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Abstract

The assumption of local relaxation in inhomogeneous quantum quenches allows to
compute asymptotically the expectation value of local observables via hydrodynamic ar-
guments known as generalized hydrodynamics (GHD). In this work we address formally
the question of when an observable is local enough to be described by GHD using the
playground of partitioning protocols and non-interacting time evolution. We show that
any state evolving under a quadratic Hamiltonian can be described via a set of decou-
pled dynamical fields such that one of those fields can be identified with a space-time-
dependent generalisation of the root density. By studying the contribution to a connected
spin correlation of each of those fields independently, we derive the locality conditions
under which an observable can be described using the root density only. That shows both
the regime of validity for hydrodynamic approaches that aim at describing the asymp-
totic value of observables in term of the root density only, such as GHD, and the locality
conditions necessary for Gaussianification to occur.
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1 Introduction

Generalized hydrodynamics (GHD) has been successfully applied to compute the ex-
pectation value of local observables in integrable systems prepared in several inhomoge-
neous setups, among which the archetypal example of partitioning protocols in quantum spin
chains [1-31]. GHD relies on the assumption of locality and encodes all the information about
the large-time behavior of a system in a classical field called root density (for generic models,
more than one root density might be needed). The root density was originally introduced to
characterise stationary macro-states in integrable systems described by thermodynamic Bethe
Ansatz [32,33] and was later extended so as to capture also the large-time limit of the expec-
tation value of local observables in inhomogeneous states [34,35].
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Remarkably, GHD has also been shown to describe experimental setups of cold atomic gases
constrained to one dimension [36-38]. When applied to correlations, however, this powerful
description shows its limitations: a correlation is characterised by multiple lengths and it is
not evident in which limits a generalized hydrodynamic theory can be effective. We address
the problem in the partitioning protocol in which two different states that are homogeneous
in the bulk are joined together. The asymptotic GHD prediction for this setting is such that,
at the Euler scale in which space and time scales are sent to infinity while their ratio is kept
constant, the expectation values of local observables become functions of x/t, where t is the
time and x accounts for the position of the observable with respect to the junction. The ratio
x/t is often referred to as ray and the ray-dependent state that one obtains at the Euler scale is
called locally quasi-stationary state (LQSS), following Ref. [39]. When studying how connected
correlations approach zero with the distance(s) of the operators, taking the time limit before
the space limit so to apply GHD can become a purely abstract procedure, in the sense that it
does not correctly account for numerical and experimental results, where time and distances
are large but finite.

A related problem is the definition itself of the object(s) used to describe the asymptotic
value of local observables, i.e. the space-time-dependent root density(s). In GHD such a def-
inition relies on the assumption of separation of scales: we wait long enough that the system
looks homogeneous at the spacial scale defined by our observable. This may simply not hold
when we consider correlations. What is the typical size of the “cells in space” at the Euler scale
in which correlations can be described by generalized hydrodynamics? Note that this problem
goes beyond the correlation functions, since the definition of the root density at any time is
problematic also if we restrict to local observables. The problem of defining the root density in-
dependently from the scale-separation hypothesis has already been tackled by Refs. [40,41] in
the case of Gaussian states in the setup of non-interacting spin-chains and local observables.
Here we take a step further: we consider any kind of partitioning protocol (not necessarily
Gaussian) and we apply the result to the problem of connected correlation functions.

For simplicity, we focus on the two-point spin-spin connected correlation function and we
consider only initial states in which the expectation value of a (finite) odd number of fermionic
operators is zero, since those operators are non-local in the original spin theory. Moreover, we
only discuss “bulk physics”, meaning that we leave out exceptional behaviours; for example,
we will not investigate observables at the edge of the lightcone, which in general are affected
by different corrections [35,42-44], similarly to what happens to free fermions at the edge of a
confining potential [45-47]. Under these assumptions, taking inspiration from the formulation
of quantum mechanics in phase space [48-52], we describe the state at any time in terms of
a set of classical dynamical fields that evolve in time under decoupled equations of motion.
We will identify in one of those fields the (space-time-dependent) root density, which allows
us to define such an object at any time and without assuming local relaxation. By comparing
the contribution given by the root density with the ones from the other fields, we identify a
condition on the scaling of distance between spins that is sufficient for the root density to give
the leading contribution, settling the question of locality.

As a byproduct, we also discuss Gaussianification in partitioning protocols. Gaussianifi-
cation is a phenomenon that happens in any quadratic system with a translational invariant,
short-range Hamiltonian, and concerns the time-evolution of an initial state with finite corre-
lation length. Essentially, it consists in the fact that, in the large-time limit, the state is locally
indistinguishable from a Gaussian state. Gaussianification has been proved by Refs. [53, 54]
for any initial state that relaxes to a homogeneous state. That hypothesis excludes from the
picture any partitioning protocol, for which the Lieb-Robinson bound [55] prevents global re-
laxation. We show Gaussianification for partitioning protocols, discussing also how local the
observable should be for the phenomenon to happen. Because of the Lieb-Robinson bound,
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the system can not be described in terms of a single homogeneous Gaussian state, but when-
ever the leading order of local observables is accounted for by the root density alone, the state
is locally Gaussian nonetheless.

The paper is organized as follows. In Section 3 we recall the well-known procedure to
recast a free spin chain into a diagonal fermionic Hamiltonian; this allows us to set the nota-
tion. In Section 4 we present a convenient parametrization of any state evolving under a free
Hamiltonian that allows us to study separately all the independent contribution to the large
time limit of any observable; here we give a definition of root density (for non-interacting sys-
tems) that holds at any time and without any locality assumptions. In Section 5 we introduce
the kind of partitioning protocols we specialize to. Sections 6, 7 and 8 contain the asymptotic
analysis and our main results for the independent contributions to the spin-spin correlation
function. In Section 9 we discuss how to include higher order correlations in our framework
and in Section 10 we draw our final conclusions.

To conclude the introduction, we point out that the problem of how to compute correlations
in a GHD framework was recently tackled in Refs. [56,57], but with a different approach: in
those works, fluctuations are quantized on top of the GHD solution in a similar fashion to
Landau’s theory of superfluidity [ 58], while our approach is somewhat closer to a microscopic
theory, in the sense that we start from an exact description of the system and, from there,
we derive leading order and corrections in a given scaling limit (accordingly, Refs. [40, 41]
dubbed our kind of approach higher-order GHD). We also point out the collection of works
reviewed in Ref. [59], in which the authors study correlation functions in quantum quenches.
However, they focus on correlations between observables at different times, related to Drude
weight and Onsager matrix, that are accounted for by a hydrodynamic description. In this
work we consider correlations between observables evaluated at the same time, assuming that
their distance diverges, which a priori goes beyond any hydrodynamic description. Finally, we
point out that long-range correlations similar to the ones that we study here were recently
considered in Ref. [60] in the case of interacting system, starting directly from a LQSS; here
we consider a different setup, in which the (potential) relaxation to the LQSS still has to take
place.

2 Preview of the results

Considering partitioning protocols, we investigate the problem of computing the large-time
asymptotics of correlation functions in which the lengths scale with time. In particular, we fo-
cus on the example of the spin-spin connected correlation function
S;’n(t) = (o7, ()o%s (1)) — (0% (t)) (o5(t)), where m ~ n ~ t and m—n ~ t* with a € [0, 1],
for a variety of partitioning protocols evolving in the transverse-field Ising chain. We will see
how to decompose the observable exactly at any time into independent contributions, each
accounted for by a dynamical field. The various dynamical fields are decoupled, and we will
identify one of them with an inhomogeneous generalization of the root density in quadratic
models.

In general, a lightcone structure forms, in which spins that are affected by the inhomogene-
ity (i.e. spins inside the lightcone) behave differently to spins that are not (i.e. outside the
lightcone). The region of spins affected by the inhomogeneity grows linearly in time, consis-
tently with Lieb-Robinson bounds [55].

The contributions to S% _ (t) are of three types: a contribution coming from the root density,
a contribution coming from the so-called auxiliary field, that with the root density accounts
for the Gaussian part of the state, and a contribution coming from the non-Gaussian part of
the state. We can summarize the behavior of the three contributions as follows. The root
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density gives a contribution that scales as t2* inside the lightcone and does not alter the
initial value of the correlation outside the lightcone. The auxiliary field gives a contribution
t =32 outside the lightcone and ¢t~ ™"(3=2% 2) jnside the lightcone. The non-Gaussian part
gives a contribution that decays as t~! both inside and outside the lightcone. The fact that
the contributions are independent means, for example, that the root density gives the same
contribution whether the state is Gaussian or not. More in general, if we know the initial
value of the dynamical fields in the homogeneous state that form the partitioning protocol, we
already know how the spin-spin connected correlation decays for large time for any value of
a, and we can also determine which one of the three contributions gives the leading order.

In conclusion, our results allow to determine the qualitative behavior of S? (t) for any
scaling of m—n in potentially any partitioning protocol evolving under the Ising Hamiltonian.
Moreover, as we will discuss, the generalization of our results to other non-interacting models
should not be complicated. Note how a = 1/2 emerges as a special scaling for the correlation
function: for 0 < a < 1/2 the leading order of the correlation function can be accounted for
by considering solely the root density, while it is in general not the case for 1/2 < a < 1. This
introduces a notion of locality: if the observable that we are interested in acts over a region
of space that does not scale faster than t!/2, the observable is local enough to be described by
the root density only. A direct implication is that such an observable is also local enough to
Gaussianize, in the sense that, for a < 1/2, it exists a Gaussian state in which the expectation
value of the observable has the same leading order as in the exact state of the system.

We also go beyond the qualitative behavior of S% _ (t) and we compute explicitly the full
leading order, providing some new analytical results régarding connected correlations for par-
titioning protocols in the Ising model. All the analytical results are checked by comparing it
with numerical simulations for different values of a and for different partitioning protocols.

3 The Hamiltonian

We consider spin-chain Hamiltonians that can be mapped to quadratic combinations of
fermionic operators by a Jordan-Wigner transformation. While our discussion holds with mi-
nor modifications for any free translational-invariant spin chain with short-range interactions,
we specialize to the transverse field Ising (infinite) chain (TFIC), whose Hamiltonian reads

H=—JZ(0;.CG;‘+1+hG§), (D
jez

where J > 0 and we assume |h| # 1, in such a way that the model is not critical.
The Jordan-Wigner transformation from spin operators to Majorana fermions reads

-1 -1
— — Yy _
of ==iayaay,  oi=| || o5 )au, oy =| [] oF|au, 2
j=—o0 j=—00

where the Majorana fermions qa; satisfy the algebra [a;,a;], = a;a; + aja; = 26, ;. By def-
inition, the Hamiltonian of a non-interacting (or free, or quadratic) quantum spin chain in

Majorana fermions (i.e. after a Jordan-Wigner transformation) reads
1
H=- Z ai’}-lijaj, (3)
1,JEZ

where H is an infinite purely-imaginary Hermitian matrix.! Since we consider translational-
invariant models, Hom4iontj = Hom—n)+ij> for any m,n € Z and i,j € {1,2}, i.e., H is the

We stress out that, in our convention, the indices of the matrix H can be negative.
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infinite-size limit of a (2 x 2)-block-circulant matrix. For example,

H=iJ Z (ageaze+1 +hage—yas) 4
145/

in the TFIC.
To deal with the quadratic form #H representing the Hamiltonian of translational-invariant
free models, it is a standard procedure to introduce its symbol iAl(p) as
+7 d
)iy = D e " Homssy S Hamrianr; = J o)), ()
meZ —T

fori,j e {1,2} (see e.g. [61] for more details). For the TFIC we have
iAl(p) =—2J[(h—cosp)a? + (sinp)o™]. (6)

The definition of the symbol allows for the introduction of a general method to diagonalize a
translational-invariant free model.  Introducing the Bogoliubov angle as the angle
0(p) € [—x, ) such that

hp) _ i gy i’ (7)
e(p)
we have that
1 e_i@
v(p) = WAL A (8)
is the eigenvector of fz(p) with eigenvalue
e(p)EZJ\/1+h2—2hcosp, ©
where €e(p) is referred to as dispersion relation. Explicitly, it can be shown that
NONPyLitally (10)
e(p)
Finally, we introduce the infinite vectors
Womyj(p) := eimij(p), (11)
forme Z and j € {1, 2}. It can be shown that
D Heewe(P)=e(Pwe(p), D Heowl(p) = —€(p)wi(p), (12)
ez ez

providing all the eigenvalues and the eigenvectors of . At this point we can finally introduce
the Bogoliubov transformation between fermionic operators

{b"“(p) =5w(p)-a

o) = twa o YT ‘/Ef_n . (Wj(P)b (p)+w;(P)b(p)) - (13)

The operators b(k), b'(k) are referred to as Bogoliubov fermions and satisfy the algebra
[b(p),b" (@) =2n5(p—q),  [b'(P),b'(@)]: =0=1[b(p), b(q)]; - (14)

After the Bogoliubov transformation, the Hamiltonian is in its diagonal form

"d 1
H= f P ew) (5@~ 3 ). as)
_g 2T 2
The advantage of using the Bogoliubov fermions over the initial spin operators or the Majo-
rana operators is that the former have a trivial dynamics (in the Heisenberg picture), evolving
simply by a phase: b(p, t) = e *“®)p(p, 0). We point out that within this formalism one could
compute the conserved charges of the model, as done in Refs. [61,62].

6
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4 The state in terms of dynamical fields

4.1 Gaussian states

Given a state, let us consider the 2n-point connected correlation functions of Majorana
operators. The first two of them read

<a51a52 >c = <a51a€2>

(16)
(aelaezaeaamc = (azlaezaeg%) —<ae1azz><ae3ae4> + (%%>(%%>—<aelae4><aezae3> >

and similar definitions for n > 2,2 where the expectation values are computed over the state
under consideration. By definition, if the 2n-point connected correlation function is zero, the
2n-point correlation function can be expressed as a sum of products of correlation functions
with maximum degree 2(n—1). We say that the state is Gaussian if all the 2n-point connected
correlation functions of Majorana operators are zero except, at most, the one with n = 1 (recall
that we are assuming that the correlation functions of an odd number of fermions are zero).

For example, the eigenvectors of a quadratic Hamiltonians are in general Gaussian, as
can be shown by applying Wick’s theorem. More generally, a homogeneous Gaussian state is
described by a density matrix

~_ 1 4

P = ne1® (18)
where Q = %Zi’ jez @i Q;ja; and Q is an infinite purely-imaginary Hermitian matrix such that
Qom+i2n+j = Qam—n)+i,j- The Gaussianity of the state (18) can once again be proved by Wick’s
theorem [63]. Gaussian states are closely related to free systems since it can be proved that a
Gaussian state stays Gaussian when it evolves under a quadratic Hamiltonian.

The rest of this section about Gaussian states is essentially a brief review of Ref. [41],
although we make explicit some definitions that were left implicit. The goal is to give a phase-
space formulation of quantum mechanics for what concerns Gaussian states. First of all, we
can exploit the fact that Gaussian states are completely described by the 2-point correlation to
encode all the information about the state in the correlation matrix, defined as

T :=6;;—(a;a;), (19)
where the expectation value is evaluated with respect to the exact state of the system.

As done for the Hamiltonian, it is often convenient to describe the correlation matrix in
terms of a symbol. Using the matrix notation

(FEH)_ = Domyionts (20)
2 L,]
the physical inhomogeneous symbol of the correlation matrix is defined as

ffhys(p):z Z e_inFJf, where x€Z/2, 21
2€2(Z+x)

’In general, the N-point connected correlation function can be written via a the generating function
Z({nH = 1n<er mai> as

a, ...a = Z =0 17
(60 ). = 5, =g =210 (17)
where the n,’s are Grassmann variables. Incidentally, we recall that the chain rule for Grassmann
variables is aa_n f0(m) = %%, where the order of the factors matters, and the Leibniz rule is

ainj(f({n})g({n})) = %j};’})g({n}) + P(f({n}))%f;”), where P is an operator that changes the sign of each term
with an odd number of variables in the polynomial expansion of the function.
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with inversion relation

Vi
dp ., =
I‘j:f 2—pelzf’1“£hy5(p), where z€2(Z+x). (22)
i
—T

For both the correlation matrix and its symbol, when we specify the time dependence t, we
refer to the state of the system at time ¢.

Importantly, the physical inhomogeneous symbol satisfies I hy ‘(p+m) = (=1)>IF hy *(p)
and it does not reduce to the homogeneous one even if the matrix I'; does not depend on
x (i-e. Tymyion+j = Dogn—n)+i,j)- Indeed, if we apply the definition of the physical inhomoge-

A i —1)2xf A
neous symbol to a homogeneous matrix, we get [ hs (p)= w, where I'(p) is the

homogeneous symbol of the correlation matrix, defined as in Eq. (5). Since it is inconvenient
to have a symbol whose properties make a distinction between x € Z and x € Z + 1/2, we
want to define a new symbol that plays the role of I hys (p) in describing physical quantities
but does not distinguish between x € Z and x € Z + 1/2. The fundamental observation is
that the inversion relation (22) holds for the more general symbol [ hys (p)+12¢°(p), where
B (p + m) = —(=1)> L (p), Le.

X

T
dp .. . .
FZ:J 2—pe‘Zp(1“£hys(p)+Ffa“ge(p)), where z€2(Z+ x), (23)
T
—T

since the gauge part gives zero under integration. Moreover, note that the symbol is always
evaluated in x € Z/2, so we can work with an extension to R of the physical symbol that
assumes arbitrary values in x ¢ Z/2 and coincides with the physical symbol modulo a gauge
part when x is evaluated over the lattice sites. Since only the matrices are directly linked to
physical observables, two symbols that differ in the gauge part and/or in x ¢ Z/2 still describe
the same physics. Such a freedom can be used to define a new symbol, which we simply call
inhomogeneous symbol [,(p), that is an entire function in x and that in the homogeneous
limit (i.e. when Iy ontj = Io(m—n)+i,j)> gives back exactly the homogeneous symbol; we also
require the symbol to remain Hermitian and periodic in p. For example, a possible choice for
the inhomogeneous symbol is

A _ sin(2n(x —y)) hvs phys
I(p)= yg;z o) (rP Y (p)+ Fy+1/2(p)) , (24)

which is an entire function of x, gives the matrix I' via the same inversion formula (22), i.e.

X

Y
dp ... .
FZ:J ﬁe”pl“x(p), where 2z € 2(Z+x), (25)
—T

and coincides with the homogeneous symbol when the state is homogeneous and the symbol
is evaluated in x € Z/2. In particular, we have [, (p) = f‘fhys(p)+1“fﬁjz(p) for x € Z/2, which
is in the form f‘fhys(p) + 184 (p).

A decomposition of the physical inhomogeneous symbol for the correlation matrix that is
fundamental for this work is the following:

PR (p) =

i 0 90 oy 1 0 e_ie(l’”‘) dq oZia(x—
— 5 (_eie(p) 0 + (_1) xE _eiG(p-H'c) 0 iq(x )’)X
yEZ/Z -

: 0(p—q)—6(p+q) h h _:0(p—9)+6(p+q) h h
e 7 (4l () +Rep T (p)) e 2 (—4mip] 2 (p) —Imyp Y (p))
;8(p—0)+0(p+q) phys 0(p—9)—6(p+q) phys
e 2

@mip" (p)—Imyl(p)) e 7 (4nplle(p) — Rewphﬁ(p))
(26)


https://scipost.org
https://scipost.org/SciPostPhys.15.1.027

Scil SciPost Phys. 15, 027 (2023)

where the fields pp hys (p) and ’L/)iflty *(p) are defined as

277)2
(+ ) 27

PPV (k) =2 J g—ieZixP(b(p+k)b(p—k)>t~

+7T d
P2 (k )Z—J —P_e2ixp (b (k— p)b(k +p)), ,

—T

Here the expectation values (...), are computed with respect to the state of the system at time
t and the indices e and o refer respectively to the even and odd part of the function in the

variable p:
(p)+f(=p) (p)—f(=p)
fupy= TR gy = HRITTEED), 28
Note that pp hy *(p) is a real function and zpihty *(p) is a complex function obeying
z,bp hy ‘(p) = z,bp hy *(—p). Moreover, both the fields are even (resp. odd) under

k — k + m when x is integer (resp. half-odd-integer), as a consequence of the property
B2 (p 4+ m) = (1> EE (p).

The decomposition (27) is derived starting from the definition of the symbol (21), plugging
in the expression of the correlation matrix in term of the Majorana fermions (19) and express-
ing the Majorana fermions in terms of Bogoliubov fermions using the Bogoliubov transforma-
tion (13). After performing all the possible simplifications, we can express time-dependence
simply as a phase using b(p, t) = e *®)p(p,0) and we can regroup together all the terms
with the same time-dependence: those are the independent subspaces. Finally, we rotate the
symbol by the Bogoliubov angle with respect to the z-direction in such a way to treat different
non-interacting models on the same ground (the only thing that varies from one model to the
other is the Bogoliubov angle). Once the invariant-subspaces have been identified, we define
a dynamical field to describe each of them.

The discussion about the symbol’s gauge freedom applies to the dynamical fields as well:
we can introduce the dynamical fields p, t(p) and v, ,(p) that parametrize the (general)
inhomogeneous symbol and coincide with p%; hYS(p) and Ph "YS(p) for x € Z/2, modulo a
gauge transformation, which in this case consists in addmg a function g, ,(p) such that
gx(p+m)= —(—1)2xgx’t(p). We always choose a gauge such that p,. ,(p) remains a real func-
tion and v, ,(p) remains a complex function obeying v, ,(p) = =, ;(—p). The parametriza-
tion of the inhomogeneous symbol in terms of the dynamical fields reads

N _. () z
B () = P9« ((4npx,t;e(p) 1) 0? +4mpy (Pt
.0(p) 2
+Rewx,t(p)az—Imwx,t(p)a’C)*elTpff @9

where the star (or Moyal) product is defined as

- =
dpd

PERN
9x9p=9dp

(f * g)(p,x) = f(p,x)e ™ 2 Xg(p,X)E[eiaxaquayf(p,X)g(q,y)] . (30)

(v,9)—(x,p)

Note that Moyal product allows also for an integral representation that involves only the sym-
bol(s) evaluated in semi-integer positions. In particular, it is worth writing down the following

property:

fP)*Te(p) * g(p) —f > Fp+ R (p)glp —k)eHk, 1)

yEZ/z

9
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that do not require the symbol I’ (p) to be entire in x.
Importantly, if now we compute p, ,(p) on a homogeneous state, it reduces to the density
(bib

of quasi-particle excitations, giving the thermodynamic limit of k>, where the operators
b;{', by are the finite-size version of the Bogoliubov fermions (see e.g. Ref. [34] for the definition
of the density of excitations for finite size and its thermodynamic limit). Note that the space-
time dependence has disappeared, as a consequence of the homogeneity assumption. So, in
the homogeneous limit, p, .(p) is nothing but the root density of non-interacting systems.

The time-dependence of our model is completely accounted for by the time evolution of
the dynamical fields, which, being defined in terms of Bogoliubov fermions, evolve in a simple
way:

pei(p) = f 99 2ig(r—y) gitle(p+a)—e(p— M, o),
yEZ[2

(32)
VY (p) = f dq e2ia(x—y) —lt[E(p+q)+6(—p+q)]pr’o(p)_
YEZ/2
The dynamical equations can be written as
.0
175, (P) =€(P) * (P, ) = P (P) + €(P) = {{e(P), P (PI}}
(33)

lgwx,f(p) =e(p) * Y (p) + Yy (p) x €(p) = {{e(P), ¥ (P)}}

Note that the two fields are decoupled. Importantly, the first order of the homogeneous ex-
pansion of the equation of motion for p, .(p), representing the local relaxation hypothesis,
is

2 i)+ € (P) () = (34)

which is precisely the equation of GHD [35]. This property, combined with the homogeneous
limit of p, ,(p) that we discussed above, allows us to treat p, .(p) as the space-time dependent
generalization of the root density, and in the following we will refer to it as such. What we
gained with respect to the GHD approach is that we have its definition for any time, without
any need for local-relaxation hypothesis. This enables many interesting computations, such
as the investigation of the condition for which the (space-time dependent) root density gives
the leading contribution. The field v, .(p), instead, will be referred to as auxiliary field, to
highlight the fact that p, ,(p) and v, .(p) are the only two fields needed to describe exactly
any Gaussian state.

We point out that the parametrization (29) of the correlation matrix’s symbol was already
given in Ref. [41], but the definition of the fields was left implicit.

4.2 A step beyond Gaussian states

Our goal is to extend the phase-space description of quantum mechanics formulated above
for Gaussian states to any kind of state. To go beyond Gaussian states, we have to consider
nonzero 2n-point connected correlation functions also for n > 1. We start by discussing the
4-point connected correlation. Let us define the object that corresponds to the correlation
matrix in this new case:

Cm,n,r,s = (amanaras> - (aman> <aras> + <amar> <anas> - <amas> (anar> . (35)

As with the correlation matrix, when we specify the time dependence t we refer to the state of
the system at time t. We remark that C,, , ,.; = 0 for a Gaussian state as a trivial consequence of

10


https://scipost.org
https://scipost.org/SciPostPhys.15.1.027

Scil SciPost Phys. 15, 027 (2023)

Wick theorem. The dynamical fields that we introduced in the previous section are obviously
not enough to describe the 4-point connected correlation of Majorana operators and we need
to introduce new fields to complete its description. First of all, we define a new kind of physical
inhomogeneous symbol, adapted to the present situation:

Aphys
CP"* (pq Pz)). .=
( XpXp J1odaod3Ja

—ip121 o —ip2%; ) ] ) )
Z Z € e R Gy 1 5 )4y 2000 — B 4 200+ B )45 20— B )4, (36)
21€2(Z4x1) 2,€2(Z+x5)

which is a real and anti-symmetric 2 x 2 x 2 x 2 tensor. We also define its matrix version

6532@1»?2) as
(éﬁgz(pl’pz))2(j1—1)+j3,2(j2—1)+j4 - (éf‘)lh’iz(pl’pz))jl,jz,ja,h ’ (37)
which is a 4 x 4 matrix. The inversion relation is
C2(x1+%1)+j1,2(x1—%1)+j2,2(x2+%2)+j3,2(x2—%2)+j4 =
T 32
- J —n éTp)ZeizlpleiZZPZ (é’elhg,‘z (pl’p2))2(11—1)+1'3,2(jz—1)+j4 > B8

with z; € 2(Z + x;). In order to parametrize the new symbol with a set of new dynamical
fields, we decompose it in a similar way to what we did for [}, (p). In particular, we rewrite the
symbol in terms of Bogoliubov fermions, which allows to easily identify the components with
the same time dependence. Then we parametrize each independent component with a field.
Once again, the Bogoliubov angle is used to treat different free models on the same ground.
In the end we get

0(p1) _z 0(p2) = ~ph _.0p1) 2 _.0(p2)
(el 2 7 e 2 U)*Cp yst(pl,pz)*(e1 27 e "2 0):

XX,
455?,{;;;00(?1, p2)ego + 455?@;@(1’1,1)2)@20 + 4§§Tﬁ2:t;oe(P1,Pz)eoz + 4€§?§Z,t;ee(p13p2)622+
+2Re(Q2"% (p1,p2) + @l (p1,pa)ery — 2Re(Q8S (pr,p2) — b (py, p2))ess+
+2 Im(ﬂﬁ?ﬁé,t(pl,pz) - wig;(l’lypz))els +2 Im(ﬂii‘ﬁ,t(l?bpz) + wi?,{;(PbPz))esl"‘
+4Im Tfﬁiz,t;o(Pl,Pz)em +4Im ngz,r;e(Pljpz)ezl —4Re T)lcjlh,iz,t;o(plapz)EOB-i_

h h i
—4Re 7' (P1,P2)eas +4IM YL (2, p1)ero +4Im YL (P2, p1)ern+

X1,Xp,t5€ X2,X1,t;0 Xg,X71,t5€
phys phys
—4Re sz,xl,t;o(pZ:Pl)eBO —4Re sz,xl’t;e(pz, p1)632 N (39)

where e, = 0% ® oP and the indices e and o of & refer respectively to the symmetrization
and the antisymmetrization in the corresponding momentum, e.g.

f(p1,p2) + f(—p1,p2) — f(P1,—P2) — f(—P1,—DP2)
4 b

feo(pl’pz) = (40)
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and the indices e and o of T refer respectively to a symmetrization and an antisymmetrization
in the first momentum. The fields are defined as

+7 2

h d q . . By ),

gfcl,}:z,t(plapZ) = J @)y e? 101?292 (pT(p; —q1)b(py +q1)b" (P2 —42)b(P2 +G2))c s »
-7

+7 2
h d“q
chl{csz ((P1,p2) :==— J 2n) ———e?10e?2% (b(q, + pp)b(q; — p1)b(gs + P2)b(qy —DP2)ee

+7
d2
Tphi; ¢((P1,p2) := f @ %2 e?191e2%2% (bT(—q; + p1)b(q1 + p1)b(q2 + P2)b(q2 — P2)).. .

(41)
We did not include the field w in the definitions above because it is actually obtained from &,
using

i?{cszt(Pla p2)= J n )2e21xlq1e21x2q2 (b(qy + p1)b(q; — p1)b'(—q5 — p2)b'(—q, +P2)) e

dq _ — h
J Zlq(xl X2) 21}’(171 Pz)gil_}"_;’xz_%t(q_pl,q +p2)+

yEZ/Z

L& 1)2"2 dq - - &
Z e2iq(x1=x2) 621y (p1 pz+ﬂ)g§1{§/’x2_%t(q —p1,q+tpy+m), (42)
YEZ/2

which comes from the symmetry properties of the original correlation function. From the
symmetries of the symbol, one can derive several properties of the dynamical fields, such as
the fact that & is real.

As in the Gaussian case, we have a gauge freedom linked to the symmetry

f?{é(?b[’z) =(= 1)2x1C£1h§5 (p1+m,p2)=(— 1)ZXZC£?§Z(P1,P2 + 7). (43)
In particular, if we replace Cx1 xZ(pl,pz) with Cx1 xZ(pl,pz) + Cflalf(fe(pl,pZ), where

CEUSE(py, pa) = —(—1)P¥ CEUE (py + 7, py) V CEUE(py, py) = —(—1)P2CEUE (py, py + 1),
(44)
the inversion relation still holds. We thus define the homogeneous symbol €, %, (P1,DP2) as
an entire function of x;, x, € R that coincides with Cf(’lh}g(pl, p-) for x;,x, € Z/2, modulo a
gauge term, and choose the gauge term in such a way that all the properties of the physical
fields are conserved. C,, ,, .(p1,p>) is parametrised in an analogous way to Cp %.t(p1,p2) in
Eq. (39), with the only difference that the physical fields are substituted by generlc ones, that
differ only by a gauge part in x;, x5 € Z/2 and are continuous in x; and x,. The dynamical
equations satisfied by the new fields are

10, %) 0,6 (P1,P2) ={{€(P1), €y .t (P1, P2} + {{E€(P2), €, 1yt (P1, P2}
10:Qy, x,,e(P1,P2) ={{€(P1), U, 1, (P1, P2} 4 + {H{E(P2), Q) (P15 P2} 4 (45)
10, Ty, x,,t(P1,P2) ={{€(P1), Ty iy, (P1, P2)}} + {{E(P2), Ty xy, e (1 P2)} 4

where in the terms with €(p;) (resp. €(p5)) the conjugated variables with repsect to the Moyal
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products are p; and x; (resp. p, and x,), and are solved by

gx X t(pl Pz) = f 2ik1(x1_Y1)e21k2(x2_}'2)x
1542 2 2 2
Y1,Y2€2/2 ( TE)

it[e(p1+ki)—e(pr kl)] [E(Pz"‘kz)—e(l?z—kz)]gy y 0(p1 pz)
1,02 ’

d’k ;
Q) x,,6(P1,P2) = f (27)2 e ety
Y1,Y2€Z/2 (46)

it[e(k,+pq)+e(ky P1)] [€(k2+p2)+6(k2_p2)]ﬂy y 0(p1 pz)
1,025 4

T, 0.t (P1,P2) = f (27[)2 etbamy)eialiam)x
Y1,Y2€Z/2

Xelf[f( kq+p1)—e(ki+p1)] _lt[E(k2+p2)+6(k2_p2)]Tyl,yz,O(plapZ)-

To summarize, we encoded the information about the 2- and 4-point connected correlations
in a set of five independent dynamical fields, among which the root density.

4.3 General non-Gaussian state

The inclusion of higher order non-zero connected correlation functions is straightforward:
to account for the 2n-point connected correlation function we shall introduce a 2" x 2" in-
homogeneous symbol, which can be described in terms of a finite set of dynamical fields. In
order to count the fields corresponding to such a symbol, we have to think of all the possible
correlation functions that can be defined using the Bogoliubov fermions b and b, following
three rules: the argument of the operators is irrelevant; correlations that are obtained as a
permutation of the fermionic operators one from the other count as one; a correlation and
its complex conjugate count as one. So the number of independent fields introduced by the
2n-point connected correlation function is n+1. The way in which they can be defined is a gen-
eralization of what we did above, as are the equations of motion that one obtains. In the main
part of this work, we consider observables involving at most 4-point connected correlations,
leaving some general considerations for the final discussion.

5 Partitioning protocols

5.1 Definition of our setup

As the archetypal example of an initial inhomogeneous state, we consider partitioning
protocols. We refer as partitioning protocol to a setup in which the system is prepared in an
inhomogeneous initial state in which connected correlations between spins decay to zero expo-
nentially with distance and such that the state is indistinguishable from a given homogeneous
state when considered far to the left of the origin and it is indistinguishable from a second
homogeneous state when considered far to the right of the origin. We warn the reader that
often in the literature partitioning protocol actually refers to the special case in which the cor-
relations between any spin on the left half and any spin on the right half are exactly zero — see
e.g. Refs. [39, 44, 64-68] for some specific examples. Often (but not always), the two halves
are prepared in stationary states, in such a way that the non-trivial time-evolution takes place
only in proximity of the junction. We consider also partitioning protocols in which the junction
between the two homogeneous states is not sharp and we do not limit ourselves to stationary
homogeneous states.
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Figure 1: Example of the lightcone structure in a partitioning protocol. We report the
expectation value for the nearest-neighbor spin-spin connected correlation S7 ,_, (t)
in function of position and time for the partitioning protocol detailed in Section 5.2.1.

Given a partitioning protocol, we are interested in the asymptotic study of observables that
are local both in spins and in fermions. The simplest local observable that involves also some
non-Gaussian fields is the spin-spin connected correlation function

Son(0) == (op,07) = (07) (07), (47)

where we let the lattice indices m and n and the distance between spins scale with time as
m~n~tand m—n~ t%* with a € [0, 1]. This is the observable that we will consider in all
our examples.

A distinctive feature of partitioning protocols is the so called lightcone. Due to the bounds
on propagation of information known as Lieb-Robinson bound [55], for large times, only a
region that grows linearly around the junction, called lightcone, is affected by the inhomo-
geneity of the state, while the effects of the inhomogeneity on local observables outside this
region are exponentially suppressed — see Fig. 1. In non-interacting systems, the velocity of
propagation of the lightcone’s front is the maximal group velocity of elementary excitations,
Le. Vpg = max, €’(p). Note that the propagation’s speed in the TFIC is symmetric with re-
spect to the origin since we have e(—p) = e(p). We will not delve into more details here,
since a lightcone structure will clearly emerge from our computations. For the moment, the
only important thing is the definition: we say that a given lattice site £ is inside the lightcone if
|€] < Vypext, Where t is the time; analogously, a ray { = £/t is inside the lightcone if |{| < V,qx-

In the following, we want to see how each field contributes to the spin-spin connected
correlation. To do so, it is convenient to rewrite our observable as

Sin(t) = —(a@2m—1a2m2n—1a2n) ¢ + (Aom—102m) (A2n—1a2n)
= —Com-1)+1,2(m—1)+2,2(n—1)+1,2(n—1)+2(t) + Tom-1)4+1 200—1)+1 () Tam—1)42,2(0—1)+2(t)
+ Dym—1)4+1,2(0-1)+2(E)To(m—1)12,2(n—1)+1(t) ,  (48)

and split the correlation matrix in the two parts accounted for by p,. .(p) and v, ,(p) indepen-
dently as T = I'? +T¥ .2 The idea is to study independently the behavior of C, I'* and I'Y in the

3The decomposition T = " + I¥ can be achieved starting from Eq. (29)
and  defining ff,t(p) = K ((47rpx’t;e(p)—1)0'y + 4mp,(p)L)  * ¢ #o and
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scaling limit above. In this way, by knowing the value of the fields in the initial state, we also
know how the spin-spin connected correlation behaves and where the leading contribution
comes from. In practice, we engineer three different partitioning protocols, each presenting
just one among the contributions C, I'* and I'¥. To construct such examples, we proceed by
introducing a homogeneous state for each of the cases we want to study and combine it with
an infinite-temperature thermal state to create a partitioning protocol; we choose the infinite-
temperature state to be on the left. The peculiarity of the infinite-temperature state which
makes it convenient to consider is that all the 2n-point connected correlation functions are
zero, which implies that all the dynamical field in this state are zero, except the root density,
that equals 4%.

5.2 Examples of initial states
5.2.1 Pure-root-density state

The first example that we consider is a partitioning protocol that is described solely by the
root density:

X

1 —_
Pxo(p) = +0,0%(p),  Y.olp)=0, (49)

41
11

where pR(p) = 57 Treper - Here ©, is the discrete step-function defined for x € Z/2, whose
integral representation is given by

+n i

dr e21x7 dz ZZX

e, = ——— - | = , (50)
_, 2m1—ei(z—0) c2miz—1

where C is a closed path winding once around the origin and enclosing the unitary circle
(note that ®; = 1). This is a partitioning protocol between a thermal state with zero inverse
temperature to the left and a state with inverse temperature f to the right. Note that it is not
sharp, in the sense that there are spin to the left of the origin whose correlation with some
spin to the right of the origin is not exactly zero. Note also that, since the homogeneous states
that form the partitioning protocols are defined in terms of the root density only and the root
density of homogeneous states does not evolve in time, the non-trivial dynamics happens only
in the proximity of the junction — see Fig. 1.

5.2.2 Pure-auxiliary-field state

We set here 1
ProP)=7—,  Wxolp)= 0, Y™ (p), (51)

where R(p) = —% sin(p)+4/1 + h2 — 2h cos(p). Choosing Pxo(p) = 4% is equivalent to impose
that the contribution to the correlation matrix coming from the root density is the same that
one gets for the infinite-temperature state, i.e. zero. That is why we refer to this state as
pure-auxiliary-field state. Note that the correlation matrix of the homogeneous state defined

by pyo(p) = & and ¥, (p) = YR(p) has elements
=gY/4, r*! = Fio* /4, I'*2 = +io* /4, I*=0if |z| > 2, (52)

which describe an initial state with local correlations (for the sake of our discussion, the only
important thing is that the correlations decay at least exponentially with distance). Unlike
the previous example, this state evolves also far from the junction. Indeed, whenever there is

A _0(p) {90 oz . .
F;{t(p) = el 7 & (Rev, (p)o* — Imyp, (p)o*) » € 279" Then I'* and TV are the correlation matrices

obtained from those inhomogeneous symbols respectively. We will come back to this point later on.
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a non-zero component in any field except p, .(p), the homogeneous part evolves too, so we
effectively have a global quench far to the right of the junction, while around the junction a
lightcone structure still emerges, as we will discuss in more details later on.

5.2.3 Non-Gaussian state

The last partitioning protocol that we introduce is a partitioning protocol in which the state
is described only in terms of the non-Gaussian fields. We define it via the density matrix

p =27 1P Xi5 000 (53)

where Z is the normalization constant such that Tr(5) = 1. This state has already been studied
in Ref. [69] and we denote it as rotated-Ising thermal state (RITS), since it is the thermal state
of an Ising model with the axis of the nearest-neighbor interaction that is rotated with respect
to the one in our Hamiltonian (1).

What is convenient about the RITS is that the computation of the expectation value of
any string of o* is essentially classic, since everything is diagonal in the z basis. In particular,
(07),_o =0V, and

(0%,0%),_, = (tanh p)" O, 0,. (54)

From here, one can compute the 2-point and 4-point Majorana correlation functions in the
operators a, and then, writing the Bogoliubov fermions in terms of the Majorana fermions,
arrive at the 4-point connected correlation functions in Bogoliubov fermions, which allow us
to compute the value of the non-Gaussian dynamical fields at time zero (see Appendix C). It
can be shown that the Gaussian part of the state, i.e. the correlation matrix, is zero throughout
the whole chain, or, equivalently, p, ,(p) = 4% and v, ,(p) = 0, but the connected four point
function is non-zero. Note that, differently from the Gaussian partitioning protocols above,
the partitioning protocol that we have just defined is sharp, in the sense that the correlations
between spins belonging to different halves of the chain are zero. The downside is that the
state excites all the non-Gaussian fields (so it is not described by one field only), but this is not
a problem, since we are mainly interested in comparing the non-Gaussian contribution with
the one from the root density.

6 Root-density partitioning protocol

6.1 Integral representation of the correlation matrix

In this section we perform the asymptotic analysis of the spin-spin connected correlation
function (47) in the case of the partitioning protocol (49) defined in terms of the root density
only, evolving under the TFIC Hamiltonian (1). To do so, we first focus on the asymptotics of
the correlation matrix in this partitioning protocol.

To extract the contribution coming from the root density we start with the inhomogeneous
symbol of the correlation matrix (29) and we consider only the part that involves the root
density:

o(p)

A _:bp) =z m z
P(p)=e'72° *((4npx,t;e(p)—1)0y +4ﬂpx,t;o(p)llz)*e‘ £t (55)

Using the representation (31) of the Moyal product, we can rewrite it as
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) ) ™ .
—TT

YEZL[2
;8(p=0)-0(p+q) ; 8(p=9)+0(p+q)
e 2 yto(p) —e 2 lpyte(p) 56
X\ 000w {0690+ - (56)
pyte(p) € 2 py,t;o(P)

The contribution of the root density to the correlation matrix is simply the correlation matrix
that one gets using the inversion relation (25) on the inhomogeneous symbol [’ t(p) which
gives

(T5#(); 19 103 =

s
dpd o 0(——0(p+g) . . -
= 47’EiReJ (2pn)qz Sin(pz)ezquil LAl Pletd) re(p+q)+ite(p—q) ( Z e_Zqupy(p,O)) )
—T

YEZL[2

) (57)
(Fj;p(t))m — _if (21—7’; cos(pz + 0(p))+

—T

b
. dpdq 0(p—q)+6(p+q) \ .2igx—ite(p+q)+ite(p—q) —2iqy
+47r1f_7T 2n)? cos (pz+f)e Z e py(p,0) | .

YEZ[2

Finally, plugging in the expression (49) for p, .(p), we obtain

(TP () 1z 4 am =

T dpdq eZi(p—q)x—ite(2p)+ite(2q)
_, @22 1—eip—a-i0)
(Fj’p(t))zl = _(Fx_z’p(t))u =

77: . ; .
dpnd 2i(p—q)x—ite(2p)+ite(2q) 0(2aq) + 6(2 1
= 4mi paqd € cos((p+q)z+—( 9) ( p))(pR(p+q)——4 ),
_ T

=4miRe

. - 0(29)—-0(2p) 1
sin((p + )x)eti ™2 (pR(p - 47) ,

. (2m)? 1 — e—i(p—q—i0) 2
(58)
where we used
1 e2iyr
—2iqy —21qy R —
Doe py(p,O)——a(q)+ > f (p)——) ——— =
YEL/2 YEL/2 4m ) 1—ei(=0)
R( 1
p)
= _5( )+ ————, (59)

e—ilg— 10) ?

and the property f_nﬁ dpdq f(p,q) = f_nn dpdq f(p +q,p — q), that holds for functions such
that f(p,q) = f(p + m,q) = f(p,q + m).

To study the asymptotic behavior of this double integral, it is convenient to change variables
as wy = e, w, = el(9+% and switch to the complex plane. We obtain

d
(T2P(0)) 151 41 =—277:1Imf dwy f Y2 R(—iln(mm))-é%ﬁ) x

71+ 27TW2

i 0o E(W?2)—itE(w?)
. 0(=2ilnwy)—6(=2ilnwq) elt 2 1 _
x e:|:1—2 W§X+ZW22x+Z W%x zWZZx z)

, (60)
w1 — Wy
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: . d d
ﬁf*(tn21=——(K?41tn12=r—2nij‘-é;}J; "2 ((pR(-itarawa) — o

2w
Cl 2 2

. 0(=2ilnwy)+6(—2ilnwy)
2

itE(w2)—itE(w?)
€ 2 ! ( 2x+z., —2x+z i

. 0(—2ilnwy)+0(—2ilnwq)
wi T w, e +W%X_ZWEZX_ZC_1 s ; ) , (61)
w1 —Wy
where
E(w) :=2J4/(1 —hw)(1 —h/w) (62)

is the dispersion relation in complex variables, and C; and C, are closed curve with winding
number 1 around the origin, in an annulus around the unit circle, and such that C, is inside the
region delimited by C;. For the function E(w), we choose the branch cut to be on the real axis in
the interval [0, min{1/h, h}]U[max{1/h, h}, +o0),* where we recall that we assumed that the
model is gapped, and hence h # 1; in this way the function is analytic in an annulus including
the unit circle. Note that 2x £z € 27, so that the functions w*12**%2% do not have any branch cut
Vsq,5. € {£1}. As for pR(—ilnw) and e!®C1!"W) they are also analytic in an annulus including
the unit circle, since they are analytic function of €(p) in the annulus. That is in general true
for any noncritical state satisfying clustering. We also mention that the computation could be
carried out also without introducing complex variables and sticking to the momentum space,
in a similar fashion to what was done in Ref. [70] for a similar asymptotics.

We can recast the expressions above in a suitable form for the application of the saddle-
point method:

IP) 1. 1 = —ZTriImf 1 J (PR(—iln(Wlwz)) - _) X
( x )1+ o1+ ¢ 27T e, 2nwo(wy —wy) 4m
% eiiw (etS(er%)/t(Wl)—tS(X_%)/t(Wz) _ etS(X_%)/t(Wﬂ—tS(ﬁ%)/t(Wz))
) - dw, dw, ( 1 )
%P =_(17®P = -2 R —iln(w,w —— | X
(1), == (17°),, .LzﬂLﬁmdm—m)p( (w1ws)) = 1~

— . 0(=2il +6(—2il
y (etS(x+§)/t(W1) rs(x_%)/t(wz)elw_i_

+

_ . 0(=2il 0(—2il
etS(x—é)/[(Wl) ts(’”'é)/t(WZ)e_lM)’
(63)
where

S¢(w) :=2{In(w) —iE (WZ) , (64)

and E(w) is the complex dispersion relation defined in (62). In the following we discuss how
to compute the leading contribution to the integral in the different regimes defined by a.

6.2 Asymptotic analysis

Here we compute the asymptotics of the integrals (63) in the scaling limit t — +00, with
x={t,z=ct*>0,a€[0,1],{ # 0. For any value of a the strategy is the same: we deform
the integration contours C; to C; and C, to C,, trying to make the function under integration
exponentially small for almost all w; € C] and w, € C;. To do so we need to study the function
at the exponent, multiplying the large parameter.

“To choose the branch cuts, here it is convenient to isolate the singular point, i.e. the origin, so we write

E(w) = 2J4/ w We can choose the branch cut of the numerator to be on the real axis in the interval
[min{1/h, h},max{1/h,h}] and the branch cut of the denominator to be in [0, +00).
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Since there are two possible options for this function, i.e. Sqexzy/;(W1) = Sizzy/:(W), we
found it convenient to split our analysis in two: we define

dw dw, e 50+ 5/ VTS gy (v2)
IP[f (Wi, wy)l(x,2,t) := f 1J fwy,wy), (65)

W1 —Wwy

S0y W1)=t5 (1 2/ (W2)

TOLf (w1, w2)](x,5,£) = f dwlf dw e fwnwy), (66

w1 —Wwy

where f(w;,w,) is an analytic function in an annulus around the unit circle and C; and C, are
defined as above. In this way

(rj;p)n%,n% =

1 1 . (=2ilnwo)—O(=2ilnwy)
= 27i IIIlIlp |:W_ (4—7_[ —pR(—lln(Wlwz))) eil+] (x,2,t)+
2

1 1 . 0(=2ilnwo)—0(2ilnwy)
~2milmZ; [W— (47 —pR(—iln<w1w2))) T ](x,z, 0, (67)
2

(Fj;p)m = _(Fx_z;p)lz =

1 1 . 0(=2ilnwy)+0(—2ilnw)
= ZﬂiIf |:W— (4— — pR(—i ln(wlwz))) %] (x,2,t)+
2

1 1 . 0(—2ilnwy)+0(—2ilnwy)
— Zﬂil'; [W— (4_7'5 — pR(—i ln(wlwz))) e_‘%] (x,2,t).
2

In the following we consider If and Ig separately.

6.2.1 Linear scaling of the distance between spins

We start by considering If [f (wq,w5)](x,2,t), defined in Eq. (65), assuming a = 1. The
idea is the following. We identify a path C] such that the real part of Sx+2)/¢(w1) is negative

. tS z . .
almost everywhere Yw; € C7, in such a way that e ~®+2/ () g exponentially suppressed for

t — +o00. Similarly, we identify a path C; such that the real part of Sx-2) /e(w3) is positive

. —tS z . .
almost everywhere Yw, € C,, in such a way thate "2 «2) ¢ also exponentially suppressed.

Then we deform C; to C; and C, to C,. In the deformation process, the contours may exchange,
in which case we get a residue contribution from the pole w; = w,. For concreteness, let us
go through some specific examples.

We start by looking at the case —v,,4, < X/t < Vpax and z/t > 2v,,,,, as in the leftmost
plot of panel (a) of Figure 2. In the figure we show that the two curves C{ (in black) and Cé (in
red) as described above exist. In this case, C, is contained in the region enclosed by C;. Since
that is true also for the corresponding initial paths, i.e. C, is contained in the region enclosed
by C;, the deformation of C; to C] and C, to C, can be done keeping the former always outside
the second, so that the singularity w; = w, is avoided. Therefore there is not any residue
contribution in this case. We end up with a double integral over the paths C] and C; of an
exponentially suppressed function which leads to an exponentially suppressed contribution.

Let us consider now { £ 7= > v,,4, as in the rightmost plot of panel (b) in Figure 2. Again
the figure shows that the two curves C; (in black) and C; (in red) as described above exist.
However, this time the external curve is Cé and thus, in the deformation process of C; to C{ and
C, to C,, the two contours are fully exchanged, hitting the singularity w; = w,. A convenient
way to compute the residue contribution is the following. First, we deform C; to a path C{
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that contains both C, and C,. Second, we deform C, to C;; this can be done without hitting
the singularity w; = w, because of how C;’ is defined. Finally, we deform C{ to Cj; in this
deformation we necessarily hit the singularity w; = w,. To compute the contribution coming
from the singularity we can consider w, € C, as fixed and use

Fwy,w F(wyq, . F(wq,w
J dW]_ ( 1 2) :f dw wy— 2 ( 1 2) +27’E1R€SW2 ( 1 2) —
7" Wi —Wy / Wi —Wy W, —Wwy

F
=f dW1M+2n’iF(w2,w2), (68)
’ Wi, —Wwy

for any function F(w,,w,) that is analytic for w; and w, in a connected region containing
both C{" and C]. Here we used that w, is inside the region delimited by C{" and outside the
one delimited by C]. Applying the result above to our case we get

£t 5)e (WL (g (W2)

d
ZELf (o w) )2, t)—f - J St £ Qo wo)t

w1 —Wwy

+i f QW Stes 1 OV S e (1, ). (69)
¢ 27

The first term is exponentially suppressed, since the function under integration is exponen-
tially suppressed by definition of the integration contours. Let us then focus on the residue
contribution. First of all, note that Sx+2) /e(w) —Sx—2) /¢(w) = 2% Inw, whose real is negative
inside the unit circle (recall we are assuming z > 0), where Cé is defined. This means that also
the residue contribution is exponentially suppressed in the limit t — +00. In conclusion, in
this case the whole If [f (wy,w5)](x, 2, t) is exponentially suppressed.

The last special case that we are going to analyze is —V,,qx < { & 57 < Vpay, as in the
panel (c) of Fig. 2. As in the previous cases, the two paths C; and C; as described above exist;
they are reported in panel (c) of Fig. 2 in black and red respectively. What distinguishes this
case from the previous ones is that the two paths are only partially exchanged. We still use
the method described above and Eq. (68) to describe the residue contribution, but this time
we do not get a residue contribution Yw, € C,. Indeed, we get the residue contribution from
Eq. (68) only for those points w, € C, that are inside C;’ but not C;. Eventually, this leads to

tS0es e (W1 =t5 (20 (W2)

0L (wy, w2) 16,2, t)—J dWlJ dw e £ (wa,wa)t

wWp —Wwy

’ if ;l_zetsmém(W)_ts(x‘é” tww), 70)
Y

where y is homotopy-equivalent to the part of C, that is external to C;. As in the previous
case, since y can be defined inside the unit circle, where Re(S(y42)/:(W1) —S(x—z)/:(w2)) <0,
the residue contribution is exponentially suppressed. Therefore, we are left with the double
integral over C; and C,, where the function under integration is exponentially suppressed
everywhere except in four saddle points for each contour. The leading contribution from those
points can be evaluated with a standard application of the saddle-point method, leading to
V[ f (wy, wo)](x,3,8) ~ 1

One can go through all the other cases and show that a deformation of C; to C; and C, to C,
as the one envisaged above always exists. Some other special cases are reported in Fig. 2. In
the deformation process, the initial contours may exchange, and in such cases we get a residue
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contribution from the pole w; = w5, to be integrated along a curve that has the intersections
between C; and C,, as extrema (if there is no intersection, because the contours fully exchange,
then the curve is a closed curve around the origin). However, such a residue contribution is
negligible. As for the remaining double integral over C; and C,, if both the rays (x +z/2)/t are
inside the lightcone, there are four saddle points to be considered for each of the two integrals,
so that the precise computation of the leading order is lengthy but straightforward; we will
not report it here, but it can be concluded that If [f (wy,w5)](x,2,t) ~ t~* for general values
of the parameters. If instead at least one of the two rays is outside the lightcone, at least one
of the two integrals in the double integral has no saddle point and the integration’s domain
can be deformed to a region where the integral is exponentially suppressed, consistently with
the Lieb-Robinson bound. Note incidentally that this is the same reason for which, in the case
a > 1, we have an exponentially small contribution for any value of the rays.

An analogous result holds for the term Z,[ f (w1, w,)](x, 2, t), as reported in Appendix A:
if the rays (x + 3)/t are inside the lightcone, Z,[f (w1, w,)1(x,2,t) ~ t~!, otherwise it is
exponentially suppressed. The two contributions are eventually combined as in Eq. (67) to
get the final asymptotics.

6.2.2 Sub-linear scaling of the distance between spins

Let us now consider the case 0 < a < 1, under the assumption that the two rays (x+z/2)/t
are inside the lightcone, since if at least one ray is outside the lightcone the argument we
discussed for a = 1 still holds and we get an exponentially small contribution. Again, we start
with 77 .

The considerations made above for the case a = 1 for the contour deformations still hold,
the difference is that the extrema of the curve for the residue contribution asymptotically
collapse to the unit circle (one can see that by solving the saddle-point equation for z/t = 0).
That means that the residue contribution can not be dropped as before. Moreover, the two sets
of saddle points corresponding to the integrals over C; and C,, are asymptotically the same,
so, expanding around those, we may end up with a denominator that goes to zero, so that the
contribution that we get from If ! may also be different.

We denote e'i, for j € {1,2,3,4}, the four _s_addle points of S, /(w). The saddle points of
Sx+2) ,¢(w) are a correction of order t* ! to e’ and they are still on the unit circle for any

value z/t as long as the ray (x + 5)/t is inside the lightcone. We denote them elPit10P;  with
opj~ t*~1. As a consequence of linearity of the saddle points in small z/t, we have that the
saddle points of S,_zy,.(w) are elPi—iop;

We start by discussing the residue contribution. Resuming from Eq. (70), we define the
residue contribution as

RELf (Wi, wy)l(z, 0) = iJ j—zez”lnwf(w, w), (71

Y

where y is homotopy-equivalent to the part of C;, that is external to C]. Note that there is an
implicit dependence on x/t in the definition of y. Here we can already make a simplification.
As can be inferred from the the picture, in general, the residue contribution comes in the form
of two integrals along two curves that are related by w «» —w. Since the function under
integration is odd and the two curves are traveled in opposite direction, the two contributions
are the same and we can actually consider just one of them, so that

RELF G, w3))(z, €) = 2i f 2 (), 72)

Y
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Figure 2: Regions in which Re(S(H%) se(a +ib)) > 0 (blue region) and
Re(S(x—z)/¢(a +1b)) < O (orange region) in function of a (horizontal axis) and b
(vertical axis). We consider a TFIC with J = 1/2, so that v,,,, = 1, and h = 2. The
black and red lines represent respectively the curves C; and C, obtained by deform-
ing C; and C, as detailed in the text. (a) Case in which the ray (x —3)/t,z > 0, is on
the left of the lightcone. (b) Case in which the ray (x + 5)/t,z > 0, is on the right of
the lightcone and (x — %) /t is either inside or to the right of it. (¢) Case in which the
two rays (x %+ 5)/t are both inside the lightcone.
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where now y is homotopy-equivalent to just one of the two continuous curves identified by
the part of C, that is external to C;.

Since the distance between the saddle points in the integral over ] and the corresponding
saddle points in the integral over C; goes to zero as t*~1 also the distance from the unit circle
of the points where C; and C, scales as > in the inward direction. Then the curve y for the
residue contribution can be deformed in such a way that the real part of the exponent takes
finite negative values almost everywhere, except around its extrema, where it goes to zero.
So the only non-exponentially-suppressed contribution can come from those neighborhoods.
Therefore we linearize the residue contribution around its extrema. We denote e’?i — 5w jeif’i,
with 6w ~ t*!, the extrema of y, and we parametrize y in the neighborhood of its extrema
as elPi — 5Wjeif’f —selPi withs € [-A,A], A ~ 7 with w € (a/2, @). In this way we have

2 A ip; ip; ip: . .o
RELF (wy, wy)](z, ) ~ 212(_1)J'f S_Seii)jez.zln(ew;_(stePJ—sePJ f (elpj,elpj) _
m
=1 0

2 A
. o - ds .- . .
=92i E (_1)]]( (elpf, elpj) elPj f E(elpj _ 5Wjelpj —selPj )22 —
j=1 0

i(22+1)p]-

2
=2i » (-1 (e, e?) @D

j=1

(1—6w;—s)**3. (73)

At this point we use that, for 0 < a < 1/2, (1 —6w; — A ~ (1= A)* ~ e 22 to con-
clude that the term containing A goes to zero exponentially. We also use that in this regime
(1—6w j)Zz ~ 1 to finally arrive at

2
RALf (w1, w)](z, 6) ~ i;(—l)leﬁeiﬁfemf (eP,e7), (74)

for 0 < a < 1/2. We can use a similar argument to conclude that R’f is exponentially sup-
pressed for 1/2 < a < 1. We put this result aside for a little while: we will now compute the
double-integral contribution and then compare the two.

Let us turn to the double-integral contribution of Eq. (70), that we denote

dw, [ dw, eSO Segy ()

If/[f(Wl,Wz)](X,Z, t)= J flwy,wsy). (75)

27 , 2T Wi — Wy
2

Here the leading contribution is obtained from the neighborhoods of the saddle-points. For
a € (0,1), it is not a standard application of the saddle point method as it was in the case
a = 1 because the saddle points of the two integrals tend to overlap, and the denominator
of the function under integration tends to zero. As we have done to compute the residue
contribution, we denote e?i*%P; the saddle points of Sxt2)/t and we parametrize the curves

in the neighborhood of the saddle points as e?iP; 4 steld) , where s* € [—A,A], A ~ t©
with w € (—1/2,—1/3), and ¢J?—L to be determined in such a way to pass through the steepest-
descent path. Then we have
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/ d d
I Lf (Wi, wo)](x, 2, t)NJZJ_A (52 )s2

ip:+idp: —iSp: i5:+i5p; i5:—iSp; _
R G e A G b TN CRED (O e I SN G G

e e f (e,

2ie’s sin(6p;) + stel?) —s—el®;

4 s o
ipj+idp; o ip;—idp; . T . .
~ E e Seer (€T )5 gy (T J)eld);reld)if(elpi,elpi)x

j=1

AVE q ot qsm a3 ISL PPN RIS (PP (57
J , (76)

—AVT (2m)? 9jelh; tép;+ 1/fs+ei¢i+ — Jts—e'?i
where the phases quE satisfy

1arg(S ipj£idp; ))+2i¢jﬁ ~ eiarg(S” (ePi))+2ip*

Cexz/2yye (@ /e

I =71, (77)

and are defined in such a way that the direction is consistent with the initial contour. Intro-
ducing the real function

s¢(p) :==2¢p—¢€(2p), (78)

we have Sc(eip) = is¢(p) and we can compute
. —i . 1
S '(w)=i0 SC(—lh‘lW) = ( g(—llnw) ) = sg(—llnw)ﬁ —sé(—llnw)ﬁ , (79)
from which
Sg(eipj) ~ _iezipjsg(pj) = eiarg(Sg(eiﬁj)) ~ ei(zpj—n/2+ne(—sg(pj))) ) (80)
where we have used S(':(eip) ~0=> s’g(p) ~ 0. So, finally,
. . T T 4. T )
¢; =pj+E:I:Z+an—E®(—s€(pj)), (81)

where K;.h € Z are chosen in such a way to respect the direction of the integration contour. It
I (= " (= + o+ -
can be shown that sx/t(pl) >0, sx/t(pz) <Oand k7 =x; =0,x;, = 1.

Now, for 0 < a < 1/2, we can change variables and write s — s* — 2iei(ﬁj_¢j+)5pj Jt.
Since §p+v/t ~ t% /2 goes to zero, we have

4
ip;+i6p ip;j—idp
If/[f(Wl,Wz)](X,Z, t)NZ tS(er VACERED o 21 Z)/[(e IR 1¢) e1¢lf(e1pl elpJ)X
j=1

R G G O
J (82)

—AVt (2m)? ﬁs"’eid’;—ﬁs—eiqu_

It can be shown with the same methods used so far that this integral is sub-leading with respect
to the residue contribution (the singularity in st = s~ = 0 does not lead to any problem in the
limit under consideration).

For 1/2 < a < 1, instead, we can take —1/2 < w < min{a —1,—1/3}, so that the leading
order is
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o’ rave dstds™
Al ”“ZJ_M GnP

j=1

B tisps 55 545 B —i5p B
tS(x+%)/t(elP]+l P])—tS(X_%)/t(elp] i p])_%|5)/c//[(elp]+l p])|(3+)2_%|5;//t(elp] i p])l(s )2

e e f(e?),e?)

e

2ieiﬁj 5p] t

5 ticn: _——
tS(X+%)/[(e'PJ : PJ)—tS(X%)/[(e‘PJ 1Pj)

e @) @
NZ <1 Q1 (D[ alD e?i e f(e*i,e®), (83)
= 4mit|S7, (e¥))]|ePi5p;

1

that goes to zero as ™ t~%. This expression can be further simplified noting that in the
J

stationary points |Sé’(eif’f)| = 4|e”(2p;)I.

The computation for the second contribution Z,[ f (w;,w,)](x,2,t) goes along the same
lines of the previous one and it is discussed in Appendix A. The two contributions are eventually
combined as in Eq. (67) to get the final asymptotics.

6.2.3 Standard GHD

Although in this work we are mainly interested in the case a > 0, let us briefly discuss
a = 0, when the observable has a support that does not scale with time and it is thus strictly
local, to show how standard GHD emerges from our formalism. All the steps explained above
still hold, but we shall drop the z-dependence from the function multiplying the large pa-
rameter in the saddle-point-method representation of the integral, since z is not anymore a
divergent parameter.

For what concerns the double-integral contributions (after the deformation of the con-
tours), the conclusions do not change: it still behaves at most as t~1. As for the residue con-
tribution, the important difference is that it loses any explicit dependence on large parameters
(there is still an implicit x/t dependence in the definition of the saddle-points), so it does not
go to zero anymore. We can parametrize y such that it consists in two arcs of circumference
that go from the first to the second saddle point and from the third to the fourth one. In partic-
ular, here y is composed by the two pieces of the unit-circle such that if we move infinitesimally
outside the unit-circle the real part of S, .(z) is positive: expanding S, /t(ei(P“‘S)) for real p
and small real & we find that y contains the points such that s;/t(p) > 0, i.e. x/t > €'(2p).
Then we have

T

(O~ )21 | ao (o) Jamamro (- ct2n)

T

= 47-ciJ7T d_p (pR(p) — 4%) sin(zp)© (% — el(p)) , (84)

n27’t

(F)‘"f“o(t))21 =_ (F;Z;P(t))lz ~2 Y de (pR(—Ziln(w)) — 4%) cos(—2zilnw + 6(—2ilnw))

d
= 47riJ‘_7T % (pR(p) — 4%) cos(zp +6(p))© (% — 6/(p)) , (85)

consistently with the GHD prediction. This has a physical interpretation in terms of quasi-
particles that propagate with velocity €’(p): only the excitations with group velocity €’(p)
manage to arrive at time t at the position x, while the other give no contribution to the leading
order.
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6.3 Result of the asymptotic analysis

Summarizing, we considered the partition protocol defined in (49) and we gave an inte-
gral representation in (63) of the correlation-matrix elements Iypy; 2n4j = (F@”)i j» that we

denoted I'* in this partitioning protocol. We computed the leading order of those integrals in
the scaling limit t — +00, with x = {t and 2 = ct* > 0, for a € [0,1]. Let us go through all
the different regimes.

If at least one ray is outside the lightcone, meaning that [{ + 3| > v, or [{— > Vi,
the integrals (63) are exponentially suppressed in time for any value of a. If both rays are
inside the lightcone we have different regimes, depending on a.

For a = 1, the leading order can be reduced to a standard application of the saddle-point
method. We do not report the explicit result because it is not particularly insightful, but it can
be shown that it decays as ¢t *.

For 0 < a < 1/2, we obtain

2
- " , 9 i ) 1
(T3P )y, ~ (T3P ),y ~ _1;(_1)]; cos(2zp;) (pR(ij) — 4—7[) ,
2 9 1
(TP )0 = (T77) 1, ~ _i;(_w; sin(2zp; + 0(2p;)) (PR(ZPJ) - 4_n) ,

(86)

where e(p) and 8(p) are the dispersion relation (9) and the Bogoliubov angle (10), p®(p)
is defined by the partitioning protocol (49), and p; and p, are the stationary points of the
function s,.;.(p) = 27 p — €(2p) that go respectively to 7/2 and 7 when x/t is continuously
sent to zero. Therefore the elements of the correlation matrix scale as ~ z~! ~ t~*. Note that
there is an implicit dependence on x, since p; depends on x/t.

For 1/2 < a < 1, we have

(T5) 3y ~ (T57) 5 ~
2

j=1

‘ R 1 COS(“(H%)/r(ﬁj + 5Pj)—t8(x—§)/t(ﬁj—5pj))
~=i | Pfep) - oo ) . @®7)
j=1 4 2t|6x/t(e J)|5p]
(Fj;p)m = _(Fx_z;p)lz ~
= s 1 Sin(fs(x+g)/t(ﬁj+5pj)—fS(x—g)/r(Pj—5Pj)+9(2f?j))
NIZ(p (2pj)——) — , (88)
4n 2t|el, (e®7)[6p;

where p; + 6p; are the saddle points of S(x+2) /¢(p), with p; and p, defined as above. Impor-

tantly, 6p; ~ t*71 so that the elements of the correlation matrix scale as (t5p ; YL~ e

For a = 0, we showed how to recover the standard GHD result. In that case the contribu-
tion of the root density to the correlation matrix’s elements is finite. As we will see, this is the
only regime in which one field can give a non-zero contribution in the infinite-time limit.

We can summarize everything saying that the contribution to the correlation matrix ac-
counted for by the root density behaves as ' ~ t~¢, for any a € [0, 1]. From this result and

using Eq. (48) we get directly a prediction for the spin-spin connected correlation S%  (t), with

x = m; 2 ={tand 2 =m—n=ct? for a € [0,1], obtaining an explicit result that decays as

t 2%, A comparison with numerical simulation is reported in Fig. 3 (see Appendix D for more
details about the numerical simulation). We point out that the spin-spin correlation in the case
a = 0 was already discussed in Ref. [44].
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Figure 3: Spin-spin connected correlation matrix for the partitioning protocol be-
tween two thermal states, involving only the root density. The inverse temper-
atures are zero on the left and Bz = 0.9 on the right. Here J = 1/2 and
h = 2. On the left we report both the numerical and the analytical predic-
tion. On the right we report the absolute value of the difference between the two
ASE (t) = |analytical S (t) —numerical S; (t)|, rescaled by the behaviour of
the leading order. A reference curve is plotted to help the reader identify how fast it
goes to zero. The positions (m, n) that we use are (t+ct%, {t—ct®), rounded to the
closest integer. Top: { =1/3,¢c=3, a=1/3. Bottom: { =—1/3,c =2, a = 3/4.

7 Auxiliary-field partitioning protocol

7.1 Integral representation of the correlation matrix

In this section we perform the asymptotic analysis of the spin-spin connected correlation
function (47) in the case of the partitioning protocol (51) defined in terms of the auxiliary
field only. To do so, we first focus on the asymptotics of the correlation matrix in this parti-
tioning protocol. Following exactly the same steps used for the root density, we rewrite the
contribution of the auxiliary field to the correlation matrix as

" dpd
=Y = (¥ = iRe E J pdq X
( x )11 ( x )22 . (27)2

YEL[2

O(p—q)—0(p+q)
2

x sin (pz) cos (Zq(x —y)+ ) e_it(e(p“Lq)’Le(p_q))wy(p, 0), (89)
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TT
. . . dpdq
(F5), ——(r=5%) = —im J N
x J21 x J12 yg;z __(@2ny
O(p—q)+6(p+q)
2

x sin (pz + ) cos(2q(x—y)) e_it(e(p+q)+e(p_q»1,l)y(p, 0). (90)

Using that for any odd function f(q)

Eﬂ.f 4 cos(2q(x— ) + F (@), (5, 0)
_p 2T

YEZ[2

B Z J*‘“ deq e—2iqye2iqx+if(q)+e2iqye—2iqx—if(q) R eZin
-1

YEZ/2 (2m)? 2 ®) 1—enie-0)

+7T . .
dr e2irx+if(7) X
f om0 ¥ (p), D

—T

we can recast the expression above in the form

(Fz;w) :_(Fz;w) —iRe " dpdq y
x J11 x /22 a (2m)2
2igx oy
. e 0——-00+)) . _
x SlIl(pZ) mel P qz ptq e it(e(p+q)+e(p q))wR(p)’ (92)
" dpdg

r#Y). =—(r*v).. =—iIm x
( X )21 ( X )12 r (271')2

0(p—q)+6(p+q)
2

2_

X sin (pz + o i(g10)

Using the property f_nn dpdq f(p,q) = f _nn dpdq f(p +q,p — q) of periodic functions, we can
rewrite it as

(r=¥), =—(1*¥), =iRe " dpdq y
X 11 X 22 r (27-5)2
2i(p—q)x _
x sm((p + q)z) - € i—e(zq)ze(zm e—it(6(2p)+6(2q)),lpR(p + q)’ (94)

————<¢€
— e—i(p—q—i0)

" dpdq
(Fj“l’)m = _(Fx_z’w)u =—ilm f_n (2m)2 X
0(2q) + 9(2p)) e2i(p—a)x
1

> — e_i(p_q_io) e—it(e(2p)+6(2q)),¢R(p + q) ) (95)

x sin ((p +q)z +

At this point we change variables as w; = e, w, = el@+19) and we switch to the complex
plane:
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(T2¥), == (1Y), __R J dWlJ e PR (=iln(wyw,))x

27Tw,

B(2ilnwg)-0(-2ilnwy) € S(“E)/t(wl)ﬂs(‘“f)/t(wz) — ets(x‘%)/t(wl)HS(‘X‘%)“(WZ)
S —

Xe

(=), = —(r7=%) =——Im1j dW1J sz il’R(—lln(W1Wz)) (96)

27TW2 W1 — Wy

. 6(=2il +6(—2il
y (etsm;)/t(wl)ﬂs(_“;)/t(wz)elw+

5

_ et Se- 5y WFES gy () i HEHm 0 ) )

where the curves C; and C, and the function S;(w) are defined as in Eq. (63). The consider-
ations made in the previous section about the singularities of the function under integration
still hold.

7.2 Result of the asymptotic analysis

Eq. (96) provides an integral representation of the correlation-matrix element
Domtintj = (F;”;”)ij in the partitioning protocol (51), that we denoted I'¥. We are inter-

m+n

ested in the scahng limit t — 4+ 00, with x = =(ltandz=m—n=ct*>0,fora€[0,1].
Such an asymptotic study can be done usmg the same arguments that we used in the root-

density case. The application of those argument to the case under consideration is reported in

Appendix B. Here we just report the result, going through all the different regimes.

n;yp

Consistently with the Lieb-Robinson bound, I, is exponentially suppressed if the dis-

m+n
tance m —n is larger than 2v,,,,t, i.e. when the rrzlatrlx element refers to components of the
system that are causally disconnected. Same thing when at least one of the rays m/t and
n/t is to the left of the lightcone, where the state is locally indistinguishable from an infinite-
temperature thermal state (up to exponentially small corrections). Therefore, in the following
we assume m —n < 2v,,,,.t and both m/t and n/t larger than —v,,,, .

For =V < € < 0 or for —v,5 < § < Vypare A @ < 1/2, the leading order scales as
t~! and it is given by a standard application of the saddle-point method to a double integral.
Essentially, one can deform the integration contours of the integrals (96) neglecting the pole
w1 —Ww,. Since the application of the saddle-point method is standard, we do not report here
the explicit result.

For 0 < { < Ve ANa>1/2 or for { > v,,,,, we have

2its z

2 2@ Reo5
(FZﬂ/’) _ _(Fzﬂl’) - Re 4(5_2].)6 2 11[) (2P]) )
* o 2«/_ Z [€”(25;)] 97)
2its z (p;) ig(zp.) Rye =
pe on€ 2 eI R(2p)
5 — —Z; 2(5—2 J
(Fjw)m__(rxzw)m’v 5 614( 7

e’ (ij)|

where 1%(p) enters the definition of the partitioning protocol (96), e(p) and 8(p) are the
dispersion relation (9) and the Bogoliubov angle (10), s,(p) = 2{p — €(2p), and p; and p,
are the stationary points of sz (p) that continuously go to 7/2 and © when z — 0. Note
that these matrix elements are not exponentially suppressed even outside (to the right) of
the lightcone, consistently with the fact that a homogeneous state for which at least one field
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Figure 4: Spin-spin connected correlation matrix for the partitioning protocol defined
in the main text in terms of the auxiliary field only. Here J = 1/2 and h = 2. On the
left we report both the numerical and the analytical prediction. On the right report
the absolute value of the difference between the two, rescaled by the behaviour of
the leading order. A reference curve is plotted to help the reader identify how fast it
goes to zero. The positions (m, n) that we used are ({t + %, {t— %), rounded to
the closest integer. Top: { =1/3,¢c =2, a=3/4. Bottom: { =7/3,c=1,a=1.

different from p, .(p) is different from zero undergoes a global quench. Importantly, be-
cause Y®(p) is periodic, smooth and odd, it is always zero when evaluated in 0 and 7. This
leads to 1,bR(2p]-) ~ t* 1 which gives an overall scaling t* /2. Note that for generic disper-
sion relations, the saddle points of s%(p) do not collapse to /2 and 7, which means that
wR(zpj) ~ const in the generic case and the overall scaling is simply t~'/2 instead of t*~3/2
of the Ising model.

We can plug these results in Eq. (48) to get the prediction for the spin-spin connected
correlation, which is of order t2 for —v,,,, < ¢ < 0, t7™C222) for 0 < ¢ < v,,,, and
t73%2% for { > v,,4.. See Fig. 4 for a comparison with a numerical simulation. Note that
the lightcone can be inferred by looking at the qualitative behavior of “on-ray” observables,
despite the global quench on the right: the connected correlation between nearest neighbors
decays as t 2 inside the lightcone and as t 2 to its right. As a byproduct, we have recovered
the special case considered in Ref. [71], where it is shown that the relaxation to a stationary
state in a global quench from a generic Gaussian state in the TFIC is attained with corrections

t73/2 to the local elements of the correlation matrix.

8 Non-Gaussian partitioning protocol

In this section we perform the asymptotic analysis of the spin-spin connected correlation
function (47) in the case of the partitioning protocol (53) defined in terms of the non-Gaussian
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fields only.

The contribution from each field can be computed as illustrated in Appendix C. In short,
the simplicity of the initial state can be exploited to compute all the connected 4-point functions
in Bogoliubov fermions, which are then plugged in the definitions of the fields, and, finally, they
are connected to the observable via the parametrization (39). For example, the contribution
of the field &, ., .(p1,Pp2) reads

55 (e) = J " d?pd?qdk e%idi(m—n)gimkg2ings g—it(e(py+qi+k)—e(pr—qi)+e(p2=a1+202)—€(p2+41)) y
mn

(2m)s (1 — e—i(k=i0))(1 — e~i(24,-i0))

ik —9i 0(py—q1)+8 k 0 0(py—
x a—ike=2ia: cos( (p1 q1)+2(p1+q1+ ))cos( (pa+q1)+ 2(Pz q1+2q2))Gﬁ(p1,p2,q1,2q2,k), (98)

—T

where

9(?1—%);9(}724“11) ) ( 9(P1+‘11+k)—29(P2—Q1+QZ) ) +

G/s(Pl:Pz,QL%,k) = T[j(k +D1 +p2)sin( sin
0(p1— 0 k 0 0(p,—
+T,5(2q1)cos( (p1 q1)+2(p1+q1+ ))COS( (p2+q1)+2(p2 q1+q2))+

(9(p1—q1)+92(p2—q1+q2)) cos ( 9(p1+q1+k2)+e(pz+q1)) . (99)

— Tp(k + p1 —pa —qa) cos
and
. 1 1
’ cosh?(B) tanh?() — 2 tanh(B) cos(k) + 1 '
Note that Gg(p1, P2, 41,92, k) is periodic in all its entries with period 27t. Similar computations

can be carried out also for the other non-Gaussian fields T and Q. We will not report them
here, since, as discussed below, the leading order from the non-Gaussian part comes from the

field gxl,xz,t(pla pZ)

Ty (k) (100)

8.1 Asymptotic analysis

Here we compute the asymptotics of the integrals (98) in the scaling limit t — +o00, with
x = {t,z = ct* a €[0,1],{ # 0,c > 0. The leading contribution comes from the neigh-
borhood of those points in which the function under integration is singular and its divergent
phase is stationary. We start by expanding (98) around the singular points, then we study the
phase that multiplies the large parameters. There are two of those points: (g5, k) = (0,0) and
(g2, k) = (m,0). Since the function that we are integrating is periodic in g, with period 7, the
two contributions give the same result, so that

T
d?pd?qdk o o o\ s o o
Sfrig(t)NJ —(pzﬁ;ls e2iq1(m—n) g=it(e(p1+q1)—e(p1—q1)+e(p2—q1) 6(p2+q1))Gﬂ(p1’p2’q1’0,0)
—T

eimkeZi”CD e—it(fl(Pl +q1)k+€e'(p2—q1)293)
i(k—i0)i(qy —i0)

oS ( 9(p1—q1);9(p1+q1)) cos ( 9(P2+‘11)‘£9(P2—Q1))

" d%pd

~ J ﬁeziq(m—n)e—ir(e(m+q)—e(pl—q)+e(pz—q)—e(pz+q))G 5(p1,P2,4,0,0)
T

T

cos ( 9(p1—q)J2r9(p1+q)) cos ( 6(pz+q);6(pz—q)) e (% . e’(pl + q)) o) (% i e’(p2 i q)) . oD

Similar expressions represent the leading contribution from the other fields and can be com-
puted as shown in Appendix C. Note that we can see how the lightcone structure of the parti-
tioning protocol emerges from this integral: if one of the two rays m/t or n/t is smaller than
—Vnax, the integral is zero because of the step functions, and we would have to expand to the
next order; once both rays are larger than v,,,,, the only remaining dependence on position
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is m —n, so we get the homogeneous result (recall that the state is not stationary outside the
lightcone, since at least one field beside the root density is different from zero in the initial
state).

Let us consider first the scaling limit in which m—n is constant in time, i.e. @ = 0. To extract
the leading order from the expression above, we need to perform an analysis of the phase that
multiplies time. In particular, we look for its stationary points. The stationary-points for the
integral (101) are actually stationary curves, represented in Fig. 5 and parametrized in the
(p1,P2,q) coordinates as

(s,s,0), se[—mn,m),
(s,s,m), se€[-mmn),
(s,—m(s),0), se€[—m,0),
(s,n(s),0), s€[0,m),
(s,—n(s),m), s€[-m0),
(s,m(s),m), se€[0,m), (102)

S5+ a6hs—0E),  selom),
%(s+n(s)—2n,s+n(s)—2n,s—n(s)+27‘c), se[0,m),
SG=nEs—n()s a6, sel-m0)ulm,2m),

where

_ 2
2h—(1+h )coss)' (103)

n(s):= arccos( 1+ h2—2hcoss

Instead, it can be shown that the dynamical fields Y and Q2 only have isolated stationary points.
So we can already conclude that the leading order to our observable from the non-Gaussian
part comes from the field £. Such a property applies in general, and not only for our specific
example, since it only relies on the presence of the singularities (which are a general charac-
teristic of partitioning protocols) and the phase (which comes directly from the equation of
motion).

Note that the integral above is only part of the contribution of the field £ and in general one
would need to compute also the part related to the field w (that can be written in function of £).
That contribution has the same structure of the one already discussed: it is asymptotically
equivalent to a triple integral with a phase that has curves of stationary points. However, for
our specific observable and initial state, the function under integration is zero along those
curves, so that such a contribution is sub-leading, although in general one would have to
consider it (it does not change the qualitative behavior of the result, since, as we said, it has
the same structure of the term that we are discussing).

To apply the stationary-phase approximation in presence of stationary curves, one wants
to expand around those curves. To do so, we divide the domain in various pieces that contain
a curve each (note that there are a few intersection points, but it can be shown that counting
them twice introduces sub-leading errors, since the function under integration is zero in those
points), then we make the change of variables (p;, p,,q) — (s,a, b), where s is the parameter
that parametrizes the stationary curves, such that, in the new variables, they are written as
(s,0,0). For example, for the third and seventh curves we can take

p1=s+(a+b)n'(s), P = %(s +2a—(a+ b)n'(s) +n(s)),
py=—n(s)+a+b, and Py = 3(s +2b—(a+b)n'(s) +n(s)), (104)
g=a-b»b, q=36—a—b—(a+b)n'(s)—n(s)),

32


https://scipost.org
https://scipost.org/SciPostPhys.15.1.027

Scil SciPost Phys. 15, 027 (2023)

Figure 5: Stationary points of the function e€(p; +q)—e(p; —q)+€(pa—q)—e(p,+q) in
the domain p,,p, € [—7,7],q € [—%n, %n]. The blue lines are curves of stationary
points, the red points are special stationary points in which also the Hessian of the

phase is zero.

respectively. We can finally expand for small a and b, obtaining two Gaussian integrals that
can be computed and give a factor ~ t /2 each. The remaining integral over s can be evalu-
ated numerically and, since it does not contain any large parameter anymore, it simply gives
a constant. Note that, whenever at least one ray is inside the lightcone, only parts of the sta-
tionary curves give a contribution, since some of the stationary points are excluded because
of the step functions. We stress out that the only thing that changes is the domain over which
we integrate s, hence the overall constant, but the behavior is the same.

Let us turn to study what happens when we let the distance between the spins to scale with
time: m —n ~ t*. For a = 1 the stationary curves get modified, but, importantly, they still
exist, so that the qualitative behavior of the integral does not change. They can be computed
and one can obtain the leading term with the same method used for a = 0.

Since, unlike in the Gaussian case, there are not any emergent/disappearing properties
when we go from a = 0 to a = 1, we conclude that the case a € (0,1) shows no qualitative
difference from the limiting cases @ = 0 and @ = 1. In the end, the leading order of the
non-Gaussian part of the state goes to zero as t~* for any a € [0, 1].

8.2 Result of the asymptotic analysis

. . . . . .
Summarizing, we computed the leading order of spin-spin connected correlation Sm’n(t)

in the scaling limit t — +00, with m;” ~ tand m—n ~ t%, for a € [0,1]. We have shown

that, in the case under consideration, an,n(t) decays as t !, for any ray inside or to the right of
the lightcone. We have not reported here the explicit result since it is lengthy and it would not
add much to our discussion, but we show a comparison between analytic predictions obtained
with the method described above and numerical simulations in Fig. 6. The simulation for the
case a = 1 was done considering a partitioning protocol between a RITS on the right and a
thermal state with finite (and not infinite as usual) temperature on the left to show that the
leading order does not change. As a matter of fact a thermal state is accounted for by the root
density and we have shown previously that the contribution from the root density to the spin-
spin connected correlation in this regime goes to zero as t 2, so it is subleading with respect
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Figure 6: Spin-spin connected correlation matrix for the partitioning protocol be-
tween a thermal state with inverse temperature f3; on the left and a RITS with ¥
on the the right. Here J = 1/2, h = 2, R = 0.5 and B’ equals O for the top line and
0.5 for the bottom line. On the left we report both the numerical and the analytical
prediction. On the right report the absolute value of the difference between the two,
rescaled by the behaviour of the leading order. A reference curve is plotted to help
the reader identify how fast it goes to zero. The positions (m,n) that we used are
(Ct+ %,@’t - %), rounded to the closest integer. Top: { = 1/2, ¢ =1, a = 0.
Bottom: { =1/2,c=1/6,a=1.

to the non-Gaussian contribution.

9 Beyond the 2-point spin correlation

In the last three sections, our discussion has been restricted to the spin-spin connected cor-
relation (47). For any initial state, the only fields that give a contribution to such an observable
(and to any observable that is written using connected correlations of Majorana fermions of
order not higher than 4) are the ones we discussed. So, given any state, we know how the
correlation (ofnofl)c’ .» With m —n ~ t%, decays for any a, depending on which fields are non-
zero in the homogeneous states that form the partitioning protocol. However, if we want to
consider higher order correlation functions, we have to consider the higher-order fields dis-
cussed in Section 4.3. In particular, to study n-point spin connected correlations, we generally
need to introduce n + 1 new fields with respect to the (n — 1)-point function. In this section
we sketch how one would tackle the asymptotics in the generic case.

Let us first consider the homogeneous case assuming that the relative distance between any
two spins does not scale in time, which is the generalization of the regime a = 0 in the spin-
spin correlation. A qualitative study of the integral that defines each field suggests that, among
the new fields that are introduced, the dominant one for large time is the one corresponding
to the Bogoliubov correlation function where there are as many dagger operators as normal
ones, which we denote £(:
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h
ggg??.,){:,t(le e Jpn) =

T
d" . i "
=J Gy € (6 (1 — )b (p1 +41)- b (P = 4)b(Pr + @) - (105)
U

So far we have discussed the case n = 1 and n = 2, where &) = p dominates over the auxiliary
field and £®) = & dominates over the other fields of the case n = 2, namely 2 and Y. To give
physical prediction, the field £(" has to be linked to an actual observable. Such an operation
involves additional phases that depend on the Bogoliubov angle and the coordinates g; that
generalize the ones we have seen so far, and an integration over all momenta p;. However,
the assumption that the relative distance between spins is fixed implies that x; — x,, and z; do
not scale with time Vi € {1,...,n}. So the time dependence of the resulting integral comes
only from b(p, t) = e ¢(P)p(p, 0). Then we can conclude that the stationary points satisfy the
system of 2n — 1 equations

€ (pi+a)=€pi—a), Vie{l,..,n—1}

-1 -1
(Pt Xt a;)=€Pa— 2171 0) (106)
€(pi+q)+epi—q)=¢ (Pn +Z;:i Qj) +é (Pn —23:11 qJ') ) Viell,..,n—1},

where we have used that the homogeneity of the state enforces Z;'l=1 q; = 0. The system has

to be solved for the 2n — 1 variables {p;}"_,, {q; :l:_ll and it has stationary curves for solution.
For instance, a possible solution is ¢; =0 Vi € {1,...,n—1}, p; = p; Vi,j € {1, ...,n}. Intuition
based on the stationary phase approximation tells that the corresponding multiple integral is
expected to decay as t "1, that is a power t~/2 for each of the 2n— 1 integrals except one,
that is compensated by having stationary curves. This allows us to identify the part of the state
that gives the leading order for a given connected correlation. For example, £™ should give
in general a contribution t "1 to the 2n-point fermionic connected correlation and ¢~
to the 4n-point one.

Let us also comment what we expect in the inhomogeneous case, still under the assumption
that the relative distance between spins is fixed. We expect something similar to what we saw
for n = 2: the stationary curves are the same of the homogeneous case but only part of them
gives a contribution. This implies that the qualitative behavior of the inhomogeneous case is
the same as in the homogeneous one. Note that, according to this argument, the root density
is the only field that can ever give a finite contribution to local observables.

Finally, to study what happens to the regime a > 0, one should first of all look at what
happens to those stationary curves. We will not go beyond this heuristic qualitative argument,
but we stress out that the asymptotic analysis would be a direct generalization of what we
have seen in the previous sections.

10 Discussion of the results

In the main part of the paper we focused on the spin-spin connected correlation function
S;’n(t) = (o7, (t)oi (1)) — (0% (1)) (o%(t)), with m—n ~ t* and a € [0,1]. We studied three
partitioning protocols that were engineered in such a way to isolate the independent contri-
butions to an’n and we argued that the contributions should be summed independently for
a generic partitioning protocol in which all the dynamical fields have non-zero value over at
least one of the homogeneous states involved in the partitioning protocol. We saw that the
leading order for large time is obtained by considering the root density only, and neglecting
all the other fields, not only for a = 0, when the support of the observable is fixed and finite
(i.e. the GHD’s regime of validity), but also for a < 1/2. We also gave an argument according
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to which the crossover scaling a = 1/2 does not depend on the special observable we are look-
ing at. Indeed, when considering observables with larger (but finite) support in the fermionic
representation, the higher-order fields needed to describe it give a contribution that decays
faster to zero than the one coming from the root density.

We point out that, for @ = 0, the leading order from the fields different from the root den-
sity is in general of the same order (t ') as the late-time corrections from higher-order GHD,
implying that, unless the homogeneous states forming the partitioning protocol are station-
ary, a higher-order GHD that relies on the root density only can not in general give the right
predictions. Note the important role of non-Gaussian correlations in the initial state on the
relaxation process. For instance, in global homogeneous quenches from a Gaussian state, the
GGE value of the spin-spin correlation function in the Ising model is attained with corrections
decaying as t . Non-Gaussian correlations slow this process down to t 1.

The results above also show how Gaussianification takes place in partitioning protocols.
We argued that the expectation value of local observables at the Euler scale can be described
using a Gaussian state that depends on the position of the observable. We also answered to the
question how local is “local enough” for the spin-spin connected correlation to Gaussianize. The
answer is that the distance between the spins should not grow faster than t/2, since otherwise
the non-Gaussian fields become dominant.

As for the generality of our arguments, the generalization to any quadratic model is quite
straightforward. As a matter of fact one needs to change the dispersion relation, the Bogoli-
ubov angle and, at most, introduce other angles to diagonalize the Hamiltonian (see e.g. [41]),
but the definition of the dynamical fields would stay the same. Although we did not carry out
the computation in the general case, we argued that the qualitative behaviors of the indepen-
dent contributions to the spin-spin connected correlation would not change, except at most,
the one linked to the auxiliary field, which may decay as ¢t~ instead of t™*2¢ as it happens
in the XY quantum spin chain when the external magnetic field is such that the dispersion re-
lation has more than two stationary points. Note that this implies that a Gaussian partitioning
protocol in the Ising chain attains its locally quasi-stationary state faster than in those other
spin chains.

The generalization to other observables with 4-sites support in fermions is also straight-
forward: the precise expression of the observable would change, but, since our arguments
rely only on the structure of time evolution and the singularities that define the partitioning
protocol, the conclusions would be the same. We also discussed how observables that require
a finite number of higher order connected correlations can be included in the picture: n + 1
new independent dynamical fields should be introduced to account for the 2n-point fermionic
connected correlation. We also gave a qualitative argument on how to obtain their scaling.

It remains the question of what happens to local observables the are not local in fermions,
such as <02‘ ) We can not apply our arguments to those observables because infinitely-many (in
the thermodynamic limit) dynamical fields are involved. The situation for those observables is
generally more complicated and it even turns out that there are situations in which the usual
GGE/GHD is not enough to describe the late-time behavior of those observable, despite the
model being free [72,73]. We leave the inclusion of those observables in our description as a
prospect for a future work.
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A Complement to the root-density partitioning protocol

In the main text — Egs. (65) and (66) — we identified two contributions to the correlation
matrix coming from the field p, ,(p) and we showed how to compute one of them. In this
section we use the same ideas to compute the second contribution. Fig. 7 shows how one
should deform the contours in this case for the same rays used in Fig. 2. As can be inferred
from the pictures, the contour for the residue contribution can always be chosen to be outside
the unit circle. For both rays inside the lightcone, it comes in the form of two curves that are
symmetric with reflection with respect to the origin. Calling y one of the two pieces, we have
that the residue contribution is

dw _

Rg[f(wl,wz)](z, t):= Zif ﬂe 2w £y ). (A1)
Y

For a = 1, the real part of —2zInw is negative outside the unit circle (recall z > 0), so that
such contribution is always exponentially suppressed. As for the previous case, in this regime
we can just deform the two initial contours as if the pole was not there. In the end, the
leading contribution is given by a standard application of the saddle-point method to the re-
maining double integral over C; and C,. When both rays are inside the lightcone, there are
four saddle points to be considered for each of those integrals, yielding a leading order of
Ig [f(wy,w5)](z,t) ~ t~1. Whenever at least one of the two rays is outside the lightcone, at
least one integral of the double integral has no saddle points and the domain can be deformed
in such a way that the function under integration is exponentially suppressed.

In the case of 0 < a < 1/2, as we have already discussed, the residue contribution is not
negligible anymore, but gives instead what turns out to be the leading contribution to the
initial double-integral. As we have done for the previous contribution, we linearize it around
its extrema. Calling e’ + 85w jeif‘i, with Sw ~ t* ! and j € {1, 2}, the extrema of the first piece
of y:

2 A P . AiBj s
Rg [f(W1,Wz)](Z, t) ~ 212(_1)]'—1 f ;_seipje—}zln(elp]+6wjepl+sepj )f (elpj’elpj) , (A.2)
T

j=1 0

w

where A ~ t7¢, w € (a/2,a). Computing the integral gives

2
RELF (w1, w)](z, ) ~ —i;(—l)fieiﬁf ERf (eP,e), (A3

where we have used (1 + 5w+ A)™2* ~ e72%%% 0 conclude that the term containing A goes
exponentially to zero, and (1 + 5w)™% ~ 1. This is the leading contribution to the integral.
Note that there is an implicit dependence on x, since p; depends on x/t.

For 1/2 < a < 1 instead, the residue contribution is exponentially suppressed for the
same reasons that we discussed in the main text and the leading contribution comes from the
remaining double integral. Using the same notations introduced for the previous contribution,
we get
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Figure 7: Regions in which Re(S(x_%) se(a +ib)) > 0 (blue region) and
Re(S(x+2)/¢(a +1b)) < O (orange region) in function of a (horizontal axis) and b
(vertical axis). The rest is the same of Fig. 2.

Ig[f(wl’WZ)](x:z’ t) ~ ZJ ds ds 1¢+ei¢;f (eipj’eipj) %
j

S ity ovisn I
etS(x_%)/t(e‘PJ iop; )—tS(x+%)/t(elpJ+' pj )—§|S:C’/[(e‘1’1+‘ Pi)\(s |Sx/t(e1p1 1P| (s )2

X - , (A4

—2ie'Pi sin(6p;) + s+el? —s—el?;

where we took A ~ t“, w € (—1/2,min{a — 1,—1/3}) and the two phases ¢ji are approxi-
mately the same of the case discussed in the main text. Performing the Gaussian integrals we
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get

ipi+i6p; ip;—ibp;
4 e—tS(H%)/t(eJ J)+tS(x_%)/t(el 1)

Ig[f(wlawz)](.)(,z, t) ~ Z

Jj=1

— eiqbi+ el eipf,eif’f . (A.5)
—4imt|SY, (e¥)|e?i6p; I )

This is combined in the text we the other contribution If to get the behavior of the correlation
matrix elements.

B Complement to the auxiliary-field partitioning protocol

In this section we compute the asymptotics of the integrals (96) in the scaling limit
t —> 400, with x = {t,z = ct* > 0,a € [0,1],{ # 0. We can use the same arguments
that we used in the root-density case. The saddle-point landscape for the first term of each
integral is summarized in Fig. 8 and the situation is similar for the second term (see Sec-
tion B.4). As can be inferred from the figure, it is always possible to deform C; and C, to C;
and C, such that the real part of the phase is negative almost everywhere. If x/t < 0, we do
not get any residue contribution after the deformation. If instead x/t > 0, the two contours
have to be fully exchanged and we get a residue contribution in the form of an integral over
a closed curve around the origin. If at least one ray is outside the lightcone, meaning that
I+ 521 > Vinax OF [{ — 3| > Vyax, then the double integral that one gets after the deformation
is exponentially suppressed (the real part of the phase is negative everywhere) and we are left
only with the residue contribution, if present. When both the rays are inside the lightcone, the
function under the double-integral after the deformation is exponentially suppressed except
in the saddle points, where the real part of the phase is zero. A standard application of the
saddle point method shows that the contribution of the double integral in this case is of order
~ t!, independently from a.

The residue contribution, whenever it is present, comes in the form

Rlll) (z,t) = —% ReJ Zd—WI/)R(—2iln(W)) (ems%(w) — eZtS‘%(W)) s (B.1)
, 2w
for (I“f;w)u, and

i d . o . o
R;ﬂ (z,6) = = Im —szR(—Zi Inw) (erSZ(W)eﬁ(—Zﬂnw) _ e2f57ﬂ(w)e—19(—2llnw)) , (B.2)
2 » 21w

for (Ff;w)m. Here y is a closed curve in the annulus of analiticity around the unit circle.
Note that for |z/t| > 2v,,,, We can deform y (independently for each of the two terms in a
given integral) in such a way that the function under integration is exponentially small; we
conclude that in such a case the residue contribution is exponentially small, consistently with
the Lieb-Robinson bound, since sites with |z/t| > 2v,,,, are causally disconnected. In all the
cases |z/t| < 2v,,4,, instead, we have four saddle points on the unit circle, in which the real
part of the exponent is zero. We discuss this case distinguishing between the different scaling
regimes.

B.1 Linear scaling

Calling e? ; ,Vj € {1,2,3,4} the saddle points for the Si%(w), the residue contributions,
that are nonzero only for { > 0, can be written as
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Figure 8: Regions in which Re(S(H%) se(a +ib)) > 0 (blue region) and
Re(S(_x+2)/:(a +1ib)) > 0 (orange region) in function of a (horizontal axis) and b
(vertical axis). We consider a TFIC with J = 1/2, so that v,,,, = 1, and h = 2. The
black and red lines represent respectively the curves C] and C,, obtained by deform-
ing C; and C, as detailed in the text. (a) Case in which the ray (x —3)/t,z > 0, is on
the left of the lightcone. (b) Case in which the ray (x + 5)/t,z > 0, is on the right of
the lightcone and (x — %) /t is either inside or to the right of it. (¢) Case in which the
two rays (x %+ 5)/t are both inside the lightcone.

RY(z, t)~——R ZJ

(eZItS 2 (B)-tls", z (PJ )y? 1¢Jﬁre_ip;r¢R(2pj+) 2its_s (p]) tls” P (p] )y? 07 _lpfl/)R(Zf)j_)) . (®3)
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RY(,6)~ 3 Im Z f zm(p THEDL 05 O ]y (2p))

2its_z (57)—tls” - (BIY® i~ —i6(2p7) —ip™ . | Ryome
—e 3 5 e?ie ile Fipt(2p;) |, (B.A4)

where
e21¢ji—21p}.i—ig +iﬂ:@(—si%(2pji)) _

£ _ = T T o=+ +
= ¢j =D; 4+2G)(e (2pj))+m<j, (B.5)

with K}t € Z determined by the sign of circulation of the integration contour. Performing the
Gaussian integration we get

5 ODe] e yR(2pt) &P e ey (2p7)

RY(z,6) ~— — , (B.6)
Is ()| Is’ (07!
RY(z2,t) ~ ——x
2 44/t
4 eZitS% (ﬁ;—)ei(ﬁf eiQ(ZﬁT)e—iﬁ}'wR(zp;—) eZifL% ([_’j_)ei¢j_ e—iQ(ZPj_)e—iﬁj_ wR(ZI—)]—)
Im) ] - . (B.7)
j=1 IS”( Dl Is (p )]

At this point let us assign the numbers {1,2,3,4} to the saddle points that, for z = 0,
are in {m/2,m,—m/2,0} respectively (since they change continuously with z/t, the defini-
tion is not ambiguous). Then we have that p; = p; + m, p, = p; + 7, €”(2p7) < O,
€”(2p5) >0, ki =1=«}, k; = 0=x}. Moreover, we have p{ = n—p and p; =—p,, and
‘/lsé’ (p)] = 24/|€”(2p)|. Everything considered, the residue contribution gives the leading
order for the correlation matrix elements for a =1 and { > 0:

2 21ts z (p] QI)R(Z +)
Y = _(rzY Re (5—21) ,
(5 == (5 ~ N_ Z le”(2p])] (B.8)
L& L RNy sty |
(Fj;q))zl = _(Fx_z;w)lz ~ S = Imzelz(5—2l) :
2/t S [ 257

Note that the existence of a non-exponentially-suppressed residue contribution depends only
on the two conditions x > 0, |z/t| < 2V,,4x, Which means that we have a residue contribution
also outside (to the right) of the lightcone. For —v,,,, < ¢ < 0, instead, the residue contri-
bution is zero and, as already pointed out, the leading order comes from the double integral
over C; and C,.

B.2 Sub-linear scaling

Let us now look at the case in which z ~ t*, a € (0, 1), starting with the case { > 0. The
arguments above for a@ = 1 still hold and the double integral that one gets after the deformation
gives the same t ! contribution, but there is a subtlety in the application of the saddle -point-
method to the residue contribution. The peculiarity is that the four saddle point p belong to

{el0Ps iZHOPL Qimtiopy @—i3+i6P3) with Spj ~t* ! and the function & (p) is zero in 0 and .
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Importantly, this does not depend on the particular choice of the state that we made: y®(p)
essentially represents the field v, ,(p) for a homogeneous case, for which it can be shown
Yy.c(p) o< (b(p)b(—p)), that equals zero for p = 0 and p = r for any state. Therefore, when
it is computed in the saddle points, it can be expanded and we get 1/)R(2p;.’) ~ 25p;2’(0) for
j € {2,4} and lpR(pr) ~ 25pj1/)’(7t) for j € {1,3}; combined with the t~'/2 that one gets
from the saddle point we can conclude that the residue contribution in this case is of order
t3/2+®  Note that for a < 1/2, this becomes smaller than the double-integral contribution
inside the lightcone, so that, for both rays inside the lightcone, it is actually the double-integral
that gives the leading contribution.

We should point out that in this case the TFIC is special with respect to generic free chains.
As a matter of fact, since in the generic case the dispersion relation have additional stationary
points that are different from 0 and 7, the symmetries of the auxiliary field do not imply that
it is zero in such points, so that the generic decaying of the contribution under consideration
is t71/2 for any observable whose support scales as t*, Ya € (0, 1). That is the case e.g. of the
XY quantum spin chain with transverse magnetic field when the dispersion relation has more
than two stationary points.

B.3 Constant distance

Let us finally discuss what happens for a = 0. As the case a € (0,1), the only thing that
is affected is the residue contribution and only for spin chains whose dispersion relation has
stationary points in wm, with m € Z, like the TFIC. We have

Y

RY(z,t) =iRe f L A (p)e 2P sin(zp), ®.9)
—TT
" d
R;p(z, t)=—i Irnf %d)R(p)e_Zite(p) sin(zp + 6(p)) . (B.10)
-7

Now, since the dispersion relation is stationary in 0 and 7, the expansion around those points
gives

+00o d
,R’;p (Z, t) ~ IRG(J _pwR/(O)e—Zite(O)e_ite//(o)pzzpz+
oo 2T

z e dp R’ —2ite(m) ,—ite”(n)p? 2
+(=1) e YT (m)e e P 2p
T
—o0

~ iRe(#t—B/Zze—i% (wR/(O)e—Zite(O)(6//(0))—3/2 + (_1)sz/(n)e—2it6(Tc)(6//(7_[))—3/2)) ,
(B.11)

and similarly for R;p So the residue contribution in this case decays as t~>/2 and it gives the
leading order only to the right of the lightcone, since inside the lightcone the double integral

over C] and C,, scales as t .

B.4 Second contribution

In this section we show the deformations envisaged in the main text for the second term of
the integrals (96) representing the contribution of the auxiliary field to the correlation matrix.
They are reported in Fig. 9 and the same considerations done for the first contribution hold:
it is always possible to deform C; and C, to C{ and C, such that the real part of the phase
is negative almost everywhere; we get a residue contribution from the deformation only for
x/t > 0, when the two contours have to be fully exchanged.
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Figure 9: Regions in which Re(S(x_%) se(a +ib)) > 0 (blue region) and
Re(S(_x—z)/:(a +1ib)) > 0 (orange region) in function of a (horizontal axis) and b
(vertical axis). The rest is the same of Fig. 8.

C Non-Gaussian partitioning protocol

In this appendix, we consider the partitioning protocol (53) between a RITS and an infinite-
temperature state, described by the density matrix

p=2"lePZ00i0 (C.1)

with f > 0. By writing explicitly the correlation functions of Bogoliubov operators, we give
an integral representation of the contribution from the field £, . .(p1,p2) to the spin-spin
connected correlation function (47).
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C.1 General expression for fermionic 4-point correlations

We can use the Jordan-Wigner transformation (2) to express the 2- and 4-point cor-
relation functions of Majorana fermions in terms of spin expectation values. We assume
that the state under consideration has the same symmetries of our example, i.e. that it
is invariant under rotations of 7 around the x and the y axis, and it is invariant under
of >—of,VLeZAVa€E{x,y}.

Observe first that, whenever we consider the expectation value of a string of Pauli matrices,
it vanishes if any component of the string is a ¢* or a ¢, or if the number of 0*’s is odd. For

example, assuming m < n, the only way in which

n—1
(a2ma2n): O-% l_lo-j O-',)ll ) (CZ)
j=m

can satisfy all of the symmetry requirements above, is for m = n, while there is no way that
(agm—1as,) can satisfy them, leading to

(aiaj)o = 511 . (CB)
This proves that the correlation matrix for this state is zero. The computation of the 4-point
correlation in Majorana operators is slightly more complicated, but proceeds on the same lines.

It can be shown that it is nonzero only if two of the indices are odd and the other two are even:

C2m1+j1,2m2+1'2,2m3+1372m4+j4 =
=6, m.6 (0% 0% ) —1(5 S mymy + Oy, Omym, ) (0% 0% ) | x
= mymy“ mg,my m; - ma/ g 2 myms = mommy mymy ¥ moms my -~ my/ g

x (07 ® O'y)2(j1—1)+j3,2(j2—1)+j4+

1
+ 5 (5m1m35m2m4 - 5"11"14 5”12”13) (O'fnlO',an>o X

X(A®I—0"® 0" =0 ® 0" )y(j,—1)+j;,2(,-1)4+js» (C-H

for any my, myp, ms, My € Z and j15j25j35j4 € {15 2}
At this point we can use the Bogoliubov transformation to write the Bogoliubov 4-point
connected correlation function in terms of Majorana fermions using Eq. (13):

(bT(Pl)b(Pz)b_i_(Pg)b(PO)c = Z Wel(P1)WZ(PZ)WEB(P3)WZ(P4) <al1ae2aesaf4>c >

£,€5,€3,L4€Z

(b(p1)b(p2)b(p3)b(p4)), = Z WZ(Pl)WZ(Pz)WZ(Ps)WZ(PAr) (aelaezaeﬂa)c )

£1,€2,€3,L4€Z

(b'(p1)b(p2)b(p3)b(ps)), =

TN PSRN R N

D we, (0w, ()W, (03w (pa) {ar,ar,a0,ay,),
01,05,03,04€Z
(C.5)
Now the idea is 'to plug‘ in the expression of Coytntaty, = <a@lagzag3ag4>c that we obtained
above. Before doing so, it is convenient to split the sum as
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Z fer0,03,0,Ctr 05,0, =

£1,05,€3,64€Z

= Z fou,+1,200+1,20542,20,+2C2¢0, 41,20, +1,20542,20, 427
01,02,05,04€7

+ fth1+1,2l2+2,2€3+1,2£4+2C2€1+1,2Z2+2,2€3+1,2€4+2
+ fot,41,20,42,2054+2,20,+1C00, 41,20, 42,20, 42,20, 41T
+ fot,42,20,+1,2054+1,20,42C00, 42,20, 41,20, +1,20 ;42T

+ fot,42,20,41,205+2,20,+1C00, 42,20, 41,20, 42,20 41T

+ fa0,42,20,42,20541,20,41 C2€1+2,2l2+2,2€3+1,2€4+1) =
= E : fou,41,20,41,20,42,200+2 — fo0, 41,20, 42,20,41,20,+2 F fo0,41,20, 42,20, 42,20, +1F
01,0,€Z
+ for,42,20,+1,20041,20,42 — f20,42,20,+1,20,+2,20,+1 T f20,42,20,42,20,+1,20,417F

— fat,11,20041,20, 42,20, +2 F fae, +1,200+2,20, 41,20, +2 — f20,+1,200+2,20, 42,20, 41

Z V4
— fot,42,20,41,20, 41,20, +2 T for, 42,20, 41,20, 42,20, 41 _f2£2+2,2131+2,2el+1,242+1) (041%2)0 , (C.6)

where we have used that, in order to have a nonzero result, C needs to have two even and
two odd indices, then we have used its explicit expression. Using the explicit expression of

the eigenvectors w(p) — see Eq. (11) — and introducing the (discrete) Fourier transform of the
spin-spin correlation function

T(p,q) := Z <afnofl>0e_ipme_iq”, (C.7)

m,n€z

we finally have

1 . — . —
(' (p1)b(p2)b (p3)b(pe)) = 7 T(—p1 = P, Py + pa)sin (L2522 ) sin (22200 )

1 0(p;)+0 0(ps)+0
+ ZT(_pl + Do, —P3 _+_p4) COS( (Pl); (Pz))cos( (P3)'£ (P4))

1 6 0 9 0
— ZT(_pl + P4, P2 _p3) COS( (P1)42' (P4) ) COS( (Pz)*z‘ (P3)) , (C.8)

1 . (6(p))-6 . (6(p)—06
(b(p1)b(P2)b(pa)b(P4)). = 7 T(p1 + s, pa -+ py)sin (ALAHE ) sin (£222202)

1 . (0(p)—0 . 0(p3)—6(p4)
—ZT(P1+P2,p3+p4)Sln( (Pl)z (pZ))Sln( P3 . P4)

1 . (0(p)—0 . _
—ZT(p1+p4,p2+p3)sm( (P1)2 (P4))Sln(9(P2)29(P3)) . (C.9)

i . _
(b7 (1)b(p2)b(P3)b(P4)), = 7 T(—p1 + P, Py + py) cos (L2120 ) sin (201202

i 0(p,)+0 . (0(py)—0
_ZT(—P1+P3,p2+p4)COS( (P1)‘£ (pg))SlI'l( (Pz)z (P4))

i 0 0 . [ 08(py)—6
+ZT(—p1 +p4,p2+p3)cos(w)sm(w). (C.10)
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C.2 Integral representation of the spin-spin correlation function

Let us now specialize to our case of interest. Using
(0% 0%), = (tanh p)™"e,0,, (C.11)
we can compute explicitly the function T(p, q) of the previous section:

f T dk Tg(k)

_2m(1— e—ilk+p—i0))(1 — g—ilg—k—i0))’

T(p.q)= ), e PMe " (tanh )" e, 0, =

m,n€z —

(C.12)

where

1 1
cosh?(B) tanh?() — 2 tanh(B) cos(k) + 1 ’

Tg(k) := Z (tanh/3)|j| ek = (C.13)

JEZ

is the (discrete) Fourier transform of the homogeneous spin-spin correlation function; note
that a straightforward generalization of our problem to a different initial state is obtained
simply by changing Tp(k). Now we can compute the initial value of all the dynamical fields;
for example:

+7T 42
A d2qdk p o giea Tp(K)
gil,})/csz,o(pl,Pz) = f WemxlqlemxzquX
T

sin ( 9(?1—Q1);9(P2—Q2) ) sin ( 0(p; +Q1);9(P2+QZ) )

((1 — e—i(k—p1+q1=P2+42—i0))(] — e~i(p1+q1+P2+42—k—i0))
cos (W) cos (W)

+ (1 _ e—i(k+2q1—i0))(1 _ e—i(2q2—k—i0)) +

( 9(171—(11)'59(}724“12)) cos ( 9(P1+‘11)'£9(P2—Q2))

Cos

- (1 — e~ilk=p1+q1+P2+q2~i0))(1 — e=i(P1+q1—p2+g2—k—i0))
+7 dzqdk ezixlql ezixzqz
~ ). (1R 4(1 — e iCatk-10))(1 — e-ia-

k_iO))Fﬁ(Pbpz,ql,qz,k), (C.14)

with

Fﬁ(p1’p25 q]; q2: k) =
Tﬁ(k +q+p+py— qz) sin ( 9(P1_Q1);9(P2_Q2)) sin ( 9(P1+Q1);9(P2+QZ)) +
+Tp (k) cos ( 9(p1—q1)-£9(p1+q1) ) cos ( 9(P2‘Q2)‘£9(P2+Q2)) +

(w)cos(w) . (C.15)

— Tg(k + p1 +q1 —p2—qz) cos

We can now use Eq. (46) to get the time-dependent expression of the field

gxl,xz,t(plsz) =
J“HT dzqdk eZixl‘he2ix2QZe—if(f(Pl+CI1)—E(Pl—(h)+€(P2+CI2)—€(P2—CI2))

. (27-5)3 4(1 _ e—i(2q1+k—i0))(1 — e—i(2q2—k—io))

Fﬁ(plﬁp2qu>q2)k)z (C16)

and finally compute the contribution of the field & to the spin-spin correlation using its expres-
sion (48), the parametrization of the symbol (39) and the inversion relation (38):
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" d*pd’k 2ik, (m—1 2ik,(n—1
Sfﬁg(t) = —4J (27_[)4 Z el 1(m— —}’1)e iky(n— —}’2)€y1,y2’t;ee(p1’p2)x
T Y1,Y2€L/2

. 0(p1t+ky) . 0(pa+kg) . 0(p1—k1) - 0(pa—ka)
y (e_l+az ®e_l%oz)(o_y ®O‘y)(el 1) g2 o o 20522 Uz) W

T

d?pd?k o

=4f (27024 Z e21k1(m 1 )’1)e21k2(n 1 yZ)gyl,yz,t;ee(pl,pz)x
T Y1,Y2€Z/[2

_; 81 —k1)+6(p1 +k1)+6(py—kp)+0(pa+kp)
Pl

xXe

Vi

d?pd2k oo Lo

=4f o) Z e2iki (m—1-y7) 2iky(n—1 yZ)‘fyl,yz,t(Pppz)
T Y1,Y2€Z/2

0(p1— k1) +0(p; +k 0(p,—k 0 k
cos( (p1—k1) +0(py 1))cos( (pa—ka) +0(py + 2))
2 2
" d?pd2qdk e?imai g2ingz g—it(e(pr+ar)—e(pr—qi)+e(p2tqz)—e(p2—02))
- . (2n) (1 — e—i(20:+k=i0))(1 — e—i(2g—k—i0))
cos ( 9([’1—‘11)42'9(1314"11)) cos ( 9(P2—Q2)42'9(P2+QZ))

(C.17)

e—2iq1 e—Ziqz

Fg(p1,P2,91,92, %),

where we used the Moyal product’s integral representation (31) adapted to the symbol C. We
then change variables as

p1 — p1+k/2, D2 = P2tqo, q1 — q1tk/2, d2 4241, k ——2q;, (C.18)

obtaining

(0=

" d2pd2qdk e%in(m—n)gimko2ings g—it(e(p1+q1+k)—€(p1—q1)+e(Pa—q1+205)—€(P2+a1))
2y e (C.19)
_. @n) (1 — e-i(k=i0))(] — e-i24,-i0)) )

e_ZiQZ cos ( 9(P1—Q1)+3(P1+‘h+k)) cos ( 9(p2+q1)+92(p2—q1+2q2) ) Gﬂ (pbpz’ a0, 2q2’ k) ’

where
Gﬁ (p15p25 q]_; q2: k) =

T/j(k +py +p2)sin(9(P1—Q1);9(P2+Q1))Sin(9(P1+Q1+k)—29(Pz—Q1+qZ))+

+ Tp(2q;) cos ( 9(p1—q1)+2(p1+q1+k) ) cos ( 9(P2+Q1)+92(P2—Q1+Q2)) "

(9(P1—Q1)+92(P2—Q1+QZ)) cos ( 9(P1+Q1+k2)+9(Pz+Q1)) . (C.20)

— Tg(k + p1 —p2—qz) cos

Note that Gg is periodic in all its entries with period 27. In the same way, we could derive
an integral representation of the contribution of the other non-Gaussian fields. However, as
discussed in the main text, those fields give a sub-leading contribution.
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D Numerical simulations

Numerical simulations for Figures (3), (4) and (6) have been performed considering finite-
size chains of length 2L, in which # is a 2L x 2L matrix. The part of state entering the
expression of the spin-spin connected correlation (48) is described by the objects I' and C
defined in the main text, which have dimensions 2L x 2L and 2L x 2L x 2L x 2L respectively.
Time-evolution has been done exactly using

2L
ai(t) = (e77),;a;(0), (D.1)
j=1
which implies
2L . )
Fm,n(t) = Z (e_ltﬂ)m,m’(e_ltH)n,n’Fm’,n’(O) B (D.Z)
m’,n'=1
and
2L . . . .
Cm,n,r,s(t) = Z (e_ltH)m,m/(e_ltH)n,n/(e_ltH)r,r’(e_ltﬂ)s,s’Cm’,n’,r’,s’(o) . (D.3)

m’,n’,r’ s'=1

We always stop the simulation at a time such that the finite size effects have only exponentially-
small consequences on the expectation values that we are looking at, which is always possible
thanks to the Lieb-Robinson bounds. In the case of Gaussian protocols, the initial state has been
actually considered sharp, and not smooth as described in Sections 5.2.1 and 5.2.2, since it is
easier to construct. Therefore the state that we are simulating differs from the one described
in the main text around the junction. However, the homogeneous states associated with the
two partitioning protocols are the same and the difference arguably induces only sub-leading
effects. That is why such a simulation can still be used to check the leading-order predictions.
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