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Foliated-exotic duality in fractonic BF theories
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Abstract

There has been proposed two continuum descriptions of fracton systems: foliated quan-
tum field theories (FQFTs) and exotic quantum field theories. Certain fracton systems
are believed to admit descriptions by both, and hence a duality is expected between such
a class of FQFTs and exotic QFTs. In this paper we study this duality in detail for concrete
examples in 2 + 1 and 3 + 1 dimensions. In the examples, both sides of the continuum
theories are of BF-type, and we find the explicit correspondences of gauge-invariant op-
erators, gauge fields, parameters, and allowed singularities and discontinuities. This
deepens the understanding of dualities in fractonic quantum field theories.
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1 Introduction

A Fracton phase is a new kind of phase of matter that exhibits excitations with restricted mo-
bility, which can only move in certain dimensional submanifolds (see [1,2] for reviews). The
characteristic excitations are called fractons, lineons, and planons, depending on the spatial
dimension of the excitation. Such fracton models, studied as lattice models in condensed mat-
ter physics [3-6], have various novel properties: a new type of symmetry and the exponential
growth of ground state degeneracy in terms of the linear sizes of the system. The fracton
systems are not only theoretically interesting in its own right, but expected to be applied to
quantum information [3,7,8] and gravity [9].

While fracton phases first appeared in lattice systems, one would also expect a contin-
uum description in the low-energy limit of a lattice system. There have been proposed such
descriptions by continuum quantum field theories (QFTs) in various situations [10-26]. The
QFTs do not have the Lorentz invariance or even the full rotational invariance, and can have
the discontinuous field configurations. In the low-energy descriptions, the gapped excitations
are not dynamical and arise as the gauge-invariant defects. The identification and construc-
tion of these QFTs are based on the subsystem symmetry, which is one of the generalizations
of symmetry. A subsystem symmetry is a symmetry that acts on a spatial submanifold, e.g. a
plane along a particular directions, and can have different values on each submanifold [12].!

For lattice models, some fracton models can be written as foliated fracton phases [6, 28—
30]. A foliation is a decomposition of a manifold and regarding it as a stack of an infinite
number of submanifolds. For example, the X-cube model [5], which is a gapped fracton lattice
model in 3+1 dimensions, can be written as a stack of the (2+ 1)-dimensional toric codes [31]
by using foliations [6]. For QFTs, there are fractonic QFTs coupled to foliations, which are
called foliated quantum filed theories (FQFTs) [20-22]. On the other hand, some fractonic
QFTs can be written as tensor gauge theories [10,13-16, 32] respecting the lattice rotational
symmetries, which we call the exotic QFTs [19]. The continuum QFT description of the X-cube
model can be written as BF-type theories in terms of both a foliated QFT in the flat foliations?
and an exotic QFT [11,15]. The foliated and exotic descriptions are believed to represent the
same physics, but the duality between them has not been made clear.

In this paper, we will consider the foliated and exotic BF-type theories in 2+ 1 and 3 + 1
dimensions. In 2 4+ 1 dimensions, the BF-type theories are the continuum description of the
Zy plaquette Ising model (see [33] for a review) and the Zy; lattice tensor gauge theory [13].
In 3 + 1 dimensions, the BF-type theories are the continuum description of the X-cube model

!While a subsystem symmetry is similar to a higher form symmetry [27] as its corresponding symmetry operator
has codimension higher than one, the operator is not topological in the directions out of the submanifold.

2The foliation is characterized by a foliation filed e. The foliation is flat when e is flat, i.e., de = 0. See
Section 2.1.1.
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and the Zy lattice tensor gauge theory [15].

The goal of this paper is to show the explicit correspondences of the gauge fields and
parameters between the foliated BF theory and the exotic BF theory, completing the previous
observation made in [22]. We will see that both foliated and exotic BF theories have the same
type of gauge-invariant operators and subsystem symmetries, and by matching the operators,
we will derive the correspondences of the fields and parameters. It is novel to exhibit the
explicit correspondences between the foliated fields, including the bulk fields, and the exotic
tensor gauge fields. This establishes the duality between the foliated and exotic BF theories,
which we call the foliated-exotic duality.

The organization of the rest of the paper is as follows. In Section 2, we will discuss the BF-
type theories in 2+ 1 dimensions. In Section 2.1, we will consider the foliated BF theory with
attention to singularities and discontinuities. The foliated BF Lagrangian in the flat foliations®
is

2 . .
iIN iIN
L= —(dB*+b)AAF Adxk+ —Db Ada. 1
; ;m( )AASAdx*+ b Ada e)

In Section 2.2, we will review the exotic BF theory [13]. The exotic BF Lagrangian® is

IN
L= £¢12(30A12 —013A). (2)

In Section 2.3, we show the explicit correspondences between them by matching the gauge-
invariant operators. In order to match the gauge-invariant operators, we need to modify the
strip operators in the foliated BF theory. The modification turns out to be only by an operator
that is not remotely detectable [34,35]. The correspondences of the gauge fields and param-
eters are shown in Table 1. In the correspondences, the singularities and discontinuities are
also matched. In Section 3, we will discuss BF-type theories in 3 + 1 dimensions as in the
case of 2+ 1 dimensions. In Section 3.1, we will review the foliated BF theory [20-22]. The
foliated BF Lagrangian in the flat foliations is
3 . .
ﬁf=Zﬂ(d3k+b)AAk/\dxk+ﬂb/\da. (3)
= 27 27
In Section 3.2, we will review the exotic BF theory [11,15]. The exotic BF Lagrangian is
L,= % > (%Ai (BAT — 3 AL + %AO 3, ajAU) . 4
L]
In Section 3.3, we show the explicit correspondences between them. The correspondences of
the gauge fields and parameters are shown in Table 2, 3. In Appendix A, we will consider the
electric-magnetic dual descriptions of the BF-type theories in 2 + 1 dimensions.

Along the way, we find that there are gauge-invariant operators that cannot be remotely
detected by other spatially placed operators, but represents a time-like symmetry [36]. This
makes a contrast to the case of ordinary topological order or topological field theory, where
every operator is remotely detectable.

The establishment of the foliated-exotic duality deepens the understanding of both of the
continuum descriptions of the fractonic systems. In general it is not known when a fractonic
system admits a description by a foliated or an exotic QFT, and this result will be a clue in this
interesting question. It would also serve as a starting point of exploring more general dualities
in quantum field theories without Lorentz invariance.

3The superscripts k index the directions of the foliations. The subscripts in Table 1, 2 and 3 are the spatial
indices.

“In the exotic theories, the superscripts and subscripts are the spacetime indices. As the metric is flat, we do
not need to distinguish them.
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Table 1: The correspondences of the gauge fields and parameters between the foli-
ated BF theory and the exotic BF theory in 2 + 1 dimensions.

The foliated BF theory The exotic BF theory
Gauge fields Gauge Gauge fields Gauge
and parameters transformations and parameters | transformations
ao 80)(, AO 30(1
A’é + 30ak 8()3]()(. BkAO ak 30a
(k=1,2) (k=1,2) (k=1,2) (k=1,2)
A’f + aiak ai 3k7L A12 31 aza

((k,1) =(1,2),(2,1)) | ((k,1)=(1,2),(2,1))

A 2nEL 4 2mE? a 2l + 2mi?
gk ﬁk

(k=1,2) (k=1,2)

B! —B? 2mm! —2mm? P12 2nm! —2mm?
mk K

2 BF-type Theory in 2+1 Dimensions

In this section, we consider two BF-type theories in 2+ 1 dimensions: a foliated BF theory and
an exotic BF theory. Both of the theories are the continuum descriptions of the Zy plaquette
Ising model (see [33] for a review) and the Zy lattice tensor gauge theory [13], both of which
have subsystem symmetries and excitations of fractons. These two BF-type theories represent
the same physics and we will show the explicit duality between them.

We take a three-torus of lengths 19, I, [? as the spacetime and the coordinates (x°, x!, x?)
on it, with x° regarded as the Euclidean time. We consider theories that are Lorentz non-
invariant and not fully rotation invariant. Instead, the spacetime symmetry is the spatial 90
degree rotational symmetry and the time translation as lattice models have. In the foliated
theory the discrete rotational symmetry is not manifest, while in the exotic theory it is ex-
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The foliated BF theory The exotic BF theory

k,i€{1,2,3})

k,i€{1,2,3})

k,i€{1,2,3})

Gauge fields Gauge Gauge fields Gauge
and parameters transformations and parameters transformations
ay aok AO 30(1
Al(() + aoak aoakk 8kA0 ak 30(1
(k=1,2,3) (k=1,2,3) (k=1,2,3) (k=1,2,3)
AI: + al-ak 3l~8k7L Aki 8k8ia
(k#1, (k#1, (k#1, (k#1,

k,i€{1,2,3})

21t + 27 + 27

A 2nEl +2mE% + 283 a
gk flk
(k=1,2,3) (k=1,2,3)

plicit. In spite of the continuity of the spacetime, these theories can have discontinuous field
configurations.

2.1 2+1d Foliated BF Theory

We will discuss a foliated BF theory in 2+ 1 dimensions. This is the 2+ 1d version of the 3+1d
foliated QFT studied in [20-22].

2.1.1 Foliation and Foliated Gauge Fields

We consider a QFT on the d-dimensional manifold that is regarded as a stack of an infinite
number of (d —1)-dimensional submanifolds. These submanifolds are called leaves and such a
decomposition of a manifold is called a codimension-one foliation. A QFT on such a manifold
is called a foliated QFT (FQFT) [21].

A codimension-one foliation is characterized by a nonzero one-form foliation field e. The
foliation field e is orthogonal to the leaves of the foliation. For the foliation to be well-defined,
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Table 3: The correspondences of the gauge fields and parameters between the foli-
ated BF theory and the exotic BF theory in 3 + 1 dimensions (the B-type fields).

The foliated BF theory The exotic BF theory
Gauge fields Gauge Gauge fields Gauge
and parameters transformations and parameters transformations
. - . . ~k(ii n .
B —B) (A1 — ) AL 8o &)

(0, ), k) = (1,2,3), | ((5, ), k) = (1,2,3), | ((,j,k) = (1,2,3), | ((1,j,k) = (1,2,3),
(2,3,1),(3,1,2)) | (2,3,1),(3,1,2)) | (2,3,1),(3,1,2)) | (2,3,1),(3,1,2))

B —B] 8 (A=) Al 8, &K
((i,),k)=(1,2,3), | ((i,j,k) =(1,2,3), | ((i,),k)=(1,2,3), | ((i,],k) =(1,2,3),
(2,3,1),(3,1,2) (2,3,1),(3,1,2)) (2,3,1),(3,1,2) (2,3,1),(3,1,2))

A=A 2nm' — 2mm/ G 2t — 2w/
((,7)=(1,2), ((,)=(01,2), |(Gj,k=(01,23),] ((j)=(01,2),
(2,3),(3,1)) (2,3),(3,1)) (2,3,1),(3,1,2)) (2,3),(3,1))
mk mk
(k=1,2,3) (k=1,2,3)

e must satisfy the constraint
eANde=0. (5)

The foliation field has a gauge redundancy under the transformation e — ye, where v is a
scalar function. Using this redundancy, we can locally write the foliation field as e = df,
where f is a scalar function. We can consider f as a coordinate that specifies the leaves of
the foliation. For example, we consider the flat foliation in 2 4+ 1 dimensions that decomposes
a (x!, x2)-plane into an infinite number of lines along the x! direction. Then the foliation
field can be written as e = dx? locally. We can also consider multiple simultaneous foliations
indexed by k (k =1,2,...,,ns), where each foliation field is ek. In the following, we consider
the flat foliations eX = dx*.

A FQFT is a QFT coupled to foliation fields e* as backgrounds. A FQFT contains foliated
gauge fields that can have discontinuous configurations. We consider two types of U(1) foli-
ated gauge fields for each foliation k [22]. One is the foliated A-type (1 + 1)-form gauge field
AF that obeys Ak Aek = 0.5 A¥ can have one-form delta function singularities in the x* direction

5The words A-type and B-type are the notation used only in this paper. In [21], A* and B* denote what we call
Ak and B in this paper, but in [22], the symbols A* and B* are swapped compared to those in [21].
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Table 4: The foliated A-type (1 + 1)-form gauge field and its gauge parameters.

Gauge field | Constraints | Gauge transformations | Singularities and discontinuities
and parameters

(14 1)-form Ak | Ak nek =0 Ak — Ak 4 dZk one-form delta functions
§(xk— xé) dxk

(04 1)-form K | Tk Aek =0 k- Tk 4 2mdek one-form delta functions
§(xk— xé) dxk

xk-dependent zero-form step functions
function £k € Z 0 (xk —xé)

as 6(xk — xlg) dx*. The gauge transformation of A is
AR Ak qlk (6)

where ¥ is a (0+1)-form gauge parameter satisfying {¥ AeX = 0. The gauge parameter ¥ has
its own gauge transformation Tk - Zk 4+ 2md ek, where EF is a x*-dependent function valued
in integers. The gauge parameter Zk can have one-form delta function singularities in the
x* direction, while the gauge parameters X can have zero-form step function discontinuities
0 (xk —xlg) in the x* direction. For flat foliations e = dx¥, {¥ can be locally written as ¢*dxk,
where ¢¥ is a zero-form gauge parameter. The foliated A-type (1 + 1)-form gauge fields and
its gauge parameters are summarized in Table 4. The other foliated gauge field is the foliated
B-type gauge field B. In the foliated BF theory in 2 + 1 dimensions, B¥ is a zero-form gauge
field that can have zero-form step function discontinuities in the x* direction. The gauge
transformation of BX is

B > B+ 2nmk —u, (7)
where the gauge parameter m* is a x*-dependent function valued in integers and u is a zero-
form bulk gauge parameter. m* can have zero-form step function discontinuities in the x*
direction. The foliated B-type zero-form gauge fields and its gauge parameters are summarized
in Table 5.

2.1.2 2+1d Foliated BF Lagrangian

The foliated BF theory is a FQFT containing foliated gauge fields and bulk ordinary gauge
fields with interactions among them. The foliated BF Lagrangian is

=S M gy a g+ N ag ®
= S n -
f i 2n k 2m 4


https://scipost.org
https://scipost.org/SciPostPhys.14.6.164

SciPost Phys. 14, 164 (2023)

Table 5: The foliated B-type zero-form gauge field and its gauge parameters.

Gauge field
and parameter

Gauge transformations

Singularities and discontinuities

zero-form Bk

Bk—>Bk+27tmk—,u

zero-form step functions
k k
O(x"* —xy)

x*-dependent
function m* € Z

zero-form step functions
k k
O(x"* —xy)

where AF is an A-type (1 + 1)-form foliated gauge field satisfying Ak A ek = 0, B¥ is a B-type
zero-form foliated gauge field, a and b are one-form gauge fields, and N, M;, and n; are
integers. These fields are U(1) gauge fields and the gauge symmetry U(1) is Higgsed down to
Zy or Zy, . The first term sz: 1 %dBk AAK is a stack of 1+ 1d BF theories for each foliations,
the third term % bAda is a bulk 2+ 1d BF theory, and the second term is interactions between
the foliated fields and the bulk fields.

Let us discuss the special case where the foliations are flat, ny = 2 (i.e., ek = dxk for
k =1,2), M, = N and n, = 1. In this case, the foliated gauge field AX can be written as
Ak = Ak Adx*, where AX is a one-form gauge field. In this special case, the foliated Lagrangian

can be written as

k=1

The equations of motion are

N N
2 dBF + ) AR Adxk + b Ada.
27 21

2 .

N
—(dB*+b)adxk =0,
27

N
—db=0,
27

N
—dAkadxk =0,
27

2

N N
E —AK A dxk+ —
=1 27 2

The gauge transformations are

da=0.
T

AN dxR — AR AdxK +dTF AdxE,
B = B* + 2mmk —

2
a—>a+dk—2§kdxk,

b—-b+du,

k=1

)

(10a)
(10Db)

(100)

(10d)

(11a)
(11b)

(110

(11d)
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Table 6: Singularities and discontinuities of the bulk gauge field a and its gauge

parameter.
Gauge field | Gauge transformation Terms including
and parameter singularities and discontinuities
ag ap — ag+ A fol(xo,xz)Q(x1 —xé)+f02(x0,x1)9(x2—x§)
a a; - a;+ At fll(xo,x2)5(x1—x(l))-l-flz(xo,xl)e(xz—xg)
a, Ay — Ay + Oy A — {2 le(xo,xz)e(xl—xé)+f22(x°,x1)5(x2—xg)
A A—A+2nEl 4 27E2 gl(xo,xz)e(xl—xé)+g2(x0,x1)9(x2—xg)

where ¥, m* and p are the gauge parameters explained in Section 2.1.1, and A are zero-form

bulk gauge parameters that also have their own gauge transformations. The gauge transfor-
mation of A is A — A+ 27&L +2mE2, where EX are x*-dependent functions valued in integers
explained in Section 2.1.1. Note that while £ are the parameters for the transformation of
¢k, the constant modes of £F do not affect ¢* and rather make A a U(1)-valued function.
The equations of motion and the gauge transformations imply that the bulk fields a, b and
their gauge parameters can have singularities and discontinuities. The singularities and dis-
continuities of a are shown in Table 6, where fl.k and g¥ are some continuous functions with
appropriate periodicity conditions.

Integrating the fields out and considering specific field configurations, we can show that
the following quantities are quantized:

2
aclyz, (12a)
co N
2
§ Andxkely, (12b)
sk N
2
2
f beily, (120)
p N
1
2
B —-p2e<ly, (12d)
N

where Cf is a closed one-dimensional loop along the time x° direction, C; is an arbitrary
closed one-dimensional loop, and S’z‘ is a two-dimensional strip with a fixed width along the
x* direction. For example for (12b), there is a configuration

2
B! :znj%(e(xl—x})—e(xl—x;)), (13)
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where j is an integer. This configuration is periodic in x? up to the gauge transformation
(11b). With this configuration, we have

1
§ dB' AAY A dx? =§ 27j (O(xl—x%)—O(xl—x;)) —de2 AAL A dx!
COxClxC2 COxClxC2 L

21j
=< dx? A Adx?t,
[ c? COx[xl,x1]
1 1 172

where C12 is a closed one-dimensional loop along the x? direction. If we use the equation of
motion (10c) and perform the sum over j in this configuration as a part of the path-integral
in terms of B!, we get

N
ZeXp o dx? Al Adx! =Zexp iNj Aladx' . (5)
12 2 0 1.1 0 1.1
&1 Cyx[xy,x;] Cyx[xy,x,]

JjEZ JEZ

(14)

Then N fox[x%,x%]Al Adx! must be in 271Z; the configuration of A! not satisfying this condition

does not contribute to the path integral. Again from the equation of motion (10c), Cf can be
deformed into sz that is a closed loop in the (x°, x2)-plane.

2.1.3 Gauge-Invariant Operators

Let us consider the gauge-invariant operators, which describe excitations moving in spacetime.

The first one is
FI[C)]=exp [iq} a:| , (16)
CO

1

where q is an integer. From (12a), we can see that FN[Cf] = 1, and thus Fq[Cf] is a Zy
operator: FI*N = F4, The deformation of C? would break the gauge invariance of the operator
under the transformation ¢*. If the contour were C?? in the (x°, x?)-plane, under the gauge
transformation of a, the defect operator would become

F[C%] - exp |:iqj€ {dx%3yA + dx?(9,A — gz)}] Fi[CP], (17)
c?

which would not be gauge invariant. Since Cf is a line in the time direction, this one-
dimensional operator is the defect operator that describes a fracton, which cannot move in
space.

The second one is

Vix]= exp[iq(B1 —BZ)] , (18)

where q is an integer again. From (12d), we can see that VN[x] =1 and thus V4[x] is also a
Zy operator: V4N = V4, The point operator V4[x] is the symmetry operator that generates
a Zy electric global symmetry, which is a subsystem symmetry.

The third ones are

W,f[s’g]zexp[iqﬁAkAdxk], k=1,2, (19)
S

2

10
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where q is an integer again. Similarly from (12b), W![S5]¥ = 1 and thus W![S] are Zy
operators: WI™N = W4, These two-dimensional strip operators describe a dipole of fractons
separated in the x* direction, which can move in the other direction in space, like a lineon.
If S’Z‘ are in the (x!, x?)-plane, these operators become the symmetry operators that generate
Zy; dipole global symmetries, which are also subsystem symmetries.

These two types of symmetry operators are the charged objects under the other symmetry.
That is, VP[x] and W}?[S;(] satisfy the following relations at equal time:

VP[x] Wi[S5]=e*™PUN WI[SETVP[x], if xf<x*<xf, (20)

when S is [x],x1]1x C2 (k =1) or C} x [x?,x2] (k = 2), where C[ (r = 1,2) is a closed loop
in the x"-plane. We can derive this relat1on using the canonical commutation relation

[B1(x% x!, x%),A)(x, y!, y?) | = —==582(x* — y', x* — y?), (21a)
omi
[BZ(XO,le XZ)’A%(XO, J’l, }’2)] = +T62(X1 —)’l,xz _)’2) . (21b)

All the other commutators are zero.
In addition, the bulk 2 4+ 1d BF theory has a gauge-invariant operator

Tq[Cl]zexp[iqé b] . (22)
o

From (12c), this b operator is also a Zy operator: T9™N = T4, This operator has the winding
action on the gauge-invariant operator (16) as

TP[C] - FA[CP] = e " PN FI[CP], (23)

when C; surrounds C? [37-40]. Without the defect operator F? inside C;, the b operator T4
becomes trivial, which corresponds to a time-like symmetry [36].° For the later purpose, it
will be convenient to consider the case when C; is a rectangle C12 reCt(xl,xz,xl,xz) in the
space. In this case, using the equation of motion (10a), the 1ntegral in the definition of T4 can
be performed as

T4 C12rect(x ,X ’x X ) = exp lqé (—o BZ2dxl—2 Bldx2)
|: 1 2 1 :| Clz,rect ! 2 (24)

= exp[—iqA1,(B' —BH)(x}, x1,x%,x3)],

where Alzf(xl, xz, xl,xz) = f(xz, %) —f(x;,xf) —f(x%,x%) +f(x%,xf). This quadrupole
operator is a product of the gauge-invariant operators V9 localized at the corners of the rect-
angle.

Note that the operator T? cannot be remotely detected by an operator within a spatial
slice, as the fracton operator F¢ cannot be bent to braid with T?. This implies that there is no
physical excitation corresponding to the operator T? in this situation. This contrasts with the
case of usual topological field theory where every non-trivial line operator corresponds to a
physical excitation.

A time-like symmetry acts nontrivially on a Hilbert space in the presence of time-like defects. Without the
defect operator, the time-like symmetry operator becomes trivial. We thank Pranay Gorantla for his comments on
the relations between the b operators and the time-like symmetries.

11
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2.2 2+1d Exotic BF Theory

In this section, we review the exotic BF theory in 2 + 1 dimensions, which is the Z, tensor
gauge theory in [13]. In Section 2.3 we will see that this exotic theory is equivalent to the
foliated BF theory discussed in the previous section.

2.2.1 Tensor Gauge Fields

We will discuss an exotic theory that is not Lorentz invariant and has only the 90 degree rota-
tional invariance. Such theories can have tensor gauge fields, each of which is in a representa-
tion of the 90 degree rotation group Z,. Irreducible representations of Z, are one-dimensional
ones 1, (n = 0,£1,2), where n is the spin. The exotic BF theory contains a compact scalar ¢ 2
in the representation 1, and a U(1) tensor gauge field (Ay,A;5) in the representation (1, 1,).
Their gauge transformations are

AO —>A0 + 30(1, (253)
A]_z —>A12 + 81 aza, (25b)
2 > p2 +2nm! —2nm?, (25¢)

where a is a U(1)-valued gauge parameter: a ~ a + 27, in the representation 1,, and M are
x*-dependent functions valued in integers. The gauge parameter a has its own gauge trans-
formation: a — a + 2mi' + 272, where fi* are x¥-dependent functions valued in integers.
Aq5 can have delta function singularities and A,, a and ¢ '2 can have step function discontinu-
ities as in Table 7, where fok, f~1k2, gk, and h* are some continuous functions with appropriate
periodicity conditions. For example, the following configurations are allowed:

x0T 1 1 1
Alz:2“1_0[1_25(3(1_’(3)"‘1_15(’(2_’((%)_@ , (26)
2 1 1,27
¢12=2n[%0(xl—xé)+)lc—19(x2—x(2))—);1f2 . 27)

The gauge parameters m* and 7* can have step function discontinuities in the x* direction.

2.2.2 2+1d Exotic BF Lagrangian

The exotic BF Lagrangian is
iN
L= £¢12(30A12 —010A0). (28)

The equations of motion are

ﬂalaqulz =0, (29a)
21
N
~5.d2=0 29b
o O¢ ) ( 9 )
N
—(2 —0,0,A9)=0. 2
27_[( 0A12 — 0102A0) (290)
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Table 7: Singularities and discontinuities of the tensor gauge fields and their gauge

parameters.
Gauge fields Gauge transformation Terms including
and parameter singularities and discontinuities
Ay Ay — Ay + Gha Flx®, x2)0(x —xb) + F2(x%, x1)0(x* — x2)
Aqp Ay = Ay t+ 0,0, FL®, x5 (xt —xb) + f2(x% x5 (x2 — x2)
a a— a+2nil +2mi? g1(x% x)0(x! —xb) + g2(x%, x 1O (x? — x2)
P2 ¢ - 2+ 2mmt —2mm? | AM(x0,x2)0(x! — x}) + h2(x0, x1)O(x? — x2)

Integrating specific configurations out, we can show that the following quantities are quan-
tized:

dxa, € 227, (30a)
o °TN
Cl
2
él(dxodxlé’le +dx?dxlAyy) € FRZ, (30b)
SZ
2
§Z(dx0dx282Ao +dxldx?Ay,) € %Z, (30¢)
SZ
P2 e 2—“2, (30d)
N

where Cf is a closed one-dimensional loop along the time x° direction, and 512‘ is a two-
dimensional strip with a fixed width extended along the x* direction. For example for (30b),
there is a configuration

2
X
qblz=27r]l—2[8(x1—x%)—9(x1—x%)] , (31)
where j is an integer. Then we have

§ dxljg dxzazqﬁualAO:Zrcjjg dxl(G(xl—x})—G(xl—x;))lz§ dx28,A,. (32)
c c? o 2 Je

1 1

Integrating this configuration out and using the equation of motion (29c), this part of partition
function becomes

N
Zexp[%jg dx2§ dxodxlalAO}:Zexp[iNj§ dxodxlalAO], (33)
jez [ c? Cox[x7,x3] Cox[x7,%;]

1:%2 JEZ
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and theterm N ¢ ,_. ; ,.dx%°dx'8,A, must be an integer for the configuration to contribute.
Cyx[xg,x; 120

Again using the equation of motion (29¢), Cf can be deformed into C{)Z and the term becomes
§C?2X[X%’xé](dx0dxlale + dxzdxlAlz).

2.2.3 Gauge-Invariant Operators

Let us discuss gauge-invariant operators. The defect operator that describes fractons is
FI[C?1 = exp |:iq§ deAO] . (34)
cr

As in the case of the foliated BF theory, the deformation of C{) would break the gauge invari-
ance of the operator. The symmetry operator that generates a Zy electric global symmetry
is

Vi[x]=exp[igp'?]. (35)

The strip operators that describe a dipole of fractons are
qu [S;] = exp [iqjg (dx°dx19,A, + dxzdxlAlz):| , (36a)
S
V) [S%] = exp [iqjg (dx°dx28,A, + dxldszlz):| . (36b)
SZ

If S’2< are in the (x!, x?)-plane, Wlf are the symmetry operators that generate Zy dipole global
symmetries. These gauge-invariant operators are Zy operators: ¢ is an element of Zy,.
The two types of symmetry operators satisfy the following relations

VP[x] WiS5]=e*™PUN WI[SK] VP[x], if xf<x*<xf. (37)

We can derive this relation using the canonical commutation relations at equal time:
12,0 .1 .2 0,1 .2 27 o0 g 1,2 .2
|:¢ (.X' > X, X ))AIZ(X Y'Y ):| :_75 (X —Y,L,X =Yy ) (38)

All the other commutators are zero. These symmetries in the exotic BF theory have the same
structure as the foliated BF theory discussed in Section 2.1.
In addition, there is a gauge-invariant operator that can detect the fracton defect operator:

T4 [Clz N (xg, xg, %2, x )] = exp [—lququlz(xl,xz,xl, )] (39)

This quadrupole operator is a product of the gauge-invariant operators V4 localized at the
corners of the rectangle, which is a time-like symmetry [36]. The operator TP can detect the
fracton operator F9:

TP [C12 rect(xl,x2’x1, )] [ ] e—27ripq/Nﬁvq[C§)], (40)

12,rect 1

when C; (xl,xz,xl, ) surrounds CO

14
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2.3 Correspondences in 2+1 Dimensions

The 2+1d foliated BF theory explained in Section 2.1 and the 2+1d exotic BF theory explained
in Section 2.2 are equivalent in case that ek = dxk, My =N and n;, =1 (k = 1,2), which we
call the foliated-exotic duality. We identify the gauge-invariant operators in the foliated BF
theory with those of the exotic BF theory. By matching the gauge-invariant operators, we can
derive the correspondences of the gauge fields and parameters.

As noted in [22], some foliated theories with the flat condition

2
N k) _
d(;%A /\dx)—O (41)

correspond to the tensor gauge theories. In the foliated BF theory explained in Section 2.1,
integrating b out leads to the equation of motion (10d) that becomes the flat condition (41). In
the following, we will explicitly see how the gauge-invariant operators are identified and the
gauge fields and parameters match under the condition (41). The precise correspondences
include the bulk gauge field a in the FQFT side in a non-trivial way. We also see that the
allowed singularities and discontinuities of the fields and parameters match between the two
sides.

First, let us consider the fracton defect operators. We identify the operators F q[C? ] with
I:“q[C?] defined in (16) and (34):

exp [iq§ a} ~ exp [iqjg deAO] , (42)
cy cyp

1

which leads to the field correspondence
ap~Ag. (43)
The gauge transformations of a, and A, explained in (11c) and (25a) are

ap — ag + A, (44a)
AO 4 AO + aoa , (44b)

from which we obtain the gauge parameter correspondence
Ax~a. (45)

Moreover, the gauge transformations of A and a are

A—A+2mE + 2182, (46a)
a— a+2nil + 2ni? s (46b)

which can be matched by
gk~ ik, (47)

In these correspondences, one can check that their singularities and discontinuities are also
matched.
The equations of motion (10d) in components are

N
%(A(l) + 80611 - alao) = 0, (483)
N
%(A(Z) + 80612 - azao) = 0, (48b)
N
E(Aé —A% + 32611 - alaz) =0. (48¢)
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These equations of motion, when combined with (43), imply

A(l) + 3Oa1 ~ ale N (493)
A(Z) + aoaz ~ aon . (49b)

Note that the gauge transformations by ¥ in the left hand sides cancel out, and thus these are
consistent with the correspondence (45).

Next, let us consider the strip operators. We want to identify the operators W,f[SIZC] with
Wf [S’z‘] defined in (19), (36a) and (36b), but the gauge transformations of the exponents
are not matched and the field correspondences would be inconsistent with (49a) and (49b).

Therefore, we define the modified gauge-invariant strip operators W, k modS2 k] as
Wy oalS51=exp [iqfk (A*Adx* +d(adx™) |, k=12, (50)
S2
where the exponents are quantized:
2
§ (A A dx* + d(ardxb)) € ==z, (51)
sk N

and therefore W! _[S] are Zy operators. For example for k = 1, to show this quantization,
A k,mpd 2 .
we consider a configuration

b=27'cjllz(0(x1—x%)—@(xl—x;))dxz, (52)

where j is an integer. Using the equation of motion (10c), we have

2
§ b A (ZAkAdxk+da) : f j( (AL + Gyay — 31ag) dx A dix’!
cIxclxc? k=1 l Cox[x],x;]

:27’[]§ (Aé+30a1—31a0)dx0/\dxl (53)
x[x,%,]

From the quantization (12a), the term §c° a,dx? is in 2Z/N. Integrating this configuration
1
out, this part of partition function becomes

Zexp [iNj‘{ (A(l)+30a1)dx0/\dx1:|
COX[Xl 1]

jez

(54)
:Zexp [iijg (Al/\dx1+d(a1dx1))} .
Cox[x],%;]

JEZ
Then N fﬁcfx[x},x;](Al Adx!+d(a;dx')) must be in 2Z. Again using the equation of motion

(10c), we can deform the Cf into C%? and conclude the quantization (51).
Having prepared the operator (50), we identify the operators Wl:q[Slz‘] with WE[SE]:

exp |:iq§ (A1 Adx! + d(aldxl))] ~ exp [iqjg (dx°dx18,A, + dxzdxlAlz):| ,  (55a)
S: S5

2

exp |:iq§ (A2 Adx? + d(adeZ))] ~ exp |:iqj£2(dxodx282A0 + dxldx2A12)1| , (55b)
s s2

2
2
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which leads to the field correspondences

Aé + 82(11 21412 y (563)
A% + 31a2 21412 5 (56b)

and also (49a) and (49b) again. The terms d,a; and &, a, make the gauge transformations
match with those of A;, under the gauge parameter correspondence (45).

Note that the ratio of W]f to Wi,
,mod k

W,gmod[Sé](W]f[Slz‘])_l = exp |:iq§ d(akdxk)} (57)
S

is trivial when qy, is single-valued on S’z< by applying the Stokes’ theorem. This means that
there is no operator that braids with the ratio operator and thus it does not describe a physical
excitation. This subtlety is tied to the fractonic nature of the system since in a non-fractonic
topological field theory every operator corresponds to a physical excitation [34,35].

Lastly, let us consider the Zy electric global symmetry operators. We identify V9[x] with
V4[x] defined in (18) and (35):

exp[iq(Bl—Bz)] ~ exp [iq¢12] . (58)
Then we can derive the field correspondence
B'—B2x~¢!2, (59)

The gauge transformations by u cancel out in the left-hand side. From the gauge transforma-
tions (11b) and (25c), we obtain

m! —m? ~ m! —m?. (60)
Considering the discontinuities, we can see that
m! ~mt, m?~m?. (61)

Under the correspondence (59), the time-like symmetry operator T4[C1%™®] defined (24)

1
27"] defined in (39). Note that on a Hilbert space with fracton defect

operators, the b operator T9[C;] is a product of Tq[Cl1 2rect] surrounding the defects that are
surrounded by C;.

Under these correspondences, the equations of motion are also matched. Moreover, af-
ter integrating b out, and then using the correspondences, the Lagrangians (9) and (28) are
exactly matched.

corresponds to TI[C

3 BF-type Theory in 3+1 Dimensions

In this section, we consider a foliated BF theory and an exotic BF theory in 3 + 1 dimensions.
Both of the theories are the continuum descriptions of the Zy X-cube model [5] and the Zy
lattice tensor gauge theory [15]. As in the case of 2+ 1 dimensions, these two BF-type theories
represent the same physics and we will show the explicit duality between them. Basically the
discussion proceeds in parallel with that in 2 + 1 dimensions in Section 2.

We take a four-torus of lengths 1° 11 1?2, I° as a spacetime and the coordinates
(x% x1,x2,x3) on it, with x° regarded as the Euclidean time. The spatial symmetry is the S,
group generated by the 90 degree rotations along one of the axes, as the cubic lattice has.
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Table 8: The foliated B-type one-form gauge field and its gauge parameters.

Gauge field Constraint | Gauge transformation Singularities
and parameters and Discontinuities
one-form BX BX — BX + dAK + ¥ — u | zero-form step functions
0 (xk — xlg)
zero-form AX A s Ak +2mmk 4+ v | zero-form step functions
0 (xk — xlg)
(0+1)-form B* | X nek =0 Bk — gk —2rndm* one-form delta functions

§(xk — x’é) dxk

one-form u—u+dv zero-form step functions
xk-dependent zero-form step functions
function m* € Z 0 (xk — x’g)

3.1 3+1d Foliated BF Theory

We review the foliated BF theory in 3 + 1 dimensions [20-22].

3.1.1 Foliated Gauge Fields

In the foliated BF theory in 3 + 1 dimensions, the foliated A-type (1 + 1)-form gauge field A
is almost the same as (2 + 1)-dimensional one, while the foliated B-type gauge field BX is a
one-form gauge field that can have zero-form step function discontinuities in the x* direction.
The gauge transformation of B¥ is

B - Bf +dak+ gk —p, (62)

where A is a zero-form gauge parameter, f¥ is a (0 + 1)-form gauge parameter satisfying
B* A ek =0, and u is a one-form bulk gauge parameter. The gauge parameter A has its own
gauge transformation AK — AX + 27m* + v, where m* is a x*-dependent function valued in
integers, B* also has its own gauge transformation ¥ — B* + 2ndm*, and p also has its
own gauge transformation y — u + d v, where v is a zero-form gauge parameter. The gauge
parameters AX and m* can have zero-form step function discontinuities in the x* direction.
The gauge parameters ﬁ k can have one-form delta function singularities in the x* direction
that cancel out the delta function terms in dAX. The foliated B-type one-form gauge fields and
its gauge parameters are summarized in Table 8.
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3.1.2 3+1d Foliated BF Lagrangian

The foliated BF Lagrangian is similar to (8), where B¥ is a B-type one-form foliated gauge
field and b is a two-form gauge field. In the special case where the foliations are flat, ny =3
(ie., ek =dx* (k=1,2,3)), M, =N and n; = 1, the foliated Lagrangian can be written as
3 . .
N N
Ef=Zl—(dBk+b)/\Ak/\dxk+l—b/\da. (63)
P 21 21

The equations of motion are

N
—(dB*+b)adxk =0, (64a)
27
N
—db=0, (64b)
27
N .k k
—dA*Adx* =0, (64¢)
27
3
N N
> A ndx*+ —da=0. (64d)
— 271 2m
The gauge transformations are
Ak/\dxk—>Ak/\dxk+d§k/\dxk, (65a)
B — BX + dak + grdx* —p, (65b)
3
a—>a+dl—zgkdxk, (65¢)
k=1
b—b+du, (65d)

where ¢k, 2K, Bkdx* = B* and p are the gauge parameters explained in Section 2.1.1 and
Section 3.1.1, and A are zero-form bulk gauge parameters that also have their own gauge
transformations. The gauge transformation of A is A — A + 27E! +27E2 + 213, where &X
are x*-dependent functions valued in integers explained in Section 2.1.1. As in the case of
2 + 1 dimensions, the bulk fields a, b and their gauge parameters can have singularities and
discontinuities.

Integrating the fields out and considering specific field configurations, we can show that
the following quantities are quantized:

jg etz (66a)
co N
1
2
f Andxke Ly, (66b)
sk N
2
jg belz, (660)
N

jg quBk c —z (66d)
Cq

where C? is a closed one-dimensional loop along the time x° direction, S, is an arbitrary closed
two-dimensional surface, and S’; is a two-dimensional strip with a fixed width along the x*

direction. The charges q; are integers that satisfy Zizl g = 0 and Cf is a one-dimensional
loop supported on the intersection of leaves with nonzero gy.
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3.1.3 Gauge-Invariant Operators

Let us discuss the gauge-invariant operators, which describe excitations moving in spacetime.
The first one is

Fq[Cf]zexp [iqjg a] , (67)
¢y

F q[C?] is a Zy operator: FI™™ = F4. Since Cf is a line in the time direction, this one-
dimensional operator is the defect operator that describes a fracton, which cannot move in
space.

The second one is

3
L[CY] = exp [l} quBk], (68)
€] k=1

where g = (g )i is a charge vector where the components are integers satisfying Zizl qx =0,
and Cf is a closed one-dimensional line in an intersection of leaves, each of which is a single
leaf for foliation k with g, # 0. From (66d), we can see that L[Cqu)] = 1. Any charge vector g
can be spanned by ¢! = (0,1,—1) and q> = (-1, 0, 1), and we define ¢ = —q'—¢? = (1,—1, 0),
and then the corresponding operators are

LI[C)' ] =exp iqf (B2—-B% |, (69a)
| Jc¥ J

Lg[sz] = exp iq§ (B3—-BY |, (69b)
| Jc®? J

Lg[CfB] = exp iqé (B'—B?% |, (69c¢)
| Jc® J

where C?k is a closed one-dimensional loop in the (x°, x¥)-plane. The one-dimensional opera-
tor LZ[C?"] describes a x*-lineon that can only move along the x* direction. Therefore L[Cf]
is written as a product of the lineon operators. From (66d), we can see that LZ[C?’(] are Zy

operators: LZ+N = Lg. The line operators LZ[C{‘] are the symmetry operators that generate
Zy tensor global symmetries, which are subsystem symmetries.
The third ones are

WI[S5]=exp [iq%kAk/\dxk], k=1,2,3. (70)
N

2

Similarly, W,/![S5] are Zy operators: W9*N = W%, These two-dimensional strip operators
describe a dipole of fractons separated along the x* direction, which can move in the other
directions in space, like a planon. If S’2< are in the space, these operators become the symmetry
operators that generate Zy dipole global symmetries, which are also subsystem symmetries.

These two types of symmetry operators are the charged objects under the other symmetry.
That is, LP and W,f[Slg] satisfy the following relations at equal time:

LP[CI WISk = e2™PalCESIIN wis1 [P c2], if xl<x'<xl,  (71a)
LPIC3 I WA[S)] = 2™Pal @SN wialSIT IP[C3], if xl<x'<x),  (71b)
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where S) = [x,,x]] x C# | and I is the intersection number. Similar relations holds in the
other dlrectlons
The forth one is

KfZ[CfB X 6112] = exp [iq}g (A Adxt+A% A dxz):| s (72)
03512

where Cl12 is a one-dimensional line connecting (x},xf) to (x;,xg) in the (x!, x2)-plane. Kfz
is the strip operator that describes a dipole of fractons at (x},xf, x3) and (x;, x%, x?), which
can move in the x> direction, like a x3-lineon. Using the Stokes’ theorem, the equations of
motion (64c), C12 can be deformed to [xl,xz] X {xz} + {x%} [x%,x%], and this special case
we write K as

K;ZZ[C{)3 ><Cll2] =exp [iqf Al/\dxl]exp |:iq§ Az/\dxz]
CBx[x],x51x{x3} CBx{xy}x[x3,x (73)

=W1q [Cf?’ X [xl,xz] X {x%}]WZq [C?3 X {x; X [xl,xé ] .
Similarly, we have the strip operators Kgg and Kgl.
In addition, the bulk 3 + 1d BF theory has a gauge-invariant operator

TIS,] = exp [iqj( b} . (74)
S,

From (66¢), this surface operator is also a Zy operator: T9*N = T4, This operator has the
winding action on the gauge-invariant operator (67) as

TP[S,]- FI[CO] = e 2PN FI[ 0], (75)

when S, surrounds CO Without the defect operator F¢, the b operator T? becomes trivial,

which corresponds to a time-like symmetry [36]. When S, is S, 123,cube

that is the surface of
[x}, xz] X [Xp ] [xl, ] using the equation of motion (64a) a part of the integral in the

definition of T? can be perforrned as

TI[S23 ] = exp[iq f " { (61B3 + 8,B3)dx'dx* — (8,B3 + 85B3)dx?d x>
SZ

—(8;B2 + 8,B2)dx>dx'} ]

:exp[—iqu {A23(B —B3 )(xl,xz,xl, )}dx ] 76)

X3
X exp [ —iq J {ASl(B;3 —B;)(xf, xg,x},x;)} dxz]
2

X exp —qu {A12(31 2)(xl,xz,xl, )}dx]

This cage operator is localized on the edges of the rectangular cuboid whose surface is 8123 cube,

When S, is 5012 Cube(xl,xé,xl, 3) that is C? x ClzreCt(xl,xz,xl, 2) extended along the x°
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direction, the b operator can be written as

Tq[Sglz’Cube(xl,x;,xl, )] =exp |:lq§ { (GoB? + 8,B3)dx"dx!
SOl2cu e

2

— (8,B3 + 0pBY)dx*dx"} } (77)

= exp [—iqf AlZ(Bé 2)(x1,x2,x1,x2)dx :|
CO

1

This operator describes a quadrupole of x3-lineons Lq[CO] at the corners of the rectangle
Cl1 2irect x%,x;, xl, xz) which is trivial. Slmllarly, we also have the operators that describe a
quadrupole of x!-lineons and a quadrupole of x2-lineons.

As opposed to the (2 + 1)-dimensional case, the time-like T? operator does correspond to
physical excitations that are the lineons sitting at the corners of the time-slice of the operator.
However the operator is trivial as it cannot be detected by a time-like symmetry.” This is also
different from the case of an ordinary BF theory, in which a (1 + 1)-dimensional operator like

T4 corresponds to a one-dimensional, or string, excitation.

3.2 3+1d Exotic BF Theory

We will review the exotic BF theory in 3 + 1 dimensions [15].

3.2.1 Tensor Gauge Fields

In 3+ 1 dimensions, the 90 degree rotations generate the orientation-preserving cubic group,
which is isomorphic to the permutation group S4. Then each tensor gauge field is in a repre-
sentation of S,. The irreducible representations of S, are classified as the following tensors
(see Appendix in [14,15]):

1: S,

1,: T(ijk)’ i#j#k,

2: B, 1#FJi#Fk, Brjk+ Bk + B =0,
Bijy, 1#J#Fk, Bigr) +Bjwi)+ Brij =0
Vi,

3': Ej, i#j, Ej=E;,

(78)

where i, j, k are 1 or 2 or 3, the indices [ij] are antisymmetrized, the indices (ij) are sym-
metrized. The two bases of irreducible representation 2 are related as
Bigjiy = B[ij]k +Briyj » (79a)
B[l] (Bl(]k) + B; (lk)) (79b)
In the following, sums are taken over 1, 2 and 3; for example,
2 ADByijy = 2A100By g3 + 28%3VBy 1) + 2850 DBy .
The exotic BF theory contains two U(1) tensor gauge fields (Aq,A;;) in (1, 3’) and
(Alo(] k),Aij ) in (2,3’) as its fields. The gauge transformation of (A, A; ;) is

7A lineon can be detected by a time-like symmetry generated by belt operator, which will be introduced later.
However there is no way to place the belt operator so that it detects the quadrupole Tq[S012 cwb] without inter-

secting the belt operator with S5 e Thus the operator TI[S2" eube] is trivial.
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Ag = Ag + doa, (80a)
Aij —>Aij+8i5ja, (80b)

where a is a U(1)-valued gauge parameter: a ~ a + 27, in 1. The gauge parameter a has
its own gauge transformation: a — a + 2mi' + 2mfi® + 2773, where 7i* are x*-dependent
functions valued in integers. A;; can have delta function singularities and have step function
discontinuities, while Aj, a can have step function discontinuities as in Table 9, where fok,

~ k)l . . . . o
fl’]‘, k hl(] ) , ht'!l and §U! are some continuous functions with appropriate periodicity
cond1t1ons. The gauge parameter fi* can have step function discontinuities in the x* direction.

The gauge-invariant electric and magnetic fields of (Ay,A;;) are

El] == aOAl] - BIGJAO s (81)
B[l] 8AJk aink or Bk(U) = 28kAlJ - 3iAkj - BjAki . (82)

The gauge transformation of the other field (Aio(j k),Aij ) is

Ai)(jk) _)Ai)(jk) + 30&i(jk)’ (83a)
AU — AU + 3, aF) (83b)

where 409 is a U(1)-valued gauge parameter in 2. The gauge parameter &'U% has its own

gauge transformation: 409 — &'U%) 4 27mi — 27mk, where m* are x*-dependent functions

k ~i(j . . o ;
AIK) , A’ and @'U can have step function discontinuities in the x/ and

k

Valued in integers. A

x* directions as in Table 9. The gauge parameter m* can have step function discontinuities in

the x¥ direction. The gauge-invariant electric and magnetic fields of (Ai)(j k),Aij) are
A A s k(i
£ = g,Al — akAo(lJ) ) (84)
s 1 oy
— Q. AU
B= Z 8,0,AU . (85)

3.2.2 3+1d Exotic BF Lagrangian

The exotic BF Lagrangian is

L,= 27[( ZAUE”+AOB). (86)

Integrating by parts, and using J, k(GAji + FAy; + 9 A k(U)

= Zi,j,k 8iAjk(AIS(U ) +A10(] k) +A]0(kl)) =0 and (79a), the Lagrangian can be written as

( ZAk(U)Bk(U)‘i' ZAUEU) (87)

i,j,k

8Functions f (x; xk) mean x*-independent functions.
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Table 9: Singularities and discontinuities of the tensor gauge fields and their gauge

parameters.

Gauge fields
nd parameters

o}

Gauge transformation

Terms including
singularities and discontinuities

Ag

Ao _)AO + 30(1

S ke k)0 (oK — x)

Aij _)Al] + aiaja

fig(x; xi)5(xt —x{) +fi§(x;fo)5(xj —xé)
+FECe )0 —x}) (kK #0,1,7)

a— a+2nil + 2w + 2nid

> §M ;xR0 (K — xK)

4G
AO

AUP _, 4109 1 5, 4160

R0 ;506 (o — )
+f16(]k)’k(x; xAk)Q(xk - xé)

As s

AY

A AT 4 3,640

flij’i(x;agi)O(xi —x(i))_
+h (5 x7)0 (x) — x})

410k

G100 5 iUk 4 ommi — 2wk

§10R (3e; x7)0 () — x)

+5100K (x; k)0 (xk — xK)

The equations of motion are

2

o Dk = 05

N pis =0,
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Integrating specific fields out, we can show that the following quantities are quantized.

2
} dx®4, € 227, (89a)
co N
2
jg (dx°dx18,Ay + dx2dx Ay, + dx3dx Ag) € FHZ, (89b)
S
2
§ (dx°dx?B,A0 + dx dx?Ayy + dx3dx?Ays) € WRZ, (89¢)
S5
2
jg (dx%dx33;A0 + dxtdx3As; +dx2dx3Ays) € %Z, (89d)
83
i o2
(dxPALD 4 qxkAl) € FHZ’ (89)

ck
where C? is a closed one-dimensional loop along the time x° direction, S’Z‘ is a two-dimensional
strip with a fixed width along the x* direction, and Cfl is a closed one-dimensional loop in
the (x°, x¥)-plane.
3.2.3 Gauge-Invariant Operators

Let us discuss gauge-invariant operators. The defect operator that describes fractons is
I:"q[C?] = exp [iq§ donO] . (90)
¢y

As in the case of the foliated BF theory, the deformation of C{) would break the gauge invari-
ance of the operator.
The defect operators that describe lineons are

LI[C%] = exp [iq§ (dxPAS D) + dxkAij)] , k=1,2,3. (91)
ck

If ka are along the x¥ direction, I:Z are the symmetry operators that generate Zy tensor global
symmetries.
The strip operators that describe a dipole of fractons separated along the x* directions are

vi[sl]=exp|iq § 1(dx°dx131AO +dx?dx'A;, +dx3dx'As) |, (92a)
L Js; J

qu [Sg] =exp|iq § 2(dxodxzé’on +dxtdx?A;, +dx3dx?AL) |, (92b)
- 52 -

vi[s3]=exp|iq jg 3(dx°dx3agA0 +dxtdx®As; +dx?dxPAy;) | . (92¢)
L Js3 i

If S§ are in the (x!,x? x*)-plane, W! are the symmetry operators that generate Zy dipole
global symmetries.
The two types of symmetry operators satisfy the following relations at equal time:

IP[C2I WISk = e2™PalCESDIN W11 FPIC2], if xl<x'<x),  (93a)

IPIC3 1 WI[S)] = 2™ PalCOS)N WS IP[C3], if x} <x'<x),  (93Db)
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where S} = [x3,x7] x C3, and I is the intersection number. Similar relations holds in the
other directions. These symmetries in the exotic BF theory have the same structure as the
foliated BF theory discussed in Section 3.1.

In addition, we can consider the strip operator that describes a dipole of fractons at
(x1,x2%,x%) and (x3,x2,x>), which can move in the x* direction, like a x3-lineon:

I?fz[C??’ X Cllz] = exp [iq§ (dxodxlalAO + dxodx262A0 + dxsdx1A31 + dx?’dszzg)] , (94)
C03xcl2

where C112 is a one-dimensional line connecting (x}, 2) to (xz, ) in the (x!, x?)-plane. Using
the Stokes’ theorem, the equations of motion (88a), and - 57 Brijjk = 0 from (88b), C12 can be
deformed to [x7,x,] % {x3} + {x;} x [x%,x5], and in this spec1al case we write K{,

KLICY xCl* ] =exp |:iqj€ (dx°dx'0,A, + dx?’dxlAgl)]
c

03 x[x], x5 1% {x?}
(95)
X exp [iqif (dx°dx?8,A, + dxgdx2A23)]
CBx{xy}x[x2,x2]
=WE[CP x [xl,x2]x {(x2} W[ €9 x {xl} x [x2,x2]] .

Similarly, we have the strip operators f(;zg and Kgl.

Also, we can consider the strip operators that describe a dipole of x!-lineons and a dipole
of x2-lineons, separated along the x® direction, which can move in the other directions in
space, like a planon:

PI [53]=exp [iqjg (dxodeagAg@?’) +dx'dx3 8,423 — dx2dx3 (8,43 + azAlz))] ., (96)
: .

2

133?2[83] = exp [iqff (dxodx383A%(31) +dx2dx33,A3 — dxldx3(8,A% + 31/\12))] . 97
. .

2

Note that

= {B,} T exp [—iq jg (dx°dx®8; 8317 + dx?dx® A" + dxldx381A12)]
S

3
2

(98)
— (pd y-1gpd -1
= (B} (B,

where 13;13 represents a dipole of x>-lineons separated along the x2 direction, which is trivial.

Using the Stokes’ theorem and the equations of motion (88c) and (88d), Sg can be deformed
to Cfl x {x?} x [xl,xz] and in this special case we write 3?1[53] as

P, (831 =exp [iq jé (dxdx?3,AL% + dxldxgagAzg)]
5 C01><{X2}><[x1 xz]

=exp [iq f (deAé(zg) + dxlAzg):|
CO(x2,x3) (99)

x exp | —iq (deAé(23)+dx1A23)
COl(xz 3)
_F4[ 01,2 .3\ 79[ ~017,.2 .33y}
=L, [Cl (x ’xz)] {Ll [Cl (x >x1)]} >
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where C!(x?, x?) is a closed one-dimensional loop in the (x°, x!)-plane at (x2,x*). Similarly,
we have the strip operators }N’,il. for (k,i)=(1,2),(1,3),(2,1),(2,3).

As in the case of 2 + 1 dimensions, there is a gauge-invariant operator that can detect the
fracton operator:

Fa [Sézs,cube] — exp [ _ qu

1
X3

1
Xy

dx! {AgsAB(x2,x2,x3, x )}}

2
X3

X exp[—iqu dx? {AglAgl(xi’,xg’,x%,x;)}] (100)
X

X3
X exp [ - iqf dx3 {AuAlz(xl, X2> xl, )} ]

3
X3

This cage operator is localized on the edges of the rectangular cuboid whose surface is S, 123,cube
Without the defect operator F4, T4 becomes trivial, which corresponds to a time-like symmetry
[36]. The operator TP can detect the fracton operator F9:

P [3123 Cub6] Fa[C0] = e 27PN Fa[ 0], (101)

when $,*> cube ¢\1rrounds cy.
ThlS theory has another time-like symmetry whose operator can detect the lineons: the

belt operator

UE112]3 I:SB belt] = exp lq J/ f dx2dx (A23(X2) A23(X ))
(102)

X %3
X exp —qu f dxtdx3® (Agl(x%) —A31(xf)) ,
xp g

Selt ¢ C12reCt x [x3,x3]. Similarly, we also have U [82 belt:l and U} I [Sl be“].

where Sy (312 [23

They act on the hneon operator as

07, s [ 557 |- L2LCR1 = L[ P, (103a)

Oy [ 877 ] L31C71 = 27PN L), (103b)

Doy [$2™" ] L3LCP1 = 27PN LA, (103¢)
there 32> ¢ that is the union of Sk Pelt surrounds C?. Similar relations also hold for L{ and
L,.

These gauge-invariant operators are Zy operators: q is an element of Z;.

3.3 Correspondences in 3+1 Dimensions

As in the case of the 2 + 1d version, the 3 + 1d foliated BF theory explained in Section 3.1
and the 3+ 1d exotic BF theory explained in Section 3.2 are equivalent in case that ek = dx*,
M, =N and n, =1 (k =1, 2,3). We identify the gauge-invariant operators in the foliated BF
theory with those of the exotic BF theory. By matching the gauge-invariant operators, we can
derive the correspondences of the gauge fields and parameters.
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First, let us consider the fracton defect operators. We identify the operators Fq[C? ] with
FI[CY] defined in (67) and (90):

exp [iq}g a:| ~ exp |:iq§ dx0A0:| , (104)
c? c?

1

which leads to the field correspondence
ag =~ AO . (105)
The gauge transformations of a; and A, explained in (65¢) and (80a) are

ag — Qg + 80),, (1063)
Ay = Ay + Gy, (106b)

from which we obtain the gauge parameter correspondence
A~a. (107)

Moreover, the gauge transformations of A and a are

Ao A+2nEt +2mE% + 2183, (108a)
a— a+2nil +2niA? + 2nis, (108b)

which can be matched by
gk o ik, (109)

In these correspondences, one can check that their singularities and discontinuities are also
matched.
The equations of motion (64d) in components are

%(A’(‘)+8Oak—8ka0)=0, k=1,2,3, (110a)
év—n(A’; —Al +8a;,—6a)=0, (k,1)=(1,2),(2,3),(3,1). (110b)

These equations of motion imply
AR+ Qyay ~ BAy, k=1,2,3. (111)

Note that the gauge transformations by ¢ cancel out.
Next, let us consider the strip operators. As in the case of 2 + 1 dimensions, we define the
modified gauge-invariant strip operators Wf [SK] as
,modL~2

Wimod[5§]=exp[iq f (A"Adx"+d(akdx"))], k=1,2,3. (112)

k
52

We identify the operators W]fmo d[S’2<:| with W,f [Sé‘] defined in (112), (92a), (92b) and (92¢):

exp |:iq } k (Ak Adx* + d(akdxk)):| ~ exp |:iq k(dxodxkakAO +dxidxkA; + dxjdxkAjk) ,
SZ SZ
(k’ i’j) = (1)27 3)’ (23 3’ 1)) (3’ 17 2)3
(113)
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which lead to the field correspondences

A+ da ~ Ay, k#i, ki€{l,2,3}, (114)

and also (111) again. The terms J;a; make the gauge transformations match with those of
A; under the gauge parameter correspondence (107). Using the correspondences (111) and
(114), we find the correspondence of gauge-invariant operators between Kfz and I?fz defined
in (72) and (94). To be precise, as we did for Wlf, the operator Kfz in the foliated side has to
be modified as
K?Z,mod C§)3 X Cllz] = exp |:iqj€ (A1 Adxt+A%2 Adx?+d(a;dxt + a2dx2)):| . (115)
o

03, /12
1 X6y

Lastly, let us consider the lineon operators. We identify LZ[C(’)‘k] with iZ[C{(Ok] defined in
(69a)-(69c) and (91):

exp | iq (B! —B) [ ~exp iqff (deAﬁ(ij) +dxkAT) | . (116)
cok cok
Then we can derive the field correspondences
By—By~Ag¢”, (i,j,k)=(1,2,3),(2,3,1),(3,1,2), (117a)
B, —B, ~AY, (i,j,k)=(1,2,3),(2,3,1),(3,1,2). (117b)

The gauge transformations by u cancel out in the left-hand sides and the gauge transforma-
tions by B* do not appear. Note that Bg —Bé ~ —Agm), B§ —B; ~ —A?! and so on. These

correspondences are consistent with the conditions Aé(zg) +Aﬁ(31) +A“3(12) = 0. From (65b),
(83a) and (83b), the gauge transformations are

Bl —B) — Bl —B] + 3,(Al — /), (118a)
BL—B] — BL—B] + 8, (A1 = 1)), (118b)
AR, JKOD . g gk, (118¢)
Al = AU 4 3,akiD) | (118d)

where (i,j,k) = (1,2,3),(2,3,1),(3,1,2). Then we obtain the gauge parameter correspon-
dences

A=A~ gFAD (67 k) =(1,2,3),(2,3,1),(3,1,2). (119)
Moreover, the gauge transformations of A¥ and (/) are
Ak Ak ommk + v, (120a)
Gk — §k@) 4 ommt —2mml (120b)
which can be matched by
mf e mk, k=1,2,3. (121a)

Again in these correspondences, their singularities and discontinuities are matched. Using the
correspondences (117a) and (117b), we find the gauge-invariant operator corresponding to
P], defined in (96):

P{ [S3]=exp [iqjg {dx°dx®25(B2 —B3) + dx'dx®35(B — B®)
% (122)
—dxdx® (283~ B) + 0,83~ B)} |.

29


https://scipost.org
https://scipost.org/SciPostPhys.14.6.164

Scil SciPost Phys. 14, 164 (2023)

Similarly, we also have Pq. for (k,i) =(3,2),(1,2),(1,3),(2,1),(2,3).
Under the correspondence (117b), the cage time-like symmetry operator T[S,
fined (76) corresponds to T[S, 123,cube] defined in (100). Note that on a Hilbert space with

fracton defect operators, the b operator T9[S,] is a product of T[S, 123, Cllbe] surrounding the
defects that are surrounded by S,. In addition, using the correspondences (1 14) we can find

[ 3belt] de-

123, Cube] de-

the belt time-like symmetry operator in the foliated side corresponding to U,
fined in (102):

[12]3

U[qu]Bmod[ 3belt]—exp qu J (A3(x2)+82a3(x2) Ag(xl) 82a3(x%))dx Adx®

X, X3
X exp —iqf J (Ag(x2)+81a3(x2) A3(x2) 81a3(x2))dx Adx3 |,
Xl X3
(123)

or non-modified one

Uiy S5 ] = exp | ig f f (A3 (cd) — A3 (x 1)) dx® A dc®
(124)

X exp —qu J (AS(XZ) A3(x2))dx Adx3

Similarly, we can find the other belt operators U[31]2 [SZ belt] nd qu3]1 [S L beh].

There are other gauge-invariant operators, e.g. the one describes the creation of a
quadrupole of fractons [14, 15] in the exotic side, and one can easily map them to the fo-
liated side using the correspondences of the gauge fields.

4 Conclusion

In this paper, we have discussed the duality between the foliated BF theory and the exotic BF
theory in 241 dimensions and 341 dimensions, and derived the explicit correspondences of the
gauge fields and parameters by matching the gauge-invariant operators. The correspondences
include the bulk field in the FQFT, and the singularities and discontinuities of the fields and
the parameters are also consistent. The duality includes the correspondences of the time-like
symmetries [36] in both sides.

One of the future directions is to consider the mixed 't Hooft anomalies [41] of the sub-
system symmetries. The ’t Hooft anomalies and the anomaly inflow [42] of the subsystem
symmetries are studied [18,25], and the corresponding symmetry protected topological (SPT)
phases are called subsystem SPT (SSPT) phases [18,43,44]. The foliated and exotic BF theory
in this paper also have the mixed anomalies, and it would be interesting to consider how the
duality incorporate the SSPT phases.

Another direction is to consider relations between gapless foliated and exotic QFTs such as
the foliated scalar [19,22] and the ¢ theory [13,16]. Although in gapless theories the foliated
and exotic theories will not represent the same physics, as pointed out in [22], they might be
connected by a renormalization group flow.
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In this work, we have considered the foliated BF theory in the flat foliations. It is not
understood so far what exotic tensor gauge theory corresponds to the general foliated BF
theory (8). If there are foliated-exotic dualities for more general classes of foliated theories,
e.g. the ones studied in [20-22], it would provide a more general construction of exotic QFTs.
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A Electric-Magnetic Dual Description in 2+1 Dimensions

The ordinary BF theory in 1+1 dimensions is dual to the Zy gauge theory realized as Higgsing
of a charge-N scalar field coupled to a U(1) gauge field [37-40], which is the electric-magnetic
duality. Similarly the foliated BF theory described in Section 2.1 and the exotic BF theory
described Section 2.2 can be written as such a dual description. These electric-magnetic dual
theories are directly foliated-exotic dual to each other.

A.1 Foliated Gauge Theory

In the foliated BF theory, the term of a stack of 14 1d BF theories can be written as the form
of a Zy gauge theory realized as Higgsing. The Lagrangian is

1y . . .
N N
cp=> [—LU" A (d®% — NAKY A dxk + 25 p A Ak A dxk] + 2 bAda, (125)
= 27 27 27

where ®* is a compact scalar field and U is a one-form field, which is a Lagrangian multiplier.
&% can have delta function singularities in the x* direction, and U* can have zero-form step
function discontinuities and one-form delta function singularities in the x* direction. The
gauge transformation is

oF - &K+ NZk + 210, tF, (126a)

where t* is a x*-dependent function valued in integers that can have step function disconti-
nuities in the x* direction, and ¢* is defined in Section 2.1.1 and Section 2.1.2. The equation
of motion derived by integrating the Lagrangian multiplier out is

(do* —NAY A dxk =0. (127)

Then the strip operators (19) can be written as

WIf[Sé]:exp[i%ikd¢k/\dxk], k=1,2. (128)

2
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We can dualize this theory to the foliated BF theory. By integrating ®* out, we can derive
the equation of motion

N

anuk Adxk=0. (129)

Solving this equation locally, we can derive U* A dx* = dB* A dx*, where B is the foliated
B-type zero-form field defined in Section 2.1.1. Then the Lagrangian becomes

Tlf . . .
N N N

c qZ[l—dBk AAR A dxk + /\A"/\dx"]+l—b/\da, (130)
ey R 2 2m

which is equal to the foliated BF Lagrangian (9).

A.2 Exotic Gauge Theory

The exotic BF theory also has the form of the Zy tensor gauge theory realized as Higgsing of
a charge-N scalar field coupled to a U(1) tensor gauge field [13]. This Zy tensor theory is
directly dual to the foliated Z, gauge theory (125). The Lagrangian is

i 4 i A
L= %Elz(alaqu —NA;5) + EB(@@ —NAy), (131)

where (£'2, B) in the representation (1,, 1) is a Lagrangian multiplier and ¢ in the represen-
tation 1, is a compact scalar. The field ¢ can have configurations that are the sum of the terms
proportional to step functions in the x! and x? directions. The gauge transformation is

¢ > ¢+Na+2nil+2ni2, (132)

where ¥ are x*-dependent functions valued in integers that can have step function disconti-
nuities in the x* direction, and « is defined in Section 2.2.1.
The equations of motion derived by integrating the Lagrangian multiplier out are

010, —NA;, =0, (133a)

Then the strip operators (36a) and (36b) can be written as
viI[S3]=exp |:1]% }5 1(dxodxlé’lé‘oqﬁ + dxzdx16182¢):| , (134a)
SZ

qu [S%] = exp [lz%é (dxodxzazao¢ + dxldxzalaz¢):| . (134b)
S

We can dualize this theory to the exotic BF theory. Integrating ¢ out, we can derive the
equation of motion

3,0,E12 —3,8=0. (135)

Solving this equation locally, we can derive £'2 = 3,¢'% and B = 9,0,¢'2. Then the La-
grangian becomes

iN N
L= 2§28, — ¢ 128,84, (136)
¢ 2n 27
which is equal to the exotic BF Lagrangian (28).
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A.3 Correspondences

In the dual theories, from the strip operators (128), (134a), (134b), and the modification of
Wlf[Slg] in (50), we identify

exp [%% (d®' Adx’ +Nd(a1dx1))] ~ exp[il%f (dx°dx'8,8y¢ +dx2dx16132¢)] , (137a)
S S

exp {%; (d®? A dx? +Nd(a2dx2)):| ~ exp[il%f (dx°dx23,8y¢ +dx1dx23182¢)] , (137b)
s2 s2

which lead to the correspondences of the scalar fields

! +Na,; ~8,¢, (138a)
®*+Na, ~0,¢ . (138b)

The gauge transformations of %, a and ¢ are

¢k — ok + N¢k + 21, t*, (139a)
ar — a + A -k, (139b)
¢ —>¢+Na+2nil+2mt2. (139¢)

The gauge transformation by ¢* cancel out in the left-hand sides. Then we derive the gauge
parameter correspondences

(140a)
(140Db)

>
1
Q

~
2
~+

Again the discontinuities are matched.

References

[1] R. M. Nandkishore and M. Hermele, Fractons, Annu. Rev. Condens. Matter Phys. 10, 295
(2019), doi:10.1146/annurev-conmatphys-031218-013604.

[2] M. Pretko, X. Chen and Y. You, Fracton phases of matter, Int. J. Mod. Phys. A 35, 2030003
(2020), d0i:10.1142/S0217751X20300033.

[3] J. Haah, Local stabilizer codes in three dimensions without string logical operators, Phys.
Rev. A 83, 042330 (2011), doi:10.1103/physreva.83.042330.

[4] S. Vijay, J. Haah and L. Fu, A new kind of topological quantum order: A dimensional hier-
archy of quasiparticles built from stationary excitations, Phys. Rev. B 92, 235136 (2015),
doi:10.1103/PhysRevB.92.235136.

[5] S.Vijay, J. Haah and L. Fu, Fracton topological order, generalized lattice gauge theory, and
duality, Phys. Rev. B 94, 235157 (2016), doi:10.1103/PhysRevB.94.235157.

[6] W. Shirley, K. Slagle, Z. Wang and X. Chen, Fracton models on general three-dimensional
manifolds, Phys. Rev. X 8, 031051 (2018), doi:10.1103/PhysRevX.8.031051.

[7] B. J. Brown and D. J. Williamson, Parallelized quantum error correc-
tion with fracton topological codes, Phys. Rev. Res. 2, 013303 (2020),
doi:10.1103/PhysRevResearch.2.013303.

33


https://scipost.org
https://scipost.org/SciPostPhys.14.6.164
https://doi.org/10.1146/annurev-conmatphys-031218-013604
https://doi.org/10.1142/S0217751X20300033
https://doi.org/10.1103/physreva.83.042330
https://doi.org/10.1103/PhysRevB.92.235136
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevX.8.031051
https://doi.org/10.1103/PhysRevResearch.2.013303

Scil SciPost Phys. 14, 164 (2023)

[8] V. Khemani, M. Hermele and R. Nandkishore, Localization from Hilbert space shat-
tering: From theory to physical realizations, Phys. Rev. B 101, 174204 (2020),
doi:10.1103/PhysRevB.101.174204.

[9] M. Pretko, Emergent gravity of fractons: Mach’s principle revisited, Phys. Rev. D 96, 024051
(2017), doi:10.1103/PhysRevD.96.024051.

[10] M. Pretko, The fracton gauge principle, Phys. Rev. B 98, 115134 (2018),
doi:10.1103/PhysRevB.98.115134.

[11] K. Slagle and Y. B. Kim, Quantum field theory of X-cube fracton topological or-
der and robust degeneracy from geometry, Phys. Rev. B 96, 195139 (2017),
doi:10.1103/PhysRevB.96.195139.

[12] N. Seiberg, Field theories with a vector global symmetry, SciPost Phys. 8, 050 (2020),
doi:10.21468/SciPostPhys.8.4.050.

[13] N. Seiberg and S.-H. Shao, Exotic symmetries, duality, and fractons in 2 + 1-dimensional
quantum field theory, SciPost Phys. 10, 027 (2021), doi:10.21468/SciPostPhys.10.2.027.

[14] N. Seiberg and S.-H. Shao, Exotic U(1) symmetries, duality, and fractons
in 3 + 1-dimensional quantum field theory, SciPost Phys. 9, 046 (2020),
doi:10.21468/SciPostPhys.9.4.046.

[15] N. Seiberg and S.-H. Shao, Exotic Z, symmetries, duality, and fractons in 3+ 1-dimensional
quantum field theory, SciPost Phys. 10, 003 (2021), doi:10.21468/SciPostPhys.10.1.003.

[16] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, More exotic field theories in 3 + 1
dimensions, SciPost Phys. 9, 073 (2020), doi:10.21468/SciPostPhys.9.5.073.

[17] P Gorantla, H. T Lam, N. Seiberg and S.-H. Shao, Low-energy limit of some
exotic lattice theories and UV/IR mixing, Phys. Rev. B 104, 235116 (2021),
doi:10.1103/PhysRevB.104.235116.

[18] E J.Burnell, T. Devakul, P Gorantla, H. T. Lam and S.-H. Shao, Anomaly inflow for subsys-
tem symmetries, Phys. Rev. B 106, 085113 (2022), doi:10.1103/PhysRevB.106.085113.

[19] H. Geng, S. Kachru, A. Karch, R. Nally and B. C. Rayhaun, Fractons and exotic symmetries
from branes, Fortschr. Phys. 69, 2100133 (2021), doi:10.1002/prop.202100133.

[20] K. Slagle, D. Aasen and D. Williamson, Foliated field theory and string-
membrane-net condensation picture of fracton order, SciPost Phys. 6, 043 (2019),
doi:10.21468/SciPostPhys.6.4.043.

[21] K. Slagle, Foliated quantum field theory of fracton order, Phys. Rev. Lett. 126, 101603
(2021), doi:10.1103/PhysRevLett.126.101603.

[22] PB-S.Hsin and K. Slagle, Comments on foliated gauge theories and dualities in 3+1d, SciPost
Phys. 11, 032 (2021), do0i:10.21468/SciPostPhys.11.2.032.

[23] Y. You, T. Devakul, S. L. Sondhi and F. J. Burnell, Fractonic Chern-Simons and BF theories,
Phys. Rev. Res. 2, 023249 (2020), doi:10.1103/PhysRevResearch.2.023249.

[24] S. Yamaguchi, Supersymmetric quantum field theory with exotic symmetry in 3 + 1
dimensions and fermionic fracton phases, Prog. Theor. Exp. Phys. 063B04 (2021),
doi:10.1093/ptep/ptab037.

34


https://scipost.org
https://scipost.org/SciPostPhys.14.6.164
https://doi.org/10.1103/PhysRevB.101.174204
https://doi.org/10.1103/PhysRevD.96.024051
https://doi.org/10.1103/PhysRevB.98.115134
https://doi.org/10.1103/PhysRevB.96.195139
https://doi.org/10.21468/SciPostPhys.8.4.050
https://doi.org/10.21468/SciPostPhys.10.2.027
https://doi.org/10.21468/SciPostPhys.9.4.046
https://doi.org/10.21468/SciPostPhys.10.1.003
https://doi.org/10.21468/SciPostPhys.9.5.073
https://doi.org/10.1103/PhysRevB.104.235116
https://doi.org/10.1103/PhysRevB.106.085113
https://doi.org/10.1002/prop.202100133
https://doi.org/10.21468/SciPostPhys.6.4.043
https://doi.org/10.1103/PhysRevLett.126.101603
https://doi.org/10.21468/SciPostPhys.11.2.032
https://doi.org/10.1103/PhysRevResearch.2.023249
https://doi.org/10.1093/ptep/ptab037

Scil SciPost Phys. 14, 164 (2023)

[25] S. Yamaguchi, Gapless edge modes in (4 + 1)-dimensional topologically massive tensor
gauge theory and anomaly inflow for subsystem symmetry, Prog. Theor. Exp. Phys. 033B08
(2022), doi:10.1093/ptep/ptac032.

[26] H. Katsura and Y. Nakayama, Spontaneously broken supersymmetric fracton phases
with fermionic subsystem symmetries, J. High Energy Phys. 08, 072 (2022),
doi:10.1007/JHEP08(2022)072.

[27] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries, J. High
Energy Phys. 02, 172 (2015), doi:10.1007/JHEP02(2015)172.

[28] W. Shirley, K. Slagle and X. Chen, Fractional excitations in foliated fracton phases, Ann.
Phys. 410, 167922 (2019), doi:10.1016/j.a0p.2019.167922.

[29] W. Shirley, K. Slagle and X. Chen, Foliated fracton order from gauging subsystem symme-
tries, SciPost Phys. 6, 041 (2019), doi:10.21468/SciPostPhys.6.4.041.

[30] W. Shirley, X. Liu and A. Dua, Emergent fermionic gauge theory and foli-
ated fracton order in the Chamon model, Phys. Rev. B 107, 035136 (2023),
doi:10.1103/PhysRevB.107.035136.

[31] A.Y. Kitaev, Fault-tolerant quantum computation by anyons, Ann. Phys. 303, 2 (2003),
doi:10.1016/S0003-4916(02)00018-0.

[32] M. Pretko, Subdimensional particle structure of higher rank U(1) spin liquids, Phys. Rev. B
95, 115139 (2017), doi:10.1103/PhysRevB.95.115139.

[33] D. A. Johnston, M. Mueller and W. Janke, Plaquette Ising models, degeneracy and scaling,
Eur. Phys. J. Spec. Top. 226, 749 (2017), doi:10.1140/epjst/e2016-60329-4.

[34] L. Kong and X.-G. Wen, Braided fusion categories, gravitational anomalies, and the
mathematical framework for topological orders in any dimensions, (arXiv preprint)
doi:10.48550/arXiv.1405.5858.

[35] T. Johnson-Freyd, On the classification of topological orders, Commun. Math. Phys. 393,
989 (2022), doi:10.1007/s00220-022-04380-3.

[36] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, Global dipole symmetry, compact
Lifshitz theory, tensor gauge theory, and fractons, Phys. Rev. B 106, 045112 (2022),
doi:10.1103/PhysRevB.106.045112.

[37] J. Maldacena, N. Seiberg and G. Moore, D-brane charges in five-brane backgrounds, J.
High Energy Phys. 10, 005 (2001), doi:10.1088/1126-6708/2001/10/005.

[38] T. Banks and N. Seiberg, Symmetries and strings in field theory and gravity, Phys. Rev. D
83, 084019 (2011), doi:10.1103/PhysRevD.83.084019.

[39] A. Kapustin and N. Seiberg, Coupling a QFT to a TQFT and duality, J. High Energy Phys.
04, 001 (2014), doi:10.1007/JHEP04(2014)001.

[40] S. Gukov and A. Kapustin, Topological quantum field theory, nonlocal operators, and
gapped phases of gauge theories, (arXiv preprint) doi:10.48550/arXiv.1307.4793.

[41] G. ’t. Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking,
in Recent developments in gauge theories, Springer, Boston, USA, ISBN 9781468475739
(1980), doi:10.1007/978-1-4684-7571-5 9.

35


https://scipost.org
https://scipost.org/SciPostPhys.14.6.164
https://doi.org/10.1093/ptep/ptac032
https://doi.org/10.1007/JHEP08(2022)072
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1016/j.aop.2019.167922
https://doi.org/10.21468/SciPostPhys.6.4.041
https://doi.org/10.1103/PhysRevB.107.035136
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1103/PhysRevB.95.115139
https://doi.org/10.1140/epjst/e2016-60329-4
https://doi.org/10.48550/arXiv.1405.5858
https://doi.org/10.1007/s00220-022-04380-3
https://doi.org/10.1103/PhysRevB.106.045112
https://doi.org/10.1088/1126-6708/2001/10/005
https://doi.org/10.1103/PhysRevD.83.084019
https://doi.org/10.1007/JHEP04(2014)001
https://doi.org/10.48550/arXiv.1307.4793
https://doi.org/10.1007/978-1-4684-7571-5_9

Scil SciPost Phys. 14, 164 (2023)

[42] C. G. Callan and J. A. Harvey, Anomalies and fermion zero modes on strings and domain
walls, Nucl. Phys. B 250, 427 (1985), d0i:10.1016/0550-3213(85)90489-4.

[43] Y. You, T. Devakul, E J. Burnell and S. L. Sondhi, Subsystem symmetry protected topological
order, Phys. Rev. B 98, 035112 (2018), do0i:10.1103/PhysRevB.98.035112.

[44] T. Devakul, D. J. Williamson and Y. You, Classification of subsystem symmetry-protected
topological phases, Phys. Rev. B 98, 235121 (2018), doi:10.1103/PhysRevB.98.235121.

36


https://scipost.org
https://scipost.org/SciPostPhys.14.6.164
https://doi.org/10.1016/0550-3213(85)90489-4
https://doi.org/10.1103/PhysRevB.98.035112
https://doi.org/10.1103/PhysRevB.98.235121

	Introduction
	BF-type Theory in 2+1 Dimensions
	2+1d Foliated BF Theory
	Foliation and Foliated Gauge Fields
	2+1d Foliated BF Lagrangian
	Gauge-Invariant Operators

	2+1d Exotic BF Theory
	Tensor Gauge Fields
	2+1d Exotic BF Lagrangian
	Gauge-Invariant Operators

	Correspondences in 2+1 Dimensions

	BF-type Theory in 3+1 Dimensions
	3+1d Foliated BF Theory
	Foliated Gauge Fields
	3+1d Foliated BF Lagrangian
	Gauge-Invariant Operators

	3+1d Exotic BF Theory
	Tensor Gauge Fields
	3+1d Exotic BF Lagrangian
	Gauge-Invariant Operators

	Correspondences in 3+1 Dimensions

	Conclusion
	Electric-Magnetic Dual Description in 2+1 Dimensions
	Foliated Gauge Theory
	Exotic Gauge Theory
	Correspondences

	References

