overall factor of 16 for obvious reasons. Note that the combination
of 823 and 8;’ (with prefactor &), acts on the mth harmonic by shifting it to m — 3.

A.5 Polar coordinates

It is also useful to consider (3.51) and (3.52)—as well as their solutions—in polar coordinates,

1 1
x=rcos@, y=rsinf, 3x:c0598r——sin086, Byzsin98r+—cos(986, (A.23)
r r
from which we also have

02 =cos00%— Lsin2003, + Lsin2082+ 2sin? 03 + = sin20 3 A.24

'~ = cos ! —;sm . 9+ﬁsm 6+;sm r+§sm o > (A.24a)

1 1 1 1
8},2 =sin®0 92 + - sin26 3.9, + = cos® 0 97 + - cos? 63 — = sin26 3, (A.24b)

from which we surmise

1 1
V?=080=02+02=08*+-0;+-0., (A.25)
il X y r r2 rr

and also in30 _, 4 lcos30 . 4
302-92="""" 92T 10093, — -5 + ~ sin264a,, A.26
x Y sinf ” rsm 0 r cos@® T r2 s o ( )

where we used

cos36 = (cos2 0 — 3 sin? Q)COSQ , and sin30 = (3 cos® O — sin? Q)SinG. (A.27)
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Taking advantage of the fact that partial derivatives commute, we apply ay to (A.26) to
get

6

(32-22)a, =sin36 {af —~ %arag —~ %af + 50+ %ar}

3., 1. 9 8
+ cos30 {;8r 39—r—389 —§8r39+r—389} 5 (A.28)
which is invariant under 6 — 6 + 27/3, consistent with the D, rotational symmetry of the
Fermi surface.
The biharmonic operator V4 = (V2)? takes the polar form

2 1 2 2 4 1 1
4_ g4, 29292 L a4 293 S 492 HToy Lo L
Vi=0"+ rzar oy + r439 + ré’r rgarag + r489 rzar + r38r, (A.29)
in agreement with [46].
Finally, in polar coordinates the current has components
C . . : . 1
j.=*F-j=cos(0)j, + sm(Q)]y =Py (cos(@)ay — sm(9)8x) Y = ~Po Y, (A.30a)

jo =07 =—sin(0)j, +cos(0)j, = —p, (sin(6)3, + cos(0)3, )y =—p,3,%.  (A.30b)
A.6 General solution to the biharmonic equation

Ignoring the perturbing terms on the RHS of (3.52), the general solution to the biharmonic
equation in polar coordinates is well known [46], given by
Y(r,0) = a0r2+b0r2 Inr+cy+d,Inr + (a(’)r2+b(’)r2 Inr+cy+d, lnr) ]
+(a1r+b1 rPdc r i Hdr Inr) cos6 + (a;r+bg rPtc i dr Inr) sin6
+(A;r+D;rlnr) 0 cos® + (A, r+D;rInr) 6 sinf

oo
+ Z (a,r™+ b, r™2+c r™+d r*™)cos(mb)
m=2

m
oo
+ Z (a/ r™+ b r™2 4 r™™ +d/ r*™)sin(m6) . (A.31)
m=2

For the components of the current j, = Po€;; 8].1/) to be nonsingular at the center of the device
(r = 0), many of the coefficients in (A.31) must be zero. Additionally, the terms with a factor
of 0 correspond to undesirable rotating solutions that are discontinuous as 6 passes through
27 (i.e., the discontinuity emerges because these are not periodic functions of ), and we set
these coefficients to zero as well.

The remaining, physical terms are given in polar coordinates by

oo
Yo(r,0) =a,r*+b,r* Inr + Z {(am +b, %) r™ cos(m0) + (a:n +b )" sin(m@)} ,
m=1
(3.55)
or in terms of complex coordinates as

(A.32)

Yo(2,2) = a0§z+%b0£z ln(iz)+z {(am+ b_3z) (zm;—gm) +(a/ b iz) (Zm—.ém) } ’

m=1

where we have absorbed the m = 1 harmonic into the infinite sum.
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A.7 Solution to leading order in &

Equipped with a general solution to the unperturbed problem (3.55), we will now determine
1), by solving
4 o2 2_ 42
vy, =2v%(382-2) 2, v, (3.52)

which is most conveniently accomplished in complex coordinates, where the above takes the
tidy form

160202, (2,2) =321 (82— 32) 8,0,,,, (A.33)
with 1), given by (A.32), so that (A.33) becomes,

82024, = 4b, 23—2 Z (m+1)' { gMm=3 4 gm=3 gMm=3 g

m—3
0 —b . (A.34
() } (434

2 m 2i
and particular solutions—correspondmg to each term on the RHS of (A.34) above—can be
found using Mathematica. The resulting particular is

b 23—23 Z 3+52 3 Z 3—2 3
= 0 /252 252 /
Z2,Z2) = — +12b,2°2°+2°% m(m+1 b —b " ,
Ebl( ) — 3 54: ( ) 2 m 2%

(A.35)
and in polar coordinates,

Y,(r,0) = b,yr sin(36) + ré Z(n +3)(n+4) r" {b 43 cos[n@]—b,  .sin[n 9]} , (A.36)
n=0
and we can add to this any biharmonic functions (i.e., any of the terms appearing in (3.55)),
giving for the general solution at first order

Y,(r,0) = b,yr sin(30) + r4 Z(n+3)(n+4) rt {bn+3 cos[n@]—b,_ ,sin[n 0]} (A.37)
n=0

oo
+d,r*+ Eo r?Inr+ Z {(a,+ Bm r?) r™ cos(m0) +(a’ + Bin r?) r™ sin(m0)},
m=1
where the coefficients with twiddles should not be confused with the same set of terms that
appear in the zeroth order solution.

A.8 Current in polar coordinates

In polar coordinates, the radial and angular components of the current are given by

o1 ,
Jp=7Po% W, and jy=—p,5.v, (A.38)

and writing j(r, 0) = jO(r, 0) + £ jV(r, 0), the zeroth order current is given by
. P
i, 0) = =2 G5y
o0
= Py Z mr'"_1 a +r2p )cos(m@) (a +r2b )sin(m@)} , (A.39a)

iVr,6) = —py 0.4,

o0
—poT {2a0 +(1+2Inr) bo} — P, Z mrm! {am cos(m0) +a;, sin(m 0)}

m=1

— P, Z (m+2) rmt! {bm cos(m6) + b/ sin(m 0)}, (A.39b)

m=1
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and the first order correction is given by

. P
]Sl)(r: 0) = TO 391/)1

=3p, bocos(39)—p0r3 Z nn+3)(n+4)r" {bn+3 cos[n6]+b;+3 sin[n@]}

n=1

+ P, Z mrm! {(&:n +r? E:n)cos (mO)— (dm +r2 Bm) sin(m6)},  (A.40a)

m=1

Jjg (r.6) = —py 8,4,
=—p, b,sin(30) —48p, b5 >

+p,r? Z(n+3) (n+4)* r*{b_,,sin[n0]—b/ 4 cos[nO]}

n=1

—pPyT {2&0 +(1+21Inr) Z’o} — Py Z mrm {dm cos(m@)+ d;n sin(m 9)}

m=1
— P, Z (m+2) r™*! {b_cos(m0)+Db/ sin(m6)}. (A.40Db)
m=1

B Details for the hexagonal device

Starting from the equation of motion for the stream function, (3.52), we derive solutions to
leading orderin & = a/p, =/ 2, which is O(¢ «e)- The stream function relates to the current
at the device center according to

ji ZPOGU(?’J-"(/J, (3.49)

where 1 is the stream function.

B.1 Current from the leads

Looking at (3.58), the current at the origin of a D6 fluid with arbitrary boundary conditions is
given by

j,(r—=0)=pya, +p,& (&’1+b0:|:2b0) , (4.64a)

J, (r—=0) = —p, (a1 + 5&1) , (4.64b)
where the £ above depends on whether x — 0 is taken first (+) or y — 0 is taken first (—).
Hence for the current to be well defined everywhere, we must have b, = 0, and this will be
the case for the boundary conditions of interest.

Note that the mth harmonic term in v (r, 6) corresponds to the R irrep of O(2). Regarding
Fig. 4, we conclude that the 0 dependence of the current at the boundary,

JJ_(G) = jr(R,G), and ]”(9) = jQ(R79), (Bl)

must correspond to the R, irrep of D, (or restrictions of irreps of O (2) to D,, corresponding
to R,). The harmonics with m even but not a multiple of three correspond to irreps of O(2)
that reduce to the R, irrep of O(2); therefore, only these harmonics can be nonzero.
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The general functional form of j, (6) and j”(Q), constrained to the allowed harmonics, is
given by

i@ =p, > mR"{(a,+R*b.)cos(m8)—(a, +R>b,)sin(m6)} (B.22)
mmezvgn
m mod 3#0
i® ==py Y. R"{(ma, +(m+2)R*b,)cos(mO)+(maj, +(m+2)R*b],)sin(m6)}
m=>2
m go?iv%naéo
(B.2b)

with a,, bm,a;n, b;n all zero unless m is even and m not a multiple of three. We note that
this precludes m = 0 terms, including the undesirable coefficient b,. We match the boundary

currents j, and j|| (which encode the current in the leads) to jﬁo) and jéo) only; thus, jﬁl) and

jél) vanish at the boundaries.

We consider the arrangement of leads depicted in the right panel of Fig. 4 and assume
that the wires are infinitesimally thin. We then model the current through the leads via delta
functions,

j, 0)=j,06(0—-2n/3)+6(0—57/3)—6(0 —n/3)—6(0—4n/3)), j”(9)=0, (B.3)

corresponding to current normal to the surface flowing in at 60 and 240 degrees and flowing
out at 120 and 300 degrees (measured counterclockwise from the positive x axis), and no
current in the 0 direction at the boundaries.

B.2 Resulting current in the device

Using (B.1) and the functional form of jﬁ%) from App. A.8, we match the angular and radial

current components to the boundary functions (B.1), and integrate both sides against cos (m 6)

and sin(m 0) from —7 to 7 to fix the coefficients in jﬁoe). The resulting relations are

—poR(2a,+(1+2InR) b,) =0, (B.4a)
pomR™ ! (a/ +R*b) ) =0, (B.4b)
2 2
—P, mR™ 1 (am +R? bm) = Ejin (sin(—) —s (@)) , (B.4c)
—pORm_1 (m a, +(m+2) R? bm) =0, (B.4d)
poR™* (ma/ +(m+2)R*b ) =0, (B.4e)
from which we conclude that
a. =b =0. (B.5)
Using the fact that
2
sin(m) —sin(ﬂ) =1+C1D™ sin(m) ,
3 3 3
the other coefficients are given by
.. o
0, = Jp m+2(1+(-1) )sin(mn), (B.6a)
TP, m Rm-1
i (L4 (=)™
p, = —2m 0D )sin(m), (B.6b)
np, RmH 3
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where sin(m/3) is zero if m is a multiple of three, and (1 + (—1)™) is zero unless m is even,
as required by representation theory.
The zeroth order currents are given by

(o]

]-50) (r,0) = —p, Z mrm! (am +r? bm)sin(m 0)

4j. = [ r\2m-l r? . (2mm
=—7 Z(I_{) 1+m 1—15 s1n(

m
10,00 =~y 37 77 (may +(m+2) ) cos(m0)

4j & m— 2
_ _%;(mﬂ) (}%)2 ' (1—}%) sin(znTm) cos(2m@),  (B.7b)

where we took m — 2 m since only even m are permitted. Note that both components of the
zeroth order current vanish as r — 0. Moving to first order, we have the particular solutions

)sin(2m9) R (B.7a)

]'51)(’39) — _% i A-1D)Ynn+3)(n+4) (}%)n ” sm(rf3 ) cos(n o)
n=1

oo

+ P, Z nrt! (d; +r? B;)cos (n9), (B.8a)

n=1

i) = % ; (1—(=1)" (n+3) (n+4)? (}%)HB sm(ﬁg3 ) sin (n 0)

— P, Z rm~t{mal +(m+2)r? B;n }sin(m 6). (B.8b)

m=1

Because all boundary conditions were satisfied at zeroth order (since the leads do not know
about £ # 0), both components of the current must vanish at the boundary This means that
the coefficients @, b = 0 for all m, while the coefficients &, and b have been included
above to cancel out the partlcular solutions at the boundary.

Matching boundary conditions at first order requires that

~/ 277\ _ jin _(_1\ : nn
n(a +R*b) = —npOR” 1-(D"Yn(n+3)(n+4) sm( 3 ) (B.9a)
~/ 273/ 277 _ ]11‘1 _( n 2 . mn
n (@ +R*b))+2R*b! = T (1—(=1" (n+3) (n+4) sm(—g ) (B.9b)

and we can solve for these coefficients to find

o Jin B nn

&=~ =) (1+3) (144 sin( 51,

./ 2j n

bn_m( —( 1) )(Tl+3) (Tl+4) sm( 3 ) (BlOa)
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and so the full current to O(&) is given by

‘ 4j. = [ r\2ml r2 C(2mm) .
j.(r,0)= - (E) (1+m(1—1§ s1n(T)s1n(2m9)

m=1
_ 2
i]; ; Q- n(n+3) (n+4)( )n ' (1—1%2) sin(%) cos(n@), (B.11a)
jo (r,0) = —47jtin Z (m+1) (lg)m—l (1 — Ir{—z) sin(znTm) cos(2m0)
L8 Jm

2(1—( ") (n+3) (n+4)( )H

X (1—R—2) (n—(n+4) R—z) sm(n3 ) sin(n0) . (B.11b)

B.3 Stream function in the hexagonal device
The full stream function in polar coordinates is given by

w(r,9)=—27TR—Ijin i % (}%)zn (1+n(1—;—2)) sin(zg) cos(2n9)
0 n=

1

gJH;HZEQ—( D) (1+3) (n+4) (1) 4sin(%) sin (n 0)
iﬁf;;u 1) (+3) i+ ) (1) (1 2R—Z)sm(”3 )sin(n6),

(B.12)

which, in Cartesian coordinates is given (to lowest order in x and y) by

P (x,y)=— V3R (xz_yz)(z_%)+o(r6)

TP, R?
204/3¢&j, 0v3
— —Esjm (xz +y2) ¥+ O(rg)—gjln (2x%+2y? RZ) y+0(r).
TPyR
(4.65)
C Details for channel flow
C.1 Equations of motion
We start with the linearized continuity equations,
0=20,p+0d,ji, (C.1a)
Ozpoatvl.-l-ajrﬁ, (C.1b)
which can be written explicitly as
d.p=—pydv,+D3% +2a8.0,v, +a(32-32)v,, (C.2a)
Pe0 vy = —czaxp + nazvx + Cﬁxajvj — ”r)oay O €Vt /Skijkaﬁkp , (C.2b)
poﬁtvy :—czayp+n82vy+§’8y8jvj+'r]oax8 €V +ﬁ7tl]k - (C.20)
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C.2 Rotated coordinates

In considering channel flow in Sec. 4.2, we must consider arbitrary orientations of the Fermi
surface relative the channel walls. For concreteness, let us suppose one of the edges of the
triangular Fermi surface aligns with the x axis in (3.28).

The coordinate rotation is given by a matrix R(¢) with X, =R, .(cp) X; for the coordinates

(and generic vectors) and aj =R(¢) i u Bu R, J((p) Where we use Greek indices for the

rotated coordinate frame. Explicitly, we have

~ . aN . a
%) _ [ cosyp sing)(x  and *| = [ cosy sing o) .3)
y —sinp cosp J\y 8}7 —singp cosgp ay

Since the coordinate change leaves all but the D terms unchanged, we need only consider

its action upon these two terms:

A...8.0.v, = 0.0%0.v_+3.0%.0.v

ijk% % Vi % e T Y%y
=V -R-0*-R"-¥(6;-R"-9)+ ¥ -R-0* R -V (¢, -R"-7), (C.4)
where we have
V-R-0*-R"-V = sm(2(p)( )+2 cos(2¢)d; 0. , (C.5a)
V-R-0?-RT-V = cos(2tp)( ) 2 sin(2¢)3; 8 (C.5b)

and therefore

28,8,y = cos(ip) [sin(2¢) (82— 82) + 2 cos(2¢)2,5, ]
—sin(p) [s1n(2<,0)(82 )+2 cos(2)3; 9., | v,

Ve
i1
+ cos(p) [cos(2<p)(82 ) 2 sin(2¢)0,.0, :|
;]

+ sin(p) [cos(Zc,o)(a2 ) 25in(2¢)0,0; | vy, (C.6)
and we can combine like terms to find
Al]ka 0. Ve = {sm(?up) (82 )+ 2 cos(3¢p) 0,0, }
+ {cos(3¢) (82— 32)—2 51n(3<p)3285/} v, .7
and likewise,
28,0, p = {sin(3¢) (82— 82) +2 cos(39) 3,9, } 5, ;. p
{cos(3ap) (82 ) 2sin(3¢) 3, 9; } Ky P (C.8)

which we note is symmetric under 27t/3 rotations (which preserve a triangular Fermi surface).

C.3 Continuity equations

We now introduce an electric field E oriented along the channel (in the X direction) by replac-
ing spatial derivatives of the density p everywhere they appear according to

o.p—>0p—yxE, (C.9)

where E,, are the electric field components, and y = p,/ c? is the charge susceptibility.
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Combining this with the rotated terms proportional to a and 3, we now take 3,0 = J,v; =0
(the steady-state limit), giving new continuity equations

pV-9=DV?p+a (3)(2 - 3},2) (sin(SQp)v;( + cos(3g0)v}_,) +2p, &8, (Cos(Sap)vi —sin(3tp)v5,) , (C.10a)
2o p=c?yE+nV2iv, +(08, (V-¥)—n, 9, (Vx7)+c*E [sin(3go) (65(2—35,2) +2 cos(3np)6i8y} e, (C.10b)

czé’yp =n V2 vy +(:6y (@ . 17) +n,0; (@ X \7) +c%¢& [cos(Sgo) (BXZ - 3}%) -2 sin(3ap)8§ca}7] p, (C.10c)

and we further restrict to solutions that do not vary with X: Setting all J, terms to zero gives

poayvy =D 8}3 p —asin(3p) 8}3 v, —a cos(3¢p) 8; Vg (4.68a)
—c?>yE = (n + no) ayz v, — B sin(3¢) 85,2 o, (4.68b)
czayp =n+Q 85,2 vy—/j cos(3cp)85,2p, (4.68¢)

with the components of the current given by

Jg = PoVi + Dy E—acos(3p)d, v; +asin(3¢)d; vy, (4.69a)
Jg = povy—D 8}7 p +asin(3p) ay vy +a cos(3¢) 85, vy (4.69b)
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