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Abstract

We consider the quantum quench in the XX spin chain starting from a tilted Néel state
which explicitly breaks the U(1) symmetry of the post-quench Hamiltonian. Very surpris-
ingly, the U(1) symmetry is not restored at large time because of the activation of a non-
Abelian set of charges which all break it. The breaking of the symmetry can be effectively
and quantitatively characterised by the recently introduced entanglement asymmetry. By
a combination of exact calculations and quasi-particle picture arguments, we are able to
exactly describe the behaviour of the asymmetry at any time after the quench. Further-
more we show that the stationary behaviour is completely captured by a non-Abelian
generalised Gibbs ensemble. While our computations have been performed for a non-
interacting spin chain, we expect similar results to hold for the integrable interacting
case as well because of the presence of non-Abelian charges also in that case.
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1 Introduction

Although the charm of nature resides in the presence of symmetries, lots of interesting and
relevant phenomena are due to their breaking. This can happen spontaneously when, despite
the corresponding conservation laws are respected by the theory, the state of the system is
not symmetric, or explicitly, when the Hamiltonian that dictates the dynamics of the system
contains terms that do not respect the symmetry. Much work has been done about many
aspects of symmetry breaking in different branches of physics. However, little attention has
been paid to study the non-equilibrium dynamics of a broken symmetry in a quantum many-
body system; for example, how is the time evolution of a global symmetry if the system is
initiated in a state that breaks it and then it is let evolve with a Hamiltonian that does preserve
it. Regarding this, an important point is if the symmetry can be dynamically restored and how
fast it does. Only some few works have analysed this question in spin chains both for a global
U(1) symmetry [1,2] and for a discrete Z,, group [3,4] using spin correlators.

The absence of studies on this problem is perhaps due to the lack of a proper quantity that
measures how much a symmetry is broken. In extended quantum systems, this issue is intrin-
sically bound to consider a specific subsystem. In the recent Ref. [5], a subsystem measure
of symmetry breaking, dubbed entanglement asymmetry, has been introduced by employing
tools from the theory of entanglement in quantum many-body systems. In such work, the new
entanglement asymmetry is applied to study the time evolution of a U(1) symmetry in a spin-
1/2 chain initiated in a tilted ferromagnetic configuration, which breaks that symmetry, after
a sudden global quench to the XX spin chain Hamiltonian, which respects it. The analysis of
the entanglement asymmetry reveals not only that the symmetry is restored but also that the
more the symmetry is initially broken, the smaller is the time necessary to recover it. This sur-
prising and counterintuitive phenomenon is a sort of quantum version of the still controversial
Mpemba effect [6, 7]— more the system is initially out of equilibrium, the faster it relaxes.

The present work is a complement of the analysis done in Ref. [5]. Here we also use the
entanglement asymmetry to study the dynamics of the same U(1) symmetry after a quench
to the XX Hamiltonian, but preparing the spin chain in a tilted Néel configuration instead of
the tilted ferromagnetic one. This change in the initial state of the quench protocol drastically
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Figure 1: Schematic comparison of the form of the density matrices p, and p,  in the
eigenbasis of the subsystem charge Q,. If the full system has not a definite charge, the
reduced density matrix p, contains both non-zero diagonal and off-diagonal blocks.
By projecting over all the symmetry sectors, we obtain p, o, where the off-diagonal

blocks are annihilated. The difference ASIE\n) between the entanglement entropies of
these matrices gives the entanglement asymmetry (1).

modifies the time evolution of the U(1) symmetry, which now is not restored at large times.

Entanglement asymmetry: The setup we are interested in is an extended quantum system
in a pure state |¥), defined in a bipartite Hilbert space H = H, ® Hp, where H, and Hp
are respectively associated to two spatial regions A and B. The state of A is described by the
reduced density matrix p, obtained by taking the partial trace to the complementary subsystem
as py = Trg(|¥) (¥]). We further consider a charge operator Q with integer eigenvalues that
generates a U(1) symmetry group. For the given bipartition, Q is the sum of the charge in
each region, Q = Q4 + Qp. If |¥) is an eigenstate of Q, then [p4,Q4] = 0 and p, displays a
block-diagonal structure in the charge sectors of Q4. On the other hand, if the state [¥) breaks
the symmetry, then [p4,Q4] # 0 and p,4 is not block-diagonal in the eigenbasis of Q4. Based
on these observations, the entanglement asymmetry in the subsystem A is defined as

AS,=S(paqg) —S(pa), (D

where
S(p)=—Tr(plogp) (2)

is the von Neumann entropy associated to the density matrix p. The matrix p,, is obtained
from p, by projecting over all the symmetry sectors of Q4 such that p,q = quz [y pallg,
where Il is the projector onto the eigenspace of Q4 with charge q € Z. Thus p,, is block-
diagonal in the eigenbasis of Q4. In Fig. 1, we schematically represent the form of p, and
Paq-

As a measure of symmetry breaking, the entanglement asymmetry (1) satisfies two funda-
mental properties. First, it is non-negative, AS, > 0, since it can be rewritten as the relative
entropy between p, and py o, ASy = Tr[p4(log ps —log p4 )], which by definition can never
be negative [8]. Second, it vanishes, AS, = 0, iff the state of subsystem A respects the symme-
try associated to Q, i.e. [p4,Q4] = 0. In fact, in this case, p, is block diagonal in the eigenbasis
of Q,, the projector I, leaves it invariant and, therefore, ps o = ps. When this occurs, the
entanglement entropy S(p,), a key quantity in the study of quantum many-body systems that
measures the degree of entanglement between subsystems A and B, can be resolved into the
contribution of each charge sector [9-11]. This fact has recently motivated an intense research
activity on the interplay between entanglement and symmetries both theoretically [12-17] and
experimentally [18-22].
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Replica trick: The definition of Eq. (1) makes clear the connection between the entangle-
ment asymmetry and the entanglement entropy. For this reason, in order to investigate the
asymmetry, we can apply many of the techniques developed for the analysis of the (symmetry-
resolved) entanglement entropy in the bipartite setup described above; in particular, one of
the most fruitful is the replica trick [23,24]. If we introduce the Rényi entropies,

1
1—n

sM(p) = logTr(p™), 3)
then the von Neumann entropy (2) can be obtained as the limit n — 1 of Eq. (3). With this in
mind, the definition of Eq. (1) can be extended by replacing the von Neumann entropy S(p)
with the Rényi entropy S (p),

ASEY =5"(paq)—S"(p,). &)

The main advantage of the Rényi entanglement asymmetry is that it is easier to calculate for
integer n, and Eq. (1) can be recovered by taking the limit lim,_,, AS/gn) = AS,. Moreover,
for integer n > 2, it can be experimentally accessed via randomised measurements in ion-trap
setups [25-28]. As in the case n — 1, AS/SH) is always non-negative [29] and vanishes if and
only if p, respects the symmetry, i.e. [p4,Q4] = 0.

Quench protocol: As we already announced, the goal of this paper is to use the entangle-
ment asymmetry to analyse in a subsystem of an infinite spin-1/2 chain the non-equilibrium
dynamics of a broken U(1) symmetry after a global quantum quench. In particular, we take
the transverse magnetisation,

1
Q=§Zof, (5)
J

as the charge that generates the U(1) symmetry and as subsystem A a set of { contiguous spins.
The specific quench protocol that we consider is the following. We initially prepare the spin
chain in the cat state

IN,0) —IN,—0)
¥(0)) = s (6)
| (0)) 7
where |N, 6) denotes the tilted Néel state,
N,0) = e 27| I, @

which breaks the U(1) symmetry associated to the transverse magnetisation (5). We take as
initial configuration the linear combination of Eq. (6), instead of the state (7), because the
corresponding reduced density matrix p, is Gaussian, a property that makes much easier both
the numerical and analytical study of the entanglement asymmetry (see Appendix A for a proof
of the Gaussianity of p, for the state |¥(0))). Then we evolve it in time

[(t)) = e " @ (0)) , (8)

with the Hamiltonian of the XX spin chain

H=—%_Z (o5t +oiol], ©)

which does preserve the charge (5), i.e. [H,Q] =0.
The tilting angle 6 € [0, 7] tunes how much the symmetry is initially broken. In fact, the
tilted Néel state breaks the U(1) symmetry associated to the charge (5) when 6 # 0, 7. On

4
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the other hand, for 6 = 0, 7, the transverse magnetisation has a defined value since all the

spins point in the z-direction. Therefore, the initial entanglement asymmetry is ASIE‘“) =0
when 6 =0, , and ASXO > 0 otherwise. In particular, the symmetry is maximally broken for

6 = /2, when all the spins are aligned in the x-direction, and ASIE\n) reaches its maximum
value.

The rest of the paper will be devoted to study the time evolution of the Rényi entanglement
asymmetry after the quench of Eq. (8). By applying the quasi-particle picture of entanglement,
we derive an exact analytic expression for AS/gn)(t) in the scaling limit ¢, — oo with { =t//{
finite. We obtain that, at large times after the quench, the entanglement asymmetry tends to
a non-zero constant value, except at 6 = 7t/2, for which it does go to zero. This implies that,
after the quench (8), the U(1) symmetry is not restored unless it is maximally broken at time
zero.

Using the generalised Gibbs ensemble description of the post-quech relaxation, we will
show that the reason behind the lack of symmetry restoration is the existence of a set of charges
of the evolution Hamiltonian (9) that do not commute with Q and whose initial state expec-
tation value is not zero due to the breaking of translational invariance of the tilted Néel state.

Outline: The paper is organised as follows. In Sec. 2, we describe the general approach
to compute the Rényi entanglement asymmetry (4) in terms of a generalised version of the
charged moments of the reduced density matrix, and we discuss how to efficiently calculate
the latter when the reduced density matrix is a fermionic Gaussian state. In this section, we also
review the results of Ref. [5] for the entanglement asymmetry when the initial configuration
is the tilted ferromagnetic state. In Sec. 3, we obtain the exact time evolution of the charged
moments when the spin chain is quenched from the cat tilted Néel state. With this result,
in Sec. 4, we analyse the behaviour of the Rényi entanglement asymmetry after the quench,
finding that the initially broken U(1) is generally not restored at large times. We check the
analytical expressions derived in these sections with exact numerical calculations. In Sec. 5,
we explain the lack of symmetry restoration in terms of the generalised Gibbs ensemble that
describes the post-quench stationary behaviour. We conclude in Sec. 6 with some remarks
and future prospects. We include several appendices where we derive and discuss with more
details some of the results of the main text.

2 Entanglement asymmetry and charged moments

In this section, we introduce the basic tools that we employ to calculate the Rényi entanglement
asymmetry defined in Eq. (4). We also review the known results for the quench from the tilted
ferromagnetic state, following Ref. [5].

2.1 Charged moments

In order to evaluate Eq. (4), we consider the Fourier representation of the projector I1;. Then
the projected density matrix p, o can be re-expressed in the form

T
da _; -
_ hhaip 1010)) iaQu
Paq —f e M Apye > (10)
g 2T
and its moments as .
day...da
Te(p] )=f Lz (@), (D
.Q _n (2m)n
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where @ = {a;,...,a,} and

n
Zy(@)=Tr | [ Joae'®n |, (12)
j=1

with a; i=a—a; and a,,; = a;. From the previous expressions, it is straightforward to see
that, if [p4,Q4] = 0, then Z,(a) = Z,(0), which implies Tr(pz’Q) = Tr(p}) and AS[(XH) =0,
consistently with the properties of the asymmetry that we discussed in the introduction. We
call the objects Z,(a) charged moments since they can be seen as a non-trivial generalisation
of the ones considered in the study of symmetry-resolved entanglement [10].

If p, and e!*% are Gaussian, i.e. they are the exponential of a quadratic fermionic operator,
then the charged moments Z,(a) can be obtained from the fermionic two-point correlations.
After a Jordan-Wigner transformation, the XX spin chain Hamiltonian of Eq. (9) is quadratic
in terms of the fermionic operators ¢; = (c;, c;'), which satisfy the canonical anticommutation

relations {cj,c;f,} = 8; . Then it can be diagonalised by performing a Fourier transforma-
tion to momentum space [30]. The one-particle dispersion relation is €, = —cos(k). There-
fore, if the initial state |¥(0)) satisfies the Wick theorem, then the reduced density matrix
pa(t) = Trg|¥(t))(¥(t)| after the quench (8) is a Gaussian operator for all values of t and it
can be obtained from the time-dependent two-point correlation matrix restricted to subsystem
A[31]
T () = 2 (¥(t)] cjcj, () —6;,, j,j' €A. (13)
If the subsystem A is a single interval of £ contiguous sites, then I'(¢t) has dimension 2¢ x 2¢.
In terms of the fermionic operators ¢ I the transverse magnetisation (5) is related to the
fermionic number operator, Q = > j(c;cj —1/2), which is also quadratic. Therefore, Eq. (12)

is the trace of the product of Gaussian fermionic operators, p,(t) and e'®.7+1%, Applying the
composition rules derived in Refs. [32, 33] for the trace of a product of Gaussian operators,
see also Appendix B, we can calculate the charged moments of Eq. (12) from the correlation
matrix I'(t) with the formula [5]

Z,(a,t)= |det (I_zr(t))n(1+l_[Wj(t)) , (14)
j=1

where W;(t) = (I +T(¢))(I — I'(t))"le'®.+1" and n, is a diagonal matrix with (Ma)2j2j = 1,
(na)2j—1,2j-1 = —1, j = 1,---,£. We will use the result in Eq. (14) to exactly compute the

time evolution of ASIE\”)(t) and verify the analytical predictions that we find throughout the
manuscript.

2.2 Quench from the tilted Ferromagnetic state

It is illustrative to review what happens when in a global quantum quench to the XX Hamilto-
nian the chain is initiated in the cat state of Eq. (6) but building it with the tilted ferromagnetic
state,

IF,0) =2 2i% [ 17}, (15)

instead of the tilted Néel configuration. This case was studied in Ref. [5] employing the for-
malism described above. In order to compare it with our findings for the tilted Néel case, it will
be enough to present the exact time evolution after the quench of the charged moments (12)
in the scaling limit t,{ — oo with { = t//{ fixed,

Zy(@, 1) = Z,(0, £)e!Arl@Blat), (16)

6
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where the functions A,(a) and B,(a, {) read, respectively,

27':
An(@) = f —logl_[fk(e,a”m

17
By(a,{)=— JO %mm(zaeg Diog] [££(6;,,1),
j=1
and f'(0, a) is defined as
ko(G,a) = ieiAk(e)sin(g) +cos(g) s (18)
with
LiBk(0) _ 2008 6 — (1 + cos® 0) cosk + i sin*(0) s1n(k) (19)

1—2cos(0)cos(k) + cos2 0
This result has been obtained by combining two ingredients: the first one is that in
this quench protocol, the U(1) symmetry is restored in the large time limit [1, 2], and
B,(a,l) - —A,(a) as { — oo such that ASIE\”)(t) — 0. The second one consists in adapting
the quasi-particle picture of entanglement in order to reconstruct the behaviour of B,(a, )
for finite {. Taking the Fourier transform (11) of Eq. (16), we obtain the result for ASIg”)(t).
In particular, at time t = 0 and subsystem size £ — oo, we find by applying the same saddle

point method described in Sec. 4 for the cat tilted Néel state that

L
—1

mn1 sin® 6

n 1 1 _
ASI(t=0) = 5 logl+ - log +o(e™. (20)

The limit 6 — 0 is not well defined in the expression above and, in order to recover it, one
should carefully consider & — 0 and then the large interval regime. It is also important to
mention that the O(¢°) term in the asymptotic behaviour (20) for the cat tilted ferromagnet
is slightly different than for the non-cat state |F, ), which was obtained in Ref. [5]. About
the dynamics of ASXI)(t), we found that this quantity vanishes for large times as t > for any
value of 6. Another feature, which follows from having a space-time scaling, is that larger
subsystems require more time to recover the symmetry. Finally, we have observed the very
odd and unexpected feature that the more the symmetry is initially broken, i.e. the larger 9,
the smaller the time to restore it, the aforementioned quantum Mpemba effect.

3 Charged moments after the quench from the tilted Néel state

In this section, we study the time evolution of the charged moments Z,,(«, t) defined in Eq. (12)
after the quench (8) from the tilted Néel state. To this end, we employ the determinant formula
of Eq. (14) in terms of the fermionic two-point correlation matrix (13). Therefore, in the
first part of this section, we calculate the latter in our specific quench. We then introduce
some useful properties of determinants involving products of block Toeplitz matrices and their
inverse. Finally, with these results and the quasi-particle picture of entanglement, we derive
an exact analytic expression for the evolution Z, (e, t) after the quench.


https://scipost.org
https://scipost.org/SciPostPhys.15.3.089

Scil SciPost Phys. 15, 089 (2023)

3.1 Correlation functions

Since the tilted Néel state (7) is invariant by two-site translations, it is useful to rearrange the
entries of the two-point correlation matrix I'(t) in 4 x 4 blocks of the form

i
201

' KN KN
hp(t)=2 <‘I’(t) Cczl (carr—1, carscpycrr) ‘I’(t)> =&, LU=1,...,0/2. (2D
201
Cal

C

In this way, for an infinite spin chain, the correlation matrix I'(t) at time zero can be cast as a
block Toeplitz matrix,

27 dk
I;/(0) = f ﬂg(’(k’ 0)e k= 1 =1,...0/2, (22)
0
where the symbol Gy (k, ) is the 4 x 4 matrix
f/ll(k; 0) eiklzglz(k, ) _i{}l(k: ) —ieik/zflz(k; 0)
e M2g(k,0)  —gu(k,0) —ieTK2f,(k,0) if11(k,0)
Golk,0)=| © QR ’ I , (23
o=l ih000) ek, 0)  —en(k )  —etgyk0) |0
ie /2f,(k,0) —ifin(k,0) —e */2g,(k,0) g11(k, 0)
whose entries are given by
cos 0 sin O(cosk + cos? )
k,0) = — 0)— 2
gk, 0) cos(0) (1+2coskcos20 +cos*8)’ (24)
cos(k/2)(1—cos*9)
k,6 — 25
812(k,0) 1+2coskcos20 +cos*0’ (25)
cos 0 sin? 6 sink
k,0) = — 26
Fulk,6) 1+2coskcos26 +cos*0’ (26)
. . 4
ik, 0) = sin(k/2)sin* 0 27)

" 1+2coskcos?6 +cost 0

We refer the reader to Appendix C for a detailed derivation of this correlation matrix. As
we mentioned before, the U(1) symmetry generated by the transverse magnetisation corre-
sponds to particle number conservation in fermionic language. This implies that the corre-
lations (¥(t)| c}Lc;f', |W(t)) and (¥(t)|cjcy [¥(t)) vanish when the symmetry is not broken, as
actually happens for 6 = 0, 7t at time zero.

After the quench to the XX spin chain, the correlation matrix I'(t) is also block Toeplitz,
given that the post-quench Hamiltonian (9) is translationally invariant. In this case, it is useful
to study separately the correlation functions (¥(t)| c;'cj/ |@(t)) and (¥(t)| c}hc;f', |¥(t)). For the
former, we find in Appendix C that

"

27
o1/ . ,
@Ol 21 Ve o w@) =L+ | Koot (28
Co 2 0 41

where the symbol is provided by

C.(k,0) = ' cos(2teg2)g11(k, 0) ei*/2(g15(k, 0) +isin(2ter2)g11(k, 6)) (29)
ERTIT e ™2 (g1a(k, 0) — isin(2tey 5)g11(k, 0)) —cos(2tey/2)g11(k, 0) '

On the other hand, the terms involving the correlation functions that vanish when the sym-
metry is respected, (¥(t)] c}c}, |¥(t)), are described by, see also Appendix C,

* dk k(1
<\Il(t)|( Cil; )(czp_l,czp)lw(t»: J 27l 07, (30)

—T

8
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with

Fu(k,0) = ( if11(k, 0) — fi2(k, 0)sin(2tey ) ielk/2 cos(2teys)f12(k, 0) ) 3D

ie" /2 cos(2ter ) fra(k,0)  —ifi1(k, 0)— fia(k, 0)sin(2tey/y)

Now, combining Egs. (28) and (30), we obtain the expression for the full correlation matrix
as a function of time t,

TT
dk . /
r‘ll’(t)=f ge“k“—”gt(k,e), (32)

—T

where

C.(k,0) F,(k,0) ) ' 33)

Gr(k’f’):( Fi(k,0) —C,(—k,0)"

As we explain in Appendix C, due to the rearrangement of the entries of I'(t) as a block Toeplitz
matrix to adapt to the two-site periodicity of the initial state |¥(0)), the Brillouin zone of the
post-quench Hamiltonian, which is fully translationally invariant, is halved and its dispersion
relation appears in Egs. (29) and (31) as € /2 instead of €.

To derive the stationary value of the charged moments and of the entanglement asymmetry
at large times, we can average the time dependent terms in the symbol G,(k, 0) of T'(t). At
t — 00, the functions sin(2te; ;) and cos(2te ;) in Eq. (33) average to zero and the symbol
simplifies,

0 eik/zglz(k,Q) —ify1(k,0) 0
C_ik/zglz(k, 0) 0 0 if11(k,0)
gt—>00(k3 9) - ifll(k? 9) 0 ' 0 _eik/zglz(k, 9) . (34)
0 —if11(k,0) —e F2gy(k,0) 0

Note that, when we take the time average, some of the correlation functions (¥(t)| cjcjr [W(t))

and (¥(t)] c}'c;, |¥(t)) do not vanish for 6 # 0,7/2 and 7. This is the first indicator that, in
such case, the broken symmetry is not restored at large times after the quench, as we will see
in the following sections. This is the main difference with respect to the quench from the tilted

ferromagnetic state reviewed in Sec. 2.2.

3.2 Useful properties of block Toeplitz matrices

Before proceeding, we report two important properties of block Toeplitz matrices that will be
useful to calculate the charged moments from Eq. (14). The determinant of that expression
involves the product of the block Toeplitz matrices (I + I'(t))e!*i+1™ as well as the inverse
matrix (I —I'(t))"!, which do not commute. In general, the latter is not block Toeplitz, and
the same occurs with the product of block Toeplitz matrices. Therefore, we cannot in principle
apply the well-known results on the asymptotic behaviour of block Toeplitz matrices, e.g. the
Widom-Szeg6 theorem [34] or the Fisher-Hartwig conjecture [35-37], usually employed to
study the entanglement entropy and other quantities in free fermionic systems. However, we
formulate the following conjectures on the asymptotics of the determinant of a product of
block Toeplitz matrices that may also contain the inverse of block Toeplitz matrices.

Let us denote by T,[g] a block Toeplitz matrix of dimension d - £ with symbol the d x d
matrix g(k) defined on k € [0,27). That is, the entries of T,[g] are the Fourier coefficients of

g(k),
27 dk

(Ty[gDw Zf ﬁe_ik(l_l/)g(k), LU'=1,...,¢L. (35)
0
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If we consider the product of n different block Toeplitz matrices T;[g;], then we conjecture
that for large ¢

logdet | I+ | | T,[g;]| ~AL, (36)
j=1
where the coefficient A is
27 n
dk
A= — logdet [ I + (k)| , 37
fo oy, l0gde ]|:1| g;(k) (37)

provided det [I + ]_[?:1 gj(k)] # 0. We refer the reader to Appendix E for a discussion on the
intuition behind this result.

The second relevant property for our computations concerns the inverse matrix T;[g]™ .
In general, the inverse of a block Toeplitz matrix is not a block Toeplitz matrix. However,
we have checked numerically the following result, which can be derived as a corollary of
the conjecture (37) as shown in Appendix E. If we further include in the product of matrices
T;[g;] the inverse Tg[g]’. ]! of other block Toeplitz matrices with invertible symbol g]’.(k), ie.

det[ g]’.(k)] # 0 for all j, then we conjecture that

n
logdet | I+] [ Tulg;1Tele/17 | ~A'C, (38)
j=1

where A’ can be calculated from

27 dk n
A = J o logdet | I + l_[ gj(k)gj/.(k)_1 . (39)
0 j=1

We stress that this result holds only in the limit £ — oo and we have tested its validity numer-
ically for arbitrary choices of the symbols g;(k), g}(k).

To derive the time evolution after the quench of the charged moments Z,(a, t) and, there-
fore, of the entanglement asymmetry Asgn)(t), we apply the following strategy. From the
determinant of Eq. (14), we can analytically deduce the asymptotic behaviour for large £ of
Z,(a,t)at t =0 and t — oo using the properties (36) and (38) described above. With these
results and applying the quasi-particle picture, we then obtain the exact analytic expression of
Z,(a,t) in the scaling limit t,{ — oo with { = t/{ fixed. In what follows, we discuss in detail
the case n = 2, and then we generalise the results to any integer n > 2.

3.3 Calculation of the time evolution

For n = 2, Eq. (14) simplifies to

Zy(a,t) = \J det(%) , (40)

where I,(t) = I'(t)e!* and a = a;—a,. If the U(1) symmetry is broken, then T,,(t) and I'_,(t)
do not commute and, therefore, Z,(a, t) # Z,(0, t). While the matrix I[,(t) is block Toeplitz
with symbol G, ,(k, 0) = G,(k, 0)e!®:®D the same is not true for the product I, (£)I_,(t).
Therefore, we have to apply the conjecture of Eq. (36) to determine Z,(a, t) before the quench
and its stationary value when t — oo.
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At t = 0, if we employ the conjecture (36) in Eq. (40), we have

27

I+Gy0(k,0)G_q0(k,0

log Z5(a,t =0) ~ é % logdet[ 2,00k, 0)Ga o )] . (41)
4 ), 2m 2

Inserting the explicit expression of the symbol G, ,(k, 0), which is given in Eq. (33), we directly
find

¢ (" dk
log Zy(a,t =0) ~ EJ ﬁlog[l—sinza(fu(kﬁ)z+f12(k,9)2)] . (42)
0

On the other hand, to obtain the stationary value of Z,(a, t) at large times, we can average the
time dependent terms in the symbol G,(k, 8) of ['(t), as we did in Eq. (34). Thus employing
again the conjecture of Eq. (36), we have

27

I4+G4i500k,0)G 4 ook, 0

IOgZZ(a,t—>oo)~£ %IOgdet[ a,t oo( ) at oo( ):|
4 0 27 2

(43)

Using the time-averaged symbol of Eq. (34), we finally get the stationary behaviour of the
charged moments Z,(a, t) at large times after the quench,

27

dk

log Zy(a,t = 00) ~ %f Elog[hz(m(k, ONhy(n_(k,0))— f11(k,0)*sin*a],  (44)
0

where n.(k, 0) = (gq2(k, 0) £ f1,(k, 0) + 1)/2, note that n_(k,0) = n, (—k, 6), and
h,(x)=x"+(1—x)". (45)

For integer n > 2, we cannot remove the inverse matrix (I —I'(t))™! in Eq. (14), as hap-
pened for n = 2, c.f. Eq. (40). Therefore, one may resort to the conjecture of Eq. (38) to
derive the asympotic behaviour of Z,(a,t) at the initial time and its stationary value after
the quench. Unfortunately, the symbol I — G, (k, 6) of the matrix I —T'(t) at t = 0 is not in-
vertible and we cannot apply Eq. (38) in that case. Nevertheless, observe that the charged
moments Z,(a, t = 0) of the tilted ferromagnet factorise in the Rényi replica index according
to Egs. (16) and (17). We conjecture that the charged moments of the tilted Néel state admit
a similar decomposition that we have numerically checked; that is,

¢ (T dk,
logZ,(a,t =0)~ Ef glogl_[ka(e,aj,j+1)- (46)
j=1

—T

The function ka(G, a) can be straightforwardly deduced from the case n = 2 analysed before,
see Eq. (42),
ka(G, a) =1+ my(k,0)sin(a), 47)

where

sin(k/2) sin2(6)\/4 cos2(k/2)cos? O +sin* O

my(k, 0) = v/ f11(k, 0)2 + fia(k, 0)* = [+ 2c05(K) 005 6 1 cos . (48)

On the other hand, to calculate the stationary value of Z,(a, t) at t — oo, we can take the time
average of the correlation I'(t), whose symbol G,_, ., (k) was obtained in Eq. (34). It turns out
that the time-averaged symbol I —G,_, . (k, 8) of the matrix I —I'(t) — whose inverse enters
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in the determinant formula (14) for Z,,(a, t)— is invertible. This means that, in the large time
limit, we can apply the conjecture (38) to Eq. (14),

27 n n
log Z,(at,t — 00) ~ ‘%J %logdet (I_gtz;w(k)) (I + l_[Wj(k)) , (49)
0 j=1

where W (k) is the 4 x 4 symbol W (k) = (I4G 00 I =G, 00 (k) Le!®.i+1(9:®D  pPlugging
the explicit expression (34) of G,_, (k) and calculating directly the determinant, we find

21
o87,(a, 0> 00)~ £ | $E o - OV 1,00 il O (e, 0], 50)
0

2
where
o 2j—2 n—2j
ko= 3, DGO 0 n ke 0)=2n, kO k0
j=1

X Z sin? (OLP1 —ap, +-— O‘pz,-) . (51)

1<p1<pp<--<pyj<n

This result agrees with the one obtained for the case n = 2 in Eq. (44). Moreover, when a = 0,
we must recover the stationary value of the Rényi entanglement entropies. For free systems,
it is expected that, at large times after the quench, the Rényi entanglement entropy behaves
as [38]

27

| Foath ), )
TT

logZ,(0,t - c0) ~ ——
1—n

S (pt — 00)) =
1—n 0

where n(k) is the density of occupied modes in the post-quench stationary state. In fact, it is
easy to check that Eq. (50) leads to Eq. (52) with n(k) =n_(k, 0), see also Sec. 5.

Once we have the expression of the charged moments Z,(a, t) at the initial time and its
stationary behaviour at large times, Egs. (46) and (50), we can exploit the quasi-particle pic-
ture of entanglement to reconstruct its full time evolution [39-41]. According to it, the quench
creates quasi-particle excitations, in particular pairs of entangled quasi-particles emitted from
the same point that propagate ballistically in opposite directions with momentum k. There-
fore, the entanglement generated after the quench is proportional to the pairs of entangled
quasi-particles produced in the quench that are shared by the subsystem A and its complemen-
tary B. Then the integrand of Eq. (52) is the contribution to the Rényi entropy of a pair of
entangled excitations with momentum k. Since the quasi-particles propagate at a finite veloc-
ity v, = |e;< /2|, the number of entangled pairs of excitations with momentum k shared by A
and B at time t is given by min(2tv,{). We remark that the initial state |¥(0)) is invariant
under two-site translations and, when the two-point correlation I'(t) is cast as a block Toeplitz
matrix, the Brillouin zone of the fully translationally invariant post-quench Hamiltonian (9) is
halved. For this reason, the quasi-particles propagate with velocity |e;< /2| rather than |e;|, as
it occurs for the quench from the tilted ferromagnetic state in Eq. (17). Then one finds [38]

271
SM(pa(t)) ~ 1% f % min(2¢ v, 1)log[h,(n (k, 0))]. (53)
0

The same idea can be applied to deduce the time evolution of the charged moments Z,(a, t).
In this case, we have that log Z,(a,t) does not vanish at t = 0. Therefore, if we consider
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the difference between logZ,(a,t) at t = 0 and t — oo, obtained in Egs. (46) and (50)
respectively,

7, (a,t—00) 21 gk (. (k, 0y (n_(k,0))—f11 (k,0)*ha(,k,0)
108( Z,(a,t=0) ) 2 fo 271:1 [ ]_[;7:1(1+mN(k,9)sinaj,j+1) ]’ (>4

then, in the light of the quasi-particle picture, the integrand of this expression can be inter-
preted as the contribution of an entangled pair of excitations with momentum =k created in
the quench. Counting the number of such pairs shared between A and B at time t, as we have
done for the Rényi entanglement entropy, one can conclude that

Zn(a,t)
Og(Zn(a,t=0))~
27 _ 27
t J @mm(mk’1)log[hn(n+(k,9)1hn(n_(k,e)) f11(k 0)°ho(a,k, 0)
2/, 2n ]_[jzl(1+mN(k,9)smaj’j+1)

(55)

Observe that, when we take a@ = 0, this result agrees with the time evolution of the Rényi
entanglement entropy reported in Eq. (53).

In conclusion, we obtain that, in the scaling limit t,{ — oo with { = t// finite, the exact
time evolution of the charged moments Z,(a, t) after the quench from the tilted Néel state is

Z,(a,t) = Z,(0, t)ef(An(aHBn(a,C)+B;(a,C)) , (56)
where )
T dk n .
A(a)= i s logl_[ [1 + my(k, 6)sm(aj’j+1):| s (57)
j=1
T dk n
B,(a,{) Z—J 4_nmin(2§vk:1)10gl_[[1+mN(k:9)Sin(aj,j+1):| , (58)
0 j=1
and

95
fll(k)e) hn(az k)G) :| ) (59)

hy(ny.(k, 0))h,(n_(k, 6))

It is interesting to compare the result of Eq. (56) with the one of Eq. (16) for a chain initially
prepared in the tilted ferromagnetic state. The terms A,(a) and B, (e, {) display the same
behaviour as in the tilted ferromagnet and B, (a,{) — —A, (@) when { — oo. However, the
most remarkable difference is the appearance of the extra term B/ (@, ), which in general does
not vanish in the limit { — oo. Therefore, for the tilted Néel state, Z,(a, t) does not tend to
the neutral moments Z,,(0, t) at large times; except if 6 = /2, for which f;;(k, n/2) = 0 and
the term B/ (@, {) cancels for any {. As we discuss in the following sections, this fact implies

27 dk
B/(a,{) = J “~ min(2¢ vy, 1)log[1 -
g 4m

that the entanglement asymmetry ASE\“)(t) does not cancel when t — 00, which indicates
that the U(1) symmetry is not restored if 6 # /2.

In Fig. 2, we check numerically the time evolution of the charged moments predicted by
Eq. (56) in the cases n = 2 and n = 3. The points are the exact numerical values of Z,(a, t)
computed using the determinant formula of Eq. (14), while the solid curves correspond to
Eq. (56). We obtain an excellent agreement. For n = 3,0 = 4/5 and { = 100, the numerical
point around t/£ = 0.5 deviates from the analytical prediction due to numerical errors orig-
inated in the calculation of the inverse matrix (I —I'(t))™! that appears in Eq. (14). These
errors become relevant for large ¢ in the regions where Z,(a,t) presents a peak like in this
case.
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Figure 2: Time evolution of the charged moments Z,(a, t) as a function of t/{ for
n = 2 (left panel) and n = 3 (right panel) after the quench from the tilted Néel state.
The curves represent the quasi-particle prediction of Eq. (56) for several tilting angles
0 and a; ;1. The points are the exact numerical values of the charged moments
obtained using Eq. (14) and taking different subsystem lengths £.

Entanglement asymmetry after the quench from the tilted Néel
State

In this section, we employ the results for the charged moments previously obtained to analyse
the time evolution of the Rényi entanglement asymmetry (4) after the quench (8) from the
tilted Néel state.

Combining Egs. (4) and (11), the entanglement asymmetry AS/SH)(t) can be derived from
the Fourier transform of the charged moments Z,(a, t). In Fig. 3, the solid curves represent the
resulting entanglement asymmetry for different tilting angles 6 when we insert the analytic
expression (56) for Z,(a,t) in Eq. (11), which is exact for any { = t/{ in the limit ¢t,{ — oo.
The symbols in the plots correspond to the exact numerical values of the asymmetry, showing
a very good agreement with the quasi-particle prediction.

As clear from Fig. 3, the most remarkable feature of the dynamics of the entanglement
asymmetry after the quench is that it does not vanish when t — oo, but it saturates to a value
that depends on the tilting angle 8. The exception is the case 8 = 7/2, in which ASIE\”)(t) does
tend to zero at large times. In other words, the U(1) symmetry associated to the transverse
magnetisation Q is not restored after the quench, unless the symmetry is initially maximally
broken, i.e. when 6 = 7t/2.

The initial and the stationary value of ASIE\n)(t) for large subsystem sizes £ can be deter-
mined from the analytic expression (56) of the charged moments as follows. In these two cases,
once we plug Eq. (56) into Eq. (11), we can solve in the large £ limit the multi-dimensional
integral using the saddle point approximation. In principle, this would require to find the
solutions a* of

ValAn(@) +By(a,{) + By (a,0)]=0, (60)

at { = 0 and { — oo respectively, and verify that they are maxima of Z,(a, t) in each case.
Since the solution to this equation is not an easy goal to pursue, in order to fix the ideas, we
focus on the case n = 2.

At t = 0, we can employ the expression for the charged moments obtained in Eq. (46). For
n =2, if a € [—mr, «], the function Z,(a, 0) has saddle points at a* = 0, . Performing a series

14


https://scipost.org
https://scipost.org/SciPostPhys.15.3.089

Scil SciPost Phys. 15, 089 (2023)

0=m/3, n=2 ¢ =100
T T
24 y 2 .
1.5\ uuuuuuuuuuuu # L5 :
=< | =< — 0=4/5n=2
2 1k 4 Z]l 1 — f=n/3n=2]| |
6=3/2n=3

? =40
0.5 — (=60 8 0.5
— (=80
0kt | | ! 0k | ! !
0 50 100 150 200 0 50 100 150 200
t t

Figure 3: Time evolution of the Rényi entanglement asymmetry after the quench (8)
from the tilted Néel state. In the left panel, we fix the initial tilting angle to 8 = /3
and we consider several subsystem sizes. In the right panel, we take different tilting
angles 6 and Rényi index n for the same subsystem size £ = 100. The curves have
been obtained by plugging in Eq. (4) the Fourier transform (11) of our quasi-particle
prediction (56) for Z,(a, t). The symbols are the exact numerical values.

expansion around them up to quadratic order, we obtain

(a—a)

log Zy(a,t = 0) =log Zy(a”, t = 0) — £go(0)+0((a—a*)"), (61)

where

27 dk ) )
g00)=| (k.6 + fio(k,607). (62)
0

By doing the Fourier transform (11) of the quadratic approximations of Eq. (61) around
each saddle point, we get
Tr(p2(t =0
(px(t =0)) Lo

vV lgo(6)/2

and, plugging it into Eq. (4), we obtain that the n = 2 entanglement asymmetry behaves at
time t =0 as
1go(0)

1 1
ASP(r=0)= Elogli +3 logT +o(4™). (64)

Tr(p} o(t = 0)) = =M, (63)

For larger integer values of n, one can follow a similar reasoning. In this case, Eq. (11) is
in principle a n-dimensional integral. Applying the neutrality condition Z?:l ajjy1 =0, it
reduces to a (n — 1)-fold integral and, by doing the change of variables 3; = a;;,,, we obtain

Tron = [ 9B g, B0 | i PO 65)
pA’Q (27‘5)”_1 pA pA "'pA *

—T

Using the results in Eq. (46), in the large ¢ limit, we get

Tr(pao(t =00 J T APy dBu ([ a3 )]
~ e J J .
Tr(p,(t =0)) (2m)n-1

In order to evaluate this (n — 1)-fold integral, we should take into account that the number of
saddle points in the region of integration is 2"~! and that, at leading order, each one gives the

(66)

—T
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same contribution. Therefore, if we expand the exponent of the integrand around them until
quadratic order, we have

T n t=0 ©0 e n—
Trff: ;lQ((t = O);) ~2" J dﬂ(lzn)f[j'ln—_l ST P+ E ey Biby) (67)
A - —0Q
Finally, applying the properties of Gaussian integrals,
Tr(pjo(t=0)) on—1 + o2y (68)
TPt =0)  /rlg(@) Wi ’
and we then find
1 1 (-1, (g
As{ (e =0) = logt + log Mfgo() +o(e™). (69)

We remark that this result holds for the entanglement asymmetry of the cat state |[¥(0)) in
Eq. (6), while the expression is slightly different if we consider the non-cat state |N, ) in
Eq. (7). Moreover, the integral (62) that gives the term g,(8) can be explicitly computed. By
performing the change of variables z = e'X, it can be re-expressed as a contour integral in the
complex plane z and, applying the residue theorem, we eventually obtain that

sin?(6) .

go(0) = 5

(70)
From this equality, we find that, at time t = 0, the entanglement asymmetry for the cat tilted
Néel, Eq. (69), and the ferromagnetic state, Eq. (20), are the same in the large interval limit.
It is interesting to note that the term g,(60), as an integral in momentum space, is given by
the square of the eigenvalues of the symbol F,(k, 0) at t = O that generates the correlations
(w(0)] c)'c;r, |¥(0)), see Eq. (30).

In the large t limit, we can repeat the same steps. Now we can use the stationary value of
the charged moments provided by Eq. (50). If n = 2, this function presents two saddle points,
at a* = 0, 7, whose leading contributions in a read

_ k)2
where ,
" dk Fia(k, 6)
2e)= . 1 . 72
8e0 (%) fo 27 hy(n, (k, 0))hy(n_(k, 6)) (72)

Notice that this expansion is analogous to the one of Eq. (61) for t = 0. Then we can directly
conclude that the stationary n = 2 entanglement asymmetry after the quench has the form

) 1 ng2(6)
AS, (t—>c>o)=Elog£+ilogT+O(€_l). (73)

By repeating similar steps, we can also obtain an analytical prediction for the stationary value
of the Rényi entanglement asymmetry for larger integer n, which is given by

o/ Dg00)

2 +0o(™). (74)

1 1
ASén)(t — 00) = Elogﬂ + Elog
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Figure 4: Rényi entanglement asymmetry as a function of the tilting angle 6 € [0, 7]
at initial time (left) and at a fixed large time after the quench (right). We consider
different Rényi index n and subsystem lengths £. The black curves in the left panel
correspond to the asymptotic expression of the entanglement asymmetry at t = 0
obtained in Eq. (69) while in the right panel they are the prediction (74) for its
stationary value with g(o';) given by Eq. (72) for n = 2 and by Eq. (75) for n = 3. The
symbols are the exact numerical values.

As at initial time, the stationary entanglement asymmetry grows logarithmically with the sub-
system length £. The {-independent term is instead different and, moreover, it shows a non-
trivial dependence on the Rényi index n; for example, for n = 3,

g(s)(e):JZﬂ%fll(k,e)z(m(k:9)+n—(k’e)_zm(k’e)”—(k’e))
oo . 2n ha(n, (k, 0))ha(n_(k, 0)) '

(75)

Although for any integer n we can reconstruct an expression for gf;?, it gets more and more
cumbersome as n increases and a closed analytic form cannot be obtained.

In Fig. 4, we report the profile of the entanglement asymmetry for n = 2, 3 in terms of the
tilting angle 0 both before (left panel) and at large times after the quench (right panel). The
symbols indicate the exact numerical value and the solid curves represent the expressions for
large ¢ found in Eq. (69) for t = 0 (left panel) and in Eq. (74) for the stationary regime (right
panel). The agreement between the curves and the numerical points worsens as ASE‘") tends
to zero, i.e. when the symmetry is restored. As we have already discussed, this happens for
0 =0,matt=0and for 8 =0,n/2, T when t — oco. This can be understood also from our
analytical prediction in Egs. (69) and (74). The functions g,(6) and g(oré)(Q) vanishat9 =0, 7
and 0 = 0, /2, m respectively and Egs. (69), (74) are not well defined when the symmetry
is respected. In fact, the limits { — oo and 6 — 0,7t/2, w do not commute: to properly get
ASE\") = 0 when the symmetry is recovered, one should fix first the value of 6 in evaluating
the correlators (23), (34) and then consider the large £ regime in Eq. (14). We observe that,
when t = 0, ASIE‘") is a monotonic function of 6 between 6 = 0 and 6 = 1/2. Notice that,

according to the asymptotic expressions (69) and (74) of ASf(‘") at t =0 and t = oo plotted in
Fig. 4, for a given tilting angle 6 the initial entanglement asymmetry is not always larger than
its stationary value after the quench. That is, the entanglement asymmetry does not always
decrease after the quench but it can also increase depending on 6. Therefore, a phenomenon
similar to the quantum Mpemba effect found when the initial state is the tilted ferromagnetic
configuration (15) cannot be in general observed when the system is prepared in the tilted
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Figure 5: Rényi entanglement asymmetry at a large time after the quench (8) from
the tilted Néel state as a function of the subsystem size £ (left panel) and log/ (right
panel) for different Rényi index n and initial tilting angle 6. The black curves corre-
spond to the prediction (74) for its stationary value with gﬁ;? given by Eq. (72) for
n =2 and by Eq. (75) for n = 3 while the symbols are the exact numerical values.

Néel state and quenched to the XX spin chain Hamiltonian.

In order to verify the logarithmic behaviour in £ of Eq. (74), we compare it with the exact
numerical results in Fig. 5 by varying the interval length. As the subsystem size increases, we
observe that the agreement between the numerics and our theoretical predictions improves,
despite we are using finite values both for t and £ and our predictions are valid in the scaling
limit t,¢ — oo with t// finite. In particular, we choose t = 200 because, from the right panel
of Fig. 3, it corresponds to the saturation regime of the asymmetry. However, we remind the
reader that our results hold in the limit { — 0o, so a good agreement is visible only for large
values of /.

5 Description in terms of the post-quench stationary state

The quasi-particle picture employed in the previous sections makes use of the density n(k) of
occupied modes in the post-quench stationary state. In free or integrable models, the latter can
be obtained by a description of the stationary state in terms of a Generalised Gibbs Ensemble
(GGE), taking account all of the conserved local or quasilocal charges. As we will see now,
the situation here is particularly subtle, due to the presence of a non-Abelian set of conserved
charges for the Hamiltonian (9), a feature also known as superintegrability [42]. Non-Abelian
charges also found application in other contexts such as quantum thermodynamics [43-47]
and time crystals [48,49].

The charges commuting with the Hamiltonian (9) can be split in four families, which we
write in the thermodynamic limit as [50-52]

1 [mr —jmr 4 dk . 7'C i
Hm = 2_1 . (el 2 cjcj+m—e 19 Cj+mcj) IJO gsm(m(g—k)) €1 Ck > (76)
J

2n
1 LmaT o LmT o dk TT .
Z, = EZ:(echJ!chrm+e—17c]!+mcj)=J %cos(m(g—k))c,'(ck, (77)
] 0
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27 dk
PARES Z(—l)JJ’lc]fc]erm:J ﬁe’kmcic;_k, (78)
j 0
27
. dk .
Y, = Z(—l)]cjcj_ym:f %e lkmcn—kck: (79)
j 0

(for a system of finite size L with periodic boundary conditions fermion bilinears with
j < L < j+ m come with a different prefactor depending on the global charge Q, but we
will not need to worry about this here). Note in particular that H; is (proportional to) the
Hamiltonian H and Z, is the number operator generating the U(1) symmetry.

The charges H,, commute with all others, as is made clear by the Fourier transform to
momentum space: since they have a dispersion relation which is odd under k — n—k, fermions
of momenta k and 7 — k come with opposite H,,,-eigenvalue, and can therefore be created or
destroyed in pairs without affecting the H,,, charges [52]. In contrast, the charges Z,,,, Y,,, and
Yn'; form three commuting families, but do not commute with one another (we note in passing
that the same structure of non-commuting conserved charges can be found for interacting
models, namely for the XXZ models at the “root-of-unity” points A = cos %, m,l € Z* [58-
62]; historically, these charges appeared first in the field theory literature [63, 64]). Another
important point is that the charges H,,, and Z,, commute with the U(1) charge Q = Z, while
Y,, and Yn'1 do not. Let us now see how these charges affect the GGE description of the post-
quench relaxation.

5.1 Abelian case

Let us start by briefly reviewing the case of models with a commuting family of conserved
charges {H,,}, as happens for instance in the XXZ chain with generic interaction parameter A.
It is now well-established in such cases that the late-time steady state following a quantum
quench should be described by a GGE entirely specified by the expectation values of all local
or quasilocal conserved charges [53-55]. Consequently, local observables relax at late time to

tl_l)ngo ngglo (T(0)|e ™ 0™ [w(0)) = Tr(pgee0;) = (Y66el O} ¥sar) » (80)

where O; is an operator localise around position j, pggg is a density matrix of the form
Pace ©< exp(—zm BmHpy) where all the Lagrange multipliers f3,, are characterised by the ex-
pectation values of (quasi)local conserved charges, and the last equality states the equivalence
of the latter with a representative state, namely an eigenstate of all the conserved charges char-
acterised by their expectation values on the initial state [2,56,57]. In Bethe ansatz-integrable
models, the representative state is described by a set of densities associated with the vari-
ous types of quasi-particles, which reduce in the XX chain/free fermionic case to the mode
occupation function

n(k) = (¥(0)|cfci[¥(0)). (81)

5.2 Non-Abelian case

We now investigate the effect of the additional non-Abelian set of conserved charges in the
XX model, namely {Z,,},{Y;,}, {YHTT}, in addition to the usual {H,,}. We point out that related
questions have been addressed in [50,51], where the focus was however on a weak perturba-
tion breaking the non-Abelian symmetry; here instead no perturbation is introduced, and the
symmetry is exact.

The non-Abelian symmetry splits the spectrum of the charges H,, into degenerate sub-
spaces, where the charges Z,,,,Y,, and YJI act non-commutatively [52]. Therefore, specifying
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the expectation values of the charges H,,, does not uniquely fix a representative state, as can
be seen more directly by observing that Bogoliubov rotations of the form

Ck cosr  —e $ksinry Ck
el elPksinr cosr cf ’
n—k k k n—k (82)
T T
e,V € O,21‘c,k€[——,—],
10> Pr €L ] D)

leave the charges H,, invariant, while changing the mode occupation function (81). Alterna-
tively, we can view those transformations as a rotation under the unitary operator

U = exp (rk(ei‘pkac;_k — e %k cn_kck)) . (83)

A complete GGE should therefore include, in addition to the charges H,,,, a maximal Abelian
subset of the remaining charges. Different choices of complete GGEs are conjugated to one
another by arbitrary products of rotations of the type (83), and, as we will see now, which
choice is to be made crucially depends on the quench protocol under consideration.

Quench from the tilted ferromagnetic state It is instructive to start by revisiting the case
of a quench from the tilted ferromagnetic state, recently considered in [5], see also Section
2.2. There it was shown that the U(1) symmetry generated by Q is restored at large time. This
can be viewed as a consequence of the fact that the charges Y,, and Yn'z have zero expectation
value, as they are odd under translation while the initial state is translationally invariant.

It is then natural to look for a GGE built out of the maximal set of charges commuting
with Q, namely, the {H,,} and {Z,,} charges (this is the same type of GGE as what has been
considered in [65], in an interacting setup). As is clear from their expression (76), (77) in
terms of the fermionic mode operators, specifying the expectation of those charges amounts
to specifying the mode occupation numbers (81), which are found to be [5]

2cos6 — (1 + (cos 0)?) cosk _

2n(k)—1= = Ay 8
n(k) 1—2cos 0 cosk + (cos 0)2 08 Sk 84)

As described in Sec. 2.2, combining these densities with the quasi-particle picture (Egs. (16),
(17)) allows us to recover the correct expression for the charged moments of the entanglement
asymmetry.

Quench from the tilted Néel state We now turn back to the case of a quench from the
tilted Néel state, which is the main focus of this paper. As for the tilted ferromagnet, it is easy
to compute the mode occupation numbers by evaluating the various bilinear combinations of
fermionic operators in the initial state. The explicit computation has been reported in Appendix
D and the final result is

(W(0)Ic] el ¥(0)) = = (1

(85)

(1—(cos8)*)cosk )
5 .

1+ 2(cos 6)2 cos 2k + (cos 6)*

However, plugging the resulting mode occupation numbers n(k) into equation (52) for the
stationary value of the Rényi entanglement entropy does not recover the result obtained from
numerics or from the calculations presented in the previous sections. The reason for this is
that in the present case the U(1) symmetry generated by Q is not restored, in other terms the
charges Yn(f) have a non-zero expectation value, as can be seen by computing the off-diagonal
conserved charges (again, using the results of the Appendix D)

i (sin 8)? cos O sin 2k
21+ 2(cos8)2cos2k + (cos 0)*

(T(0)]cp_rck¥(0)) = —(¥(0)c/c!_, [¥(0)) (86)
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Let us however make the following observation: applying to all values of k a rotation of
the form (82), (83) with r, = 7, ¢ = 5, namely defining the rotated fermionic operators

Go= 2 rk J:;;;—k .= —C;":/; i (87)
we have
(RO)E Tl W(0)) = 5 (WO (carpei + el +ilersc] , —fe) (O =0, (88)
(RO)EL_(F{I¥(0) = S (WO (¢} 46] + i =i yer i — i) (O =0, (89
as resulting from (86) and from the fact that
(P (0)ley ekl ¥(0)) = (¥(0)ler—yc)_[¥(0)). (90)
What Egs. (88) and (89) mean, is that the rotated U(1) symmetry generated by
21
Q= JO %EZQ (91)

should be restored at late times after the quench. Following the logic discussed above for the
tilted ferromagnetic case, we therefore look for a GGE built out a maximal set of charges com-
muting with Q. Equivalently this can be expressed in terms of the rotated mode occupations
n(k), obtained from:

(2 (0)[&/E[w(0)) = (¥(0)[c; [ ¥(0)) — i (¥(0)]c,—ck [ T(0))
1 sin(0)? cos(k)
T2 ( "~ 1+cos(6)2 +2cos(0)sink) - 92)

The corresponding distribution function n(k) is precisely the function n_(2k, 8) which was
found in the previous sections to enter the quasi-particle picture. Note that n_ is identified
with 1 upon replacing in the former k — 2k. The reason is that 7 has been calculated using
the modes c, cl'< that diagonalise the post-quench Hamiltonian H while in the calculation of
n_ the Brillouin zone of H is halved, as already explained in Sec. 3.

6 Conclusions

In this paper, we considered the quantum quench in the XX spin chain starting from the cat-
version of the tilted Néel state given by Eq. (6). This state (both in normal and cat version)
explicitly breaks the U(1) symmetry of the XX Hamiltonian. We found that, surprisingly, the
U(1) symmetry is not generically restored at large time and this can be traced back to the
activation of a non-Abelian set of charges which all break it. We characterised quantitatively
the breaking of the symmetry by the recently introduced entanglement asymmetry [5]. By a
combination of exact calculations and quasi-particle picture arguments, we have been able to
exactly describe the behaviour of the asymmetry at any time after the quench. We obtained
that, at large times after the quench, the entanglement asymmetry tends to a non-zero constant
value, except at 8 = /2, for which it does go to zero. Hence, the U(1) symmetry is not
restored unless it is maximally broken at initial time. Finally, we showed that the stationary
behaviour is completely captured by a non-Abelian generalised Gibbs ensemble.
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We conclude this paper with some outlooks. The first natural question is whether in inter-
acting integrable models there are integrable initial states (in the sense of Ref. [66]) for which
symmetries of the post-quench Hamiltonian are not restored. This entirely depends on the
structure of the GGE and on the activation of possibly existing non-Abelian charges. For exam-
ple, it is known that the XXZ spin chain at root of unity (i.e. only in the regime |A| < 1) there
are non-Abelian charges [59,62] and they are activated by the tilted Néel. Then, in this case,
we expect the non-restoration of the U(1) symmetry. Conversely, in the regime |A| > 1 the
U(1) symmetry is expected to be always restored. The calculation of the entanglement asym-
metry for the XXZ spin-chain should be possible by generalising the approach already used
for non-equilibrium symmetry resolved entanglement in these models [16,17,67] and work
in this direction is already in progress. The situation is instead less clear for other integrable
models, such as for example Hubbard or Gaudin-Yang, for which integrable initial states have
been recently proposed [68,69]. Another more difficult question concerns how to describe
a (weak) integrability breaking which eventually always leads to symmetry restoration, but
with a pre-thermal regime in which the symmetry is broken. It should be possible to study this
problem with pre-thermalisation techniques [70-74].
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Appendices

A Gaussianity of the cat tilted Néel state

In this Appendix, we justify why the reduced density matrix of the cat version |¥(0)) of the
tilted Néel state in Eq. (7) is a Gaussian state. To prove this, we need to show that |¥(0))
satisfies Wick theorem: the 2m-point fermionic correlation functions decompose into 2-point
correlators. Since the eigenstates of a quadratic fermionic Hamiltonian are Slater determi-
nants, they satisfy Wick theorem and their reduced density matrix is Gaussian [31]. It is
then enough to verify that |[¥(0)) is the eigenstate of a quadratic Hamiltonian in terms of the
fermionic operators c;, c]'

As shown in Refs. [75] and [76], the tilted ferromagnetic state |F, 6) and its rotation of

angle 1 around the z-axis |F,—6) are degenerate ground states of the XY spin chain,

oo

1
o ==3 2 [+ nofos, +0-noje),, +200], o

j=—o0

with cos?(8) = (1—y)/(1+7) and h?2+y? = 1. The XY spin chain is quadratic in c; and c; and
it can be diagonalised through certain Bogoliubov fermionic operators 1y, nl. Therefore, the
eigenstates of Hyy are the Slater determinants |K) = [ [,cx fr);i |0) associated to the different
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configurations K of occupied Bogoliubov modes over the vacuum |0), which satisfies 77, |0) = 0
for all k. Since Hyy commutes with the parity operator P, = [ | i aj, the Slater determinants
|K) are also eigenstates of P,, as shown in Ref. [77]. Therefore, given that P, |F,0) = |F,—0),
the tilted states |F,+6) do not correspond to any Slater determinant |K) but their linear com-
binations (|F, 8) £ |F,—0))/+/2 do.

Now observe that the tilted Néel and ferromagnetic states are related by the linear operator
13y =[1,(—io?, ;) such that |N, 0) = 13y |F,0). Since 5;53, = I and Hyy |F,£0) = E,4 |F, £0),
then the tilted Néel states |[N,+60) are eigenstates with energy E, of the Hamiltonian
Hy, = ﬁyHXYIN’;, which has the form [78]

1 oo .
HY, = E S [_(1 +y)otot, +(1—y)oloY,, — 2h(—1ya;] . (94)
j=—00

This is the XY spin chain with a staggered transverse magnetic field, which again is quadratic
in the fermionic operators ¢ and c]' Note that H)’(Y commutes with P, and, therefore, the
eigenstates described by a Slater determinant must be also eigenstates of P, [77]. Since
P,IN,+0) = N, ¥0), by the same reasoning as in the tilted ferromagnet, the linear combi-
nations (|N, ) £ [N,—6))/+/2 are eigenstates of P,, thus they can be written as Slater deter-
minants and satisfy Wick theorem.

B Details about the derivation of Eq. (14)

In this Appendix, we derive the expression (14) that relates the charged moments Z,(a) de-
fined in Eq. (12) and the two-point correlation function I' introduced in Eq. (13) when the
reduced density matrix p, is Gaussian; that is, when

oa= %e_% X cihiey , Z=Tr (e_% 2y C;hfj’cj’) ) (95)

where the factor Z ensures that Tr(p,) = 1. In such case, the charged moments Z,(a) are a
product of Gaussian operators since the transverse magnetisation is a quadratic operator in
terms of c]'. and c;,

1
QAZEZC}(HA)]'J'/C]'/, (96)
JJ’
where n, is a diagonal matrix with (14)5; 2; = 1, (n4)2j—1,2j—1 = —1,

By the Baker-Campbell-Haussdorf formula, the product of Gaussian operators is Gaus-
sian [33],
1 1 T 1 T
ez Zj,j/ C}Ajj/Cj/ ez Zj,j/ Cijj/Cj/ — ez Zj,j/ chjj/cj/ , (97)

where H = log(e”e®). Moreover, for a general non-Hermitian matrix H, we can use that [33]

Tr(e? 207 Hire) = /det(I + eH). 98)

The other crucial ingredient is that the single-particle entanglement Hamiltonian h of
Eq. (95) can be written in terms of the correlation matrix I" as [31]
eh= ﬂ .
I-T
Combining the previous ingedients, we can directly derive Eq. (14). In fact, if we first
apply Egs. (97) and (98) in Eq. (12), we obtain

99)

n
Z(a)=2Z""|det (1 +]] e—heiaﬁH"A) . (100)

j=1
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Using Egs. (98) and (99) we have that Z~! = y/det((I —T')/2) and, therefore,

1/2

I—-T\T? TI+T .
Zn(a)zl:det(T)] det([—l—gme Jitl A) 5 (101)

which is precisely Eq. (14), upon identifying I' with I'(t) and W;(t) = (I + T(£))(I — T(t)) lei®ima,

C Post-quench two-point correlation functions

In this Appendix, we explicitly derive the two-point correlation matrices of Sec. 3. We first
obtain the correlation matrix for the cat tilted Néel state of Eq. (6) and afterwards its post-
quench time evolution, Eq. (8). We start by rewriting the tilted Néel state in Eq. (7) as,

N,0) = (cos 3 1) +5in 2 1)) (cos 3 1) —sin 5. |i>)]®”2 , (102)

where L is the total number of spins of the chain. Using the Jordan -Wigner transformatlon we
can re-express this state in terms of the fermionic operators c! 15 Cj by identifying |T) i= c IO)
I{); = 10);, being |0); the fermlomc vacuum state. Taking this into account, the calculatlon
of the cat state correlators (¥(0)| c]. cj [w(0)) and (¥(0)|c;c;/ [¥(0)) is straightfoward. In the
thermodynamic limit L — oo, which is the case of interest for us, the off-diagonal elements
(N, 6] c;fcj/ IN,—6) and (N, 0|c;c; [N,—0) vanish and, therefore, we can assume

((0)|¢]c; 1(0)) = (N, 6| c]’r ¢j/IN,0), (103)
where we have further applied that the two-point correlators of [N, 6) are even functions of 6.

Since we we have translational invariance by two-site shifts, it is useful to distinguish between
even and odd sites. Let us then introduce the 2 x 2 matrices C; ;» and F; ;/, with [, U'=1,2,...,

~ CT
Crr = (‘I’(O)|( i%‘l )(CZZ’—LCZZ’) | (0)) , (105)
21
s Ca1—1
Fp = (¥(0)| ( & )(021/—1,621/) |w(0)) . (106)
We have .
~ _ (_1) . 2 2('-1)-1 1 —COS(Q)
Cry= 2 sin® 6 cos(60) 1/ cos(6) _q s (107)
and C; = “, if I’ > 1, while
~ sin?(6/2) —% sin® 0
G = ( —% sin?0 cos?(6/2) |- (108)
On the other hand, the matrices 13"1’1/ read
- (D 2011 —1 cos 6
Fip= sin“ 6 cos(6) —1/cosf 1 , (109)
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and F,; = —Ff, for I’ > 1, and

. 0 Lsin2 0
F;,= 4 . 110
Lt ( —}T sin2 6 0 ) (110

Observe that, since the matrices CN’U/ and F 11 only depend on the difference I’ — I, they can be
seen as the Fourier coefficients of certain 2 x 2 matrices C and F defined on the unit circle;
that is,

VA T
. dk 5. __y 9 dk - k(1
Cl,l’ = J £C(k)€ k(i1 ), Fl,l’ = J ﬂf(k)e k(-1 ) (111)
_r -7

The matrices C(k) and F(k) can be determined by performing the inverse Fourier transform
in Eq. (111)
é(k) = Z él’lxeik(l_l/) B ]'N—(k) = Z ﬁl’l/eik(l_l/) . (112)
I-l'ez. I-l'ez
The series above can be explicitly calculated with e.g. Mathematica and one eventually obtains

5 1 1+g1(k0) e g,(k,0)
D=5 113
C( ) 2 ( e_lk/ngZ(k,Q) 1—g11(k,9) ? ( )
which gives the diagonal blocks of the symbol of Eq. (23), and
= t fll(kbe) eik/zflz(k,e) )
Fk)y==| _; ’ 114
) 2( e kI2f,(k,0)  —f11(k,0) (114)

which corresponds to the off-diagonal blocks of Eq. (23).

We pass now to calculate the correlation matrices (¥(t)| c;-cj/ [¥(t)) and (¥(t)|cic; (1))
after the quench to the XX spin chain Hamiltonian (9). In this case, it is useful to change
to the Heisenberg picture. In fact, since the post-quench Hamiltonian is diagonalised by a
Fourier transformation, the fermionic operators in momentum space ¢, trivially evolve in time
as c(t) = e '*“k¢;. Therefore, the time dependence of the fermionic operators in the real
space c; is given by

T

dk _; (i

Cj(t) = ZRJ]/(t)C]/ , RJ]/(t) = f %e_”eke_lk(]_] ) . (115)
jIEZ —T

If we consider the 2 x 2 matrices C’u/(t) and Fl,l/(t) analogous to the ones in Eq. (111) but for
the state |[¥(t)) and we apply Eq. (115), then we find

T
Cp(t) = J %R(k, ) C(R(k, t)e 1) (116)
—TT
and i
~ dk - . /
Fru(t) = f — Rk, ) F (k)R (k, t)e K=, (117)
_g 2T
with /2
_ cos(teg/z) e/ “sin(tey)2)
Rk, t) = ( jetk/2 sin(tey2) cos(tey2) ) (118)

Observe that, when we apply Eq. (115) to calculate C,N‘u/(t) and I:"l’l/(t), the entries R; ;/(t) must
be rearranged according to the two-site translational invariance of the initial state [¥(0)). This
has the effect that the dispersion relation of H enters in R(k, t) as €/, instead of €;. One can
check that the matrices C,(k, 8) and F,(k, 8), introduced respectively in Egs. (29) and (31),
are precisely C,(k, 0) = 2R(k, t)'C(k)R(k, t) — I and F,(k,0) = 2R(k, t) F(k, O)R(k, t).
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D Derivation of Egs. (85) and (86)

We can use the results of Appendix C to get the correlators of Egs. (85) and (86). In particular,
to obtain the expression (85) we need to compute

(WO e [9(@) = D, e U (W (0)] ey [(0)) - (119)
j—i'en

Taking into account Eqs. (107) and (108), we can split the previous sum in even and odd sites,

(PO e [90) = 5 +5 > M [ (w(0)| ] _ea 19(0))

2 [-l'eZ
+e* (W(0)| ] cop—1 [W(0))], (120)

where we applied that (¥(0)] 621_1621/—1 [¥(0)) = —(¥(0) C;lczz/ |¥(0)) for [ # 1. Replacing
the remaining correlators by their explicit expressions in Eq. (107), we have
1 sin?(0)cos(k)
(¥(0)] e [9(0) = 5 = ==

—1

+% Z 2 (—1Y sin?(0) cos % 71(0) [e'* sec(0) — e~ cos(0) ]

j=—00
+ % Z e%ki(—1) sin?(8) cos¥~1(0) [e_ik sec(0) —e'k cos(@)] . (121
j=1

The series above yield Eq. (85),

3 1 cos(k)(1 —cos*6)
W(0)|clc [Ww(0)) == 1— : 122
(W(O)l ey ¥ (0)) 2 ( 1+ 2cos(2k) cos2(8) + cos4(0) (122)
By applying the same steps as before, we can obtain Eq. (86). Let us take
(W(0)] crpcr [2(0)) = D e*UTm ((0)[¢jc; [2(0)) (123)

J—J'€Z

and distinguish even and odd sites, then

(WO e (O) = 3 D7 M0 [ (@O es s [20)
I-l'ez

+(W(0)| cyrcor [¥(0))], (124

where we took into account that (¥(0)|c;c; [¥(0)) = —(¥(0)|cjc; |¥(0)). If we substitute in
this equation the correlators by their explicit expressions given in Egs. (109) and (110),

—1
WOl ene "m»:% > e2ki(—1) sin?(8) cos 271(6)

j=—oc0
1 o0
2 E e?ki(—1) sin?(0) cos¥1(0), (125)

j=1
we finally find Eq. (86)

i sin(2k) sin?(0) cos(0)
21+ 2cos(2k) cos2(0) + cos*(8)

(P(0)| crici [¥(0)) = (126)
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E Determinant involving a product of block Toeplitz matrices

One of the main results on the theory of block Toeplitz determinants is the Widom-Szegd
theorem [34]. According to it, the determinant of a block Toeplitz matrix T,[g] with symbol
g, see Eq. (35), behaves for large £ as

27

logdet T,[g] NIZJ ;i—klogdetg(k), (127)
0o 27

if det g[k] # 0 with zero winding number.

If T,[g] and T,[ g’] are two arbitrary block Toeplitz matrices with a symbol given by, respec-
tively, g(k) and g’(k), then the entries of the product T,[g]T,[g’] behave in the limit £ — oo
as

{

(TelgITele' D = D (TeleDy(Tele' Dy

Jj=1

<) 27
~ Z(Té[g])lj(Té[g/])jl’:f g—ig(k)g/(k)e_ik(l_l/), (128)
0

=1

where we have extended the sum over j until co and we have used 2;:1 el K = 25 (k— k).
Thus, from Eq. (128), we may conclude that the entries of the product T;[g]T,[g’] behave as
the ones of the block Toeplitz matrix T;[gg’] in the limit £ — co. This observation, combined
with Widom-Szeg6 theorem, allows to derive the asymptotic behaviour with £ of the deter-
minant of matrices of the form I + T,[g]T,[g’], which are relevant in the analysis performed
in this paper. In fact, according to it, det(I + T,[g]T,[g’]) ~ det(I + T,[gg’]) and applying
Widom-Szeg6 theorem of Eq. (127) we conclude that

2m

logdet(I + T,[g]1T,[g']) ~ ¢ J % logdet(1 + g(k)g'(k)). (129)
0

This result also extends to the product of more than two block Toeplitz matrices, as we do in
Eq. (36).
The conjecture of Eq. (38) involving the inverse of the Toeplitz matrices Tg[g;] can be

also derived as a corollary of Eq. (37). Indeed, if we take n = 1 and we reexpress T,[g’] as
T,[g’1=1—T,[1—g’], then, by using the power series

(T, [1—-g'D™ Zn[l—g]*’ (130)

the left hand side of Eq. (38) can be recast into Eq. (37) as

det(I + T,[g]T,[g']™") = det (1 +Z T,[g]T,[I —g’]P) . (131)

p=0

Given that the sum of Toeplitz matrices is still a Toeplitz matrix, we can apply Eq. (128) to
deduce that, for large ¢,

det(I+ T,[g]T,[g'T") ~det| I+ T, Zg([ —gy|l|. (132)

p=0
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Taking into account that (g')™! = Z;’i oI —g’)P, we have

det(I+ T,[g]T,[g']") ~det(I + T, [g(g)']), (133)

and, by virtue of the Widom-Szegé theorem (127),

27

logdet (I + Tg[g]Te[g’]_l) ~{ J % log det (I + g(k)g’(k)_l) , (134)

0

in agreement with our conjecture (39).
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