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Abstract

The study of 3d mirror symmetry has greatly enhanced our understanding of various
aspects of 3d N = 4 theories. In this paper, starting with known mirror pairs of 3d
N = 4 quiver gauge theories and gauging discrete subgroups of the flavour or topological
symmetry, we construct new mirror pairs with non-trivial 1-form symmetry. By providing
explicit quiver descriptions of these theories, we thoroughly specify their symmetries (0-
form, 1-form, and 2-group) and the mirror maps between them.
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1 Introduction

Supersymmetric theories with 8 supercharges in space-time dimension 3 exhibit a rich set of
intriguing features; One of the most prominent is 3d mirror symmetry [1]. Given a 3d theory
that has a mirror dual theory, 3d mirror symmetry exchanges Coulomb branch and Higgs
branch. In particular, this also implies the exchange of flavour symmetries G; (Higgs branch
isometries) and the topological symmetries G, (Coulomb branch isometries).

The notion of symmetries has been generalised to include novel types beyond the stan-
dard symmetries of local operators [2]. Among others, these include higher-form symmetries.
Specifically for 3d theories, discrete 1-form symmetries can be generated by gauging discrete
0-form symmetries. The structure of generalised symmetries in 3d supersymmetric theories
has been the focus of recent research, including [3-14] and references therein.! Given the
vast catalogue of 3d mirror pairs with trivial 1-form symmetry, one might wonder what mirror
symmetry implies for 3d theories with 1-form symmetry.

In this paper, we start with a known mirror pair (7, 7 ) of 3d N/ = 4 theories that admit UV
quiver descriptions, and gauge a discrete I''°) subgroup of the 0-form symmetry to generate
new theories with TT! 1-form symmetry. Depending on whether I' = T'% is a subgroup of
the flavour or topological symmetry, the resulting mirror pair (7 /T,(7/T)") changes. For
r=rfc Gy, the field theory description of 7/ T/ is straightforward, but for I =T C G/, the
description of 7V /T is less transparent. In this paper, we consider I' = Z, suitably embedded
into a Cartan U(1) which enables us to derive explicit quiver descriptions for these cases and
allows to specify the global form of the O-form symmetries of (7 /T, (7 /T)V). It is known that
the resulting O-form and the newly introduced discrete 1-form symmetry may not just be a
direct product, but can form an extension, called 2-group symmetry [9,17-21]. We comment
on such extensions throughout this work.

The remainder of this paper is organised as follows: in Section 2, we consider known
mirror pairs and gauge discrete O-form symmetries to generate mirror pairs with non-trivial
1-form symmetry. We first study abelian theories, followed by non-abelian T[SU(N)] and
T g[SU(N )] theories with non-abelian product gauge groups [ [; U(N;). This class of examples
has the benefit that all O-form symmetries are manifest in the UV description. Thereafter,
SO(k) and Sp(k) gauge groups are considered by studying T[SO(2N)] theories, Sp(k) SQCD,
and linear orthosymplectic quivers. While the flavour O-form symmetry is manifest in this set
of examples, the topological symmetry is at most accessible by discrete Z, subgroups, which
turns out to be sufficient for the intents and purposes here. Lastly, we consider mixed types:
i.e. D and C-type Dynkin quivers composed of unitary gauge groups and their mirror Sp(k)
and O(2k) SQCD theories, respectively. The advantage of this class of mirror pairs is that the
flavour symmetry of the SQCD theories and the topological symmetry of the unitary Dynkin
quivers are fully manifest. Before closing, some magnetic quiver examples are considered.

1See also [15,16] for recent review articles.
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Conclusions are provided in Section 3. Several appendices complement the main text and
provide computational details.

Note added. During the course of this project, we were informed of a related work done by
Bhardwaj, Bullimore, Ferrari, and Schdfer-Nameki [22]. We are grateful to them for coordinating
the submission of our papers.

2 Gauging discrete 0-form symmetries

In this section, mirror theories with non-trivial 1-form symmetry are constructed. Gauging
discrete subgroups of the 0-form symmetry, which results in 1-from symmetries and a potential
2-group structure, has, for example, been considered in [9,18-21].

The principle is simple: start from a known mirror pair (7,7 ) and gauge discrete 0-form
symmetries I (finite, cyclic) such that T =T c G,(T)and T =17 ¢ G¢(T"). This ensures that
the resulting theories (7/T'%, 7V /T/) are mirror pairs with 1-form symmetry I'. The aims here
are (i) to provide explicit quiver descriptions for (7 /T, 7 /I/) and (ii) to detail the resulting
symmetries (0-form, 1-form, and 2-group).

2.1 Abelian theories

As a first example, consider 3d N' = 4 SQED with N hypermultiplets of charge 1 and its
abelian mirror quiver theory [1], see Figure 1. The global 0-form symmetries are well-known:
for SQED one finds U(1), x PSU(N ), while the abelian mirror quiver enjoys a U(1) x PSU(N),
symmetry.

2.1.1 SQED with higher charge

Suppose that one gauges a discrete Z, subgroup of the abelian U(1) factor of the global 0-
form symmetry. The resulting theories are straightforwardly derived. Gauging a Z, C U(1),
for SQED with N charge 1 hypermultiplets leads to SQED with N charge g hypermultiplets,
see also [12]. Similarly, gauging a Z, C U(1); of the abelian mirror quiver leads to an abelian
quiver with a Z; 1-form symmetry. The two theories obtained are then mirror to each other,
see Figure 1. The quiver notation is summarised in Table 3 of Appendix A.

Consistency checks. The proposed mirror symmetry can be verified by Hilbert series tech-
niques [23-26]. The Higgs branch Hilbert series is insensitive to the gauging of the Z, inside
the topological symmetry of the SQED theory; similarly, the Coulomb branch of the mirror
does not perceive changes upon gauging a discrete subgroup of the flavour symmetry. See
Appendix A.1 for conventions.

Performing the discrete gauging for the SQED theory reduces to a Z; Molien-Weyl sum
over the Coulomb branch Hilbert series

1 : N
HSC (wlt) = — Wmt§N|m|:PE t+ W+W_1 ti_tN , 2.1
SQEDjf(l( ) l_tné [t+( ) ] (2.1)

15 .

C _ T C _ 2ni

HS ey (16 = I)Z_(:)HSSQED?V,_l(W|t)|W:Zé(gq)P [ =eT ez,
1—t mez

=PE[t + (3 +5 )2tV — V], 2.2)
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N 1 1
mirror
1 1 1 1 1
O-form: U(1); x PSU(N); O-form: PSU(N), xU(1);
gauge Zq c U(1), gauge Z, c U(1)/
N
mirror
q
1
0-form: U(1)¢ x PSU(N); 0-form: PSU(N); x U(1)y
1-form: Z, 1-form: Z,

Figure 1: Gauging of discrete O-form symmetries in SQED and its mirror. For SQED
with charge 1 hypermultiplets, a Zf] gauging results in SQED with charge q hyper-
multiplets. These are indicated by an arrow with the label q. For the abelian mirror
quiver, the Zﬁ; gauging is realised by acting on the flavours. The fundamental flavours
that are charged under the discrete Z, are connected to a grey node. See Appendix
A for conventions.

q

Likewise, one performs the Z; Molien-Weyl sum on the Higgs branch Hilbert series of the
mirror theory

N— N—-2
Xp Xpt1 1,1
HSH t) = PE 2 2 ) — (N1t
m1rror(-y| ) al_[‘% 21TlX |:Z£(xb+1 Xy ) ( ) :|
1
X 2 Xn—
-PE y—+—1+ S I s
X1 yz Xy-1 yT2
:PE[t+(y+y—1)t%—tN], (2.3)
HS™  (z]t) =~ ZHS (ylt) = PE[t + (z + 2 1)t2V — ¢V] (2.4)
mirror/Zg mirror\Y l(;’ y = z2+z . .
y:zq q

In summary, both results confirm the expectation and provide the explicit parameter map.
As a remark, the superconformal index is equally well suited to probe such dualities; see for
instance [12] for SQED with charge ¢ = 2 hypermultiplets. Since either Higgs or Coulomb
branch operators are unaffected by gauging a Zé/ f , the Hilbert series is a more convenient
tool.

Symmetries. Using the techniques of [6], one can inspect the interplay between the discrete
1-form symmetry Z, C U(1), and the global 0-form symmetry PSU(N); for the SQED theory.
The centre symmetry Z = Zy of su(N); is generated by ap = {y, while the U(1) gauge group
supports a Zg = Zy.4 centre generated by ag = {y.,. The diagonal a;, = (ag, ar) generates a

& =1Zy.q C Zg % Zp. The 1-form symmetry ril = Z, is generated by ag = (ag, aﬁ’) = (ag, 1),


https://scipost.org
https://scipost.org/SciPostPhys.15.1.033

Scil SciPost Phys. 15, 033 (2023)

which acts trivially on the matter content. The short exact sequence

0T =256=2,y>2Z;=2Zy—0 (2.5)

splits whenever ged(q,N) = 1, i.e. ¢ and N are co-prime. In other words, ged(q,N) > 1 is
a necessary condition for the existence of an extension to a 2-group structure. A sufficient
condition is to have the non-trivial Postnikov class in H3(BPSU(N ); Zq) [21], which is the
image of the obstruction class for lifting a PSU(N)-bundle to an SU(N)-bundle, under the
Bockstein map H*(BPSU(N); Zy) — H*(BPSU(N);Z,). In fact, the Postnikov class is non-
trivial if and only if ged(q,N) > 1.2 Therefore, the short exact sequence (2.5) represents
a non-trivial 2-group extension if and only if ged(q,N) > 1. See also [9, 12] for a recent
discussion of SQED with 2 flavours of charge 2.

Comments on lines. As explained in [9,27,28], 1-form symmetries and 2-group structures
can be understood via equivalence classes of line defects.> Here, we illustrate how the higher-
form symmetry is also realised on the line defects.

Consider SQED with N hypermultiplets of charge q. A Wilson line of charge h with
h € {1,2,...,q— 1} cannot end on a local operator because local operators are either con-
structed as polynomials in the fundamental hypermultiplets of charge q or are monopole op-
erators, which are gauge singlets for 3d A" = 4 theories. Thus, the 1-form symmetry 'l (or
its Pontryagin dual) is generated by the (¢ — 1) Wilson lines that cannot end. Refining with
respect to the flavour symmetry shows that a Wilson line of charge q is equivalent to a flavour
Wilson line transforming as [1,0,...,0]4, . This however is not an allowed representation of
Gy = PSU(N), and signals the existence of a 2-group structure. In fact, the N-th power of such
a Wilson line is well-defined under Gy, because the N-th tensor product of [1,0,...,0]4, |

contains a singlet. Such lines generate the group E= ZgN-

Turning to the abelian mirror quiver, one can straightforwardly see that the fundamental
Wilson lines, i.e. those of unit charge under a single U(1) gauge group factor, can end on a
local operator constructed out of the hypermultiplets. Therefore, one needs to turn to the
vortex lines to understand the 1-form symmetry. It is known [29] that the junctions between
vortex lines are significantly more challenging than those between Wilson lines. It would be
interesting to systematically address this in explicit examples.

2.1.2 SQED with discrete gauge factor

Next, revert the logic: gauge a Z, subgroup of the PSU(N); symmetry of SQED. Conversely,
on the mirror side, one gauges a Z, subgroup of the PSU(N), topological symmetry of the
abelian quiver theory.

For the abelian quiver theory, discrete gauging along a Cartan U(1), of the topological
symmetry alters the linear quiver theory by modifying the charges of the bifundamental hy-
permultiplets attached to a single gauge node. This follows from analogous arguments as for
SQED with charge g hypermultiplets or the arguments used in Appendices B.1 — B.2. For the

2We would like to thank A. Milivojevié¢ for providing the proof at mathoverflow.

3In brief, lines L, , are equivalent if there exists a local operator O at the junction between them. The set
of equivalence classes {L}/ ~ forms the Pontryagin dual T1") of the 1-form symmetry '), Refining the equiva-
lence relation by keeping track of 0-form symmetry representations R leads to the following equivalence relation:
(L1,R;) ~ (Ly,R,) iff there exists a local operator transforming as R; ® R}, (or R; ®R,) at the junction of the lines.
The equivalence classes give rise to g (Pontryagin dual of &), which encodes the interplay between the centres of
gauge symmetry and O-form symmetry. These groups fit into the short exact sequence 0 — Z — £ T 5o,
which is the Pontryagin dual of the sequences discussed in the text, e.g. (2.5), (2.13), (2.15). Whenever these
short exact sequences split, the 2-group is necessarily trivial. For non-split sequences, the Postnikov class controls
whether the 2-group is trivial or not.
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N 1 1
mirror
(1,-1) (1,-1)
1 1 1 1 1 1
O-form: U(1); x PSU(N)y O-form: PSU(N); x U(1)y
gauge Z, c PSU(N)y gauge Zq ¢ PSU(N),
N -k
mirror
k (1 -q) (q,-1)
Zq 1
. SU(k)xU(1)xSU(N-k) [ SU(K)xU(1)xSU(N-k)
O-form: U(1); x ( T )f 0-form: ( A )t x U(l)f
1-form: Z, 1-form: Z,

Figure 2: Gauging of discrete 0-form symmetries in SQED and its mirror. The centre
symmetries act with charges (—g mod k,q mod (N—k)) on the U(1) factor. For SQED,
the Z, acts on k of the N hypermultiplets, which is indicated by k edges connected to
a grey node. The remaining hypermultiplets are uncharged under the discrete group.
One can use a global U(1) rotation to move the Z,-action onto the other set of hy-
permultiplets as well, which renders the entire setup symmetric, cf. Appendix C.1.2.
For the abelian linear quiver, gauging along the Cartan U(1), at the k-th gauge nodes
leads to hypermultiplets with charge q under the k-th U(1), while still of unit charge
under the adjacent gauge factors. This is indicated by an arrow with label, cf. Ap-
pendix A.

SQED theory, gauging of a discrete flavour 0-form symmetry affects some of the fundamental
flavours. To see this, one uses the original mirror map (C.7) between the parameters to iden-
tify which flavour fugacities are affected by gauging along a Cartan U(1), factor in the abelian
mirror. As a result, the flavours of the SQED split into two sets: one charged under Z, and the
other is trivial. This is shown in Figure 2.

Global symmetry: abelian mirror point of view. The global symmetry is affected as fol-
lows: suppose that one gauges a Z, C U(1); C PSU(N), subgroup of the topological Cartan
U(1) at the k-th node of the abelian quiver

w1 Wr-1 Wi Wr+1 WN-1

—O0— - —O;¢<0>70— - —O—J (2.6)

1 1 e 1 1
The O-form symmetry algebra after gauging is su(k) @ u(1) ® su(N—k). As exemplified in
Appendix D.1, the 0-form symmetry group is
SU(k) x U(1), x SUN—k)

G,(2.6) = T , (2.7)
N_

where the centre symmetry Z, C SU({) acts on the fundamental representation [1,0,...,0]4, |
with charge +1 under Z,, for £ € {k, N—k}, see also Table 4. Moreover, the Z; x Zy_; act with
charge (—g mod k,q mod (N—k)) on the U(1), variable. Roughly Q ~ wy, see (C.8) for
details.


https://scipost.org
https://scipost.org/SciPostPhys.15.1.033

Scil SciPost Phys. 15, 033 (2023)

The global structure (2.7) can also be inferred directly from the set of balanced nodes
in (2.6). The unbalanced gauge node U(1), is connected to two balanced sets of gauge
nodes, forming the A;_; and Ay_j_; Dynkin diagram. Generalising the arguments of [30],
there are monopole operators transforming as [0,0,...,q],,_, x (1)q (and its conjugate) and
[q,0,...,0] x (1), (and conjugate). This follows because the U(1); node is attached to the
k —1-th node of the A;_; Dynkin diagram and the 1-st node of Ay_;_; Dynkin diagram. Com-
pared to the standard case of unit charge bifundamental hypermultiplets, the increased charge
q modifies the appearing A, representations accordingly. The existence of these monopole op-
erators in the Coulomb branch chiral ring leads to the isometry (2.7).

Global symmetry: SQED point of view. To illuminate this result, it is instructive to also
consider the SQED side:
N ﬁ X4 (2.8)

Zar 1

where the two distinct sets of fundamentals are denoted as X and X (by convention, both have
charge —1 under the U(1) gauge group). Here, as a different notation from elsewhere, we use
the arrowed lines to symbolize 3d N/ = 2 chiral multiplets (inflow into the gauge node) and
anti-chiral multiplets (outflow from the gauge node). Computationally, gauging a discrete Z{;
is realised via the following flavour fugacities, see Appendix C.1

X1, a=1,
Xq: a=1,...,k: ya:Cq~Q1- x:il’ l<a<k, (2.9a)
1 _
T a=k,
up, d=k+1,
Xg: d=k+1,...,N: y3=Q {3 %, k+1<d<N-—k, (2.9b)
L d=N-k,
N—k—1

with {, € Z{; . The x, and u, are weight space fugacities for su(k) and su(N—k), respectively.

The first observation is that if k|q then the Z; centre symmetry of SU(k) is gauged, such that
a global PSU(k); factor arises. Similarly, if (N—k)|q the Zy_; centre of SU(N—k) is gauged,
leading to a PSU(N—k); factor. For the general case, one fixes the two so far arbitrary U(l)Ql,z

symmetries:*

k.oN—k L4 — 0%
{?él)%z LQ, = {Q1 QT (2.9¢)
Q_Z — )

which agrees with (C.11) of Appendix C.1. Next, consider a gauge invariant operator O built
from the fields {Xa}’;:1 transforming as ({; - Q; - [1,0,...,0]4,_,,—1) under flavour-gauge
transformations and fields {X; i, transforming as (Q,'-[0,...,0,1], ., +1). Thus, Xa)?;
is U(1) gauge invariant. For Z, invariance, one also requires g-copies of X, in the form of
Sym?(X,), which leads to the g-th symmetric representation Sym?[1,0,...,0] of SU(k);. As a
consequence, one also requires g copies of {X;} in the form Sym9(X,), which leads to the g-th

“The definition of Q is a choice. Here, it is chosen such that the operator O in (2.10), as Higgs branch operator
with lowest R-charge that is charged under the U(1), has the unit charge.

8
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conjugate symmetric representation Sym?[0,...,0,1] of SU(N—k);. Such a gauge invariant
operator has charges

g Q!
(9=Symgl """" aq(Xal)'Sym‘clll .... dq(Xdi)(_)Squ[]" O)"‘!O]SU(k)®Squ[0"">0’1]SU(N—k)®(Q_2 .

Q
(2.10)
The operator O has Z; x Zy_; centre charges (¢ mod k,—q mod (N—k)). Hence, the Z; X Zy_x
transformations can be compensated by a global U(1), rotation if Q has charges (—g mod
k,q mod (N—k)) under the centre symmetries. This confirms (2.7) as flavour symmetry G;.
The operator O can be detected in the Hilbert series at R-charge q - 2 - % =q.

Comments on lines. Returning to the quiver (2.6), consider a Wilson lines W, of charge
1 under the a-th U(1) gauge group factor. For each a # k, W, can end on a local operator
composed of concatenated bifundamental hypermultiplets. For a = k, W} cannot end since
the bifundamentals connected to the k-th gauge node are of charge q. Further, monopole
operators cannot screen gauge Wilson lines, because monopole operators are gauge singlets
for 3d N = 4 theories. Thus, the lines (W, )" with h € {0,1,...,g—1} cannot end and generate
the abelian group T1* = Z,.

2.2 An illustrative example

One of the main messages of this paper is that gauging discrete Z, subgroups of the topological
symmetry for quiver gauge theories 7 with unitary gauge nodes can result in theories 7 /Z!
which admit a simple quiver description. To illustrate this fact, consider U(k) SQCD with
N > 2k fundamental flavours

N

E (2.11)

k

with the well-known 0-form symmetries: Gy = PSU(N), G, = U(1), for N > 2k and G, = SO(3)
for N = 2k.

Next, express the gauge group as U(k) = _U(I)ZfU(k)

where Z, acts as centre on SU(k)
and via Z; charge (k—1) on the U(1) factor. Rewriting U(k) magnetic fluxes m € Z* into
U(1) x SU(k) fluxes (h, 1) requires the co-character lattice to be ' = Ui:g (Z+ %)k. Effectively,
the SQCD theory can be understood as SU(k) x U(1) gauge theory with N copies of bifunda-
mentals and an “unusual” magnetic lattice I'. One can introduce a (topological) fugacity z that
keeps track of the components of I'. If w denotes the topological fugacity of 7, one employs
w — zwk. Next, gauge a discrete Z, subgroup of the topological symmetry by performing
a discrete Molien-Weyl sum over z. It is convenient to choose either glk or k|q. One can
show rigorously (e.g. using the superconformal index or the Coulomb branch Hilbert series,
see Appendix B) the following:
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2.2.1 Gauge a subgroup with qlk

If gk then only the subgroup Z, C Z; is gauged. The theory becomes

1

5_1 q k
‘ ‘ N | /Zx, with magnetic lattice U (Z +i- E) , (2.12)
q e

i=0
SU(k)

where the quotient Z: signals that this discrete group is not gauged, in the sense of [31].
The resulting theory ﬁas a U(1), x PSU(N)¢ O-form symmetry and a Z, 1-form symmetry.
The potential interplay can be analysed via the action of the centre symmetries: defining
ag = ((gkﬁ,ng) € Zi x Zq.y (because only a Z, C Z; is gauged) and ap = {y € Zy,
the diagonal combination a, = (ag,ap) generates a & = Zg,y group. The element

k
N-ap=((¢ k)E'N N4 2’. ~» 1) generates a rd = Z4 subgroup that acts trivial on the matter fields.
By definition, this establishes the 1-form symmetry. The short exact sequence

0_>1"(1):Zq—>5:ZN'q—>ZN—>O (213)

splits if ged(q, N) = 1. Whenever ged(q, N) > 1, this short exact sequence exhibits a non-trivial
2-group extension of I'") and PSU(N) ¢ as discussed below (2.5).

Symmetries via lines. One can again illustrate this higher-form symmetry by using line
defects and their equivalence classes. A gauge Wilson line W in the representation
[0,...,0]s,_, x (—1) cannot end on any local operator; Neither polynomials of the hypermul-
tiplets nor monopole operators, because of a mismatch in gauge charges. However, W4 can
end on the determinant operator O ~ det(X), obtained by contracting hypermultiplets X with
the invariant e tensor of SU(k). This operator has charges [0,...,0]4,_, x k. Since qlk, O
has the same centre charges as W9, such that W7 can end on it. Therefore, the lines W< with
a€{1,2,...,q—1} cannot end on any local operator and generate the abelian group '} = Zg.
Taking flavour charges into account, W is equivalent to a flavour Wilson line transforming as
AK[O,...,0,1] ay_,» Which follows from the flavour charges of O. This is not a representation
of PSU(N);, but taking N-th tensor (W1)®N is equivalent to a singlet of the flavour symmetry.
Thus, these lines generate the group £ = Zy.q and the 1-form symmetry potentially forms a
2-group with the flavour symmetry (depending on the ged(N, q)).

2.2.2 Gauge a discrete group Z, with k|q
If k|q then the SU(k) centre Z; is a subgroup of Z, and fully gauged. The theory becomes
1

9
k

E N with magnetic lattice zk , (2.149)
SU(k)

The difference is now that the N hypermultiplets transform as SU(k) fundamental with charge
1 € N under the U(1). This is indicated by the arrow, cf. Table 3.

In terms of symmetries, the theory T/thz has a U(1), topological symmetry, PSU(N);
flavour symmetry, a Z, 1-form symmetry. Moreover, inspecting the gauge-flavour centre sym-
metries shows: ag = ({k,Cn.q) € Zi X Zy.q and ap = {y € Zy. The diagonal generator
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aq = (ag,ar) spans a € = Zy.,, and the element N - atg = (¢}, Q’%.q, 1) generates a ') = Ziq
subgroup, using that k|g. This subgroup acts trivial on the matter fields; thus, defining the
1-form symmetry '), The short exact sequence

splits if gcd(q,N) = 1. In all other cases, there exists a non-trivial extension giving rise to a
2-group structure between I'™) and Gy =PSU(N).

Symmetries via lines. Again, let us illustrate these structures with line defects. The gauge
Wilson line W transforming as [0, ...,0],,_, X (—1) under SU(k) x U(1) cannot end on a lo-
cal operator, which either has to be a polynomial in the hypermultiplet X transforming as
[1,0,...,0] A, % (—%) or has to be a monopole operator, which is gauge singlets. In contrast,
the Wilson line W can end on the local operator constructed as the determinant: i.e. the SU(k)
gauge group is equipped with the invariant €; _; tensor. Contracting k hypermultiplets yields
an operator O ~ det(X) which transforms as [0,...,0], _, x (—q). Hence, the set of Wilson
lines W® with a € {1,2,...,q — 1} cannot end and generate the abelian group T'! = Zg. 1t
one also keeps track of the flavour symmetry representations, one finds that O transforms as
AKTo0,...,0,1] Ay, Which is not a representation of PSU(N);. Hence, this gauge Wilson line is
equivalent to a flavour Wilson line and the centres of gauge and flavour symmetry intertwine
to give rise to a 2-group structure.

The following sections apply the analogous argument to other quiver gauge theories. The
relevant questions are: (i) What is the resulting theory? (ii) What are its symmetries? (iii)
What is the mirror dual theory?

2.3 T[SU(N)] theories

Moving on to quiver theories with non-abelian gauge factors, consider the self-mirror
T[SU(N)] theories [30], see Figure 3. The global O-form symmetry group is given by
PSU(N), xPSU(N ). In the same spirit as above, one can gauge a discrete Z, 0-form symmetry
inside, say, the topological symmetry. The mirror of the resulting theory is then obtained by
gauging a Z, O-form symmetry inside the flavour symmetry. The question is how the Z, is
embedded inside the flavour symmetry, given that the Z, is embedded into a Cartan U(1) of
the topological symmetry of the mirror. To answer this, one utilises the mirror map (C.15).
In more detail, let us consider gauging a Z, C PSU(N), of a T[SU(NN)] theory; one inquires
about the nature of the resulting theory T[SU(N)]/ Zfl. Analogous to Section 2.2, see also Ap-
pendix B.1, for a specific Z, embedded in the k-th topological Cartan U(1) factor, the resulting
theories T[SU(N)]/ Z; are in fact related to versions of T[SU(N)] encountered in [31]. These
quiver theories differ from T[SU(N)] as follows: the k-th node is replaced by U(k) — SU(k),
and the flavour node becomes a U(1) gauge nodes with an N copies of bifundamental hyper-
multiplets between U(N—1) and the “new” U(1) gauge node. Restricting to the case that either

11
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N N
mirror
>
O—O— O E i O O—0O
1 2 k N-1 N-1 k 2 1
0-form: PSU(N) ¢ x PSU(N), O-form: PSU(N); x PSU(N)
gauge Z, c PSU(N) ¢
gauge Z, c PSU(N),
Zq
) N -k
779 mirror .
- O —O—0O
N-1 k 2 1
0-form; PSU(N) ; x (SURECOISUAER) ) 0-form: ((SUHO)SUN-D) )f x PSU(N),
1-form: Z, 1-form: Z,

Figure 3: Gauging of discrete O-form symmetries in T[SU(N)] theories. The centre
symmetries act with charges (—q mod k, g mod (N—k)) on the U(1) factor. The quiver
description for T[SU(N)]/ Zf], here denoted by ???, is provided in (2.16). The quiver
for T[SU(N)]Y/ Zg shows again a split of the N fundamental flavours into two sets:

k of them are charged under 7! , which is indicated by an edge of multiplicity k to
the grey node; the remaining N—k flavours are uncharged.

qlk or k|g, the resulting theory is given by

k Wi We+1 WN - 1y v
qlk withd = = : % %)—O—C% %):O /Z4
q k-1 SU(k) k+1 N-1
d—1 ;
tic lattice: r+-1, 2.16
magnetic lattice L:J ( d) ( a)

Wk - W41

klg withg=a-k: O—(% %)—O—(% %)E&O (2.16b)
k-1 SU(k) k+1 N-1

magnetic lattice: T,

wherein I denotes the standard integer lattice one assigns to the quiver based on [26]. The
shifts by é are to be understood as in [31]. As a comment, restricting to k|q or q|k ensures that
the theory after discrete gauging has a simple quiver description. If this constraint is relaxed,
there may not be a simple quiver, but the gauging is perfectly well-defined on the level of
Hilbert series and index.

The mirror theory T[SU(N)]"/ Zf; is obtained from T[SU(N)]Y = T[SU(N)] by gauging
a Zq C PSU(N);. The mirror map (C.15) dictates that this is realised by splitting the N fun-
damental flavours into two sets of k and N—k flavours, and gauging the Z, symmetry in the
overall U(1) flavour symmetry of one of the two sets. For concreteness, consider gauging the
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Z4 on the set of k fundamental flavours:

Zq
{yi}i‘v:l &

e O —O—0 (2.17)

{yj }jj\ik+1
N-k

and Appendix D.2 provides exemplary Hilbert series computations that confirm the mirror
symmetry between the theories with non-trivial 1-form symmetry.

The mirror map between the parameters of T[SU(N)] /Z; in (2.16) and T[SU(N)]V/ Zf;
in (2.17) can be derived exactly. For concreteness, consider the case g = k, then the map
between the parameters in (2.16) and (2.17) is established via

Yi 4

w, ==, i#k,

{ G # (2.18)
V=Yy-

Further details on this map are provided in Appendix C.2.

Global symmetry. Building on the understanding of the O-form symmetry group (2.7) for
(balanced) abelian quivers, one can utilise a similar logic for the balanced T[SU(N)] theories.
Consider the quiver (2.16) the topological symmetry algebra is su(k) ® u(1) ® su(N—k). The
global form is then given by

B SU(k) x U(1)q x SUN—kK)
B Zk X ZN—k
with Q has Z; x Zy_; charges (—q mod k, ¢ mod (N—k)),

) (2.19)

t

where the centre symmetries Z, act in the standard way on SU({). Note that for k|q there is
a PSU(k) factor in the global symmetry. The examples in the next paragraph, as well as the
explicit character decomposition in Appendix D.2, confirm this structure.

This structure (2.19) is also apparent from the Higgs branch isometry of the mirror (2.17),
i.e. denote the two distinct sets of fundamentals by

Zq
X, ﬂ X, (2.20)
N-k N-1 1

Here, as a distinctive notation from elsewhere, we use arrowed lines to represent the arrowed
lines to symbolize 3d N/ = 2 chiral multiplets (inflow into the gauge node) and anti-chiral
multiplets (outflow from the gauge node). Analogously to (2.9), one can perform the Zg
gauging by assigning (c.f. Appendix C.2)

X15 a:]-:

X,: a=1,....k: Ya={q¢ Q{ s, 1<a<k, (2.21a)
1 —
r a=k,
up, d:k+1,
Xg: d=k+1,..,N: y3=Q{zt, k+1<d<N-—k, (2.21b)
—L_ d=N-k,
N—k—1
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with {, € Zg . The x; and u; are weight space fugacities of su(k) and su(N—k), respectively.
The two appearing U(1) fugacities Q, , effectively reduce to a single U(1),; for instance by
imposing [ [; y; =1, i.e.

Q’i-%’zv"‘ =1, R Q =Q™,
| k
(2)  =q Q=Q ¥,

which agrees® with (C.20) of Appendix C.2. Note also that for g|k the ({ q)§ S Zf; acts as the
Zy < SU(k),, centre symmetry; thus the global factor is PSU(k),, in this case. The U(1), may
transform non-trivially under the Z, ¢ SU({) centre symmetries, depending on the charge of Q.
To determine the charge, one again considers a specific gauge-invariant operator O build out of
the two sets of fundamentals: X transforms as ({;-Q;°[1,0,...,0],, _,, N—1) and X" transforms
as (le -[0,...,0,1]4,_, ,,N—1). U(N—1) gauge invariance imposes Tr(XX"), wherein the
trace is taken over the gauge indices. Z, gauge invariance requires O = SymITr(XX"), where
the symmetrisation acts on the flavour indices. The resulting operator transforms as

(2.21¢)

q
0: Squu,o,...,o]k®Squ[o,...,o,1]N_k®(%) , (2.22)
2

=Q

such that the Z; x Zy_; centre charges are (¢ mod k,—q mod (N—k)). These can be com-
pensated by a global U(1),, rotation provided the centre charges of Q are (—g mod k,q mod
(N—k)). This confirms (2.19) as flavour symmetry for the quiver (2.17).

As a remark, the operator O can be detected in the Hilbert series as the first non-trivial
term in Q. The R-charge of O is simply g x 2- % = qg. The appendix D.2 provides examples that
illustrate this point.

By analogous arguments as in Section 2.2, one can verify that theories (2.16) indeed have
the expected IV = Z4 1-form symmetry. One finds that the centre generators of the combined
gauge-flavour symmetry span a & = Zg.y group, such that there exists a non-trivial 2-group
extension between I'™) and G = PSU(N) whenever ged(q,N) > 1. Similarly, the same con-
clusion is reached by inspecting the screening of Wilson lines.

Example 1. For an illustrative purpose, let us consider N = 4. Gauging a specific Z, 0-form
symmetry leads to a mirror pair:

mirror

4
O—0O0—C==

1 su@ 3 1

(2.23)

The Hilbert series in (D.20) confirms that the Coulomb branch symmetry algebra for the left
quiver (and the Higgs branch isometry algebra of the right quiver) is g = su(2) ® su(2) ® u(1).
Moreover, the appearing SU(2) representations are all of integer spin; thus, suggesting the
global form G = SO(3) x SO(3) x U(1).

Choosing to gauge a specific discrete Z5 subgroup of the 0-form symmetry results in the

SAgain, the definition of Q is a choice. It is motivated by assigning the unit charge to the Higgs branch operator
O in (2.22), which is the operator with the lowest R-charge that is charged under the U(1),,.
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pair:

mirror

/\7
O—==
sus) 1

(2.24)

O
v O

The explicit Hilbert series in (D.17) shows that the Coulomb branch symmetry algebra of the
left quiver (and the Higgs branch isometry algebra of the right theory) is g = su(3) & u(1).
Moreover, all appearing characters are neutral under the Z centre symmetry of SU(3); hence,
the global form is G = PSU(3) x U(1).

Example 2. Considering discrete symmetries of the type Z, with ¢ = a-k allows us to uncover
equivalent descriptions. Consider T[SU(5)] and gauge a Z¢ O-form symmetry. Among the
choices considered here, gauging a Zg C PSU(5), is realised by turning the U(3) gauge node
into SU(3) together with charge 2 for the “new” U(1) node

2

w1 w2 We 5 v mirror
O—O—O0—O0=0 —, . (2.25)
! 2 3 2

2 O
su@) 4 1 3
Zg //4 !

or by turing the U(2) node into SU(2) together with charge 3 for the “new” U(1) gauge factor

Ze
w1 ~ l/”i Wi o5 v mirror $ (2.26)
O—O0—0—0=0 O—0—O0 :
1 sue) 3 4 1 3 /4 3 2 1

Without the additional charges the theories are clearly distinct, for instance by the 0-form and
1-form symmetries, see (2.19) and Figure 3. However, with the modification, both become
equivalent as, for example, the monopole formula in (D.44) confirms.

Equivalently, on the mirror, one gauges a Zg subgroup of the flavour 0-form symmetry, but
one time acting on three fundamental hypermultiplets and one time on two. For (2.25) and
(2.26), this is realised by

{¥1, Y2, 86 ¥3» $6 Y4, L6 ¥s}, for (2.25),
{yi}r., — or (2.27)

{4’6 Y1, g6 Y2, Y35 Ya, y5}; for (226):

with g € Zé. But in both cases, the Z, x Z4 centre symmetries are gauged by the discrete gaug-
ing of the Z’é 0-form symmetry. Hence, the global symmetry is simply PSU(2) x U(1), x PSU(3)
for both.

The observed equivalence can now be understood as follows: on the level of the Coulomb
branch quivers, the global symmetry algebra arises from the split su(5) — su(3) @ su(2) ®u(1).
Without the higher charge, the U(1) factor transform non-trivially under the centre symmetry,
see (2.19). In fact, it transforms differently in both cases. However, the higher charge is just
tuned such that the U(1) becomes independent of the discrete centre symmetries. This then
also implies that the operators charged under the U(1) factor coincide in both theories. On
the Higgs branch side, the equivalence is a simple consequence of a global U(1) rotation that
takes the Zg action from 2 fundamental flavours to the other 3 fundamental flavours. See also
(C.19)-(C.20).
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Comment. The considerations so far implicitly assume that the gauge node U(k) at which
the discrete subgroup of the Cartan U(1), of the topological symmetry is gauged has k > 1,
see for instance Appendix B.1 and B.2. Gauging the Cartan U(1), of the U(1) gauge node of
T[SU(N)] is in spirit similar to Section 2.1.1. Concretely, after gauging Zfl at the U(1) node,
the bifundamental between U(1) and U(2) is modified to have charge g under the U(1). Thus,
the mirror pair becomes

q

z
Y1

w1 w2 WN-1 mirror
O3 O0— - —O0—1 < o —0——0 @28
112 N-1 N N-1 2 1

{yj};‘vzz
N-1
and the global symmetry becomes

. ) . U(l)Q x SUN—1)
G, (left quiver (2.28)) = G (right quiver (2.28)) = ,

(2.29)
ZN—l

where Q has Zy_; charge ¢ mod (N—1).

2.4 T;)’[SU(N )] theories

The class of linear quiver gauge theories with unitary gauge groups and fundamental or
bifundamental hypermultiplets is given by the TS[SU(N )] theories [30], where p,o are

two partitions of N. For o = p = (1,...,1) = (1V), the corresponding theory is simply

T ((11 ,iv ))[SU(N )] = T[SU(N)] and the partition data can be dropped. Mirror symmetry exchanges

the partitions o and p, i.e. Tg[SU(N)]V = TP[SU(N)].

Analogous to the cases considered so far, the gauging of a discrete 0-form symmetry (either
inside the topological symmetry group G, or the flavour symmetry group G¢) leads to a theory
with non-trivial 1-form symmetry. Again, consider the two options in turn. While the process
of gauging a discrete subgroup of G, is by now understood (see Section 2.3 and Appendix
B), determining the action of the discrete group on the flavour symmetry of the mirror theory
becomes more challenging when Gy is a generic product group. Thus, special attention is paid
to determining the mirror theory of Tg[SU(N )1/ Zf].

Gauging a Zy, C G, A T;’[SU(N )] is a linear quiver theory with gauge/flavour groups
specified by a sequence of integers {N;} and {M,}, respectively. The partitions determine the
integers as detailed in [30] and the quiver becomes

n

My Mo M, Mp-1 My

TI[SUWN)]: (2.30)
N1 N2 Nk Nn—l Nn

For concreteness, take the node Nj, with Ni > 1, and gauge a Zy, C U(1); C G, inside the

Cartan factor of the topological symmetry associated to the k-th node. By the same arguments
as in Appendices B.1 and B.2, one straightforwardly derives the resulting theory

Tg[SU(N)]/Z,ka : (2.31)
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which has a non-trivial Zy, 1-form symmetry. Now, one constructs the mirror theory.

Gauging a Zy, C G}/. The mirror quiver gauge theory of (2.30) is given by

T"[SU(N)]V = TP[SUN)]: (2.32)

and the integers {N,’} and {M,'} are determined by the partition data p, o
To determine which Zy_C G}’ subgroup needs to be gauged, one has two options: one

could derive the mirror map of parameters for the specific pair (T g[SU(N )], T®[SU(N)]) and
compute which flavours are charged under Z{,k. In principle, this is straightforward but likely

to be tedious. Alternatively, one can employ the following train of thought: The mirror theory
TP[SU(N)] can be rewritten in an unframed form

V
n/— /

MY MY,
///U(l)diag

v v v v v
Nl N2 Nn’—2 Nn’—l Nn'

104

(2.33)

where no explicit flavour group appears. For such a theory, it is implied that an overall U(1)gi,q
subgroup decouples so the two quiver diagrams express the same theory.

The next step is to turn the unitary gauge group U(N,) in (2.30) into a special unitary
gauge group SU(N; ). This theory still has a trivial 1-form symmetry due to the flavour groups.
However, the 3d mirror theory can be found by using the algorithm in [32]. Schematically,
one finds

i j Bl %K %% /110D diag

SU(Nk) N
(2.34)

Turning U(N;) into SU(N,) means the 3d mirror has an additional U(1) gauge group. The
additional U(1) gauge group in the unframed quiver is the result of gauging the flavour sym-
metry. Now, there are two U(1) gauge groups connected to the rest of the linear quiver. The
number of bonds M l.V attached to each U(1) depends precisely on the choice of SU(N,), i.e.
which k. The splitting can also occur where the same gauge node, for example, U(NZv ) is con-
nected to one U(1) gauge group with an edge of multiplicity M,” — x and to the other U(1)
with an edge of multiplicity x; see for instance Example 2 below.

The final step is to gauge the diagonal U(1) flavour symmetry in the left quiver of
(2.34) to obtain T;‘[SU(N )]/th\/k‘ However, simply introducing a new U(1) gauge node
leads to the ambiguity of the global form of the product gauge group, which can either be
G =U(1) x SU(N;) x ]_[i# U(N;) or G removed by a subgroup of its centre. For G/Zy,, with
Zy, embedded into SU(Ny) as centre and into the diagonal U(1) € U(N;) of each of the other
gauge group factors, one obtains back the original theory T;’[SU(N )], see [31] or Appendix B.
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But this theory exhibits a th\fk topological symmetry, see also Section 2.9. In order to generate
the desired Tg[SU(N )1/ vak theory with gauge group G, one needs to gauge the discrete thvk
symmetry, which effectively reduces the magnetic lattice to the standard integer lattice. For
the 3d mirror, this means that one first gauges a U(1), topological symmetry, which effectively

removes a U(1) gauge degree of freedom. But one also needs to gauge a Zi,k in a subsequent

step. This Zﬁk can be thought of as embedded in the U(1) that one has to be removed. Hence,
the intermediate step is given by

mirror U(D)giagxU(1)
TJ[SUN)]/Zy — { ; % § E ///( ) (2.35)

From the unframed quiver on the right, one has to ungauge a U(1)4;,g * U(1) and also keep a
Zﬁk gauged. The natural choice is to ungauge the two U(1) gauge groups on top; thus, turning
them into flavour groups up to a choice of ng. The last step is to choose in which of the two
U(1)s one embeds the Z{Ik. This is because, as with the T[SU(N)] theories, one knows the

\Y%
only difference between T;’[SU(N )]¥ and (T;)’[SU(N )] /thvk) should be the splitting of the
flavour groups along with a discrete quotient. Schematically, one finds

21 =

Vv \4 \/
Ml M2 ZNk n’ 2 rL’ 1
~ MV ~y
= _ v =
n’ MY, % Ei
Vv Vv Vv Vv Vv \/
Ny Ny Nprog Npy Ny n'—

and the two framed mirrors show that the discrete quotient can be applied diagonally on either
one of the two sets of flavour hypermultiplets. This is also clear from Sections 2.1.2 and 2.3,
and Appendices C.1 and C.2, as an overall U(1) rotation can be used to shuffle the discrete
Zy, charges from one set of fundamental flavours to another.

Example 1. One can apply the above procedure to T;’[SU(lS)] where o = (33,22,12) and

p = (6,4,3,12) for the example as in Figure 4. The global form of the 0-form symmetry is
expected to be

G (bottom left quiver of Figure 4) = G (bottom right quiver(s) of Figure 4)
_ SU(2) x U(1),

Z x U(1)y x U(1)3 2 U(2) x U(1), x U(1)s, (2.37)
2

and one can explicitly verify this structure as demonstrated in (D.47). Alternatively, the
Coulomb branch quiver indicates this isometry group as follows: only the leftmost U(1) is
balanced, leading to a topological su(2)" because there are monopole operators of U(1) mag-
netic flux =1 at R-charge 1 (see also [30]). The remaining U(2) and U(1) gauge nodes provide
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3 2 2 2 1 1 1
T T mirror T T
—>
O @ @ O @ @ O
1 2 2 1 2 2 2 2 1 1
1
U(1)g;
- e e
) )
@ @ U U
2 2 2 2 1 1

3 2

2 1 1
T T mirror /\,\ NU(l)diag
1

2 su2) 1

gauge U(l) ungauge U(l)

ﬁ/j&o mirror /\ Ml)d 1ag XU (1)

2 su@) 1

112

2 1 Za
I T )
) O @ )
2 2 2 2 1 1
Za 1 1
[J//f\\” T M
O @ @
2 2 2 2 1 1

Figure 4: Starting from the mirror pair T;’[SU(lS)] and T?[SU(15)] with
o =(3%,22,1%2) and p = (6,4,3,1%), one can gauge a discrete Z, 0-form symme-
try to create a new mirror pair with Z, 1-form symmetry. See also Appendix C.3 for
the choice of Zé gauging.

one U(1);_, 23 topological symmetry factor each. Let the one associated with U(2) be denoted
by U(1)]. Since this node is connected to the balanced node, arguments similar to [30] show
the existence of a chiral ring operator that transforms as a spinor under su(2)" and has charge
+1 under U(1)]. Therefore, the Z, centre action can be absorbed into U(1), resulting in a
U(2)" topological symmetry factor.

One can also choose the other SU(2) in TS[SU(lS)] which gives the mirror pairs displayed
in Figure 5. Comparing Figure 4 and 5, one observes that the global form of the O-form
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1 1 1
: U1 xU(1)
m mirror I M Za
1 Ssu@) 2 1 2 2 2 2 1 1
2 Zo
A mjm\@
N4 N4 N\ N\
2 2 2 2 1 1
ZLa 1 1 1
N\ A4 N4 N4
2 2 2 2 1 1

Figure 5: Again starting from the mirror pair T;[SU(lS)] and TP[SU(15)] with
o = (3%,22,1%) and p = (6,4,3,1?), one can gauge a different discrete Z, 0-form
symmetry to generate a another mirror pair with Z, 1-form symmetry. See Appendix
C.3 for the choice of Zé in the mirror.

symmetry in Figure 5 is simply

3
psu(2) x [ Juau;, (2.38)

i=1

which is supported by the explicit calculations in (D.50). This conclusion can also be drawn
by examining the Coulomb branch quiver. Since the balanced U(1) gauge node is not directly
connected to any of the U(2) or U(1) gauge groups, there is no expectation on a chiral ring
operator that transforms non-trivially under the Z, centre of the SU(2)" topological symmetry.

Example 2. Consider the mirror pair T;’[SU(9)] with p = (3,2%) and o = (32,1%)

3 2 1 3
—> T T (2.39)
O—0O0—=0O O
2 2 2 1 2 2 1

whose symmetry algebra is su(3) @ u(1), as apparent from the balanced set of nodes. The
global form is evaluated to be

G,(LHS (2.39)) = G (RHS (2.39)) = % ~ 5(3), (2.40)

3

because the U(1) has charge —1 under the Z; centre symmetry. See (D.51) for details. Al-
ternatively, the left-hand-side quiver in (2.39) allows us to derive this by using the balanced
set of nodes. Since the unbalanced gauge nodes connect to the A, Dynkin diagram (formed
by the balanced nodes) on its first node, there exists a chiral ring operator transforming as
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[1,0] x (+1) (plus conjugate) under the topological SU(3)" x U(1)". Thus, the Z5 centre can
be compensated by suitable embedding into the U(1)* factor.

To create a new mirror pair, we can gauge a Z, symmetry on both sides of the dual theories.
For example, we can gauge the topological Z; symmetry on ws. The mirror map, as shown in

(C.24), indicates that gauging the ZJ; symmetry leads to the following mirror pair

1 Zo 1
7/ "\ — N (2.41)
O—O—0—0
2 2 SU(2) 1 2 2 1

whose symmetry algebra is su(2) @ u(1) @ u(1). The Hilbert series (D.54) then suggests a

symmetry group of

SU(2) x U(1) x U(1)
Ly

G(LHS (2.41)) = G;(RHS (2.41)) = ~ J(2) x U(1), (2.42)
because the centre Z, acts trivial on one U(1) factor and with charge —1 on the other. This
can also be read off from the Coulomb branch quiver. As there is a U(2) node connected to the
balanced U(2) node, there exists a chiral ring operator transforming as [1],, x (+1) under the
associated SU(2)" x U(1)" topological symmetry factors. Therefore, the Z, centre symmetry
then gives rise to a U(2)" isometry factor. The other topological Cartan U(1)" is uncharged
under the Z, centre, as the gauge nodes are not connected to each other.

Gauging Zf] on a U(1) node. Analogous to Section 2.3, one can also gauge discrete sub-
groups of the topological symmetry associated to a U(1) gauge node. From the examples
considered, it is clear what the theory after gauge the Zé is: the same quiver as before, but all
hypermultiplets connected to the specific U(1) gauge node have now charge q. The question is
then, what the corresponding mirror theory is. This can be determined by utilising the mirror
map between the fugacities, as demonstrated in Appendix C.

2.5 T[SO(2N)] theories

In a similar vein to T[SU(N)], one can consider the self-mirror theory T[SO(2N)] [30], see
Figure 6. For quiver theories composed of alternating SO(n) and Sp(m) gauge nodes, only
the Z, factors of the SO(n) gauge nodes are the discrete parts of the topological symmetry
visible in the UV description. If we gauge any of these, we get a T[SO(2N)]-type quiver with
a single replacement SO(2k) — Spin(2k).® The corresponding mirror theory is obtained from
T[SO(2N)] by gauging a suitable Z, inside the flavour symmetry. This leads to a splitting of
the flavour node as indicated in Figure 6. Appendix D.5 provides examples and consistency
checks for T[SO(6)] and T[SO(8)].

Considering the theory T[SO(2N)]/Z; obtained from gauging Z), the quiver description
allows us to use the techniques of [6] to verify the 1-form symmetry and its interplay with
the flavour O-form symmetry. One finds the discrete groups summarised in Table 1 which
constitute the short exact sequence

0-rlse-527-50. (2.43)

As expected, the flavour O-form symmetry is always PSO(2N) since the flavour centre Z is
maximal. Moreover, only for T[SO(4N)]/Z}, with a Spin(4l + 2) gauge node does the 1-form

®This follows as gauging the Z, topological symmetry of an SO(2n) gauge group leads to an Spin(2k) gauge
group. Conversely [21,33], gauging the Z, 1-form symmetry in Spin(2k) recovers the SO(2k) theory.
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2N
mirror
—
@ o .. Y .. I
2 2

2k 2N-2
0-form: PSO(2N); x PSO(2N);

gauge Zy c PSO(2N),

2N
2N-2 2k 2 2

0-form: PSO(2N), x PSO(2N)y

gauge Zo c PSO(2N);

2N Zo
2N -2k
mirror
I ]
2 2 Spin(2k) 2N-2 2N-2 2k 2 2
0-form: PSO(2N); x P(O(2k) x O(2N - 2k)), 0-form: P(O(2k) x O(2N -2k))s x PSO(2N),

1-form: Zo 1-form: Zs,

Figure 6: Gauging of discrete O-form symmetries in T[SO(2N)] theories. Gauging
the Zj for an SO(2k) gauge leads to a Spin(2k) gauge group. Gauging the mirror

dual ZJ; is realised by splitting the fundamental flavours into two sets: one set is un-

charged and the other set is charged under 7 , indicated by an edge with multiplicity
k connected to a grey node.

symmetry and the flavour O-form symmetry form a non-trivial extension hinting to a 2-group
symmetry.

Following [21, 28], it is straightforward to illustrate the 1-form symmetry and 2-group
structure via line operators. For the Spin(2l) gauge group, a Wilson line W; in the spinor
representation cannot end on a local operator, because all half-hypermultiplets transform in
the vector representation. For [ even, the tensor product of the spinor with itself contains a
singlet; therefore, Ws2 is equivalent to the identity line without the need for any local operator.
The lines that cannot end generate the (Pontryagin dual of the) 1-form symmetry and there
is no 2-group structure. For [ odd, the tensor product of the spinor with itself contains the
vector. Now WS2 is equivalent to a flavour Wilson line because it can end on a local operator
build from the half-hypermultiplets. However, the vector representation is not an allowed
representation of PSO(2N), which means that the Z, 1-form symmetry forms a 2-group with
the flavour symmetry. This is consistent with Table 1.

On the other hand, in the theory T[SO(2N)]/ ZJZC obtained by gauging the ZJZC symmetry,
there are two distinct sets of flavour hypermultiplets, each forming half-hypermultiplets H
and h in the vector-vector representation of SO(2N—2k) x Sp(N—1) and SO(2k) x Sp(N—1),

Table 1: Interplay of 1-form symmetry and the flavour centre for T[SO(2N)]/Zs,

theories.
theory | rft £ Z
T[SO(4N)]/Z, with Spin(41) Ty Ty X Ty X Ly Ty X Ty
T[SO(4N + 2)]/Z} with Spin(4l) Z, Ty X Ty Z,
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respectively, i.e.

X ‘ ‘ N . (2.44)
on-2k BT o —@—@

2N-2 2 2

The only difference is that h is also charged under Z,. As in Sections 2.1.2 and 2.3, to study the
global form of the flavour symmetry of this theory, one can consider gauge-invariant operators.
Using the invariant Sp(N—1) anti-symmetric tensor J, the standard mesons-type invariants
are HJH and hJh, both of which then transform in the adjoint representation [0, 1,...,0]p
of s0(2N—2k) and so(2k), respectively. Likewise, one can consider hJH, which is Sp(N—1)
gauge invariant, but not Z, invariant due to the Z, charge of h. Hence, © = Sym?(hJH)
is indeed a gauge invariant operator transforming as [2,0,...,0]p ® [2,0,...,0]p . All
of these gauge-invariant Higgs branch operators have trivial charges under the so(2k) or
50(2N—2k) centre symmetries. This suggests that the global form of the flavour symmetry
is PSO(2k) x PSO(2N—2k).

2.6 Sp(k) SQCD and its orthosymplectic mirror

The lessons learnt can be readily applied to other orthosymplectic quivers, such as Sp(k) SQCD
with N fundamental hypermultiplets and its orthosymplectic mirror quiver [34]. Focusing on
N > 2k+1, the SQCD theory admits a manifest flavour symmetry, while there is no topological
symmetry for N > 2k + 1 and a U(1), symmetry for N = 2k + 1. Thus, it is quite natural to
consider gauging discrete subgroups of the flavour 0-form symmetry. Conversely, the mirror
orthosymplectic quiver does not have a continuous flavour symmetry for N > 2k; (i.e. no
mass parameter) and an SO(2); symmetry for N = 2k + 1 (i.e. one mass parameter). While
the topological symmetry is not manifest in the UV description, certain remnants are: each
SO(1) gauge group admits a manifest Z), symmetry.

aN 1 1
mirror
o ® .. ... ... ® o
2 2 2 2

2k 2k+1 2k+1 2k
2k N2k < Sp(h) moen
0-form: PSO(2N) ¢ x Hy 0-form: PSO(2N) x Hy
gauge Zz c PSO(2N); gauge Z, c PSO(2N),
2N -2¢ 1 1
mirror
—
7, ok 2 20-2 Spin(2¢) 2¢ 2k 2k 2
0-form: (SO(2¢) x SO(2N —2¢)) ; x H; 0-form: (SO(2¢) x SO(2N —2¢)); x Hy

1-form: Zso 1-form: Zo

Figure 7: Gauging of discrete O-form symmetries in Sp(k) SQCD with N fundamentals
and its linear orthosymplectic mirror quiver. Here, the isometry group H, is trivial
for N > 2k +1 and U(1) for N = 2k + 1. Again, the split into two sets of flavours can
made symmetric, as a global rotation can shift the ZJ; action onto either set.
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Therefore, one can gauge a Z, topological symmetry of a specific SO(£) gauge node and
inquire about the implications. It is straightforward to observe that this gauging modifies the
particular gauge group SO(£) — Spin(£), see for instance [26,35]. On the mirror side, one
gauges a Z, C SO(2N) flavour symmetry, which then leads to a split of the flavour symmetry.
This is summarised in Figure 7. Exemplary cases with explicit calculations are provided in
Appendix D.6.

The interplay of the discrete Z, 1-form symmetry with the continuous O-form symmetry
is simple here. Consider the linear orthosymplectic mirror quiver. For N > 2k + 1, there is
no continuous O-form flavour symmetry that could mix with the 1-form symmetry Z,. For
N = 2k + 1, there exists an enhance U(1) O-form symmetry, but the 1-form and O-form sym-
metry are simply a product of each other.

2.7 Sp(k) SQCD and its unitary D-type mirror quiver

It is well-known that Sp(k) SQCD with N fundamental flavours admits a second mirror de-
scription [36], based on a Dy-type Dynkin quiver:

2N
I - O—O0—: ﬂ—f—% %< (2.45)

2k

N -2k - 1nodes

This mirror pair has the advantage that the PSO(2N) global symmetry is manifest as Higgs
branch isometry in the SQCD theory and as Coulomb branch isometry in the D-type Dynkin
quiver. It is, hence, natural to study gaugings of discrete Z, symmetries in this manifest 0-form
symmetry.

Starting with the Dynkin quiver, there are two distinct choices: Firstly, gauging a Z; on a
U(1) node which satisfies 2 < [ < 2k, one obtains’

O— —O0—O0—0— ﬂ—i—% %{ (2.46)

-1 SU() I+l

N - 2k — 1 nodes

which has a Z; 1-form symmetry and the Coulomb branch isometry algebra is
su(l) ® u(1), ® so(N —1). For the global form, one can study the action of the centre sym-
metries of the non-abelian factors. One finds

U(1)q x Spin(2N —2I)
ZD}\H ’

G,(2.46) =PSU(1) x (2.47)
where the Z;, =~ charges of Q are given by the charges of the congruence class of the j-th
fundamental representation [0, ...,0,1,0,...,0], with j = 2k—I, see Appendix A.3 for details.
For explicit examples including Hilbert series computations see Appendix D.7.

"The cases | = 1,2 are addressed separately below.
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Alternatively, gauging a Z; on a U(l) node which satisfies [ > 2k, one obtains

1
ﬂ—L '
O— - e —O—0O0—0O— - (2.48)
1 2k-1 2k 2k
k

2k SU(2k) 2k

! — 2k nodes

and the Coulomb branch isometry algebra is the same as in (2.46). However, the “extra” U(1)
node is now attached to the balanced A-type Dynkin diagram such that the global form is given
by

PSU(1) x U(1)q

G.(2.48) = — x PSO(2N —21), (2.49)
l

where Q carries Z; charge 2k mod [, i.e. the charges of the congruence class of the 2k-th
fundamental representation, see Appendix A.3. Explicit examples for this discrete gauging are
given in Appendix D.7.

Global form via the mirror. Analogous to the discussion in Sections 2.1.2, 2.3, and 2.5,
one can confirm this global symmetry via the Higgs branch of the mirror theory. The starting
point is the mirror map (C.27) between the flavour fugacities of Sp(k) SQCD and its unitary
D-type Dynkin quiver, see Appendix C.1. This allows us to identify which flavour fugacities
are involved in the discrete Zlf gauging on the SQCD side.

* [ < 2k: The familiar argument then proceeds by splitting the fundamental flavours into
two distinct groups: the first [ fundamental flavours are grouped as X, transforming
as ¢ ZQ_%[l,O, ...,0] A and the remaining N —[ fundamental flavours, transforming as
[1,0,...,0]p, - Building a gauge invariant Higgs branch operator proceeds in two steps:
firstly, using the Sp(k) invariant tensors J on constructs operators of the form XJX,
which transform as {; under the discrete symmetry. Secondly, Z,; invariance is achieved
via O = Syml(XJX), which transforms as Q7![1,0,. .,0]y_, ®[L,0,...,0]p, ,- The Z
centre surely acts trivial on [[,0,...,0],_, while the centre charges of [[,0,...,0]p, ,
are (0, mod 2) if N —1[ is even or (2l mod 4) if N — [ is odd. Thus, the non-trivial
transformations under the centres can be compensated if Q transforms as follows:

N —[=even Z; X Zy % Zo charges of Q:  (0,0,1 mod 2), (2.50a)

N —1=odd Z; X Z4 charges of Q: (0,2l mod 4), (2.50b)
which confirms (2.47). To see this, recall from Appendix A.3 that the congruence class
of the j-th fundamental representation of Dy_; with j = 2k —[ is (0,1 mod 2) for N —1
even and 2[ mod 4 for N —1[ odd.

* [ > 2k: The argument is slightly modified: the first set X of flavours transforms as
Csz_ﬁ [1,0,...,0]4,_,, while the second set X transforms as [1,0, ..., 0lp,_,- The Higgs
branch operator © = Sym?*(XJX) transforms as Q'[2k, 0, ..., 0l4,_,®[2K,0,...,0]p, ,,
which has trivial D-type centre charges. To see this, for N —1[ even, the Z, x Z, charges
are (0, 2k mod 2) = (0,0); while for N —[ odd, the Z, charge is 2 - 2k mod 4 = 0. Thus,
to compensate potential irreps that are non-trivial under Z,;, one requires that Q has
the following charges:

N —1 =even Z; x Zy x Z charges of Q:  (2kmod [,0,0), (2.51a)
N —1=odd Z; X Z4 charges of Q:  (2k mod [,0), (2.51b)

which then confirms (2.49).
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Two special cases. In the [ = 2 case of (2.47), a symmetry enhancement is observed in
the explicit computations (D.71) and (D.86). These show that there is not only the ex-
pected su(2)', but the topological Cartan symmetry of the “new” U(1) gauge node is also
enhanced to a non-abelian su(2)‘. These two su(2)" symmetries can both be interpreted as
PSO(4)! = PSO(3)" x PSO(3)".

As in previous sections, one can also gauge a discrete Zé along the topological fugacity w,
associated to the first U(1) gauge node. The D-type Dynkin quiver is modified in the by now
familiar way: the bifundamental of U(1) x U(2) turns into a hypermultiplet that transforms as
fundamental under U(2) but is of U(1) charge g. In the mirror theory, the Zé acts on a single
fundamental flavour, as dictated by the mirror map (C.27). In summary, the mirror pair with
Z4 1-form symmetry is

IN-2 1
k
— oYo—...— 0O l O— - (2.52)
1 2 2k—1 2k 2k 2k
2% 7, ' -

N -2k -1 nodes

and the global Higgs / Coulomb branch isometry is

G U(1)q x Spin(2N —2)
ZDN—l

0,gmod2), N =even,
, Zp,_, charges of Q {( 1 ) (2.53)

2q mod 4, N = odd,

where Q is the topological fugacity of the left-most U(1) gauge node.

2.8 Examples of non-simply laced unitary quivers and their mirrors

The last class of quiver theories considered here are non-simply laced unitary quivers,® whose
monopole formula has been proposed in [39]. Consider the following example

My Mo M3 My
E T T E (.59
N \ I+

Ny No N3

with nodes U(N; ,) on the “short” side and U(Nj 4) on the “long” side; wherein the naming is
borrowed from Dynkin diagrams. The multiplicity of the non-simply laced edge is denoted by
k. Even though these quiver theories are non-Lagrangian (hence superconformal index and
Higgs branch Hilbert series are not computable by the standard methods), we can still study
their Coulomb branch using Hilbert series techniques. This allows us to investigate the effects
of gauging a discrete Zfl symmetry.

Gauging at the long side. To begin with, attempt to gauge a discrete ZI{]3 topological sym-
metry associated to the U(N3) node at the long side, with N3 > 1. As a first step, one rewrites
(2.54) by expressing U(N3) = (SU(N3) x U(1))/Zy,. By analogous arguments as in Appendix

8See, for example, [37,38] for the appearance of such quiver theories via branes and ON planes.
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B, one arrives at

/Zy,,  with (m;,my,1,my,h) €T, (2.55)
Ny N2 SU(N3) Na
| ™ mo Y4 my4
N3;—1
Fim [ (za50)" x (24 52) (24 2)" 7 x (24 )" < (24 2),
a=0

and the Coulomb branch moduli space is the same as that of (2.54). The green edges transform
in the fundamental representation of U(N; ,) and with charge x under the U(1). Next, the Zy,
symmetry is gauged. One obtains the following quiver description:

hl

M My

Moff e \Ms with (m,,m,,l,my,h) €T, (2.56)
N /
N Ny SU(N3) Ny

mq mo VA my
Ny—1
[:= U ZN x ZN2 x 7N 7N x 7,
a=0

where I' is again short-hand for the integer magnetic lattice. This theory exhibits a Zy, 1-form
symmetry, by construction.

Gauging at the short side. Now, consider gauging a ZItVz on the topological fugacity as-
sociated to the U(N,) gauge node, with N, > 1. Again, the first step is to simply rewrite
U(N,) = (SU(N,) x U(1))/Zy,. By adopting the arguments of Appendix B, one finds

hl

M My

MY M3 /ZN2 with (ml,l, ms, m4,h) G/].—‘\, (2.57)
N \_/
N1 SU(N2) N3 Ny

mi £ ms3 my

NZO: (48)" x (2 )" (2o i) x (2 ts) " (24 585).

whose Coulomb branch coincides with that of (2.54). Moreover, the edges highlighted in
green transform in the fundamental representation of U(N; ;) and with charge x under the
U(1) node. As a next step, gauging the Zy, results in the following theory:

T

with (mq,l,mg,my,h) €T, (2.58)
N1 SU(N2) N3 Ny
my Y4 m3 my
k—1
r=J@Z+aMx@+a)* ' x(z+9)" x(z2+2)" x(2+92),
a=0
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where T is a short-hand notation for several shifted copies of the standard integer lattice of
the magnetic charges.

Comment. One could also gauge a discrete Zé along the topological Cartan U(1) of a U(1)
gauge node. In this case, the connected hypermultiplets are modified to have charge q under
the U(1), but no other changes to the quiver occur.

2.8.1 C-type quivers

A representative example is the mirror pair of O(2k) SQCD with N hypermultiplets in the
vector representation and its C-type Dynkin mirror quiver

1

2N
I - O—%j—%ﬂ#@ (2.59)

1 2 2k 2k 2k 2k
O(2k) ~
N gauge nodes

which can be realised by a systems of D3-D5-NS5 branes with O5 and ON planes, respectively.
The logic is the same as before: Choose a Zfl in the C-type Dynkin quiver, by selecting a
gauge node and its associated topological fugacity. Using the mirror map (C.33) for (2.59)
one identifies how the Z{; acts on the vectors. For concreteness, consider examples for k = 1
and N =4:

Example: gauging on the long side. Gauging a Zj on the fourth node yields the mirror pair
(i.e. using (C.33) with discrete variable on w,)

Lo 1
Ig —> EQ (2.60)
0(2) 1 2 2 SsuU(2)

where the ‘new’ U(1) node is connected with a hypermultiplet of charge 2. The global symme-
try algebra is su(4) ® u(1), as read off from the balanced set of nodes. Explicit Hilbert series
(D.105) show that the global form is

G (LHS (2.60)) = G,(RHS (2.60)) = PSU(4) x U(1),, (2.61)

because the Z, centre acts trivial on all appearing representations.

Example: gauging on the short side. Gauging a Z}, on the third gauge node results in the
new mirror pair (i.e. using (C.33) with discrete variable on w3)

2 Z2 1
v — Ez (2.62)

0(2) 1 2 SU@Q) 2
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the global symmetry algebra is su(3) @ u(1) ® sp(1), as suggested by the balanced nodes in
the unitary quiver. Recalling the maximal subalgebra su(3) @ u(1) C sp(3), an analysis of the
Hilbert series then suggests that the global form is

G(LHS (2.62)) = G,(RHS (2.62)) = PSp(3) x PSp(1). (2.63)

See (D.109) for explicit computations.

Example: gauging on the short side. Gauging a Z} on the second gauge node results in
the new mirror pair (i.e. using (C.33) with discrete variable on w,)

4 Za !
\/ — EQ (2.64)

0(2) 1 su@) 2 2

and the balanced set of nodes suggests the symmetry algebra su(2) @ u(1) @ sp(2). A Hilbert
series computation (D.113) then indicates the following symmetry group

G(LHS (2.64)) = G,(RHS (2.64)) = PSp(2) x PSp(2). (2.65)

This suggests that the su(2) ® u(1) realise a maximal subalgebra in one sp(2) factor.

2.8.2 B-type quivers

Alternatively, we could consider an Sp(k) gauge theory with SO(2n + 1) flavour symmetry.
However, to prevent a parity anomaly, we would need to include a suitable Chern-Simons
term. The Higgs branch, which is not affected by Chern-Simons levels, is known to be the
closure of a B-type nilpotent orbit. Therefore, a natural mirror theory would be a B-type
Dynkin quiver, for which analogous arguments apply as above.

2.8.3 A comment on F, Coulomb branch quivers

The reasoning can be also applied to other non-simply laced Coulomb branch quivers, even
if there may not exist a known mirror. Such an example is the F, Coulomb branch quiver
of [40]. Table 2 summarises the resulting theories after a suitable Z. is gauged, following the
prescriptions (2.58) and (2.56).

Here, a few remarks in comparison to the “ungauging scheme” of [41] are in order. The
ungauging scheme involves removing a U(1) factor from a selected U(n) gauge group, which
in the context of the monopole formula means setting one of the magnetic charges to zero. For
simply-laced quivers, this procedure leads to the same consequence as replacing a U(n) gauge
group with an SU(n) and quotienting out a diagonal Z,.

However, the ungauging scheme becomes problematic when applied to a node on the short
side of non-simply laced quivers. If the short node is a U(1) gauge group, then the ungauging
simply converts it into a flavour group. In [41], the ungauging of the short U(1) node in the
F, quiver leads to a Coulomb branch that is the next-to-next-to minimal nilpotent orbit closure
of 50(9). In contrast, if the short node is non-abelian, such as the U(2) node in the F, quiver,
the resulting moduli space cannot be identified with any known space and the procedure has
been argued to be “invalid” in [41].

On the other hand, by replacing the short U(2) node with an SU(2) and following the
prescriptions in (2.58) and (2.56), one is able to obtain consistent results, as shown in the
fourth row of Table 2. The resulting Coulomb branch is the next-to-next-to minimal nilpotent
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Table 2: The F,; Coulomb branch quiver and its Z, gaugings. The first row is the
standard F, quiver proposed in [40]. Rows 2 - 4 display different choices of gauging
a Zy, of a U(N) node in the Coulomb branch quiver for the minimal nilpotent orbit
closure of F,. The gaugings on the “long” side produce global symmetries given
by the balanced set of nodes. For the gauging on the “short” side, the global s0(9)
symmetry is only visible via the subalgebra su(4) ® su(2). Rows 5 - 7 display the
effects of gauging a Zf] inside the topological Cartan factor of the U(1) gauge node.
For g = 2, the symmetry algebra is enhance from sp(3) x u(1) to sp(4); while for
q > 2, the algebra is simply sp(3) x u(1). In the Hilbert series expressions, y and ¢
are characters for the non-abelian symmetry factors and Q is a U(1) fugacity.

quiver | symmetry | Coulomb branch Hilbert series
1
F, 1+ %1000t + X2000t> + X3000t> +- .-
=1+52t +1053t? + 1237613 +...
2 3 2 1
1
1T+ t(x2,00+ ¢2) + 2(1+ X400+ 2020 + 22,0092
Ay X C3 + X00202 T )+ ...
=1+424t+537t2+...
Su@2) 3 2 1
1
T+ t(x1+ ¢11) + A+ x11 + Yoo + X11911
Ay X Ay + 222011+ PaotPr1)+ ..
=1+16t+351t2+...
2 su@ 2 1
1 1+ t(xa+ 220010+ P101) + 21+ 24+ x20200
A;xA, CB, | T $0,1,0 + X29P0,1,0 T 490,10 T Po20 + X4%020
+¢1,01120201,01FX2P1,1,1F X2P002H P2 2) -
5 3 su@ 1 =1436t+621t%+...
1 1+f(QX1,0,0+X1(’20’0 +Xo,1,0+1)+f2(Q2X2,0,0+%
X002 , X100 , X1,
Cyx U, cCy | T Q0021 QX100+ QX110+ ot g
2 + 20,02 T 2%01,0 t X020t X200+ 1 +...
2 3 2 1 =1+36t+621t%+...
1 X
1+t(xo1,0+1)+t%(Qx1.01 +585 + X002+ 20,10
) C3 X Ul + 10’2’0 + Xz’o’o + 1) +...
i—m% =1+22t+369t> +...
2 3 2 1
1
1+t(xo,1,0+ D+ fz(QX2,0,0+%4'%0,0,2‘*2%0,1,0
Csx Uy + X020+ X200+ 1)+
O—C 24 : =1+422t+327t>+...

orbit closure of s0(9) as well.” It is to be noted, that if one uses the prescriptions (2.57) and

(2.55), then one recovers the original minimal nilpotent orbit closure of F,.

°In general, for non-simply laced quivers, the prescriptions (2.58) do not always provide the same Coulomb

branch for all the short nodes.
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2.9 Magnetic quivers and gauging discrete topological symmetries

Suppose that one is given an unframed unitary magnetic quiver 7 with only simply-laced edges
(i.e. bifundamental hypermultiplets between the unitary gauge nodes). To evaluate the Hilbert
series or the index, it is necessary to remove an overall U(1) gauge group factor. In [31], it was
emphasised that choosing this U(1) from a U(k) gauge node leads to an SU(k) gauge node,
but the magnetic lattice T is extended to include shifted versions of the form Ui:g (I‘ + i)
This situation can also be understood from a complementary perspective.

Given an unframed unitary magnetic quiver, pick a U(k) gauge node and rewrite it as
Uk) = %ﬁum, with fluxes (I, h) € Ui:g ((Z + i)k_l , (Z + i)) The aim is to remove this
U(1) factor. As demonstrated in Appendix B, this rewriting shifts all other magnetic fluxes m
by the flux h associated to the U(1); as a result, all magnetic fluxes receive the shifts ' + i
simultaneously. Now, removing this U(1) means treating it as a background vector multiplet.
Nevertheless, all remaining magnetic fluxes are still subject to the shifts " + i Hence, the
Coulomb branch Hilbert series, as well as the index for 7, have the form

Fr= Z f(1,m), (2.66)

am)elJ o r+h)

which is message conveyed in [31].
It turns out that one can refine F+ by introducing a Z;-valued fugacity z as follows: the

U(1), topological symmetry of the U(k) node appears in both the monopole formula and the in-
k

kz“zl a Upon rewriting into magnetic fluxes (1, h) for (SU(k) x U(1))/

Zy, this becomes w’,i'h. Since h € Ui.:(}(Z + i), one has w’;'"“ forh=n+ i e (Z+ i) and

some n € Z. This means that one can introduce a discrete fugacity z to keep track of the Z;

centre symmetry, setting wj — z such that wi'”“ = g'. This fugacity remains even if the U(1)

is taken to be non-dynamical. One ends up with

dex through the factor w

k=1

Fr@)=>2 > flm). (2.67)

=0 (Lm)e(T+i)

It is now clear what happens if this discrete Zf{ topological symmetry is gauged: the entire
range of the summation collapses to the i = 0 sector, i.e., the integer lattice

k—1

Frig =1 2 Fre=@))= 3 ftm). (2.68)

i=0 (I,m)er

Consequently, the quiver theory, in which U(k) is replaced by an SU(k) and the magnetic lat-
tice is simply the integer lattice, is obtained from the unframed unitary quiver 7 by gauging
a discrete Z;{ topological symmetry. This Z; distinguishes between %ﬁUU) = U(k) and
SU(k) x U(1). Additionally, the gauging of the Z; symmetry has introduced a Z; 1-form sym-
metry into 7 /Z;.

2.10 Examples from 5d magnetic quivers

One can demonstrate gauging discrete subgroups of the topological symmetry on known mag-
netic quivers.'? It is most suitable to choose quivers whose Coulomb branches have a known
Higgs branch realisation.

10See also [42-47] for magnetic quivers of theories with 1-form symmetries.
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Es quiver. The infinite coupling magnetic quiver for 5d Sp(1) SQCD with 4 flavours realises

~Es ~ ADs
Omin = Omin’

which is also the Higgs branch of Sp(1) with 5 flavours. Thus, one arrives at [48]

1 10
T /7, —> I (2.69)
O o0
2 2 4 2 2 2

It is worth recalling that the magnetic lattice for the left-hand side quiver has the form FU(F+%)
with T’ being the standard GNO integer lattice, as can be found in [31] and also see [45, 48—
55] for examples with orthosymplectic quivers. The corresponding discrete Z5 topological
symmetry of the magnetic quiver can be gauged in the same vein as before. On the level
of the magnetic quiver, this just reduces the relevant magnetic lattice to the integer lattice T'.
Equivalently, one can gauge a ZJZC on the Sp(2) SQCD side, which then gives rise to the following
pair of theories

1 8
T —> (2.70)
oo oo I—o
2 2 4 2 2 2 Zo

and it is straightforward to verify that the Coulomb / Higgs branch Hilbert series reproduce
the results of [31, Tab. 9]. The global form of the 0-form symmetry is PSO(8) x U(1).

E, quiver. Similarly, the infinite coupling magnetic quiver for 5d Sp(1) SQCD with 3 flavours

. “~E4 A4 . . .
realises O_. = O . via its Coulomb branch. Of course, this moduli space admits a known
Higgs branch realisation and one arrives at

1 /Zs —> i] (2.71)

1

The magnetic lattice for the magnetic quiver is of the form I' U (T + %), so the associated Z)

symmetry can be gauged. The question then becomes what ZJ; symmetry is realised on the
SQED side. Through explicit calculations, one verifies that

1
5 4
1 —s (2.72)
1 Zy
2 2 2

reproduces the known Hilbert series [31, Tab. 10]. The isometry group in this case is
SO(6) x U(1).
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Folded E4 quiver. The infinite coupling magnetic quiver for 5d Sp(1) SQCD with 5 flavours
admits a Z, outer automorphism. Folding the corresponding magnetic quiver leads to
—F, —D.
Oméin - Omsin on the Coulomb branch [53]. Since there is a known Higgs branch realisation

for D-type minimal nilpotent orbit closures, one arrives at

[ o000 @ }/z2 — I 2.73)

where again the left-hand side quiver has a magnetic lattice of the form I' U (T + %). Gauging
this Zj has a by now clear consequence on the magnetic quiver, as the GNO lattice is reduced

to the integer lattice. On the Sp(1) SQCD side, the corresponding Zé is realised as follows:

Za

O——0 0 0 — ﬂ (2.74)

2

and one straightforwardly verifies the agreement of the Coulomb branch / Higgs branch Hilbert
series, which is given by
HS = 1+ 25t + 400t + 3864t> + 26600t* + 141672¢t> + 621480t° + 2337280t”  (2.75)
+7763283t% +23265515t” + 63954800t 1% + O (¢1)

and the global symmetry group is PSU(5) x U(1).

3 Discussion and conclusions

In this paper, mirror pairs with non-trivial 1-form symmetry have been studied. Starting from

known mirror pairs with trivial 1-form symmetry, gauging of discrete Z, subgroups of the

0-form symmetry allowed us to construct new mirror pairs with non-trivial 1-form symmetry.
The main results are as follows:

1. It has been shown that theories 7/ Z;, obtained by gauging a discrete subgroup Zfl of the
topological symmetry, may admit quiver descriptions if the discrete subgroup is suitably
chosen.

v
2. The mirror theories (T/ Zé) can be constructed using 7/ /) , but the precise choice of

Zg in the flavour symmetry of 7" can be subtle. This paper provides a simple algorithm
for specifying Zé.

3. The global form of the O-form symmetries of (7 /Z:, T/ Zf;) have been derived using
both field theory methods and monopole operators (via the balanced set of nodes), and
the resulting symmetry groups have been verified through explicit Hilbert series compu-
tations.

4. The interplay between continuous 0-form and discrete 1-form symmetries has been stud-
ied using established field theory techniques and the equivalence classes of lines.
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5. On the technical side, the gauging of discrete subgroups of the topological symmetry
on non-simply laced quivers has been proposed and tested on both long and short-side
gauge nodes.

A comment on the moduli spaces. The maximal branches of the moduli space of vacua in
a theory T are the Coulomb branch C(7") and the Higgs branch H(7). These are symplectic
singularities that can be resolved when the theory 7 is given either an FI parameter (for the
Higgs branch) or a mass parameter (for the Coulomb branch). For instance, consider SQED
with N hypermultiplets of charge 1. This theory admits N —1 mass parameters that resolve the
C?/Zy Coulomb branch, and a single FI parameter that resolves the Higgs branch, specifically

the minimal nilpotent orbit closure 5111(: ). If we gauge a Zf] 0-form symmetry in this theory,
the resulting SQED with charge g hypers has the same Higgs branch, but the Coulomb branch
is modified to be C2/ Zy.q- However, there are no additional mass parameters in the theory,
which means that the singularity cannot be fully resolved even though a symplectic resolution
exists.

More generally, one can perform a simple test'! via Hilbert series that shows

HSC(T/Zt)(t)
t. 9 Y 1
T/Zy: lim,y HSo(@ — 4

T — or (31)

HS t
T2, (©

oo
T/Zq : hmt_,] W

=1
=1
and the presence of a % fraction in the expression suggests (at least locally) that the Coulomb
branch C(’T/Zfl) is a Z, orbifold of C(T), and a similar relationship holds for the Higgs

branches H(7/ Z{; ) and H(7). Again, no additional deformation parameter appears.

In contrast, consider 7 to be U(2) SQCD with 4 fundamental flavours. The maximal
branches are H(T) = 5?;&;‘) and C(T) = Sga2y) N Nyy4), i.e. the Slodowy slice to the su(4)

nilpotent orbit defined by partition (22). There are 3 masses resolving the Coulomb branch
and 1 FI term resolving the Higgs branch. If we gauge the topological U(1), symmetry in this

theory, the resulting theory is SU(2) SQCD with 4 fundamental flavours. Then, the Coulomb

branch of this theory is C(7/U(1),) = C2/D, while the Higgs branch is H(7/U(1),) = 5;(:).

In this case, the Coulomb branch can be resolved by the 3 + 1 mass parameters, while the
minimal orbit closure of s0(8) does not admit a symplectic resolution, which is consistent with
the absence of an FI parameter in this theory. These symplectic resolutions can also be studied
via Hilbert series techniques, see for instance [57,58].

Generalisations and open questions. In this work, a single Z, factor of the 0-form sym-
metry has been gauged. One straightforward generalisation is to consider orthosymplectic
quivers and gauge several Zj topological symmetry factors associated to SO(n;) nodes. The
resulting theory is simply obtained by replacing the relevant SO(n;) — Spin(n;) and the 1-
form symmetry is the product group [ [,(Z5);. Similarly, one could also entertain the thought
of gauging several Z, inside distinct topological Cartan factors of, say, T[SU(N)]. It is a priori
not clear if a simple quiver description exists.

Another possibility is to gauge a discrete Z; group embedded into several topological Car-
tan U(1) factors of a Coulomb branch unitary quiver. Inspecting the mirror maps for a fully
balanced linear quiver (C.7) or (C.15), one observes that the effect on the mirror Higgs branch

UEollowing [56], the volume of the Sasakian base S of H or C is evaluated via Vol(S) = lim,_,, (1 — t)?HS(t),
where d = dimq(H or C).
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quiver is as follows: the set of fundamental flavours splits into several sets, with each subset

being acted upon by Zﬁ; in a distinct fashion. One might hope to find a simple quiver descrip-
tion on the Coulomb branch side, but this is only possible for very specific g values, similar to
the choices in this paper. For instance, gauging a Zfl in two adjacent node U(k) and U(k + 1)
in a T[SU(N)] theory, one can expect a quiver-type description with an SU(k), SU(k + 1) node
and two “new” U(1),, gauge factors for ¢ = k - (k + 1). While one U(1); factor behaves
similarly to the discussion in this paper, the second U(1), factor is expected to lead to trifun-
damental hypermultiplets for U(k — 1) x SU(k) x U(1), U(k +2) x SU(k + 1) x U(1),, and
SU(k) x SU(k + 1) x U(1),. A systematic analysis of these cases is left for future work.

Another aspect of 3d mirror symmetry is the exchange of Wilson and vortex line de-
fects [29, 45,59-61]. Given the central role of line defects in understanding 1-form and 2-
group symmetries, it would be interesting to systematically analyse the exchange of Wilson
and vortex lines under mirror symmetry for the theories with 1-form symmetry.

Acknowledgments

We would like to thank Fabio Apruzzi, Lakshya Bhardwaj, Mathew Bullimore, Andrea Ferrari,
Heeyeon Kim, Noppadol Mekareeya, Matteo Sacchi, and Sakura Schifer-Nameki for discus-
sions. M.S. is grateful to Ryo Suzuki for use of his computing facilities. M.S. is also grateful to
Rudolph Kalveks for invaluable help with Mathematica.

Funding information The research of S.N. is supported by the National Science Foundation
of China under Grant No. 12050410234 and Shanghai Foreign Expert grant No. 22WZ2502100.
The research of Z.Z. is supported by the ERC Consolidator Grant # 864828 “Algebraic Foun-
dations of Supersymmetric Quantum Field Theory” (SCFTAIg).

A Notations and conventions

A quiver diagram, composed of nodes and edges, encodes a 3d N = 4 theory as follows:

* Gauge nodes () denote dynamical vector multiplets, while flavour nodes 0 denote back-
ground vector multiplets. The notations are summarised in Table 3a.

* An edge between two nodes corresponds to a hypermultiplet H = (X, Y "), with X, Y two
N = 2 chiral multiplets. The notation is summarised in Table 3b.

* An exception are so-called non-simply laced edges in a quiver theory. Between unitary
gauge node, such an edge has been proposed purely on the level of the conformal di-
mension of the monopole formula [39]

k
p 1<
9#(]3 “—> EZZ|m1’i—K-m2’j|, (Al)

i=1j=1

and it is to stress that this does not correspond to a representation of the gauge groups.
For the special case of U(n = 1), such a non-simply laced edge is effectively the same as
a U(1) gauge group with a charge x hypermultiplet.

Between orthosymplectic nodes, the conformal dimension has been proposed in [53]

<o — 1 Z Z lo(m)—x - A(n)|, (A.2)

2:-2
" 2k p€l1,0,...,0]5p A€[1,0,...,0]c
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Table 3: Notation for nodes and links in the quiver diagrams.

edge hyper
Oo—=O0 bifundamental n ® k
node vector " k
Cn O bifundamental n ® [0,...,0,1],

O U(Tl) SU(k)

" half-hyper [1,0,...,0]p/5 ®[1,0,...,0]
FREPSI o S RO

.. ® half-hyper in vector x vector

@ SO(TI) Spin(n) 2k

n N

e . O=0 N copies of bifundamental

®  Spin(n) T
Spin(n) N

2. Sp(n) (n)EZ. N copies of fundamental

n q

Z.q Z, W fundamental of U(n) but charge Q of U(1)

(@) (b)

with m, n the magnetic fluxes which are evaluated on the weights p, A, respectively.

A.1 Hilbert series
A.1.1 Monopole formula

The Hilbert series for the 3d A/ = 4 Coulomb branch is known as the monopole formula [26].
Schematically, the Hilbert series is computed as a sum over magnetic fluxes m valued in the
GNO lattice T of the gauge group G.

HS, = Z P(t, m)w™¢Am) (A.3)
mel'/W

and W denotes the Weyl group of G. A bare monopole operator is characterised by the flux
m as well as its conformal dimension A(m), which coincides with the third component of the
SU(2)g spin. The factors P(t,m) dress a bare monopole operator by gauge invariants formed
by the adjoint chiral multiplet of the residual gauge group H,,). Lastly, w denotes the fugacity
of the topological symmetry, assuming that G contains U(1) factors.

A.1.2 Higgs branch Hilbert series

The Higgs branch Hilbert series [23-25] for the 3d N/ = 4 quiver gauge theory relevant here
is schematically obtained by a Molien-Weyl integral of the form

PE[ % t]
G PE[XR “XF L2 ]

where the numerator contains the character ngj of the adjoint representation of the gauge
group, while the denominator contains all matter fields characterised by their representations
R under the gauge group G and the representations . under the flavour symmetry F.
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A.1.3 Gauging a discrete 0-form symmetry.

Suppose one is given a generating function H(z|t) which is a power series in t with coefficients
that are Laurent polynomials in a U(1) fugacity z. Next, embed a Z, < U(1) via ({,)P =e &

with p =0,1,...,q — 1. Gauging this discrete Z; 0-form symmetry is realised in terms of the
generating function via a discrete Molien-Weyl sum

185 1
EZH((Cq)p'yalt)’ (A.5)

p=0

where y is the fugacity for the residual U(1)/Z, = U(1) symmetry.

A.2 Superconformal index

The 3d superconformal index can be computed as partition function on S? x S via localisation
techniques, see [62-68] for details. Schematically, one arrives at

rk(G) d
o T fvee * Imateer A6
Z lW l }5 TKG) 2ms cl " fvec * ‘matter ( )

where s denotes the gauge fugacities, which are valued in a maximal torus of the gauge group
G. The magnetic fluxes m take values in the GNO-lattice of G. A flux m breaks G to the residual
gauge group H,, (the stabiliser subgroup of m inside G) with Weyl group Wy = W,. The
integration contour is chosen to be the unit circle T for each s;. The integrand is composed of
classical contributions and the 1-loop determinants of the supermulitpelts. For concreteness,
the G = U(N) case is reviewed:

The classical contribution is given by

19w, m;n) = 1_[(s Y wEemi e, A7)

a=1

with w the fugacity of the topological U(1), symmetry.
The N = 2 multiplets have the following 1-loop determinants:

* 3d N = 2 Chiral multiplet of R-charge r coupled with unit charge to a gauge field:

Im| 22 1— (_1)mz—1xlm|+2—r+2j
r — 1-r_—1\2
Ichi(z’ m| X) - (X z ) U 1— (_1)mzx|m|+r+2j (A.8)

M(( 1)mZ x|m|+2 r. xz)

((_1)mzx|m|+r; xz)oo

oo
J

(lr—l)

with a U(1) holonomy z around S! and the Z-valued magnetic flux m on S2. Here, the
definition (2; q)oo = ]_[;:0(1 —zq’) has been used.

* 3d N = 4 Hypermultiplet transforming as bifundamental of U(N) x U(M)

N
JUN)xUM) _
Lo (81,mq; 89, My x) = lj!l_llchl (51 asz by M1q — Mol x) (A.9)

1
2 -1
’ Ichi (sl,a‘sZ,b’ Mmyp— ml,a| X) 5
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Table 4: Centre symmetries of classical Lie algebras.

algebra centre 2 congruence
A, /e S k-mgmodr+1
B. Zs n, mod 2
=1
o Ly Z]’io Nyj+1 mod 2
n,_1+n, mod2
D.,reven ZyXZ =4 _
’ 2 Zsjio Myjeq + =2n,_, +%n, mod 2
D,,rodd Z, Z]Zo 2nyj41 + (r—2)n,_; + rn,. mod 4

* 3d N = 2 vector multiplet for a U(N) gauge group:

IU(N)(S, ml X) — l_[ X—Ima—mbl (1 _ (_1)ma—mbsas;1x|ma—mb|) (A.10)

vec
a<b

. (1 — (_1)ma_mb5‘;15bx|ma_mb|) .

* 3d N = 4 vector multiplet has the same 1-loop determinant as the A" = 2 vector multi-
plet, because the contribution of the adjoint-valued chiral multiplet is trivial.

A.3 Centre symmetries of classical Lie algebras

Following [69, 70], a representation labelled by Dynkin labels [n;,...,n,] lies in a specific
congruence class of the centre, as detailed in Table 4.

B Discrete gauging of T[SU(N)]

In this appendix, the monopole formula and the superconformal index are used to determine
the theories obtained by gauging a discrete subgroup of the topological symmetry. Before
proceeding with the details, the logic of the argument is summarised.

Start from a given theory 7 and consider a function F(w,...), like a Hilbert series or index,
depending on topological symmetry fugacities w and possibly other variables.

(i) Pick a gauge node U(k) with topological fugacity w and introduce a Z,-valued variable
fqviaw = (- f(w,...), where f is some function of the fugacities. For a U(k), the

k
topological fugacity enters via wi=1™i | with m; the magnetic fluxes.

(i) Gauging Z, on the level of F(w,...) is realised by

0

p

k
and to perform the Z, average, one rewrites wi-1Mi = Wkt where h is U(1) magnetic
flux (for normalisation and sign, see below).

(iii) This suggests to rewrite U(k) = %ﬁml) where Z;. acts via (diag(y,.--,Cx), @';1) on

SU(k) x U(1). Denote the SU(k) fluxes as I € Z*~1. For SU(k) x U(1) the magnetic fluxes
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take value in (€,h) € Z*; however, the additional Z, quotient enlarges the magnetic
lattice [31]

SU(k) x U(1 1 i\
U(k) = M, with  (¢,h)el (Z+ i) . (B.2)
7y har k
(iv) After a change of variables (see below), the Zq gauging reduces to

183

F=2>1 > @t Fw,..), (B.3)
Th=0he )

using F = Zh F, schematically. Utilising

15 1, ql(k-h)
- p-(k-h) — 5 . 5 B.4
- pZ:O(cq) { o el (B.4)

W)

B.1

and restricting to ¢ = a - k with a € N, the summation range of h collapses from
Ui:g (Z + i) to a - Z. But this leads to the collapse of the summation range of all other
magnetic fluxes onto the integers too.

Lastly, one obtains an expression of F written as a sum over integer-valued magnetic
fluxes. One can then read off a Lagrangian description for the theory 7/Z,.

Gauging discrete subgroup of topological symmetry

Consider the T[SU(N)] quiver

m {ma ;} {mr_1,5} {m ;} {mps1,5} {"'LN—I,J‘}

wi wa W1 wy W1 UN-1
) v M) ) ) e ) D (B'S)
/ N\ U/ U/ /

1 2 k-1 k k+1 N-1 N

and a variation thereof

ny {n2,;} {nk-1,5} {415} {nn_1,5} h
w1 w3 W1 {t:} W41 wN-1 N Y (B 6)
o—©O0——O0—O0—O— - —O0=—=0 &
1 2 k-1 SU(k) k+1 N-1 1
The aim is to show that
14
HS(B.6) :a ZOHS(B'S)(W]" e, WN_1)|Wk_>#'(§q)p 5 for q= k y (B7)
p:

with  ({,)P = €™ € Z, < PSU(N ) opol -

To begin with, rewrite the U(k) fluxes in (U(1) x SU(k)) /Z;. Use the following map

k—1
diag(mk’l,mk’z,...,mk’k) =—h- 1+Zli 'Ei5 (B8)
i=1

with 1 =diag(1,...,1), and E; =diag(0,...,0,1,—1,0,...,0).

v
+1 at i-th slot, —1 at i + 1-th slot

39


https://scipost.org
https://scipost.org/SciPostPhys.15.1.033

Scil SciPost Phys. 15, 033 (2023)

where 1 is the Cartan generator for the diagonal U(1) c U(k) and {E;} are the Cartan genera-
tors for SU(k). One finds

m,=—h+1, mk,jz—h+l-—l» 1 for1<j<k My =—h—1Uli_q, (B.9a)
k
1
i=1 i=j+1
And one finds for contributions of the fundamental U(k) weights
my; =—h+u;({;}) = —-h+u; (1), (B.10a)
U =eq, uj=ej—ej_ forl<j<k, Wi = —€x, (B.10b)

with u;(1) are the weights'? of the fundamental SU(k) representation evaluated on the fluxes
[. The summation range for {my ;} is zZkn {my 1 =my > ... > my,}, due to the Weyl group
action, and translates into

k—1

(hly,....L_1) € pL:JO((Z + %) , (Z + %)H /WA“) , (B.11)

with W, . the Weyl group action of SU(k). Moreover, one straightforwardly verifies

D im—my il =l 1 +hal= >0 e, (B.12)

i<j i<j acdt(su(k))
Py ({myi}) =Pyay(h) - Psyaoy({Li}), (B.13)

where " (su(k)) denotes the set of positive roots, here expressed in the weight basis.!>

Next, consider the hypermultiplet with the adjacent gauge nodes

k=1 k k=1 k
20 =D D Imyy i — mk,Jl—Zka Li+h— (D)
i=1 j=1 i=1 j=1
—nk 1,i
k=1 k
=3 nen— DI, (B.14)
i=1 j=1
k k+1 k k+1
2Ak,k+1=Z My, — mk+1,]|—ZZ|Hq(l) —h—my_y,|
i=1 j=1 i=1 j=1 —
="My,
k k+1
=Z |t (D) = gy - (B.15)

Il
-
I\
-

i=1j

A similar argument applies for all other gauge nodes a # k, such that one redefines
ng;=mg;+h, Vae{1,2,...,k—1,k+2,... N—1}, (B.16)

which also implies a modification of the summation ranges of the magnetic fluxes

k—1

a
(Mg1s--sNgq) € (U (Z+ %) ) N{ng1=ne>...2n..}, (B.17)

p=0

2Here, the Dynkin/weight basis [71,72], is chosen; i.e. the fundamental weights {e;} define the basis.

3Recall, in weight basis the simple roots are given by a; = >, C;;e; with e, the fundamental weights and C;
the Cartan matrix. Thus, a; = 2e;—e;_;—e;; for 1 <i <k, which agrees with a(l) = ;—1,_; —l;+[;_; for j =i+1,
i.e. the simple roots. The remaining expressions are positive but non-simple roots.
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wherein intersection ensures the restriction to the dominant Weyl chamber. It is important to
stress that all summation ranges are linked in their shift ¢, i.e. schematically

k1
(h,L{ng}oz) €T = pL:JO (F + %) , (B.18)

where I' denotes the underlying integer lattice.
Next, focus on the fundamental flavour contributions

N-1 N-1
2A = ZN Amy_1l = ZN “Iny_1,;—hl, (B.19)

which is exactly the contribution of N copies of U(N—1) x U(1) bifundamentals. Collecting all
the results, one ends up with

q—

1 i=1Ma,i 2Aaa
a OH{Z}PU(a)({maI})W ! A o
p=va Mg,
1 q-1 N-1 Za
i=1 Na,i
~q Z | |PU(a)(na)Wa = Poyao (D) - Pucy(R) - 280

P=0 (h,{1},{n,})<T a#k

—h
(l_lw Wk) {wka#(gq)P’ (B.20)

aFtk
and defines the map # suitably

y! €
P S (B.21)
( l_[a#k Wg )

such that

Z Z l_[PU(a)(na)Wal 1 Py () - Puay(h) - 22469 - (y (Cq)_k'p)h :
100 (1), et ok
(B.22)
Recalling (B.4) and h € Ul —o0 (Z+ k) choosing g = k implies that only h € Z has non-vanishing
contributions. This then also reduces all other summation ranges T, cf. (B.11) and (B.17), to
the integer part I'. Therefore

HS= > [ JPo@aws =" - y* - Paygo(D) - Puay(h) - 2209, (B.23)
(h{1},{n })€T’/W a#k

which is indeed the monopole formula for (B.6).

Corollary. Consider the T[SU(N)] quiver (B.5), pick a U(k) node with k > 1 and gauge

a discrete subgroup Z; € U(1), of the k-th Cartan subgroup of the topological symme-

try, provided d|lk. One can repeat all steps as above, i.e. rewriting all contributions as

U(k) = (U(1) x SU(k))/Z;. The only step that requires modifications is (B.4). Recall

he Uf:_(} (Z + i) and non-trivial contributions arise for d|(k - h). Since d|k, relevant fluxes h
k_ .

need to satisfy g -h € Z, the summation range after Z; gauging becomes h € | J 51:01 (Z + %)
a

Therefore, the resulting theory is given by (B.6), but the magnetic fluxes take values in

(h, L, {ng}azi) € U (I‘ +4 % p) See also [31] for a related discussion.
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B.2 Gauging discrete subgroup of topological symmetry revisited

In this appendix, the aim is to consider a more general choice of discrete subgroup and to gain
further evidence on the resulting theory. Starting from

51 {s2,5} {sk-1,51} {sk,5} {ske1,5} {sn-1,5) {v;}
woo My e Ry AT W (g
o MY SRS SRS S o R — S G—
1 2 k-1 k k+1 N-1 N

define the superconformal index of T[SU(N)] as

N—1
ng _ _
ZT[SU(N)]:l_[ l}S 1_12 = | Loy (s D dme ) . (B.25)
(=1 [ m,ezt mg MSe,q
UO)xU+1 U(N—1)xU(N
IT[SU(N)]:l_[Ihy(p)>< “r )(s My;Spp1, Mpiq] X)- I ( 0 )(SN—l,mN—1§}’,k|X)
N-1
u(e
'l_[Icl( Yy, mgsng) 1% 190 (sy,myl x),
=1

and repeat the analogous step as in the monopole formula. Pick a gauge node U(k) and relabel
the magnetic fluxes m;, into a (U(1) x SU(k)) /Z, fluxes (h,1), see (B.9) and (B.2). Likewise,
the U(k) gauge fugacities s are transformed into U(1) x SU(k) fugacities (S, o) via

Sk1 = st.o

Si =S 1oy 0111, 1<i<k, (B.26)
Sk =S Lo 2—11
Consider the vector multiplet

U(k . _ (oK% —k-h
Id( )(Wkaska my; nk) _(S ) ‘ Wk

=100k, 575, —h; ny), (B.27)
L0 s myl ) =] [ ! (1= (- (o) gpu(0); )
a<b
(1= D (o) p(o)pal)
=130 (g,1| x), (B.28)

vec

which reduces to the SU(k) vector multiplet contribution. Using the ,u(o)a,u(a)gl = a(0)gp
yields the root contributions, see also (B.10) and recall the use of weight/Dynkin ba-
sis. Note also that the U(1) vector multiplet part receives a fitting classical contribution

U(l)( k §7% —h;ny); while such a term is absent for the SU(k) part of the vector.
Next inspect the hypermultiplet contributions
k+1
L D (s, 45 $pe, M| X) = ﬂ [ 122 (57 w(0)asiy o —h+ B0 — mis ] x)
a=1 b= 1

ch1 (S ‘U,(O') Sk+1,b> Mi+1, bh ‘u’(l)al X)
k k+1
l_[ [ 17 (“(O)agk_h,b’ p(Da = My, bl X)
a=1 b=

ch1 (M(U) Ska1,p5 My 1, — u(l)q| X)
_ ISU(k)xU(k+1)

hyp (O.Jl;sk+15mk+1| x)a (B~29)
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wherein the fluxes and fugacities at the k + 1-st node have been redefined as follows:

Mp1,b = Mes1p TR, Skprp = Ska1,6 S (B.30)

Similarly for the other connected hypermultiplet:

M

1
1%, (Sk—1,al/«(0)£15, M1, +h—u(l)y| x)
b=1

1
12 (50 0B ()5S T =+ (D — My ] )

U(k—1)xU(k)
hyp

=

I (sk—l)mk—l;sk7mk| X):

)
Il
—_

1
Iczhl Sk— 111”(0-)17 s Ty la ™ (l)bl X)

:|§

1

=1

o
I

1

Q

lczhl (NE 1,aM(0)2,p, u(D)p — itge—y 4 X)

=Ly G 0,1 X, (B.31)
using a similar redefinition
ﬁlk—l,a = Myyqt h, §k—1,a = Sk—1,a S. (B.32)

Repeating the same arguments for the other bifundamental hypermultiplets yields (£ # k, k+1)

IU(E)XU(Z+1)(SE’

U)xU(l+1),~
b ()X(+)(s€’

my;spyr, Myl x)=1 My; 841, Mg X), (B.33)

with
ﬁ'l[’a = mg’a + h, gl,a = Sg’a S. (B34)

It follows straightforwardly that the vector multiplet contributions behave as (¢ # k)

I, (Z)(Wz,se,mz,ne) =l YO wy, 5, 1i043n0) w, JihgTlne (B.35)
I\%(f)(sbmll X) I\[,i(ce)(sl’ m€| X), (B.36)

Lastly, consider the fundamental hypermultiplet

N—1
JUN=1)xU(N) _

N
1
| I 5 (o 1 -1 =~
hyp (sN—];mN—]5y’k|X Iczhi(sN—l,aS yb )mN—l,a_h_kblx)

a=1 b=1
Iczhl(’};lla S Yp,kp —Tiy_1 4 +h| X) (B.37)
SyoiS iy —hsy, k| x),

which becomes the contribution of a N copies of a bifundamental hypermultiplet between
U(N_l)gN—l’ﬁlN—l and U(]')S,h'

Summation range. Originally, the U(k) fluxes m, are valued in Z*. The rewriting forces

the summation range to be (h,l;,...,l,_;) € Ui:é (Z + i)k, see (B.2) and (B.11). Further, by
redefining all other fluxes, one finds

k—1

Ny
’WEU(ZJFi) . ViE#£k, (B.38)

i=0

analogous to (B.17).
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Contour integral. Consider the Jacobian of the gauge fugacity transformation

¢
dSe a
J(sg—3)=5" = § ~ f : (B.39)
g 27'515,3761 l_[ iy,
k M Sl_k k dse a k—
J(sr =S, 0))=—77— = § = . (B.40)
[T o al:! 2misy g 2miS l—!

such that the contour integration transitions nicely into the new variables, again integrated
along the unit circle.

Discrete gauging. Next, gauge a Z, subgroup of the U(1), Cartan subgroup of the topolog-
ical symmetry PSU(N). To do so, one performs a discrete Molien-Weyl sum

1
Zrisuooi (W) = o 2 Zntsoon o oppr Ga=e0 (B.41)
p=0
with f to be determined. Following the rewriting induced on the k-th node
U(k) — U(1) x SU(k), the affected terms are

—Z]‘[(w)“ (W) *hF(.) - = Z]_[(We)“ FEH™FC.). (BA42)

T p=0 ek 1 p=0 e2k

Using the same argument as in (B.4) and recalling that h € U;:(l)(Z + %), one might want to
consider the case ¢ = a - k with a € N. Then (a - k)|(k - h) implies a|h, which in particular
requires that h is integer-valued. This implies the collapse of the entire summation range onto
the integers. Moreover, the h summation is further restricted to h € aZ. To be explicit

Mlp,..., 1) € 7+ Za (R 1h,..., I 1) €aZ @ (Z)!,
(~ 1 k—1) er o ( k) K (~ b Ik 1) (z) (B.43)
moe S (z+1),  VE#k, mye(z), VI#k.
Defining h = a - h with h € Z and focusing on the terms involving h
—ah
N—1
[ Twi hgtn ek S Ry ) = ]_[ (5-9)"| rx- ]_[ wt . (B.44)
(2 7k
suggests to redefine the U(1) gauge fugacity and topological fugacity as follows:
~ Q!
S =S¢ , and fk = T@ y (B45)
l_[€=1 w,
t#k
which coincides with (B.21). As a consequence,
Nl N—1 N—1
[[(s7)" =5 2w tre =5oZumy e (B.46)
=1
N-1 i . )
sz-a-h .gtne 13(1)(fk,§_1, —a- }Nl; k-ny) :Sv'—a-zl:l €neQa~h
(=1
t#k
N-1
:Ig(l)(Q,g,a-h;wZEng). (B.47)
=1
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Putting all pieces together, one obtains

a-k—
.1
Z= —kz Zrrsuei Wi+ g e

ds ;
_— B.48
lezk LW § l_[ 2m(7 § 27'515 IW | jg l_[ 1 278y j ( )

iy EZZ

UOXUED) g o L x
l_[ I ()X (“ )(Se,me;se+1,mz+1|x)

(=
(A
. [Ut—1)xSU()

hyp
POV G5y +a By k| x)
N—1

- uce L

~]_[I$L(f)(s@,me| x) 'Id( Y wy, 8,145 1y)

=1
L#k

SU(k)xU(k-H)(O_

(Sx—1,My_q;0,ll x)-1 U 81, Mgy | X)

1890, 1] %) - 15,8, a - B —Zﬁn[)

vec

which is the superconformal index for

51 {52,5} {8k-1,5} {o;} {8k+1,5} {8N-1,51} S
my {ma 5} {Mp-1,5} {1;} {Mpr1,5) {mN-1,} R
wi w3 Wh-1 W1 WN-1 N Q (B49)
) . ) ) ) r\‘/—o
N\ / / N\ N
1 2 k-1 SU(k) k+1 N-1 @ 1

wherein the N copies of hypermultiplets between U(N—1) and U(1) transform as (N—1) x (—a),
i.e. the U(1) charge is a.
C Mirror maps

Suppose that there is a G-type global symmetry with G being a classical or exceptional Lie
algebra. The root space fugacities w; are related to the weight space fugacities n); by the

Cartan matrix
Cij ¢!
Wi:l_[”j}’ ”izl_lej : C.D
J J
Most relevant here is the closed formula for the inverse of the Ay_; Cartan matrix
1 . .. i ] .o
Cl.]. =m1n(l,])—7, fori,j=1,...,N—1, (C.2)

given in [73].

C.1 SQED and its abelian mirror quiver

C.1.1 Standard mirror map

Suppose that the abelian mirror has topological fugacities w; withi = 1,...,N—1, i.e. root
space fugacities for su(N). The mirror theory, SQED with N fundamental flavours, has U(N)

45


https://scipost.org
https://scipost.org/SciPostPhys.15.1.033

Scil SciPost Phys. 15, 033 (2023)

fugacities y; with f = 1,...,N. Both sets of fugacities are related to the su(N) weight space
fugacities n); via the following two maps

N-1

o
n; = l_[z ; v with C;; the Ay_; Cartan matrix, (C.3)
j=1
T ith MDY = 5,6 for {1 = LoD (C4)
= T wi 11, for :
g i=1 g prmnm f=1,...,N.

and the inverse Cartan matrix is given in (C.2). The combination

N—1 ~1 N1
VM-
yle |szl_1 P with E M[N]C 1—m1n(f j)—min(f —1, ])—— (C.5)
j=1 i=1

can be simplified by observing

1, j>f—-1,
min(f,j)—min(f —1,j) = C.6
(f,J) (f —1.J) {0, i<fon, (C.6)
for f =1,...,Nand j=1,...,N—1. Hence, the mirror map becomes
N-1 milc =1 .
J’fZl_[W l_[W Nl_[w] , (C.7)

Jj=1

forf =1,...,N

C.1.2 Mirror map after gauging

Suppose that one gauges a Z, on the U(1), generated by wy and employs the following pa-
rameter map

k=1 _Cij .
wi=]_[j:1x.” , i=1,2,...,k—1,

(g ug)?

N—k—1 CN1
wig=[To, " , i=1,2,...,N—k—1,
using the Cartan matrices of A;_; and Ay_;_;, respectively. Using (C.7) for A,_; and Ay_j_1,
the map for w; can be expressed as

1

we=1, & . c9)

11_
l_[ kl_[] k+1 ]

A straightforward computation yields the new mirror map

—¥ —i k-1 1_%
QqN w, w. <k,
yi= i lnl‘f J f (C.10a)

f—k—1_ —~5=x N—k—1_ 1—
NQNq 1_[ kfik'l_[j:f k kﬂNk, fzk+1,
1—1v N k—1 Mg
. x. 't <k,
= gq Q l_[l 17 IN-K] f (C.10b)
N == N—k—1 Mfi
g QNq-]—[izl ', fxzk+1,

using the parametrisation (C.8) for the A;_; fugacities x; and the Ay_;_; fugacities u;.
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Remark. The map (C.10) assigns ¢, charges to each y;; however, one can remove any overall
U(1) phase by a gauge transformation. This leads to two convenient choices: either the first
k fundamental flavours are charged under Z,

Y= =1 v (C.11)
QNq-HN"“lu-fl . k41,

k k
. . . N
by rotating via {;'. Alternatively, one rotates via {, " such that only the last N—k funda-
mental flavours are non-trivially charged under Z,. In principle, one could also extend the
overall rotation to include Q, but there is no need to do so.

C.2 T[SU(N)] theories

One can construct the mirror map explicitly.

C.2.1 Standard mirror map
Denote the Coulomb branch root space fugacities of T[SU(N)] by {w; ?’:_11. These can be

mapped to the Coulomb branch weight space fugacities via the Ay_; Cartan matrix C;;:

we=[ o (C.12)
J
The H1ggs branch U(N) flavour fugacities are {y,}" 4—1> Which are reduced to SU(N) fugacities
{1 v
T M i =1,...,N—1
Y= l_[ni fi ., with M)EliV] = 5f’i —6f,i+1 , for {f _ N (C.13)
i=1 =1,...,N,

The self-mirror property of T[SU(N)] is the reflection in the exchange w; < 7);.
The aim is to express the natural flavour fugacities {y,} of the theory in terms of the
Coulomb branch fugacities of the mirror. The first step is

n 1
(yl,yz,---,yN)—>(m,—z,..-, )
™ NN—1

w; 1), (1)2 1
— | v, —, ...,
w1 WN-1

¢t
ij
w;— .

S (W), oW s f (W) (C.14)

This map can be made explicit by using the inverse of the A),_; Cartan matrix (C.2). Analogous
to the abelian case, the combined map reads

N-1 ZN lM[N] 1 N—-1 N] ]

i=1 fi 1] . -1 . N . _ N _ S

l_[ w with le M, C =min(f, j) —min(f —1,j) N
i=

= w.ﬁ w, N (C.15)

—
-
I
-

which is the explicit form of (C.14).
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C.2.2 Mirror map after gauging

The next step is utilising the parameter map (B.21) established in Appendix B.1

1
k
v—l

N—-1_
1_[1 1 W
i#k
Lastly, to make contact with the global symmetries, one uses the Cartan matrix for A;_; and

Apn_1—i in a standard fashion

wi =, (C.16)

k=l
= X, l =1,...,k—1,
j
1k AN . (C.17)
]_[ u; =1,...,N—1—k,
j=
and one needs to redefine
-1 -1
y= ¢ @ (C.18)
(un—1-k) | T N
Applying this to (C.15), one finds
-5 Nk -1 —f k-1 1-f
¥ = Cq N.QFN - {:1 Wik.l_[j=fwj k, | fOl‘fSk, C.19)
I R | k-1 —§% TIN—k-1 l-3% ’
g™ Q ”'n{:1 Wi j=f—ij+lin’ for f 2 k+1,
-k Nk geq MY
g N'Q'N'l_[jzlxjh: for f <k, (C.19b)
Tk ek M '
FRETRE R | u].ff , forf>k+1,

which displays the split into A;_; fugacities x; and Ay_;_; fugacities u;.

Remark. Analogously to the SQED case, one can simplify the {, dependence in (C.19) by a
suitable overall U(1) rotation. A convenient choice is then given by

[k]
N—k _ M;"
QW ]_[f:}x[] 17 for f <k,

_1 IN—k-1 Mfl}lfk]
QN-l_[j:1 u , forf>k+1,

yi= (C.20)

such that only the first k fundamental flavours are charged under Z.

C.3 Examples for T;[SU(N )]

C.3.1 Example 1

Consider the example T¢[SU(15)] with o = [32,22,1%] and p = [6,4,3,1%] of Section 2.4.
Using the labelling

3 2 2 2 1 1 1
Y1,2 Q1 Q2 Qs
—> (C.21)

1 2 2 1
o y s 2 2 2 2 1 1

wiy

48


https://scipost.org
https://scipost.org/SciPostPhys.15.1.033

Scil SciPost Phys. 15, 033 (2023)

the mirror map is given by

2/5
Q . w3/ JWa
1

4/5. 3/5  2/5 Sarw?/®
34 :W1/ Wz/ W3/ VW4, Mgz
— 4
_ i g Q= (€.22)
Y2 = 5wy B 1%2 1 3
Qs =~ —p5 3575

oy wi
such that l_[iz:1 Y ]_[?21 Q; = 1 holds.
Gauging on w,. The example of Figure 5 is realised by a Z, gauging on w,. Inspecting the
mirror map (C.22) shows that one has two options for the Z); gauging in the mirror
* The y;,y, are charged as {,, while the Q, 5 5 are trivial under Z,.
* The y, , are trivial under Z,, and the Q; 5 5 transform with (.

This reflects the two choices in Figure 5.

Gauging on w;. Turning to Figure 4, one performs a Z, gauging on ws. The mirror map
(C.22) indicates two options for the ZJ; gauging in the mirror

* The y;,y,,Q, are charged as {,, while the Q, 5 are trivial under Zj.
* The y; ,,Q; are trivial under Z,, and the Q, 5 transform with 5.

Again, this confirms the two choices in Figure 4.

C.3.2 Example 2

The labelling for the Tg[SU(9)] example with p = (3,2%) and o = (32,12) of Section 2.4 is
defined by

3 2 1 3
Q Y1,2,3
— (C.23)
—O—< O—O0—0—0
w1 wo w3 1 2 2 1

1 1 1
3,3 3
w2w w 1 301 1
—_23 — 3 — _ 4.3 3
NnN=—v -, =717, Y3=—T 13, Q=wiwyw;. (C.24)
7 7.3 7..3.4
Wy wiw, wiwywy

Analogous to the example above, gauging the Z£ associated to ws has two convenient reali-
sations in the mirror theory: either (yq, y, Q) transform non-trivial under Z, and yj is trivial
or vice versa.

C.4 Sp(k) SQCD and its D-type unitary mirror quiver

The closed formula for the inverse Cartan matrix of Dy is provided in [73].
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C.4.1 Standard mirror map

For the balanced Dy-type unitary quiver, the mirror map to the flavour symmetry of the Sp(k)
SQCD mirror with N fundamental flavours is given by

* Let y; denote the U(N) flavour fugacities.

* Denote by x; the SO(2N) weight space fugacities. The relation between both is estab-

lished via
X1, fori=1,
x)_c—il, forl<i<N-2,
Yi= Y xyoxy fori=N-1 (€.25)
xN_z b J
% s fori=N.
N

* Denote by w; the root space fugacities of Dy, which are related to the weight space
fugacities x; via the Dy, Cartan matrix

cPN
wi=] [« (C.26)
J

* Thus, one finds the map between fundamental flavour fugacities y; and root space fu-
gacities w; to be

(ni‘i_fzwi) VWN_1- /Wy, forl<f<N-1,

Y= VYWn-1 VWN, for f =N—-1, (C.27)
VvWN-1 _
ot for f =N.

C.4.2 Mirror map after gauging

Suppose that one gauges a discrete Z, symmetry at the gauge node with topological fugacity
w;. Then, analogous to the T[SU(N)] derivation, the fugacity map to the quiver after gauging
is simply given by

v—l

l_[{'V:l(Wi)Ni
1

1

wy = (C.28)

where N; denotes the rank of the i-th node. The remaining topological fugacities w;; are
identified before and after gauging.

Lastly, one needs to redefine v such that A;_; and Dy_; representations become manifest.
For this, one uses

Q
V=
weight space fugacity at extra U(1)’

(C.29)

here, the weight space fugacity is either the A;_; fugacity x;, if the extra U(1) intersects the
balanced A;_; Dynkin diagram at node i, or it is the Dy_; weight space fugacity u;, if the extra
U(1) is attached at the j-th node of the balanced D-type Dynkin diagram. See Appendix D.7
for examples.
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For | < N — 2, the mirror map is given by'*

B e w (WU
Q ll—li:lwill_[- w, ', forl<f<l,
N—2
= (l_[i:f Wi) VWh_1 /Wy, forl+1<f<N-1, (C.30)

VWN_T VWN for f =N—-1,
VN1 for f =N,

which clearly displays that the first [ fundamental flavours transform under su(l) x U(1), and
the remaining N — [ fundamental flavours transform under so(2N — 21).

C.5 O0O(2k) SQCD and its C-type unitary mirror quiver

Consider the O(2k) SQCD with N fundamental hypermultiplets. The mirror theory is a bal-
anced C-type Dynkin quiver with N gauge nodes.

* Denote the U(N) flavour fugacities by y;.

* Denote the Sp(IN) flavour fugacities by x;. These are related via the transformation

x.
y; =Xx;, and yjzx—J, forj=2,...,n. (C.31)
j—1

* Denote the topological fugacities of the C-type quiver by w;. Then the Cy Cartan matrix
mediates the transformation between root and weight space fugacities

N
C.-
wi:l_[xj” fori=1,...,N. (C.32)

Combining the above leads to the mirror map between the unitary flavour fugacities and the
root space topological fugacities

N—1 .
= Jw - W, l:].,...,N_].,
{yl vy T1= v (C.33)

YN = VWN-
D Explicit Hilbert series results
In this appendix, some exemplary Hilbert series calculations are presented. Matching the
Hilbert series can be used as the stringent test to check the dualities and find the global topo-

logical or flavour symmetry groups.

D.1 Linear Abelian quiver

Consider the abelian quiver gauge theory

w1 WE-1 Wi W+1 WN-1
—0— —O0<0>70— - —O—_ (D.1)
1 1 o @y 1 1

4The choice (C.29) implies that the U(1), charges are negative here. This choice is convenient because the
charges of Q under the centre symmetries are directly read off from the Coulomb branch quiver, see (2.46) and
(2.48).
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Explicit character expansions indicate the following global forms

B SO(3), xU(1)q, w/ Q of Z,-charge 0, q=2,4,6,8,
=2 G, = {SU(z)yilU(l)Q (D.2)
— w/ Q of Z,-charge +1, qg=3,5,7,9,
PSU(3), x U(1)q, w/ Q of Z3-charge 0, q=3,6,
N=r G, = % , W/ Q of Zs-charge +1, q=4,7, (D.3)
w , W/ Q of Z3-charge +2, q=2,5,
Ned SO(3), x U(1)q x SO(3),, w/ Q of Zy x Zy-charge (0,0), q=2,4,
k=2 Gt = | su@),xU(1)yxsU(2), _ (D.4)
Tyx7s , W/ Q of Zy x Zy-charge (+1,+1), g=3,5,
rw , W/ Q of Z4-charge (+2), q=2,
SU(4),xU(1)
V=5 G = { Z—4Q , W/ Q of Z4-charge (+3), q=3, D.5)
B PSU(4), x U(1)q, w/ Q of Z4-charge (0), q=4,
% , W/ Q of Z4-charge (+1), qg=>5,
(U2 X;Z(Xl)ZQXSU(S)” , W/ Q of Zy x Zs-charge (0,+2), qg=2,
SU(Z)"Zw x PSU(3),, w/ Q of Zy x Zs-charge (+1,0), qg=23,
Vs =] PSU(2), x "0k v/ Q of 2, x Zy-charge (0, +1), =4 06
k=2 ‘ SO, X;Z(i)ZiXSU(B)” , W/ Q of Zy x Z3-charge (+1,+2), qg=>5, .
PSU(2), x U(1)q x PSU(3),, w/ Q of Zy x Zz-charge (0,0), q=6,
SU(2)XX;2(iZXSU(3)y , W/ Q of Zy x Zs-charge (+1,+1), q=17,

which then confirms the general formula (2.7).
To exemplify, we provide the Hilbert series for N =5, k = 2, ¢ = 2 here. The perturbative
expansion reads

HS=1+t(¢1+x2+1) (D.7)

X2¢2,0
+t? (led)o,z + T +x2P11F P11t Poat X2t st 1)

X2P2,0t XaP20+ X203
Q

+ X201+ X2P22F XaP11t P11t Poat 3zt xatxat X6t 1)

+...,

+ tg(Q (Xz¢o,2 + X4P02 + Xz¢1,3) +

with ¢ ) = G m, (W) and x,, = xn, (x1) the SU(3) and SU(2) characters of irreps [m, m;]
and [n, ], respectively. This follows via the Higgs branch fugacity map

_1 _1lUy 11 3 31
Y1—=2Q%u, Y= Q5—=, y3=>Q 55—, y;—=Q0x;, ys;—>QP—, (D.8)
U Uy X1
and the Coulomb branch fugacity map

u? u?

2 1 2
Wy X7, Wy — 5, w3—>u—, W4—>u—. (D.9)
1% 2 1

Here, {u;} and x; are the corresponding weight space fugacities. Q denotes the U(1) fugacity.
In fact, due to the abelian nature, one can even compute the full highest weight generating
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function (HWG)

1

HWGsandard = 77 704
1K4

(D.10)

2.2 4.4
1 mimsnyt

(1—6) (1 —mymyt) (1 —n?t) (1 - %) (1—m3niQe?)

with {k;}i—1 4, {m;}j=1 23, and n; the SU(5), SU(4), and SU(2) highest weight fugacities,
respectively.

HWGy, gauging = , (01D

D.2 T[SU(N)] theories

We move on to the examples of T[SU(N)] theories. The employed fugacity maps follow from
(2.18) in combination with (2.21).

D.2.1 T[SU(3)] theories

w1 3 v mirror v (D.12)
1 SU(2) 1 Y1,2 2 1
Zo
Use the fugacity map
C: W1—>xf, v—oQ L,
s - B (D.13)
H: Y12 Q8x;, Yy,—Q8x;7, y3—Q3,

to an x; weight space fugacity for A; and a U(1) variable Q. The Coulomb branch Hilbert
series of the left quiver (and Higgs branch Hilbert series of the right quiver) reads

HS =1+t (ra+ D+ ((Q+Q7") o+ 242+ x4 +2) (D.14)
+t3((Q+Q_1)(2x2+x4+1)+4x2+2x4+x6+2)+...,

here y,, are the SU(2), characters for irreps with Dynkin labels [n;]. The term in red cor-
responds to the operator O in (2.22). The symmetry algebra is su(2),, ® u(1)q- The SU(2)
centre symmetry Z, acts trivial on irreps [2 - n,] for n; € N. Thus (D.14) suggests that the
symmetry group is SO(3),, x U(1),-

D.2.2 T[SU(4)] theories

Gauging a Zs.

w1 w2 v mirror
O O O== (D.15)
1 2 su@) L
Use the fugacity map
2 2
X X
C: Wl_)_lz WZ_)_Z) v_)Q_lz
2 1 (D.16)
1 1 Xy 11 _1
H: y1—Quxy, J’z—’qu—, J’3—>Q12x—, Ya—Q %,

1 2
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to x; weight space fugactites for A, and a U(1) variable Q. The Coulomb branch Hilbert series
of the left quiver (and Higgs branch Hilbert series of the right quiver) reads

HS =1 +t (Xl,l + 1) + tz (3%1)1 + Xz’z + 2) (D.17)

+ fS(QX&o + Q_llo,s +2x03+6x11+3X22+2x30+ X33+ 3)
+ t4(Q (X1,1 + X227+ 2¥30+ 14,1) +Q™! (2)(0,3 t X110t X114t Xz,z)

+ax03+ 1111+ 2714+ 9222 F4X30+3X33+ 2041+ XaaT 4) +...,

here y; , are the SU(3),,,, characters for irreps with Dynkin labels [k,n]. The terms in
red corresponds to the operator O (and its conjugate) in (2.22). The symmetry algebra is
su(3)y, x, ®u(1)q- The SU(3) centre symmetry Zs acts trivial on irreps [n,n,] with ny—n; =0
mod 3. Thus (D.17) suggests that the symmetry group is PSU(3),, », X U(1)q.

Gauging a Z,.
18 o g 4 v mirror (D.18)
1 su) 3 1
Use the fugacity map
2 2 !
C: wy—o Xy, Wy—ouy, v—o ——,
PoTe e (ur)* (D.19)
1 1 _1 1
H: y1—=Q%xq, }’2—’Q4X11, Y3 —=Q fu;, ys—Q 41111,

to an x; weight space fugactity of A;, u; the weight space fugacity of another A;, and a U(1)
variable Q. The Coulomb branch Hilbert series of the left quiver (and Higgs branch Hilbert
series of the right quiver) reads

HS=1+4+t(py+y,+1) (D.20)
+2((Q+ Q) (X + 9oxa) + 205 + @u+ 20005 + 215 + x4 +3)

+ t3( (Q+Q ") (Bxapa+ xapa +20y+ Quxs+ 215+ 1)

+6802+2‘P4+‘P6+6‘P2Xz+290412+6X2+2<P2X4+2)(4+X6+4)+---,

here y,, are the SU(2),, characters for irreps with Dynkin label [n; ]. While ¢; are the SU(2),,
characters for irreps [k;]. The term in red corresponds to the operator O in (2.22). The
symmetry algebra is su(2),, & su(2),, ® u(1),. The SU(2) centre symmetries Z, act trivial
on irreps [n;] with n; = 0 mod 2 and [k;] with k; = 0 mod 2, respectively. Thus (D.20)
suggests that the symmetry group is SO(3),, x SO(3),, x U(1)q.

D.2.3 T[SU(5)] theories

Gauging a Z,4.

w1 w2 w3 5 v mirror
O—O0—0—0= OO0 (D-21)
1 2 3 su@) 1 \3/ \2/ T
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Use the fugacity map

x3 X3 X3 -1
C: wp— —, wy— , W= —, v—-oQ , (D.22)
X2 X1X3 X2
1 1 Xo 1 X3 11 _1
H: Y1 = Q¥xy, }’2—>Q2°x—> }’3—>Q2°x—, }’4—>Q2°x—, Ys—Q'5,
1 2 3

to x; weight space fugacities of A3, and a U(1) variable Q. The Coulomb branch Hilbert series
of the left quiver (and Higgs branch Hilbert series of the right quiver) reads

HS=1+t (Xl,o,l + 1) + tz (XO,Z,O + 3%1’0’1 + XZ,O,Z + 2) (D.ZS)
+1t° (2)(0,1,2 +2%020F 7X1,00 T X121 F3X202 T 2X210+ X303+ 3)

4f A1
+t (Q 2004+ QX400+ 6X012+T6X020+ X040+ 13%101+2%113+4X121
+10x502+6X210+ X222+ 3X303+2X311 + Xa04+ 5) +...,

here xp, n,n, are the SU(4),, ., », characters for irreps with Dynkin labels [ny,ny,n3]. The
terms in red correspond to the operator O (and its conjugate) in (2.22). The symme-
try algebra is su(4),, v, x, ® W(1)g. The SU(4) centre symmetry Z, act trivial on irreps
[nq,ny,n3] with ny + 2n, —n3 = 0 mod 4. Thus (D.23) suggests that the symmetry group is
PSU(4);, v, x, X U(L)q.

Gauging a Zs.

w1 w2 Wi 5 v mirror
O—O—0O0—C== O O—O (D.24)
N\ o/
1 2 su@) 4 1 y1,2,3/ 5 5 -
Z3
Use the fugacity map
2 2 -1
b’y b'e Q
1
C: wy— —, W2—>—2, W4—>u%, V=, (D.25)
X2 X1 (uy)
2 2 Xy 21 _1 _11
H: y1 = QBxy, J’2—’Q15x—, Y3—’Q15x—, Ya—Q5u;, ys—Q S
1 2 1

to x; weight space fugacities of A,, u; the weight space fugacity of A;, and a U(1) variable Q.
The Hilbert series are

HS=1+t (ll,l + d)z + 1) + tz (3%1’1 + XZ,Z + 2¢2%1’1 + 2¢2 + ¢4 + 3) (D.26)
+ tB(Q_l (¢1X1,1 + ¢3X3,0) +Q(¢3X0,3 + ¢1X1,1)
+2x03+t8x11+3X22+2X30+ X33+ PaXosz+8Pax11+204%11

+ 202022+ PaXz0 T 6¢P2+ 204+ P+ 5) +...,

here y,, ., are the SU(3),, ,, characters for irreps with Dynkin labels [n;,n,]. The ¢, are
the SU(2),, characters for irreps with Dynkin label [k;]. The terms in red correspond to the
operator O (and its conjugate) in (2.22). The symmetry algebra is 5u(3),., ,, ®su(2),, ®u(1),.
The SU(3) centre symmetry Zs act trivial on irreps [n;,n,] with n; —n, = 0 mod 3; while the
SU(2) centre Z, acts trivial on irreps [k;] with k; =0 mod 2. Thus (D.26) suggests that the
symmetry group is PSU(3),,, r, X (SU(Z)u1 X U(1)Q) /Zy. Zy C U(1)q such that Q has charge 1.
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Gauging a Z,.

w1 w3 We 5 v mirror
O—O0—O0—0=0 o (D-27)
1 su(@ 3 4 1 U O
3 2 1
Use the fugacity map
2 u} uj !
C: Wy X], W3, Wy, Vo o, (D.28)
Uy 251 (uz)
3 31 _1 _lly _11
H: y]_)Qle]) .yZ_)QlOX_) yS_)Q 5u1; }’4_’Q Su_’ y5_>Q su_z
1 1 2

to an x; weight space fugacity of A;, u; the weight space fugacities of A,, and a U(1) variable
Q. The Coulomb branch Hilbert series of the left quiver (and Higgs branch Hilbert series of
the right quiver) reads

HS=1+(yp+ ¢y +1)t (D.29)

+ tz(Q (X2¢0,2 + ¢1,0) +Q7! (¢0,1 + X2¢2,0) +2x0+ st 2x2¢11+ 3¢+ Pant 3)

+ t3(Q (3)(2(150,2 + X4Po2t 2002+ 202P10+2P10+ X2P13+ X2Pa1 t+ ¢2,1)

+Q! (2)(2¢o,1 +2¢01 + X2P12+ P12+ 3X2P20+ XaPoo + 2050+ Xz¢3,1)
+6x2+ 284+ X6+ X2P03 T 2003 +8Y2011 +2x4P11 +8P11+2x20P22

+3¢o+ YaPs0t+2¢30+ P33+ 5) +...,

here y, are the SU(2),, characters for irreps with Dynkin labels [n;]. The ¢y , are the
SU(3)y,,u, characters for irreps with Dynkin label [k;, k;]. The terms in red correspond to the
operator O (and its conjugate) in (2.22). The symmetry algebra is su(2),, ®5u(3)y, , ®u(1)q-
The SU(3) centre symmetry Zs act trivial on irreps [k, ko] with k; —k, = 0 mod 3; while the
SU(2) centre Z, acts trivial on irreps [n;] with n; = 0 mod 2. Thus (D.29) suggests that the
symmetry group is PSU(2),, x (SU(3)u1,u2 X U(1)Q) /Z3. Z3 C U(1), such that Q has charge 2.

D.2.4 T[SU(6)] theories

Gauging a Zs.

w1 w2 w3 w4 6 U  mirror
O—O0—O0—0—C=0 — oo D30
1 2 3 4 SU(5) 1 (Y (Y )
4 3 2 1
Use the fugacity map
x? x3 x2 x2 .
C Wi —=—, Wy— > W3 — > Wg— —, V_)Q > (D31)
Xo X1X3 X9Xy4 X3
1 1y 1 X3 1Xy 11
H y1—>Q30x1, yz—)QSO—’ y3—>Q30—’ y —)QSO— ys—)QBO—
Xq Xo X3 X4

y6_)Q_%’
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to {x;} the weight space fugacities of A;, and a U(1) variable Q. The perturbative
Coulomb/Higgs branch Hilbert series reads

HS =1+t (1,001 + 1) + > (X0,1,1,0 + 3¥1,001 + X2.002 +2) (D.32)
+1t° (2)(0,1,0,2 +3%0,11,0 1t 7X1,001 1 X1,1,1,1 T 3X2002 T 2X20,10 T X3003 + 3)

4
+t (2)(0,0,2,1 +6%01,02+8X01,1,0 t X0,2.20+ 14X1,001 T 2X1,1,03 + 5X1,1,1,1
+2%1,200+10¥2002+6X2010F X21,1,2F3X3003 t2X301,1 F X4004 T 5)

5{ A1
+t (Q 20,005+ QX5000F X0,01,3 T 6X0,021+17%01,02+17%0,1,1,0 T 2X0,2,1,2

+ 3202201 2%030,1 1 25%1,001 +2X1,022 +2X1,030 +9%1,1,03 + 18X1,1,11
+6X1200F X1,221 2322002+ 17X2010+ 2X2,1,04 T 5X21,12F 2X2,1,20
+279201110x3003+9%301,1 F X31,00F X31,1,3 T 3X40,04 T 2X40,1,2

+ X5)0,0,5 + 7) +... N

here xp. n,n,.n, are the SU(5),, characters for irreps with Dynkin labels [n;,n,,n3,n4]. The
terms in red correspond to the operator O (and its conjugate) in (2.22). The algebra is
su(5)y, ® U(1)y. The SU(4) centre symmetry Zs acts with charge 1 in the fundamental
[1,0,0,0]. The appearing characters in (D.32) are all neutral under the centre, which sug-
gests the global form PSU(5),, x U(1),.

Gauging a Z,4.

w1 w2 ws Ws 6 vV mirror
O—O0—0—0—=0 — oo @33
1 2 3 SU(4) 5 1 ~ N ~
4 3 2 1
Use the fugacity map
xZ X2 xZ -1
C: ! 2 3 2 D.3
: wy— —, wy;— , W3 —, Ws—ouj, Voo, (D.34)
X2 X1X3 X2 (uq)
i 1 Xy 1 X3 11
H: yl_)lex]) .yZ_)le_) .yS_)le_) }’4_’Q12_>
X X X
1 2 3
_1 _11
Y5 = Q %uy, Yyg— o
1
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to {x;} the weight space fugacities of A5, u; the weight space fugacity of A;, and a U(1) variable
Q. The Hilbert series reads

HS=1+t (P10, +12+1) (D.35)
+t? (2X2¢1,0,1 + P020+3P101F P02t 2x2t Xat 3)

+ t3(l2¢o,1,2 +2x20020 820101+ 2X2P202F X2P210F 2X4P101 T+ 2P012
+2¢020+9P101+ P121F3P202+2P210+ P3o3+ 62+ 24+ X6+ 5)

+ t4(Q_1 (X4¢o,o,4 + x20012 + ¢0,2,o) +Q (X2¢2,1,0 + X4Pao0+ ¢o,2,o) +8x2001,2

+7x20020F 2620101+ X2P11,3+3x2P121 + 1020202+ 8X2P210
+ 220303+ X2P31,1 T XaPo12 T 2X4P020 + OXaP101 +2X6P 1,01 +3XaP20,2
+ X4P210F 7P012 1+ 9P020F Posot21P101+2P113+4P121+12¢20,

+7¢210F G222+ 3P303+2P311+ Papat12x2+7x4+2x6+ x5+ 11) +...
The symmetry algebra is su(4),, , , X 5u(2),, x U(1)q. The terms in red correspond to the

operator O (and its conjugate) in (2.22). The appearing characters suggest that the global
form is PSU(4),, x, x,,x, X SO(3),, X U(1)q, i.e. the centre symmetries act trivially.

Gauging a Zs.

3
w1 w2 w4 Ws 6 U mirror Yo
O—O—0O—~C0O—=~0O A O O—O—0O (D.36)
1 2 SU(3 4 5 1 I\ O U
3) ylﬂ/ 4 3 2 1
Z3
Use the fugacity map
x x; uf u Q!
C: W= —, Wy——=, WwWyg—>—, W5——, - = (D.37)
X2 X1 Uy 251 (us)

1 1X 11
H: Y1 — Q8xq, }’2—’Q6—2: Y3 = Q8 —,
X1 X2

_1 _1lUy 11
J’4_’Q 6u1, yS_)Q 6_)y6_>Q 6_:
Uy Uy

to x; weight space fugacities of A,, u; the weight space fugacities of another A,, and a U(1)
variable Q. The perturbative Coulomb/Higgs branch Hilbert series is evaluated to

HS=1+t(y11+¢11+1) (D.38)
+t? (3)(1,1 + X220+ 2x11$11+ 3¢+ oot 3)
+ fB(Q_l (Xo,3¢3,0 +x11¢11+ 1) + Q(Xl,1¢1,1 + X30%03 + 1)
+2x03+8x11+3X22+2%30F X33+ X11P03 + X03P11 1011011 +2x11P22
+ X11%30 T 2X22011 T X30P11 T 2¢P03+8P11 +3Poo+ 2050+ P33+ 6) +...
The symmetry algebra is su(3),, ., ®5u(3)y, i, ®u(1). The terms in red correspond to the oper-

ator O (and its conjugate) in (2.22). The appearing characters indicate that all irreps are trivial
under the centre symmetries, such that the global form is PSU(3),, ,, X PSU(3),, ,, X U(1)q.
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Gauging a Z,.

w1 w3 W4 Ws 6 vV mirror
O—O0—O0O—CO—CO=0 «— ~ o~ (D.39)
1 SU@) 3 4 5 1 O—0O0—0O——=0
4 3 2 1
Use the fugacity map
2 2 2 ]
u u u Q
1 2 3
C: W1—>xf, Wy — —, Wy — 5 Wy =, Vo, (D.40)
Uy Upls Up (us)
1 11
H: y1_>Q3X]_: J’2_’Q3_,

X1

_1 _1lUy _1llUg _11
.yS_)Q 6u1’ J’4_’Q 6_) }’5_’Q 6_J yﬁ_)Q 6_’
1251 Uy us

to an x; weight space fugacity of A;, u; the weight space fugacities of A3, and a U(1) variable
Q. The Coulomb branch (or Higgs branch) Hilbert series reads

HS=1+t (4’1,0,1 + 22t 1) + fz(Q (X2¢0,0,2 + ¢0,1,0) +Q7! (de?z,o,o + 4’0,1,0) (D.41)

+ 2220101+ Po20t+3P101+ P02t 2x2+ xat 3) +...

The terms in red correspond to the operator O (and its conjugate) in (2.22). The global
symmetry is PSU(2),, X (SU(4)u1’u2’u3 X U(1)Q) /Z4 and Q has Z, charge 2 mod 4.

D.3 Some T[SU(N)] examples with higher charges

Consider the quiver theories in (2.25) and (2.26). Redefine fugacities as

2 2
(2.25) : wi— 1 Wy — 2 wy — xf , V= 5 (D.42)
Yo Y1 Xl

2 2 -1
(2.26) : wi— xf, wg — -1 , Wy y_2 , Vo Q—ls, (D.43)
Y2 )1 Yy

such that x; is an A; fugacity and {y; »} are A, fugacities. The perturbative monopole formula
for the left-hand-side quivers reads

HS=1+t(yo+¢11+1) (D.44)
+t? (2¢1,1X2 +2x2+t Xa+3¢11+dont 3)

+ t3(¢0,3){2 +8P1 122+ 202202+ P3oX2t 62+ 24+ X6+ 2005+ 204P14
+8¢11+3¢s2+2¢30+ P33+ 5)

+ f4(7¢0,37(2 +24¢1 102+ Prax2+10¢200 + 7P30x2 + 203302+ Pai X
+12x5+ 734+ 2x6 + X3+ X403+ 503+ Ixab11 +206P11 + 1901,

+2¢1 4+ 3422+ 11055+ xad30+ 5030+ 335+ 20471+ Pyst 10)
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+ t5(22¢0,3)(2 +60¢1 122+ 9P14x2 + 38282+ Pasxa+22¢30x2+ 10935375

+9P41 22+ 204402+ PsaXa+ 2502+ 1504+ 7 )6+ 215+ X10 + OXaPo3
+ X6Po3 16003+ 3014011 +9%6P11 +2xsP1,1 +40P11 + 24014+ 8P4
+ 1514922 +3x6P22+ 28052+ 205 +9x4P30+ X6P30+ 16930+ 31433

+ 1133+ 2x4P41 +8Ps1+3P44+2¢5,+ P55+ 15)

" t6(Q (Xs¢o,6 + XaPrat zabos + ¢3’0) + o3+ X292 +QZ4¢4,1 + X6P6,0
+62¢03x2+2¢06x2 +132¢1 172 +37¢1 422 +107¢22%2 + 9P 542 + 623012

+ 413322+ P3eXx2+37P41 02 100442+ 9Ps52X2 + 2P55X2 + 20602 + Pe3X2
+ 44y, + 334+ 16)6+7xs+ 2310+ X12 31 x4P03 + 9X6Po3 + X3Pos + 36903
+ X4Pos 3P0 +81x4P11+31x6P11 +92sP11+2X10P11 +77¢11 + 164014
+2%6$1,4 25014+ 594022+ 1626¢22 +3sP22+ 7005 +2x4¢P25 + 8P,

+ 3114930+ 9%6P30 + XsP30+36P30+ 1714¢P33+4X6P335+32¢35+ 2036

+ 1614041+ 2X6Pan + 25041 +3x4P 44+ 1144+ 214P5,+8Ps55+ 355

+ X460 T3P0+ 2063+ Do+ 28) +...,

wherein ¢,, . are the characters of A, irreps [m;,m,] and y,, are the A, characters for [n;]
irreps. The global form of the Coulomb branch isometry group is PSU(2),, xPSU(3),, , xU(1),-

D.4 Some T;[SU(N )] examples

1st example. Consider the example

(D.45)

and use the fugacity map

v1—>xf, v2—>%, v3—=Qy, V3—Qs3. (D.46)
1

The Coulomb branch Hilbert series reads

HS=1+t(y,+3)+ tz((Ql +Q ) +(Q+ Q0 ) +3x2+ 14 +8) (D.47)
+ f3((Q1 +Q;1)(411 +x3)+ (Qz +Q£1)(Xz +3)

1
+Q,Q3Q3 + W+8X2+3X4+16+17)
123
Eotatn

Qi

+ t4(Q§ (QQ3 (12 +4) +Qs+ x2) +

xn
Q3+

X1
o, tQax1+ 127 +4x3+ x5
Q

3y, + xa+9 1
X2 QX4 +Q§+@+18X2+8X4+3X6+XS+34)+""
2 2

and the global symmetry is given by (SU(2)X X U(1)Q1) /Zy x U(1)q, x U(1)q, where the Z,
centre symmetry acts with charge +1 on Q; and trivial on all other Q;.

+Q (% +Q2(Qsxr + 1) + 12y, +4y;3 +X5) +
2

+Qy (B +x4+9)+
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2nd example. Next, modify the example slightly and consider

1

w4
w1 ﬁmﬁ (D.48)
O

N\ N\
1 SuU@) 2 1
together with the fugacity map
v1—>xf, vy = Q1, V3—Qy, Vv3—Qs3. (D.49)

The Coulomb branch Hilbert series reads

1 1
HS=1+t()(2+3)+t3/2(Q1+Q—)+t2(Q2+Q—+312+x4+8) (D.50)
1 2

1
+t5/2(—Q2 2 +Q; (Q2+X2+4))
1

+3 1
+t3(Q2()(2+3)+XZQ—+Q%+¥+8)(Z+3)(4+X6+17)
2 1

o +4
+t7/2(%+Q2+4x2+x4+11

Q

1
+Q, (Q2(12+4)+Q—+412+x4+11))
2

X2

Q3

+t4 2( ( +1)+ +4)+M+ 2+i

Q7(Q2(Q3x2 X2 Q? Q3 Q2
1 2

3patxat9

+Qy (a2 +xa+9)+ +187(z+8x4+3)(6+x8+34)+---,

2
and the global symmetry is given by PSU(2), x ]_[1.3:1 U(1),, where the Z, centre symmetry

acts trivial on all Q;.

3rd example. The Hilbert series for the example in (2.39) with notation (C.23)

HS=1+t (g +1)+1t2 (% +Qxl,0) +t% (311 + X22+3) (D.51)

5 (3)(0,1 + X121 X20
+ 3 0

with y, ., the A, characters for irreps [n;,n,]. The Z3 centre charge of the U(1),, is deter-
mined to be —1 mod 3, such that the symmetry group is (SU(3) x U(1))/Z5 = U(3).
After gauging a discrete Z, O-form symmetry, the labelling becomes

+Q(%0,2+3X1,0+Xz,1)) +...,

! Za 1
v Y3
—> Qr‘/\{ (D.52)
O O O O
- wn SU@) 1 2 2 1
with fugacity map
Q
leu—l, szxf, v=Qg, (D.53)
1
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with x; an A; weight space fugacity and Q; two U(1) fugacities. The Hilbert series becomes

HS=1+t()(2+2)+t3/2(Q1+Qi))(1 (D.54)
1
+t2((Q0Q2+ L +4)X2+X4+7)
' Qo
+t5/2((Q0Q1+5Q1+L+1)X1+(Q1+i)%)"‘---,
Qo1 Qg Q

where y,, denotes A; characters for irreps [n;]. It is apparent that the Z, centre charges of
(QO: Ql) are (O: —1 mod 2)

D.5 T[SO(2N)] theories

In this appendix, computational details for the T[SO(2N)] theories are provided. For or-
thosymplectic quivers, the topological symmetries visible in the UV Lagrangian are severely
limited. For an SO(k) gauge group, there is only a Z, valued topological 0-form symmetry.
For SO(2), there exists a whole U(1) topological 0-form symmetry. Thus, to confirm mirror
symmetry after such a Z, is gauged, one needs to identify the Z, in the original mirror pair.
Therefore, it is sufficient to provide the Z,-refined Hilbert series of the original mirror pair to
demonstrate agreement after gauging. The Hilbert series after gauging the discrete Z, sym-
metry is simply obtained by averaging over Z,.

D.5.1 T[SO(6)] theories

For T[SO(6)], one can gauge a Z; C PSO(6),, which corresponds to gauging the ZJ; factor
inside the flavour symmetry of the mirror theory, which is identified by a “2+1” splitting of the
fundamental flavours. Before gauging, the discrete fugacities are attributed as follows:

4
22

o0 o Es — eo—e0—© (D.55)
2 4 4 2 2 4

2,a

M.S

The Coulomb branch Hilbert series of the left-hand side (which equals the Higgs branch Hilbert
series of the right theory) reads

HS =1+ (7 + 82,)t + (63 + 562,)t% + (328 4 3362, )t> + (1476 + 1448z,)t* (D.56)
+ (5390 + 54242,)t° 4+ (17500 4+ 174162,)t° + ... |

with the Z, fugacity z, = a.

D.5.2 T[SO(8)] theories

For T[SO(8)], one can gauge Z, C PSO(8),, which corresponds to gauge a Z, factor inside the
flavour symmetry for the mirror theory. Now one can choose to gauge this Zj for the SO(4) or
SO(6) gauge node.
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Z3 of SO(4). Gauging the Z; of the SO(4) gauge node leads to a “2+2” splitting of the
fundamental flavours. Before gauging, the discrete fugacities are attributed as follows:

21

o—©
2 2

~Q@ 8

@
4

@&

[ — (D.57)
6

— &—0 0 0 0
2 2 4 4 6
4,a

The Coulomb branch Hilbert series of the left-hand side (which equals the Higgs branch Hilbert
series of the right theory) reads

HS =1+ (124 162,)t + (213 + 1922,)t% + (1984 4 20482,)t> + ...,

with the Z, fugacity z, = a.

Z3 of SO(6). Gauging the Z), of the SO(6) gauge node leads to “3+1” splitting of the funda-
mental flavours in the mirror theory. Before gauging, the discrete fugacities are attributed as
follows:

21

o—0
2 2

NN

®
4

c@&

® B (D.58)
6

— —0 0 0 @
2 2 4 4 6
2,a

The Coulomb branch Hilbert series of the left-hand side (and the Higgs branch Hilbert series
of the right-hand theory) reads

HS =1+ (1223 + 16)t + (213 + 19225)t2 + (198425 + 2048)t> + ...,

with the Z, fugacity z3 = a.

D.6 Sp(k) SQCD and orthosymplectic mirrors

The logic is as in Appendix D.5, to evaluate the Hilbert series of the theories after Z, gauging,
one evaluates the Z,-refined Hilbert series of Sp(k) SQCD and its mirror theory. Once agree-
ment is found, the theories after gauging have agreeing the Hilbert series by construction.

D.6.1 Sp(2) SQCD, 5 flavours

Consider Sp(2) with 5 fundamental flavours.

Z5 of SO(2). Gauging the Z) of one of the SO(2) gauge nodes corresponds to a “1+4”-
splitting of the fundamental flavours in the mirror theory. Before gauging, the discrete fu-
gacities are assigned as follows:

2 8 2
aj
v “—> a1 I (D.59)
o0 © o0 ©0
2 2 4 4 2 2
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The Coulomb branch Hilbert series of the right theory (which agrees with the Higgs branch
Hilbert series of the left theory) reads

HSy 4 =1+ (16a; +29)t + (448a; +532)t* +..., (D.60)

with the Z,-fugacity a;.

Z; inside SO(4). Gauging the Z of one of the SO(4) gauge nodes corresponds to a “2+3"-
splitting of the fundamental flavours in the mirror theory. Before gauging, the discrete fugac-
ities are assigned as follows:

4 6 2
2 v — o I (D.61)
@ o @ @ @ @
2 2 4 2 2

4 4 4

The Coulomb branch Hilbert series of the right theory (which agrees with the Higgs branch
Hilbert series of the left theory) reads

HS,,5 = 1+ (24a, +21)t + (480a, + 500)t> + ..., (D.62)

with Z,-fugacity a,.

D.6.2 Sp(2) SQCD, 6 flavours

Z3 of SO(2). Gauging the Z; of one of the SO(2) gauge nodes corresponds to a “1+5”-
splitting of the fundamental flavours in the mirror theory. Before gauging, the discrete fu-
gacities are assigned as follows:

2 10 1 1
ai
v —> a1 I I (D.63)
o O © o o0 O
2 2 4 4 2 2

4 4 5 4

The Coulomb branch Hilbert series of the right theory (which agrees with the Higgs branch
Hilbert series of the left theory) reads

HS;,5 = 1+ (20a; +46)t +(900a; +1233)t* +..., (D.64)

with the Z,-fugacity a;.

Zy of SO(4). Gauging the Z) of one of the SO(4) gauge nodes corresponds to a “2+4”-
splitting of the fundamental flavours in the mirror theory. Before gauging, the discrete fu-
gacities are assigned as follows:

4 8 1 1
az
v —> as I I (D.65)
o0 © @ o0 ©
2 2 4 2 2

4 4 4 5 4

The Coulomb branch Hilbert series of the right theory (which agrees with the Higgs branch
Hilbert series of the left theory) reads

HS,, 4 = 1+ (32a, + 34)t + (1056a, + 1077)t> + ..., (D.66)

with the Z,-fugacity a,.
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Z5 of SO(5). Gauging the Z, of the SO(5) gauge node corresponds to a “3+3”-splitting of the
fundamental flavours in the mirror theory. Before gauging, the discrete fugacities are assigned
as follows:

6 6 1 1
s v — I as I (D.67)
e—0 ©° @ o—0 0
2 2 4 4 2 2

4 4 5 4

and the Coulomb branch Hilbert series of the right theory (which agrees with the Higgs branch
Hilbert series of the left theory) reads

HS5,5 = 1+ (36a; + 30)t + (1044a; + 1089)t> + ..., (D.68)
with the Z,-fugacity as.

D.7 Sp(k) SQCD and D-type mirrors

In this appendix, computational evidence for the general results of Section 2.7 is provided.
The relevant mirror map is discussed in Appendix D.6.

D.7.1 D, Dynkin quiver
Consider Sp(2) SQCD with N = 7 flavours and its D, Dynkin mirror quiver, see (2.45).

2nd node. The mirror pairs is defined by

1
10 v
Y3,..., 7 2
O O O O e (D.69)
Y1,2 1 SU(2) 3 4 4
w1 w3 wq ws
4 ZQ 2
-
and the fugacity map is
: S
wy =uj, (W3, Wy, Ws, we, w7); = x;” V= Pt (D.70)
i 2
j=1

with the weight space fugacities x;, u, of s0(10) and s0(4), respectively. (See the end of Section
2.7 for the global symmetry enhancement.) The flavour fugacities follow from (C.30). The
Higgs/Coulomb branch Hilbert series then evaluates to
HS =1+t (%0,1,00,0 + P02+ $20) (D.71)
+ 2 (X 0,0,0,1,1 + 202,000 T 22,0,0,00 T 2%0,1,0,0,090,2 T 2X0,1,0,0,092,0

+ 22,0,0,00P22+ Poat Paot+ Paot 2) +...,

with y, ¢ denoting s0(10), so(4) characters, respectively. The global form of the isometry
group is PSO(4) x PSO(10).
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3rd node. The mirror pair is

1
T 2
O—0O0—0—=o0 e (D.72)
1 2 SU(3) 4 4
w1y w4 ws
2
wr
and the fugacity map is
2 A 4 Dy
c? C; Q
(WI:WZ)a = l_[ubab > (W4’W5’W6:W7)i = l_[x] Y 5 V= X_, (D73)
b=1 j=1 1

with the weight space fugacities x;, u, of s0(8) and su(3), respectively. The flavour fugacities
follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to
HS=1+t¢t (XO,].,0,0 + (1)1’1 + 1) (D.74)

X1,0,0,0 Xl,o,o,o¢1,1
Q Q
+ %0,0,02 T X0,0,20 T 2%0,1,00 T X0,2,00 T X2,0,0,0

+2%0,1,00P1,1 t X2,0009P11 + 3011+ P+ 3) +...,

2
+t (Qll,o,o,o + +Qx1,0,00%11

with y, ¢ denoting s0(8), su(3) characters, respectively. The global form is given by

PSU(3) x % with Q having Z, x Z, centre charges (0,1 mod 2). Thus, the isome-

try group is PSU(3) x %250(8).

4th node. The mirror pair is

1
T 2
O—O—"~0—=0 e (D.75)
1 2 3 SU(4) 4
w1 wo w3 ws
2
wy
and the fugacity map is
3 g 3 ng‘
(Wl)WZ)WB)a :l_[uba 5 (W57W6>W7)i :l_[xJ 5 v :Q; (D76)
b=1 j=1

with the weight space fugacities x;, u, of so(6) and su(4), respectively. The flavour fugacities
follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to

HS=1+ t(%o,l,l + ¢1,0,1 + 1) (D.77)
$0,2,0
+ fz(Q¢o,2,o + T +3%0,1,1+ X022+ X2,00+ 2X01,191,0,1

1
+ %2,0091,01 T 2P020 +3P101+ P02 +Q+ a + 3) +...,

with y, ¢ denoting so(6), su(4) characters, respectively. The global form is
PSU(4) x U(1)q x PSO(6).
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5th node. The mirror pair is

1
T 2
O—O—_0O——=0 e (D.78)
1 2 3 4 SU(4
w1 weo w3 wy
2
w7
and the fugacity map is
4 A 2 Dy
c'4 C:. Q
_ b _ _
(W17W2;W3,W4)a - l_[uba > (W6: W7)i - l_[x] Y > V= u_) (D-79)
b=1 j=1 4

with the weight space fugacities x;, u, of so(4) and su(5), respectively. The flavour fugacities
follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to

HS=1+t¢t (XO,Z + XZ,O + ¢1’0,0’1 + 1) (D80)

¢0,2,0,0

o $0,0,0,1
+t (T + Q10,00+ QPo020+
+2x20+ X22+ X401+ 2X0291,0,01 T 2X2,091,0,0,1

+ %2,291,001 T 200,110 + 3P1,00,1 + P2002 T 4) +...,

+2x02+ Xo,4

with y, ¢ denoting s0(4), su(5) characters, respectively. The global form is % xPSO(4)

with Q having Zs centre charge 4 mod 5; i.e. the isometry group is U(5) x PSO(4).

6th node. The mirror pair reads

1
v
Y1,...,7 1) U(2)
=0 O—O0—AO0—=0 (D.81)
4 Zs 1 2 3 4 4
w1 wo w3 wy ws
2
wy
and the fugacity map is
6 A
_T1,Ce _Q
(Wi, wo, wg, wy, ws,wy)g = | |u,*, V= e (D.82)
4

with the weight space fugacities u, of su(7), respectively. The flavour fugacities follow from
(C.30). The Higgs/Coulomb branch Hilbert series then evaluates to

HS =1 +t (d)l,0,0,0,0,l + 1) (D83)

2
+t (Q¢o,o,o,o,2,o +

¢0,0,0,1,0,0 ¢0,2,0,0,0,0

+Q¢0,0,1,000 t
Q T Q

+26001,00,1,0 +291,00,0,0,1 T 20,0002 T 2) ..,

SU(7)xU(1)q

with ¢ denoting su(7) characters. The global symmetry is Z with Q having Z, centre

charges 4 mod 7.
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D.7.2 Dg Dynkin quiver

Consider Sp(2) SQCD with N = 8 flavours and its Dg Dynkin mirror quiver, see (2.45).

2nd node. The mirror pair is defined by

1
v
j 2
— O O O O O e (D.84)
1 SU(2) 3 4 4 4
wq w3 wy ws we
2
wg
and the fugacity map is
6 Dg 2
— 2 _ ij _ Uy
wy =uj, (W3, Wy, Ws, W, W, Wg); = X, y = P (D.85)
i 2
j=1

with the weight space fugacities u, and x; of s0(4) and so(12), respectively. The flavour
fugacities follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to

HS =1+t (01,0000 + P02 + $2,0) (D.86)
2
+t ()( 0,0,0,1,0,0 T 20,2,0,0,0,0 T X2,0,0,0,0,0 T 2%0,1,0,0,0,090,2
+2%0,1,0,0,0092,0 T 22,0,0,0,009P2.2 T Poa+ Pa2+ Pap+ 2) +...,

and ¢ are so(4) characters and y are so(12) characters. The global form is read off to be
PSO(4) x PSO(12).

3rd node. The mirror pair is

1
j? 2
— O—O0—"—O0—"0—=70 w (D.87)
1 2 SU(3) 4 4 4
w1 w wy ws we
2
wg
and the fugacity map is
2 5 D
o2 (o Q
— b — —
(WI’WZ)a - l_[uba 5 (W47 W51W6’ W7) WS)i - l_[XJ Y ) vV=—, (D-88)
b=1 j=1 X1

with the weight space fugacities u, and x; of su(3) and s0(10), respectively. The flavour
fugacities follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to

HS=1+4+t (10,1’0’0’0 + ¢1,1 + 1) (D89)
X1,0,0,0,0 X 1,0,0,0,0¢1,1
+ tz(Qll,o,o,o,o + T +Q1,00009P1,1 + T

+ %0,0,0,1,1 T2%0,1,0,00 t X0,2,0,0,0 T 22,0,0,0,0 T 2%0,1,0,00P1,1
+ %2,0,0,00P11 +3P11+ Paot 3) +...,

and ¢ denotes su(3) characters, while y are s0(10) characters. The global symmetry is

PSU(3) x U(l)%fm(lo) where the Q can be assigned Z, charge 2 mod 4.
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4th node. The mirror pair reads

1
f 2
— O—0O0——0O——0O——=0 ’ (D.90)
1 2 3 SU(4) 4 4
w1 wo ws we
2
wg
and the fugacity map is
3 s 4 b
— b — L —
(W17W2) WS)a - l_[uba 5 (W57W6J W7J W8)i - l_[x] ! > V= Q; (D~91)
b=1 j=1

with the weight space fugacities u, and x; of su(4) and s0(8), respectively. The flavour fugac-
ities follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to
HS=1+t (XO,l,0,0 + ¢1,0,1 + 1) (D.92)
$0,2,0

2
+t (Q¢0,z,o + Q + 20,0021 20,0201 2X0,1,00 T X0,2,00 T X2,0,0,0

1
+2%01,0091,01  X2,00,09P1,01 T 20020+ 3P101+ P202+Q+ a + 3) +...,

with ¢ denoting su(4) characters and y are so(8) characters. The global symmetry is
PSU(4) x U(1)q x PSO(8).

5th node. The mirror pair is

1
T 2
— O O O O O ! (D.93)
1 2 3 4 SU(4) 4
w1y wo w3 wq we
2
wg
and the fugacity map is
4 A 3 D3
_ Cap _ Cij _Q
(W1:W25W3>W4)a - ub ) (W6) W7: W8)i - Xj 5 V= u_) (D94)
b=1 j=1 4

with the weight space fugacities u, and x; of su(5) and s0(6), respectively. The flavour fugac-
ities follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to
HS=1+t¢ (XO,].,] + ¢1’0’0’1 + 1) (D.95)

o $0,0,0,1 $0,2,0,0
+t ( + Q10,00+t QP20+ —q +3%0,1,1 T X022 F X200

+2%0,1,191,0,0,1 T X2,0,091,001 T 2¢0,1,1,0 + 301,001 T P20,02 3) +...,
and ¢, y denote su(5), so(6) characters, respectively. The isometry group is
% x PSO(6) where the Zs; charge of Q is 4mod5. The global form is then
U(5) x PSO(6).
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6th node. The mirror pair is

1
T 2
«— O O O O O o (D.96)
1 2 3 4 4 SU(4
w1 wo w3 wq ws
2
wg
and the fugacity map is
5 2 D.
s C. 2 Q
— b — —
(Wl’WZsW37W43W5)a - l_[uba s (W7:W8)i - l_[XJ Y s vV=—, (D97)
b=1 j=1 Ug

with the weight space fugacities u, and x; of su(6) and s0(2), respectively. The flavour fugac-
ities follow from (C.30). The Higgs/Coulomb branch Hilbert series then evaluates to

HS=1+t¢ (XO,Z + Xz’o + ¢1’0,0’0’1 + 1) (D98)
$0,0,0,1,0 $0,2,0,0,0
+ fz(T +Q¢0,1,000 T QP0,0,020+ —q +2%02F Xo4t2%20

+ X22F X401 2202910001 T 222,091,0001 + X2.291,00,0,1 T 2¢0,1,0,1,0

+3¢1,0,00,1 T P2,0002 + 4) +...,

here ¢ denote su(6) characters and y denote so(4) characters. The global form is
% x PSO(4) where the Z¢ charge of Q is 4 mod 6.

7th node. The mirror pair is given by

v
Y1,...,8 u(2)
=0 — O O O O O (D.99)
4 Zo 1 2 3 4 4 4
w1 w2 w3 wq ws we

and the fugacity map is

(W],Wz, W3>W4: Ws, Weg, W8)a = l_[ubab D V= u_ ) (D]-OO)
b=1 4

with the weight space fugacities u, of su(8). The flavour fugacities follow from (C.30). The
Higgs/Coulomb branch Hilbert series then evaluates to

HS=1+t(¢1000001+1) (D.101)

¢’0,0,0, 1,0,0,0 4 ¢0,2,0,0,0,0,0

Q Q

+26001,00,0,1,0 T 291,0,0,0,0,0,1 T 2,000,002 t 2) +.o.,

2
+t (Qd’o,o,o,o,o,z,o +Q¢0,0,0,1,000 t

where ¢ denotes su(8) characters. The global form is % and Q has Zg charge 4 mod 8.
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D.8 0O(2k) SQCD and C-type mirrors

This appendix contains explicit Hilbert series for non-simply laced Dynkin quivers and their
0O(2k) mirror SQCD theories. For concreteness, O(2) SQCD with 4 fundamental flavours is
considered. The mirror is a C, balanced Dynkin quiver.

Example 1. Gauging the topological symmetry of the gauge node at the long edge leads to
the mirror pair

Lo 11)
h 2
Y1,2,3,4 — (D.102)
1 2 2 SU@2)
0(2) my omy  omy 1

and the magnetic fluxes for the right-hand side quiver in (D.102) take values in
(my,my,ms, L) €EZXZ2 X Z* X L x 7. (D.103)

The fugacity map is given by

2 2 2 1
X X X
wi=k wy=2 =2 2 (D.104a)
Xy X1X3 Xo x2
1 1X 1X 11
Y1=Qx1, y»=Q 2, y3=Qi=, y,=Qi—, (D.104b)
X1 Xo X3
with the A; weight space fugacities x;. One evaluates the Hilbert series to read
HS=1+t(¢101+1) (D.105)

P04+ Po20
+ ¢ (T +Q(¢0,20 + P4,00) + Po.2.0 + 201,01 + 26202 +2

+ tg( 2¢0,04+ Po,1,2+ Po20t P05+ P1,13+ P12
Q
+Q (¢o,2,0 + P11+t Po10t P31+ 2¢400+ ¢5,0,1)

+ @012+ Po20+t3P101+P113 T P11 F4P202F Po10F2P303+ P31+ 2)

+...,

where ¢, . . denotes A; characters for irreps [n,n,n3]. The U(1),, is trivial under the Z,
centre of SU(4), such that the global symmetry group becomes PSU(4) x U(1),.

Example 2. Gauging the topological symmetry for the node closest to the non-simply laced
edge on the short side leads to

2 Zo 1:1 .
Y1
% 4 - (D.106)
1

0(2) E 2 SU(2) 2

w2 wyq
mi mo 1 my

and the magnetic fluxes for the right-hand side quiver in (D.106) are defined via

1 ) .
(my,mq,l,my,h) € U (Z X 72 X 7, % (Z+ é) X (Z+ %)) . (D.107)

i=0
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The fugacity map is given by

2 2
X x 1
wi="t,  wy=—2,  v==, wy=4 (D.108a)
X2 X1X3 X5
X2 X3
Y1=1ur, Y2 =X, Y3= ") Ya= 1o (D.108b)
1 2

where x; are C; weight space fugacities and u; is a C; weight space fugacity. the Hilbert series
can be evaluated to read

HS =1+t (200 + $2) + % (X010 + X020 + X400 + 202200 + P4 + 1) (D.109)

3
+t (%2,0,0 + X210 F X220 X6,00 T P2X0,1,0 T P2X0,2,0+ P2X200t P2X21,0

+2¢2%400F 2042200+ P2t 4’6) +t.oo,

with y,, . .. the C3 characters for irreps [ny,ny,n3]c and ¢y, the C; characters for irreps
[ky]c- As all appearing irreps are invariant under the Z, centre symmetries for C3 and C;, the
global symmetry group is PSp(3) x PSp(1).

Example 3. Gauging the topological symmetry of the other U(2) gauge node on the short

side leads to
1
4 Zo Z
Y1,2
V — { (D.110)
Y3.,4

2
1 SU(2 2 2

0(2) wy @) w3 wy

mi 1 m3 my

and the magnetic fluxes for the right-hand side quiver in (D.110) take values in

1 SN2 .
i i
my,l,ms,my,h) € Zxesz(Z—l——) x(z+—) . D.111
(my,1,m3,my,h) L:JO( 5 5 (D.111)
The relevant fugacity map is given by
2 2 2
X 1 u u
w1=—1, v=—, w3=—1, w4——§, (D.112a)
X9 Xz Uy ul
Up X2
y1=1up, Yo=—, Y3=Xx1, Ya= ), (D.112b)
U X1
with x; and u; two sets of C, weight space fugacities. The Hilbert series reads
HS=1+t (XZ,O + ¢2,0) (D].].S)

2
+t (%0,1 + 02t Xa0+ X019P01 T 2X2,0P20F P01+ Dot Paot 1)
3
+t (7{2,0 + 21+ X22F X60 T X0,1P2,0F X0,2P2,0 + X20P20+ X21P2,0
+2x40%20+ X01P21 T X2,0P0,1 T X2,0P02 + X20P21 +2X20P40

+ X21P01+ P20+ Do+ Paot ¢6,0) +...,

where y,,, n, and ¢, denote the C, characters of the irreps labelled by [n;,n,] and [k;, k5],
respectively. All appearing irreps are invariant under the Z, centre symmetries; thus, the
global symmetry group is PSp(2) x PSp(2).
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