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Abstract

We study the entanglement and the energy density of the radiation emitted after a local
quench in a boundary conformal field theory. We use the operator product expansion
(OPE) to predict the early- and late-time behavior of the entanglement entropy and we
find, under mild assumptions, a universal form for the leading term, which we test on
some treatable two-dimensional examples. We also derive a general upper bound on
the entanglement, valid along the full time evolution. In two dimensions, the bound is
computed analytically, while in higher dimensions it is evaluated at early and late time
via the OPE. These CFT predictions are then compared with a doubly-holographic setup
where the CFT is interpreted as a reservoir for the radiation produced on an end-of-the-
world brane. After finding the gravitational dual of a boundary local quench, we compute
the time evolution of the holographic entanglement entropy, whose late-time behavior
is in perfect agreement with the CFT predictions. In the brane+bath picture, unitarity
of the time evolution is preserved thanks to the formation of an island. The holographic
results can be recovered explicitly from the island formula, in the limit where the tension
of the brane is close to the maximal value.
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1 Introduction

This paper is devoted to the study of properties of the radiation injected into a conformal
field theory (CFT) by a local modification of the vacuum. In particular, we consider a CFT
with a boundary, and focus on the effect of an excitation of the boundary degrees of freedom.
The ensuing burst of energy moves at the speed of light, and can be collected and studied at
infinity. There are multiple reasons to be interested in this setup. For instance, boundaries can
be engineered or be relevant in condensed matter experiments. Impurities are often modeled
in the infrared as conformal boundary conditions [1, 2], and one can imagine preparing the
impurity in an excited state, and measuring the excitations which propagate in the material
once it relaxes to its ground state. More generally, the setup we consider has a certain degree of
universality, and we expect observables of the kind discussed in this paper to arise in virtually
any situation where real time dynamics of light degrees of freedom (the CFT) is considered
in the presence of heavy degrees of freedom (the boundary). We will take the boundary of
the system to preserve part of the conformal symmetry of the bulk, and create the excitation
by acting with a local boundary operator on the vacuum. Similar local quenches have been
considered before in homogeneous CFTs [3-7]. In this work, we prove various general results
on the entanglement entropy and the energy density of the radiation, both in two and higher
dimensions. In particular, we discuss a universal bound on entanglement, which turns out to
be generically saturated at early and late times. To do so, we take advantage of an operator
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product expansion (OPE) whose convergence along the real time evolution of the system we
prove. We also illustrate our results in a few examples, before moving on to strong coupling
and entering the realm of holography.

Indeed, much of the recent interest in the real time dynamics of conformal field theories
with boundaries comes from a theoretical motivation. In AdS/CFT [8], boundary CFTs (BCFTs)
can be used as laboratories to study processes in quantum gravity which require degrees of
freedom to be able to escape to infinity. Indeed, while CFTs per se provide a UV complete
definition of quantum gravity in AdS, the required boundary conditions make energy con-
served, and forbid radiation from trespassing the AdS boundary. Most notably, large black
holes do not evaporate. In order to alleviate the problem, one can couple the AdS boundary
to a reservoir [9], which can be taken to be a CFT without dynamical gravity. In this con-
text, much of the recent progress in understanding the black hole information paradox [10]
has happened [11-13]. The role of BCFT arises by taking the reservoir to be holographic as
well, thus defining a doubly-holographic system. In one duality frame, the gravitating region
is replaced by its boundary, and one is left with a BCFT. If, on the other hand, we replace
the CFT degrees of freedom with their own gravity dual, we land on a description of the sys-
tem which involves a higher dimensional asymptotically AdS space, ending on the union of a
portion of the conformal boundary and the lower dimensional space where the evaporation
process is taking place [13,14]. The latter boundary can be modeled by an end-of-the-world
(EoW) brane [15-18], where, contrary to the asymptotic boundary, the metric fluctuates. In
view of the BCFT axioms, unitarity of the evaporation process is guaranteed, and in particular
the entanglement entropy of the Hawking radiation must follow a Page curve [19]. In this
context, the question is how to compute the Page curve. The mechanism by which unitarity
is restored may well have to do with subtle properties of quantum gravity [20], but whatever
the UV origin for this IR phenomenon is, it must change the rules by which entanglement is
computed, if the paradox must be avoided.’

It is remarkable that such new rules exist. If one wants to compute the entanglement
entropy of a subregion X of the bath, one is instructed to use island formula [11,13,21-23]:

S(X) = min (M
I \ 4G

N

+ Ssemi—classical(z U I)) . (1)

Here, I denotes the island: a second codimension one region located in the gravitating part
of spacetime. A is the area of the boundary of the island, and Sg.p;.djassical 1S the entanglement
entropy of the quantum fields, computed in the fixed semi-classical background.

The island formula has a two dimensional proof based on the Euclidean path integral
[22,24], but our understanding of the gravitational path integral is incomplete and at times
puzzling [25], and it is useful to look for approaches which are controlled and manifestly
UV complete. In the doubly-holographic setup, eq. (1) looks less surprising, because the
appearance of the island can be understood from the properties of the Ryu-Takayanagi (RT)
[26] surfaces which compute entanglement entropy in the higher dimensional duality frame
[13]. In fact, the BCFT (or interface CFT) framework has proved valuable in understanding
entanglement in quantum gravity beyond the black hole information paradox. In particular,
it has become clear that islands are a generic property of the entanglement wedge of the
radiation coming from a gravitating region, and are necessary to unitarize processes where
the black holes may or may not be present [27-34].

Most of the quantitative analyses performed in this context have dealt with systems in the
vacuum, or in thermal equilibrium. One of the purposes of the present work is to initiate the

IThe situation is somewhat analogous to the entropy of an ideal gas and the associated Gibbs paradox. In that
case, the solution of the paradox lies in the indistinguishability of the particles, a deep quantum mechanical fact.
On the other hand, the exact entropy can be computed just by modifying the rules of the game, and compensating
for the overcounting.
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study of the entanglement of the radiation arising from a pure state, in a doubly-holographic
setup. This involves, in the first place, studying the holographic dictionary that translates the
local boundary quenches described above into geometric states in AdS. Once the dictionary
is set up, we compute the holographic entanglement entropy of subsystems of the BCFT, and
match the results to the dual picture, thus validating the dictionary itself. We also recover
the result from the ‘brane+bath’ perspective, using the island formula (1). The match of the
holographic result to the island formula is done in detail, in the case of a two-dimensional
system, along the lines of what was recently done in [35, 36], and confirms the validity of
eq. (1), in a quantitative way.

The paper is organized as follows. In section 2 we describe the setup in detail, discuss
the observable central to this work and its available OPE channel. Section 3 is devoted to the
study of entanglement entropy in the CFT, and to the derivation of a universal bound. The
bound can be expressed in closed form for all times in two dimensions—eq. (52)—and it
can be evaluated at early and late times in higher dimensions—eq. (67). In section (4), we
exemplify the previous results via explicit computations using the replica trick. Section 5 is
dedicated to heavy states in two dimensional holographic CFTs: there we study the gravity dual
to the boundary quench, we compute the entanglement entropy via the RT prescription and
reproduce it with the island formula, and discuss the energy density profile of the radiation.
We conclude in section 6, with a few future directions.

Note added: While this draft was being finalized, reference [37 ] appeared, which partially
overlaps with our section 5, including in particular the study of the holographic dictionary for
boundary local quenches.

2 A pure excited state in a boundary CFT

Let us begin in two dimensions, for notational simplicity, although all the statements in this
section immediately generalize to higher dimensions. Consider then a two dimensional con-
formal field theory (CFT), in Lorentzian signature, with a flat timelike boundary. We take the
boundary conditions to preserve the SO(1,2) group of conformal transformations which do
not displace the boundary. Locally, the symmetry is enhanced to one copy of the Virasoro al-
gebra. This setup is usually known as a boundary CFT (BCFT). We put the CFT in an excited
state by acting with a local boundary operator at the origin of space at t = 0. More precisely,
to ensure that the state is normalizable, we displace the insertion in Euclidean time:

0) = ! O(x =0, t = +ie)[0) . @

V{O(t = —ie)O(t = ie))

Notice that € is a finite positive number. The presence of the boundary is understood in the
definition of the vacuum |0), as will be in all correlation functions in this work. We will
always? take O to be a quasi-primary operator with scaling dimension A. As it can be checked
for instance measuring the expectation value of the stress tensor, this state is characterized
by radiation incoming towards the boundary, being reflected and going back to infinity, see
e.g. [38]. The setup is depicted in figure 1. Besides the expectation value of the stress tensor,
we might be interested in measuring various other observables: for instance, the moments
of the energy distribution, or the Rényi entropies associated to a subregion. Each of these
observables contains information on the radiation. Since the state is not an eigenstate of the

2With the exception of subsection 4.1, where for simplicity we consider the case of a Virasoro primary.
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Figure 1: A sketch of the state considered in most of this paper. The Lorentzian dy-
namics involves energy reflecting off the boundary. It takes place in the (x < 0,t)
half-plane, which is here represented by its Penrose diagram. The Euclidean section
is shaded, with the Euclidean time direction T entering the page. The boundary op-
erator O that creates and annihilates the state is displaced along 7, and one insertion
of a component of the stress tensor is shown for illustrative purposes.

Hamiltonian, all of them will be time dependent. Nevertheless, it is important to notice that
the state (2) is an eigenstate of a different conformal generator. Indeed,

0
1(K—-f-ePO)K'))=A|O> . ()
2\ €

If we were to use this charge as the generator of time translations, all correlation functions
in this state would be time translational invariant. This is especially useful in the holographic
context, since it implies that the dual geometry has a time-like Killing vector. We will exploit
this fact in section 5.

In this work, we shall mostly be interested in the local properties of the radiation, as mea-
sured by the expectation value of local operators. Notice however that this set of observables
includes the Rényi entropies associated to a semi-infinite interval, as we shall review below.
It is therefore important to first distill the constraints imposed by conformal invariance and
the operator product expansion (OPE) on the generic three-point function of a bulk and two
boundary operators, which we do in the next subsection.

2.1 Analytic properties of the correlation function

Let us denote by ¢ a quasi-primary bulk operator, scalar for simplicity. Then the correlation
function

(O(TI)O(T2)¢(X:T)> > (4)
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Figure 2: The cross ratio { takes the value in eq. (6) when the operators are placed
as in the figure. The new cross ratio r parametrizes the position of the bulk operator.

up to a trivial kinematical prefactor, is a function of a single cross ratio

. x? (Tl—Tz)z
T2+ (7= 7)) + (7 —7)2]

¢

()

Here, 7, T; € R are initially Euclidean directions. The correlator (4), for a particular ordering
of operators in Lorentzian signature, computes the expectation value of ¢ in the state (2).
Since we care about the Lorentzian dynamics, we should check the analytic properties of the
correlator along the Wick rotation contour [39]. These are most easily seen after the following
change of variable:

. 4r2
(1422

The new cross ratio r has a simple geometric meaning, illustrated in figure 2. It is not hard to
see that every Euclidean configuration for the correlator (4) can be brought to the one in fig-
ure 2 by a conformal transformation. In particular, notice that the range of r can be restricted
to r € [0, 1], because an inversion maps any larger value back to this range. Correspondingly,
eq. (6) is invariant under r — 1/r, and { € [0, 1] in Euclidean signature.

The three-point function (4) can be expanded in powers of r, thanks to the boundary
operator product expansion (OPE)

¢ (6)

$(x,T) = ) by XA O (1), )

where O; are boundary scaling operators with dimension A;, and bg; are real OPE coeffi-
cients in a unitary theory (if we choose a basis of real operators). In view of the usual radial
quantization argument [40], the expansion of eq. (4) in powers of r converges absolutely for
0 < |r] < 1. In other words, r is the p-coordinate for the three-point function under con-
sideration [41]. As a consequence of absolute convergence, the correlator can be analytically
continued in the region 0 < |r| < 1, where r is promoted to a complex variable. Since the scal-
ing dimensions appearing in eq. (7) are positive real numbers, r = 0 is generically a branch
point, whose cut is convenient to place away from the Rr > 0 half-plane. The open half-disk
|r| <1, $ir > 0 is mapped to the complex plane of {, excluding the two lines { <0and { > 1.
We conclude that the correlator (4) is analytic there.

While the negative ¢ axis is occupied by the cut dictated by the OPE (7), it is interest-
ing to ask about the analytic properties on the { > 1 line, which corresponds to r = e,
with 8 € [0,7/2] or 6 € [0,—m/2]. For our purposes, it is sufficient to notice the follow-
ing. Looking at figure 2, we see that nothing special happens at r = 1. More formally, the
three-point function admits a Taylor expansion around this point. The expansion can again be
interpreted in radial quantization, this time around r = 1, in terms of states created by bulk
scaling operators—in fact, all descendants of ¢. It therefore converges absolutely in a disk of
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1 2 3 t -1 —0.5 0.5 v

Figure 3: On the left, the cross ratio ¢ as a function of time at fixed x and €. On the
right, the same cross-ratio as a function of v on .#% at fixed €.

radius one, which means that the correlation function is analytic in this region, including at
r = 1. Going back to {, we conclude that there is no singularity in { = 1.3 This regularity
property can sometimes be used to put constraints on the CFT data [42], and in a different
context is at the heart of some versions of the bulk reconstruction program in AdS/CFT [43].

2.2 Expectation values in real time and the Operator Product Expansion

We are now ready to perform the Wick rotation and discuss the availability of an OPE in the
configuration of interest, shown in figure 1, in that case with ¢ = T. It turns out that this
step is especially simple in our case. Consider measuring the expectation value of ¢ (x, t), for
fixed x at all times. Then, in eq. (5), T; = —T, = €, while T = it is the only variable we will
need to dial. Starting at t = 0, the configuration is Euclidean, so the correlator is evaluated
on the Riemann sheet where the OPE converges, with 0 < {(t = 0) < 1. As time proceeds, the
cross ratio is real and positive, and reaches the maximum value { =1 at t = v x2 — €2, while
asymptotically .

4 et 4x . ®

~
t~+00

The function {(t) is shown in the left panel of figure 3. Since the correlator (4) is regular at
¢ =1, the expectation value is bounded at all times, and more importantly the OPE always
converges, except at most when { = 1. The OPE (7) converges best around ¢ = 0, which is
seen from eq. (8) to correspond to the late time limit. The fact that the late time asymptotics of
the correlator is fixed by a convergent OPE is a valuable tool, and we will use it in the following
to predict a largely universal behavior for the energy flux and the entanglement entropy of the
radiation.

We will also be interested in measuring the expectation values of observables in the asymp-
totic region .#7, as depicted in figure 4. In the next section, we shall illustrate the conceptual
advantages of this configuration. In this case, it is convenient to consider the following com-
pact coordinates

2 x—t
U=—arctan( ),
I 4

2 x+t
V=—arctan( ),
T 14

3The symmetry r — 1/r guarantees that no additional singularity is introduced in the change of coordinates,
so that the correlator is single valued around { = 1.

9)
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Figure 4: The time evolution of the observable (black dot) in compact coordinates
(on the left) and in cross ratio space (on the right). As the operator moves along .#7,
the path in cross ratio space has a perfect Z, symmetry. At i® and i*, the value of
the cross ratio is { = 0, while on the light-cone emanating from the origin { = 1. On
the other hand, the time evolution at fixed x starts at t = 0 with a generic value of
{ €(0,1). The path still reaches { =1 and goes towards { = 0 at late time.

which both take values between —1 and 1. The cross-ratio takes the form

‘- (e/€)? [tan% + tan %]Z (10)
[tan2 Z¥ + (e/£)2][tan2 & + (e/€)2]

The arbitrary scale £ will be set to 1 in the following. Then, on .#%, i.e. U =—1, one finds

2
€
{=——F~+——+0U+1). (11)
tan2 (%) + €2
As shown in figures 3 and 4, the evolution of { is symmetric around V — —V, and in particular
both the early and late time* limits
2.2 2.2

ne ne
~ 1)? ~
o T, e

(V—1), (12)

are controlled by the same boundary OPE (7).

3 Universality in the entanglement of the radiation

We now focus on a specific expectation value, i.e., the one-point function of the twist operator
in the excited state of the BCFT. This will allow us to extract universal features of the entropy
of radiation at early and late time.

3.1 Replica computations and boundaries

We are interested in computing the entanglement entropy of the radiation produced by a
boundary quench. Let us first consider the discussion in generic d and then specialize to d = 2.

“We shall often use the inappropriate word “time” for the lightlike coordinate V.

8
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The boundary is stretched along the time direction and d — 1 spatial coordinates. Therefore,
for a flat boundary, a time slice is just a half hyperplane of dimension d — 1. The codimension-
two entangling surface divides the half hyperplane into two regions A and A and the reduced
density matrix is defined by integrating out the degrees of freedom of one of the two regions

pa=Trz(p). (13)

We will pick the entangling surface to be a half sphere anchored on the boundary, see figure 7.
In the two-dimensional case, it reduces to a point in the bulk. The physical reason for this
choice is that the state (2) injects in the CFT a burst of spherically symmetric radiation, and
so a spherical entangling surface is sufficient to probe its entanglement. This highly symmet-
ric setup of course has technical advantages and it has been studied before for the vacuum
case [44,45].

The entanglement entropy is simply the von Neumann entropy associated to the reduced
density matrix

Sgr = —Tr(palogp,), (14)

and it is useful to introduce the Rényi entropy

1
S, = log Tr(p™), 15
n =1, 108Tr(pz) (15)

a one-parameter generalization such thatlim,_,; S, = Sgg. A common strategy to compute (15)
is through the replica trick [46,47], where one computes S,, using a path integral on a repli-
cated manifold where the different replicas are sewn together along codimension-one hyper-
surfaces ending on the entangling surface. For us, this manifold will be a n-fold half-hyperplane
‘H,,. The vacuum Rényi entropy is then given by

1 Z[H,]

S, = ——1
"I B Z[H

(16)

where Z[ M] indicates the partition function calculated on the manifold M. Equivalently,
one can introduce a twist operator o, i.e., an extended excitation localized on the entangling
surface. o, is best interpreted as a defect in the orbifolded tensor product CFT"/Z, [48-50].
The vacuum Rényi entropy in a BCFT is then computed by the expectation value of the twist
operator in the presence of a boundary

S, log (o) . 17)

1-n
The generalization to an excited state |O), such as the boundary quench introduced in sec-
tion 2, is just [51]

1

—n

o _
S, =

log(O®"|o,|O®"), (18)

where we introduced the notation |[O®") to denote a state associated to a multiple-copy oper-
ator O®", i.e., a local operator inserted at the same point in each replica.

Both the quantities (18) and (17) are plagued by UV divergences associated to short-
wavelength correlations near the entangling surface. A UV-finite quantity is provided by the
excess of entropy

1 O@n o O@n
AS, =89 -5, = 1og< 19,107) |
" 1—n (O-n>

This is the observable of interest for our work. For integer n in generic dimensions, the numer-
ator of (19) is a 2-point correlator of multiple copy operators in the presence of two defects

(the twist operator and the boundary). It is therefore highly non trivial to extract universal

(19)

9
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Figure 5: The Penrose diagram of the setup described in the main text. Left panel.
The dashed line is the trajectory of the entangling surface (a point, in 2d) which
separates the spatial slice in two. Right panel. The twist operator in this case sits
at £+,

information on this quantity. Some simplification occurs in two dimensions and we now spe-
cialize to that case. On the other hand, in section 3.3, we will find a general bound for the
entanglement of radiation in any dimension, i.e., for the quantity

n—
In two-dimensional CFTs, the twist operator is a local conformal primary of scaling dimen-
sion ;
c
A, =—n=—=], 21
12 ( n) o

and the numerator of (19) is effectively a three-point correlator in the presence of a boundary.
Inserting a single twist operator in the bulk we are measuring the Rényi entropy of a spatial
region extending from a point x, where the twist operator is located, to infinity. This setup
is represented in the left panel of figure 5. Despite the physical process we have in mind
involves an external injection of energy at a given time t = 0, the BCFT observable (19) we
are considering is time-reversal invariant. Therefore, the outgoing radiation (represented in
red in figure 5) is compensated by an ingoing radiation coming from past infinity (blue in
figure 5). Since we are not interested in collecting the latter, at the end of the computation,
we will move the twist operator towards the future lightcone .#* by taking the limit U — —1
in the compact coordinates (9).

Our starting point is the Euclidean setup depicted in the upper left part of figure 9. The
twist operator is inserted in a generic complex point z, with Re(z,;) < 0 with a branch cut
extending from there to the point at infinity. The multiple-copy operators are located at Eu-
clidean time 7; = € and 7, = —e. We need to compute

1 log {0,(20)O0®"(y1)O®"(y2))
1-n (0,200
where z; = x+i 71, y; =i€ and y, = —i € with x < 0. In the following we will assume that O is
a quasi-primary operator, in which case AS,, is sl(2,C) invariant. As discussed in Section 3.2,
the correlator (22) will depend on the single cross-ratio (5). We now consider the early- and
late-time limit of AS,, and use the OPE to constrain those regimes.

AS, = (22)

10
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3.2 The boundary OPE at early and late time

As we discussed in Section 2, the (early- and) late-time behaviour of a one-point function in
an excited boundary state is controlled by the limit { ~ 0, i.e., the only OPE channel that
is available for this observable. Specifically, the lightest boundary operators appearing both
in the OPE of two operators O and in the boundary OPE of the twist operator provides the
leading contribution for t — 0 and for t — oco. The lightest operator is clearly the identity,
which leads to a disconnected contribution

(0 n(20)O®M(y1)O®(y2)) ~ (T (20))(O(y1)O(y))" . (23)

This cancels precisely the denominator in (22) yielding a vanishing contribution to AS,. In
other words, as expected, the identity contribution equals the vacuum Rényi entropy. There-
fore, the leading term for { — 0 is given by the lighest operator above the identity. Let us as-
sume, for the moment, that this is the displacement operator. In a BCFT, the displacement can
be easily introduced as the boundary limit of the orthogonal components of the bulk stress-
tensor, whose defect OPE is always non-singular. Its scaling dimension is then equal to the
spacetime dimension d. For a two-dimensional BCFT, the displacement D(7) for a boundary
streched along the Euclidean time direction reads

D(t)=T(it)+ T(—it), (24)
which should be combined with Cardy’s boundary conditions [52]
T(it) = T(—it). (25)

The Zamolodchikov norm of the displacement operator is determined by the two-point func-
tion c
(D(1)D(0)) = 2, (26)

and in two dimensions it is fixed in terms of the central charge of the bulk CFT C, = 2c.

The correlation function (O®"|c,|O®") is defined on a n-fold cover of the spacetime, and
the operators O®" creating the states are n-copy operators. Their OPE contains both single-
and multiple-copy operators respecting the Z, replica symmetry. The single-copy displacement

operator is given by:
n—1

D(r)= > 1®"®D(1) & 18D, 27)
m=0
and, for the moment, we assume it is the lightest operator which also appears in the defect
OPE of the twist operator. Notice that the two-point function of D will be given by Cp = nCp,.
Under this assumption, we can expand the correlator relevant for (22) in the OPE limit { — 0
and we find that the leading contribution is given by
(0,(20)0%"(71)O%"(7,)) 14 COODbaDg

~

(00(20)){O(T1)O(T))" Cp

where cyop is defined by the three-point function

> (28)

n n _ CooD
(OO IP) = o am o (29)

whereas b, is the bulk-to-defect coupling of the twist operator and the displacement operator

(D(t)o,(x +it)) by x2
(o, (x+iT)) ~ (x2+(r—1/)2)2" (30)
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We will determine the coefficients coop and b,p using Ward identities, thus providing a uni-
versal contribution for the leading early- and late-time behaviour of the Rényi entropy (22).

To determine cypp it is important to remember that the stress tensor has a non-singular
boundary OPE and its three-point function with two boundary operators is fixed by holomor-
phy to

Coo
(O (O™ ITEN) = o maa, -TmZ)Z(Z e (31)
and similarly for 7(2). Here the stress tensor 7 () (and 7 (%)) is understood as the single copy
stress-tensor symmetrized over all the copies, analogously to what we did for the displacement
operator in (27). Since the boundary OPE is non-singular, the Cardy gluing condition (25)
imposes that coo7 = oo Using the definition of the displacement operator in (24) we
conclude that coop = 2cpo7. Through the Ward identity

f 2—2 (O® (1t ))O® (2 )T (x +it) + T (x —iT))) = o, (0®™M(7,)0%"(75)), (32)
0

we conclude that
COOT =nA. (33)

The two-point function of the twist operator with the single-copy displacement D(y) nor-
malised by the vacuum expectation value of the twist operator is computed either from the
contribution of the Schwarzian after the uniformising transformation [46,47] or equivalently
by using the Ward identity

f T {D()0,()) = {0, () (34)
From this we find
_ 2
(D(t)o(x+i7)) = A8nx (o (x+1T)), (35)

T (x2 4 (T —1)2)2

c 1
where A, = Ip) (n - —) is the scaling dimension of the twist operator. We then conclude that
n

b,p = —4A,. The above considerations completely fix the leading behaviour in the OPE limit
{ — 0 of (22):

(IS, _ 1 _ 8”? An L+ 0%
N (50)
=1- 20 =De s o1,
n

which is universal and depends on the state only through its scaling dimension A. Then the
Rényi entropies take the form

n+1
3n

AS, = AL+ 08P, (37)

which can be trivially analytically continued to n — 1 and gives the (early-) and late-time
behaviour of the entanglement entropy:

2
ASgp = §A§+O(C2)- (38)
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In fact, it is easy to go one step further and resum the contributions of the sI(2) descen-
dants of the displacement operator. The conformal block of a quasiprimary of dimension A
exchanged in the correlator (4) is

X AN 1
gA(g) g 2 1(2)2) 2:4) ( )
Setting A = 2 and using b, pcoop/Cp = —A(n*>—1)/3n as computed above, we get

ASnlD:n:l_lA(]‘_\ 1Igarcsin\/z), (40)
\| -
ASgglp :2A(1— 1 arcsin \/Z) (41)

While this is not an accurate approximation for the entropy beyond order { in the general case,
eq. (41) has an independent meaning, as we will see in subsections 3.3.1 and 5.3. From the
point of view of the OPE, in subsection 4.1 we will furthermore prove that eq. (41) resums
the only single-copy contributions that survive in the n — 1 limit.

An important assumption for the derivation of eq. (38) is that the displacement is the ligh-
est operator in the boundary OPE of o,. It is certainly true that the only operators appearing
in the boundary OPE of o, are multiple copy operators, except for the Virasoro identity mod-
ule which includes also the displacement. This can be seen by performing the uniformizing
transformation, under which the two-point function (Oc,,) for a single copy boundary opera-
tor O is mapped to the one-point function () which generically vanishes. The only exception
is the identity module where the quasi-primaries in the OPE (e.g. the displacement) receive
a Schwartzian contribution. Therefore, if we want to look for operators that are lighter than
the displacement operator, we need to look for double copy operators. Suppose the lightest
boundary operator in the BCFT O; has dimension A;, then we can construct [%] double copy
operators of dimension 2A; of the form

[0 =1""80(r)® 1% @ O, (1) ® 1°" ™ 2 4+ 7, symm. (42)

From this analysis, we conclude that the displacement is certainly the lighest operator in the
boundary OPE of o,, when
Ap>1, (43)

i.e., in particular, when the boundary does not have relevant deformations. A further constraint
arises if we restrict to holographic theories, i.e., when we take a large central charge ¢ and a
sparse spectrum. In that case, all single trace operators are suppressed and the OPE of O x O for
the single copy theory consists only of double trace operators. The lightest of such operators
has dimension 2A and since we need to consider a double-copy operator for it to have a
non-vanishing OPE with o,, we have that the leading double trace contribution to the Rényi
entropy comes from an operator of dimension 4A. We then conclude that, for holographic
theories

Range of A | Lightest operator | AS,, for { — 0

A<1/2 [0°]2 G(n) ¢*4
+1

A>1/2 D A ¢

where the result for double trace operators is given in [5-7] and

n—1

Gmy=—"S (44)

1 ()
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In conclusion, for holographic theories the displacement always accounts for the leading term
at late time if the boundary operator that generates the quench has dimension A > 1/2. For
non-holographic theories, instead the requirement is that the OPE O x O does not contain an
operator with A; < 1.

3.3 A bound on the entanglement of the radiation

Based on our construction, we can expect that the excess of entanglement entropy (20) van-
ishes at late time. A less trivial question is whether we can find a universal bound on its (early-
and) late-time fall-off. Here we successfully address this question analytically using the rel-
ative entropy bound [53]. We will show that the late-time behaviour of the entanglement
entropy is bounded by a function which only depends on the scaling dimension of the primary
operator creating the state A and we show that this bound is optimal by discussing examples
where it is saturated.
The Bekenstein bound [54] is a universal bound on the entropy of a region in flat space:

S<kEL, (45)

where E is the total energy contained in the region, L is a characteristic length of the system
and k is a numerical constant of order one. Casini [53] interpreted the left-hand side of the
bound as a renormalised Von Neumann entropy S(p,) — S (pg) of some region A, where py
and pg are the reduced density matrices of the excited state and the vacuum respectively. This
is precisely the excess of entanglement entropy introduced in (20). We stress again that this
difference is finite and well defined because the divergences do not depend on the state, but
rather on geometric properties of A [55]. The right-hand side, instead, is interpreted as the
renormalised expectation value of the vacuum modular Hamiltonian K°, defined by

e‘K0
0_
Pa= Tre—K°’ (46)
up to a constant shift K® — K° + constant. Then the bound is re-formulated as
S(pa)—S(pg) < TrK%p,—TKpy, (47)

which is manifestly finite and well defined (in particular it is invariant under a constant shift
of the Modular Hamiltonian), when the reduced density matrices are properly normalized
Trp, = Trpg = 1. The bound (47) is a simple consequence of the positivity of the relative
entropy between the local density matrices of the excited and the vacuum state reduced to A:

0 < S(palpy) = Trpalog ps—Trpalog oy . (48)

The relative entropy between two density matrices S(p|p’) is a measure of the statistical dis-
tance between the two states and it is always positive. Clearly, this has important consequences
for our setup as it immediately provides an upper bound for our observable (20). Let us show
how to compute the r.h.s. of (48).

3.3.1 Relative Entropy Bound in d =2

For our two-dimensional setup, the region A is the interval extending from —oo to the position
—x of the twist operator. The associated modular Hamiltonian for the vacuum state admits a
local expression® [56,57]:
0 2 2
x“—=X
K°(x)= 27‘CJ Z—TOO(X)dX. (49)

—x X

°In general, it is not possible to find a local expression for the modular Hamiltonian associated to a given region
A. This happens only for very symmetric circumstances, like planar of spherical entangling surfaces.
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Tr(pK®) — Tr(p°K°)
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Figure 6: The bound on .#% as a function of v € [—1,1] at fixed e.

Let us consider the excited state produced by the boundary quench described in Section 2.
Since it is a pure state, its density matrix is simply

p =10){(0], (50)

where we used the definition (2). We want to compute the expectation value of the modular
Hamiltonian on the reduced density matrix p,, but thanks to the simple form (49) we actually
need to integrate the expectation value of Tr(T%p,) on the region A. By definition of reduced
density matrix, for a local operator O, in the region A we have Tr(O,p,4) = Tr(O,p), therefore
we can simply compute Tr(pK®). The expectation value of the modular Hamiltonian is then
completely fixed by the three-point function of the operator O with the stress-tensor [58]:

0 2 _x?2
Tr(pK°) = 27rf 5 (OIT%(t,X)|0) dX
x
—X
x2—t2—¢? t2—(x+1ie)?
=2A+iA 1 (1)
' 2xe 8 t2—(x—ie)?

=2A—2A 1g€arcsin\/z.

The second term on the r.h.s. of eq. (47) involves the expectation value of the stress tensor in
the vacuum, and therefore vanishes. Hence we directly get the bound

¢

Notice that the bound only depends on the state through the scaling dimension A and spread e.
Furthermore, it coincides with the contribution from the conformal block of the displacement
operator to the boundary OPE of o,, eq. (41). In particular, the bound is optimal at late
time—see eq. (38). This implies an important result: After subracting the contribution of
the displacement operator, the lighest operator in the boundary OPE of o, must give a negative
contribution to ASgg. In particular, this is true also for the cases described at the end of

ASpp < 2A —2A ¢ arcsin v/{ ~ %A L+0(0%). (52)
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B t
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Figure 7: The generalisation of the set-up to higher dimensions: the twist operator
3, (in black) is an half-sphere anchored to the boundary and centred on the (space)
origin, enclosing the spatial region A (in blue). On the right figure, the points in the
Penrose diagram correspond to half-spheres anchored to the boundary.

section 3.2 when the OPE contains operators that are lighter than the displacement. An explicit
example is the double trace contribution (44) which gives

ASgs = G(1){*A +0(¢*AM), (53)
with [5-7]
_ r@rea+n
6=~ r(za+32) G

The time evolution of the bound in the variable V introduced in (9) is presented in figure 6.

We emphasize that ASgg is the excess of entanglement entropy with respect to the vacuum
so it is not necessarily positive. From the examples in Section 4 we will see that the existence
of a lower bound on ASgg is very unlikely.

3.3.2 Relative Entropy Bound in d > 3

The two-dimensional setup can be easily generalised to higher dimensions, where the twist
operator is a codimension-2 conformal defect [49]. In d > 3 the radiation can also propagate
on the boundary, so the natural generalisation of the d = 2 case is considering the twist-
operator as a half-sphere SY~2, which intersects the boundary on a S¢=2, as shown in figure 7.
Related work on the relative entropy in excited states of higher dimensional CFTs (without
boundaries) can be found in [58].

The excess of Rényi entropy (19) for the density matrix reduced to the region A, enclosed
by the twist operator X, (t) is then given by

1 (32.(t) O (i€, 0) O (i, 0))
1—n 22 (% (6) g(O(—ie,0) Oie, 0)"

AS, = (55)

The early- and late-time behaviours are controlled by the OPE channel where the two bound-
ary operators, or equivalently the twist operator, are expanded in terms of local boundary
operators (for the twist operator, this it the limit where the hemisphere shrinks to zero on top
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of the boundary). The convergence of the OPE can be made manifest in p-coordinates. For
simplicity, we only treat in detail the three dimensional case. They basic observation is that,
since conformal transformations map spheres into spheres, the entangling surface can be fully
specified by its intersection with the boundary. We start from the Euclidean configuration of
our set-up with the two boundary operators at x; , = (+¢,0,0) and the two points given by
the intersection of the entangling surface with the boundary in x3 4 = (7, £R, 0).° Recall that
the first coordinate denotes Euclidean time. This configuration can be mapped via conformal
transformations [40, 41] to one which makes the convergence of the OPE manifest, shown
in figure 8: the position of the boundary is unchanged, while the two operators are mapped
to the points x7, = (%1, 0). The twist operator is still a hemicircle and it is parametrized by

x5, = (£rcos0,%rsin6,0), where
p= ret? (56)
is fixed by
4p
Zz=——, 57
(+p)2 7
with s y
x2 x X2, X
u=—St=zz, v=—T=(1-2)(1-2). (58)
X13X24 X13X94

In particular, in our configuration we have xésxi,r = xfsxédr, which implies 6 = 7. The whole
dependence on T, € and R is now encoded in the radius r of the hemisphere in p-coordinates
and the OPE converges if r < 1. Therefore, to consider the Lorentzian time evolution, T = it,
at fixed R and € we can simply analytically continue the function u and analyze the radius of
the hemisphere at various instants in time (notice that u is still real for T = it). The cross-ratio
is defined in the range 0 < u < 4 and it reaches its maximum for t = vR? — e¢2. The relation

between r and u is
_2—v4—u
r= e
then we find 0 < r < 1 and the OPE is convergent both at early time and late time (see fig-
ure 8) and at t = v R2 — €2 the entangling surface is on the unit sphere (red curve in figure 8).
To reach this conclusion, it is important that the path in cross ratio space is the same for the
Lorentzian time evolution and for the Euclidean evolution depicted in figure 8, so that the cor-
relator at late time is equal to the Euclidean counterpart at r < 1, which has a convergent OPE.

(59)

This OPE can be used to study the early- and late-time limits of the entanglement entropy,
analogously to what we did in two dimensions. Instead, let us consider the bound (47) in this
setup. Luckily, the modular Hamiltonian corresponding to the vacuum density matrix reduced
on an half-sphere in d-dimensions still takes a local form [57]

R*—%2 .
KO(R,t) = 2nJ d?1x —r T%(¢, %), (60)
A
where A is a space-like half-sphere, i.e. ¥2 <R?and y <0.”

As in the two-dimensional case then, the computation reduces to the integral of the expec-

tation value of the stress tensor in the excited boundary state

R?—3x?

000, =
R (OIT™(t,3)]|0) . (61)

Tr(KXpA) = 27'5[ d?1x
A

The generalisation to higher dimensions requires considering a spherical surface on the boundary, whose prop-
erties under conformal transformations are captured by the p coordinates defined in [59].

7In the Euclidean, we split a generic vector as x* = (x°, %) = (x°,x°%, y) = (x%,y), where 4 =0,...,d — 1 and
y is the direction orthogonal to the boundary B.

17


https://scipost.org
https://scipost.org/SciPostPhys.14.6.148

Scil SciPost Phys. 14, 148 (2023)

Figure 8: The configuration in p-coordinates of for our setup in d > 2 is the fol-
lowing: the boundary is at y = 0 (in grey) and we have two boundary operators
creating the states at (—1,0,0) and (1,0,0) (the green dots), the twist operator
parametrised by (0,—r Q°cosa,rsina) for a € [0, ], where Q® parametrises a unit
(d—3)-dimensional sphere (Q°Q"& a6 = 1). In the figure we show three different con-
figurations of the twist operator: e at early time t = 0 (in black), e at t = vR% — €2
(in red), e and at late time t > v R2 — €2 (in blue).

Contrary to 2d, however, the three-point function with the boundary (O|T%(t,¥)|©) is not
fixed (in 2d holomorphicity for the stress tensor allows to fix the correlator completely) and
depends on the conformal cross ratio {. We can still use the OPE to bound the late-time
behaviour of the excess of entanglement. The component T is parallel to the boundary, so
we should first discuss the spectrum of operators that are contained in the boundary OPE of
T, The displacement certainly appears, but in principle one could also have a boundary
spin-two operator W2 of dimension® d —1 < Ay, < d which gives a singular contribution,
such that T(y) = by y2" W 4+ by, D5 + .... Here we assume that this operator is
absent, i.e., we take the displacement as the lightest operator in the boundary OPE of T4,
Under this assumption, we can write

(T%(t,%) O(=i€, 0) O(i€, 0))  coo
(O(—ie, 0) O(ie, 0)) G

D (2¢)2(T(t,%)D(0,0)) +-- -, (62)

where the dots stand for the contribution of heavier operators and cypp is the coefficient of
the boundary 3-point function (OOD).

The bulk-boundary two-point function (T??(x?, y)D(0,0)) is completely fixed by confor-
mal symmetry [60] and in Euclidean signature it is given by

CD 4d yzxaxb B 5ab(x2 +y2)2

T (x4, y)D(0,0)) = , 63
(T*°(x% y)D(0,0)) = —— 27 y2)ie2 (63)
Continuing to Lorentzian signature, the correlator relevant for (62) is given by
Cp 4dy?t?+(t2—x2—y?)?
(T%(¢,x%,)D(0,0)) = —2- H A (C =22 y7) (64)

d—1 (t2 — x2 — y2)d+2 ’

8The lower bound on the A, is imposed by unitarity, while the upper bound is the request that this tensor is
lighter than the displacement operator.
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where in this equation we used x? = x®x,. We perform the integral in (61) by using coordi-
nates x® =rQ*cos 6 and y = rsin 6 with 6 € [—7/2,0]

. 2
27‘ECD Qd 3 a2, R2—r2 4dt*r?sin?0 +(t2—r?)
(Ka(t)D(0,0)) = J er %de r 2o "
%R d+1Rd

~C s
Pad-1r[E3]e2—r2e T 2(d—1)r[L2](2)¢
(65)
where Q4_3 = 25l /T [% — 1] is the volume of $9~ and in the last line we have considered
the OPE limit R/t — 0. Combining (61) and (62) we get

2‘1_17'cd%1 €R
Te(Kypa) = Coop - T Tda37 (—2) +..., (66)
(d-Dr[52] \t

where the dots refer to subleading terms. Since the stress tensor does not get an expectation
value in the presence of a boundary, we have Tr(Kng) = 0 and we can just insert (66) into
(47) to obtain a sharp bound for the excess of entanglement entropy at late time:

2d 1 % €eR d
ASu <o —(—) , 67)
EE OOD (d 1)F|:d :| t2

which exactly matches the result (51) in two dimensions with cnpp = A/7. Since equation
(66) has been derived starting from a three-point function of two boundary operators and the
stress tensor, it has to depend on a single cross ratio

R%(7,—1,)? _ 4R? €2
[R2+ (T —11)2][R2 + (T — 75)2] [R%2+ (e—it)2][R2+ (e +it)?]’

(= (68)
Here we used the same label as in (5) because the two cross-ratios are identical upon replacing
x by R. In particular, as in two dimensions, both the early and late time limits are controlled
by { — 0 so that we can rewrite equation (67) as

d+1
TT 2

2(d-1)T[42]

d
ASgg S coop gz, (69)

which provides a bound for the early and late time behaviour of the excess of entanglement
entropy in higher dimensions.

4 Light excited states

In this section we are going to study the time evolution of the entanglement entropy in two
simple setups. First, we consider the Ising Model and the state created by the fermion operator
on the boundary. Then, we consider the state created by the stress tensor on the boundary in a
generic CFT. In the former case we are able to compute analytically the entanglement entropy
at all times, while in the latter we present the result of the firsts Renyi entropies and the early-
and late-time behaviour of the S,, for any n. In both cases, the bound is perfectly saturated.
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Figure 9: The series of conformal transformations mapping our main observable (22)

to a 2n-correlator on the unit disk. The explicit expressions are given in the main text.
4.1 General strategy

In two dimensions, we can perform a series of conformal transformations to map the observ-
able (22), which we report here for convenience,

ASy
e l-n

_ (Un(zo)(’)@n(}’l)om(h))
(T n(20)) (O(y)O(y))

to a 2n-point correlator on on the half-plane. The transformation (1) in Figure 9

(70)

iT—3g
2 =

2x
maps the twist operators o, to the position g’ = —
to a disc of unit radius D (ju| < 1)

(71)
5. We then map the half-plane Re[z'] < 0
1
- _Z/ +35

===

2
The boundary is now the circle |u| = 1 and the twist operator is in the origin.

(72)
Using the Virasoro extension of the conformal group in two dimensions, we can also per-
form a holomorphic transformation to map the n-fold disc to the unfolded disc D

w=+u.

(73)
20


https://scipost.org
https://scipost.org/SciPostPhys.14.6.148

Scil SciPost Phys. 14, 148 (2023)

The correlation function of the n-copy operators with the twist operator, normalised by the
vacuum expectation value of the twist operator, is then mapped to an 2n-point correlation
function of the disk. Finally, we map back the unit disk to the half plane, using the inverse
trasformation of (72):

w—1
Z=——.
2(w+1)
We perform this series of transformations only in the numerator of (70), i.e., we use the iden-

tity”

(74)

<on(0)0®"(y1)0®"(y2)>:l—[(dZ)‘A (dZ)_A (@ OG)0w),  (75)

<O-n(0)) j=1 dZ Z=Y1,j dZ Z=Y2j =1
where A is the conformal dimension of the boundary operator O and
[ 1 T+1
Vim = itan(m—n+—arctan—lyk) . (76)
’ 2 n n by

In [6], equation (70) was re-organized in the sum of two contributions. While this is not
necessary for practical computations, it is natural and provides a simple interpretation for the
entropy bound (52), so we pause to review it. The universal and dynamical contributions are
defined as follows:

p(I-WAST™ {0n(20) 0% (y1)O®' (y2))" 77)
(0, (20))(O(y1)O(y))"
dyn o.(z O@n O@n
LmAST” _ (0 (20))" " {on(20) — (01) — (J’z))n , 78)
(0n(20) O®1(y1)O®(y,))
where O®!(y;) and O®!(y,) are single-copy operators on the same sheet. Thus
AS, = AS"™ + ASI™ (79)

The universal contribution can be evaluated explicitly for any n and the analytic continuation
ton — 1 is trivial:

A
_ 2n
e(l—n)ASEni" i (u1 u2)1 n ) Uy —uy
- n2n 1/n 1/n ’
Uy U (80)

— Uj +uy Uy
On the other hand, the dynamical contribution is theory dependent and we can only extract
universal information in the OPE limit. Comparing the result (80) with the bound (51) we
notice that they are perfectly matching. This means that the universal part already saturates
the relative entropy upper bound and any contribution that is added must be negative

AST" < 0. @81

The identification of the universal contribution with the bound gives meaning to the split-
ting (79) in the limit n — 1. Furthermore, we are now in a position to show that AS;"

9The Jacobian factors come from the assumption that the operator O is a primary operator of the (single-copy
of the) Virasoro algebra, which preserve the flat boundary. The corresponding transformations, restricted to the
boundary, may be the composition of a diffeomorphism connected to the identity and a parity transformation. In
this case, dz/dz’ < 0 and the transformation law of real boundary operators includes an absolute value, which
preserves the reality condition, and an extra possible sign for primaries which are odd under parity. The transfor-
mation (76) is orientation preserving and one can apply eq. (75).
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encodes the full contribution from the single-copy operators in the OPE. One way to proceed
is by direct analysis of the expectation value of the operators of the identity module in the
replicated geometry. We will instead show that no single-copy operator contributes to Asggn.
Indeed, consider the OPE of the n-copy operators in the numerator of (78), which contains
both single and multi-copy operators when n is an integer larger than 1. Resumming the
contributions of the single-copy operators only, we find

(Un(zo)0®n(Y1)0®n(J’2)) = n<0(3’1)0()’2))n_1 {(on(20) (9@1(3’1)0@1()’2)) +..., (82)

where the dots stand for the multi-copy operators. If we replace (82) in (78), we find

-1
e(1—n)ASSy“ _ n[ (Gn(zo))<?(3’1)0(1)’2)) ]n ..., (83)
(0n(20) O®1(y1)O®1(y,))
where we can identify the term in the bracket as the universal part (77):
n—1)% univ
e(l_n)ASrcllyn f ne( nl) ASEE —+— e e (84)

Hence, we find that the contribution from the single-copy operators to AS,ily]n vanishes as
n — 1. Combining this result with the observation that the universal bound coincides with
the sl(2) block of the displacement—eq. (41)—we conclude that only the displacement and
its derivatives survive in the n — 1 limit among the single copy operators. It is perhaps worth
stressing that some multi-copy insertions of the stress tensor on the boundary do survive in
the n — 1 limit, and appear in Asgf:n. We will emphasize their role in subsection 5.3, when
computing the entanglement entropy dual to a heavy state. There, we shall also come back to
ASEEN one more time, and point out its holographic interpretation.

4.2 The Ising model

In this section we consider the theory of a free fermion with a boundary, which corresponds to
the two-dimensional Ising model. We take a boundary state created by the fermionic operator
defined as the limiting value of the holomorphic and anti-holomorphic fermion operator de-
fined in the bulk. In particular, the two-point functions of the fermionic operators in the BCFT
are

1
21— 2y

(Y (21)Y(22)) > (1/3(51)1/3(52))

L WeE) = ——, ©5)
Z P4

21— 2y 122

and v(it) = y(—it). Then, we can use formula (75) to compute the (2n)-point function of
the fermion operators on the boundary of the disk

1
U —up

(P (uy P (uy))

(86)

This yields the Renyi entropies for any integer n as a polynomial of degree | 5 | in the cross-ratio

The result of this computation is
e(ImAS, — ﬁ [1 _ w C:| (88)
i=1 n? .
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This expression has been found from analytic computation for n = 2,...,6 and checked nu-
merically for higher n. Taking the logarithm of this expression, expanding the function around
¢ = 0 and performing the resulting sum over i, we find

o0

1 140\ n+1
AS”_1—nZE(¥) g(—zk, > ) (89)

k=1

where {(s, q) is the Hurwitz zeta function. For integer values and n > 2 this series is convergent.
The analytic continuation to n ~ 1 is more subtle because the series does not converge any
more, for non-integer values of n. Nevertheless, we can formally interpret our result as an
asymptotic expansion in {, which is analytic in n. The series we obtain for the entanglement
entropy, for n = 1, coincides exactly with the asymptotic expansion of the digamma function

Y(z) = 1;’((;)) around z = 00 '0:

1< (40
ASEE - 5 ; B2k

k

ol ()

where B,, are the Bernoulli numbers. In Figure 10, we show the time evolution at £ for Sgg
and the Renyi entropies for n = 2,...,6. Although our derivation was not rigorous, we notice
the the position of the curve is consistent with the extrapolation of the result for higher n.
Furthermore, expanding around { — 0

(90)

2 2
ASgg = g—f—l—(’)@é), (91)

we find perfect agreement with the behaviour predicted in (38) for A = 1/2 confirming that
no operator lighter than the displacement is exchanged in the OPE. Furthermore, consistently
with the bound (52), the first subleading correction is negative.

4.3 The stress tensor state in a generic CFT

We now consider a generic two-dimensional CFT and the boundary state created by acting
with the stress tensor at the origin. The bulk two-point functions of the holomorphic and anti-
holomorphic components of the stress tensor can be computed using the so-called doubling
trick [52]:

c - -

T(z)T (%)) = ————, (TGE)T (&)= ——,
(T(21)T(22)) 2z, —2,)* (T(21)T(25)) 2, —2,)°
where c is the central charge. The boundary value of the stress tensor T(it) = T(—iT) cor-
respond to the displacement operator on the conformal boundary, already mentioned in Sec-

tion 3.2.
The Renyi entropies can be computed again using the replica trick on the disk
(1-n)AS, _ (0(0) T®"(uy)T®"(up))
e "= > (93)
(o (0T (ug) T (u))"

but now we have to keep in mind that the stress tensor is not a Virasoro primary, then equa-
tion (75) does not apply. Indeed, under the uniformising map the stress tensor transforms
as

(T(2))T(2,)) = (92)

2(z1 —2)*°

1@ =( L) [ron-Swm]. o0

10A similar analytic was performed in [61].
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- 0.1

L / ! L v

-1 1

Figure 10: The time evolution of the entanglement entropy and the first Renyi en-
tropies in compact coordinates at .#*. In this graph, we have chosen € = 1 in (11).

where the Schwarzian derivative is

1—n?
2w2
Then equation (93) becomes a sum over correlation functions of m < 2n stress tensors mul-
tiplied the proper Jacobian factors and normalisation, times 2n — m Schwarzian derivatives.

The generic n-point correlation function of stress-energy tensor can be computed using the
recursion relation [62]

{u,w} = (95)

n

(T(z1)-- T(za)) = Z[(Zl —22i)2 2z izi azi] (T(z2) - T(z))
l=2n (96)
C
+ IZZI m <T(22) ces T(Zi_l)T(zi+1) cee T(zn» ,

which gives us the analytic form of the Renyi entropies. In Figure 11, we show the time
evolution of S, for n = 2, 3,4, in CFTs with different central charges. We can notice that the
¢ — oo limit does not commute with either n — 1 or { — 0. Indeed, the contribution of the
Schwarzian, which is leading at large c, vanishes in the limit n — 1 and is the less singular
contribution for { — 0.

A closed formula for the Rényi entropies of the state created by the stress tensor would be
rather convoluted. A more modest task is the computation of the early- and late-time behaviour
for any n, which turns out to be

4n
1 (wu)* " [ ug—uy 2(n+1) 5
ASn= 1! ==+ 0, 97
nT 1 _p og( nén ui/n—u;/” 3n ¢+0(&%) 97)

which perfectly agrees with (37) for A = 2. This is expected since the OPE of two displacement
operators does not contain any operator that is lighter than the displacement itself and it is a
strong consistency check of our results. The limit n — 1 is simply

ASgs =50 +0(8%). ©8)

in agreement with (38).
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NN /\ N\

Figure 11: The time evolution of the first Renyi entropies at .#™ for the state cre-
ated by the stress tensor on the boundary with € = 1, in CFTs with different central

charges: inordercz%,c-ﬂ,c-l ¢ =10, c =20, c = 10%.

1/r

0

Figure 12: A time slice of the region close to the AdS boundary with the EoW brane
ending on the conformal defect.

5 Heavy excited states and holography

This section is dedicated to the study of a heavy excited state in a holographic boundary CFT.
We take the boundary operator O in eq. (2) with scaling dimension A of the same order as the
central charge c, which is a large number. We will work in the semi-classical approximation,
disregarding 1/c corrections. The CFT also has a large gap above the Virasoro identity module,
so that its dual is approximately described by pure gravity in a locally AdS; background [63].
We also need to pick a conformal boundary condition, and for this we turn to the bottom up
model described in [17], where the asymptotically AdS bulk is cut off by an end-of-the-world
(EoW) brane, anchored at the location of the boundary in the BCFT. The action on the gravity
side is

1 2 1
S=— J dXB@(R+—)+AJ ds?4/¢ + J ds®y/eK +..., (99)
16nGy Bulk L2 Brane 8nGy 9 (Bulk)

where ¢ is the induced metric on the brane and the dots stand for the counterterms and Hay-
ward term at the intersection of the brane with the AdS boundary—see e.g. appendix A of [64].
In order to arrive at the gravity dual of the state in eq. (2), we shall first review the dictionary
in the absence of the EoW brane, in subsection (5.1). We shall include the brane in subsec-
tion 5.2, where we formulate the holographic dictionary between heavy boundary operators
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and AdS geometries. Then, we move on to measuring the flux of energy and the entanglement
entropy of the radiation: matching the results to the CFT computations, we find justification
of the proposed dictionary. Finally, in subsection 5.4, we re-interpret our computations in
the doubly holographic framework, and we show that the entanglement entropy computed
holographically implies the validity of the island formula.

Let us stress that, in general, classical geometry alone is not sufficient to describe the details
of a specific state in the dual CFT. Here we follow [3, 65] in constructing the dual geometry
of the local quench on the basis of the expectation value of the stress tensor. As we will see,
entanglement entropy in the CFT state will also be correctly accounted for at leading order
in the 1/c expansion. The microscopic origin of this agreement must be attributed to the
dominance of the Virasoro identity module, as we explicitly check.

5.1 Heavy operators in AdS/CFT

Let us first consider the state created by a heavy local operator, as in eq. (2), but in a ordinary
homogeneous CFT. The vacuum state of the CFT is dual to empty AdS; with radius L obeying
[66]

c= Sk . (100)

2Gy

Without the boundary, the holographic dual of a local excitation is given by a massive particle
falling in Poincaré AdS [3]. The construction of the back-reacted metric in this set-up was given
in [65]. The key is exploiting eq. (3). This equation says that the state (2) is an eigenstate
of the conformal Hamiltonian [67], which is nothing but the generator of time translation on
the Lorentzian cylinder. Of course, different values of ¢ are related by a dilatation, so the
parameter reflects the ambiguity of the change of coordinates between Minkowski space and

the cylinder.'’ The corresponding Killing vector of empty Poincaré AdS is

t>t/a, x—-x/a, z-oz/a, a>0, (101)
where as usual ) ) )
—dt“+dz“ +dx
2 )
dSPoincaré =L ( %2 ) . (102)

Composing the diffeomorphism (101) with the change of coordinates from global AdS to the
Poincaré patch [68], we obtain the one-parameter family of transformations which on the
conformal boundary connect Minkowski space and the Lorentzian cylinder:

al?+ (22 +x?—t?)/a
VIL2+r2cost, = ( )/ )
22
Lt
VL2 +r2sint, = —,

Z
(103)
al?+(t>—z*>—x?)/a
rcosf = s
2z
L
rsinf = —X.
Z

If we now fix a so that the generator in (3) is mapped to the translation of t,, we obtain a
frame where the geometry produced by |O) is static. This is easily seen to be

a=z. (104)

1The same ambiguity showed up in the choice of coordinates on the Penrose diagram, and was parametrized
by £ in eq. (9).
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For example, for a sufficiently heavy state, the geometry is specifically that of a black hole
sitting at the center of AdS [65]. In general, we are led to the following metric:

L2dr?

2 (2 12y1,.2
ds® =—(r“—qlL )dtg+r2—qL2

+r2d6?, (105)

where 6 is periodic with period 27 and L is the radius of the asymptotic AdS;. Here, we have
q=8GyM—1, (106)
where M is the mass of the particle at rest at r = 0 [69]. We will distinguish three cases:
1. ¢ =—1, which corresponds to M = 0, i.e. pure AdSs,
2. —1 < q <0, corresponding in AdS; to a conical singularity with deficit angle,
3. ¢ > 0, which is a black hole solution with a Schwarzschild radius ry = ,/q L.

The precise correspondence between g and the scaling dimension A is obtained by measuring
the stress tensor via the Fefferman-Graham expansion of the metric [70], as per the rules of
holographic renormalization [71]. The result is
12A
qg=——-1. (107)
c
The description of the state in the Poincaré patch is finally obtained via egs. (103,104).
Notice in particular that this diffeomorphism maps the trajectory r = 0 in global coordinates
to
x=0, z22—t? =€?, (108)

in the Poincaré patch. This confirms that the dual to eq. (2), in the absence of a boundary,
is a particle that enters the Poincaré horizon, falls to a minimum distance from the boundary
fixed by €, and accelerates away towards the future horizon.

5.2 The holographic dual of a heavy boundary operator

We can combine the analysis of the previous subsection with the AdS/BCFT described by the
action (99) to find the holographic dual of a boundary quench. The equations of motion
obtained from the action (99) include the Israel-Lancsoz conditions [72, 73]

Kab_Kéab :Agab: (109)

or equivalently
Kab :_lg’\ab- (110)

Following in the footsteps of the previous discussion, we start by looking for a geometry dual
to an eigenstate of the cylinder Hamiltonian. More precisely, we place the CFT on an interval,
so that the spacetime geometry is a Lorentzian strip. This renders our setup similar to the
interface considered in [64], and we shall be able to follow in part the analysis performed
there. The solution is given by the metric (105), restricted to the portion of space between
the conformal boundary and the EoW brane. The location of the latter is obtained by solving
eq. (110).

Since we look for a static solution, the embedding of the brane is specified by a single func-
tion O(r), which we want to find. There is an obvious Z, symmetry, and the parametrization
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6(r) only describes half of the brane—see figure 13. Furthermore, in the static case we can
parametrize the induced metric as

ds? =—f(r)dt§ + g(r)dr?, (11D
where the components are obtained by pulling back the metric (105) on the brane
f(r) = r2_qL2,
L? 5 (dO? (112)
= — 4+ _ .
S=Fn T (dr )

The matching condition (110) reduces to a single first-order differential equation

r?2 deo
T = VD™, (113)

L dr

where we took our boundary CFT, to live in 8 < 0. It is useful to first expand near the
conformal boundary (r — 00), where the parameter M can be neglected:
12dr?
ds? & —r2de? + —— + r2d62,
g 2
flr)=~r?, (114)

L2 ,(do\?
g(r)_§+r (5) .

We define the angle © in the (6, %) plane between the normal to the conformal boundary and
the EoW brane as

0(r) ~ £tan@, (115)
r

as shown in figure 12.
Then, the matching conditions fix the © in terms of the tension of the brane A and the AdS
radius L:
sin® =LA. (116)

The geometry on the brane, asymptotically close to the conformal boundary, is AdS,, with
radius

Lprane = LsecO®. 117)
Notice that the tension A is bounded as a consequence of eq. (116),
1 1
—— <A< —, (118)
L L

and that in the limit of maximal tension, Ly .. diverges, and ® — m/2, so that the brane
flattens out and reconstructs the missing piece of the conformal boundary.
We can go back to the full matching condition (113) and extract

do Ltan®

— == , (119)
dr r4/r2+qlL2tan2@©
and from this the (r, r) component of the induced metric:
#2712
g(r)= (120)

(r2—qL2)[(1—L2A2)r2 +qL4A2]"

At this point, we need to differentiate the analysis depending on the value of q. Furthermore,
we first focus on a brane with positive tension A > 0. We comment on the opposite case in
subsection 5.2.3.
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Figure 13: The EoW brane (in green) configurations with a conical singularity in the
bulk, respectively for © > 0 and ©® < 0. The pictures represent a constant t, slice
of global AdS, with the angular coordinate 6’ defined with period 27 and the radial
coordinate 7 = %arctan r’. The CFT is defined in the black portion of the boundary.
When the tension is positive, the conical singularity is in the bulk, while a brane with
negative tension hides the conical singularity and the configuration is equivalent to
the vacuum.

5.2.1 —1 < q < 0: the conical singularity

When q is negative in eq. (105), it is convenient to allow for 8 to have an arbitrary period 27y,
with y > 0. To see why, notice that eq. (119) is first order. Therefore, once we choose that the
brane intersects the conformal boundary at 8 = 0, we cannot fix the second intersection point
at will. Nevertheless, we would like to insist that the position of the boundaries of the strip in
the dual CFT is at 8 = 0 and 8 = —r, so that we can apply the same coordinate transformation
as in the homogeneous case—eq. (103)—to obtain the causal diamond shown in figure 1 on
half of the Poincaré patch. The parameter v will allow us to do exactly that. In fact, while this
change of coordinates works at the conformal boundary, it is not invertible on a full constant
global time slice. This does not pose a problem when computing quantities in the CFT.
The solution of eq. (119) obeying the boundary condition (115) for ® > 0, reads

r(0)=+v—q

Ltan®
sin(y—q0)

The brane meets the boundary at 6 = 0, and then again at 6 = t/,/—q. The closest approach
to the conical singularity happens at 6 = 7t/2,/—q, and the conical singularity r = 0 is included
in the spacetime, see figure 13. Since in our conventions the CFT lives on the left of the point
6 =0, we can use the periodicity in 6 to select the width of the strip:

1 1

0 =mn/\/—q~m/\/—q—2ny T = Y 2(14_1/—_61)' (122)

Notice in particular that when ¢ = —1, ¥ = 1 and we recover the vacuum state. Vice versa,

when g — 0, the periodicity diverges. If ¢ = 0 the brane passes through the point r = 0, and

there is no sense in which 6 is periodic. As we will see in the next subsection, the geometry
at this value transitions to a BTZ black brane.

We can now match this solution to the CFT, for instance by measuring the expectation value

of the stress tensor on the Poincaré section. In view of our choice of coordinates, the result is

(121)
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identical to the vacuum in a CFT without a boundary [3]

ML €?
Tiy) = . 123
(T n((t £ x)2 + €2) (123)
This must be matched to the result from boundary CFT:
4N €? - 4N €

O|T(2)|0) = ——, O|T(2)|0) = =——, 124
OIT@I0) = S, (OITEI0) = 5= (124)

so that (notice the factor 2 with respect to the homogeneous case eq. (107))

24A

2ML =4A, q=4——1. (125)

C

While our choice of periodicity was designed to obtain the simple relation (125) between
g and A, it is worth emphasizing that the relation between q and the conical deficit around
r = 0 is different from the homogeneous case. Specifically, the opening angle of the cone is
21(1—6) with 6 = (1 — 4/—q)/2, i.e. the deficit it is half of the case without a boundary.

When computing observables, as for instance the Rényi entropies in the next section, it
might be convenient to pick a different frame, which makes it simple to exploit results already
available for the case without a boundary. Since the new frame offers an equivalent perspective
for the computation of this subsection, let us spend a few words about it. The two dimensional
infinite strip has a conformal Killing vector—a simple dilatation—which does not preserve
the position of the two boundaries. As usual, the conformal transformation is uplifted as a
diffeomorphism in AdS. And indeed, starting from the metric (105) with 6 € [0,27y), we can
apply the following coordinate transformation:

tg=yt<’g, r=r'ly, 0=y60, (126)
after which the metric is still of the form (105), but with 8" € [0, 27) and q replaced by § = qy2.
In the latter coordinate system, the brane stretches between 8’ = 0 and 0’ = —2m + \/L__q. In

turn, the portion of bulk geometry included in the system is identical to the case without the
brane, and in particular the conical deficit is related to § in the usual way: 27t(1 — &) with
& = (1—+/—§). The transition to the BTZ black hole, which of course still happens as y — oo,
is signalled in this frame by the brane folding onto itself, and excising the whole conformal
(V/=3+3)
2Gy
interval [—1, —%). In figure 13, we show the configuration of the brane for both positive and
negative tension of the EoW brane.

boundary. It is also useful to notice that the mass is M = and § is defined in the

5.2.2 g > 0: the BTZ black brane

In this case, the bulk geometry before the insertion of the brane is the one of a BTZ black
brane [74]. In turn, the derivative in eq. (119) never diverges. Therefore, there is no turning
point, and the brane intersects the horizon of the BTZ black brane at r = ,/qL and goes all the
way until it reaches the singularity. Since we want to describe the dual of a CFT on a strip, we
then need two branes, ending on the conformal boundary at 6 = 0 and 8 = —t. Both of them
cross the horizon and excise part of the black brane. Therefore there is no reason to make
the coordinate 8 periodic, which is why the local boundary operator is dual to a black brane
rather than a black hole, see figure 14. The trajectories of the branes are obtained solving eq.
(119) and then exploiting the symmetry 6 «— —m — 6 [18]:

JqLtan®
sinh(,/q6)’

v/qLtan®

(1) _
i (0) = sinh[ (0 + 1)1’

OB

(127)
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1/r
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+0.25

—7 —7f/2 0

Figure 14: A constant t, slice of the black brane configuration. The EoW branes (in
green) depart from the AdS boundary (in black) moving away from each other in the
AdS bulk and hitting the black brane horizon (in purple).

or
Ltan®\? Ltan®
Gég(r)=ilog 1+(ﬁ = ) pyaien : (128)
Vva r r
Ltan®\? Ltan®
02(r) = —n— = log 1+(‘/q an )+‘/q ey (129)
Vva r r

From the explicit expression (120) of the (r, ) component of the metric, we see that, for
q >0, r=ry=,/qL is an event horizon also on the EoW brane.

Finally, notice that the solution is well defined also in the interior, in the sense that the two
branes do not meet before the singularity. This can be seen by going to Eddington-Finkelstein
coordinates

ds? = —(r2 —qL?)dv? + 2L dr dv + r2d6?. (130)

In this coordinates we can parametrise the EoW branes in terms of the coordinates (v, r) and
the matching condition will still be (119). Then, the solutions (127) are valid beyond the
horizon in these coordinates and the branes do not intersect.

The same computation as in the previous subsection shows that the boundary operator
dual to this state in AdS has scaling dimension given by eq. (125).

5.2.3 A puzzle at negative tension

Let us now briefly re-discuss the previous geometries, in the case where A < 0. When q <O,
the main difference is that now the conical singularity is excised—see figure 13. Indeed, the
solution respecting the boundary condition (115) is still eq. (121), but in this case r > 0
requires 6 < 0. The brane returns to the boundary at 6 = —n/,/—q. Since point r = 0 does
not belong to the spacetime, the coordinate 6 is not periodic. We can still apply the change
of coordinate (126), in order to adjust the size of the strip. This time, y = 1/,/—q. But, as
explained in subsection (5.2.1), this reveals the spacetime to simply be a slice of empty AdS,
since § = —1. We conclude that this geometry is not dual to a heavy boundary operator, rather
it produces the vacuum in the Poincaré patch.
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The situation does not improve when considering the g > 0 case. Indeed, in this case we
can notice that both the EoW branes (127) are defined in the interval 8 € [0, 7] and they
intersect non-smoothly at

. J/qL|tan®|

(131)
sinh %ﬁ

This value may be behind the horizon, depending on the value of the tension, but the inter-
section always happens before the singularity. Such solution does not make sense within the
simple EFT (99) and we have to discard it. We conclude that these gravitational solutions
are not dual to heavy operators, when the tension of the EoW brane is negative. It would be
interesting to explore this case further.

5.3 The time evolution of the holographic entanglement entropy

Having described the holographic dual to our state, we can turn to computing the entangle-
ment entropy of the radiation on the gravity side. Since the matching of the energy density in
the previous subsection fixed q in terms of the scaling dimension A, there are no other tunable
parameters. Therefore, we expect the late time result (38) to be recovered exactly: our gravity
dual lacks a light scalar [6], so we expect the displacement to give the dominant contribution
to the OPE.

For convenience, we will first compute the holographic entanglement entropy in the black
brane regime, and we will obtain the case of the conical singularity by analytic continuation.

Extremal surfaces in the AdS; geometry are geodesics. We can parametrize the curve using
an affine parameter ¢ and, using the symmetries of spacetime, we find first order differential

equations for the geodesics:
d dxc*
—|k,— | =0, 132

(&) (132)
where K, is a Killing vector. Two out of the six Killing vectors are trivial in global coordi-
nates, K; = &, and K, = Jy. This is enough to fix the geodesic equations, together with the

. . o pdx
normalisation condition %d—g“ =12

Then we find
d E
¢ O= @ —a?
d !
d—g@m({ )= QR (133)
d 2 _ 9 9 82 E2
(d_grRT(C)) = (rgpr($)*—qlL )(1 - m) + 7E

where xﬁT is the trajectory of the RT surface in global coordinates,'? and E, ¢ are two inte-

gration constants, corresponding to the energy and the angular momentum of the geodesic
respectively. It is convenient to parametrise the geodesics in terms of the coordinate r:

4 o)== ELr
ar (r2—qL2)/(r2—qL2)(L2r2—(2) + EZ~
(134)
d (L
—Ope(r) =— .
dr ra/(r2—qL2)(L2r2—(2) + E2

In the computation of the RT surface, we are after the minimal length geodesic anchored
to the AdS boundary at (ty 06,700, 000) and ending on the EoW brane [17]—see [36] for a

12We omitted the subscript g for global time in this case, hoping that it leads to no confusion.
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16

Figure 15: In general, there are two solutions for the orthogonality conditions, i.e.
two curves which are local saddles of the geodesic length. We show these two
geodesics (in blue and cyan) in the case of the conical singularity in the bulk. The
brane is drawn in green. The left and right pictures differ by the location of the en-
tangling surface: after the diffeomorphism (103) they will correspond to early and
late time respectively. At the middle point of the strip, 6. = —m + 2;__(}, the two
geodesics have the same length, then they exchange dominance: the blue one domi-
nates at early time, the cyan one at late time. The case of the black brane is analogous:
the two saddles end on the two EoW branes, respectively. Both these curves never hit
the black brane horizon as the have a turning point at r’* = L4/q coth(,/q 05,) > 1.

justification of this prescription. It can be shown that such a geodesic is orthogonal to the EoW
brane at their intersection point (for a detailed proof see e.g. [36]). Such orthogonality condi-
tions completely specify the geodesic which correspond to the RT surface, i.e. the integration
constants E and £. In particular, we find

E=0,

(135)
(> =72L%cos?’© +qL*sin? 0,

where 7 is the radial coordinate of the intersection point between the RT surface and the
brane. Notice that with E = 0, the geodesic sits on a constant global time slice and, in the
geodesic equation (134), the horizon becomes a turning point of the geodesic anchored to the
conformal boundary. This means that the RT surface never enters the BH horizon, as suggested
by the doubling trick and the considerations in [75]. Assuming —% < 6., < 0 we can solve
the orthogonality condition for 7

2
- ﬁL\j coth? (/7 0oo)

—tanZ20,

cos2 O (136)

¢ =—/qL? coth (/7 0so) ,

such that ¢2 > qL#, and the RT surface encounters a turning point before hitting the horizon.
We can also notice that such geodesic is exactly the same one would find in the case without
the End-of-World brane, for a symmetric interval with respect to the origin [3]. The length
of this curve in units of 4Gy gives the leading contribution to the holographic entanglement
entropy:

L 21 sinh (—ﬁ 900)

Spy = lo + arcsinh tan © L O <0 (137)
BH = 4Gy g /L > 5 = Yoo .
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Figure 16: The time evolution on .#% of the holographic entanglement entropy in
blue and the relative entropy bound in red, for the cases of the black brane and the
conical singularity in the bulk. We have set L =1, Gy = 0.01, e = 0.3, whileg =1
and g = —0.5 respectively in the two cases. We notice that the entanglement entropy
approaches the bound as g ~ —1.

As mentioned above, the entropy is half of what it would be without brane, plus the con-
tribution of the boundary entropy arcsinhtan®. The substitution 6., — —m — 8, gives the
entanglement entropy for —m < 0., < —%. The RT surface in the latter case ends on the
opposite brane. Notice that since we are discussing the holographic dual of a pure state, the
homology constraint does not apply.

In order to obtain the holographic entanglement entropy in the case of the conical singu-
larity we can analytically continue such result to g < O:

_ L [log L sin(—v/=q0.,)
N \/—_qL

The analytic continuation brings us to the set-up shown in figure 13, with § and 6’, defined
at the end of Section 5.2.1. In these coordinates, the EoW brane is attached to the boundary

+ arcsinh tan ® (138)

at 0’ = \/”__q and 6’ = 0. This solution dominates for —m + 2;__(1 < 0., <0, while the
leading saddle for —27 + ‘/—_q <0 <-—m+ \/—_q is obtained from 6. 1/7T—_q

In figure 15, we show the two competing geodesics.

In order to match this result with the bound presented in Section 3.3, we need to subtract
the vacuum entanglement entropy which is trivially obtained from (138) setting § = —1. In
the following, we will show the result for the solution dominating for —% < 6., <0, i.e. at
late times. The early time configuration is fully symmetric. In the case g > 0, we find

sinh|—.,/q 6
4Gy V/qsin(—0)

It is more convenient to express the result for the conical singularity after performing the

diffeomorphism (126) with y = 2‘/‘/__?_1 and the entanglement entropy becomes
L sin| (1—24/—4) 0o
AScon = 7~ log [ D ] , <00, <0. (140)
4Gy (24/—G—1)sin(—04) 2

Now, we need to map the coordinates (t; oo, I'co> 0 ) to the time evolution in the Poincaré
patch and study the entanglement entropy in terms of (t, x) coordinates in the CFT. Recall that,
in order to use eq. (103), the CFT should be defined in the interval 8 € [—m, 0]. For the conical
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singularity, this means using the coordinates 6 with periodicity is 6 ~ 6 + 27y, as in (140).
Then, from (103) we find

2xe
an o = G ez’ (40
where we have already set z = 0. We notice that
sin O = ¢ . (142)

At early times 8., ~ —m, while at late times 6., ~ 0. At this point, it is convenient to express
the entanglement entropy in terms of the cross-ratio ¢ and the CFT data:

sinh[\/ @ —1 arcsin \/Z]

_¢ _2 2
ASpy = 6log =) = 3A5+O(C ),
‘ (143)
sin Vl—@ arcsin /¢ 2
ASconzglog [ = ]=§AC+O(CZ)-
(1-=2)¢

Then we find that our bound (38) is perfectly saturated in both cases at early and late times.

Before concluding this subsection, let us extract from the holographic result the CFT data
which generate it. Namely, we will show that the identity module of the Virasoro algebra
captures the excess entropy at leading order at large c, i.e. the contribution from the HRT
surface. This matches the case of an excited state in the CFT on the infinite plane [4]. To see
this, one can compute the Virasoro block of the identity in the limit in which the two boundary
operators are heavy and the bulk operator is light. Due to the doubling trick [52], this block
matches the holomorphic part of a Virasoro block for the four-point function on the plane,
which is known in this limit [69,76]. Comparing with the notation in [4], the map of the cross
ratios dictated by the doubling trick is'

_(-2)

¢= 4z

(144)

Plugging eq. (144) in eq. 2.22 in [4], we obtain the Virasoro block of the identity:
c(1-n)/6

+ 0((n—1)?). (145)

(OCOGEIT 0, | _ gy [ LV aresin V]
(OO (o, )|, & (1-22)¢

This exactly reproduces eq. (143). Let us conclude with a few comments. The factor 1/2
between the infinite-plane and the upper-half-plane entropies, familiar from many classical
gravity computations with EoW branes, is mandated by the fact that such computations are
fixed by exactly one Virasoro block. Hence, the results presented in this subsection do not de-
pend on the precise dual of the boundary state in the CFT, but only on the fact that the Virasoro
module dominates at large c. This is a useful piece of information, given that the status of the
EoW branes as low-energy approximations of UV complete models is not established [77,78].
On the other hand, it is important to bear in mind that the doubling trick can be applied at
the level of conformal blocks, not of correlation functions: the fully quantum-mechanical an-
swer is not expected to be simply related to the infinite-plane values. A second worthwhile
comment concerns the quasi-primaries which survive in the identity block at leading order in

13In [4], the twist operators are placed at positions 2,, 23, and 2 = 21,234/ (213%,4) is the usual four-point cross
ratio. To match these conventions, one replaces the antiholomorphic coordinate of o, with its holomorphic mirror
image in the boundary CFT. Comparing with (5), one gets (144).
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(n—1), and the relation with the sI(2) block of the displacement operator, (41). By comparing
eq. (145) with the sI(2) block (39), one easily concludes that infinitely many (multi-copy)
operators contribute to the entanglement entropy for a local quench dual to a heavy state.'*
All of them are weighted by increasing powers of A/c, so in the limit when the perturbation
above the vacuum becomes light, the Virasoro block reduces to the contribution of the identity,
the displacement and its derivatives, and so the holographic result (143) approaches the the
bound (52), or equivalently the universal part ASEE“’ (80), for any {. In figure 16, we show
the time evolution at .#* of the holographic entanglement entropy in these two regimes. This
provides a holographic interpretation for AS‘EJE“’ in terms of the geometric contribution to the
entropy of a light excited state in AdS. However, in the limit % — 0, the entropy of the quan-
tum fields in the bulk contributes at the same order O(c°) to the holographic entanglement
entropy [5,6,79,80], so that eq. (41) is not the whole result.'®

5.4 The island

As mentioned in the introduction, it is interesting to take a second look at the formulas of the
previous subsection, in a different perspective. We integrate out the AdS bulk, and consider
the ‘bath+brane’ system which includes the CFT and the EoW brane. It is expected that the
island formula (1) can be used to recover eqs. (137) and (138). In fact, we can perform
this computation explicitly in an expansion around the upper value for the tension—see eq.
(118)—which corresponds to tan® — oo [17,36].

Let us first focus on the case of the black brane, eq. (137), for concreteness in the case
where —11/2 < 6., < 0. As the tension gets large, the two branes are pushed to the boundary,
and the ‘brane+bath’ system approaches a CFT defined on the infinite line, at a uniform finite
temperature, see figure 14. This description depends on the choice of quantization, and refers
specifically to the time evolution generated by t,. We will later comment on the time evolution
generated by t. In order to compute the entanglement entropy, we are instructed to use eq.
(1), looking for islands on the brane. Following [36], we notice that the area term is absent,
since there is no Hilbert-Einstein term, nor a dilaton, in the effective action on the brane.
For the entropy of the quantum fields, we can use the universal formula for a CFT at finite
temperature, but we should be careful with the cutoff to be used for the entangling surface
of the island. Calling for the moment a and qa; the cutoffs in the bath and on the brane
respectively, the entanglement entropy obtained by tracing over an interval [—0.,, 0;], with
0; > 0 lying on the brane, is

2
¢ [EsinhF(6c0+6p)]
Sgen(eooa 61) = —log 5 (146)
6 aap

where the subscript refers to the fact that this is the entropy to be inserted in eq. (1) before
minimizing over the position of the island. We are choosing the boundary of the island to live
on the right side of the bath, because we know where the dominating RT surface ends in this
case: alternatively, the minimization procedure in the island formula would pick this case for

4Nevertheless, these form a small subset of the operators obtained by insertions of the stress tensor and its
Virasoro descendants in various copies. After restricting to the Z, singlets, most of these operators become new
primaries in the orbifold, and for consistency their overlap with the twist operator must vanish faster than (n—1).

>Notice that, in [5]—see also [58]—the contribution of the sI(2) block of the (orbifold) stress tensor was
computed as coming from the identity operator after the uniformization map. This reshuffling depends on the
mixing of the stress tensor with the identity under conformal mapping. The precise link between the formulas in
this paper and in [5] is as follows: the map (144) takes the boundary CFT block (39) to the holomorphic four-point
block via the identity (—4@’)3/22F1 (%, %,3 + %; {) =(1 —z)zzF1 (Z, A,2A;1 —z). Setting A=2andz=¢"?in
the latter formula, one finds, up to a normalization, eq. 2.22 in [5].
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us. The temperature 3 can be derived from the black brane metric eq. (105) in the usual way:

2z

73
Let us come back to the cutoff. After writing the metric (105) in a Fefferman-Graham form,
we see that the natural short distance cutoff is a = L/r,, e being the radial coordinate of
the location of the CFT.'® Now, we see from eq. (127) that the cutoff on the brane is position
dependent, and for a point with coordinate 6; is

o, = SO0 (148)

J/qtan©®

B (147)

We are ready to write the island formula:

2
[sinh @(900 + 91)] | 41, tan®

_— 1
sinh /q 6; +log JValL (149)

. c .
Sisland(eoo) = min Sgen(eoo: 91) = — { minlog
6; 61 6

The minimization procedure yields 6; = 6,, which pleasingly puts the boundary of the island
precisely where the RT surface ends on the brane. Replacing this value in eq. (149), we find

c 270 sinh(—,/q0)
Sisland(eoo) == |:10g( ﬁL

6
Comparing with eq. (137), we find a perfect match up to terms which vanish as tan® — co.
This is analogous to what was found in [36], and lends further support to the island formula,
and to the matching procedure presented there and here. The matching of eq. (138) works in
the same way, but now the ‘bath+brane’ system is placed in the pure state dual to the conical
singularity discussed in [3]: notice that, again, the boundary is absent.

We conclude with some comments on the interpretation of the results of this subsection
in the (x, t) coordinates of our original setup, figure 1. A technical difficulty is given by the
fact that the coordinate transformation (103) is periodic in 6 with periodicity 27, while both
solutions with the black brane and the conical singularity have a different periodicity—absent
in the former case, fixed as explained in subsection 5.2.1 in the latter case. Therefore, the
change of coordinates (103) is not invertible in a full constant ¢, slice of the bulk geometry,
and therefore cannot be used to describe the whole brane. Instead of entering these details, we
can use the fact that, as explained, we know the location of the island from the position of the
RT surface. This allows to discuss its role in unitarizing the radiation. Let us focus on the case
of the black brane. At early time, the island lies on the left brane in figure 14, i.e. beyond the
black hole from the point of view of the CFT degrees of freedom. The entanglement wedge
of the radiation then does not include the black hole degrees of freedom.!” After the Page
time, on the other hand, the island includes the whole black hole, which becomes part of the
entanglement wedge of the radiation. Notice that the island never falls behind the horizon,
rather it jumps from one brane to the other at the Page time.

) + log(2tan @)] . (150)

181n fact, the precise factor in the relation between the UV cutoff in the CFT and the position of the cutoff surface
I'eo is immaterial. What matters is that we can only choose this convention once, then we must use it for both the
entangling surface in the CFT and on the brane.

7In fact, the island extends the entanglement wedge of the radiation onto the left brane. Let us mention a
technical detail: one might think of the entropy we computed as coming from a finite region of the CFT, in the
limit where this region extends to infinity away from the boundary. Then a second twist operator, and the associated
RT surface, appear. The latter always ends on the left brane, and is close to the AdS boundary. In the limit, it is
insensitive to the presence of a non-trivial state, and its contribution is subtracted away in the difference with the
vacuum, eq. (19).
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5.5 Energy measurements and local thermalization

In the previous subsection, we have seen that a sufficiently heavy boundary state creates an
approximately thermal state when seen in global coordinates. What about the time dependent
frame of figure 1? In this subsection, we analyse the energy distribution of the radiation. While
for a generic black hole energy measurements differ from the thermal answer in this case, we
point out that, for a black hole whose mass is large in Plank units, a large set of measurements
indeed cannot distinguish between the radiation coming from a pure state and uncorrelated
thermal radiation. Nevertheless, the thermal interpretation fails at describing the evolution
of the entanglement entropy, and we must conclude that the detailed form of the correlations
present between quanta emitted with short time separation is important.

If we compute the expectation value of multiple insertions of the stress tensor in a state
created by a “very heavy” boundary operator, A/c > 1, we find that it factorises

n

(OIT(z)... TE)I0) = [ [(0ITE)I0) [1 4 0(%)] : (151)

i=1

This behaviour is analogous to the factorization of multiple stress tensor correlators in a ther-
mal state at large ¢

n

(T(CD)-.. T =] [T [1+0CD]. (152)

i=1

Here, {; are coordinates on the cylinder, but the right-hand side is constant at leading order
at large c. While in (152) the leading (factorised) contribution comes from the Schwarzian in
the map from the plane to the cylinder, in (151) the leading term comes from the first term in
the recursion relation (A.6). Given this analogy, we are tempted to associate a temperature
to the radiation of a heavy state [81]. Let us consider the one-point function in the two states.
The thermal result is simply

2 C7'C2

(T = T (153)

CcTt

(T(D)p = “op’

where in general the left and right temperatures can be different. For the local quench, instead,
we have already encountered this correlator in section 3 and the result is

(OOITE) _ Al —y2) (154)

(O(y1)O(y2)) B (z—y1)*(z = y3)? ’

with a similar form for the antiholomorphic component. If we insist in defining a temperature,
the radiation can almost look locally thermal, with

_ 1 _4|%A € 1 4]6A €
B(t,x)  \ m2c (x—t)2+e2’ Bt,x) N\ m2c (x+t)2+e2’

(155)

Focusing on f3, we see that the temperature defined this way increases up to the Page time,
then starts decreasing and vanishes in the late time limit. It is important to stress that the sub-
leading terms in (152) do not match, and this identification makes sense only in the limit under
consideration. Notice in particular that, if we bring the stress tensor insertions in eqs. (151)
and (152) close enough to each other, the connected contributions, which are subleading in c
and A/c, eventually dominate.

We can test whether the detailed form of these correlations is important by computing
the (coarse grained) entropy under the assumption of collecting uncorrelated thermal radia-
tion, and compare it with the entanglement entropy computed in the previous sections. This
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means essentially using the second law of thermodynamics for the radiation received in a short
interval of time dt:

ds = (¢, x)de, (156)

where s is the entropy density and e is the energy density. We denoted the temperature with
B because we are interested in the thermodynamic entropy at .#*, which is only reached by
left moving modes, see eq. (155). Hence,

c ;- -2
e(t,x) = < (B(t,x)) . (157)
Combining (156) and (157), we express the entropy density as function of the temperature:
s(t,x) = %(ﬁ(t,x))_l+so, (158)

with s, to be fixed. In particular, we choose s, = 0 by requiring that s(0,x) — 0 as x - —o0.
Integrating (158) along the space-like interval shown in figure 5, and disregarding the left-
movers, we find the time evolution of the the entropy of a space-like interval (—oo, x,] at
fixed t'®

AS f S nc §_dx ca (n + 2 arctan Xot+ t) (159)
(—00,%,] = = — — = _ .
) 3 ) e BlEX) 6 €

If we consider the limit of a light-like interval on Z* we find

A 1% A
ASze =\ C?[Zarccot(ecotn7)+ﬂ:] ~\ %ne(V+1)+O(V+1)2. (160)

In particular, choosing e = 1, which is the same as picking £ = € in the change of coordi-
nates (9), the right hand side is exact. The thermodynamic entropy grows at all times, which
is not surprising since it is a coarse grained entropy, which assumes that no correlations exist
between the quanta of radiation. In this sense, the result (159) reproduces the information
paradox. However, notice that even at early times eq. (160) does not approximate the fine
grained entropy. Indeed, it grows faster than the bound (52), that goes as (V + 1)2. This
means that, even if the correlators of the stress tensor, at leading order in A/c are compatible
with the thermal answer, the density matrix of the state (2) is different from a locally thermal
configuration at all times.

6 Outlook

In this work, we studied general properties of the entanglement of the radiation emitted from
a boundary quench in a CFT, both in general and in a specific two-dimensional holographic
setup. The region of convergence of the OPE for the correlator (4), described in subsection 2.1,
is a completely general result, valid in general dimension and for any choice of quasi-primary
operators. Similarly, the entropy bound (52) is insensitive to any detail beyond the spacetime
dimension, and its higher dimensional counterpart (67) depends on a single assumption about
the boundary OPE of the stress tensor, and can be easily refined if this assumption is dropped.
On the holographic side, we provided a description of the geometries dual to typical heavy

¥Notice that eq. (159) has the expected conformal properties: had we integrated on an interval [Z;, 2,], with
Z = x +t, it would have been a function of the cross ratio constructed from the two endpoints and the positions y,
¥, of the boundary operators in eq. (154). Since we fixed y,, y, and an extremum of the interval, only dilatations
are manifest in eq. (159).
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boundary states, and computed both the entanglement entropy and the energy density of the
radiation. We also showed that the island formula (1) can be derived from the RT prescription
in our setup, in the large tension limit.

Various future directions are open. It would be interesting to sharpen the entropy bound
in d > 2 by studying subleading terms in the OPE of the stress tensor, and apply it to specific
theories, where the direct computation of the entanglement entropy might be too hard. Some
of these theories might be holographic. In this context, one might enlarge the space of the
bulk quantum fields and allow for the presence of a light scalar [5-7]. In the pure gravity
setup, it would be interesting to solve the puzzle of the spectrum of heavy states supported
by a brane with negative tension. Notice that the spectrum of the EoW brane is amenable
to a conformal bootstrap study [82]: one might hope to sharpen this way our understanding
of both positive and negative tension branes. A less ambitious task is to make precise the
‘brane+bath’ description of the states considered in section 5, in the time dependent frame
where the bath lives on the semi-infinite line.

It is also important to think about generalizations of our setup. In general, the state of the
radiation might be probed in more detail via higher point functions, which also come equipped
with a richer set of OPE channels. More detailed information on the correlations present in the
radiation might be obtained this way. On the holographic side, although the states considered
here present black hole horizons on the EoW brane in a time dependent scenario, these black
holes do not evaporate in one Poincaré time, and the Page curve of the radiation drops to
zero not because of evaporation, but rather because the massive object in the bulk disappears
behind the Poincaré horizon. It would be exciting to construct pure states which collapse
into black holes [83], and couple them to a bath extended along the whole AdS boundary
in global coordinates, so as to follow their evaporation process. Presumably, this will also
require considering more general boundary conditions for the bath CFT, since a mass scale is
necessary to create a long lived bound state on the boundary, which should be dual to a slowly
evaporating black hole. It is worth mentioning that, while a non-conformal boundary condition
endows the boundary with a stress tensor, this is still not enough to obtain a massless graviton
on the brane. Indeed, the very existence of a coupling with the bath imposes a violation of
the conservation of the stress tensor, and makes the graviton massive [84]. Massive gravitons
have been linked to the appearance of islands, [14,85] and from this point of view our setup
does not make an exception.
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A Recurrence relation for T(z) in BCFTs

In two-dimensional CFT the correlation functions involving a stress-tensor is in principle com-
putable using a well-know recurrence relation [62]
m

B} oW h; 1
(T(8)O1(21,21) - Op(Zn, 2m)) = ;[(g_zi)z + E—z

a] (O1(1,51) Ol ) - (A1)
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This formula is an immediate consequence of the conformal Ward identities

56,6_(01(21’51) e Om(zmﬁim» = 2i7'[l § dz 6(2)(7—'(2)01(21,51) T Om(zm,ém»
Cc

) (A.2)
- 2_ } dz g(2)<T(2)C)1(21>21) T Om(zmaém» >
T c

where C is a clockwise contour enclosing all the points (z;,%;). In 2D CFTs €(z) and €(Z) can
be chosen independently and Cauchy’s theorem implies (A.1 ). If we consider 2D boundary
CFTs with boundary, for example, of the real axis and all operators O;(z;,%;) defined in the
upper half-place (Imz > 0), only transformations for which e(z) is real analytic (e(z) = e(2))
are allowed, in order to preserve the geometry. We also have to impose that the flux of energy
across the boundary is zero:

T(z)=T(2), Imz =0, (A.3)

which is known are Cardy’s boundary condition. This allowed to extend the definition of T(z)
into the lower half-plane as _
T(z)=T(2), Imz < 0. (A.4)

The integral in the right-hand side of (A.2 ) can be written as

56,6_<(91(zl’£1) U Om(zm,gm» = ZLTCI § dz 6(2)<T(Z)Ol(zl’51) e Om(zm’im»
Cc

. (A.5)
+ —} dz e(2)(T(2)O01(21,21) - O (25 2m)) 5
271 el

where C is a counter-clockwise contour on the lowest half place, enclosing all the points ;. If
there are no boundary operator insertions the contours C and C cancel on the boundary. From
Cauchy’s theorem, the recurrence relation for the correlation function with a generic number
of stress-tensor with bulk operators in presence of a boundary becomes [52]:

(T((S)T((El) e T(gn)ol(zl)gl) T Om(zm>5m)> =

& h; h;
Z |:(€ _lz)z i (€ _12)2 + giz azi + . = ail-:| (T(gl) o T(gn)ol(zl’il)“ 'Om(zngm»

i=1 &—3z

S 2 1 _ _
+§|:(€_€1)2 + 5_61851] (T(gl) ot T(gn)ol(‘zl:zl)' ’ 'Om(zm’zm»

+Zl SEE) gf £ (TED  TEDTEw)+ TEIO(o1,5) Ol B,
(A.6)

where we included for completeness also the contribution of an arbitrary number of stress
tensor in the correlation function.
The recurrence relation can be extended to boundary operators:

A Lt
E—y)? &=
where A is the scaling dimension of the boundary operator. This can be easily verified from
(A.6) by considering a generic boundary OPE for a bulk operator

(T(i)"'@k(J’k)"')z[ 3yk]("'@k(}’k)”'>+"', (A.7)

O(z,2) ~ -+ (z—2)2200() +... (A.8)

In our setup the boundary is defined on the imaginary axis z = —%, then the formulas above
can be applied after replacing Z — —2.
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