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Abstract

We consider unitary SQCD, a three-dimensional A/ = 2 supersymmetric Chern-Simons-
matter theory consisting of one U(N_ )y «+in, vector multiplet coupled to n¢ fundamental
and n, antifundamental chiral multiplets, where k and [ parameterise generic CS levels
for U(N.;) = (SU(N.) x U(1))/Zy,. We study the moduli space of vacua of this theory
with n, = 0, for generic values of the parameters N, k,l,n; and with a non-zero Fayet-
Ilopoulos parameter turned on. We uncover a rich pattern of vacua including Higgs,
topological and hybrid phases. This allows us to derive a closed-form formula for the
flavoured Witten index of unitary SQCD for any n; # n,, generalising previously known
results for either | = 0 or ny = n,. Finally, we analyse the vacuum structure of recently
proposed infrared-dual gauge theories and we match vacua across the dualities, thus
providing intricate new checks of those dualities. Incidentally, we also discuss a seem-
ingly new level/rank duality for pure CS theories with U(N) x U(N’) gauge group.

Copyright C. Closset and O. Khlaif. Received 17-05-2023 )
This work is licensed under the Creative Commons Accepted 18-07-2023 check
Attribution 4.0 International License. Published 08-09-2023 updates
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.15.3.085
Contents
1 Introduction 2
2 3d N =2 pure Chern-Simons theories: Witten index and dualities 4
2.1 Witten index of CS theories with unitary gauge group 4
2.2 Generalised N = 2 level/rank dualities 5
3 Witten index and semi-classical vacua of unitary SQCD 7
3.1 Semiclassical vacuum moduli space 8
3.2 U(1), with ny chiral multiplets of charge +1: a review 9
3.3 Recursion relation for the flavoured Witten index 11
4 Witten Index for U(N,); x4y, With n; fundamentals 12
4.1 U(2)k g+ With ny fundamentals 14
4.2 U(N.)k g+in, With ny fundamentals 17
5 3d N =2 IR dualities: matching the moduli spaces 21
5.1 The minimally-chiral dual theory — |k| > %f 22
5.2 The maximally-chiral dual theory — |k| < %f 26


https://scipost.org
https://scipost.org/SciPostPhys.15.3.085
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.15.3.085&amp;domain=pdf&amp;date_stamp=2023-09-08
https://doi.org/10.21468/SciPostPhys.15.3.085

Scil SciPost Phys. 15, 085 (2023)

5.3 The marginally-chiral dual theory — |k| = %f 29
A N =0 level/rank dualities 30
A.1 Level/rank dual for U(N)g x+1n 31
A.2 Level/rank duality for U(N) x U(N’) 32
B Matching moduli spaces of vacua: more explicit examples 33
B.1 Crossing £ =0 33
B.2 Minimally-chiral duality for £ >0 34
B.3 Maximally-chiral duality for £ > 0 35
B.4 Minimally-chiral duality for £ <0 36
B.5 Maximally-chiral duality for £ <0 37
References 37

1 Introduction

Supersymmetric quantum field theories often admit rich families of degenerate ground states
preserving supersymmetry — the vacuum moduli spaces. Given a supersymmetric theory 7,
many tools exist to characterise its moduli space of vacua, M[7 ]. One such tool is the Witten
index, Iy [1]. The index is essentially the Euler characteristic of the moduli space, appropri-
ately defined:

Ly[T]=x (M[T]. (1.1)

In this work, we study the moduli space of vacua of the 3d N' = 2 supersymmetric unitary
SQCD theory with generic CS levels. In particular, we compute its Witten index. This gener-
alises a number of previous results [2-5]. See also e.g. [6-17] for related works.

The Witten index is obtained as a trace of the fermion number operator (—1)F over the
Hilbert space of the theory compactified on a torus, and as such it only receives contributions
from the zero-energy states [1]. As written here, the index is only well-defined in the absence
of non-compact directions in moduli space — so that the ‘Euler characteristic’ (1.1) makes
sense. In this work, we are interested in 3d A/ = 2 field theories whose vacuum structure
depends continuously on a choice of ‘real masses’. The Witten index is then well-defined for
generic-enough real-mass deformations, and at the same time it is independent of the specific
choice of the masses [3]. In the geometric language, the mass deformation corresponds to an
‘equivariant’ deformation of M[ 7], so that the index (1.1) remains well-defined. Equivalently,
we simply turn on fugacities for flavour symmetries when taking the trace over the Hilbert
space, hence I;,[7 ] is now called the flavoured Witten index:

Iy[T]=Te ((-1F y¥), (1.2)

with y denoting the flavour fugacities for the flavour charges Q that commute with super-
symmetry.

Unitary SQCD[N,,k,l,n¢,n,] is the 3d N' = 2 supersymmetric gauge theory consisting
of a U(N, )y k+1n, vector multiplet, where k and [ parameterise the CS levels for the SU(N,)
and U(1) factors, coupled to n; fundamental chiral multiplets and n, antifundamental chi-
ral multiplets. In a previous work [5], we studied and clarified recently-proposed infrared
dualities [18, 19] which generalised well-known Seiberg-like [20] dualities from the [ = 0
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case [21-23] to the general [ € Z case. In that work, we also computed the Witten index, in
principle, as the number of Bethe vacua of the theory compactified on a circle. However, the
Bethe vacua computation relied on Grobner basis algorithms that are computationally inten-
sive, and they could not be used to give a closed-form formula for the index in general.

In this paper, we compute the index for unitary SQCD completely explicitly. Along the
way, we uncover an intricate structure of vacua at non-zero values of the Fayet-Iliopoulos (FI)
parameter. An explicit expression for the SQCD index was obtained in [5] only for the case
n; = n,. Here we address the case n; # n, following a two-step strategy. First, we will show
that the index satisfies a recursion relation such that, for ny > n,, the index is given by:

Ng

n, .
IW[NO k, l,nf,na] = Z ( ] )IW[NC —],k,l,nf —Tla,o] . (13)
j=0

Next, we will compute the index of SQCD with n, = 0. This theory is very ‘geometric’ in nature
— in fact, for ‘small enough’ CS levels, the moduli space of vacua with positive FI parameters,
& > 0, is given by the Grassmannian manifold:

MHiggs = Gl’(NC, nf); (1.4)

and the index is then, literally, its Euler characteristic. In general, in addition to this Higgs
branch, there will be a rich structure of topological and hybrid Higgs-topological vacua, hence
the ‘moduli space’ M[7] is really a union of ordinary Higgs branches and of ‘non-geometric’
vacua — namely, topological quantum field theories (TQFTs) in the guise of 3d N/ = 2 pure
Chern-Simons (CS) theories. Topological vacua of 3d N' = 2 CS-matter theories [3] were
studied in closely related contexts in e.g. [16,17]; 3d N' = 1 versions of some of the non-
abelian topological and hybrid vacua discussed here also appear on domain walls of 4d /' =1
SQCD [24,25].

To carry out this computation, we will simply study the semi-classical vacuum equa-
tions [3]; those are the classical vacuum equations with one-loop corrections to the CS levels
and FI parameters. For generic n; and n,, they take the form:

(0, —m)Q} =0, (—o.+m)Q, =0,

s Mg b

iy O (1.5)
E ”.b—E Q) = =2 F (o
2, QlQ; j:1Q] Q= o(o;E,m),

where m;, m j are real masses for the squarks Qi, Qj , and F, are specific linear functions. When
considering the case n, = 0, we will then mainly focus on the case m; = 0 and & # 0. (The real
masses m; correspond to SU(ny)-equivariant deformations of the Grassmannian (1.4) along
its isometries.) This allows us to fully determine the moduli space, except in the so-called
marginal case with |k| = %f — in that case, whenever £kl > 0, certain strongly-coupled vacua
are expected to contribute, as we will explain. In any event, we can compute the full Witten
index even in those cases.

As we vary the FI parameter from positive to negative values, the vacuum structure changes
dramatically but the Witten index is expected to remain the same [3], as indeed we confirm
by explicit computation when |k| # %f For example, for particular choices of the CS levels
k and [, we could have a pure geometric Higgs branch (1.4) for & > 0, while we may obtain
a pure TQFT for £ < 0. This observation generalises previous computations in the abelian
case [3]. It is also reminiscent of the standard Landau-Ginzburg/Calabi-Yau correspondence
for 2d GLSMs that flow to 2d SCFTs, which is also obtained by varying the (exactly marginal,
2d) FI parameter [26]. It would be interesting to explore this analogy further.
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Finally, we also consider the vacuum moduli spaces of the gauge theory that are conjectured
to be infrared dual to SQCD[N,,k,[,n¢,0]. We find a perfect matching between vacua in the
two dual descriptions,! which can be viewed as an intricate cross-check on those dualities.
Interestingly, the matching of the TQFT vacua between the two sides is only apparent, in
general, after taking into account certain infrared dualities for pure 3d A/ = 2 CS theories —
so-called level /rank dualities —, including some new level/rank dualities that we discuss below.
(Those new dualities follow implicitly from the general discussion in [27].)

The analysis presented here allows us to completely characterise the ‘geometric window’
for which a 3d GLSM to the Grassmannian Gr(N,, ny) exists — these are the theories without
any topological of hybrid vacua for £ > 0. Those ‘Grassmannian theories’ have interesting
enumerative geometry interpretations [28-32] which we will revisit in future work [33].

This paper is organised as follows. In section 2, we first compute the Witten index of certain
unitary pure N/ = 2 CS theories, and we discuss their level/rank dualities. In section 3, we
recall the semi-classical description of 3d V' = 2 SQCD[N_, k, [, n s n,] and we give an overview
of the types of vacua that one can obtain in those theories (especially for n, = 0); we also
review some well-known results in the abelian case. We then derive the recurrence relation
for the Witten index of SQCD[N,, k, [, n¢, n,]. In section 4, we solve the semi-classical vacuum
equations for U(N, )y i+, coupled to ny fundamental chiral multiplets. In section 5, we discuss
the matching of vacua implied by various 3d N’ = 2 infrared dualities. In appendix A, we
briefly discuss the non-supersymmetric versions of the level/rank dualities of section 2. Some
additional examples of matching across dualities are collected in appendix B. See also the
attached MATHEMATICA notebook, wherein all our results are implemented explicitly.

2 3d N =2 pure Chern-Simons theories: Witten index and duali-
ties

In this section, we compute the Witten index of N/ = 2 supersymmetric pure Chern-Simons
theories with unitary gauge groups. We also introduce some level/rank dualities for those
theories, including an interesting duality for a U(N) x U(N’) theory which will be useful in
later sections.

2.1 Witten index of CS theories with unitary gauge group

Consider the 3d N = 2 Chern-Simons theory:

UND iy +1,8, X UND g iyt on, X 0 X UNRg, k41,0, 5 (2.1)
where we allow all possible mixed CS levels k;; between different gauge groups, namely:
UNDik, e +1.8; X Uk +1; > (2.2)
k

ij
for i # j. Let us first recall that we have the following decomposition into SU(N) and U(1)
factors:

SU(N )i x UMD k+1n)

UN ) prin = 7 (2.3)
N
The N =2 SU(N); theory has a Witten index [2,34]:
|k| — 1)
Iy [SUN) | = s 2.4
wisuwd=(y "] 24

LAt least for |k| # %f and [ + sign(k) # 0. The remaining special cases are left as challenges for the future.

4
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while for the U(N) theory we find [5]:

(2.5)

k+1 k| —
IW[U(N)k,k+1N]:| i N|(| | 1)'

N N-—-1
The mixed Chern-Simons levels in (2.2) only involve the U(1) factors. In the normalisation
(2.3), this corresponds to:

U, 15 % U ce+,n) - (2.6)
Nlekl]

Let us denote by K = (K;;) the matrix of CS levels for the abelian sector:

N;(k; +;N;), ifi=j,
U:{ ( ), ifi=j 2.7)

Index for the abelian theory. Recall that a U(1)g CS theory has a Witten index

Iy[1,K]= K], (2.8)

which is of course a special case of (2.5). For any abelian CS theory with gauge group U(1)"
a matrix of CS levels K, the Witten index is the number of Bethe vacua, which is given by the
number of solutions to the system of equations:

()] [x"=1,  i=1-.n. (29)
Jj#

Here q; is the fugacities for the topological symmetries and x; are the gauge variables, in the
conventions of [5,35]. Then, the Witten index is the absolute value of the determinant of the
CS level matrix K, which we write as:

I, [10|K] = |detK] . (2.10)

This can be shown by a recursive argument on the number of U(1) factors.

Index for the non-abelian theory. Let us denote the Witten index of the general unitary CS
theory (2.1)-(2.2) by:

Nl ll kl k12 e kln
Ny Ly | ki ky -+ ko
Iy[INLk]I=Ly| . .| . . . . (2.11)
N, ln kln an T kn
Then, given the above observations, we find that:
1 (|k]—1
Iy [N1|k]=|detK| | | (" ) 2.12
wivuik=idet [ (5 212)
where K is defined as in (2.7). Of course, this reduces to (2.5) for n = 1.
2.2 Generalised N = 2 level/rank dualities
The U(N )i y+1n N = 2 CS theory has a dual description [18]:
U(N )i krin — U(lkl = N) g —k+ee—n) X U(D)11e 5 (2.13)

€
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with € = sign(k). Here the FI parameter on the electric (left-hand) side maps to an FI param-
eter for the U(1);,. factor on the magnetic (right-hand) side. In addition, on the magnetic
side, we also have the non-zero CS contact terms:

KRR={_(k_N)2’ ife=1, < {—Zk(k—N), ife=1,

N2-1, ife=—1, 8 | —2kN—2, ife=-—1.

(2.14)

This is a special case of the Nii duality [18] which we further studied in [5]. It generalises
well-known level/rank dualities for pure CS theories [27], as can be shown by writing these
dualities in A/ = 0 language — for completeness, we discuss this in appendix A. Note that for
N = |k|, the dual description is abelian:

U(lkDrgriey < Uige - (2.15)
Another interesting special case is for [ = —e, in which case the duality can be simplified to:
UNJkxsiv < SU(k|=N)_. (2.16)

Correspondingly, the Witten index (2.5) specialises to:
1 [ kI=1) D
Iy [N—elk]=| yp_7 | =Iw [SUWN")], (2.17)
with N? = |k| —N.
An almost trivial U(1) x U(1) theory. Consider the abelian theory:

U(]‘)l+6 X U(]')l+6’ , (218)
[

with €, €’ equal to 1 or —1, and [ € Z. The Witten index is given by
Iy =|+e)l+€)—1?=1, (2.19)

where the last equality holds if € = —¢’, as we assume in the following. Then we have a
unique Bethe vacuum. The Bethe equations read q(x’)!(—x)!*¢ = 1, ¢’x!(—x")*¢ = 1, with
the unique Bethe vacuum given by:

x=(="* @), =gl (2.20)

Here x,x’ and q,q’ denote the gauge parameter and the topological symmetry fugacities
U(1); x U(1)y/, respectively. Using the 3d A-model, we can derive (most of) the CS contact
terms that remain in the dual description. This gives us the elementary duality:

U(1)1+e X U(]-)l+e’
l

K =l+6/, K//=l+6,
PR { TT T'T (221)

Krp=—-1, Kpp=1,

up to some gravitational CS level K, which we did not fully determine (see appendix A). For
[ = 0, this gives us two decoupled elementary dualities for U(1).; (see [5] for a recent review).

An U(N) x U(N’) level/rank duality. The level/rank duality (2.13) has an interesting gen-
eralisation for a gauge group U(N) x U(N’). Setting € = sign(k), ¢’ = sign(k”) and assuming
e =—¢’, we find:

UN)i sty X UIN s prpine
1

o (2.22)
e Ukl =N —se1(ixi-v) % UK =N")_e a1 —n7) »

l
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where the FI parameters of the dual theory are related to the original FI parameters 7,7’ as:

Tp=—1+le(t—7"), Ty, =—7"+1e'(7" = 1), (2.23)

as well the following CS contact terms for the topological symmetries:?

KTT - l + 6/, KT’T’ - l +e€ N KTT/ - _Z . (224)

This duality also implies the equality:

NIk L7 T k=N |-k 1
IW[ N’ 1‘1 k’]_IW[ IK'| - N/ 1‘1 —k’]’ (2.25)

c

if € + ¢/ = 0. This indeed follows from the explicit expression (2.12) for the Witten index.
The duality (2.22) can be derived using (2.13) and (2.21). Indeed, applying the duality
(2.13) subsequently to each gauge group factor on the electric side of (2.22), one finds:

U(|k| _Nc)—k,—k+e(|k|—Nc) X U( 1 )l+e X U( 1 )l+6’ X U(lk/| _Nc/)—k’,—k’+€’(|k’|—NC’) . (226)
L g 1 1

€ l e

The U(1) x U(1) sector can be simplified thanks to the elementary duality (2.21). Due to the
mixed CS couplings, the effective FI parameters for the U(1) x U(1) gauge group are:

|k|—N |k’|=N"
Teff =T+ € Z Uy, Téff =1’ +¢ Z uil R (2.27)
a=1 a=1

where u,, u/, denote the gauge parameters of the non-abelian factors in (2.26). Applying the
duality (2.21) then leads to (2.22). It is simplest to check this using the 3d A-model - that
is, on the 2d Coulomb branch of the 2d N = (2, 2) field theory description obtained by circle
compactification [5]. Let us denote by u and u’ the sums in (2.27), so that T.¢ = T + eu and

v/ =7"+€'t’. Then the relevant part of the twisted superpotential reads:*

€ €
W= 5uz + 5u2 + Winagn(w, 1), (2.28)

where the first two terms are the ‘I CS levels’ for the non-abelian factors in (2.26), and
Whnagn(U, u’) is the superpotential for the abelian factor after applying (2.21), which reads:

+¢€

[ [+
Winagn(u,u") = (1t +eu)®+ Te('z," + e —1(t +euw)(t +€'U). (2.29)
Expanding out (2.28) and using e’ = —1, we recover the CS levels shown in (2.22) and
(2.24).

3 Witten index and semi-classical vacua of unitary SQCD

In this section, we further comment on the Witten index of the N' = 2 SQCD theory that we
studied in [5]. We show that the Witten index for an arbitrary number of fundamental and
antifundamental chiral multiples can be derived from the Witten index for SQCD with only
fundamental multiplets, which we will study thoroughly in section 4.

2There are also non-zero contact terms Ky and K,, which we do not keep track of here.
3Here, for simplicity of notation, we omit the terms linear in u, u’ that arise from the U(1) CS levels [35].
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Unitary SQCD[N,,k,l,ns,n,] is the 3d N' = 2 gauge theory with the gauge group
U(N)g k+1n, coupled to ny fundamental chiral multiplets and to n, antifundemental chiral
multiplets. Its physics is governed, in part, by the ‘chirality parameter’:

kC = %(nf—na). (31)

We have k + k., € Z and | € Z for consistency — see [5] for more details on our conventions.
In [5], we computed the Witten index in the case ny =n, = Ny:

(), if k=0,
IW[Nc)kal,NfaNf]: Nf |k+l(NC—j)| Nf |k| . (32)
o ertnol |, if k#o.
JJ\Ne—J

For Ny = 0 (with k # 0, N, = N), this reduces to (2.5).

3.1 Semiclassical vacuum moduli space

The flavoured Witten index (1.2) of any 3d N/ = 2 supersymmetric gauge theory captures the
number of vacua of that theory deformed by real masses m = —% log|y| associated with the
flavour symmetry. Whenever the mass deformation is generic enough to lift all non-compact
branches of the vacuum moduli space, the Witten index is well-defined. Moreover, it is inde-
pendent of the specific mass deformation chosen [3].

Let Q? and (fi{l denote the fundamental and antifundamental scalars in the chiral multiplets
of SQCD[N,_, k,l,n £ n,J). With generic mass deformations (including the FI parameter &) and
upon diagonalising the real adjoint scalar, o — diag(o,), the semi-classical vacuum equations
read:

(O-a_mi)Q?:O: i:]-,"')nf:
(—o.+m;)Q. =0, j=1,---n,,
ny n, 5 b (3.3)
e b ~"‘b~' _ a .
ZQZ{Qi - >, = S Fa(03E,m),
i=1 j=1
with a =1,---,N, (and no summation implied). The piecewise-linear functions F, read:
Ne 1 ng 1 ng
F,(o;&5,m)=¢& + ko, +l;0b + E;loa—mil—azl—aa +m;l. (3.4)

These include the contribution from one-loop shifts to the effective CS levels and FI pa-
rameter [3]. Here we use a convenient notation where m;, m; are U(ns) x U(n,) pa-
rameters, which includes part of the gauge symmetry — the actual flavour symmetry being

U(ng) x U(ng)/U(1) = SU(ns) x SU(n,) % U(1),, plus the topological symmetry U(l)p.4

Solving the vacuum equations (3.3)-(3.4) with generic mass parameters, we expect to find
only discrete solutions — in that case, the number of vacua would give the Witten index (1.2).
This coupled system of equations is closely related to the Bethe equations studied in [5], and
it is similarly complicated. For our purpose, it will be more useful to consider particular limits
on the masses such that the index remains well-defined. Doing this, we will encounter three
types of (semi-classical) vacua:

“Here, we are not being particularly careful about the global form of the flavour group. In the case n, = 0, on
which we focus in this work, the full SU(n;) group acts as a symmetry.
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(i) The Higgs vacua are compact moduli spaces My, including the case of discrete vacua.
Any such compact branch My; contributes to the Witten index through its Euler charac-
teristic,

x(Mp) Iy, (3.5)

In particular, we will often encounter My, the Grassmannian manifold Gr(p, n), which
contributes a binomial coefficient:

Ly [Gr(p,n)] = x (Gr(p,n)) = (Z) . (3.6)

Higgs vacua correspond to having the scalars Q, Q non-vanishing.

(ii) The topological vacua consist of pure N’ = 2 supersymmetric Chern-Simons theories; this
is equivalent to having a 3d topological quantum field theory (TQFT) in the infrared, as
the gauginos are massive. In this paper, we will only encounter CS theories with unitary
gauge groups. Such TQFT sectors contribute to the Witten index through the non-zero
index of the A/ = 2 CS theory,

I, [TQFT] C1, (3.7)

which we studied in section 2. Topological vacua arise at fixed non-zero values of the
fields o, so that all chiral multiplets are massive and can be integrated out, leaving
behind an effective pure CS theory.

(iii) The Coulomb vacua are semi-classical vacua that open up where (part of) the non-abelian
gauge symmetry is restored (with vanishing effective CS levels). In this case, we have
continuous solutions for o, # 0 and the semi-classical analysis is usually not reliable
— some strong-coupling effect may modify the picture entirely [36]. Hence, when such
vacua arise, we will have to make some ad-hoc conjectures about the corresponding
contribution to the index:

I, [strongly-coupled vacua] C Iy, . (3.8)

Moreover, in general we may have hybrid vacua where some of these possibilities arise simulta-
neously. In particular we will find many Higgs-topological vacua. These are simply cases where
there is a residual TQFT at every point on the Higgs branch, which we may view as a trivial
fibration TQFT — Mg — M 5> We denote such vacua by My x TQFT. Their contribution
to the Witten index is simply the product of the geometric and TQFT contributions,

Ly [Mhypria] = x (M)l [TQFT] C Iy, . (3.9)

We will discuss all these cases more thoroughly in the next section.

3.2 U(1), with n; chiral multiplets of charge +1: a review

Before tackling the non-abelian case, it will be useful to review the computation of the index
for a U(1), gauge theory coupled to n; chiral multiplets of charges +1 [3]. Recall that the

CS level k is quantised as k + %f € Z. We consider the case with zero mass for the chiral

°In a general gauge theory, we could have a non-trivial fibration because different subgroups of the gauge
group might survive at different points on the Higgs branch. Here, at each solution for the o’s and Q’s, we have a
standard Higgs mechanism and the TQFT arises from gauge fields that do not couple at all to the chiral multiplets
that obtain a VEV, hence the fibration is trivial.
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multiplet, but we assume that the FI parameter is non-zero. In that case, the semi-classical
vacuum equations (3.3) become:

0Q; =0, i=1,-,ng,
s

1 n (3.10)
2.QiQi=5-F(),  F)=f+ko+—lo|.

i=1

Higgs vacua: The first equation in (3.10) implies that Higgs vacua may only arise at the origin
of the would-be Coulomb branch (o = 0). Then, the Higgs branch is governed by the standard
D-term equation:

ny
>Qle=¢. (3.11)
i=1

There are no solutions for £ < 0, so let us assume that £ > 0, for now. Then, upon quotienting
by the U(1) gauge group, we have a standard Kéhler quotient description of the projective
space CP"¥ L. Its contribution to the total Witten index is thus:

Iy1[1,k,0,n,0] = y (CPY 1) =n;. (3.12)

In anticipation of the next section, we call this a solution of type I. Note that this solution exists
for any value of k.

Topological vacua: These arise if Q = 0 and ¢ # 0, in which case we need to find non-trivial
solutions to the equation:

F(0)=§+(k+sign(o)n?f)a=0. (3.13)

We shall call such solutions the type III solutions.® Let us start with the non-marginal case,
that is with |k| # %f Assuming that £ > 0, we have two solutions (depending on the sign of
o):

ot=——_>0, iffk+2<<0,
k7 ; (3.14)
O'_:—Lnf<0, lffk—nff>0 '
k—-L

We will use the notation o* for solutions for o such that o™ > 0 and o~ < 0, respectively. We
then have the following effective abelian CS theories:

£>0 ok Iy
M [1,k,0,ns,0] = e( k== )U(1)k+n7f ®0 (k ) )U(1)k_n7f : (3.15)
Here and in the following, we find it convenient to use the Heaviside step function:

1, ifx>0,

3.16
0, ifx<oO, ( )

O(x) = {

to keep track of constraints on the parameters. (In the present case, we have a TQFT contri-
bution U(l)kian for k < —%f and k > %f, respectively, and no TQFT if |k| < %f For |k| = %f,
there is a naive U(1), contribution which is lifted by the FI term.) As discussed around (2.8),
the Witten index for the U(1)x CS theory is equal to |K|, hence the vacua (3.15) contribute:

n . n
kl—=, iflkl> 5,

£>0
I 1,k,0,n;,0|= 3.17
W,III[ f :| {0’ lf|k| < ng , ( )

°In the non-abelian case, we will also find Higgs-topological vacua, which will be the type II solutions.
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to the total index of the abelian theory. We must also carefully treat the marginal cases,
k= :I:%f, in which case we find the solutions

ai=:|:£, iff £ <0. (3.18)
ng

Hence there are no topological solutions for & > 0.

The full Witten index. Adding the contributions (3.12) and (3.17) in the regime & > 0, one
finds:

|+, if k| >

ng, 1f|k| <

B

ny
Iy (U ®n; O] ={ ] (3.19)
2
As already mentioned, the index is independent of the mass deformation as long as all non-
compact directions of the moduli space are lifted. If we now consider the case £ < 0, there

are no Higgs vacua but we find the following topological vacua:

ot=——5->0, iffk+%>0,
k+-L
_ £ . ny (3.20)
o =——# <0, iff k— 5 <0,
-7
as well as the vacua (3.18) in the marginal cases. Hence we have:
£<0 _ i kY
MF[1,k,0,np,0] = (ke + > YU, @0 (—k+ - Ju), (3.21)

which indeed reproduces (3.19).

3.3 Recursion relation for the flavoured Witten index

Let us now consider the Witten index of SQCD[N,, k,[,ns,n,] with ny > n,, without loss of
generality.” The index with n; = ng is given by (3.2), hence we shall focus on the ‘chiral’ case
ng >n, (thatis, k. > 0). We will show that the Witten index satisfies the recursion relation:

Ly[Ne,k,I,ng,ng] =Ty [N, k,[,ng —1,n, — 1]+ Iy [N. — 1,k,I,ny —1,n, —1].  (3.22)

Derivation. Assuming that n, > 0, consider the U(1)nf x U(1),, € U(ng) x U(n,) flavour

symmetry under which the chiral multiplets Q,,, and Q" are charged, and let us turn on a
large mass m for the diagonal U(1) c U(1), ;X U(1),,- Then, the vacuum equations take the
form:

(O-a_m)QCrllf =0, (—0a+m)(~22“ =Y

0,Q9=0, i=1,--n;—1, 0,Ql =0, j=1,--n,—1,

na i f a*a a (3.23)
f ' Mg . 5 b Ne

ZQZLQ?_ZQ]{’?Q%I = 2‘;1_ F,(o0), Fa(a,m)E§+(k+sign(oa)kc)oa+120b,

i=1 j=1 b=1

with k. = %(nf —n,). More precisely, we assume that |m;|, |m;| < |m| for i # ng, j # ng,
so we may ignore those small masses for simplicity of notation. In this limit, the solutions
decomposes into two disjoint families. Firstly, we have the solutions with |o,| < |m|, in which
case the vacuum equations correspond to the low-energy effective field theory:

U(N )k k+in, coupled with (np—1)0O@ (n,—1) 0. (3.24)

7This also gives us the result for n, > n; since Iy, [N, k,I,n,n,] =Ly [N, k, 1, ng, n,].

11
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Indeed, the large real mass m allows us to integrate out the flavour pair Q,, = Q”a, and the CS
levels do not change in that particular limit. Secondly, we should consider potential solutions
with oy~ m. In that limit, we Higgs the gauge group to:

U(N.) — UIN — D pean, X U(Diy» (3.25)
1

At low energy, there are still ny —1 fundamental chiral multiplets and n, — 1 antifundamen-
tal chiral multiplets charged under the U(N, — 1) factor, while the chiral multiplets Qﬁf, Qhe

(a < N,) charged under U(N, — 1) are integrated out as above. On the other hand, the fields
Q],Y;, 6;& remain light, thus contributing one flavour (i.e. two chiral multiplets of charge £1)
to the abelian sector. Moreover, integrating out all the massive fields leads to a shift of the
abelian CS level according to:

ket = k + 1 + sign(oy k. . (3.26)

We have oy = m + 6, with 6 very small by assumption. Naively, we might think that the
U(1) sector in (3.25) would contribute non-trivially to the Witten index, as the Witten index
of a U(1)y,, theory with one flavour is 1+ |keg|. However, this includes |kg| topological vacua
which would arise at parametrically large values of 6; this would violate our assumption and
therefore we should not count those putative vacua [3]. As far as computing the Witten index
is concerned, therefore, the second class of solutions is isomorphic to the number of vacua for
the partially Higgsed theory:

U(N; — 1) grv, coupled with  (np—1)0e (n,—1) 0. (3.27)
In this way, we just derived the advertised recursion relation (3.22). It can be also be derived,
completely analogously, by looking at particular limits of the Bethe equations [5, 37].

Witten index: the general case. Using the recursion relation (3.22) and assuming that
ne > n,, we find the following explicit expression for the index:

g

Ly[Ne, k,I,ng,n,] = Z (r}a)IW[NC —J,k,l,ng —ng,0]. (3.28)
j=0

Thus, to compute Iy, [N, k,[,nf,n,] in general, all we have left to do is to explicitly compute
Ly[N, k,L, ng, 0], namely the Witten index for ‘chiral’ SQCD with only fundamental matter.
This is the theory we will study in the rest of this paper.

4 Witten Index for U(N, )y iy, With ny fundamentals
Given the previous discussion, we now focus on the U(N, )y +n, gauge theory with n; funda-

mental chiral multiplets. Setting the masses to zero and turning on a non-zero FI term, the
semi-classical vacuum equations (3.3)-(3.4) reduce to:

0,Qf =0, i=1,---,ng,
"f b Ne
o ] ng (4.1)
Q= EF(0),  Fl0)=E+kog+1) 0p+ 5o,
i=1 n b=1

with a = 1,---,N,. In the abelian case (N, = 1), the solutions were discussed in section 3.2.
As we will now show, the structure of the vacuum with &€ # 0 in the non-abelian case is rather

12
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intricate, especially for non-zero values of [. Let us first explain the general structure of the
solution, before discussing it in more details — to be pedagogical, we will first analyse the U(2)
theory in subsection 4.1 before giving the general U(N,) result in subsection 4.2.

Higgs vacuum (Type I): the complex Grassmannian. The simplest solutions are for o, =0,
Va, which we call the Type I vacua. This corresponds to the solution to the D-term relation:

i . 5 b
Qb ===¢, (4.2)
27

i=1

modulo U(N,) gauge transformations. For £ > 0, this famously gives us the complex Grass-
mannian manifold Gr(N,,ns) (see e.g. [28]), while there are no solution for £ < 0. We write
this vacuum and its contribution to the Witten index as:

MI = 6(5) Gr(No nf)) IW,I = 6(5) (]r\lif) . (43)

For general values of the CS levels k, [, there will be many more topological and Higgs-
topological vacua, as well as some strongly-coupled vacua. As already mentioned in [5], the
geometric contribution (4.3) provides a lower bound for the Witten index. This is because all
other vacua that we find (at & > 0) are bosonic, as we will see, so they all contribute to the
index with a positive sign.

Higgs-topological (Type II) and topological vacua (Type III). All such vacua arise as so-
lutions with o, # 0 for at least some o,’s. Due to the residual gauge transformations that
permutes the o’s, we only need to specify how many o’s are zero and how many are non-zero.
We encounter the following four possibilities:

Type II,a: What we call Type II vacua are the solutions such that some but not all o’s vanish.
We then pick 0, =0fora=1,---,N,—p,and 0 #0fora’=N,—p+1,---,N,, for
0 < p < N,. In the Type II,a case, we choose the o ,’s to all have the same sign. We then
obtain a hybrid Higgs-topological vacuum Gr(N, —p) x U(p), where U(p) denotes some
pure CS theory with gauge group U(p).

Type ILb: These are the Type II vacua such that, out of p + g > 0 non-zero o’s, we choose
p of them to be positive and g of them to be negative, which would lead to a Higgs-
topological vacuum Gr(N, —p —q) x U(p) x U(q). In the end, it will turn out that there
are no such vacua in our theory. We should note that some of these ‘Higgs-topological
vacua’ are actually ordinary Higgs vacua — this occurs whenever the TQFT sector is (dual
to) a trivial theory with a single state.

Type I, a: What we call Type III vacua are topological vacua, which arise when all the o’s are
non-zero. Type IIl,a vacua corresponds to choosing all o,’s to have the same sign, in
which case we obtain an effective U(N,) CS theory.

Type IILb: For these vacua, we choose p of the o’s to be positive, and N, — p of them to be
negative, which then leaves us with an effective U(p) x U(N. — p) CS theory.

Strongly-coupled vacua (Type IV). Finally, we have to address the logical possibility that
there might exist strongly-coupled vacua at small values of . By comparing our computa-
tion to the Bethe-vacua counting of [5], we find that such vacua arise whenever there ex-
ists Coulomb vacua in the semi-classical analysis (see section 3.1). Each such semi-classical
Coulomb branch corresponds to setting N, — p o’s to zero, and having an effective CS level 0
for some SU(p) € U(p) € U(N,) unhiggsed subgroup that may appear at some values of the
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o’s. The effective 3d N' = 2 SU(p), gauge theory without matter does not have any stable vac-
uum [36]. However, we expect that, in those cases, there exists additional, strongly-coupled
supersymmetric vacua that survive near the origin of the Coulomb branch (which is otherwise
lifted non-perturbatively). These ‘true Type IV’ vacua are not captured by our analysis, but we
are nonetheless able to derive their contribution to the index in various ways (in particular
by computing the index for either sign of the FI parameter; see also section 5.3 for the dual
perspective).

4.1 U(2)yk+o With n; fundamentals

Let us first consider the U(2)y x4o; gauge theory with n; fundamentals. We wish to solve the
vacuum equations:

0,Qf =0, a=12, i=1,-4ny,

g b
o
b__ Ya
E Q(’;Qi =3
i=1

Let us now consider all possible solutions to these equations. The Type I solution is as discussed
above — we have a Grassmannian manifold Gr(2, n¢) if £ > 0, which contributes:

ng( f—1)

4.4)

n
F(0)=E+ko,+1(0]+0,)+ ?floal.

n
There are also many possible Higgs -topological and topological vacua, as well as potential
strongly-coupled vacua if |k| = i , as we will now discuss.

Type II vacua. If we assume that o, =0and 0, # 0 in (4.4), we have to solve the equations:
. Ny
ZTCZQ —Fl(o)—§+laz>0 F2(0)=£+(k+l+51gn(02)?)02=0. (4.6)

Note the inequality F; (o) > 0, which is necessary for the Higgs-branch CP" ! to exists, while
the solutions to Fo(0) = 0 correspond to TQFTs (U(1) CS theories). Let us first observe that
we cannot obtain any solution in the case k + [ + sign(ol)%f =0, since & # 0 by assumption.
(Similar cases will appear repeatedly in the following analysis, and we will not discuss them
explicitly) Now, at non-zero values on the real line o,, we have two solutions analogous to
(3.14), namely:

03:—#>0, 1ff31gn(£)(k+l+ f)<0andk+ <0,
_ B e (4.7)
02:_ﬁ<0, 1ff51gn(§)(k+l—7)>0andk—3f>O,

where the other inequalities above arise from demanding the volume of the Higgs branch to
be positive.
This gives us the second component of the moduli space of vacua of the U(2) theory:

Tlf T'l _
Mul2,k,1,n;,0] :@(—k—?)@(g (—k—l—?))CP”f LU,

n (4.8)
e
@(k— ?) (g (k +l— ?)) B ) U,
which contributes to the Witten index as:
1y i i
I [2.k,1,n;,0] =e(—k——)e(g(—k—1——))nf ‘k+l+ —‘
’ 2 2 (4.9)

o(k=3)o(s(k+1-3))w
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Type III vacua. Next, we consider the topological vacua. For the Type Ill,a solutions, we
choose 0,0, to be of the same sign. It then turns out that 0; = 0,, and we find the two
solutions:

o,=0y=0t=— £ >0, if sign(&)(k+2€+n7f)<0,
k+2€€+7 ny (4'10)
01 =09=0 =—m<0, if 51gn(§)(k+2€—?)>0,
which correspond to the following topological vacua:
MIILa[Z’ k: l; nf: O] =
(4.11)

ng ng
o (5 (—k—21 _ ?)) U@, 177 1y ©© (5 (k 20— ?)) U@, gy oo

These vacua contribute to the Witten index according to (2.5), namely:
Iy mal2,k,1,ng,0] =

9(5(—k—2l—%f))lw[ 2 L k+% ]+®(g(k+21—%f))lw[ 2 1| k=% 1,
(4.12)

where we used the notation (2.11). We may also have Type IIL,b vacua with o; > 0 and
04 < 0, in which case the vacuum equations (4.4) reduce to:

F(Ul):€+(k+n?f)o'l+l(0-1+0'2):0,

ny (4.13)
Flo))=¢&+ (k—?)ol +1(oc,+0,)=0,
which have a unique solution:
_ ny
o1 =—E—— = >0, Oy=—f—r k+2n <0. (414
(k+ L) (k— )+ 2kl (k+ L) (k— )+ 2kl
The inequalities constraining the appearance of this solution can be simplified to:
ny 2 1,
|k|<?, g(k +2kl—zrnf >0. (4.15)
Thus we have the vacua:
Mupl2,k, 1, ng, 0] =
nf 2 1 4.16
e (? - |k|)e (g (k 2kl =202 ) JUQD),, o X U, (4.16)
e — |

l

Using the result (2.10) for abelian CS theories, we have the index contribution:

IW,IH,b [2, k, l,nf,o] =
ng 5 1, 1 0| k+I+% l (4.17)
@(2 |k|)e(g(k R ) 1 Y L |

Type IV vacua. Finally, we have to be careful about the ‘marginal case’ |k| = %f, in which case
we can have continuous Coulomb branch solutions. Consider first the case k = %f We have a
Type IV a solution corresponding to F; (o) = F,(0) =0 with 0; <0, 04 < 0:
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Table 1: Witten index for U(2)y x4 With ny = 4 fundamentals, for some values of
k,1. The case with the minimal value I;;, = 6 are given in bold. The contributions
from Type IV vacua when & > 0 are shown in red.

[K\[[-10]-9]-8[-7]-6]-5[-4]-83]=2[-1Jo[1[]2[3[4[5[]6[7]8]9]10]
O15[14]13[12[11[10] 9[8[ 7[6[6[ 6 78] 9 [10] 11 ] 12| 13 | 14 | 15
1 |[23 (2119171513 [11|9 76|66 |7 [9]1113]15 ]| 17 | 19 | 21 | 23

6| 6|6| 6| 6|6 ]| 6] 6] 6]86
203012724121 181151121 9 1 6 1 6 6| 5l 6| 0| 12| +15| 18| +21 | +24 | +27 | +30
3|36 322824201612 8| 6 | 6 |[10]14|18[22| 26 | 30 | 34 | 38 | 42 | 46 | 50
4 || 41 [3631 26|21 | 16|11 | 6 | 6 |10 |15|20| 25|30 | 35 | 40 | 45 | 50 | 55 | 60 | 65
5 || 45 |39 33|27 |21 15| 9 | 6 |10 |15 |21 |27 |33 39| 45 | 51 | 57 | 63 | 69 | 75 | 81
6 || 48 |41 3427|2013 ] 6 [10| 14|21 2835|4249 56 | 63 | 70 | 77 | 84 | 91 | 98
7 || 50 |42 3426|1810 |10 |14 |20 | 28 [36 |44 |52 |60 | 68 | 76 | 84 | 92 | 100 | 108 | 116
8 || 51 423324 |15| 10|14 18|27 [36 [45|54 |63 | 72| 81 | 90 | 99 | 108 | 117 | 126 | 135
9 |51 |41 31|21 |15| 14|18 |25 35|45 |55|65|75|85| 95 | 105 | 115 | 125 | 135 | 145 | 155
10 || 50 |39 |28 |21 |14 | 18 [ 22|33 | 44 |55 |66 | 77 | 88 | 99 | 110 | 121 | 132 | 143 | 154 | 165 | 176
An analogous solution exists in the case k = —%f if &1 < 0. In either case, we find some

continuous ‘SU(2) Coulomb branch’ spanned by o; — o, € R. This would naively render
the Witten index ill-defined. Here, however, we effectively have an SU(2), gauge theory at
low energy, thus we expect this Coulomb branch to be lifted non-perturbatively [36]. There
remains the possibility that some strongly-coupled vacua could survive near 0, = o, =0, and
we will thus make a conjecture for their contribution to the Witten index.

In fact, for any fixed CS level | € Z, the Type IV vacua only arise for one sign of £. Hence,
at any given value of the CS levels, we can simply consider the appropriate sign for & in order
to compute the Witten index in terms of the vacua of Type I, II and III only. Since the index
should be the same for either sign of &, this allows us to derive the necessary contribution
from Type IV vacua:

Iy |2,k 1,ns,0]= 5k,n7f D |l(ny —1) + 5k)_n7f O(=ED |l|(ny —1). (4.19)
On the other hand, we can only speculate on the nature of the corresponding vacua My, — see
also the discussion in section 5.3.
The full Witten index. Summing up all the above contributions, the final answer reads:
Iy [2,k,1,ns,0] = Ly [2,kLns, 0]+ Ly 2,k Lng, 0]+ Iy a2, k,1,nf, 0]
+ Ty [ 2.k, 1,np, 0]+ Ly v[2,k, 1,0, 0] .

This explicit formula can be compared to the numerical counting of Bethe vacua using Grobner
basis methods [5], and we find perfect agreement. As an example, consider the U(2); y12
theory with 4 fundamentals. Picking & > 0, the Type I vacua contributes y(Gr(2,4)) = 6 and
we then have a number of Type II, III, IV vacua, as well as some Type IV vacua for k = 2, as
indicated in the table 1. This exactly reproduces table 2 of [5].

(4.20)

Preliminary comments on the phase transition at £ = 0. While the index is the same for
& >0 and & < 0, the structure of the vacuum changes in intricate ways as we change the sign
of the FI parameter. As mentioned in the introduction, this is an interesting 3d analogue of
the 2d CY/LG correspondence. From our analysis above, we have an explicit form of the full
vacuum moduli space M for each sign of & (except when Type IV vacua arise). We show some
examples of this in table 2. For instance, looking at the first line with (k, 1) = (0, 10), for £ > 0
we have a Higgs and a topological vacuum, which contribute to the Witten index as:

Iy [Gr(2,4)] + 1y [U(2)_315] =6 +9 =15, (4.21)
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Table 2: Moduli spaces of vacua for U(2) theory coupled with 4 fundamental mul-
tiplets and different values of the levels k and [. We include both phases of &, the

positive and negative one.

| k | [ || £ >0 phase £ <0 phase
0|10 Gr(2,4)® U(2)_218 U(2)220®U(1)15 x U(1)g
10
1 3 Gr(2,4)@ U(1)g x U(1), U(2)39
3
3 |2 Gr(2,4) CP? x U(1)_; ® U(2)s,
4 7 Gr(2, 4) @ (C]PB X U(1)9 & U(2)2,16 U(2)6,20
5 |—6 Gr(2,4) @ U(2); s CP* xU(1)_30U(2)3 o
6 |4 Gr(2,4) U(2)4’_4
7 | -9 Gr(2,4)® U(2)g o CPY ' xU(1)_4 @ U(2)s_13
8 | 8 || Gr(2,4)®CP> x U(1)14® U(2)g 22 U(2)10,26
9 | 10 || Gr(2,4) @ CP* x U(1);; ® U(2),77 U(2)11,31
10 5 Gr(2, 4) 52 (C]PB X U(1)13 &b U(2)8,18 U(2)12’22

while the £ < 0 phase consists of two topological vacua:

Ty [U(2)222] +Tw [ U112 x U(D)g | =11+4 =15.
10

(4.22)

Note also that, for general values of (k,l), we can have hybrid Higgs-topological vacua for
either sign of £, while the pure Higgs branch only exists for £ > 0.

4.2 U(N.)y v, With n; fundamentals

Let us now discuss the complete solutions to (4.1) in the general case. Following the general
discussion above, the Type I solution is given by (4.3). Let us now discuss all the other classes
of solutions.

Type II vacua. Let us take the first N, —p o,’s to be vanishing, and the last p to be nonzero.
In this case, we have the following set of equations (4.1):

G, 6t ik
ZQ&IQ?:ﬁ €+l Z Oq |> a,b=1,~-,Nc—p,
i=1 a’=N.—p+1
ny S ) (4.23)
Fa/(a):£+(k+?)0'a/+l Z O'b,ZO, a:NC—pJ,-]_’...,Nc-

b’=N.—p+1

Let us first assume that all the non-vanishing o’s are positive and that k + %f # 0. In that case,
the second line in (4.23) implies that all the non-vanishing o’s are equal:

OnN EO'+, (4.24)

c

ON,—p+1 = ON,—p+2 = """ =
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so that (4.23) reduces to:

g _ 5b
Q=2 (E+plo”),  ab=1,.No—p,
i=1 n

(4.25)
F+(o)zg+(k+pz+%f)a+=o.

We then have a single Higgs-topological vacuum with the solution:

+ g

ny
g :_—nf
k+pl+?

n
>0, iff sign(é)(k+pl+?)<0 and k+?f<0, (4.26)

cooresponding to a low-energy effective CS theory U(p) at every point on the

ket L e+ L +pl
Higgs branch Gr(N, — p,ny) that arises from solving the ﬁrstzset cz)f gquations in (4.25). The
last inequality in (4.26) comes from requiring that the volume of the Grassmannian manifold
is positive.

There is also a similar solution where all the the non-vanishing eigenvalues are chosen to
be negative (they are then equal as long as k — %f # 0), with:

- £

n n
oT=——° <0, iff sign(g)(k+p1——f)>0andk——f>0. 4.27)
ktpl—2 2 2

In summary, choosing all possible values of p, we have the following Type II,a vacua:

My I:Nc: k, l,nf;O] =

N.—1
Tlf < Tlf
o+~ 1) Bole( k=)ot v
HAYEN ng
eae(k— ?) p@ e(g (k—l—pl - ?))Gr(NC =P )X UMDY 1y vy (428)

They contribute to the index as:

Ly i [Nc:k:l; Tlfjo] =

—1
(-3 Telelen- D)L e tler ],

+@(k_”?f)ze(g(wz_gf))(Ncnip)lw[ =)

As we mentioned at the begining of this section, one should also consider the possibility of
having some of the non-vanishing o’s to be positive and the other being negative. In this case,
we would get Type ILb vacua Gr(N. —p —q,n¢) x U(p) x U(q). It turns out, however, that
in this case the conditions for the TQFTs to appear and for the Grassmannian variety to be of
positive size are not mutually compatible, thus there are no such vacua.

Type III vacua. Taking all the o’s to be non-zero, we obtain various topological vacua. For
instance, if all the o ,’s are assumed to be positive, then from (4.1) we have:

N,

n C
Fa(0)=£+(k+?f)oa+120b=0, a=1,---,N,. (4.30)

b=1
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Any such solution has oy =--- =0y = o* (assuming k + %f # 0), and we find:

+ g

n
ot=———— >0, iff sign(%;)(k+lNc+?f)<O.
k+lNC+7

Similarly, for o, < 0 (and assuming k — %f # 0), we obtain a solution:

- _ g
o

n

= iff sign(g)(k+ IN, — 7") >0.
k+1 TS

These two solutions exhausts the Type IIl,a vacua, which are given by:

i
Mu[Nesk,Lng,0] = ©((&(—k=INe= L) JUMND o7y

nf

which contribute to the Witten index as:
n
Iy malNe K, Lng, 0] = © (5 (—k—lNC — ?f))[w [ N, 1 | k+ %f ]

+®(§(k+lNc—n?f))IW[ Nl k=% ]

As for the Type IILb solutions, they are the solutions to the following equations:

N

n C
Fa(a)=€+(k+—f)cra+l E o,=0, a=1,---,p,

2 b=1

N,

n C
Fa’(o')=€+(k——f)aa/+lZo'b:0, a=p+1,---,N,,

2 b

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

where we took the first p ¢’s to be of positive sign and the rest to be negative. It again follows

that o, = ot and o = o~ (assuming |k| # %f), so that (4.35) simplifies to:
Tlf + _
ptT— )0 c—PNO =V,
g+ (k+ z+2) +(N.—p)lo— =0
n
€+(k+(Nc—p)l—?f)O'_+plO'+ =0,
and we have the unique solution:

R )
£(pJN(:Jk)l’ nf)

Elk+3)

0 and o =—
~ an L(p:Nc:k:l;nf) ’

where we defined the quantity:

_ i ny 2
Lp, N, ko, Lng) = k+pl+ — || k+ (Ne —p)l = —- | = p(Ne —p)I™.

Then, the corresponding Type IILb topological vacua are:

n N.—1
MIH,b[NCJ k: l)nfyo] = @ (?f - |k|) @ @ (gE(P:Nc: k: l)nf))
p=1

(4.36)

(4.37)

(4.38)

U(p)k+"7f,k+"7f+pl x U(Ne _p)k—HTf,k—an-k(Nc—p)l » (4.39)

l
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Table 3: Witten index for U(5)y x+5; with ny = 7 fundamentals, for some values of
k,l. The case with the minimal value I}, = 21 are given in bold. The contributions
from Type IV vacua when & > 0 are shown in red.

v s [ 7] 6[-s[4]8[2]-1[o]1[2[]3]4[5]6][7]s]
34 32 30 28 26 | 24 | 22 21 21 21 21 24 27 30 33 36 39
42 38 34 30 26 | 23 | 22 21 21 21 21 23 27 31 35 39 43
55 50 45 40 35| 30 | 25 21 21 21 21 21 26 31 36 41 46
21 21 21 21 21 21 21 21
+15 | +30 | +45 | +60 | +75 | 490 | +105 | +120
245 | 210 | 175 | 140 [ 105 | 70 | 35 21 56 91 126 | 161 | 196 | 231 | 266 | 301 | 336
455 | 385 | 315 | 245 | 175|105 | 35 56 126 | 196 | 266 | 336 | 406 | 476 | 546 | 616 | 686
777 | 651 | 525 | 399 | 273|147 | 56 | 126 | 252 | 378 | 504 | 630 | 756 | 882 | 1008 | 1134 | 1260
1239 | 1029 | 819 | 609 | 399 224 | 91 | 252 | 462 | 672 | 882 | 1092 | 1302 | 1512 | 1722 | 1932 | 2142
1869 | 1539 | 1209 | 879 | 584 | 289 | 196 | 462 | 792 | 1122 | 1452 | 1782 | 2112 | 2442 | 2772 | 3102 | 3432
2694 | 2199 | 1704 | 1244 | 784 | 324 | 336 | 792 | 1287 | 1782 | 2277 | 2772 | 3267 | 3762 | 4257 | 4752 | 5247
3739 | 3024 | 2344 | 1664 | 984 | 409 | 616 | 1287 | 2002 | 2717 | 3432 | 4147 | 4862 | 5577 | 6292 | 7007 | 7722

120 | 105 90 75 60 | 45 | 30 | 21 21

DTS NN ] e 1 s ) o N IR NTER NCTEE, NTTOC IR

and their contributions to the index read:

T, mp [ Ne, K, l:nf>0] =
N.—1
ny N p L|k+% 1
o3 —i) L o(eerktnu] 7, L ] o

in terms of the CS index (2.12).

Type IV vacua. When |k| = %f, semi-classical Coulomb-branch directions open up, render-
ing our analysis non-reliable. We expect that the actual ‘Type IV’ vacua are strongly-coupled
vacua. As we discussed around (4.19) in the U(2) theory case, we can always calculate the
contribution of these (conjectured) vacua to the total Witten index by comparing to the Wit-
ten index computed with the opposite sign of FI parameter (which does not have any Type IV
contributions). In this way, we find the following contributions, in general:

n ne—1
hun [N kg, 01 =5, (DI~ )+, yeeon(y ). @an
C 4

It would be interesting to better understand the physics of these strongly-coupled vacua, but
this is left for future work.

The full Witten index. Putting all the above contributions together, we have now computed
the full Witten index:

IW [ch k, l,nf,O] = IW,I [NC’ k, l,nf,O] +IW,II [Nc,k, l, Tlf,O]

+ Xy e [No k1, ng, 0] + Ly i [ Ne ko Lng, 0] + Ty iy [N, K, g, 0]
(4.42)
For the reader’s convenience, this formula for the index is implemented in a MATHEMATICA [38]
notebook attached to this paper. This result can be compared to the Bethe vacua counting, and
one finds perfect agreement for all the cases that we checked.®

Example: U(5) gauge theory with n; = 7. Similarly to our discussion of the U(2) theory
with 4 fundamentals in subsection 4.1, let us compute the index explicitly in this example —
this is shown in table 3. We can also consider the explicit form of the vacua for this theory with

80ur explicit formula gives us the index for any choice of the parameters, while the Bethe vacua counting is
limited, in practice, to relatively low values of the parameters due to the slowless of Grobner bases algorithms.
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Table 4: Moduli spaces of vacua for U(5)j x+5 with n; =7 fundamental chiral mul-
tiplets, at some values of k and [ and for either sign of &.

| k | l || & >0 phase | £ <0 phase |
3| 8 | Gr(5,7)@U(2)436 X U321 | U(B)a2s X U(2)_313® U(4)s36 x U(1)s
8 8 8
51 3 || Gr(5,7) @ U(3)s5.14 x U(2)_o4 U(5)s,20 ® U(4)5,17 x U(1),
3 3
20 2 Gr(5,7) U(5)6,16 ® U(4)6,14 x U(1),
e — |
2
21 s Gr(5,7) ® Gr(4,7) x U(1)g U(5)g 33
513 Gr(5,7) @ U(5)9 ¢ Gr(4,7) x U(1)_; ® Gr(3,7) x U(2)y,_4

either choice of sign for &, for any given value of the CS levels k and [, as shown in table 4. For
examples, we see that in the case (k,1) = (%, 2), we have a pure Higgs branch in the positive-&
region and topological vacua on the other side. The index matches on both sides according to:

I [U(5)616] +Iw | U@)e14 x U(L); | =16 +5=21= x (Gr(5,7)) . (4.43)
2

Similar considerations hold for all the other examples shown, and examples of arbitrary com-
plexity can be generated using the attached MATHEMATICA notebook.

5 3d N =2IR dualities: matching the moduli spaces

Unitary SQCD enjoys an infrared dual description akin to Seiberg duality. The details of the
dual theory — also called the ‘magnetic’ theory, as opposed to the original ‘electric’ theory — de-
pend crucially on the parameters k,[ and k, [18,19,21-23] —see [5] for a detailed discussion.
In the previous section, we worked out the vacuum moduli space of SQCD[N,, k,[,n £ 0] with
vanishing SU(ny) masses but with non-zero FI parameter. Thus, as an interesting consistency
check of our computation, it is natural to ask whether the same result is indeed reproduced
in the magnetic theory. Alternatively, the results of this section can be viewed as new detailed
checks of the recently proposed dualities for [ # 0 [5,18,19]. Therefore, in this section, we
study the vacua of the Seiberg-like dual to U(N, )y x+n, With ny fundamentals and & # 0. Note

that k. = njf > 0, and we then have the dual rank

k|+2 N, if |k|>X,
NDE{H LN, if |kl>3 5.0

. n
¢ ng—N, if |kl<+.
Let us use the notation € = sign(k). We have three cases to consider in turn:
(i) Minimally-chiral case, for |k| > %f We then have a magnetic theory with gauge group:

UN)—k,—krenp X UWise (5.2)

€

and with n antifundamental chiral multiplets q' coupled to the U(N CD ) factor. The U(1)
and U(N CD ) factors are coupled together by a mixed CS term at level € = £1.
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(ii) Maximally-chiral case, for |k| < %f In this case, the magnetic theory is simply:

UND )=, —k+inp » (5.3)
coupled to the same ny antifundamental matter fields.

(i) Marginally-chiral case, for |k| = %f In this last case, we have the dual gauge group:

U(NCD)—k,—k+%eNCD UMW)y tes (5.4)

1
76

and the same n; antifundamental chiral multiplets, but we also have an additional chiral
multiplet charged under both U(1) c U(N CD ) and the second U(1).

For | = 0, these dualities can be simplified further and one recovers the well-known cases
studied in [23]. For |k| > %f and [ + € = 0, we can integrate out the U(1), gauge field in
(5.2) and we essentially obtain a SU(N CD )—i theory with n antifundamentals - this interesting
special case will have to be considered separately.

5.1 The minimally-chiral dual theory - |k| > %f

In the case |k| > % we have the Nii-Amariti-Rota duality [18,19]:

UNDijerin, ®np O = UN)_g—isenp X U 14e ® 1y Og. (5.5)

€

To study the matching of the moduli spaces and of the Witten index across this duality, we first
need to analyse the semi-classical vacuum equations for the magnetic theory in (5.5). To write
down these equations, we need to recall that the FI parameter of the electric theory is mapped
to the FI parameter of the U(1);,. theory. (There is no independent topological symmetry for
U(NCD) because the mixed CS level is € = 1 or —1.) We then have:

_O'aa;=0> i=17“'5nf> a=15“"NCD>

ny 5 N? n

~ta~i b f ~

_Zqi'a%:_zﬂ —k0a+620b—?|0a|+€0 ,
i=1 b=1

(5.6)
ND

£+GZGC+(Z+6)6=0,
c=1

where, as in the electric theory, we are taking all matter fields to be massless. Here, o}, and &
are the real scalars associated with U(N CD ) and with the U(1),,. factor, respectively.

5.1.1 Dual theory for [ +€ #0

Let us first assume that [ + € # 0. Then, we can use the last equation in (5.6) to eliminate &

from the computation:
ND

3 € N
l+e_l+ezo-b' 5.7

b=1

Qv
Il
|

22


https://scipost.org
https://scipost.org/SciPostPhys.15.3.085

Scil SciPost Phys. 15, 085 (2023)

Substituting this back into (5.6), we find:

-0,4,=0, i=1,---,nf, a=1,---,N’

ny
q; 9 = 5
i=1

€
—F
l + € a(O);

(5.8)
Fa(U)E§+( — 1l +sign(o,)— ) lZab,
b#a
where we conveniently defined the parameters:
k=ek(l+¢€) and fi =eng(l+e). (5.9

Note that, while we apparently eliminated the U(1);,. factor from the description, this does
not mean that it disappears at low energy at this level of the discussion.

We see that the equations (5.8) are very similar to (4.1), therefore we can follow the same
strategy to solve them. We will also use a similar typology (Type I, I, ...). The way vacua
are matched across duality may be quite complicated, as we will see. Of course, we know
that Higgs vacua should match to Higgs vacua, topological vacua to topological vacua, and
indeed they are, but the infrared duality of the larger SQCD theory descends to a geometric
and level/rank duality in each vacuum, of the general form:

Gr(p,ns) x {TQFT} «—  Gr(ny —p,ny) x {level/rank-dual TQFT}. (5.10)
The TQFTs on each side are matched precisely through the 3d N' = 2 level/rank dualities
discussed in section 2.
Type I. This is the vacuum with o, = 0, Ya. We are left with the D-term equation:

Za‘“a;, = ° (5.11)

277: 1+e€l’

which gives us the Grassmannian Gr(NCD ,ny) if the effective FI term is positive. In addition,
(5.7) implies that & obtains a non-zero value, and we then have a U(1),,. that survives at low
energy. Hence we have a Higgs-topological vacuum:

mm[ Jk,1,ng,0]=0(8(1 +€l)) Gr(NP,ng) x U(1) e (5.12)

which contributes to the Witten index as:

HllH nf
I[N, k,L,n;,0] = O(E(1 + ) |l+e|(ND). (5.13)

C

Type II°. Consider taking 1 <p <N CD — 1 of the o’s to be positive while the remaining ones
vanish. Then (5.8) implies that all the non-zero eigenvalues are equal, and the equations
simplify to:

_o.+’q‘;_0’ i:l,...’nf’ a:]_’...’p’

~-Lb~
4 Z_1+ —(£-plo*)>0,  b,=1,-,N—p, (5.14)

§+(k pl+ Zf) ~0.

23


https://scipost.org
https://scipost.org/SciPostPhys.15.3.085

Scil SciPost Phys. 15, 085 (2023)

A hybrid Higgs-topological solution exists in the window:

~ flf Tlf
sign(&) pl—k—? >0, and k+?<0, (5.15)

where the first condition follows from o > 0 and the second follows from the positivity of
the size of the Grassmannian Higgs branch. A similar solution exists where we take the p
non-vanishing o’s to be negative, in the window:

~ flf Tlf
sign(&) k—pl—? >0, and k—?>0. (5.16)

The U(1),,. also survives at low energy, and we then find the branches of hybrid vacua:

;?Din[ch k’ l) nf’ O] =

D
NP-1

Ny 7 iy D
® (—k — ?) pE:B1 ® (g (—k +pl— ?)) Gr(N” —p,ny) x U(Ip)_k_an,_k_anﬂp x U(1I)l+e
€
BN fiy
@@(k— 7) @1 e (g (k—pl . ?))Gr(NCD =P )} U)oy ey X Ui
p= ' :

€

(5.17)
We see that they contribute to the index as:

Imin [Nc;k’l: nf’O] =

w, 1P
ke : fiy ny poe|l-k-3 e
O DR R S CE R P
D_q ~
; . fig ng p e|l-k+Z e
o) el bl 17 )

using (2.12) again for the TQFT contributions.

Type III. The third type of solutions correspond to topological vacua. In the analysis of the
electric theory, we had solutions of Type IIl,a and IIL,b. In the present case, it turns out that
only the analogue of Type III,a exists, where all the eigenvalues o, are taken to have the same
sign. In the case where they are all positive, we have o, = o > 0 that solves:

) i ) i
§+(k—lNCD+?f)a+=0, sign(&) (k—lNCD-i-Ef) <0, (5.19)

which exists only in the window indicated. Similarly, there is a solution o, = 0~ < 0. In total,
we find the vacua:

Mmin[Ncy k: l; Tlf, O] =

P
= D ﬁf D
O\ &\ —k+INS—— | JUWNT) g r oo X UWise

€

00| & k—IND - UNP)  » n x U(1)
c 9 ¢ Ik L —k+Lrenp l+e>

€

(5.20)
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Table 5: Matching moduli spaces of vacua across the minimally-chiral duality with
E>0.

| N, | k | l | ng || Electric Side | Magnetic Side |
314 |10]| 6 ||Gr(3,6)®Gr(2,6)xU(1)1; | Gr(3,6)xU(1)y x U(1);; ®Gr(4,6) x U(1);
1
5 % 0| 7 || Gr(5,7)® Gr(4,6) x U(1); Gr(2,7)x U(1)y x U(1); ® Gr(3,7) x U(1),
1
50— 21(7 Gr(5,7)® U(5)_g5 Gr(2,7)® U(1)y x U(1), ® U(3)g 5 x U(1);
I—I—l |_—1|
6 5 —41 8 Gr(6, 8) @ U(6)9’_15 Gr(2, 8) X U(]‘)O X U(].)_g 52 U(B)—9’—6 X U(l)_g
1 S

Table 6: Matching moduli spaces of vacua across the minimally-chiral duality with

E<O.
| N, | k | l | ne || Electric Side | Magnetic Side |
31 4]10]6 U(3)7,37 U(4)—7-3x U
e — |
1
503017 U(5)gs U(3)-g—5 x U(1)
e —
1
s|-2] 27| 6r4,77eU1), | Gr(3,7)@U),
6 | 5 |—4]| 8 ||Gr(58)xU(1)_3| Gr(3,8)xU(1l)_3

which contribute to the index as:
™o N k,n,0] = A AN
W,HID[ cr 1% ;nf: ] =0 6 —Kk+ c _? w 1 0

) fi D
@@(S(k—lNCD—?f))IW[ Nlc (6)

Full Witten index. One can check that there are no more solutions, so that the full Witten
index of the minimally-chiral dual theory takes the form:

—k—%f €
€ [+¢

—k+n7f €
€ [+e€

(5.21)

L3NG, ko Loy, 0 =Ly INe K, L mg, O]+ I [N, K, 1y, 0]

+ I o [N Kk, Ly, O]

(5.22)

Matching across the duality. Using these results, one can check that the moduli spaces match
exactly between the electric and magnetic description, for either sign of the FI parameter, as
predicted by the duality 5.5. For instance, in the case & > 0, the electric theory vacua always
include the pure Higgs branch 4.3. The dual description is simply through the Grassmannian
duality:

Gr(N,,ny) — Gr(ng —N,,ng). (5.23)

The left-hand-side Higgs branch arises as a Type II” vacuum with a TQFT that happens to be
trivial (with Witten index I, = 1), namely the vacua in (5.17) with p = |k| — %f
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Here, let us simply display this general matching in some examples for £ > 0 (table 5)
and £ < 0 (table 6) . More examples are listed in appendix B, and more can be gen-
erated using the MATHEMATICA notebook attached. For instance, looking at the last case,
(N, k,l,ns) = (6,5,—4,8), in table 5, we see that the matching of the vacua follows from
the dualities:

Gr(6,8) s Gr(2,8) x U(1)g x U(1)_s,
1
5.24
U)o 15— U)o 6xU)s. 24

1

Here, the TQFT on the right-hand-side of the first line has a single state, and on the second line
we have an instance of the level/rank duality (2.13) (here for (N, k,1) = (6,9,—4)). Similar
matching holds for every component of the moduli space for every theory.

5.1.2 Dual theoryfor[+e=0

We must treat separately the case |k| > %f with [+¢e = 0. In this case, we have a U(1), coupled
to the trace of the U(N CD ) vector multiplet by a BF term, and integrating it out imposes:

N?
tr (AU(NCD)) =—€Ar, Z o, =—€§. (5.25)
b=1

This gets rid of the U(1) c U(N CD ), and the duality (5.5) becomes:
UNJkk—en, ®n; 0 «—  SUNNP)_ @n; O. (5.26)

In this formulation, the topological symmetry of the electric theory maps to the baryonic sym-
metry of the SU(N CD ) magnetic dual theory. (A closely related non-supersymmetric duality
was first discussed in [39].)

This magnetic theory has the same moduli space of vacua as some SU(n,); theory coupled
to ng fundamental chiral multiplets (this is just a CP transformation):

SU(nc)k @Tlf 0. (527)

We leave a more detailed analysis of this theory for the motivated reader. Here, we simply
conjecture an explicit formula for its flavoured Witten index:

o n
Iy [SU(n.), ®ny 0] = (lkl:fl 1), if |k| > ?f (5.28)
C

Of course, this reduces to the known result (2.4) for the pure CS theory if ny = 0. We checked

that, for n, = N” = |k| + %f — N, this indeed matches with the index computed by the com-
plicated formula (4.42) in the electric theory. For n, = 2, the formula (5.28) was derived
in [3].

5.2 The maximally-chiral dual theory - |k| < %f

In the maximally-chiral case with k < %f, we have the duality [5]:

U(Nc)k,kHNc @nfD — U(N(;D)—k,—k+lNCD eani, (529)
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with N CD = ny — N,. The semi-classical equations for the magnetic theory take the form:

—0,4,=0, i=1,---,n;, a=1,---,NP

c
ND
e a ng < (5.30)
E ,a 1_2— —g—kO'a—?|O'a|+lC=210'C .

The sign in front of the FI term is due to the fact that the topological current flips sign across
this duality [5]. We then see that the analysis of the solutions will be completely similar to
the one for the electric theory, after taking into account that we effectively changed the sign
of [ relative to k, and that we have to integrate out matter fields according to the effective
real mass —o,. Here we denote the types of vacua by I, IIp,..., not to be confused with the
minimally-chiral case discussed above.

Type I, vacua: The Higgs branch. Taking all the o’s to vanish, we have the usual Higgs
branch equation that gives us the Grassmannian:

n
MP*=0(g)Gr(NP,ns), I = 6(¢) (NJ;) : (5.31)
C
Note that this exactly matches the Higgs branch vacuum (4.3) in the electric theory, due to the

Grassmannian duality Gr(N,, n¢) = Gr(ny — N, ng).

Type II, vacua. There are no Type II, vacua in this magnetic theory because of the constraint
n . .

k| # =, as we can see already from the computation in (4.28).
2 y P

Type III, vacua. As in the electric theory, we have the Type Ill,a; solutions when all the o’s
are of the same sign. They give us:

n
. D f D
M [N, k,1,ng,0]=© (E (—k +NL- 5)) UNE) g =g

ny (5.32)
D D
00 (& (k=M= )J U, g o
and contribute to the index as:
n
I o [Ne Ly, 0] = (8 (—k+ NP1 = L)) [ NP 1| k=% ]
n; (5.33)
n
+®(§(k—NCDl—?))IW[ NP 1| -k+%F ]
Finally, we can also have Type IILb,, solutions that give us the topological vacua:
Mﬁlﬁi};{]) [Nc: k’ l} nf’ 0] =
NP1
; D D (5.34)
p@ O(ELN o =Lm) UB)_ ity gy * UNT =Py o iyppy
1
with the quadratic function £ defined in (4.38), which contribute to the index as:
Im W, IILb [N k Z,Tlf, ]=
NP—1
< n 5.35)
D N L (
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N | k|1l |n Electric Side Magnetic Side
(M| k| U n | | |

sloliole Gr(3,6) ® U(3)_327 Gr(3,6) ® U(3)_3 97
®U(1)13 x U(2)_317 ®U(1)13 x U(2)_317

3|1 11]3]|6]cGr36)e UE(1))7 xU(2)_34 | Gr(3,6) g U(3)_45

IT'

31216 Gr(3,6) Gr(3,6)

50 3 7 Gr(5,7) Gr(2,7)

5|1-3|2|7 Gr(5,7)® U(5)_s 5 Gr(2,7)® U(2)_5,

6| o lals Gr(6,8) ® U(6)s_1s Gr(2,8) @ U(2),_¢
QU(5)6—14 x U(1)_¢ QU(1)_10x U(1)_

|_—4, |_—4|

Table 8: Matching moduli spaces of vacua across the maximally-chiral duality with
E<O.

N, | k I {n Electric Side Magnetic Side
[(Ne| k[ L ]n| | |

3]101]10]6 U(3)3,33 @ U(1)7 x U(2)3 23 U(3)3,33 ® U(1)7 X U(2)323
10 10
311|316 U(3)413® U(2)410 X U(1), U(1)_y X U(2)28® U(2)_42 x U(1)s
3 3 3
312 ]|1]6 U(2)s7xU(1)o®U(3)s 8 UB)—s—2®U(2)_5_3xU(1),
1 1
51017 U(5)6,6® U(4)g6 x U(1)_y U(1)_6 x U(1); ® U(2)_ 6
=5 2 | 7 || U(MsxU4)_530U(2)56x U(3)_s; U(2)s,0® U(1) x U(1),
2 " 2
6| 2 |—4|8 U(4)6,—10 X U(2)—_2-10 U(2)_¢-14
—

Full Witten index and matching across the duality. Adding the above contributions, the
Witten index is given by:

ID¥(N,, K, I, ng, 0] =i [N, k, 1, s, 0] + 1%

W, 1IL,a
+ I [Nk, 1, 0].

[N Sk’ l)n ’0]
. ! (5.36)

It is not complicated to prove that the vacua match one-to-one across the duality. We display
some examples of dual vacua for & > 0 and £ < O in table 7 and 8, respectively; see also
appendix B. In particular, note that if £ < 0 we can only have topological vacua, in which case
the matching of the vacua follows from the level/rank duality (2.22).
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5.3 The marginally-chiral dual theory - |k| = %f

Finally, let us briefly discuss the case k = e%f. We have the marginally-chiral duality [5,19]:

U(NC)eHTf,EHTfHNE @Tlf =

—s U(nf—Nc)_ean}_EanJr%e(nf_Nc) X U(1)l+%e ®n; Og ®@det,;. (5.37)

1
7€

The dual theory involves the ‘baryon’ B that transforms in the determinant representation of
U(NP) (N? = n; —N,) and has charge 1 under the additional U(1) factor. Let us choose

n . . . . .
k= 7f > 0 for definiteness. The semiclassical vacuum equations then read:

_Gazﬁlz()J i=1)“'5nf> a:1:“"NCD;
ND
Zoa +6 |B=0,
a=1

ng NP NP
. 6f ng 1< 1 ng 1< (5.38)
6 B’B—E fagi == 2| g +—EO’+—5‘——O‘ + = EO‘+5’ .
b - ql qb o 2 a ZC:1 c 2 2| al 2 - c

NP NP
N 1 1< 1 1<
B'B=— +—E o +(l+—)6+— E o, +6
27 ¢ 24 ¢ 2 2 |~ ¢

We will not attempt to solve these equations here. Instead, let us simply consider a very special
case for which these equations trivialise.

5.3.1 Special case N’ =0
If we choose ny = N, = 2k in the electric theory, the dual theory is simply the abelian theory:
U(1)1+% ®B, (5.39)
which was discussed in section 3.2. We have the vacua:
O(5)CP’ @ ©(—E(L+ 1)) U141 @ ©ED UL, (5.40)

and the index:

1
[+

7 (5.41)

n 1
IWI:Tlf,—f,l,Tlf,O]:—‘i‘ .
2 2 |, ifl<o.

_{z+1, if1>0,

Let us compare this to the results of section 4.2. One directly sees that the various types of
vacua of the electric theory contribute as:

n
IW,I I:nf) ?f: Z)nf70i| = ®(£)>
n
T ma | nys Ly, 0] =@ (=EU+ 1)L+ 11, (5.42)

n
IW,]VI:an ?fnlanfzo} :e(gl)lll)

with no contribution from the Type II and III,b vacua. Adding all the contributions as in (4.42),
this matches exactly with (5.41). We also see that, for N CD = 0, the strongly-coupled vacua
(Type IV vacua) of the electric theory, whose existence we conjectured in section 4, correspond
to an ordinary topological vacua in the dual description — namely the U(1); TQFT in (5.40).
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5.3.2 CaseN’>0

n . .

Fork = Tf and N, = ny—N, > 0, however, we find that the electric ‘Type IV’ vacua also reappear
as ‘quantum vacua’ in the magnetic description. In the electric description, as discussed in
section 4.2, we have the vacua:

Melec = @(5) GI‘(NC, nf) @ e(_g(nf + lNc)) U(Nc)nf,anNc ® @(SZ) MIV > (5'43)

where My, denotes the ‘quantum vacua’. Looking at the magnetic description, it is useful to
write the equations (5.38) in terms of the effective real mass for the ‘baryon’ field B:

NS
o EZGG +5. (5.44)
a=1
We can then analyse the theory by moving along the oy line. The first obvious solution is for
o =0 =0, in which case we have the Higgs vacuum:
©(&)Gr(N?,ny), (5.45)

which obviously matches the first term in (5.43). For o > 0, there is also a single solution
with o, > 0 that corresponds to the TQFT:

O(—&((L+1np —INPNYUWNL) -, —nyenp X U415 (5.46)

1

which reproduces exactly the second vacuum in (5.43) (after a level/rank duality). Finally,
we find that, for any N CD > 0, there is a continuous Coulomb-branch vacuum for oz < 0 and
0, < 0. Assuming op < 0, we can integrate out 3 to obtain a decoupled U(1); sector (with
the FI parameter &). This accounts for the factor ©(&)|l| of the Witten index of the conjectured
Type-IV vacuum:

v =en iy ) =em(™ ). (5.47)

c

but we do not have a complete understanding of this vacuum in the magnetic theory.
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A N =0 level/rank dualities

For completeness, here we present the N’ = 0 (non-supersymmetric) version of the level /rank
dualities between Chern-Simons theories discussed in the main text. They are obtained from
the N = 2 dualities by integrating out the gauginos in vector multiplets. Recall that the A = 2
supersymmetric CS interaction includes a term quadratic in the gauginos, which amounts to a

real mass: "

an (A.1)

my =
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Hence, we have an infrared N' = 0 description in which the CS levels are shifted according
to the sign of m,. More generally, m, is a non-trivial mass matrix, which we should then
diagonalise. We follow the conventions of [5] for the N/ = 2 CS contact terms, except that
here we denote by the letters k,[,--- the N/ = 2 CS levels (for either the gauge or flavour
symmetries), and by the capital letters K, L,--- all the N'= 0 CS levels.

A.1 Level/rank dual for U(N)g x,n

Consider the U(N) x4y N = 2 supersymmetric pure CS theory. Without loss of generality,
consider:
k>o0, K=k—N=0. (A.2)

The N = 2 version of the level/rank duality is a specialisation of the Nii duality [18],

N=2: UN )i kv — U(.k —N)_g,-n X U(l.)lﬂ ) (A3)
1

with the non-zero N' = 2 CS contact terms derived in [5], which amounts to having
ng = %Nz = %K‘(ge) on the electric side, and Kg;) = —%(k —N)? and k™ = N2 +1—k?
on the magnetic side. Integrating out the gaugino in the U(N) theory, we shift the CS levels
toK=k—Nand L=1[1+1, and K}(ﬁg = nge) = 0 in the IR. On the magnetic side, integrating
out the gauginos similarly shifts the CS level for the SU(K) part of the gauge group, so that
we have the level/rank duality:

N == 0 . U(N)K,K-‘FLN —> U(K)—N,—N X U(l)L 5 (A.4)
1
which was first described in [40]. By a straightforward computation, we can check that the

U(1)g symmetry decouples entirely, and we find the relative CS level K, = —2kN. Similarly
to [27], we can write this as:

1 1
%AT A Tr(FU(N)) > %AT AN FU(l) — ZkNCSgrav y (AS)

where we only wrote down terms that depend on background fields. Here the background
gauge field A7 couples to the topological symmetry current on either side of the duality, which
is Tr(Fyy)) on the electric side, and Fy;(;y the field strength for the U(1) factor in U(K) x U(1)
on the magnetic side.’

For L = %1, we can use the fact that U(1).; is an ‘almost trivial’ theory [27,41] to simplify
(A.4), and we arrive at the following dualities:

N =0 : U(N)K,K:I:N — U(K)—N,—N:FK , (A.7)
with:

1 1 1
%AT A Tr(FU(N)) — :FEAT A TI’(FU(K)) F 4_7'[AT A dAT - (ZkN + 2)ngrav . (AS)

“To derive this result starting from the A/ = 2 version of the duality, one must take into account the fact that
the abelian part of the magnetic gauge group is U(1) x U(1) with a non-trivial mass matrix

M, = (KN X ) (A.6)

for the abelian gauginos. We use the fact that the two eigenvalues m, are such that m, > 0 and m_ < 0 if
K+ LN >0, whilem,>0if K+ LN <0.
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For L = 1, this is a special case of the Giveon-Kutasov duality (the A/ = 2 duality
U(N); < U(k —N)_;) reduced to N/ = 0, while for L = —1 this duality was first derived
in [27].

Finally, for L = 0, we have U(1), theory coupled by a BF term to the U(K) factor in (A.4),
and the path integral over that gauge field imposes the constraint [41]:

Tr (AVE)) = —A;, (A.9)
on the U(K) gauge field, which gives us to the standard level/rank duality:
N=0: U(N)gx — SUK)_y - (A.10)

More precisely, we truly have an SU(K) theory only when the background field A; is set to
zero, while having A generic is important to keep track of the U(1); symmetry across the
duality [27].

A.2 Level/rank duality for U(N) x U(N’)

Let us also discuss the A/ = 0 version of the duality for the U(N) x U(N’) theory derived in
section 2.2. First of all, we have the A/ = 0 abelian duality:

K :l—]_, K /:l+1,
N=0: U@y xU1)y " " (A.11)
I—ll KTT’:_Z: Kg:2+Cg,

where the magnetic theory is an empty theory with the contact terms as indicated for the
background gauge fields Ay and A’ coupling to the topological symmetry currents F and F’.
Here ¢, € Z is a constant that we did not determine, although we know that ¢, = 0 when
[ = 0. The NV = 0 duality (A.11) directly follows from (2.21), taking into account the fact
that the gaugino mass matrix has eigenvalues my = —l £ v[2 + 1. (Requiring that the U(1)y
symmetry consistenly decouples then fixes Kpp in (2.21).)

Finally, we consider the U(N)y x4y X UN" g pr41nv N = 2 theory with mixed CS level [.
Let us fix k > 0 and k’ < 0, without loss of generality. Integrating out the gauginos, we obtain
the A = 0 levels:

U(IN Jkx+arnn X UN /I)—K/,—K’+(l—1)N’ > (A.12)
l

where we choose K > 0 and K’ > 0 for simplicity of notation. Then, the A = 2 duality (2.22)
gives us the generalised level/rank duality:

N=0: UWkg+as1n X UN) g/ —gre—1)ns
1

, (A.13)
—  U(K)_y-n+a—1)x X UK )N/ Nt 41K -

l

Of course, this can also be derived directly in the N’ = 0 context, starting from (A.4) and
following the same logic as in section 2.2.
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B Matching moduli spaces of vacua: more explicit examples

In this appendix, we give some specific examples of our main results for SQCD[N,, k, [, n;,0].
In particular, we display the intricate matching of the vacua across the maximally- and
minimally-chiral dualities.

B.1 Crossing £ =0

Here are a few examples of phase transitions from £ > 0 to £ < 0, for various values of the
parameters [N, k,[,n]:

IN| k[T [nf] &> 0 phase | & <0 phase |
313 [-5]7 Gr(3,7) ® U(3)s 9 U(2)s,-4 x U(1)6
s
4] 6 |—3]8 Gr(4,8)® U(4)10_2 Gr(3,8) x U(1)_; ® Gr(2,8) x U(2),_4
s| D ]olo9 Gr(5,9) ® Gr(4,9) x U(1), U(5)10.10
6| 4 |—=210 Gr(6,10)® U(6)o,_s U(5)s_ x U(1)
-2
3 Gr(7,11)® U(5)7 18 X U(2)_4 14 U(3)7 g xU(4)—4—24
713 |50
_5 -5
® U(7)7 28 ®U(6)7_23 x U(1)—g ® U(4)7-13 X U(3)—4-19
|_—5| |_—5|
8 5] 6 |10]| G, 10)@Gr(7,10)x U(1), U(8)11.50
98 |—7|14 Gr(9,14) ® U(9)15 4 Gr(8,14) x U(1) 4
Gr(10,12) ® U(10);5 s Gr(9,12) x U(1)_, ® Gr(8, 12) x U(2); s

10| 9 | 4|12 ® Gr(7,12) x U(3)3 o

U(11)_17,-55 ® U(1)_5 x U(10)_17 —s51
N —

9
11|-9| 4|13

—
Gr(11,13) ® U(2)2-6 x U(9)-11,-47
S —
-3
U(12)18,18 ® U(9)15,18 X U(3)—3 —3
12| 22121 o

0
Gr(12,21) ®U(10)1515 X U(2)_3 3
e —|

0
®U(11)1515 x U(1)_3
e —

0
U(15)17,17 x U(15)_15 15
30| 1 0 | 32 0
Gr(30,32) ®U(16)17,17 x U(14)_15 15
N — |

0
@U(17)_17’_17 X U(13)—15,—15
0
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B.2 Minimally-chiral duality for & > 0

Here we consider a few examples of the minimally-chiral duality with positive FI parameter:

| N, | k | l | ne || Electric Vacua | Magnetic Vacua |
3 9 5 |7 Gr(3,7) Gr(4,7) x U(1)g x U(1)_4
2 ) 1
® U(3)g_7 ® U(5)_g—3xU(1)_4
N — |
1
4 7 2l s Gr(4,8) Gr(4,8) x U(3)_30 x U(1)_
1
® Gr(3,8) x U(1), ® Gr(5,8) x U(2)_3_1 x U(1)_;
e — |
1
51135 |9 Gr(5,9) Gr(4,9) x U(2)50 x U(1)4
2 T E—
® U(5)_11,14 ® U(6)11,5 x U(1)4
—1
6 6 5 8 GI‘(6, 8) GI‘(Z, 8) X U(Z)—Z,O X U(].)_4
1
® U(6)10,—20 ® U(4)_10-6 x U(1)_4
e — |
1
Gr(11,12) CPM x U(6)_g0 x U(1),
1
® Gr(10,12) x U(1)g | ® Gr(2,12) x U(5)_g_1 x U(1);
11| 12 0 |12 1
® Gr(9,12) x U(2)s6 | ® Gr(3,12) x U(4)_g_p x U(1);
e — |
1
® Gr(8,12) x U(3)s6 | ® Gr(4,12) x U(3)_¢—3 x U(1);
e — |
1
@ Gr(7, 12) X U(4)6,6 @ Gr(5, 12) X U(Z)_6’_4 X U(]')l
N — |
1
® Gr(6,12) x U(5)s | @ Gr(6,12) x U(1)_s x U(1),
1
® Gr(5,12) x U(6)66 ® Gr(7,12) x U(1),
19 % 10 | 21 Gr(12,21) Gr(9,21) x U(M’)_g
® U(12)9 s @ U(10)_g 12 X U(1)_g
1
Gr(20,27) Gr(7,27) x U(3)_3, x U(1),
e — |
20 £ | 0 |27 !
2 ® Gr(19,27) x U(1); | @ Gr(8,27) x U(2)_3_1 x U(1);
e — |
1
® Gr(18,27) x U(2)35 | ® Gr(9,27) x U(1)_, x U(1);
1
® Gr(17,27) x U(3)s 3 ® Gr(10,27) x U(1),
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B.3 Maximally-chiral duality for £ > 0

Here consider we consider a few examples of the maximally-chiral duality with positive FI

parameter:
| N, | k | [ | ne || Electric Vacua | Magnetic Vacua |
3357 Gr(3,7)® U(3)s 10 Gr(4,7) @ U(2)_s _15 X U(2)2 g
e — |
=5
413 |-7|8 Gr(4,8)® U(4)7 2 Gr(4,8) @ U(3)_7—8 x U(1)_¢
e — |
=7
5|-3|-5]|10 Gr(5,10) @ U(2)3,g x U(3)_g, 23 Gr(5,10) @ U(5)g,—17
—5
Gr(6,10) Gr(4,10)
6| 3 |-12]10 ® U(6)g 64 ® U(2)_g, 32 X U(2)2,-22
e — |
12
® U(5)g—s2 x U(1)_14 ® U(3)_g_44 xU(1)_19
—12 —12
Gr(14, 20) Gr(6,20)
141 -7 | 4 |20 ® U(14)_1739 ® U(3)-39 x U(3)17,20
|+|
@& U(1); x U(13)_1735 ® U(2)_35 x U(4)17,33
1 7
15 5 | 4 [23] Gr(15,23)® U(9)17,53 x U(6)_g1s Gr(8,23) ® U(8)_17,15
4
17 0 10 | 20 Gr(17, 20) @ U(7)10,80 X U(].O)_l(),go Gr(3, 20) 52 U(B)—IO,ZO
e — |
10
Gr(20, 25) Gr(5,25)
20| 8| 4|25 ® U(17)19,-49 X U(3)—6,-18 ® U(2)_19,-27 X U(3)—6
- -y
® U(18)19 53 X U(2)_6_14 ® U(1)_g3 X U(4)6—10
— —
® U(19)19,57 X U(1)_10 ® U(5)s,-14
e — |
—
Gr(23,42) Gr(19,42)
23119 |-23 | 42 ® U(23)40,-489 @ U(17)—40,-431 X U(2)2,—44
—23
® U(22)40,—466 * U(1)_25 ® U(18)_40,454 X U(1)_n1
—23 —23
30 12_1 2 | 45 || Gr(30,45) ® U(13)8 54 x U(17)_1717 Gr(15,45) ® U(15)_p5 5
2
Gr(40,46) Gr(6,46)
40| 9 -3 |46
® U(32)32,64 X U(8)_14,38 @ U(6)14,4
e — |
=3
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B.4 Minimally-chiral duality for £ <0

Next, we consider we consider a few examples of the minimally-chiral duality with negative

FI parameter:

| N, | k | l | ne || Electric Vacua Magnetic Vacua |
31 3 |57 Gr(2,7) x U(1)_4 Gr(5,7) x U(1)_4
Gr(2,8) x U(2)3 4 Gr(6,8) x U(1)_5 x U(1)_;
e — |
4 7 -2 8 1
® CP” x U(3)3_3 ® Gr(7,8) x U(1)_,4
® U(4)11,3 @ U(7)-11,4 x U(1)
e — |
1
13 Gr(4,9) x U(1)5 ® Gr(5,9) x U(1); x U(1),
5 -2 5 |9 A
® Gr(3,9) x U(2)_, 5 Gr(6,9) x U(1),4
Gr(5,8) x U(1)_5 Gr(3,8) x U(1)_; x U(1)_4
6| 6 5|8 —
® Gr(4,8) x U(2), g ® Gr(4,8) x U(1)_4
11112 | 0 |12 U(11)15,18 U(7)-18-11 X U(1)
e —
1
12 2 [-10]21 Gr(11,21) x U(1)_ Gr(10,21) x U(1)_,
1l 12 | 7 o]l ©(3.209xU0Qs Gr(11,24) x U(1)_, ? U(1)_g
® Gr(12,24) x U(2), _1» ® Gr(12,24) x U(1)_¢
23| 2 | 102 Gr(22,25) x U(1)_g Gr(3,25) x U(1)_; T U(1)_
® Gr(21,25) x U(2); 15 ® Gr(4,25) x U(1)_o
Gr(36,45) x U(1)_; Gr(9,45) x U(3)_4—1 x U(1)_4
e — |
53 1
3702 | S | % ©Gr(35,45) x U(2)4_¢ | ® Gr(10,45) x U(2)_s_p x U(1)_4
e — |
1
® Gr(34,45) x U(3)4_11 | @ Gr(11,45) x U(1)_3 x U(1)_4
1
® Gr(33,45) x U(4),_16 ® Gr(12,45) x U(1)_,
GI‘(39, 50) X U(]‘)S Gr(].]., 50) X U(2)3’1 X U(l)lo
40 | -28 | 11 |50 "
® Gr(38,50) x U(2)_3 19 ® Gr(12,50) x U(1)y x U(1)19
1
@ Gr(37, 50) X U(3)_3,30 [S> Gr(13, 50) X U(]')IO
77 Gr(51,73) x U(1)_,4 Gr(22,73) x U(1)_; x U(1)_,
52| Z | 3 |73 i
® Gr(50,73) x U(2)_4 ® Gr(23,73) x U(1)_,
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B.5 Maximally-chiral duality for £ <0

Finally, here are a few examples of the maximally-chiral duality with negative FI parameter:

[N k[ T [ng] Electric Vacua Magnetic Vacua |
315 |57 [[UoxUQ)p120U2)s—5xU(1)_; | U4)_s 35 ® U(3)_520 x U(1)_3
413|718 U(3)7,-14 x U(1)_g U(4)—7 35

e — |
—7
s3] 5 |10 U(5)_s—33 U(2)—3-12 X U(3)g—7
5
®U(1)_3 x U(4)_g_2s ®U(1)_7 x U(4)g—12
5 5
6 | 3 |—-12|10 U(4)g,—40 X U(2)—2,—26 U(4)_s—s6
L — |
12
14l 71 4 |20 U(2)3,11 x U(12)_173 Uu(1), >;U(5)17,37
4
® U(3)315 x U(11)_17,97 ® U(6)17.41
L — |
4
U(15)17.77 U(2)-17,—9 X U(6)6 30
e — |
4
® U(10 x U(5)_, e U(7)_ x U(1
15| 0| 4 |23 ( )17,5; (5)-6,14 (7) 17,1i (D10
® U(11)1761 x U(4)—610 ® U(6)_17,7 x U(2)6,14
e — | L — |
7 7
® U(12)17,65 x U(3)_g6 ® U(5)-173 x U(3)6 15
e — e —
7 7
®U(13)17,60 X U(2)—¢2 ® U(4)_17-1 x U(4)g 22
e — | — |
7 7
® U(14)17,73 x U(1), ® U(3)-17,—5 x U(5)6 26
e — | e —
7 Z
23|19 | —23 | 42 U(21)40,—443 X U(2)—2,—48 U(19)—40,-477
N — |
23
29| 14| 0 |30 U(29)29 29 ® U(28)39 99 x U(1)_4 U(1);0U(1)_o9
U(30)45,—45 X U(5) 5,20 U(15)_45,-90
35| 20 -3 |50 |_—3'
® U(31) x U(4)_s-17 ® U(14)_45_57 x U(1),
3 —_—
@ U(32)45’_51 X U(B)—S,—14 52 U(13)—45,—84 X U(Z)S,—l
e — e —
3 3
431201 10 |52 U(5)6,56 X U(38)_46,334 U(1)4 >1<0U(8)46,126
10
® U(6)666 % U(37)_46,324 ® U(9)46,136
e —
10
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