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Abstract

We prove an equivalence between the classical equations of motion governing vacuum
gravity compactifications (and more general warped-product spacetimes) and a concav-
ity property of entropy under time evolution. This is obtained by linking the theory of
optimal transport to the Raychaudhuri equation in the internal space, where the warp
factor introduces effective notions of curvature and (negative) internal dimension. When
the Reduced Energy Condition is satisfied, concavity can be characterized in terms of the
cosmological constant A; as a consequence, the masses of the spin-two Kaluza-Klein
fields obey bounds in terms of A alone. We show that some Cheeger bounds on the KK
spectrum hold even without assuming synthetic Ricci lower bounds, in the large class of
infinitesimally Hilbertian metric measure spaces, which includes D-brane and O-plane
singularities. As an application, we show how some approximate string theory solutions
in the literature achieve scale separation, and we construct a new explicit parametrically
scale-separated AdS solution of M-theory supported by Casimir energy.
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1 Introduction

The mathematical field of optimal transport was originally inspired by the concrete problem
of how to best move a distribution of mass from one configuration to another. In recent years,
this field has grown in various directions, incorporating ideas from Riemannian geometry and
information theory.


https://scipost.org
https://scipost.org/SciPostPhys.15.2.039

Scil SciPost Phys. 15, 039 (2023)

In this paper, we apply ideas from this field to the physics of gravity, and in particular to its
compactifications. At a technical level, these applications stem from the fact that the particular
tensor

. 1
(Ricf mn := Ronn = Vin Vof + —Vinf Vif @

n—

plays a role in both contexts. In optimal transport, the function f defines a measure @ef ,
and Ric! controls the distortion of measures along Wasserstein geodesics which, as we will
see, describe mathematically the optimal way to transport probability distributions. While n is
the actual dimension of space, we will see that the number N € RU {oo} will play the role of
an effective dimension, for reasons related to the Raychaudhuri equation. In gravity compact-
ifications, Ric}v appears in the internal Einstein equations: f is proportional to the warping
function multiplying d-dimensional macroscopic spacetime, n is the internal dimension, and
N=2—d.

The fact that the effective dimension N is often negative for compactifications might look
unsettling at first. In an earlier paper [1] we had reorganized the equations of motion so as
to use the N = oo limit Ric}x’, and exploted this fact to find applications of optimal transport
to Kaluza-Klein masses (with some initial steps provided in [2]). However, recent mathemat-
ical work has shown that the N < 0 case also makes sense and is rich of geometric/analytic
consequences [3-8]; in this paper we will see that it leads to cleaner and broader results.

Although our motivations come from the study of compactifications of higher dimensional
gravitational theories, we stress that our results apply to general warped products in arbitrary
number of dimensions, such as (warped) 1+n decompositions of static space-times.

1.1 Gravity and entropy

To a distribution of particles on a space M,,, we can associate a probability density distribution
p(x). If the total mass is m, the mass in a region of space U is me dx,/gp(x). One of
the most intriguing results of optimal transport in curved spaces regards the behavior of the
Shannon entropy

Slpl =—J Vgplogp,
M,

for a distribution of particles that move geodesically. The second derivative of S with respect to
time evolution turns out to be negative if and only if the ordinary Ricci tensor R,,, is positive
[9-12]. In other words, in this situation the entropy is concave as a function of time.’

The Einstein equations now imply an inequality relating this second derivative to an in-
tegral of the stress-energy tensor. This inequality becomes in fact equivalent to the Einstein
equations if we add the information that it can be saturated on delta-like distributions.? This
striking result has been rigorously proved for the Lorentzian vacuum Einstein equations in
[14,15]: [14] is focused on the Hawking-Penrose strong energy condition and time-like Ricci
lower bounds, [15] treats general upper and lower time-like Ricci bounds and thus the Ein-
stein equations. We rederive such an optimal transport characterization of Einstein’s equations
formally® in Sec. 4, using the tools of optimal transport we recall in Sec. 3.

. . . . 2 . . . .. . .
Our description of this result in terms of % is a bit of an oversimplification. In optimal

. . 2 .
transport one actually tends to focus on concavity rather than on the sign of ‘fin, because it

!The entropy is also known to be concave in the space of probability distributions,
ie. S[tpo+(1—t)p1]= tS[po]l+ (1 —1t)S[p1], Vpo, p1 and t €[0,1].

2At its core, this is similar in spirit to the earlier observation in [13], where the Einstein equations were related
to the behavior of a small sphere of particles in free fall.

3We use the adjective “formally” with its standard mathematical denotation, where it is contrasted to “rigor-
ously”.
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makes sense even when S is not smooth, thus allowing to include in the treatment also spaces
with singularities. This is important for physics applications, as we will see below.

As we mentioned earlier, a natural modification in this context is to introduce a weighted
measure ,/ge’ that differs from the standard Riemannian volume measure ,/g. Concavity
of the Shannon entropy now becomes equivalent to positivity of Ric}”. It is also natural to
study other notions of entropy considered in the literature. As we review in Sec. 5.1, a famous
possibility is the Tsallis entropy [16]

Sulpl=—— (1—f ﬁefp“),
Mf'l

obtained by replacing one of the axioms characterizing the Shannon entropy (related to its
extensive property) to a homogeneous property in terms of a. Under the choice a =1—1/N,
concavity of S, is related to positivity of Ric? (cf. [17-19] for N € (1, 00), and [5] for N < 0).

The aforementioned appearance of Ric? in the internal Einstein equations suggests that
they too might be reformulated in terms of generalized concavity properties for the Tsallis
entropy S;_4,/y, with weighted measure /ge’. We establish this new result at the formal level
in Sec. 5.3, leaving a fully rigorous mathematical proof to a later publication [20]. In Sec. 5.2
we also show that the external Einstein equation can be reformulated in terms of the first
derivative of the ordinary Shannon entropy.

This reformulation also provides a rigorous mathematical definition of the low-energy Ein-
stein equations for certain classes of singular space-times where the standard analytical geo-
metrical definition breaks down. In Sec. 6 we showcase some of the advantages of this ap-
proach by proving rigorous theorems about the masses of the spin-two fluctuations around
backgrounds that include localized classical sources, such as Dp-brane singularities in super-
gravity. This suggests that this mathematical definition agrees at least partially with the UV
completion of classical supergravity provided by string theory.

In physics, it is more customary to define an entropy by integrating a probability distribu-
tion in phase space. Our integrals over M, are entropies in the more general sense of infor-
mation theory: they parameterize our ignorance about the position of particles that propagate
geodesically on M,,. When the latter is the internal space of a compactification, our entropy
measures the ignorance of a low-dimensional observer regarding a particle distribution along
the internal dimensions.

There is of course a long history of connections between gravity and thermodynamical
ideas, starting with black hole physics. A famous argument derives the Einstein equations
from the assumption that the entropy is proportional to the area of any local Rindler hori-
zon [21]. A later argument derived them by using the Ryu-Takayanagi formula [22] for holo-
graphic entanglement entropy [23]. An even more ambitious idea views gravity as an entropic
force [24]. In contrast, we stress that our reformulation only uses classical physics of probe
particles in free fall (that is, only subject to gravity). Nevertheless, it would be very interesting
to investigate any relationship with those earlier results.

1.2 Bounds on KK masses and separation of scales

A notable and frequent application of global inequalities on the Ricci tensor is to obtain bounds
on the eigenvalues of various geometrical operators, such as the Laplace-Beltrami. In gravity
compactifications, the masses of Kaluza—Klein (KK) fields are also obtained as eigenvalues of
geometrical operators. While unfortunately there is no general expression for those (other
than in simple classes such as Freund-Rubin), an exception is the tower of spin-two masses,
which is obtained from a version of Laplace-Beltrami weighted by the warping function (which
is in turn proportional to the f above).
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In our reformulation of the Einstein equations, the second derivative of the entropy ‘57‘25 is
related to an integral of a certain combination of the internal and external stress-energy tensor.
This combination also appeared in [2], where it was shown to be positive for many common
forms of matter; this was dubbed there the Reduced Energy Condition (REC).

This observation was already enough in [1, 2] to prove several upper and lower bounds
on the spin-two masses. However, those results were using the N = oo effective dimension,
and as a consequence many of the resulting bounds depended on the upper bound sup|dA| of
the gradient of the warping function A. In some situations this can get large, and make the
bounds less useful. The inequality we obtain here in terms of negative effective dimensions is
much simpler:

(Ricf Jmn = Agmn 2)
with f = (D —2)A.

This makes no reference to the warping, and in turn improves the bounds on the spin-two
KK masses. For example, we exploit and generalize a result in the literature [25] to show
rigorously that in general the smallest mass satisfies (Th. 6.16):

a(diamv/—K)

diam?

mf = 3)
where the diameter diam is the largest distance between any two internal points, and
a(diamv—K) > 0 is a constant that only depends on the product diam+v/—K, where K < 0
is a lower bound on the N-Ricci curvature. When K = A = (1 — d)/LidS as in (2),
diam+/—K o< diam/L,g4s. For the applications, an important property of such a constant a
is the limiting behaviour (Rem. 6.18):

lim a=mn>.

diamv/—K—0

In particular, this proves that in any warped compactification with matter content that satisfies
the REC there is a large hierarchy between m; and the scale of the cosmological constant
when diam/L,q4g is small. The lower bound (3) is of course intuitive (at least at the qualitative
level), but here we are providing a precise statement with a general rigorous argument, valid
for any higher-dimensional gravity with an Einstein-Hilbert kinetic term. Optimal transport
plays a key role in the proof of Th. 6.16, based on the so-called “L!-localization method”:
the basic idea is that using L'-optimal transport (i.e. optimal transport with cost function
given by the distance function), it is possible to partition the (possibly singular) space X (up
to a set of measure zero) into geodesics {X,},, each X, being endowed with a Borel non-
negative measure m,, and to reduce the proof of the desired inequality (3) in X to proving
a family of corresponding inequalities on the 1-dimensional weighted spaces (X,,m,). Such
a dimension reduction argument is very powerful, it has its roots in [26], it was formalised
in highly symmetric spaces in [27, 28] by using iterative bisections, and was then developed
via optimal transport tools for smooth Riemannian manifolds in [29] and for (possibly non-
smooth) metric measure spaces satisfying synthetic Ricci lower bounds and dimensional upper
bounds in [30].

As we mentioned above, optimal transport can handle certain singularities, called RCD
spaces, by focusing on concavity properties for S rather than on its second derivative [17, 18,
31-34]; it turns out that this applies to the famous string theory objects called D-branes, as was
checked in [1] for the N € (n, oo] case and extended here to N < 0 (Sec. 6.4). As mentioned
above, the advantage of considering negative N here is that it allows for a neat control of the
weighted N-Ricci curvature lower bound (2). So our proof of (3) applies to compactifications
with brane singularities as well.
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Some interesting compactifications of string theory also contain a type of source called
O-plane. Unfortunately these turn out to be outside the RCD class, as we rigorously show in
Sec. 6.4.1.% To handle them, we consider the broader class of infinitesimally Hilbertian metric
measure spaces [32,33]. We are able to show that some of the KK lower bounds appearing
in [1] are also valid in this larger class, and hence apply to compactifications with O-plane
singularities as well. In particular, we obtain (Thm. 6.6)

m3 > h?/4, @

where h; is the so-called Cheeger constant of (M,,, f), which is small when the weighted man-
ifold has a ‘neck’ almost separating it in two pieces (as reviewed at length in [1]). We also
prove some higher order generalization of the previous result, obtaining bounds on the whole
tower of spin-two masses (Thm. 6.7 and Thm. 6.8).

While the mathematical study of the N < 0 case is developed enough for us to obtain the
results presented here, it is at present not as mature as the N > 0 and N = oo cases. Because
of this, in this paper we have not improved the upper bound on m% mentioned in [1, Th. 4.2]
and first [35, Cor. 1.2], itself a generalization of the so-called Buser inequality. We hope to
return to this in the future, as mathematical techniques improve further.

We end the paper in Sec. 7 with some considerations about the problem of scale separation.
First we discuss how the bounds (3) and (4) on m; can be used to show that this mass is much
larger than |A| for certain approximate string theory vacua [36,37]. Second, we show how
a simple violation of the REC, Casimir energy, can lead to such a scale separation as well, by
constructing a AdS, x T solution with a parametric hierarchy between the KK modes and the
scale of the cosmological constant. This background appears to be in tension with conjectures
in the literature discussing the behavior of the KK spectrum as |A| — 0, inviting further study.

2 Equations of motion and weighted Ricci tensor

We start by showing how the equations of motion for general warped-product space-times
are naturally organized in terms of a generalization of the Ricci curvature tensor that better
captures the geometrical properties of the space when the warping is non-trivial. The results
in this section are partially based on the analysis of the equations of motion performed in [2,
Sec. 2], to which we refer the reader for more details.

2.1 Effective curvature and dimension

Our setup consists of any possible gravitational theory that at low energy reduces to D-
dimensional Einstein gravity, with some prescribed matter content. In particular, our analysis
applies to compactifications of string and M-theory but it is not restricted to those.

We normalize the Einstein-Hilbert term in the action as Sgy = = f v/—&pRp with
k% = (2m)P73¢572, where (), is the D-dimensional Planck length. In such a theory, the Einstein
equations for the D-dimensional metric can be written as

Ryn = 1KZ(TMN—gMN—) = Tuw )
2 D—2
where Tyy = —% gs% is the stress-energy tensor of the D-dimensional theory. We are in-

terested in studying general, possibly warped, d-dimensional vacuum compactifications. That

“Intuitively, this is due to geodesics being repelled by the singularity (due to its negative tension) and thus
having to focus on it if one wants to hit an antipodal target. This is to be contrasted with D-branes, to which
geodesics are attracted and thus spread out before refocusing.

6
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is, the D-dimensional space-time has the form®

ds? = eZA(dsﬁ +ds?). (6)

The warping function A only varies over the n-dimensional internal space; ds(zi is a maximally-
symmetric space, with curvature normalized as RL‘? = Ag‘gdv).

Plugging (6) in (5), and specializing to external and internal directions, we get two sets of
equations, which can be combined and re-organized as

1.
FAaE)==TD_x
D_5¢ Ale)=- ; 7

1 -
Rmn - vmvnf + ﬂvmfvnf = Agmn + Tmn > (8)

where we have defined the combinations

A A - 1 1
e A T (T,Ef,? - EgmnT(d’) ., f=0-24.

Equation (8) highlights a particular combination of the Ricci tensor and the derivatives of the
warping. For a given N € R we can define the N-Bakry—Emery Ricci tensor

. 1
(Ricf un = Ryn = VinVif + ——Vnf Vuf (10)

and in terms of this object the equations of motion take the simple-looking form

1 1.
FaE)=1TD-n 11
p_2¢ AE)=5 : (11a)
Ric?®) —A T 11b
( lcf )mn_ gmn+ mn» ( )
where
N=2-d. (12)

At this stage, the definition in (10) might appear purely algebraic and far from any geomet-
rical meaning. However, crucially for the rest of our analysis, this generalization of the Ricci
curvature tensor has already been considered and extensively studied in the literature of op-
timal transport, where (10) has been shown to be the notion of curvature that captures the
analytic/geometric properties of weighted Riemannian manifolds with an effective notion of
dimension N < 0 [3-6]. We will explore this more in detail in Sec. 3.4.

Finally, we stress that, even though our main motivation is the study of vacuum compact-
ifications, all our analysis and results apply to any space-time that can be written in the form
(6), including, for example, 1 + n splittings of static space-times.

2.2 Reduced energy condition and Ricci lower bounds

From (11b) we see that lower bounds on T, directly translate to lower bounds on
(Ricgcz_d))mn, which we can then exploit to derive constraints on physical properties of vac-
uum compactifications.

At first sight, the peculiar combination of stress energy tensors appearing in the definition
(9) for T,,, can seem hard to estimate in general, as it might depend on the details of the
energy sources. However, in [2] it has been noticed that for a large class of matter content

>We use upper case Latin letters to denote D-dimensional indices, lower-case Greek letters for indices along the
directions of the d-dimensional vacuum and lower-case Latin letters for indices in the n-dimensional internal space,
with n = D—d. Also, compared to references [1,2] we are suppressing here the bar on top of g, i.e. g'flhe‘e —> ghere,

n

7
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it is actually non-negative. This condition, being like an energy condition naturally emerging
from reducing the theory, has been named Reduced Energy Condition (REC):®

Ton = %xz (T,E{f) — %gmnT(d)) >0, REC. (13)
More precisely, [2] has shown that the REC is satisfied by higher dimensional scalar fields,
general p-form fluxes (including 0-forms such as the Romans mass in type mIIA) and localized
sources with positive tension. Moreover, one can easily check that any potential for a collection
fields ¢; of the form SP°" = f v—8p V{y;}), with V({¢;}) independent of the metric, does
not affect the REC since its contribution cancels from the combination (13).

When the REC is satisfied by the matter content of the D-dimensional theory, we have a
simple lower bound for the synthetic curvature:

Ric? ™ > A, (14)
which we can exploit to bound physical properties of gravity compactifications in terms of
A, as we will do in Sec. 6 where we bound the masses of spin-two Kaluza-Klein fluctuations
around general vacua that satisfy the REC. However, many interesting physical sources violate
the REC, such as O-planes in string theory or quantum effects. In Sec. 7 we will analyze
explicit examples in which these sources allow the construction of scale-separated solutions,
i.e. solutions for which the masses of the Kaluza-Klein modes are parametrically larger than |A|.

3 Optimal transport

As we anticipated, the tensor (10) appearing in the equations of motion has a natural inter-
pretation in the field of optimal transport. In this section we will give a brief review of some
aspects of this field that are important for the rest of the paper. In particular we will show why
(10) is a natural combination, and in what sense N can be considered an effective dimension.
In this section we will mostly consider smooth (weighted) spaces, while the non-smooth case
will be treated later in Section 6.

3.1 Probability and optimal transport

Take a distribution of probe particles on a space X that at time t = 0 has a certain shape
Wo(x). We can think of it as an actual mass distribution of many particles or as a probability
distribution for a single particle; in both cases we normalize fX Wo(x) =1. Assume that on X
there is a notion of distance and that each bit of the distribution starts moving along a geodesic.
The initial shape u is thus being distorted, and we call u(x, t) the probability distribution at
t = 0, with u(x,0) := ug(x). Since the individual bits of mass are moving along geodesics,
certainly u(x, t) has some information about the geometry of X; we may wonder if it knows
enough, for example to give information about the curvature of X. The answer turns out to
be affirmative: specifying the evolution of the relative entropy S[u] of u with respect to the
volume form on X is equivalent to prescribing the Ricci tensor. This observation can be then
exploited to encode all the Einstein equations in an evolution equation for S[u]; cf. [14,15].

To explicitly derive and state this equivalence we need tools to handle the evolution of
probability distributions. Luckily, these have been extensively developed in the context of
optimal transport theory. Most of the informal discussion below is based on [19, Chapp. 6,

Unlike most energy conditions, the REC only makes sense for compactifications. Another such condition,
dubbed IEC, was considered in [38, (2.32)], but it only concerns traces of the stress-energy tensor.
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14, 15, 16]: we adopt the formalism introduced by Otto [39], now know as Otto calculus;
cf. [40, Sec. 2.2] and [1, Sec. 2.3].

To make contact with this framework, assume we are on a more general metric space (X, d)
and that we are given the task of moving mass on X in order to morph an initial distribution
Wo(x) into a distribution u;(y), while minimizing the total cost, when the cost of moving one
bit of mass from x to y is given by the squared distance d(x, y)?. This problem induces a
distance on the space P,(X) of Borel probability measures over X with finite second moment,
called 2-Kantorovich—Wasserstein, or Wasserstein distance for short:

Wa (g, pq) = inf \l {f d(x, y)?>dn(x,y): 7 coupling of uy and ul}, (15)
XxX

where a coupling is a probability distribution 7 on X x X whose marginals fX dy m(x,y) and

f  dx 7(x, y) are respectively equal to uo(x) and u,(y). These requirements impose that all
the mass that is going to y comes from u, and that all the mass moved out from x goes into
Uy, i.e. no mass has been lost or created in the process.

When X is an n-dimensional Riemannian manifold equipped with a metric g, which in-
duces the distance d and an invariant measure ,/gdx", we can formally think of P,(X) as
an infinite dimensional Riemannian manifold equipped with a scalar product that induces the
distance (15). We can write this metric in terms of its action on tangent vectors (i on P,(X),
which are characterized as follows. Since the total mass is being preserved in this process, a
continuity equation holds on X, and we can specify ¢ at a given time ¢ in terms of a vector
field £(-,t) € T(X) as

p:==V-(ug):=—=V-(uvn). (16)

The time-dependent vector field £(x, t), which describes the direction on X along which the
bit of mass at x is moving at time t, can be written as the gradient of a real function n(:, t).
With this definition, it can be shown that the Wasserstein distance can be represented as

1
Wa(ug, ) = inf de | wplEl?, with  p(0) =wo, w(l)=p;. (17)
{N(f)}te[o,lj 0 X

Thus, given two tangent vectors (on P,(X)) at u, (1; and [i,, their scalar product is

(09, o) w :=f wéi-&sy. (18)
X

This defines our formal Riemannian metric on P,(X).

Now that we have tangent vectors and a Riemannian metric on P,(X ), we can ask when the
curve u(:,t):[0,1] > P4(X) is a geodesic with respect to the metric (18), i.e. when it locally
minimizes the distance (15). The answer is well-known: such geodesics are characterized
in terms of solutions of the Hamilton—Jacobi equation on X. Specifically, u(x, t) describes a
geodesics in Py(X) if
_IEE_ _lval

2 27
with & and 7 defined from @ through the continuity equation (16). In Appendix C we show
how (19) implies that each bit of mass composing y moves along a geodesics on X.

(19)

3.2 Derivatives of functionals in Wasserstein space

Equipped with the formal machinery developed in the previous section, we are now ready
to compute the derivative of functionals on X along geodesics on P,(X). From now on, we

9
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will perform formal computations specializing to the cases in which X is an n-dimensional
Riemannian manifold equipped with a metric g, which induces the distance d and an invariant
measure ,/gdx". We will return to singular spaces in Sec. 6, where we show that one can
rigorously take into account the classical singular backreactions of physical sources.

Given a probability distribution u, we define its density p as

U= p/gdx", (20)

and represent a generic functional F as’

Flu] :=J VEF(p). @1)
X

When u changes in time, so will F[u], and an explicit computation reveals that along the
curve described by the continuity equation (16) its rate of change is

%f[u] =f VEP(p)An, (22)
X

where we have defined P(p) := pF’(p) —F(p). We can go further and compute the second
derivative along the curve u(:,t), taking into account that this curve is a geodesic on P,(X)
and thus imposing (19). Doing so we get

st == vere)| a5 ) -vean-va]+ | vErexanr, e
X

where we defined P,(p) := pP’(p) —P(p) and A := —V?2. More details on the derivations of
(22) and (23) can be found in App. B. We can simplify the quantity in the brackets by using
the Bochner formula

vl
—|:A(| 277| )—V(An)~Vn:|=RmnV”ann+vananV”n. (24)

In Appendix A we review how (24) is a close relative of the Raychaudhuri equation on X,
which connects the behavior of families of geodesics to the Ricci curvature. Plugging it in (23)
we can finally write

2
jtzf[u] pr(p)[RmHV"nvmn+v v,mvmV"an VEP(p)(An)*.  (25)

Equations (22) and (25) are the main ingredients we need to rewrite the Einstein equations
in terms of derivatives of an entropy.

We conclude this section by noticing that knowledge of time derivatives of function(als)
along geodesics can be used to extract their spatial derivatives, i.e. gradients and Hessians.
Indeed, consider first the finite-dimensional case of a function F : M — R, with M a smooth
manifold. We can extract the gradient of F at x, along the direction &, by evaluating the
derivative of F along a curve that at t = 0 passes through x, with tangent vector &,. Indeed,
%F (x(t)) = (x', gradF) ¢>» where gradF is the gradient vector field of F. Evaluating itat t =0
results in the expression

d
5| FO(©) = (8o, gradF (xo)), (26)
t=0

7For simplicity of notation we suppress dx" from integrals in the remainder of this section.
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In a similar way we can extract the Hessian. This time we need the second deriva-
tive of F along x(t), when the latter describes a geodesic on M. This gives

%F(x(t)) = ¥'0,F + xixfaiajp = )'ci)'chiVjF, which evaluated at t = 0 results in

2
dr2
dez]_o

Formally, the same relations are true in the Wasserstein space P,(X), so that (22) and (25)
evaluated at t = O represent the gradient and the Hessian of F at u along the direction fi.

F(x(t)) = (Eg, HessF(x0)&q) - 27)

3.3 Weighted measures

The discussion of the previous section can be generalized to the case in which the Riemannian
volume form is weighted by a positive function. In this situation the measure that equips our
metric-measure space is a more general e/ ,/g.8 Given a probability distribution u on X it is
then more natural to define its density p with respect to the weighted volume form as

u=pge dx". (28)

We can then represent a generic functional F as

Flu] :=J Vge'F(p). (29)
X
When u changes in time according to the continuity equation (16) the derivative of F is given
by
d
= f V&' P(p)As(n), (30)
X

which differs from the unweighted case (22) by the fact that the integral is weighted and the
Laplacian is replaced by the weighted Laplacian

—Afm = e vV, ) =Vin+VSf-Vn:= V?n. (31)

Equation (30) and the ones that follow are derived in App. B. Taking another derivative and
using (19) to evaluate the resulting expression along geodesics in Wasserstein space, after
some manipulations we get:

2 2
st == | vaevo)| oy (5 )i - va] | e miora . @2
X X

To simplify the term in square brackets in (32), we need the weighted analogue of the Bochner
equation (24):

v 2
- |:Af (| ;/” ) - v(Af (77)) ’ Vﬂ:| = (Rmn - vmvnf) Vn”f)vmﬂ + vannvmvnn . (33)

All in all, in the weighted case, for the second derivative of a generic functional of the form
(29) along a geodesic in Wasserstein space we have:

dZ

@}"[M] = J V2 P(0) [Ryn — Vi Vof ) VINV™ 4+ V,, V.0V V ]
X

+f V& Py(p)(Asn). (34)
X

8Also in the weighted case we are describing the theory in the smooth setting for simplicity but the results can
be shown to hold in more general metric measure spaces.
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In the next section we will obtain a physical picture of the Bochner identities by relating
them to Raychaudhuri equations and highlighting the effect of the weight function in intro-
ducing an effective notion of curvature of dimension.

3.4 Effective dimension

Let us now focus on the term V,,V,nV"V"n = V£, VTE™ appearing in both (25) and
(34). As we noticed already, the origin of these terms is from the Bochner or the related
Raychaudhuri equations (App. A). We can bound this term by using the inequality

1
TrM? > =(TrM)?, (35)
n

which follows from the Cauchy-Schwarz inequality by considering the inner product of M and
1,, in the space of n-dimensional matrices. In particular we get

1
V. V,nV™V"n = =(V3n)>. (36)
n
Using this, the Raychaudhuri equation becomes
1
—Ve0 >R, EME + ;92, (37)

where recall 6 = V,,£™ is the expansion. In many physics applications, actually the bound is
even more stringent. The matrix M,,,, = V,,V,n = V&, can have rank r < n; we can apply
Cauchy-Schwarz to M and the projector orthogonal to kerM, which results in

1 1
-— -, (38)
n r
in both (35) and (37). For example, in Lorentz signature, for timelike geodesics the matrix
V&, is orthogonal to & itself, so it has rank r = n— 1. For lightlike geodesics, r =n—2.

We can achieve an even more dramatic change in dimension. By using the identity

2 2 2 2

X X x1+x 1 a a

N, Loty (\ 231+ —1x2) , (39)
a a ar—a a, —a; a; as

with a; =—N, a, =n—N, x; =—VJ2J), Xy =V f - Vn, we obtain

1 1 1 n—N n 2
—(V?n)?* — =(V31n)* - ——(Vf -V 2:——(v2 +——Vf-V ) . 0
- (Vi) = S (Vi) = ——— (V- Vi) N n+——VF-vn (40)

For N < 0 the right-hand side is positive. Combining this information with (36), we can
bound the expression appearing in the first line of (34) and in the right-hand side of the
weighted Bochner identity (33) as follows:

R =TT EE" + V&, (R = T Vuf 4~ 0, ) E767 4 (V0.

The first term on the right-hand side is (Ricl}’ )mn as defined in (10), thus explaining its rele-
vance in optimal transport. In particular the weighted Raychaudhuri (A.11) now implies

. 1
—V§9f = (RIC_];,)mngmgn + Nsz B

with 0 := —d}:é as defined in (A.10). Comparing with (37), we see that the dimension n has
now been replaced by N, which can thus be thought of as an effective dimension.

In other words, N plays the role usually played by d — 1 = 3 for massive geodesics or
d—2 = 2 for massless geodesics in applications of the Raychaudhuri equation to d = 4 general
relativity.
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4 Shannon entropy and Einstein equations

The Einstein equations can be equivalently rewritten in terms of concavity properties of ap-
propriate entropy functionals S defined on space-time:

Ric=T = de < —T, with saturated inequality in the limit for measures

concentrated towards Dirac deltas. 41

To show the equivalence, we apply the methods in Sec. 4.1. We will first consider 1+n space-
times and unwarped compactifications, where (41) will take the form of Theorem 4.1. We
then review in Sec. 4.2 the more general Lorentzian case (Th. 4.2), before addressing general
warped compactifications in Sec. 5.

4.1 Time+space and unwarped compactifications

The analysis that follows is a formal re-derivation of the results rigorously proved in [10-12]
(respectively in [41]) regarding the optimal transport characterization of lower (resp. upper)
bounds on the Ricci curvature for smooth Riemannian manifolds.

Given a probability distribution u with density p as defined in (20), we can compute its
Shannon entropy

8:=S[u|\/§]=—J Jgplnp +v, (42)
X

where y is a normalization constant. Def. (42) can also be interpreted as relative entropy be-
tween u and the uniform distribution on X, where “uniform” has to be defined with respect to
the volume to have a coordinate-independent meaning. We will use these two denominations
for the entropy interchangeably. In any case, (42) measures how spread out u is compared to
J/&. Indeed, (42) reaches its maximum for the uniform distribution while approaching —oo
for a very localized u approaching a delta distribution.

Specializing (25) to F = —p In p, we then have an expression for the time evolution of S:

2
%8 = —J V8P Ry V'V +V, V, V"V ], (43)
b
which we will use to obtain the Einstein equations from this notion of entropy.

While the discussion so far focused on the Riemannian case, where particles are trans-
ported along Riemannian geodesics, and thus it does not describe general gravitational sys-
tems, it is nevertheless sufficient to completely characterize the Einstein equations for D-
dimensional product space-times of the form M, = My x X,,, with product metrics

dslz) = ds/z\ + dsﬁ , (44)

where M, is a d-dimensional vacuum (AdS,, Mink,, dS;) with cosmological constant A and
X, is an n-dimensional space. Here d = 1, with the d = 1 case corresponding to an 1+ n
decomposition of the D-dimensional space-time:

ds% =—dt’+ ds,% . (45)

In situations like these, the Riemannian geodesics on X, can immediately be lifted to geodesics
on M, either massive or massless, upon an appropriate identification between the “time” co-
ordinate along the Riemannian geodesic and a local time-coordinate on M. The Riemannian
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formalism developed so far thus applies directly to massive and massless particles on prod-
uct space-times, and we use this simplified scenario as a first illustration of the how the Ein-
stein equations follow from entropy concavity, before reviewing the general Lorentzian case
in Sec. 4.2 and the extending to general warped products in Sec. 5.

The D-dimensional Einstein equations specialized to space-times of the form (44) are (7)
(8) with f = 0, which read:

1.
A= ET(d), (46)
Ryn = Agmn + Tmn = Tmn > 47)

where R,,,,, is the Ricci tensor on X,.

Equation (46) determines the d-dimensional cosmological constant, and our goal is to ob-
tain (47) as a concavity equation for S. If we think of a situation like (44) as a compactification
on X, (or a more general reduction of the higher dimensional gravitational theory), S has a
natural interpretation as a quantification of the ignorance of a lower-dimensional observer
about the internal degrees of freedom. Indeed, classically, a d-dimensional observer can local-
ize a D-dimensional particle approximately as a point on M, but they cannot do the same on
X, if the Kaluza-Klein scale is much smaller than the energies they are able to probe; they will
describe such a particle in terms of a probability distribution u on X, with S quantifying their
uncertainty about the internal position. Similarly, not being able to measure the masses of the
KK excitation beyond the compactification scale, a lower-dimensional observer can reconstruct
a higher-dimensional scalar field only up to a probability distribution in the internal space.

Crucially, the lower-dimensional observer need not to be aware of the gravitational nature
of the sector they cannot probe to be able to characterize it completely. Indeed, the internal
Einstein equations can be traded completely for an evolution equation for the information the
lower dimensional observer has about the system, as in the following

Theorem 4.1. Let (X, g) be a smooth Riemannian manifold. The following statements are equiv-
alent:

1. The metric g on X satisfies the equation of motion

Rmn = Tmn * (48)

2. i) For any probability distribution u on X, evolving along a geodesic in the space Py(X)
of probability distributions, with tangent vector i = —V - (uVn), its Shannon entropy
(42) (the relative entropy between u and the volume form of g) satisfies

2

LI s< —J U Ty Vi V. (49)
de? |- X

ii) In addition, the inequality (49) becomes saturated whenever u is concentrated at a

point, and for a suitably chosen 1. Namely, for any point x, € X and any tangent vector

€o at xo, there exists an m such that Vnl|, = &, and such that (49) becomes an equality

asymptotically for distributions u very localized at x.

More precisely, for every point x, € X there exists a function w with lim,_,q w(e) = 0 such

that the following holds: for any tangent vector £ at xo of unit norm ||§y|| = 1, there exists

a smooth function n with Vn|, = &, such that

d2

dQ2 < w(e),

oS + J ulmn V0V
X
for every probability measure u supported in B,(x).
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Proof. 1= 2: We plug (48) in (43), obtaining

dZ
de2

S= —f u[ T V'V + V,, V,,nV ™V ] . (50)
t=0 X
Then i) follows from the fact that V,,V,,nV™V"7 is non-negative. For ii), in the limit where
u — 6(x — x;) the integral (50) localizes at x = x;; using Lemma B.1 with f = 0 the second
term vanishes and we get the result.

2 = 1: Combining (49) and (43) we obtain

J U(Ep, V'V ™+ v,V ,nV"V""n) >0, (51)
X

where we wrote (48) as E,,,, = 0. Again, in the limit u — &(x —x;) the integral (51) localizes
at xo. For an arbitrary tangent vector &, at x,, using Lemma B.1 we then get E,,,£7'E0 = 0.
Since xy and & are arbitrary this implies

Epn = 0. (52)

Then, since by hypothesis for u localized at any x, the inequality can be saturated by a certain
7 such that Vn(x,) = &, with arbitrary &, for such a choice of n (51) implies

(EmnE0E6 + V" EGVimEon) (x0) =0. (53)
But from (52) both terms are non-negative, so for the equality to hold they have to vanish
independently. Arbitrariness of x, and &, then ensures E,,,, = 0. O

4.2 Einstein’s equations in Lorentzian manifolds

In this section we show how also in Lorentzian signature the Einstein equations can be rewrit-
ten in terms of concavity properties of entropy functionals, characterizing in this way the
whole-space time (and not just the internal part, as in vacuum compactifications). The analy-
sis that follows is a formal re-derivation of the results rigorously proved in [14, 15].
On the whole D-dimensional Lorentzian space-time,” we seek to reproduce the Einstein
equations, in the form (5)
Ryn = TMN > (54)

from a concavity property of an appropriate notion of entropy for test particles. Since there is
no analogue of warping, it is natural to guess that the relevant quantity will be the Shannon
entropy, similarly to the unwarped Riemannian analysis of Sec. 4.1. This guess will turn out
to be correct, but an important difference due to the signature will arise in the need to restrict
the transport only along physical geodesics. In the following we will focus on the massive
(time-like) case. In addition, even in this class, it is not guaranteed the squares of tensors
appearing in the expression have definite sign (so that they can be discarded in the derivation
of inequalities) and this technical difference will require us to carefully define the transport
by switching to a more general non-linear framework. Let us see in practice how this works.
Given a time-like curve y : [0,1] — M, define the A, actions

1
1 M N\P/2
Aplyli=—= J do (—gun "7V )", (55)
P Jo
where p € (0,1). The cost of moving a particle from x to y is then defined to be

c,(x,y) ==inf{A,[y] [ v(0) =x,y(D) =y} . (56)

“We can take D = 4 if we are working in a 4-dimensional Einstein theory or D = 10, 11 for string/M-theory.
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The minus sign in (55) is introduced so that the cost (56) can still be formulated as a
minimization problem. This is just as for the usual particle action in curved space, where

S/m=—1 = —f do (—gMN)'fM}'fN)l/Z, which would be recovered for p — 1. Albeit here we
are restricting only to p € (0, 1), since for these values of p the A, actions will have good
convexity properties that we can exploit in our derivations, this technical choice does not
change the physical picture. Indeed the extremizers of A, for p € (0,1) coincide with the
extremizers of A; = —7 parametrized such that the tangent vector along a geodesic is parallel
transported. This is similar to how in the Riemannian case extremizers of the energy func-

tional E[y] := f 01 |7|? coincide with extremizers of the length functional L[y] := fol ly| for a
preferred parametrization of the coordinate along y.

As in the definition of Wasserstein distance (15), we can lift the notion of cost (56) for
moving massive particles in the space-time to a notion of cost for moving distributions of
massive particles, by defining the family of functionals

Cp (o, 1) := inf{J cp(x,y)dn(x,y) : 7 coupling of uy and ul} , (57)
MxM

where, as in the Riemannian case (15), a coupling is a probability distribution 7 on M x M
whose marginals are equal to ug and u,, which are Borel probability measures with compact
support, g, U, € P.(M) in short.

Notice that (—Cp(uo,,ul))l/p is non-negative and satisfies a reverse triangle inequality;
thus, in a broad sense, it is lifting the Lorentzian distance from M to P.(M). This kind of
p-Lorentz-Wasserstein distances have been studied in [14,15,42-44].

The non-linearities introduced by the choice p # 1 will enter in the various expressions
governing the evolution of a generic probability distribution u through a non-linear redefini-
tion of the gradient. Specifically, in terms of the conjugate exponent g to p:

1 1

S+s=1, (58)
P q

we define the g-gradient of a function h with time-like gradient as:

Vi h:=—|Vh92Vyh, with |Vh|:=+/—gyunVVAVNA. (59)

Then, the continuity (16) and geodesic (19) equations are modified, respectively, as
. ) 1
p==vV-(uvin), 19 =—5|Vn|q. (60)

With these tools we can now compute derivatives of functionals along massive geodesics. The
derivation is technically more involved as a consequence of the non-linearity, and we quickly
sketch the relevant formulas in App. D.

Given a probability distribution of massive particles u on a space-time M, we define its
Shannon entropy to be

S:=S[u|\/—g]=—J v—gplnp, with p:=+—gp. (61)
M

This is a measure of how much the distribution u is spread in space-time, compared to the
uniform distribution ,/—g. Using the formulas in App. D, we obtain for its second derivative
along time-like geodesics the expression

d2

@Sz_J V=8p [Run VX Vin + v, VinvMvin] . (62)
M
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The main difference compared to the Riemannian formula (43) is the appearance of the non-
linear g-gradients. Equipped with formula (62) we can now characterize the Einstein equation
as in the following

Theorem 4.2. Let (M, g) be a smooth space-time and fix p € (0,1). The following statements
are equivalent:

1. The Lorentgian metric g on the space-time M satisfies the equation of motion

2. 1) For any probability distribution u on M evolving along a time-like geodesic (w.r.t. Cp)
in the space of probability distributions on M, with tangent vector ot = —V - (uVin), its
Shannon entropy (61)(the relative entropy between p and the volume form of g) satisfies

d2
de2

8<—f uTyn vy vy, (64)
t=0 M

ii) In addition, the inequality (64) becomes saturated whenever y is concentrated at a point,
and for a suitably chosen 1. Namely, for any point x, € M and any time-like tangent vector
€o at xo, there exists an 1 such that Vinl|, = &, and such that (64) becomes an equality
asymptotically for distributions u very localized at x.

Proof. The proof closely follows the one of the Riemannian theorem 4.1, and we highlight here
only the differences. An important fact we used to prove both implications in the Riemannian
case is that the quantity V,,nV,nV™n V"1 appearing in the integrand of the second derivative
of the entropy was manifestly non-negative. In the Lorentzian expression (62) this is replaced
by VMVanVM Vflv 1, which is not immediately so. However, using Lemma D.1 this term is
non-negative for g < 1, and so in particular for p € (0, 1). Moreover, a Lorentzian counterpart
of (the Riemannian) Lemma B.1 holds (see [15, Lemma 3.2 (1)] or [14, Lemma 8.3]). We can
thus follow the proof of the Riemannian theorem 4.1, mutatis mutandis. O

5 Tsallis entropy and warped compactifications

We are now ready to describe one of our main results: the reformulation of the equations (11)
for warped compactifications in terms of optimal transport. For this we will need the notion of
Tsallis entropy, which as we review in section 5.1 is a natural generalization of the more usual
Shannon one. In section 5.2 we show how to reformulate (11a) in terms of a relative entropy,
while in section 5.3 we show how (11b) can be reformulated in terms of Tsallis entropy, along
the lines of the previous section. '’

5.1 Various definitions of entropy

We have already used the definition (42) of Shannon entropy S associated to a probability
density p. This is famously related to the Gibbs entropy, to which it reduces when p is defined
on phase space. However, it is natural to wonder what properties single out S among the
possible functionals of the form (21).

A set of such properties was provided by Khinchin [45] and Faddeev [46] for the case of
probability distributions p = (py, ..., p,) on finite spaces of any cardinality n. Consider a
function S(p) = S(p4, - .-, pn)- If we demand that

191t would be interesting to try to reformulate in a similar fashion the equations of motion for all other fields as
well; we will not attempt this here.
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1. (Continuity) In the n = 2 case, S(p, 1 —p) is continuous in p € [0, 1];

2. (Symmetry) S is a completely symmetric function of its entries (i.e. it remains the same
if any two of the p; are exchanged);

3. (Additivity) S(tp1,(1 — t)p1,P2s --+> Pn) = S(p1, ..., Pn) + P1S(t,1 — t), for any
te[0,1];

then it can be shown that S is proportional to the discrete Shannon entropy

Sz—Zpilogzpi+y. (65)
i

The constant y can be fixed by also demanding a normalization, such as S(1/2,1/2) = 1.
The last property implies the more general

S(p1q117 cees p1q1k11p2q21> cees p2q2k2: <++> Pnqnis « > pnann)
:S(pl)---)pn)+zpi8(qi1, cees qikl«)- (66)
i

The particular case q;; = q; yields the property that the entropy of a direct product of two
probability distributions, which describes two independent events, is the sum of the entropy
for the two events. This is the usual extensivity property. Symbolically we can write

S(p xq)=S8(p)+5(q), (67)

where we defined p x ¢ = (P11, -- -, P19k P2415 - - > P2Gk> -+ > Pnd15 -+ -> Pndi)-
The idea of the proof that the axioms above lead to (65) is that S(pi,..., p,)

can be reduced to the n = 2 case using the Additivity axiom. (66) also gives
S(r/s,1—r[s)=F(s)—r/sF(r)+(1—r/s)F(s—r), where F(n) :=S(1/n, ..., 1/n). Using (66)
and the Continuity axiom one finds F(nm) = F(n) + F(m) and lim,,_, . (F(n+ 1) —F(n)) = 0.
One can prove that this implies F(n) o< log(n) [47, Lemma, Sec. 1]. Collecting all these
observations one arrives at the Shannon entropy (65).

(67) is weaker than (66) and than the Additivity axiom; indeed there exist additional
entropies that satisfy Continuity, Symmetry and (67), such as the Rényi entropy [47]

1
Sy 1= 1_a10g22p;". (68)
i

If one replaces the Additivity axiom with [48,49]
3’. (Generalized Additivity) S(tp;,(1—t)p1,p2, --+> Pn) = S(P1, .., Pp) + P7S(t,1—1t)

then instead of the Shannon entropy one gets the Tsallis entropy [16]

1 a
sa_a_1(1—zi:pi). (69)

The overall constant is chosen such that the limit ¢ — 1 reduces to (65). Notice that

1

S =
¢ a—-1

(20 —1) (70)

(69) was originally introduced in the hope of describing distributions beyond the usual
Boltzmann one, for examples with longer tails. It is extremized in the equiprobable case
p; = 1/n; this extremum is a maximum for a > 0, a minimum for a < 0. Notice however
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that Generalized Additivity means that (66) also needs to be modified by p; — p in the sec-
ond term in the right-hand side, and that in turn means that the extensivity property (67) is
no longer satisfied: this is also evident from the relation (70) with the Rényi entropy, which is
extensive. Rather we have

Sa(p x @) = 84(p) + Sa(q) + (1 = a)Sa(pP)Sa(q) - (71)

A reformulation of these characterizations was suggested in [50]. To any f, a probability-
preserving map between two sets with probability distributions p and q, one associates a num-
ber F(f) obeying three axioms called Functoriality, Linearity, Continuity. It can then be proven
that F(f) = S(p)—S(q), where S is again proportional to the Shannon entropy. Thus the func-
tion F quantifies the loss of information associated to the map f. If Linearity is replaced by a
different Homogeneity axiom, the Tsallis entropy (69) is recovered.

5.2 Warping equation and relative entropy

We begin our reformulation with the equation (11a) for the warping.

We can think of the warping as defining a measure on (X, g,,), with density e/ with respect
to the distribution ,/gdx". We denote by f := ef 4/g dx" the corresponding measure.

As in (42), we can define its relative entropy compared to ,/g as'!

Sy :=—f Vg f+y, (72)
X

if f is integrable on (X,f) (we used that p = e/), and +o00 otherwise. Now, assume that f
changes in time, with velocity f with compact support (or, fast decreasing at infinity). Then,
applying equation (22) with P(p) = —p = —e/ we get

d
dt

Sp = —f Jge An = —J JenAe). (73)
X X

t=0

Comparing with (18) we see that the right hand side is the scalar product

d
dt

Sy = (f,—vZAE ). (74)

t=0

Comparing with (26) we have obtained

VwS; =—+/gA(), (75)

where V; denotes the gradient in Wasserstein space P,(X). With this relation, we can finally
write the warping equation (11a) as

VS =—(D—2)y/gef [% ) A} . (76)

To summarize, the warping equation (76) fixes the warping by constraining the gradients of
its relative entropy compared to the Riemannian volume form.

"'We could simply call S » a Shannon entropy; however, beginning with section 3.3 we have seen that the natural
measure in our context is the weighted e/ ,/g, not the usual Riemannian ,/g. For this reason we prefer calling S
a relative entropy.
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5.3 Internal Einstein equations as entropy concavity

We now turn to the internal equation (11b). We consider the Tsallis entropy (of u = p ﬁef

with respect to the reference ﬁef ):
1
- (1—f @efp“). (77)
— "

Since we integrate only along M,,, this is measuring our ignorance about the internal position
of a particle. If it is massless and moves geodesically, then its internal trajectory will follow an
internal geodesic (App. C). We will show now that (8) is equivalent to an equation about the
second time derivative of S, for a probability distribution of such particles.

Sy =

Theorem 5.1. Let (X, g) be a smooth Riemannian manifold. The following statements are equiv-
alent:

1. The Ricci tensor of g satisfies the equation of motion (11b).

2. i) For any probability distribution u on X moving along a geodesic in the space P5(X) of
probability distributions, the Tsallis entropy (77) with o = NT_l satisfies

dZ

de? |-

N—-1 ~
_J V2e p ™ (Agmn + Tn)V'NV™n, (78)
X

where i = —V - (uVn).

i) In addition, the inequality in (78) becomes saturated if u is concentrated at a point, and
for a suitably chosen m. Namely, for any point x, € X and any tangent vector £, at x,
there exists an m such that Vnl|, = & such that (78) becomes an equality asymptotically
for distributions u very localized at x.

More precisely, for every point x, € X there exists a function w with lim,_,q w(e) = 0 such
that the following holds: for any tangent vector £ at xo of unit norm ||&y|| = 1, there exists
a smooth function n with Vn|, = &, such that

2

@L:

N-1 ~
0Sa Tt f VZ P (Agmn + Tn) V'V™n| < w(e),
X

for every probability measure u supported in B,(xy).
N-1

Proof. 1= 2: Fori), wetake F =p ¥ in (21):

1 N-—-1
Flul= J Jgelp NT:HNS“’ a=—". (79)

From the definitions below (22) and (23), we see that P = —F /N, P, = F /N?. We need (B.8),
the weighted version of (23); replacing in it the weighted Bochner identity (A.9) we obtain

N—

dtZ J 1/_ef T (Rmn Vv an)vmnvnn"‘v Vnnvmvnn__(v 7))2]

(80a)

_N 2
(v2n+LVf-vn) ]
N—n

=—| veo' ™ [(RlcN)mnvmnV”n +HY HY™ —
M, nN

(80b)
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Hgm =(V,V,— % gmnV2)7 is the traceless part of the Hessian of 7. In the second step we
have used the definition (10), and again the identity (40). Recalling that forus N =2—D <0,
the second and third terms in the parenthesis in (80b) are positive. Using (11b) we arrive at
(78). For ii), we use Lemma B.1, which makes the second and third terms in (80b) vanish
asymptotically in the limit where p ~ 6(x — xg) .

2 = 1: Suppose now we know (78). Using (80b), we obtain

f«/_e T [ B V™V + X ()] >

where we wrote (11b) as E,,,, = 0, and X(n) represents the second and third terms in (80b).
Now it follows that E,,, is semi-positive definite everywhere. (If this were not the case, there
would exist a xy and a £ o such that Emn€ 0 gn o < 0. By Lemma B.1, there would now exist 7
such that V7 = £ and X2 =0; taking now p ~ 6(x —x,) we arrive at a contradiction.)

Now, again taking the measure to be concentrated at one point x,, we take 7 as in ii).
Since by hypothesis the inequality becomes saturated, we can write

[Emnvmnvnn +X(7))](Xo) =0

We know that E,,, is semi-positive definite, so all terms are = 0; it follows that they are all
zero. In particular E,,,,(x()&('€G = 0. Since x, and &, are arbitrary, E,,,,, = 0 everywhere. [

6 Effective negative dimensions and KK bounds

As another application of negative effective dimensions to warped compactifications, we will
now obtain new bounds on their spin-two KK masses. Recall [51,52] that these are eigenvalues
of the weighted (or Bakry—Emery) Laplacian

Ar() = —%e—f o (VEE™ Bp) = Ap—Vf - dip, (81)

with f = (D—2)A. In [1,2] optimal transport techniques were already used to find bounds on
these eigenvalues, but using the N = oo effective dimension. A lower bound on Ric®* could
be obtained, but in terms of o := sup|dA|, which unfortunately can get quite large in some
solutions. The advantage of considering negative effective dimensions is that the bound (14)
is in terms of the cosmological constant A alone, thus avoiding the dependence on .

6.1 Dp-branes

The possibility to work with some non-smooth spaces is quite powerful for string theory, as
several important compactifications have singularities in their low-energy description due to
the back-reaction of extended objects. Recall for example that O-plane singularities (and/or
quantum effects) are necessary in order to obtain dS compactifications [53, 54]. D-brane
singularities also appear often in AdS vacua, where they are holographically dual to flavor
symmetries. We review here the singularities associated to D- and M-branes.

In the supergravity approximation, D-branes play the role of localized sources for the grav-
itational and higher-form electromagnetic fields. The presence of such a localized object pro-
duces a singularity in the classical fields it sources; this is in complete analogy to black holes
in pure general relativity or for electrons in classical electrodynamics. While on the one hand,
such singularities are expected to be resolved in a full quantum theory, on the other hand they
are a general feature of low-energy descriptions. It is thus useful to develop mathematical
tools that allow to handle such non-smooth spaces.
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In the setting of ten-dimensional supergravity theories, D-branes are identified with a ten-
dimensional Lorentzian metric that, in Einstein frame, has the following asymptotics:

ds2y ~ H'T (dx?

o1 + H(dr? + r2ds? )) , forr —» 0. (82)

S8-»

Here p € {0,1,...,7}, r is a radial coordinate in the transverse directions to the singular
object, dxlf +1 denotes the p + 1 dimensional Lorentzian metric (in case p = 0, simply —dxf)
corresponding to the subspace appearing in the singular limit » — 0, and dsgs_p
round metric on the unit 8 — p-dimensional sphere S8~?; the function H is harmonic on the
transverse space and introduces the singularity.

In order to preserve maximal symmetry in vacuum compactifications, a Dp-brane has to
be extended along all the d vacuum directions; however, in addition, it can also be extended
in some of the internal directions. Comparing (6) and (82), we obtain that the internal metric
dsrzl has the following asymptotics

denotes the

dsi ~ dx§+1_d +H(dr? + rzdsgs,p), forr -0, (83)
where dx? +1_q denotes the flat metric of the (p + 1 —d)-dimensional Euclidean space. Again
from (6), we also get that the weight function f satisfies

ef=e8A~Hp_;7, forr — 0. (84)
Near the singularity, the harmonic function has the following asymptotics:

o {(’”/ro)p_7, 0<p<7,

~Slog(r/ry),  p=7, 7% (85)

where rg_p = g,(2m1,)7P /((7 — p)Vol(S®P)) for p < 7; as usual g; is the string coupling (a
value for e? at a reference point, often infinity) and [ is the string length.

The next definition, where (for some values of p) we allow singularities that are asymptotic
to Dp-branes, is slightly more general than the one given in our previous work [1] where we
considered exact D-brane singularities.

Definition 6.1 (Asymptotically D-brane metric measure spaces). We define an asymptotically
D-brane metric measure space a smooth and compact Riemannian manifold (X, g) that is glued
(in a smooth way) to a finite number of ends where the metric g is asymptotically of the form
(83) in a neighborhood of the closed singular set {r = 0}, depending on value of p in the
following precise sense:

* Casep=0,1,...,5. In the end the metric can be written as

7-p
g=dxy 4+ (%) (dr®+r?ds?, , ) + w(,1), (86)

with rg_p = g, (2mL)" P /((7 — p)Vol(S8P)) and w is a quadratic form in d©,dr (and
independent of the variable x), satisfying

sup limsupr’? |w|(©,r)=0.
eestr r—0

e Case p = 6. In a neighborhood {r < €} of the closed singular set {r = 0}, the metric is
of the form (86) with

sup lim sup 0.

l©,r) _
ees?2 r—0 r
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* Case p = 7. In a neighborhood {r < €} of the closed singular set {r = 0}, the metric is
of the form

21
g= dxg_d — g—(log(r/ro) —n(x,r)) (dr2 + rzdsgl) s (87)
S
where 7 is a non-negative real valued function.

* Case p = 8. In a neighborhood {|r| < €} of the closed singular set {r = 0}, the metric is
of the form
g=dx§_d+(1—h8|r|)dr2, (88)

where hg > 0 is a positive constant, and the measure is given by

MLf|r|<e}= V 1— h8|r| dVOIg'—{lr|<e} B

where dvol, is the Riemannian volume measure associated to g.

In all the above cases, we endow X with a weighted measure, and view it as a metric measure
space (X, d, m) where:

* The distance d between two points p,q € X is given by

d(p,q):= inf | g(y'(t),¥'(t))dt,
Y€l(p,q)

where I'(p, g) denotes the set of absolutely continuous curves joining p to g.

* The measure m is a weighted volume measure m := ef dvol @ with the function e/ smooth
outside the tips of the ends and gives zero mass to the singular set.

We say that (X,d, m) is an (exactly) D-brane metric measure space if, for each end, the error w
(resp. 1) vanishes on a neighbourhood {r < €} of the singular set {r = 0}.

Remark 6.2 (Other localized sources). Let us briefly comment on other localized sources. First
of all, fundamental strings (F1) and NS five-branes (NS5), have exactly the same expansion as
D1 and D5 branes, respectively; this is indeed a consequence of the invariance under type IIB
S-duality (or more generally under the SL(2,Z) symmetry) of the asymptotic 10-dimensional
Einstein metric (82).

For M2 and M5 branes in M-theory, the internal metric has again the asymptotic form (83),
now with H ~ (r/ry)?8, ¢ = 2,5. Notice it enters in the first case of Def. 6.1; in particular,
for both M2s and M5s, the singularity is at infinite distance.

6.2 Some basics on metric measure spaces

Motivated by the appearance of singularities as discussed in the section above, we enlarge
the class of spaces under consideration. We thus leave the framework of smooth weighted
Riemannian manifold and enter the more general setting of metric measure spaces. Let us
start with some basics. (For a longer introduction to some of these ideas see also Sec. 2.3 in
our earlier [1].)
In the sequel (X, d) will be a complete and separable metric space.

By geodesic over (X,d) we mean a constant speed (length minimizing) geodesic, i.e. a curve
y :[0,1] — X such that

d(y(s), v(6)) = [t =s|d(y(0),y(1)), Vs, t€[0,1].

The space of all geodesics over a space X will be denoted by I'(X). The evaluation map
e, :I'(X) = X, t €[0,1], is defined as e,(y) := y(t).
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The space P(X,d) is the space of Borel probability measures over X. When the distance
d is clear by the context, we will simply write P(X). The space P,(X) C P(X) is the subset
of probability measures with finite second moment. We endow P,(X) with the 2-Wasserstein
distance W, defined as in (15).

A measure 7 realising the infimum in (15) is called an optimal coupling. A measure
v € P(T(X)) is called an optimal dynamical plan if the probability measure (eg,e;);(v) is an
optimal coupling between its own marginals, and we denote by OptGeo(uy, ;) the set of all
the optimal dynamical plans between p and u;.

A metric measure space is a triple (X, d, m) where (X, d) is a complete and separable metric
space and m is a non-negative Borel measure which is finite on balls, i.e. m(B,.(x)) < +oo for
every r > 0 and x € X, where B,(x):={y € X :d(x,y) <r}.

Denote by Lip(X) (resp. Lip, (X)) the space of Lipschitz functions on (X, d) (resp. with
bounded support). For a function f € Lip(X) the slope at a point x € X is defined as

|V f|(x):=limsup M s
y—x d(y7x)

and |V f|(x) := 0 if x is isolated.

if x is an accumulation point,

6.2.1 Cheeger energy, Laplacian and heat flow
Given a function f € L2(X, m), the Cheeger energy Ch(f) is defined by [55] (see also [56])

Ch(f) :=inf{1}lm(i>r01f%f

|V fulPdm : f, € Lipy,(X), f, — f in LZ(X,m)} ;
X

with finiteness domain given by the vector space
Wwh2(X,d,m) ;= {f € L2(X, m) : Ch(f) < +o0}.

We endow W'*(X,d, m) with the norm ||f |2 ,, := ||f |2, + 2Ch(f). The Cheeger energy is a
convex, 2-homogenous and lower semicontinuous functional on L2(X, m).
For f € WY2(X,d, m), Ch(f) can be represented in terms of the minimal relaxed gradient

IDf| as
Ch(f)::%J IDf|? dm. (89)
X

The minimal relaxed gradient is a local object in the sense that |[Df | = |[Dg| m-a.e. (namely,
almost everywhere with respect to m) on the set {f —g = c}, c € R, forall f, g € WH2(X,d, m).
For more details on the minimal relaxed gradient we refer to [56].

If ¢ : J C R — R is Lipschitz, and J is an interval containing the image of f (with ¢(0) = 0 if
m(X) = o0), then

¢(f)€D(Ch), and [Dp()I<Ie’(HIDf],  m-ae. Vo <Lip(X), (90)

where the inequality makes sense thanks to the locality of the minimal relaxed gradient.
Thanks to [56, Lemma 4.3], for any function f € L?(X,m) with |[Df| € L?(X,m) it is
possible to find a sequence (f,,) of Lipschitz functions with f,, — f and |V f,| — |Df| strongly
in L2(X,m). By a standard cutoff argument, we can further assume that (f,) C Lip,,(X). In
other words, the class Lip,,(X) is dense in energy in W2(X,d, m).
For every f € L2(X,m) the heat flow of f is the unique locally Lipschitz curve t — H,(f)
from (0, 00) to L?(X, m) such that

4H,(f)e—0-Ch(H,(f)), forae.te(0,00),
H(f)—-f, ast—0".
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Here 8~ Ch c L?(X,m) is the subdifferential of the Cheeger energy, i.e. given f € L2(X,m) it
holds

Led Ch(f) = f €(g—f)dm+ Ch(f) < Ch(g), forall g€ L?(X,m).
X

For a function f € L%(X,m), we write f € D(A) if 3~Ch(f) # 0; when f € D(A) we
denote by Af the element of minimal L2-norm in 8 ~Ch(f) and we refer to it as the Laplacian

of f.

6.3 Cheeger bounds in infinitesimally Hilbertian metric measure spaces

The goal of this section is to prove some bounds on the spectrum of the Laplacian in the
high generality of infinitesimally Hilbertian metric measure spaces, framework which include
several singularities appearing in gravity compactifications (e.g. Dp-branes, O-planes, etc.).

6.3.1 Infinitesimally Hilbertian metric measure spaces

Notice that, in general, the Laplacian is 1-homogenous but may not be linear (for instance in
R" endowed with a non-euclidean norm, or more generally on a Finsler manifold). This is
equivalent to say that the heat flow H, : L2(X, m) — L?(X,m) in general is 1-homogenous but
may not be linear, or, still equivalently, that the Cheeger energy is 2-homogenous but may not
be a quadratic form, or, still equivalently, that W2(X,d, m) in general is a Banach space but
may not be a Hilbert space.

When the latter of two options is satisfied, i.e. when we have a “Riemannian” behaviour as
opposed to a “Finslerian” one, we say that the space is infinitesimally Hilbertian (see [32,33]).
Below is the precise definition.

Definition 6.3. A metric measure space (X,d,m) is said to be infinitesimally Hilbertian if the
Cheeger energy satisfies the parallelogram identity, i.e.

Ch(f + g) + Ch(f —g) =2Ch(f) +2Ch(g), Vf,g e W (X,d,m). (91)

As mentioned above, if (X,d, m) is infinitesimally Hilbertian, then the heat flow and the
Laplacian are linear, W %2(X,d, m) is a Hilbert space, and, using (90), the quadratic form

E(f) = 2Ch(f),

defines a Dirichlet form, i.e. a L?(X, m)-lower semicontinuous quadratic form that satisfies the
Markov property E(¢(f)) < E(f) for every 1-Lipschitz function ¢ : R — R with ¢(0) = 0.
By construction, H, and —A correspond respectively to the (sub)-Markov semigroup and the
infinitesimally generator associated to the form (see for instance [57] as a general reference
on Dirichlet forms). Moreover, the heat flow is a self-adjoint operator on L2(X,m), as well
as the Laplacian A which becomes a non-negative, densely defined, self-adjoint operator. If
the measure of the space is finite (or, more generally, if m(B,(x)) < Aexp(Br?) for some
A,B > 0, X € X and every r > 0) the semigroup H, is also mass preserving, i.e. for every
f € L' N L?(X,m) it holds (see for instance [56, Th. 4.16,Th. 4.20]):

JHtfdm:dem, forevery t > 0. (92)
X X

Another important property of this class of spaces is the density of Lip,(X) in W?(X, d, m),
that follows easily from (91) using the L2-lower semicontinuity of the Cheeger energy and the
already stated density in energy of the Lipschitz functions.

The next proposition will allow to include several interesting singularities (e.g. both Dp-
branes and O-planes) in the framework of infinitesimally Hilbertian spaces.
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Proposition 6.4. Let (X,d, m) be a metric measure space. Assume that (X,d, m) is a smooth
weighted Riemannian manifold out of a closed singular set of measure zero:

e there exists a closed subset ¥ C X with m(X) =0,
o there exists a smooth (open) weighted Riemannian manifold (M, g, ef V&)

* there exists a measure-preserving isometry ® : X \ & — M, i.e.

dg(®(x),®(y)) =d(x,y), forallx,y €X\%,  &y(miyy)=e y/gdx",
where /gdx™ denotes the Riemannian volume measure of (M, g).
Then (X, d, m) is infinitesimally Hilbertian.

Proof. First of all, since the Riemannian scalar product g satisfies the parallelogram rule, it
holds that

f vgel g(V( +v), V(' +v)) + f Vgl g(V(u' —v), V(' —v))

" M (93)

= ZJ Jgel g(Vu!,vu') + 2f Jgel (W, v Yu' v ewli(M, g, V7)),
M M

where Vi’ denotes the weak gradient of a Sobolev function u’ € W'2(M, g,ef ,/g) in the
classical distributional sense.

Let now u,v € Wh2(X,d, m). We have to check the validity of the parallelogram identity
(91). Using the representation formula (89) and the fact that m(X) = 0, this is equivalent to
show that

J |D(u+v)|2dm+f |D(u—v)|2dm=2f |Du|2dm+2f [Dv|?dm. (94)
X\ X\Z X\z X\z

Since by assumption X is a closed set and X \ 2 is isomorphic to the smooth weighted Rieman-
nian manifold (M, g, e/ v/ &), we have that the relaxed gradient of a Sobolev function restricted
to X \ X coincides with the modulus of the classical weak gradient (in Sobolev sense). Thus
the validity of (94) follows from (93). O

Remark 6.5. The framework encompassed by the assumptions of Proposition 6.4 is very gen-
eral, and includes most (if not all) the singularities appearing in the low-energy description
of string theory as localised sources: for instance singular metrics which are asymptotic to
D-branes, M-branes and O-planes near the singular set fit into this setting, since the closure of
the singular set has measure zero.

6.3.2 Spectrum of the Laplacian and Cheeger constants in infinitesimally Hilbertian
spaces

In this section we assume (X, d,m) to be infinitesimally Hilbertian. We have seen in the pre-
vious section that the Laplacian is a non-negative, densely defined, self-adjoint operator, and
thus it enters in the classical framework for spectral theory.

The regular values of A are the values A € C such that (AId — A) has a bounded inverse.
Its spectrum o (A) is the set of numbers A € [0, 00) that are not regular values. A non-zero
function f € D(A) is an eigenfunction of A of eigenvalue A if Af = Af. The set of all eigenval-
ues constitutes the point spectrum while the discrete spectrum o 4(A) is the set of eigenvalues
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which are isolated in the point spectrum and with finite dimensional eigenspace. Finally the
essential spectrum is defined as 0, (A) := 0 (A) \ 04(A).

Recall that the self-adjointness of the Laplacian implies that eigenfunctions relative to dif-
ferent eigenvalues are orthogonal. For spaces of finite measure, constant functions are eigen-
functions relative to Ay = 0, and thus any other eigenfunction has null mean value.

Given f € WY2(X,d,m), f # 0, its Rayleigh quotient is defined as

2Ch(f)
R(f) = ————.
(f) [ 1/ 2dm

Notice that for any eigenfunction f; of eigenvalue A, it holds A = R(f;).

The infimum of the essential spectrum plays an important role in the sequel, since the set
of eigenvalues below inf o, (A) is at most countable and, listing them in an increasing order
Ag <Ay S ... <A < ..., it holds

(95)

A, =min max R(f), 96
k Vir1 f€Vig,.f#0 (f) (%6)

where V, denotes a k-dimensional subspace of W12(X,d, m).
The perimeter of a Borel subset B C X with m(B) < oo is defined by

Per(B) := inf{limggff |V f,ldm: f, € Lipy(X), f = x5 in Ll(X,m)}.
n— X

Using the notion of perimeter, one can define the k-Cheeger constant (or k-way isoperimetric
constant) as

h.(X):= inf max R
K(X) By,...B 0<i<k m(B;)

97)
where the infimum runs over all collections of k + 1 disjoint Borel sets B; C X such that
0 < m(B;) < oo. Notice that hi(X) < hp41(X) for every k € N and, when m(X) < oo,
ho(X)=0.

We also recall the following characterization of h;(X), valid for spaces of finite measure
and that easily follows from the definitions recalling that the perimeter of a set coincides with

the perimeter of its complement:

Per(B)
m(B)

h(X)= inf{ : B C X Borel subset with 0 < m(B) < m(X)/Z} . (98)

6.3.3 Generalization of Cheeger bounds

First of all, the celebrated Cheeger inequality [ 58] holds in the high generality of infinitesimal
Hilbertian spaces. We recall the statement below. For the proof we refer to [35, App. A]; see
also [59] where it is shown that the inequality is strict in a large class of singular spaces.

Theorem 6.6. Let (X,d, m) be an infinitesimally Hilbertian metric measure space. If m(X) < oo
and A; < info,(A) then
hy(X)?
MO (99)
4
If m(X) = 00 and Ay < info,(A), (99) holds replacing A, by Ay and hy(X) by hy(X).

We will now extend some theorems proved in [1] (after [60,61]) from the class of RCD
spaces to the more general framework of infinitesimally Hilbertian metric measure spaces
(i.e. without any curvature assumption), and during the proofs we will focus on the modifica-
tions needed to address this case. In particular, all the results in this section apply to a very
large class of singular metrics including D-branes, M-branes, O-planes (see Remark 6.5).
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Theorem 6.7. Let (X,d, m) be an infinitesimally Hilbertian metric measure space. Let k € Nt
and let us suppose that A, < info,,(A). If m(X) < oo then

hy(X)* A < 128Kk%A%. (100)
If m(X) = oo then (100) holds replacing A, with Ay and h;(X) with hy(X).
Proof. We consider a non-null function f € Lip,,(X) and set

. Per({x s f(x) > t})
o) = oS

In [1] the following bound has been proved

k VI,

Ve IFI2

and we take it for granted since its proof requires only the variational characterization of
the eigenvalues (96) and the co-area inequality for Lipschitz functions, results that hold on
infinitesimally Hilbertian metric measure spaces without requiring any curvature bound.

First, suppose m(X) = oo. Since the class Lip,,(X) is dense in energy, we can find a se-
quence of functions (f,) € Lip,,(X) such that f, — f and |Vf,| — |Df| in L?(X,m), where
f is an eigenfunction of eigenvalue A,. The result thus follows by applying (101) to such a
sequence (f,,), using the trivial fact hy(X) < ¢ (f,,) for any n, and passing to the limit.

If m(X) < oo we argue in a similar way just by applying (101) to two sequences of func-
tions f,,h, € Lipy,(X) that converge in L2(X,m) respectively to the positive and negative
parts f*, f~ of an eigenfunction f, of eigenvalue A, with |Vf,| = |[Df*| and |Vh,| — |[Df~|
in L2(X,m). The existence of such sequences is again a consequence of the density in energy
of Lip,,(X), noticing that f*, f~ € WL2(X,d,m) by (90). Recalling the definition of h;(X)
given in (97) and that A, = R(f 1) = R(f ) (see [62]) the result follows. O

P(f)<8vV2 for all k € N*, (101)

Theorem 6.8. Let (X,d, m) be an infinitesimally Hilbertian metric measure space and assume
that there exists constants A,B > 0 such that, for some (and thus for all) x € X, it holds

m(B, (%)) < Aexp(Br?), forallr>0. (102)

Then, there exists an absolute constant C > 0 with the following property: for any k € N* such
that Ay < 0,.(A), it holds
h(X)? < CkoA, . (103)

Proof. First of all, recall that under the assumption (102) the heat flow is mass preserving, i.e.
(92) holds (see [56, Th.4.16, Th. 4.20]).

 Casem(X) < oco: Since the heat flow H, : L(X, m) — L2(X,m), t = 0, is mass preserving
and satisfies comparison principles (i.e. for any c € R: f = ¢ m-a.e. implies H,f = ¢ m-
a.e., and f < c¢ m-a.e. implies H,f < c m-a.e., see [56, Th.4.16]), then H, is Markovian,
ie. if L2(X,m)> f > 0 m-a.e. then H,(f) > 0 m-a.e., and H,1 = 1 where 1 denotes the
function equal to 1 m-a.e.

We can thus appeal to a result of Miclo [61, page 325] (as we did in [1]) and infer that

¢
A < A, (104)
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for an absolute constant € > 0, where

Ay :=min {max A0(B;) : {B; };?:0 are pairwise disjoint Borel sets, m(B;) > 0} ,
j

and we are defining A,(B) as
Ao(B) := inf{T\’,(f) : fewb?(X,d,m), f =0 m-a.e. onB, f # 0} . (105)
Let B C X be a Borel set with m(B) € (0,m(X)). We now fix ¢ > 0 and let
f ewl?(X,d,m), f =0 m-a.e. on B, be such that
Jx IDf I dm
JxIfPdm

We fix now a Borel representative of f and we set B, := {x € X : |f%(x)| > t} C B,
t > 0. Reasoning as in the proof of [59, Th. 4.6] (using that f2 is a BV function to which
we can apply the co-area formula and noticing that all the arguments involved do not
require (X,d, m) to be an RCD space) we can conclude that

1/2 2
[, |Df|2dm)/ >foes““pf Per(B,)dt

[ \fPdm [ (B ae

€+ Ao(B) =

2[e +2o(B)]V2 > 2( (106)

Now let ¢,(f) := inf{Pm%gfs) 1t € (0, esssupfz)} and notice that ¢,(f) € [0,00). By

definition of infimum we find a f € (0, esssup f?2) such that

f2
f(:zsssup Per(B,)dt > 6.(f)> Per(B;) .
[l apyde 0 w8

(107)

Putting (106) and (107) together, it follows that for any Borel set B C X,
m(B) € (0,m(X)), there exists a Borel set B C B, m(B;) > 0, such that

Per(B;)
m(Bg)

Since B C X and ¢ > 0 are arbitrary, by (108) we obtain hi(X ) < 4A from the definition

(97) of hi(X). Together with (104) this leads to the desired conclusion, where C :=4/C.

e+2[e+Ay(B)]V2 > (108)

¢ Case m(X) = oo: For a Borel set E C X with finite (non-zero) measure, we introduce
the notation H, p for the heat semigroup restricted to E:

Hig: L*(mg) — L*(mg), H g(f) == xgH(xe f),

where my := m(E) 'm.; is the conditional expectation of m with respect to E.
Using the assumption (102) and arguing by approximation, one can show that
H.p : L*(mg) — L?(mg) is sub-Markovian in the sense that H, z1 < 1 for any t > 0
(i.e. one approximates the infinite measure m by an increasing sequence of measures
m; where one can apply comparison principle, and then pass to the limit; see for instance
the proof of [56, Th. 4.20]). Moreover, H, ¢ is a continuous self-adjoint semigroup in
L?(mg) (see [61, page 325]).

We can then follow verbatim the proof of the corresponding case given in [1, Theorem
4.9], noticing that the variational characterization of the eigenvalues A, ..., A, as well as
the density of Lip,,(X) in W12(X,d, m) still hold under the infinitesimally Hilbertianity
assumption.

O
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6.4 Curvature-dimension conditions

We have seen in Sec. 2.2 that when the REC is satisfied (and in particular for compactifications
of string/M-theory) the weighted Ricci curvature satisfies the simple bound (14), Ric}z_d) = A.
In Sec. 3.4 we saw that the number N = 2 —d could be interpreted as an effective dimen-
sion. We will now introduce a class of spaces called RCD(K,N) (for Riemannian Curvature-
Dimension) that reduces to (14) on smooth manifolds for K = A, N = 2—d, but includes more
general singular spaces. We will show in Corollary 6.15 that the class of allowed singularities
includes those induced by Dp-branes. In our previous paper [1, Sec. 3] we treated the case
N € (1,4+00] (paying the price of not explicitly controlling the lower Ricci bound K € R),
the treatment for N < O presents both similarities and differences. The main advantage of
considering negative N is that it allows for a very neat control of the Ricci lower bound, since
K coincides with the cosmological constant A, when the REC is satisfied.
For N € (—00,0), k € R and 6 = 0, denote

%sin(ﬁ@), ifk>0,
5.(0):=186, ifk =0, (109)
ﬁsinhw_—xe), ifk <0,
For t €[0, 1], define the quantity
() := 5’<(t9), ol(0):=¢, (110)
«(60)

with 8 > 0if k <0and 6 € (0, t//x) if k > 0.
Finally, for t > 0, consider the functions

(t) (9) — tUNg g/)(N_l)(Q)(N—l)/N’ (111)

with 6 >0if K > OandQE(O n\/ )1fK<O For t =0, setr(o) y(0):=0.For K <0, we

also set O'K’N(Q) := 00 and T%V(Q) =00 if 6 > TE\/ T-

An important role will be played by the Tsallis entropy (77), for the choice a = (N —1)/N
and N € (—o0,0). Let us briefly recall it in the metric measure notation. Let (X,d, m) be a
metric measure space and fix a > 1. Given u € P(X), the a-Tsallis entropy of u with respect
to m is defined by

%1(1—fxp“dm), if u=pm<,mand p* € L'(X,m),

Solu) := {i (112)

oo, otherwise.
Recall that gy < m means that u is absolutely continuous with respect to m: any Borel set E
that has m(E) = 0 also has u(E) =0

We are now ready to recall the definition of the curvature-dimension condition CD(K,N),
for N < 0, given in [5]. See also [63-65] for some recent developments in the theory of
CD(K,N) spaces, for negative N: stability properties, existence of optimal transport maps and
local-to-global property (for the reduced condition).

Definition 6.9. A metric measure space (X,d, m) satisfies the curvature-dimension condition
CD(K,N), K € R and N < 0, if for any couple of absolutely continuous measures uy, = pom,
W = pim € Po(X) there exists v € OptGeo(ug, ;) such that for all ¢ € [0,1] and all
N’ €[N, 0), denoting by u, := (e,);7, it holds

Swa(u) = —N'+N’ f (7820, D)ooy + 70, (dCx, YD) () |dr(x, y),
N XxX
(113)
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for all t € (0, 1), for some W,-optimal coupling 7 from u, to u;.
We say that (X, d, m) satisfies the RCD(K, N) condition if it is infinitesimally Hilbertian and
satisfies the CD(K,N) condition.

Remark 6.10. ¢ The definition given in [5] involves a slightly different expres-
sion of the entropy, namely pr]%dm is considered instead of the Tsallis form

—N (1 — fx p¥dm). However the two definitions are equivalent.

e If (X,d, m) is a smooth metric measure space, then it satisfies CD(K,N) in the sense of
Def. 6.9 if and only if its N -Bakry—Emery-Ricci tensor is bounded below by K (cf. (10)),
as proved in [5, Th. 4.20].

In the sequel, we will consider metrics in polar coordinates with points denoted as
x =(0,r)eS" x (0, 00), while the origin will be denoted by O := {r = 0}.

Lemma 6.11. Let (X,d) be a metric space associated to a smooth, compact manifold glued
smoothly with an end where the Riemannian metric (not smooth at the origin O € X) is of
the form

g=dr?+ E(r)zdsgn +w(O,r),

with
2
limsupl(r)/r < —, sup limsup |w|(©,r)/r?>=0. (114)
r—0 7T eesS"  r—0
Then the origin O cannot be in the interior of any geodesic of X, i.e. if y : [0,1] — X is a geodesic
and O € y([0,1]) then either O =y, 0or O =7;.

Proof. Assume by contradiction that there exists a geodesic y : [0,1] — X such that y, = O
for some t € (0,1). Up to restricting and reparametrizing y, we can assume without loss of
generality that

r([0,1]) €B.(0),  r(ro)=r(r1)=¢, (115)

where ¢ > 0 is a small parameter to be fixed later in the proof. Since y passes through the
origin O, by triangle inequality we have that

Length(y) = d(y0, 0) +d(O, 1) =r(yo) + r(y1) + o(e) = 2& + o(e). (116)
Using (114) and assuming € > 0 is small enough, we have that

d(ro,11) = d((@(}’o), (o)), (©(r1), r(Yl)))
< |r(yo) —r(r)l + wmin{€(r(yo)), £(r(y1))} + o(e)
<2e+o(e). 117

The combination of (116) and (117) contradicts the identity Length(y) = d(yq, Y1) given by
the assumption that y is a geodesic. O

The next proposition is inspired by [66, Th. 4]. We first describe the physics interpretation.
On a space of the form given in the proposition below, geodesics tend to be attracted by the
origin and bend towards it. Indeed we will check later in this section that D-brane singularities,
which have positive tension, are of this form. Two antipodal points can be connected by one
of these bended geodesics rather than by one that goes through the origin. Heuristically,
this suggests that a distribution of particles moving towards the origin will spread out before
refocusing on the other side; moreover, a single particle belonging to it will hit the origin with
probability zero.
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Proposition 6.12. Let (X,d,m) be a metric measure space associated to a smooth, compact,
weighted manifold glued smoothly with an end where the Riemannian metric g can be written in
polar coordinates around the (possibly non-smooth) origin O, and assume the following:

1. The distance d is the length distance associated to the metric g on the end of the form

g :=dr? +£(r)2ds§n , with £(r)?<r2. (118)

2. On the end, the measure m is absolutely continuous with respect to the standard product
measure of S" x (0,a), a > 0, and if O € X it holds m({O}) = 0.

Then for every optimal dynamical plan v such that (e;);v < m, i =0, 1, we have ¥(Ip) =0,
where Iy :={y € T(X) : y, = O for some t € (0,1)}.

Proof. In the proof we will consider points on the end of the manifold, and accordingly we
will use the polar coordinates to denote them.

First of all, notice that for every xo = (0, (), x; = (01, 1) we have d(x(, O) =r, and, as
a consequence of the fact that £(r)? < r2, we infer that d(x,, x;) < desny(xo, x1), where

dC(S“)(XOJ Xl) = \/rg + T'12 —2T’0r1 COS(dgn(eo, @1))

is the standard cone distance for C(S").
The result will be a consequence of the following:

Claim (x): For every r > 0 there exists at most one © € S" such that vy, = (0, r) is the
starting point of some geodesic y € supp(v) N [.

Once the claim is settled, the proposition can be proved by contradiction. Since the restric-
tion of an optimal dynamical plan is still optimal (see for instance [19, Th. 7.30 (ii)]), we can
assume that v is concentrated on I'y. Using the fact that (ei)ﬁ y<Lm,i=0,1, and since m gives
zero mass to O we can also assume that yy 7# O and vy, # O for v-a.e. y. Equivalently, that the
set of geodesics not starting nor ending in O is of measure zero with respect to v. The claim (*)
implies that the measure (eg); v is concentrated on a set of the form Cy, := {(h(r),r) : r > 0}
for some function h, and thus m(Cj,) = 0 which contradicts the fact that (ep); v < m.

Thus, it remains to prove the claim (x). We split its proof in three steps.

Step 1. We first show that if y : [0,1] — X is a non-constant geodesic with endpoints
Yo = (©g,19) and y; = (O, 1) such that y, = O for some t € (0,1), then ©, and ©, are
antipodal as points in S".

Indeed, by the fact that the curve1 y is a geodesic we obtain r, = td(yq,y;) and

—t

r1 = (1—1t)d(yo,y1) which implies r; = =—~r,. In particular

2 2
ro (1—1)
i d*(y0,71) < d%(gn)(}/O:Yl) =g+ 2 ro—2

(1-1)

t

ro cos(dg:(99,©;)),  (119)

from which cos(dg.(©y,©,)) < —1, i.e. © and ©, are antipodal, as desired.

Step 2. We show that for every t € (0, 1) there exists at most one geodesic y € supp(v)
with y, = O.

Let us consider two geodesics y,y’ € supp(v) that at time ¢ pass through O. We have
Yo = (O, tr), y1 = (©1,(1 — t)r) for some ©y,0; € S" and similarly y; = (©j,tr"),
v7 = (01, (1 —0)r’), and we can assume that ©,,8; (resp. ©,0]) are antipodal by what
we have previously proved. By the cyclical monotonicity and the triangle inequality for d¢gn),
we know that
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0 2

< d?*(y0, 7))+ d* (5, 71) —d*(r0, v1) —d* (v, Y1)
< d%(sn)(}’o, Yll) + d%(sn)(Y;): Yl) - r2 - r/2
<

tr+ Q=0 P+tr+A=OrP—r2=r'?2==2t(1—t)(r —1")?,
which implies r = r’. By taking advantage of this information, we can derive

0 < d*(y0,74) + d*(r}, v1) — d*(ro, Y1) — d* (v, v7)
< d?

C(Sn)(YOJ Y/l) + d%(gn)(’}/g: Yl) - 2r2
=—2r*t(1—t)[2 + cos(dg.(©p, ©})) + cos(ds: (6, ©,))],

and in particular ©, and ©; are antipodal and thus ©; = ©; and ©; = ©/.

Step 3. Conclusion of the proof of the claim ().

Consider y,y’ € supp(v)NIp with y = (69, 7), vy = (8}, ) for some r > 0. By assumption
y and v’ are geodesics passing through the origin, so that y; = (©,r7), v} = (©],r]) where
dsi(©9,01) = m, ds:(©5,0]) = = for ry, r{ positive real numbers. Again by the cyclical
monotonicity and the properties of d we have

0 < d*(yo,73) + d*(r5, v1) — d*(ro, v1) — d* (¥, v7)
d%‘(gn)(YO: Y?[) + d%(gn)(‘}/:): Yl) - (r + r1)2 - (r + r:/[)z

= —2rr;[1+ cos(ds: (6, ©])] — 2rr1[1 + cos(dga (0, 01)].

<
<

That forces ©, and ©; to be antipodal and thus €, = ©y. O

Remark 6.13. From Step 1 in the proof, it follows that geodesics passing through the singular
point O do not branch; i.e. if two geodesics coincide for a finite time, they coincide for ever.
Moreover, since out of O the space is smooth, we conclude that if (X, d) is as in the assumptions
of Proposition 6.12, then (X, d) is non-branching.

Theorem 6.14. Let (X, d, m) be a metric measure space associated to a smooth, compact, weighted
manifold glued smoothly with an end where the metric is non-smooth at a point O € X. Let us
suppose that Rlc}v = K on X \ {O}, where f is the weight function, K € R and N < 0. Let us
also suppose that for every optimal dynamical plan v such that (e;)yv < m, i = 1,2, we have
(o) =0, where Ty := {y € T(X) : y, = O for some t € (0,1)}. Then (X,d, m) is an RCD(K,N)
space.

Proof. Let N’ € [N,0), uo = pom, U3 = pim be two measures in P,(X), and
v € OptGeo(ug, U1)- Since ¥(Ig) = 0, following [5, Th. 4.10] for v-a.e. geodesic y emanating
from x with velocity v = V¢(x) and for every t € [0, 1] it holds

1 _ 1
3.0V < TGN + T (DI ()T (120)

where J; is the Jacobian of y(t) = T.(x) := exp(tv) and (u,)e[o,1] is the unique minimal
geodesic u, = p,m = (T, )yuo connecting yg to u,. Integrating (120) with respect to v we

obtain (113) with N’ = N. Since Ricj}’ > Rich on X \ {0}, the conclusion follows. O

In the following corollary we specify the previous results to the case of Dp-branes.

Corollary 6.15. Let (X, d, m) be an asymptotically D-brane metric measure space in the sense of
Def 6.1.
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* FixK,N € R. Assume that, on the smooth part of X, the N-Bakry-Emery Ricci tensor (10)
is bounded below by K. Then (X,d,m) is an RCD(K, N) space.

* In particular; if (X, d, m) is an asymptotically D-brane metric measure space satisfying (on
the smooth part) the Einstein equations (5), and the Reduced Energy Condition (13) holds,
then (X, d, m) is an RCD(K, N) space for K = A (the cosmological constant) and N = 2—d
(where d is the dimension of the extended space-time).

If, more strongly, (X,d, m) is an (exactly) D-brane metric measure space, then it also satisfies
the RCD(K’,N’) condition for some K’ € R and N’ € (1, 00),

Proof. We first observe that, since (by the very definition 6.1) the singular set of an asymptoti-
cally D-brane metric measure space (X, d,m) is closed and has zero m-measure, then (X,d, m)
is infinitesimally Hilbertian thanks to Proposition 6.4. In order to get that (X,d,m) is an
RCD(K, N) space it is thus enough to prove it satisfies the CD(K,N) condition. We discuss it
case by case below.

* Case 0 < p < 5. The distance between O and any other point is infinite. Thus, we
do not include the point O in X so that the space (X,d) is a complete metric space.
The CD(K,N) condition then follows by the compatibility with the smooth setting, see
Remark 6.10.

* Case p = 6. With the change of coordinates p = 2,/7,+/T the metric near O takes the

form g = dp? + pTzdsgz + &(©, p) with supg limsup,_,q ld"ﬁ)#’)) = 0. The conclusion
follows from Lemma 6.11 and Th. 6.14, together with the bound on Ricjcv on the smooth

part.

* Case p = 7. With the change of coordinates p = 4/ Zg—’: f Or 1/—log(rs—o)ds the metric near

O takes the form g = dp? + E(p)zdsg1 with £(p)? < p? for p > 0 small enough. The
N
c

conclusion follows from Proposition 6.12 and Th. 6.14, together with the bound on Ri 7

on the smooth part.

* Case p = 8. In the previous work [1] we have already proved that a D8-brane metric
measure space is an RCD(0,N) space for some N € (1, 00). The claim follows by the
fact that RCD(0, N) for some N € (1, 00) implies RCD(0,N’) for all N’ € (—o0, 0).

The second part of the statement follows from the first one, once we recall that the REC
(13) coupled with the Einstein equations (5) implies that Ric}z_d) = A (see (14)). The final
claim was proved in our previous work [1, Th 3.2] O

6.4.1 O-planes are not CD(K,N), even for negative N

The heuristic reason why O-planes are not CD is in a sense the opposite of that behind
Prop. 6.12 (see the informal discussion above it, and Fig. 1). For O-planes, we will see now
that in (118) we need to take I[(r) > r. One can now check that geodesics tend to be repelled
by the origin O, which is intuitively due to O-planes having negative tension. If we send a
distribution of particles towards the origin with the aim of making it reform with the same
density on the other side, it will actually tend to focus near O, (say at time t = 1/2) before
spreading out. As a consequence, two antipodal points are only connected by the geodesic
going through the origin, in contrast with the positive-tension case in Prop. 6.12. Since the
reference measure (123) of small balls centred at the origin goes to zero as the radius of the
ball goes to zero and the entropy is super-linear for N < 0, it will follow that the entropy tends
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(a) b)

Figure 1: (a) Geodesics near a Dp singularity get attracted by it, and curve around
it. (Here the p = 6 is depicted.) (b) An Op-plane has negative tension and repels
geodesics, as one sees with (122).

(@ (b)

Figure 2: (a) Geodesics in an Op geometry get deflected more as they get closer to
the origin; the only way to get to the other side is to go straight through it. (b) As
a consequence, the optimal plan that connects two antipodal distributions that are
localized enough consists of straight geodesics going through the origin.

to negative infinity at the time t = 1/2 when the distribution of particles is concentrated near
the origin. See Fig. 2 for a visualization of this behavior of geodesics in the Op-geometry.

Let us now turn such heuristics into a rigorous argument.
First of all observe that the CD(K,N) condition (for some K € R and N € (—00,0),
see Def. 6.9) on a metric measure space (X,d,m) implies that there exists a constant
C = C(K,N) > 0 with the following property: for any couple of absolutely continuous proba-
bility measures g, 1 € P5(X) there exists a W;-geodesic (u,)<[o,1] such that

5(N—1)/N(M1/2)
max (S(N—l)/N (o), 5(N—1)/N(M1))
Recall that the (internal part of the) metric for an O-plane singularity is asymptotic to

>—C(K,N). (121)

2 2 2.2/37.2
ds®=dr®+pgr / dssg_P,

(122)
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and the weighted measure is asymptotic to

dm(O,r) = p0r1/3dr de, (123)
for some constant p, > 0 and some p =2,...,7, where
©=(0¢,6,...,85 ,) €S*P CR*P,

denotes the unit vector in R%™P parametrizing the unit sphere S8,
For ¢, 0,y > 0 small, consider the probability measures

,0, ,8,r0\— .
uf .= m(Af 0) 1mLAz?,5,ro , 1=0,1,
obtained by normalizing the restriction of m to the sets

Agﬁ’ro = {eO € [1 _5) 1]361:' --’98—p S [0,5],7' € [rO —é, rO]:}:

€,0,1g (124)
Al, U= {@0 (S [_1,_1 + 5]791""768—[) S [0,5],r < [rO_E, ro]}

Notice that Ag’5’r° and Ai"s’ro are antipodal with respect to the singular origin
{O} :={r=0}.

Moreover, since the power of r in (122) is 2/3 < 2 (where the exponent 2 would correspond
to the cone metric), then, for r > 0 sufficiently small, the unique geodesic connecting the
antipodal points (©,r) and (—©, r) passes through O.

It can be checked that, for ry > 0 and 6 > 0 small enough, the unique W,-geodesic
(,uf’a’ro)te[o’l] from ,ug’s’ro to ,ui’(s’ro passes through O at time t = 1/2. More precisely, one
can check that there exists p = p(¢, 8, ry) > 0 with

B 6)

lim  lim 2E070) g (125)
(6,r0)—(0,0) €0 o

such that supp (‘ui’/éz’ro) C B,(0). The expression of the measure (123) and (125) yield

m(B,(0))

lim lim £,0,r £,0,I =
(6,rg)—(0,0) e—0 m(AO’ > 0) +m(A1’ > 0)

Since the integrand of the entropy Sy_1)/y is super-linear for N < 0, it follows that

o,1
5(N—1)/N(M8’ )
lim  lim 1/2 Y (126)

N N ,0, ,0,
(8,70)=(0,0) £€—0 9% (S(N—l)/N(.ug ro):S(N—l)/N(.ui TO))

Clearly, the last equation (126) is in contradiction with (121). We conclude that O-plane
singularities (122) are not CD(K, N) spaces for any value of K € R and N € (—00, 0).

6.5 A lower bound in terms of the diameter

The statement below was proved in the Ph.D. thesis of E. Calderon [25, Th. 5.2.1] in the
framework of smooth weighted Riemannian manifolds. By using 1-dimensional localization
we can extend it to the non-smooth metric measure setting that includes Dp-brane singulari-
ties. To this aim, we either assume that the metric measure space is asymptotically D-brane (see
Def. 6.1), or we will have two RCD conditions: we assume the validity of both an RCD(K,N)

36


https://scipost.org
https://scipost.org/SciPostPhys.15.2.039

Scil SciPost Phys. 15, 039 (2023)

condition for some N € (—o0,—1], K < 0, and an RCD(K’,N’) condition for some K’ € R
and N’ € (1,+00). This should be read as follows: while the former is giving the synthetic
curvature-dimension condition we are actually interested in (so the bound we obtain will be
in terms of K and N), the latter should be read as a qualitative regularity assumption on the
metric measure space to make the proof work (thus we do not want K’ and N’ to appear in
the thesis).

Theorem 6.16. Assume that (X,d,m) is an RCD(K,N) space for some N € (—oo,—1] and

K < 0, whose diameter satisfies 0 < diam(X) < n\/g. Assume moreover that
* either (X,d, m) is an asymptotically D-brane metric measure space in the sense of Def. 6.1,
* or (X,d,m) satisfies also an RCD(K’,N’) condition for some K’ € R and N’ € (1, +00).
Then, the smallest eigenvalue A, of the Laplacian satisfies

S a(diam(X)v—K)

A , (127)
! diam?(X)
where a(diam(X)+/'—K) is the minimum of
1/2
o dzef (3,4)?
1/12/2 ) ef :=cosV ! (diam (xX) NK 12) , (128)
_pjpdzefy? -

among the functions v which are smooth and have vanishing weighted average f_lﬁz efq.

Proof. The proof in the smooth weighted setting given in [25, Th. 5.2.1] can be summarised
in two steps: first show that the desired bound can be reduced to a family of inequalities on
weighted intervals (of topological dimension 1), second establish such a family of inequalities
on weighted intervals.

The first step goes under the name of 1-dimensional localisation; in the setting of smooth
weighted manifolds, such a dimensional reduction was obtained in [29]. The second step is
the contribution of [25].

In [30], the 1-dimensional localisation was established in the framework of essentially
non-branching CD(K’,N’) metric measure spaces for N’ € (1, 00), setting which includes
RCD(K’,N’) spaces, for N’ € (1, 00), thanks to [67].

This gives the following. Given u € L*(X, m) with fX udm = 0, there exists a partition of
X as .

X =NUZU (Uae Qxa) , (129)
where

* U denotes a disjoint union,

* m(N)=0,

e form-a.e. z € Z it holds that u(z) =0,

* Q is a suitable set of indices and, for all @ € Q, X, is a geodesic in X.

Moreover, associated to the above partition of X, we have a disintegration of the measure m
as

m= ml_z‘i‘f m, dq(a), (130)
Q

where
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* (is a suitable measure on the set of indices Q,

* for g-a.e. a € Q, the measure m, is concentrated on the geodesic X, and the one-
dimensional metric measure space (X, | - |, m,) satisfies CD(K’,N"),

* for g-a.e. a €Q, it holds that fX udm, =0.

Using now that the ambient space satisfies also the CD(K, N) condition for N < 0 in the sense
of Def. 6.9, one can follow verbatim the proof of [30, Th. 4.2] and infer that one-dimensional
metric measure space (X, | - |, m,) satisfies CD(K,N) as well, for g-a.e. a €Q.

Once these information are at disposal, the proof of the spectral bound under the addi-
tional assumption that (X,d, m) is also an RCD(K’, N”) space for some K’ € R, N’ € (1, 00) is
obtained verbatim as in [25] (the modifications for the metric measure setting are now com-
pletely analogous to the proof of [68, Th. 4.4], setting p = 2).

Let us now briefly sketch the proof in the case when (X,d, m) is an asymptotically D-brane
metric measure space. By the proof of Corollary 6.15, the only case when some geodesic can
pass through the singular set is for p = 7 or p = 8. In the latter case we already know that the
singularity satisfies RCD(0,N’) for some N’ € (1, 00) (at least locally in that end) and thus
we can argue as above.

The only case remained to discuss is then for p = 7. From Remark 6.13 we get that
the singular space corresponding to an asymptotic D7-brane is non-branching. From [69,
Th. 3.3.5], we infer that the transport set (associated to the L'-optimal transport problem
used in the 1-d localization) is endowed by an equivalence relation whose equivalence classes
are the geodesics X,, @ € Q, mentioned above. Moreover, since it is easily seen that the cut
locus has measure zero, we get that m(X \UaeQ X,) = 0. It follows that, up to a set of measure
zero, all the transport set used in the 1-d localization is contained in the smooth part of the
space. The result follows then by the smooth arguments in [25]. O

Remark 6.17. * Notice that a can also be interpreted as the lowest eigenvalue of the oper-
ator —ef 3,(e/ 8,(+)) on the interval [—1/2,1/2], with Neumann boundary conditions.

* The assumptions of Th. 6.16 are natural thanks to Cor. 6.15: we proved that the va-
lidity of the Einstein equations and of the REC imply that an asymptotically D-brane
metric measure space satisfies RCD(K,N) for K = A (the cosmological constant) and
N = 2—d < 0 (d is the dimension of the extended space-time); if, more strongly, (X,d, m)
is an exactly D-brane metric measure space then it satisfies also RCD(K’,N") for some
K'€Rand N’ € (1, 00).

* The bound is sharp, in the sense that there exist examples that saturate it. In particular
it improves on a result [70, Th. 3], mentioned in [2, Th. 3], both because the bound
does not contain K (and hence the warping, in our physical application), and because it
allows for singularities of RCD(N < —1, K) type, which as we saw in section 6.4 includes
D-branes.

* The result in [25, Th. 5.2.1] actually also contains diameter bounds on other N and K.
In particular, for N € [—1,0] and K < 0, the function cos is replaced by sin and the
interval is shifted from [—1/2,1/2] to [¢,1 + ¢]. Also, for N < 0 and K = A > 0, the
function cos is replaced by cosh; there is now no further limit on K. Unfortunately, A > 0
compactifications require the use of O-planes (or quantum corrections), so that part of
the theorem is not of immediate application.
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Remark 6.18. ¢ Asrecalled above, for us N = 2—d; when the REC is satisfied, the lower
Ricci bound (14) holds, so we can choose K = A. Defining as usual the AdS radius Lgg
via the identity A = (1—d)/L2 ,, the weight function becomes e/ = cos" _1(%2). Since
from (81) the first eigenvalue corresponds to the mass of the first spin 2 Kaluza-Klein

mode, in this situation we get the bound

m_f S a(diam(X)/Lass)  Lias
N d—1 diam?(X) "

(131)

While we have not proven this rigorously, in d = 4 the minimum of (128) appears to
be attained on v = sin(7z); the resulting « is a function of diam(X)/Laqs € (0, 7r) such
that
lim a=mn?, lim a=0, (132)
diam(X)/Lags—0 diam(X)/Lags—T
monotone decreasing in between. In particular, the bound is most effective when
diam(X) < Lpgs, and loses efficacy when diam (X) — mLaqs- A numerical analysis

shows that a similar conclusion also holds in d # 4.

* When the REC is not satisfied, K is not necessarily equal to A, but we can still consider
the limit where the internal space is flat (or positively curved). Setting K = —|¢| —» 07,
since in this limit @ — 72, we obtain

mf 2 12
— > _—
Al ~ d—1 diam?(X)

(133)

where L2 = (d — 1)/|A| is the curvature radius of the vacuum (with either sign of the
cosmological constant). (133) is now valid also for compactifications where the REC
is violated, provided they are either smooth or at most with D/M-brane sources, and
it proves that such vacua are automatically scale-separated when diam < L. We will
construct such an example in Sec. 7.2.

7 Scale separation

7.1 Applications of KK bounds

Most of the theorems we have seen in Sec. 6 are lower bounds on the eigenvalues of the
weighted Laplacian. These have a natural application to the issue of scale separation, namely
the problem of finding solutions in which mgg > v/]Al.
In particular, (127) and the Remark 6.18 imply that a solution without O-planes with small
diameter,
diam < Lgs, (134)

has scale separation at least in its spin-two tower. While this is intuitively expected, Theorem
6.16 establishes it rigorously. Recall that O-planes are not included because we have shown in
section 6.4.1 that they do not satisfy the RCD condition, even for negative N. The theorem [70,
Th. 3] quoted in [2, Th. 3] was not quite as conclusive, because one could have in principle
weakened its conclusions by finding compactifications with large dilaton gradients. Moreover,
as we mentioned, [70, Th. 3] only allowed smooth manifolds.

Most proposed solutions with scale separation do include O-planes. An exception is sug-
gested in [37]. This construction originates in ITA, with a T2-fibration over T* as internal space
and intersecting O6-planes, which can be made approximately localized in the limit of small A.
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However, the Romans mass vanishes (unlike the more famous [36]), so an uplift to M-theory
is expected to exist, where the O6-planes become purely geometric features, locally described
by the smooth Atiyah—Hitchin metric. (The uplift of an O6 intersection is not known, but one
would expect it to be geometrized as well, at worst involving a mild singularity allowed in
supergravity, such as that of an orbifold.) The sizes of the T2, T* and M-theory circle can be
made to scale with different powers as A — 0; the diameter is expected to scale in this limit
as the largest of these three, which can still be much smaller than L,4g. Thus Theorem 6.16
implies that the M-theory version of this solution should have scale separation. It would thus
be very interesting to test further the approximations made in finding it.'?

We next consider a similar application for Theorem 6.6. This now implies that any solution
with

1
T << LAdS (135)
hy

is scale separated. Recall that the inequality (99) was also present in [1], but that here we
stated it under the weaker assumption that the space is infinitesimally Hilbertian (Def. 6.3).
This framework includes O-plane singularities (see Remark 6.5).13

While the Cheeger constant h; looks less familiar than the diameter, just like the diameter it
is a non-local quantity that can be at least estimated if not precisely computed. Recall from (98)
that we need to find the infimum of Per(B)/m(B). In a solution with singularities, it is natural
to first check what happens when B surrounds one of them. In [1, (4.12)] we took B to be a
tubular neighborhood of radius R around a Dp singularity, obtaining Per(B)/m(B) ~ R>P)/2,
which is arbitrarily small for p < 5 and large otherwise. A similar computation for an Op
(p < 8) singularity gives, in the same notation of [1],

per(B)  [o5VEape® P*d"'x  RSP/H(R)

= = ~(R—Ry) /2, (136)
mB) T [ /Eerdx R en(ydr ’

where Ry ~ I,(g,)"/7~P) is the radius below which the Op metric becomes imaginary and loses
meaning (see [71, Sec. 2] for a quick review of Op solutions). We see Per(B)/m(B) diverges
when the neighborhood gets close to the Op singularity, so this is not a good candidate to
obtain the infimum that defines h;. (The p = 8 case has to be treated separately, but the same
conclusion holds.)

This logic can be applied to the famous proposal in [36]. The KK scale was already es-
timated there using an effective d = 4 theory as myx ~ N™/% < 1/Lpgs ~ N°/4, where N
is the F, flux quantum. The geometry of the internal Mg was given in [72, 73], again in an
approximation where A is small. The overall length scale of Mg is N/%, which confirms the
d = 4 estimate, but one might wonder if the backreaction of the O6s might affect this result
significantly.

The result (136) indicates that this does not happen. Since taking B near the O6s gives
a large result, h; is more likely to be minimized by taking B away from them. In such a
region, the metric is approximately Calabi-Yau. For example, for a torus orbifold such as
T6/Z§ in [73, Sec. 6.2], [74], we can take B = {x! = 1/4}; the integrals of the B; functions is
zero, and we obtain

hy ~N~Y%, (137)

125¢trictly speaking, the solution was shown in [37] to be supersymmetric only in the smeared limit, while for
the localized version only the equations of motion were checked; while it does not seem very likely, in principle
supersymmetry might be broken, and the vacuum might be unstable. We thank T. Van Riet and V. Van Hemelryck
for discussions on this solution.

13This property might even extend to the corrected O-plane geometry in full string theory. It is actually generally
expected that source singularities are smoothed out in quantum gravity, so this does not seem much of a stretch. A
much bigger issue, which we do not tackle here, is that the spin-two operator itself might be affected significantly
by string corrections near O-planes.
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which by (99) gives mgx > N -1/ 4. in line with the above-mentioned estimates. Of course this
result is only relevant at the level of approximation considered in [72,73]; it is in principle still
possible that the solution would somehow be destroyed in full string theory, were one able to
perform such a computation.

7.2 Scale-separated solutions with Casimir energy

In this Section, we construct a new example of a scale-separated AdS solution with energy
sources that violate the Reduced Energy Condition (Sec. 2.2).'* When such sources are present

in an AdS compactification (A < 0) equation (11a) for Ricj(cz_d) reads schematically

Ric? ™ =

; —|A| + REC + SREC, (138)

where 6REC < 0 refers to terms that violate the REC. Compared to a situation where SREC = 0,

in which case Ric}z_d) has at least a positive direction in all the known AdS examples, the
(2—d)

negative term OREC can provide a mechanism to tune Ric "

internal curvature scale from the scale of the cosmological constant.'®> While it is not proved
whether such a decoupling is necessary, for this reason it is believed that sources that violate
the REC can be useful to achieve separation of scales, as already noticed in [2,77] (although
they are not sufficient, e.g. [78, Sec. 2.2] [79, Sec. 7]).'® In the DGKT example analyzed in
Sec. 7.1 this is achieved through O6-planes, which violate the REC and stabilize a Ricci-flat
internal space. In the following, we construct a new explicit example of an AdS scale-separated
solution of the equations of motion with a Ricci flat internal space and with parametrically large
ratio between the first Kaluza-Klein modes and |A|, by violating the REC through quantum
effects.

We work in M-theory through its low energy description in terms of 11-dimensional su-
pergravity, and we aim to construct a semi-classical solution of the equations of motion in
which the quantum energy densities generated by the low-energy fields enter as a source in
the Einstein equations (5) through the stress-energy tensor

= 0 and thus decouple the

T quantum

Ty = Ty + (T ) - (139)

The semi-classical approximation consists in choosing a geometry and topology for the space-
time and computing the quantum effects with this assumption. Self-consistency requires then
that the chosen space-time solves the equations of motion with the induced (T%ﬁmum). This
approach has been employed to construct various semi-classical gravity solutions such as com-
pactifications of the Standard Model [81], traversable wormholes in four dimensions [82] and
dS, compactifications of M-theory [75].

We consider an AdS, compactification on a 7-dimensional torus, so that the 11-dimensional
space-time metric has the form

dsf1 = Ri dsf\cls4 + R% ds%7 ) (140)

where in this decomposition the metric on the AdS, and T’ factors have unit radii.

14We thank Eva Silverstein and Gonzalo Torroba for discussions about this solution, its properties and related
work [75].

15 Another possible mechanism is to use codimension-2 sources, which have the appropriate scaling to cancel the
internal curvature and achieve separation of scales [76].

161t is also known that sources that violate the REC are necessary in order to obtain de Sitter compactifications
(A > 0) [53,54,80].
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The zero point energy of fields in flat space and in curved backgrounds with different
topologies can been computed explicitly in many cases (see e.g. [83] for a book-length re-
view). The massless fields of eleven-dimensional supergravity are the metric g;;, the four-
form F, and the gravitino v, and in order to generate a non-trivial zero point energy we break
supersymmetry by imposing anti-periodic boundary conditions for fermions on the torus cy-
cles. The contribution of massive states is exponentially suppressed and we need not consider
them. Since we are considering an isotropic and homogenous internal torus, we can constrain
the form of the induced effective action energy by requiring that: i) The energy density ob-
tained from it is an eleven-dimensional energy density, depending only on the circle size R,
and growing when it shrinks ii) It is homogenous and isotropic along the internal directions
iii) The overall sign is due to bosons. These requirements are enough to impose that the lead-
ing term in the effective action has the form $°f = (27)"8|p,| [ Moy v—gnR;", giving the
stress-energy tensor

_ _ 4 _ _

(TMCES) = (27—5) 8|pc|€?1 711guv: (Triis> = _;(27-[) 8|pc|€?1R711gmn: (141)
where m, n are the internal torus directions, K?l is the eleven-dimensional Planck length and
|p.| is a positive order one numerical coefficient depending on the topology as well as on
the number of degrees of freedom. This coefficient can be computed explicitly with a one-
loop calculation of the Casimir energy on a torus (see e.g. [84, Sec. 3] for a computation in
general higher-dimensional supergravity theories or [81, App. A]), but it is not important for
our purposes since we will obtain parametric control. It is an easy check that (141) violates
the REC (13):

1 11 _ _
Tmn - ngnTM) C = _7(27-0 8|96|£?1 711gmn <0. (142)

as

This property makes it promising for stabilizing a flat internal space, through the mecha-
nism in (138). The Casimir energy (141) tends to make the torus expand, and we can stabilize
its effect with an energy contribution of the opposite sign, such as a flux. In M-theory, we can
consider a simple homogeneous configuration on AdS, for the four-form flux:

Fy = favolpgs, , (143)

. . . . U
with f, a real constant. Flux quantization of its magnetic counterpart F, := «F, = —f,4 R—ZV01T7
4

requires to relate f, to an integer N as:

2 8
1 J 2 N7 R

F, =N, = f2= /4 . (144)
6 7 7 4 271114
(2ml47) 4r R,

Plugging these sources in the equations of motion (11) specialized to the ansatz (140), we get
a solution if the radii are fixed as

N,\22/3 ~14/3
Ri = 6%1 (_) |pc| 14/3

211 % 38/3° 277 211  311/3°

N, \22/3 B 711/3
o R%1=fii(—7) o™ s - (145)

We want to assess the validity of this solution in the parametric regime N > 1. We first notice
from (145) that in this regime all the radii are large in Planck units > £;), and thus we have
a competition of classical and quantum effect without needing subplanckian regimes. With
this parametric control, other quantum and non-perturbative effects are suppressed.

In the large N, regime we then find a parametric separation between the AdS and internal

scale as )
Ry _22x3 |pc|4(&)_6 , (146)
Ri 74 27
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Since R is proportional to the internal diameter, from (133) we get that this ratio directly
controls the spectrum of the KK modes, achieving parametric separation of scales

Migg 6
WOCN7 >1, when N,>1. (147)

For N, — oo, the KK modes go to zero very slowly relatively to the cosmological constant,
asm ~ |A|* with a = 1/11. This result can be compared with the statement of the AdS Distance
Conjecture of [85] that posits a to be an order one number (and 1/2 for supersymmetric
solutions). More recent studies [86, 87] that suggest @ > 1/d (where d = 4 in the present
case) are in tension with the solution (145). In particular this has implications for the Dark
Dimension proposal of [88], which is based on the bound a > 1/d.

The solution (145) has been computed by exploiting the fact that by tuning the flux in-
teger N, > 1 the background is parametrically close to flat space. Moreover, being non-
supersymmetric, it might be unstable for deformations of the torus or other effects. While as
a function of the volume modulus this solution is at a minimum (obtained by balancing the
negative contribution to the effective potential due to the Casimir with the positive potential
from the flux), a more general perturbative analysis would require to compute the form of the
Casimir stress energy tensor on the seven-dimensional torus away from the symmetric point.
Being in AdS, a parametric analysis of this effect might not suffice, since tachyons of the scale
of the cosmological constant could still be allowed if above the BF bound [89]. However, a
naive probe computation suggests that it is unstable for nucleation of M2 bubbles in AdS,. It
would be interesting to assess in detail its stability with a more careful analysis, taking into
account possible corrections of the M2 action due to the Casimir effect, and to understand the
role of subleading effects.
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A Raychaudhuri and Bochner

Here we will review some facts about the Raychaudhuri and Bochner identities, familiar in
physics and geometry respectively, and derive their weighted counterparts.

We begin with the physics side. Consider a vector field £™ to which geodesics are tangent.
(We will use Latin indices, even though usually this logic is employed in Lorentzian signature.)
The expansion

0 :=V,&m" (A.1)

measures if nearby geodesics tend to attract or repel, as we will motivate shortly. We can
compute its derivative along the geodesic:

EMV (V") = EMV V& 4 EMR &P . (A.2)
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Using the geodesic equation §™V,,E™ = 0 we obtain the Raychaudhuri equation

—Ve0 =V, &, V"E" + R, EME". (A.3)

We now motivate 8’s name. When &™ it is timelike, one usually normalizes it to £2 = —1
so that the affine parameter is proper time 7. Moreover, one often assumes that the field is
hypersurface orthogonal: there exists a family of hypersurfaces to which & is everywhere or-
thogonal, representing “space slices”. By the Frobenius theorem and the normalization we
chose, this implies d§ = 0. Consider now a family of geodesics depending on a parameter
s. The vector field d := J, represents the “displacement” between two nearby geodesics; it
commutes with § = J_, since together they define a two-dimensional sheet. But then we
know Vyd" = "V, d" = V,,£"d™. Since V represents evolution along geodesics, the ma-
trix V,,&" gives its action on the displacement d. But then its trace 6 measures the overall
attraction around a geodesic, as claimed.

Let us now instead assume & to be a closed one-form &, d§ = 0, but not necessarily related
to geodesics. Recall that the Laplace-de Rham operator acts on forms as A = {d,d'}. In
particular

_Agn = _(ddTg)n = vnvmgm = vmvngm _Rpmnmgp = vamgn _Rnpgp > (A.4)

with the third step similar to (A.2). We now compute
%vzgz = V(E"V &) = VIENWV,,E, +ETVTVLE, . (A.5)
Using (A.4) we arrive at the Bochner identity:
£ AL+ VAE) = U E VIE R, S (A6

Essentially the difference with Raychaudhuri is in how one handles the term "V, V. &",
which is rewritten either using the geodesic equation or using closure of £. Other than this,
the first term in (A.6) is E"AE, = —&"V,V, &M = —V . 0; recalling the normalization £2 =1,
(A.6) reduces to the Raychaudhuri equation (A.3).

(A.6) has several interesting mathematical applications, such as to show that when the
Ricci tensor is positive there cannot be any harmonic one-forms. When £ = dn, one can
rewrite the first term as V1) - V(An) = —V1 - V(V?21), using that d and A commute.

We will now show how (A.6) is modified when the measure is of the form f ef /8. The
adjoint of the exterior derivative is now

d} =efdlef. (A7)

The associated Laplacian is Ay = {d, d}}; on a function, this reproduces (31). With these
definitions and using (A.4), we replace it by

_Af gn = _(dd}g)n = vn(e_fvm(efgm)) = vn(vmgm + vmfgm)
= V"V0&n —RppP + V VI f & + VIV, E (A.8)
= e_f vm(ef vmgn) - (Rmn - vanf)gn .

We see the appearance here of (Ric}>o )un = Roip — Vi Vo f , the N — oo limit of (10). Using
this and the definition (31) we arrive at the weighted Bochner identity:

g ' Afg + %v)zf(gz) = vmgnvmgn + (Rmn - vanf)gmgn . (A.9)
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With this result in hand we can now also find the weighted Raychaudhuri equation. We
can define the weighted expansion

0 =e 7V, (ef ™) = —dj;g. (A.10)
Similar to the unweighted case, when £2 = —1 we can simplify (A.9) to
—V:0; =V &y VE + Ry — Vi Vo f JEME. (A.11)

B Flows of probability distributions

In this appendix we provide more details on the formal computations of the first and second
derivatives of functionals along geodesics on P,(X). These formal manipulations can be found
in [19, Chap. 15] and are based on a formalism introduced by Otto [10,39]. As in the main
text, given a probability distribution y on X, we can define its density p with respect to the
(possibly weighted) volume form as

u:=pgedx, (B.1)

where ef is the weight function. We then represent a generic functional F as

Flu] :=J V2 F(p). (B.2)
X

When u is time-dependent, p will depend on time too and we have for the derivative of F the
expression

d ) .
37 ] =J «/Eepr’(p)=J. 0F'(p). (B.3)
t X X
Using the continuity equation ¢ :=—V - (uVn), (16), and integrating by parts we have

d

k] =—f x/Eefan-V(F’(p))=—J V&' v - v(P(p)), (B.4)
X X

where we used V(P(p)) = pV(F'(p)) which directly follows from the definition

P(p):= pF'(p)—F(p). Integrating by parts one last time we finally get

%f[u] =f V&' P(p)As(n), (B.5)
X

where the warped Laplacian was defined in (31). Equation (22) in the main text is obtained
from (B.5) for f = 0.
We can then compute an extra time-derivative of (B.5). This time we have two terms:
dZ

@f[uhj «/Eepr’(p)Af(an V8 P(p)A(1). (B.6)
X X
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The first term on the right-hand side can be manipulated as

f up’(p)Af(n)=—J V- (uVn)P'(p)As(n)
X X

"
= uvn - V(P'(p))As(n) +J uP’ (p)Vn - V(As(n))
X X

-
=J «/Eefvn-VPz(p)Af(an uP'(p)Vn - V(A (1))
X X

;
= ] Vge Py (p)(Af(m))* + f Vge' P(p)Vn - V(As(0)), (B.7)
X X

where we used the relation pV(P'(p)) = VP,(p) that follows from the definition
Py(p) := pP'(p) — P(p). For the second term in (B.6), we need to use the fact that the
motion is along a geodesic in Wasserstein space, as opposed to a generic curve. In this case,
1) satisfies the Hamilton-Jacobi equation (19). Plugging it in (B.6) and using (B.7) we finally
arrive at

d2

2
P =— L @efp(p)[Af('V"'

2

)—V(Af(n))-w} f vge Py(p)(A s ().
X

(B.8)
Equation (23) in the main text is obtained for f = 0, while in the proof of Th. 5.1 we used the
expression with f # 0 being the warping.
Finally, for our proofs we also relied on the following lemma [19, p. 402], which is easy to
show in normal coordinates.

Lemma B.1. For any xy € X, & € T, X, and a function f, there exists another function 1 such
that

1
(VaVan—2em¥*n)G) =0, (V+VF I =0,  (B)

and
(Vn) (x0) = &o. (B.10)

C Geodesics

We will now show several facts about geodesics that we need in the main text.

C.1 Space-time geodesics from Wasserstein geodesics

We used in the main text that geodesics in the Wasserstein space P,(X) satisfy (19), where
£ = Vn is the time-dependent velocity vector field appearing in the continuity equation (16)

p=-=V-(ug). (C1n

Thus, the vector field &(x, t) describes the motion of the bit of mass at x at time t, and as a
consequence of all the bits of mass composing y moving along to &, u changes in time as in
(C.1). We will now show that when the motion is geodesic on P,(X), then the trajectories of
the individual bits of mass follow geodesics on (X, g).

To see this, consider a bit of mass in u that at t = O starts at x = x,. It will then follow
&(xo,0) and after an amount of time At it will end up in x; = xy+&(xy, 0)At +O(At?). Once
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there, it will follow £(x, At) and so on. Thus, along the trajectory x(t) its tangent vector will
be

() := &(x(1), ). (C.2)

For each t this is a tangent vector in T, (;)(X). Lowering an index (i.e. considering the one-form
g(Z,-)), and taking a derivative along the curve we get

d )
Egm = atgm + Xnangm
=0, &m +E"0nEm,

where the right hand side is understood at x = x(t), and thus we could substitute x" with £".
Since 1 = V&, we can take a covariant derivative of (19) to obtain

(C.3)

aL'gm = _gnvmgn = _‘Envn‘gm s (C.4)
where we also used d£ = 0 to commute the indices. Plugging this into (C.3) we get
d
aCm = gn(angm - vngm) = gnl—‘rfmgp
1
= Eam(gnp)gngp (C.5)
1
= Eam(gnp)gngp .

This shows that when the probability distribution u follows a geodesic on the probability space
P,(X), the individual particles follow geodesics on (X, g). Tracing back the steps shows also
the other implication.

A similar analysis can be performed for the Lorentzian case studied in Sec. 4.2. Specifically,
a direct computation following the one given above shows that imposing the equations of
motions (60) on a distribution of massive particles u is equivalent to the requirement that
each particle in the distribution follows a (time-like) geodesic. This formalism needs to be
modified for massless particles since the g-gradient (59) would not be defined for light-like
geodesics.

C.2 Internal geodesics

In this section, we will show that massless geodesics on the D-dimensional warped product
space-time (6), where A is function depending only on the coordinate on n-dimensional Rie-
mannian manifold X, can be projected to Riemannian geodesics for X, and viceversa.

This is a direct consequence of the well-known fact that only massless geodesics are
mapped into geodesics upon a conformal transformation. [90, App. D], which we quickly re-
view as follows. Take the geodesic equation on Mp:

d 1
E(gMNaaXN) — EaM(gQP)aO'XPaUXQ =0, (C.6)

where XM are local coordinates on M, and o is the coordinate along the geodesics. Defining
g := e g}, a new coordinate G = 5(0) along geodesics with 32 = ™24, and recalling that
m? = —8qp0sX P5.%x?, we obtain

d _ 1 _ m?
E(gMNa(iXN) — EaM(gQP)a(}XpaéxQ + 78M(e2A) =0. (C.7)

This shows that when the warp function A is not constant only massless geodesics on M, are
geodesic on the unwarped product space-time. Since the latter is a simple product its geodesics
then directly split into geodesics on the d dimensional space-time and geodesics on X,,.
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D Lorentzian transport

In this Appendix we briefly derive some formulas we need in Sec. 4.2 to prove the entropic
reformulation of Einstein gravity in the Lorentzian case.

In particular, we want to compute derivatives of functionals on a space-time M along time-
like geodesics. Given a probability distribution ¢ on M, we write a generic functional as

Flu] = f JEF),  with =g,
M

Calling o the coordinate describing the geodesic evolution, we get

if[u]=J aF'(p) = J v=gVin-VP(p)
M M

do
= J Vv—g0,(mP(p),
M

where we used that curves in probability space are parametrized in terms of vector fields on M
through the non-linear continuity equation in (60); we defined again P(p) := pF'(p)—F(p).
We also introduced the non-linear g-box operator

Og(n) :=-V"Vin,

as the natural second order operator associated to the g-gradient (59). We can now take
another derivative of F and evaluate it at o = 0 (which is, without loss of generality, a generic
point along the geodesic). After a lengthy computation, in which we also make use of the
geodesic equation in (60), we get

dZ
do?

d
Flu] =f \/—gP(p)[Eﬂq(nﬂvﬁﬂ”’(ﬂq(n))] +f V—=gP»(p)([@,(m)?,
M M
where we defined P,(p) := pP’(p) — P(p). Defining the linear operator

B

Loo(d) = %(uq(n +06))

o=0

which along geodesics satisfies the relation

TS| =Ly ) ==L, (7RI,

o=0
we then get the expression
d2
do?

Flul

o=0

=J \/—_gP(p)[—éﬁn,q(lvnlq)+V‘inV”(an)]+f V—=8(@ym)*Py(p),
M M

(D.1)
where on the right hand side we have omitted the evaluation symbol.
Finally, we also need the g-analogue of the Bochner equation (24). An explicit computation
(see for instance [15, App. A]) gives

1 _
—acn,q(w) +V,nV(3,n) = (q—2)*Vn*T(V, vy nvPnvn)?
—2(q—2)|VnPa VN n v, Vynvsn v viy

+|VnPC DRy VIV + VIV Y, V). (D.2)
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We can now specialize our formulas to the Shannon entropy functional

Slu] :=—f v—gplnp. (D.3)
M

Combining (D.1) and (D.2) and collecting the g-gradients, we finally get the expression (62)
for the second derivative of the Shannon entropy:
d2
do?

0 M

o=
For the proof of Th. 4.2 we also need the following

Lemma D.1. On a D-dimensional Lorentzian space-time, for any function 7 with time-like gra-
dient and q < 1 we have the following inequality

VMVanVMVZ’n >0, (D.5)
where the g-gradient V1 is defined as in (59).

Proof. Given a time-like vector field £ consider the g-Hamiltonian

1
Hy(8) =~ (€M), (D.6)
and define the quantity
0°H,(&)
W = Frigen = @ DM ENIET I g, (D.7)

where [£] := (—gMNEMé;'N)%. Now, defining the matrix By,” := Hy;y VMEP, we have

Byp =—(q—2)EnEITHEEVEp +[E1TPVyEp = =V Vi, (D-8)
so that
BypB™ =V Vinv"vin, (D.9)

where as usual £,; = V7. To prove the lemma we then need to show that B);,B*™ > 0. To

do that, let us consider a vielbein e? adapted to the time-like vector field £, that is e = % and

e’,a=1,...,D—1, being D — 1 normalized space-like vectors orthogonal to e and to each
other. In this basis, the matrix (D.7) has the non-vanishing components (in flat indices):

Hop=1E1"%(1—q),  Hap=|E1"26,p- (D.10)
Then, defining by, := V&, Which is symmetric as a consequence of &, := V1, we have
BapB™ = 117972 (1~ q)°b, +2(1 —q)bo;b™ + byxby) - (D.11)

This shows that VMV?VnVMVfZVn >0ifqg< 1. O
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