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Abstract

A non-isolated physical system typically loses information to its environment, and when
such loss is irreversible the evolution is said to be Markovian. Non-Markovian effects
are studied by monitoring how information quantifiers, such as the distance between
physical states, evolve in time. Here we show that the Fisher information metric emerges
as a natural object to study in this context; we fully characterize the relation between its
contractivity properties and Markovianity, both from the mathematical and operational
point of view. We prove, for classical dynamics, that Markovianity is equivalent to the
monotonous contraction of the Fisher metric at all points of the set of states. At the
same time, operational witnesses of non-Markovianity based on the dilation of the Fisher
distance cannot, in general, detect all non-Markovian evolutions, unless specific physical
postprocessing is applied to the dynamics. Finally, we show for the first time that non-
Markovian dilations of Fisher distance between states at any time correspond to backflow
of information about the initial state of the dynamics at time 0, via Bayesian retrodiction.
All the presented results can be lifted to the case of quantum dynamics by considering
the standard CP-divisibility framework.
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1 Introduction

The information contained in an evolving open system may undergo two possible dynamical
regimes, dubbed Markovian or non-Markovian. Markovian evolutions are characterized by
memoryless environments, where at each time the dynamical trajectory can be represented
by physical transformations that solely depend on the immediately previous time step [1, 2].
It follows that in this regime the information contained in the system undergoes a monotonic
degradation. On the other hand, non-Markovian dynamics are distinguished by memory ef-
fects, meaning that at any time the evolution might in general depend on all the previous
time steps of the trajectory. This property allows information to flow back into the system.
The complete characterization of non-Markovianity passes through the classification of the
possible backflow phenomena that these evolutions can offer. This task is at the core of the
non-Markovian witnessing problem [3,4]. More specifically, one needs to find information
quantifiers and specific initializations of the system (which may include ancillas) that are able
to signal the non-Markovian nature of the evolution via revivals of an otherwise monotoni-
cally decaying information. Different quantifiers have been considered in this context, such
as for state discrimination [5, 6], channel capacity [7], volume of accessible states [8] and
correlations [9, 10]. This approach allows to understands how we can gain benefits from
non-Markovian evolutions and, at the same time, it is committed to test the correspondence
between its phenomenological and mathematical definition. Notice that this is relevant both
for the dynamics of classical stochastic systems, as well as that of open quantum systems. In
the following, we will set our discussion on the classical case, which allows us to introduce all
the relevant physical and mathematical insights in a straightforward manner. However, all the
presented framework and results can be extended to the case of quantum dynamics, via few
tedious technical steps (cf. Appendices C and D).

A quantity that has attracted a lot of attention from the community is the trace distance.
In the classical case, it is given by

DTr(p,q)=|p—q|=lei—qi|, €]

where p and q are two classical probability distributions. Such distance quantifies the distin-
guishability between the states p and q, as the error probability of distinguishing the two in
a single-shot measurement is lower bounded by P, = W [11]. Moreover, this quantity
decreases under physical maps, leading to a monotonic decrease for Markovian evolutions [3]
(cf. Appendix A). Hence, one consequence associated to the loss of information due to Marko-
vianity is a continuous decrease in the ability of an agent to discriminate between any two
states.

Still, the effects linked to Markovianity go well beyond what can be quantified by the trace

distance alone. In the following we study an alternative quantifier: the Fisher information
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distance. This can be defined from its value between two infinitesimally close points. That is,
given a small perturbation |d| < 1 it reads, at leading order O(|d|?),

1o d
D2, (p,p+d)~(d,d),: =3 i o0 (2)

where we define the Fisher scalar product

a;b;
2p;

(a,b), (3)

The Fisher distance between two infinitesimally close points is sometimes called Fisher
Information. More precisely, this is defined when considering the state py to be parametrized
by some variable 8. Then it is possible to define

lim 2D§ish(P9,P9+5e) Z (agpl @
500 662

This quantity is usually termed Fisher Information (w.r.t. 6), and in the rest of this work
we will consider it a synonym of the infinitesimal Fisher distance, or Fisher metric (2), as
they coincide up to constant factor. Moreover, while only making use of the local properties
of the Fisher metric, our main results in Theorems 1,2 and 3 are statements that hold also
when integrating the Fisher metric to a finite distance.! The Fisher Information has numerous
operational interpretations: in metrology it is used to derive the Cramér-Rao bound [15,16], a
fundamental limit on the precision with which 6 can be estimated; it quantifies the asymptotic
distinguishability between multiple copies of two states (Chernoff bound [17]); moreover, it
also arises as the infinitesimal expansion of the relative entropy [18] (in fact, it can be shown
that any f -divergence locally behaves as the Fisher information [19]).

While the relation between Fisher metric and Markovianity has been previously partially
analyzed [20] here we characterize it completely. In fact, a key characterisation of the Fisher
metric is given by the Chentsov’s theorem: this says that the Fisher information is the unique
Riemannian metric that contracts under the action of all stochastic maps [21,22] (for the quan-
tum case, see Petz [23]). This is the starting point of our work. In particular, we study whether
this strong relation between stochasticity and contractivity of the Fisher information can be
reversed. That is, is it true that a map is Markovian if and only if it contracts monotonically
the Fisher information? What are the operational consequences of the contraction/dilation of
such metric?

INotice that the metric (2) coincides with the differential of the square root of p. That is, at leading order,
D2, (p,p+d)=2|y/Pp—+/p+6p|*. This means that the Fisher metric maps the set of states to a sphere sector,
via the change of variable y = ,/p [12,13]. Accordingly, it is possible to integrate Eq. (2) over the set of physical
states, which is simply the set of positive normalized vectors S(RY) :={p € R¥|p; = 0A .. p; = >..(/P)* =1},
to obtain the finite Fisher distance [12,14]

DE (p,q) = v2arccos(vP - vq)- (5)

The expression just obtained corresponds to integrating on the surface of the sphere. On the other hand, one could
consider the Euclidean distance between two vectors, which is given by:

Dlgsh(p:q):\/2|ﬁ—ﬁ|2:2\/1_ﬁ.ﬁ. ©

It should be noticed that the corresponding geodesic is given by the segment connecting p to q. Hence, in this case
the intermediate points of the optimal trajectory lay outside of the space of normalized vectors (while retaining
positivity). In the literature, D3 g, and DFlsh are known respectively as the Bhattacharyya distance and the Hellinger
distance. Here, we will not distinguish between the two, as each is a monotonous function of the other, and they
locally coincide.
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2 Framework

Before passing to the main treatment, we introduce here the main objects of interest for the rest
of the work. A stochastic map (or channel) T is a linear operator that evolves probability
vectors (or states) p € S(RY), in the symplex defined as S(RY) := {p € R |p; > 0AD, p; = 1},
from a time O to ¢,

T[p(0)]=p(1). ™)

It follows from this definition that, for every t,

ZT“O) , TV 20Vi0,j. (8)

T(f 0)

In fact, the elements can be interpreted as the conditional probability of ending up in

microstate i at time t starting from j at time O, i.e. Tl(f 0 — P(i, t]j,0).
Assuming the channel to be continuous and differentiable in time, as well as invertible,?

one can define the intermediate channel T(**) between two increasing times s and t as
TE) = T o 70T | >0, ©)

Channels with these properties constitutes the class of smooth evolutions. From its definition,
it is easy to verify that T(*) still satisfies > Tl.(jt’s) =1 Vj, which can be equivalently rewritten
as

T(”)_l ZT(”), j (10)
i#j

and corresponds to the requirement that the dynamics preserves the normalisation.

In the limit of infinitesimal time-steps, a smooth evolution T(*? is generated by the rate
matrix
T(t+6 t,t) 1

R®) = lim

_ 11
5t—0 ot ’ b

such that d% 70 = RO T Thanks to the condition in Eq. (10) (see also Eq. (14a) below),
one can always decompose R(*) as

RO=2 a2 (16 1= 170D, (12)
i#]

()

where a;_; are real coefficients called rates.

A smooth evolution T is called stochastic-divisible or Markovian® [2,3] if for any partition
of the interval [0, t] it can be split into intermediate channels, all of which are stochastic

T70) — 7(t:t1) o T(tivti2) o ... o T(61,0) (13)

Since the composition of two Markovian evolutions is again Markovian, one can check the
stochastic-divisibility of a channel by studying maps of the form T(*950) ~ 1 4+ §tR(® for

2Invertibility of the maps can can be always physical satisfied by introducing undetectable e-noises to the dy-
namics.

3Markovian evolutions are an essential tool for the description of multi-time process {to,t,...}
where the evolution of the state only depends on the latest previous sampling of it, i.e.
P(iy, trljre1s teets Jrezs trezs - - - ) = P(ig, tiljre1, tre1), @ condition equivalent to Eq. (13) [3].

4
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all possible times. is, we require T(*950) to be stochastic, imposing on the rate matrix, via
Eq. (8),

Z(éii +5tR)=1+ 5tzR§f} =1, Vj, (14a)
4 A
5y +6tR) =0,  Vij, (14b)

where &;; denotes the Kronecker delta. The first conditions implies that ), R(? = 0, which

leads to the canonical decomposition (12). If we now focus on the second condition in Eq. (14)
we see that RY) > 0 whenever i # j. In the parametrisation above this means that a(t) o = 0.
It follows that the rate matrices generating stochastic evolutions form a cone, whose elements
are matrices of the form (12) having all the rates a;_; ; positive. Since a smooth evolution T is

Markovian if and only if T(+259 is stochastic Yt, we can give the following definition:

Definition 1. A smooth evolution is Markovian if and only if for all times t the rates aV  are

i—j
positive for all pairs of microstates i # j.

Remark. In the case of quantum dynamics the evolutions are given by Completely Positive
and Trace Preserving (CPTP) superoperator 7% acting on density matrices, giving rise to
the evolution 79[ p(0)] = p(t). In analogy to Eq. (13), we adopt the canonical definition
of quantum Markovianity as CP-divisibility [3], i.e., 7(*? is said to be Markovian if for any
partition of the interval [0, t], it can be written as the composition of intermediate maps that
are CPTP As for classical dynamics, Markovianity of smooth quantum evolutions becomes
equivalent to the positivity of the rates of the master equation [24]. For simplicity of exposition,
all the following results are presented in the classical scenario, but thanks to a technical Lemma
(Appendix C) we can lift them to the quantum regime. The precise proofs are deferred to
Appendix D.

3 Contractivity of the Fisher metric and non-Markovianity detec-
tion

From now on we will omit time-dependency when no confusion can arise. The Fisher distance
between any two points decreases under the action of stochastic maps. This directly implies
that under Markovian dynamics the Fisher metric contracts continuously. Indeed, simple al-
gebra (cf. Appendix B) yields, for infinitesimal d,

d
d_tDinsh(P’P"‘d):—Z a;jlic <0, (15)
i#]

where we implicitly defined

1 di dJ 2
L ::=— 16
2 (pl p) P (10)

as the Fisher information flow associated to the rate a;_;. These are positive objects, so that
the contraction of the Fisher metric is directly associated to the positivity of the rates a;.;.
The quantity in Eq. (15), that is, the rate of contraction of the Fisher metric is the main object
of study in this work.

Note that, such derivative is physically defined at time t only for points in the image of
T while other points of S(RV) are not guaranteed, in general, to be physical states after
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applying the subsequent evolution T, However, by considering the infinitesimal evolution
T30 ~ 1 + §¢tRO, for each point in the interior of S(RN) there exists a 5t small enough
so that the corresponding evolved state is still physical. This allows the rate of contraction
%DFiSh(p,q)lt to be well defined at all times for all points in the interior of S(RY). This is
also the same set of points where the Fisher metric itself (2) is non-singular.

Now suppose that for some time t there is a negative rate algf_)
non-Markovian). Is this sufficient to reverse the contraction of the Fisher information? The
positive answer is given by the following

. < 0 (i.e., the evolution is

Theorem 1. A smooth evolution T is Markovian if and only if it induces a decrease in Fisher
distance between any two points in S(RY) at all times, i.e.

79 is Markovian > Dy, (TU249[p], TU+940[q]) < Dgign(p,q) V¢, Vp,q € S(RY) . (17)

Proof. Chentsov theorem guarantees that the Fisher distance contracts under stochastic maps.
This is also confirmed by our Eq. (15). Moreover, notice that local contractivity of a metric
always implies contractivity of the global distance, thanks to the triangle inequality. As the =
implication in Eq. (17) is trivial from the above discussion, only the proof of the opposite < is
needed. For that, suppose that the first instance of non-Markovianity happens between time t
and t + 6t. In order to prove the statement it is sufficient a single counterexample, which we
can find locally, considering the Fisher distance between any two infinitesimally close points p

and p +d, with |d| < 1, evolving according to T{*9%8) Then, for any negative rate a@j <0,

[
one can find a point p and a perturbation d such that %DFZiSh(p, p +d) > 0. In fact, assume
without loss of generality that a;., < 0 and consider p and d of the form

O(e) O(e)
1—e¢ O(e)

p=| 0@ |, da=|0E) ]|, (18)
Oe), O(e?)

where ¢ is an arbitrary small number and the vectors p and p +d are properly normalised.
Notice that it is always possible to choose p and p +d in the interior of S(RV) (i.e., with
strictly positive components). Inserting this expression in Eq. (15) we find that the only term
of order O (1) comes from setting i = 1, j = 2 in the sum above. That is, at leading order,

2

d 2 dl
d_t DFiSh(pap + d) =—d12 ) +0 (6) . (19)
b1

Since a;., < 0 we can always find a ¢ small enough so that this quantity is strictly positive.
Hence, for any non-Markovian dynamics there always exists p and d such that lei 4(p,p+d)
locally increases, proving the Theorem. O

Theorem 1 can be seen as a completion of Chentsov’s Theorem, as it implies that not only
the Fisher information decreases under Markovian evolutions, but also that an evolution con-
tracting the Fisher distance between any two points has to be Markovian. The proof generalizes
to the case of quantum dynamics in the canonical CP-divisibility framework [3], by consider-
ing a copy of the system on which the dynamics acts trivially, i.e., the evolution is given by
T @ 1) and the set of states is considered on the global bipartition (cf. Appendix D.1).

Interestingly, a similar theorem cannot hold for the trace-distance as one can explicitly
construct non-Markovian evolutions that monotonically contract Dy.(p, q) for any two points
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(see Appendix A). This corroborates the interpretation of the Fisher metric as the canonical
distance whose contractivity identifies stochastic-divisible maps. Still, the argument that lead
to Thm. 1 has a shortcoming: even if non-Markovianity implies the dilation of the Fisher
information, this is not sufficient to produce an operational witness. In fact, assume that at
time t there is a local dilation for two points close to p. In order to observe it, one would
need to initialise the system in the state p(0) = (T(9)"1p. If p is outside the image of T(+-%),
this cannot be achieved physically. That is, the drawback of this approach is that the Fisher
metric is point-dependent, and the witnessing point might be excluded by the dynamics T(+%.
On the other hand, the trace-distance is translational invariant, i.e., Dp.(p,q) = |d| where
d = p —q. Then, as soon as any two points p and q are increasing their trace-distance, in
order to present an operational witness it is sufficient to consider a point r in the interior
of the image of T(*®) and & small enough for r, = r + £(p —q) to be in the image as well.
Then, Dy (r,r,) = eDg(p,q) and this increases by assumption. Moreover, if one adds a finite
number of ancillary degrees of freedom on which the dynamics acts trivially, one can always
find such two points for any non-Markovian evolution (see [5] and App A). A similar property
does not hold for the Fisher distance, as it lacks translation invariance. More specifically,

Theorem 2. No finite number n of copies of the channel T(“% nor ancillary degrees of freedom
of any dimension M is enough to witness all non-Markovian evolutions via revivals of the Fisher
distance between two initially prepared states.

Specifically, given n copies of the system, and an ancilla with arbitrary dimension M, the

state space will be S(RY “" @ RM ) and the dynamics acting on it T(-9 = TtO®" @1 M-

Proof. We constructively provide, for any n and M, a counterexample in which all the states
in the image of T continue decreasing their Fisher distance between time t and t + &t
even if TU+960 ~ 1 4+ §¢tR( is non-stochastic. Here we provide the proof for the single copy
case, deferring the multiple cases one to Appendix D.2. The map we consider is then given by
70 = 7(t0 @ 1,, and the rate matrix by R( = d%T(t’O) =R ®1,,. Suppose now that there
is a unique negative rate a;_; and that the image of 79 is contained to a small ball around

an appropriate vector 7 (e.g., by a map of the form T(®9[p]= n(1—¢)+¢p).* Attach at time
0 an arbitrary ancilla, so that the initial state is given by p(0) € S(RNY ® RM), and define w to
be its reduced marginal on RY, whereas the dynamics is given by T(v? = T(t9 @ 1,,. Then,
the state at time t will be ¢-close to

p)~nmew+0O(e). (20)

Notice also that the rate matrix R = d%”.l_"(f’o) = R ® 1), has the following coordinate
expression

[R]ij,aﬁ :Rijéaﬁﬂ i,je{].,...,N}, a,ﬂe{l,...,M}, 21
so that the rates are simply given by a;,.js = a;j64p. In this scenario, the evolution of the
Fisher distance (as expressed in Eq. (15)) becomes

2
dia dfa .
— Z aicj| ——— | PjatO(e), withpj,=miw,. (22)
iaéj,a ia ja
Again, consider the case in which at time t a single rate becomes negative, for definiteness
say ;.o < 0. Then, it is sufficient that a,._ ;7 > |a; 5|7, to see that the sum in Eq. (22) is
strictly negative in the limit € — 0. Hence, even if the dynamics is non-Markovian, there is no
increase in Fisher distance on the image of T(5?), proving Theorem 2 for n = 1. O

4This choice of counterexample allows us again to use the local expression of the Fisher metric (2) to prove
global properties of the same distance.
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In the same way, even using multiple copies of the channel does not help finding a witness.
The proof easily generalises to n > 2, as presented in App. D.2. It should be noticed that the
condition of finite copies in Thm. 2 cannot be dropped: in fact, in the limit of infinite copies,
one can perform full tomography of the evolution, allowing to reconstruct its action also on
points outside of the image of T(9).

Despite the above “no-go” Theorem, we can introduce an operational non-Markovianity
witness which does not require additional copies of the channel, but only some specific post-
processing of the states. More specifically, the following technical theorem holds

Theorem 3. For any state p and perturbation d on S(RY ® RM) (where we admit an M-
dimensional ancilla), it is possible to implement a class of transformations Fy depending on d
and on T9 that witness non-Markovianity at time t. That is, if T+9%8 is stochastic, for any
choice of d, one has that

Dgign (Fg 0 T80 [p], Fy o T80 p 4+ d]) < Dgigy, (Fg 0 TOO[p,Fg o TWY[p +d]), (23)

whereas in the presence of non-Markovianity (i.e., for T950 not stochastic) there exists at
least one d for which the inequality is reversed (i.e., the Fisher distance of the post-processed
states increases). Moreover, for classical systems M = 2 is enough to witness in this way all
non-Markovian evolutions.

The specific proof is given in Appendix D.3. Theorem 3 ensures that any break of stochastic-
divisibility in the interval [t,t + &t] can be operationally witnessed via backflow of Fisher
information between states that undergo the transformation F4; before being measured. The
specific construction that we used here requires the knowledge of the previous dynamics T(9),
which makes such witnessing unpractical. Still, this protocol should be considered as a proof
of principle of the possibility of witnessing non-Markovianity through post-processing.

A case study. Theorem 1 tells us that any non-Markovian evolution induces the dilation of the
Fisher distance somewhere in the space of states. On the other hand, as it was discussed above,
this is not the case for another important information quantifier, namely the trace distance (1).
In order to exemplify this behaviour, we present here a family of non-Markovian evolutions
that cannot be witnessed on the space of states by the trace distance. In particular, consider
the dynamics represented as

p(t) = (1 —=s(t))p(0) +s(t)m(c), 24)

where 0 < s(t) < 1 is a smooth mixing parameter satisfying s(0) = 0, and s(t) > 0, while
m(t) is a state that can vary in time. The master equation resulting from (24) is (with time-
dependence implicit in the notation)

. s :

p=——((p—m)+sm. (25)

1—s
This kind of dynamics is explicitly Markovian whenever the state m is fixed. However if m # 0
the evolution is not stochastic-divisible (i.e. non-Markovian) in general. In fact, one can
express the rates agf_)j defined in (12) by simple algebraic manipulations as a;_; = 1= m;+sm;,
which can be negative due to the second term.
If we now look at the trace distance, though, this is always decreasing, despite the non-

Markovianity. In fact, it is clear from (24) that

lp(£) —q ()] = (1 —=s(¢)) [p(0) —q(0)], (26)
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Figure 1: Evolution of the trace distance and of the Fisher distance between the
points p(t) and p(t) + edy(t), specified by the dynamics (27), p(0) = {%, %, %} and
dy(0) := C:’/S; {0,1,—1} + %{2, —1,—1}, which covers all possible directions in the
tangent space. The time and the parameter 6 are given in units of 7, whereas the
scale for the contour plot is given in units of €. As it can be noticed, the trace distance
does not witness the backflow (notice that since it is translational invariant, this
continues to hold on the whole phase space). The Fisher distance, on the other

hand, shows a non-monotonic behaviour in time.

which monotonically decreases, as we assumed that s > 0. On the other hand, the Fisher
distance can indeed detect non-Markovianity, as follows from Theorem 1. This difference in
behaviour is presented in Fig. 1, where we plot the evolution of both trace distance and Fisher
distance between two infinitesimally-close states of a three level system, whose dynamics is a
specific example of (24):

1—et

p(t)= e_tp(0)+( )((1 +cos(10t))v; + (1 —cos(10t))v,), (27)

where v, := {%, %, %} and v, = {1,0,0}.°> Thanks to the fact that the tangent space of S(R®) is

two-dimensional, we can plot all of it (up to normalization), showing how there is no direction
for which the trace distance is increasing. The Fisher distance, instead, which is plotted on the
right side of the figure, shows a sequence of periodic backflows in time, as one could expect
from the equation of motion.

4 Backflows of information from Bayesian retrodiction

In most of the literature about non-Markovianity backflows of information are considered by
studying states p(t) at time t [3,4], while the question about backflows of information about
the initial state p(0) remains instead largely unexplored. Even if one can argue that the invert-
ibility of the dynamics preserves the information about the initial conditions (as these can be
recovered using p(0) = 70~ [p(t)D, actually retrieving the initial state from p(t) requires
full tomography both of the state and of the channel, and a post-processing of such data which
cannot be performed physically in a single-shot scenario.

°One can interpret the dynamics (27) as a time dependent multi-level amplitude damping channel [25, 26],
with a thermal fixed point oscillating between high temperature (v,;) and low temperature (v,).
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Conversely, we consider here a Bayesian inversion of p(t) that allows us to compare it with
the initial state through a physically implementable transformation. In particular, define the
prior as a vector 7t representing our knowledge about the system at time 0. Given an evolution
79 the Bayes-recovery map is defined as

”_IA"t =J,,0TtT0J_1

. (28)

where we use the shorthand notation T, := T and we introduced the map J,,, correspond-
ing to the diagonal operator that multiplies each component of a vector by the corresponding
component of p, i.e. [J,];; = 6;;p;-

The map T, is stochastic (i.e., physically implementable) and represents a recovery of the
state via statistical retrodiction [27,28]. Indeed if one identifies the coordinates of the prior
with the corresponding probability, i.e., ; = P(i, 0), and the components of the maps with the
corresponding transitions, i.e., (T;);; = P(i, t|j, 0), it is easy to verify that (f"t)ij = P(i,0]j,t)
satisfies the Bayes rule. It should also be noticed that T, perfectly recovers the prior at all
times (= T, o T,[®]).

This channel allows us to study how much information is stored in the evolved state p(t)
about its initial conditions. In particular, we can compare the distance between p(0) and the
retrodicted state p(t) := T,[p(t)] = T, o T,[p(0)]. We also assume that the prior contains
some knowledge on the initial conditions, so that we can write p(0) = 7 + d, for some small
|d| < 1. Moreover, since 7 is perfectly recovered, we also have that p(t) = 7t + d(t), and
p(0)—p(t)=d— d(t) is also infinitesimal. Then, the Fisher information (2) between p(0)
and p(t) reads, up to order O(|d|?),

D2 (p(0),p(t)) ~(d—d(t),d —a(t)>p(0) ~(d—d(t),d—d(t)),_ . (29)
Interestingly, this object is directly connected to the Fisher information at time ¢:

Theorem 4. The contractivity of the Fisher information at time t is in one-to-one correspondence
with the expansivity of Eq. (29). That is,

d d o .
37 Dran(P(0),5(0)) = = (d —d(0),d —d(1)), > 0, (30)

if and only if the Fisher information contracts for any two points in the vicinity of T,[7].

Proof. The main ingredient in the proof of this theorem is given by the following identities
<d: Tt Tt[d]>ﬂ = (Tt[d:L Tt[d]>Tt[ﬂ:] = (j\—'t Tt[d]J d)n s (31)

which can verified by directly substituting T, with its definition in Eq. (28). One can read
from these equalities the following two facts: first, T, can be used to put in relation the Fisher
information at time 0 and at time t; secondly, T, T, is self-adjoint with respect to (e, ). This
allows to rewrite Eq. (30) as

d A A d .
(.= )R, = —2(d, (- B 1) S h ) (32)

First notice that (1 — T, T,) is positive definite. In fact, this can be seen from
(d, Tt Tt[d]>71' = (Tt[d]z Tt[d])T[[TE] S <dad>n > (33)

where the last inequality follows from the contractivity of the Fisher information. Moreover, we
also have that (d, d%”f"t T[d]), = d% (T.[d], T,[d])1,[ ], sO that —d% T, T, is positive if and only
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Operational witnessing
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Figure 2: The main quantity analyzed in this work is the rate of contraction/dilation
of the Fisher metric, i.e., d%DFish(p, q), with |p —q| < 1, when both p and q evolve
according to the local intermediate map T(*2%t). We characterize the mathematical
and operational meaning of the negativity/positivity of such rate, both inside and
outside the image of the evolution T(%).

if the Fisher contracts monotonically. If this is the case, we can use the fact that the product
of two positive operators has positive spectrum. On the other hand, if the Fisher metric is
expanding at time t, there exists an eigenvector d of —% T, T, with negative eigenvalue A < 0,
so that

—2<&,(11—TT)%TT[&]> =2A(d,(1—TT)d]),_ <O, (34)

V1

proving the claim. O

This theorem tells us that the ability of an agent of retrieving the initial state of the dynam-
ics decreases under Markovian evolution, as it corresponds to the monotonous contraction of
the Fisher information. Viceversa, in the case in which there are backflows in the Fisher infor-
mation, non-Markovianity helps obtaining more information about the initial state.

We notice that, contrary to the Theorems presented in Sec. 3, Theorem 4 holds only locally,
i.e., assuming that the difference d between prior and the state at time t = 0 is small. More-
over, the generalization of Theorem 4 to the quantum scenario requires a technical analysis of
quantum Bayes retrodiction [28], and will be presented in a forthcoming work [29].

5 Conclusions

In this work we characterized the relation between Markovianity, Fisher metric contractivity
and information flow, both from the mathematical and operational point of view. The resulting
picture can be seen in Fig. 2: we showed that monotonous contractivity of the Fisher metric on
the whole set of states and at all times, is mathematically equivalent to Markovianity (Thm. 1).
As known, when the metric dilates locally inside the image of the evolution Im(T(t’O)), a back-
flow of Fisher information can be operationally witnessed. At the same time, non-Markovian

11
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evolutions might in general show Fisher metric dilations only outside the image of the evolu-
tion itself, regardless of the number of copies of the channel and ancillary degrees of freedom
available (Thm. 2). To witness operationally non-Markovianity in such cases, one needs post-
processing to be appended to the dynamics (Thm. 3). Finally, we showed that dilations of
the Fisher metric between evolving states can be mapped to a backflow of information about
the initial states by applying Bayesian retrodiction (Thm. 4). Our work therefore corrobo-
rates the idea that the Fisher Information defines a natural metric on the space of states, as its
contractivity properties characterize memory effects in open system dynamics, both from the
mathematical and operational point of view.

5.1 The case of quantum dynamics

The results were presented for classical dynamics in order to keep the exposition clean. In
fact, whereas the Fisher information distance is uniquely defined for classical systems, the
presence of non commutative observables allows only for the definition of a family of Fisher
information in the quantum case (see Appendix C). Despite this technical difficulty, we also
show in Appendix C that in order to study the interplay between Markovianity and Fisher
information we can limit ourselves to the diagonal subspaces, practically going back to the
classical constructions (details for each case are given in Appendix D). In this way,
Theorems 1, 2 and 3 can be seen to hold quantum scenario. The only case in which we
cannot ignore the non-uniqueness of the quantum Fisher information are the expression of
the Fisher information flows Eq. (16), and Thm. 4. Both of these results will be generalised to
the quantum regime in the forthcoming work [29].

Moreover, it should be noticed that for quantum dynamics we identify Markovianity with
CP-divisibility [3]. This enforces an important difference with the classical case: whereas for
the classical dynamics the minimal space that can be used to probe the Markovianity of an
N-dimensional system is given by S(RY), the corresponding for quantum systems is given by
two copies of the same Hilbert space on which the dynamics acts as 709 @ 1 ~- In fact, it is
not possible to distinguish P-divisibility from CP-divisibility by restricting to the system space
alone without the use of any ancillas.
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A The trace distance: contractivity and witnesses
The trace distance between two classical states is given by [p — q/|, = >’ |p;—q;|. Interestingly,

it only depends on the vector d := q —p and not on the base-point p. Distances satisfying this
condition are called translational invariant. Then, we can write its evolution as:

d d d : ~
ac PP @)= g Wb =2 g1l =2 sgn(dd (A1)
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For classical systems, given a rate matrix decomposed as in Eq. (12), one has that

d; = Z R;;d;= Z (aicjdj—ajeid;) , (A.2)
J J
i

so that we can rewrite Eq. (A.1) as

Z Sign(di) (a“_]dj - aj<_idi) = Z (SIgn(dJ)a](_ldl - Sign(di)ajhidi) (A?))

Lji#] Lji#]
= Z (sign(dj) — sign(di)) ajid; <0, (A.4)

i,],i#]
where the last expression is clearly negative whenever a;._; are positive: in fact, either d;
and d; have equal sign, in which case the term is null, or sign(d;) = —sign(d;), so that
the factor (sign(d;) — sign(d;)) = —2sign(d;), and we can rewrite the terms in the sum as

—2sign(d;)d; = —2|d;] .

This shows explicitly how the trace distance decreases under Markovian maps. Is the re-
verse true? That is, if the evolution stops being stochastic-divisible, i.e., some a;_; is negative,
can one always find two points for which the trace distance between them increases? Differ-
ently from the Fisher distance, the answer to this question is negative: one easy counterex-
ample can be given in dimension N = 2, with a;_, < 0 and ay; > 0 with |ay ;| > |a;_a].
Plugging such choice in Eq. (A.4), and using the fact that in dimension 2, d satisfies d; = —d,,
it is easy to check that the derivative of |d |y, stays negative.

This fact could sound counter-intuitive: it is well-known that a map is stochastic if and
only if each vector v decreases in trace-norm [3]. Yet, we have proven here that the trace
distance cannot witness all non-Markovian evolutions, without resorting to ancillas. An easy
resolution of this paradox is given by noticing that the test vectors used here are all in the
form d = p —q, constraining them to be of zero trace. This lowers the dimension of the tested
vectors by one, resolving the contradiction. It is in fact straightforward to verify that simply
by choosing v; = 6, , in our example above one would be able to witness non-Markovianity
(where 6, is the Kronecker delta). Still, the trace condition prevents us from accessing this
vector.

If one allows for the use of ancillas, though, the situation changes. In fact, consider an
ancillary set S(RM) on which the dynamics acts trivially (i.e., states belong to S(RY ® RM)
and the dynamics is of the form T(-9 = 79 @ 1,,). It is now sufficient to consider the
following vector on the extended space

d=v®d,,, veR", v;=6,, dy<R", Tr[d,, ]=0, (A.5)

to witness the non-Markovianity in the example above. Notice that the trace condition on d,.
ensures that d is traceless, so this is a valid distance vector. Then, since its derivative takes the
formd =v ®d,,, the trace distance increases in time

d . .
Eldl =V ®@du| = |V]|dane| >0, (A.6)

as v was chosen to have |v| > 0 when a;_, < 0. Notice that the ancilla can have dimension as
small as 2. The same kind of reasoning is used in Ref. [5] for the case of quantum dynamics.
From these simple considerations and from reference [5] we have the following

Lemma 1. Given a non-stochastic-divisible dynamics T©9, adding a finite ancilla and consider-
ing the dynamics T(“9Y ®1 m allows for witnessing any such dynamics via revivals in trace distance
between initially prepared states. A finite number M of ancillary degrees of freedom is enough,
and in the classical case M = 2.
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In the quantum case, M = N + 1 is needed, where N is the dimension of the quantum
state [5]. We close the section with a final remark. Notice that even less than a finite ancilla
would be enough. By this we mean that it is enough to enlarge the state space with an addi-
tional microstate that does not interact with the others, i.e., considering S(RV) — S(RV*1)
and a dynamics of the form T' = T @ 1 (i.e., Tl’J = T;; fori,j € {1,...,N} and Tl.’j = &;; if
one between i and j is the N + 1 index). Given v € RN such that |v| > 0, one can consider
d € RN*! with

d, =v;, ifie{l,...,N},
d={"'" "'y o { J (A.7)
di=—>._,vi, ifi=N+1.
Since the map T is trace-preserving at all times, such vector satisfies
| =1vl, (A.8)

allowing for the witnessing of non-Markovianity. This result should be compared with the
discussion above about how the trace condition lowers the accessible dimension by one.

B Rates of Fisher Information flow and contractivity

We present here a decomposition of the derivative of the Fisher information in a sum of inde-
pendent flows. In particular,by explicitly using the expression in Eq. (12) for the dynamics we
can compute

d 2d.d;, d?
2—D;,(p,p+d)= ( - l——lp'i)
dr F1sh Z D piz

2d;(a; a;_;d; ) d2
_Z( o ] J l 2( 1<—]p] j<—ipi))
p;

2d,d; al(_] df a2
_Z _.aj(_i_p_izpjah_j

p;
Z 2d,d; df d?
- aj — — —— — —5Dj
\p b p¥
_Z Qi (—_—) pJ<O (B.1)
i#j

where between the third and the fourth line we made the change of variable i — j in order
to factor out a;;. Whenever the evolution is Markovian (i.e., the rates a;_; are all positive),
the Fisher information is contracting, in analogy with what happened for the trace distance.
On the other hand, if one compares the result in Eq. (A.4) with what we just obtained, there
is an important difference between the two: whereas the evolution of the trace distance only
depends on d (mirroring the translational invariance of this quantity), the Fisher information
explicitly depends on the base-point. This difference is particularly important when consider-
ing the technical proofs of the results of this work.
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C The quantum Fisher information metric and its relation to the
trace distance

The extension of the Fisher information to quantum systems is done by generalising Chentsov’s
theorem to completely positive, trace preserving maps (CPTP). That is, a metric on quantum
states is called monotone if it decreases under all CPTP maps. Then, it was shown by Petz
in [23] that all such metrics are induced by scalar products of the form:

1 .
f I F =1
K/(A,B) := ZTI[A ,,]]f’p[B]] , (C.1)
where J¢ , is a self-adjoint superoperator given by:

Iip =R, f (LR, (C.2)

and L, /R, are the left/right multiplication operators acting as L,m = pm (respectively
R,m = mp) and f : R* — R" is a standard operator monotone function. Despite its com-

plicated form, the interpretation of Kg (A, B) as the natural extension of the Fisher information
to the quantum regime is corroborated by the result in [30], where it was shown that the
same quantity emerges from the local expansion of the quantum generalisation of Csizar di-
vergences. For this reason, we define the family of quantum Fisher distances as

1 .
D, (0, p +6p) = K£(5p,5p) = ETr[(Sp' ij)[5p]] : (C.3)

The uniqueness of the classical Fisher metric is hence substituted with a whole family of dif-
ferent monotone metrics. It is interesting to point out, though, that when J¢ , acts on diagonal
states it behaves (independently of f) as the multiplication by p. Thatis, if[A,p] =[B,p] =0,
with a small abuse of notation we have

1_[A™B
K;j(A,B) = ETr[?] =(A,B),, (C.4)

that is all the quantum Fisher metrics collapse to the classical one for diagonal states. This
feature allows us to lift most of our classical constructions to the quantum scenario without
further complications.

Specifically, the following Lemma will be particularly relevant:

Lemma 2. Given a state p = Zi p; li)(i|, any perturbation &p can be decomposed in diagonal
and coherent part as:

6p=06pa+06pc, with [p,6pa]l=0 and (i|6pcli)=0, (C.5)
that is, 6 p A is the diagonal part of the matrix 6 p and 6 p the off-diagonal. Then for all f
Tr[5p J;})[5p]] = Tr[5pA JEL[(?pA]] + Tr[5pc J;})[épc]] (C.6)
=2(5,8), +Tr[5pc 7, [5pc]] €7
where the components of the vectors 0, p are specified as

pi=(ilpli), 6;=(ilopli)=(ilépali). (C.8)
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This result directly follows from the fact that

Tt[5pa I L [8pc]]| = Tr[ 6pc I7 L [6pA1] =0, (C.9)

since J;i)[é pal is itself diagonal in the basis |i) of eigenvectors of p. Then, we can use the
Lemma above to prove the following corollary:

Corollary 1. Consider a perturbation of the form 6p = 6 pa +dt 8 p., where dt is an infinites-
imal quantity. Then, from Lemma 2 it follows that

Tr[6p I L [6p]| =Tr[5p5 I7 L [6pa]]+ O (de?) =2 (5,8), + O (de?). (C.10)

In particular, the time derivative of the Fisher Information between p and p +6p for [p,6p]=0
coincides with the derivative of the classical Fisher Information. That is:

%Tr[5p 5L (5p]] = (5,6), and %%Tr[&o 5 6p]] = % (6.6),.  (C.1D)

In fact, consider the scenario in which initially the perturbation is of the form 6p = 6pn.
In order to compute the derivative, one considers the evolution of the state p + 6 p for a time
dt, which we denote by p + 6 0. Then, the perturbation has the form 6p =60, +dt 69, so
that we are in the situation of Eq. (C.10) (notice that it doesn’t matter whether we take 65
to be diagonal with respect to p or to p, as this difference only contributes to order O (dt)).
Since quadratic terms in dt do not contribute to the derivative, these considerations prove
Eq. (C.11).

Finally, in the next Lemma we show that there are special points for which the trace dis-
tance and the Fisher information locally coincide. This result allows us to lift the many con-
structions present in the literature for the trace distance to the study of the Fisher information
metric.

Lemma 3. Choose an arbitrary perturbation 6p. Then, consider the state ps, = Trl[é|3—(§)1|3|]' It
holds that
Dz ( +5p)=1p2 +6 )—lT sp|1 c.12
kisn(P5p» Pop +60) = 5 Dp(Psp, P5p +0p) = S Tr[|6p]]" . (C.12)
Moreover, since [ps,,,0p0] =0, one can use Corollary 1 to show that:
d 1d 1d
—DZ (5 P5p +0pP) = > d—tD%r(Pampép +6p)==—Tr[I6p|]*. (C.13)

dt 2dt

In fact, since [p5,,6p] = O, the quantum Fisher information and its derivative can be
studied just by looking at the quantity (6,6), 5, But this is given by:
52 52 2
= S S — _t | = . = D2
2(8,8)p, = (B => 5 ZJ: 15,1 = (Z |51|) =D2 (psp>P5p +6p) . (C.14)

& \Tll5pl] {

The fact that not only one can locally identify the Fisher distance and the trace distance, but
also their first derivatives will be of key importance in many of our derivations.
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D Additional proofs

D.1 Theorem 1: quantum case

In the case of a quantum map 7% non-Markovianity means that 7% is not CP-divisible.
This implies that there exists a time ¢ for which the Choi state 70460 @ 1, [ {1/)+ ><1/)+ |] de-
velops some negative eigenvalue (where |1,b+> is the maximally entangled state). Call |v)
the corresponding eigenvector. Since 7(*4¢-0) is infinitesimal, the Choi state must be close
to {ll)* ><1/)+ | But then, in order for |v) to correspond to a negative eigenvalue it must con-
tain a non-zero component |v, ) orthogonal to |1,b+ ) To see this, assume the opposite, i.e.,
v) = |¢+ > (asitis parallel to |1/J+ > and normalised); then, from perturbation theory we know
that the corresponding eigenvalue must be 1+ O (dt) > 0. This contradicts the assumption
that |v) is associated to a negative eigenvalue.

Consider now the state p = {1/)+ >(1/)+ | and the perturbation
Sp = e(lv ) (v |- ’z,lﬁ ><1,b+ |) With this choice we have that [p,5p] = 0. Moreover,
the evolution of §p through 7(*4t) can only generate an off-diagonal component of order
O(dt). Hence, we are in the situation of Corollary 2, that is we can neglect the off-diagonal
contributions completely. In this way, we can simulate the process with a classical dynamics
by only considering transitions from the diagonal into itself. Then, it is enough to notice that
the classical rate a, .+ is negative by assumption. This concludes the proof.

D.2 Theorem 2: many copy case

Consider the dynamics T(9 = TtO®" @ 1 u acting on the state space S(RY °" @ RM ). The
rate matrix in this case is given by
d n
RO= - T00 = >yt VerVe1y ey, (D.1)
=1

Denoting by latin letters the indexes on the copies of the system space, and by greek letters
the indexes of the ancillary space, we can express the rates as

n

=(t) _ (t)
a(i1iz...in,a)<—(j1j2.‘.jn,ﬂ) - 121: ail<—jl (5i1j1 t 5i171]'zf15i1+1]'z+1 T 5injn 60‘/5) : (D.2)

In analogy with the construction for a single copy, it is now sufficient to consider a dynamics
T such that the image of T(? is contained in a small ball around an appropriate 7, i.e.,

p(H)~n*"®q+0(e), neS(RY), qeS(RM). (D.3)
In this case Eq. (B.1) takes the form
_ dfa dfa ? .
- Z T fa pT ——— | Pjat O(e), with pj,=m; ...7; qq- (D.4)
?#]’,a ia ja

Suppose now that a;., is the only negative rate of R(), We want to show that despite the
onset of non-Markovianity, the Fisher distance continues to decrease for all the points in the
image of T(t9) i.e., the derivative expressed in Eq. (D.4) is negative. Then, consider for the
moment the positive contributions to Eq. (D.4). These are given by

n d- - \?
—Z A2 ( fim1% - S22 ) p}’l=2a ) (DS)
=1

pfl:la pjz:za
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where J,_, is the string ji—o = (j1, - -, 1152, ji+1 - - - » jn)- We can now compare Eq. (D.5) with
the following contribution

n d- d- 2
—Z Ao ( il=1a - fi=2? ) p;lzla ) (D6)
=1

foa Piisa

where we defined 7}:1 in analogy with 7122. Summing up Eq. (D.5) and Eq. (D.6) then turns
out to be negative whenever p; dy; = pﬁ:2a|a1<—2|’ i.e., miasq = Myla;,l, in complete
analogy with what happened in the single copy case.

D.2.1 Theorem 2: quantum case

Theorem 2 holds also in the quantum setting. The extension of the proof makes use again of
Lemma 2. In particular, we exploit a quantum dynamical map 7% with a strong dephasing
which reduces the states to be (almost) classical. That is, consider the evolution given

T p] = De) o FED[p], (D.7)
where
]:,(Tgl)[P] =([1—e)n+ep, (D.8)
DEDp)=—edpp+ep, pp=,0)ilp li)il, (D.9)

and |i) is an eigenbasis of 7t (so that D is the dephasing operator in the basis of 7).

Now thanks to Lemma 2 for small enough ¢,, one can compute the Quantum Fisher Infor-
mation and its instantaneous variation by reducing it to its classical value. To be precise, as
the Theorem considers multiple copies of the channel and ancillary degrees of freedom, one
needs to verify that also in this case the evolution of the Fisher Information collapses onto
the classical case. Consider any initially prepared p and p +&p quantum states of H®" ® CM,
where H is the N-dimensional space of the single-copy channel, and an M-dimensional ancilla
is allowed. Then the evolution to time t is given by

F(10) — T(,0)®" o 1y, (D.10)

where 750 is as in Eq. (D.7). By defining o to be the reduced state of p on the ancillary
degrees of freedom, one has

TN pl=n®"®@0c +O (). (D.11)
At the same time, it also holds that
TEO6p]=616pp + O (163), (D.12)
where 6pp = DO g 1[6p]. As such it can be expressed as

p0= 300 0, (6,571 0, 1)
Y

where the 91()” are operators on H®" and w™ on CM. The quantum Fisher Information can
then be computed as

2
%Tr[5pDJEL®n®U[5pD]]+(’)(€f)+(’)(ef£2). (D.14)
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By substituting the expression for 6 pj, we get that the leading order is

2 2

€1 M—1 a0 -1, ._¢& (1) 4 4(2)

52 Te[ 0507710, 05 | Tr[ D57 )] = MM (D.15)
vy 164

Given that only the first trace is time-dependent (the evolution on the ancillary degrees of
freedom is trivial), the instantaneous derivative of the above equation can be written as

2

£ d @)@

- E (dth’)Mw” (D.16)
7Y’

that is, as the trace-product of two matrices, %M(l) and M®. We now notice that M@
is positive definite, therefore it is enough for %M(l) to be negative definite in order for the
product to be < 0.

To prove the quantum version of Theorem 2 it is then sufficient to provide a non-Markovian
evolution for which %M(l) is negative definite. It is also enough to consider the case in which

M reduces to its classical value, due to [6(7’), ] = 0. That is
m_ 1 g0
M =2(p0,00) | (D.17)

where (") and r are the vectors given by the diagonal components of 8() and 7 respectively.
It is then clear that choosing at time t a dynamics of the form

T — 9 4 §¢ L, (D.18)

where L is a semi-classical Lindbladian with rates a;._; and jump operators |i)(j |

£lpl=3ares (10610 1)1 = 5 (1)1, p3 ), (.19
i#]
will induce the classical dynamics locally described by the rates a;_; on the diagonal subspace
of quantum states.
Finally, the classical version of Theorem 2, given above D.2, ensures that there are instances
in which at least one of the a;;j is negative (and hence 795t non-CP) while %M(l) is
negative definite. This concludes the proof.

D.3 Proof of Theorem 3

Despite the negative result given by Theorem 2, we provide here an explicit construction to
convert a non-Markovianity witness based on the trace-distance to one that uses the Fisher
metric by exploiting a particular kind of post-processing.

Consider, in fact, the case in which during a non-Markovian dynamics there is some 6p
such that %|5 pl%r is increasing in time. As we saw in Appendix A, to guarantee the existence
of such & p, it is sufficient to use an ancilla, namely by considering the dynamics T(>?) ® 1, for
the classical case, and 79 @ 1 ~N+1 for the quantum case.

Thanks to Lemma 3, we also know that on the base-point p;,, it holds that

d 1d 5
g Drish (Psps05p +6p) = Ed_t|6p|Tr >0. (D.20)
It is useful to repeat the computation of this derivative here. We obtain

d

EDFish (Psp>P5p+6p) =

1d &p} (5pi5pi 1607 (05p)i

el = —= . D.21
2dt “(psp)i “\ (pspdi 2 (psp)? ) ®-21)
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The last term does not contribute to the sum: in fact, the first term already gives 2 ar d|s P |Tr,
so the last term must be zero due to Lemma 3. On the other hand, it is not difficult to carry
out the explicit calculation, giving

S 6p7 (bsp)i _ (Z 5p} (pap) ) (Z 150, ) —o, (D.22)

2
' (psp); i

where we used the expression of ps,, together with the fact that ps, is traceless. Hence,
we showed that despite the explicit dependence of the Fisher information on ps,,, there is
no contribution in its derivative coming from ps,. In some sense, we can deduce that the
base-point could be frozen and the Fisher information would still have a backflow.

This intuition inspires the following construction. Define the stochastic operator F as

F;E)[G]=(1—£)n+sa, (D.23)

where 7 is some arbitrary state and ¢ is a small parameter. That is, the operator F is an almost-
complete erasure of prior information, sending all the states close to 7. If o and 7 are two
states, their difference A := o — 7 is transformed as:

FOIAI=F¥O[o]-FO[r]=¢A. (D.24)

In particular, the Fisher information between p and p +d transforms under the application of
this filter as

Flsh (F(g)[p] F(S)[p +d ) Z +(’)(83) DFlsh(n,n+£d)+(’)(s3). (D.25)

Then, choose 7 as 7 := ps,. Then, we can construct a witness of the non-Markovianity of

the evolution at time t through the Fisher information, by applying the filter Fl()? to the final
fe)

state. This gives:

d
3¢ Dhan (52 Lo (0L FS [p(0) + 5p(1)]) (D.26)
(D2, (F(E) [p(t+de)],FS [p(t +de)+8p(t + dr)])
- dltITO dt
F&) ()
D (FE (LR [p()+ 5p(1)]) 027
dt
— lim Dlgish(p5p:p5p +85p(t+dt ))_D}gish(p&o:p&p +€5P(t))+0(83) (D 28)
dt —0 dt ’

=£2dit|5p(t)|%r+(9(83), (D.29)

where in Eq. (D.28) we used the result from Eq. (D.25). Regarding the last equality, on the
other hand, it should be noticed that in Eq. (D.28) p5,, does not depend on time. Still, thanks
to the remarks made above, we know that p5, does not contribute to the derivative, so we
can apply Lemma 3. Incidentally, in the main text we use the notation Fy := Fé‘;l, where d is
the diagonal part of 6 p.

Now, the quantity constructed is contractive under Markovian dynamics, as the trace dis-
tance is contractive. On the other hand, by choosing & p to be a witness of non-Markovianity
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for the trace distance, we also obtain a witness in this scenario. There is a shortcoming to this
construction, though: in the definition of the post-processing F[g? one uses the perturbation
P

6p(t), and not just § p(0) (in fact, to be more precise, the filter is actually given by Fg;l([)). In
this way, one has to know in advance the structure of the dynamics to provide an explicit con-
struction. Still, this example serves more as a proof of principle of the possibility of designing
post-processing filters to exploit the Fisher information for the detection of non-Markovianity.
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