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Abstract

We study the maximum entanglement that can be produced by a global unitary trans-
formation for systems of two and three qubits constrained to the fully symmetric states.
This restriction to the symmetric subspace appears naturally in the context of bosonic
or collective spin systems. We also study the symmetric states that remain separable
after any global unitary transformation, called symmetric absolutely separable (SAS)
states, or absolutely classical for spin states. The results for the two-qubit system are
deduced analytically. In particular, we determine the maximal radius of a ball of SAS
states around the maximally mixed state in the symmetric sector, and the minimal ra-
dius of a ball that contains the set of SAS states. As an application of our results, we
also analyse the temperature dependence of the maximum entanglement that can be
obtained from the thermal state of a spin-1 system with a spin-squeezing Hamiltonian.
For the symmetric three-qubit case, our results are mostly numerical, and we conjecture
a 3-parameter family of states that achieves the maximum negativity in the unitary orbit
of any mixed state. In addition, we derive upper bounds, apparently tight, on the radii
of balls containing only/all SAS states.
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1 Introduction and problem statement

Entanglement is both a fundamental concept of quantum theory and a central resource of
quantum technology applications, ranging from quantum communication and cryptography,
quantum sensing and metrology, quantum simulation to quantum computing [ 1-6]. In a mul-
tipartite quantum system, entanglement can be created by applying an appropriate unitary
transformation on a pure product state. This transformation cannot be local, as local unitary
operations cannot change the entanglement content of a state. Global unitary transformations,
on the other hand, have the potential to increase the entanglement among the parties [7, 8].
They can be implemented from the unitary time evolution under a Hamiltonian describing e.g.
interactions among the subsystems or between the subsystems and external driving fields or a
tailored experimental device [9,10]. As quantum mechanics is time reversible, this entangle-
ment can also be removed by applying the inverse unitary transformation.

Although it is at the heart of many protocols leading to a quantum advantage, entangle-
ment remains one of the most delicate quantum properties to preserve from unwanted inter-
actions with the environment. When a system interacts with its surrounding, its state must
be described by a density operator p € B(#), where B(7?) is the set of the bounded linear
operators acting on the Hilbert space of the quantum states 7{. System-environment interac-
tions generally tend to deteriorate the coherence and decrease the entanglement content of a
state. After a sufficiently long decoherence time, an initially entangled state may lose all its
entanglement and become a mixed separable state p,.,. This can even reach a point where no
global unitary transformation applied on pg, is capable of creating entanglement. The state is
then said to be Absolutely Separable (AS) [11]. For a given system, it is obviously of interest
to know which states are absolutely separable, as these states are of little or no use for applica-
tions that require entanglement. More generally, it is important to know what is the maximum
amount of entanglement that can be obtained from a mixed state by the sole application of
unitary transformations. To answer this question, it is first necessary to choose a measure of
entanglement [6], i.e., a scalar function E(p) of quantum states that satisfies a series of con-
ditions [6] such as E(p) = 0 if and only if p is separable. In this work, we will only deal with
quantum states which can be represented by a two-qubit or a qubit-qutrit system — cases for
which the Positive Partial Transpose (PPT) criterion is a necessary and sufficient condition for
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entanglement [12-14] — and use as a measure of entanglement the negativity, defined by

V=7 _Z|Ak| A .

with A the eigenvalues of the partial transpose of p with respect to a subsystem A, p’4, and
IX]l; = Tr/XTX the trace norm. Equipped with this entanglement measure, the aim is then to
find, for any p, the state in its global unitary orbit, {UpU" : U € SU(N)} where N = dim(#)),
that maximizes the negativity. This maximum will depend only on the eigenspectrum of p
because these are the only invariant quantities on its SU(N) orbit.

The emblematic case of a bipartite quantum system composed of two qubits, with Hilbert
space H ~ C2 ® C2 ~ C* was solved in a seminal paper by Verstraete, Audenaert, and De
Moor [15]. They showed that the maximum negativity achieved in the SU(4) orbit of a state
p with eigenvalues sorted in nonascending order A; > A, > A3 > A4 is

max N (UpU") = max( 0,1/ (A = A2 + (A — A4} — 4, —14) . )
Uesu(4)

In particular, a complete characterisation of the set of AS two-qubit states follows from setting
the previous equation to zero. Other aspects concerning the set of AS states for bipartite sys-
tems have been discussed in the literature. To mention a few, it has been shown that AS states
form a convex and compact set, and that one can construct operators to witness absolute sep-
arability [16] or lack thereof [17]. Recently, quantum maps that output absolutely separable
states have been analysed in Ref. [8]. Similar questions on absolute versions of basic quantum
properties over (global) unitary orbits have also been studied, such as for PPT [18], local-
ity [19], unsteerability [20], non-negative conditional entropy [21], or quantum discord, see
Ref. [22] for an overview. Another variation of the problem is the calculation of the maximum
entanglement achievable in the set of quantum states with fixed purity [23, 24], which is a
larger set than the SU(N) orbit of a state. The negativity stands as an entanglement measure
for the qubit-qutrit system, because of the PPT criterion. However, the question mentioned
above for this system remains open except for particular states [25,26].

In some cases, physical constraints impose a restriction on the set of unitary transfor-
mations that can be applied to a state [27,28]. For instance, in systems of identical and
indistinguishable bosons, such as photons, an N-qubit state p has to be invariant under
any pair of permutation matrices, 7, i.e. p = T, p7T,. Another example is a spin-s sys-
tem which is, either physically or conceptually, equivalent to a 2s symmetric multiqubit sys-
tem. For these systems, the set of physical states is reduced to the symmetric subspace
VvNC?2 = (CHVN ¢ @V C2? = (C?)®N of dimension N + 1, and hence the global unitary trans-
formations are limited to SU(N + 1) linear operations within this subspace. The subsystems
of indistinguishable multipartite systems can also carry entanglement, although there is a de-
bate in the literature suggesting that it might be artificial due to exchange symmetry [29].
Nevertheless, entanglement in indistinguishable systems is a relevant resource for some appli-
cations in quantum metrology and quantum information with bosonic systems, see e.g. [30].
The questions posed above arise naturally in this context, such as what is the maximum amount
of entanglement in the SU(N + 1) orbit of a symmetric mixed state. Even for the simplest case
of two qubits, this question has not been answered. The main objective of this work is to fill
this gap for symmetric two- and three-qubit systems. For these symmetric systems, negativity
is also a proper measure of entanglement because they are subspaces of qubit-qubit and qubit-
qutrit systems, respectively. However, since the allowed unitary operations are restricted, the
maximum negativity of a symmetric state will, in general, not be equal to the unrestricted case,
as we show below. The differences between the two problems can be examined more closely
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for two qubits. On the one hand, the state pg of the system must belong to the symmetric sec-
tor (C2)V2 of (C?)®?, of dimension 3. On the other hand, the global unitary operations SU(4)
are now restricted to the subset of operations that leave the symmetric sector (C?)"2 invariant,
which is equivalent to SU(3). The latter modification considerably changes the orbit of the
state pg and, consequently, the maximally entangled state in its SU(3) orbit is different from
the one attained in its full SU(4) orbit.

The analogue of AS states in bosonic systems are those that remain separable after any
unitary transformation preserving the fully symmetric subspace. We will call them symmetric
absolutely separable (SAS) states (called absolutely symmetric separable states in Ref. [31]),
and we will denote the whole set by Ag,,. The existence of balls of SAS states around the
maximally mixed state in the symmetric sector was shown in Ref. [32]. Similar balls of AS
states in the full Hilbert space have been analysed for qubit-qudit systems [11,33-35], and
for the implementation of quantum computation in NMR experiments [36]. In the language
of spin states, the SAS states are the equivalents of the Absolutely Classical (AC) spin states
introduced in Ref. [32], see Sec. 2 for more details on the correspondence.

The present work is organised as follows: Sec. 2 reviews the definition of separability,
classicality of spin states, and their absolute versions over global unitary operations. In Secs. 3
and 4, we calculate the maximum entanglement achieved in the unitary orbits of symmetric
two- and three-qubit states, the first system studied analytically while the second one mostly
numerically, respectively. For these systems, we then determine the maximal radius of balls
contained in Ay, and the minimal ball that includes Agy,, both around the maximally mixed
state in the symmetric sector. In particular, for the two-qubit case, we study the maximum
negativity and its temperature dependence for the Lipkin-Meshkov-Glick model [37,38]. We
present the conclusions of this work and some perspectives in Sec. 5.

2 Separability and classicality

2.1 Separable states of multiqubit systems

The Hilbert space #; of a single qubit system is spanned by two basis vectors |+) and |—). The
full Hilbert space of an N-qubit system ®"H; = H?N is of dimension 2V and is spanned by
the product states [¢);) ®---®|yy) with 1) € {|+),|—)} forallk =1,...,N. The convex hull
of the product states defines the set of separable states S C B(H?N ). Any state p that is not
separable, i.e. p ¢ S, is said to be entangled. All separable states pg., € S have zero negativity,
N(psep) = 0. The measure of entanglement of a state cannot, by definition, be modified by
local unitary operations [6]. On the other hand, the entanglement of a state p may change
under a global unitary operation U € SU(2N). However, there are special states that remain
separable for all U € SU(2M) and these are called absolutely separable (AS) states [11]. They
can be formally defined as the states p € B(H?N ) for which

max E(UpU')=0, (3)
Uesu(2V)

for some measure of entanglement E.

2.2 Separable states in the symmetric sector and classical spin states

A multiqubit system is equivalent to a system of N spin-1/2, where each of the spin Hilbert
spaces are spanned by the eigenvectors of the angular momentum operator S,, the |1/2,+1/2)
states that we can identify with the |+) qubit states. For our purposes, we only consider the
symmetric sector VNH; = H\l/N of HfN , spanned by the symmetric Dicke states |D1(Vk)) [39]

4
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with

|Dz(vk)>ZKZ”(H)@“"*)@'_)®"'|_))’ fork=0,...N, 4)
T Nk k

where the sum runs over all the permutations 7 of the qubits and K > 0 is a normalization
constant. Due to the fact that the |D](Vk)) states are equivalent to the eigenvectors |s,m) of the
collective operator S,, with s = N /2 and m = (N —2k)/2 [39], the subspace H\l/N is isomorphic
to the Hilbert space ) of a spin s system, both being of dimension N 4+ 1 = 2s + 1. Global
unitary transformations restricted in H\llN correspond to SU(N + 1) transformations in HE),

The restriction of product states to the symmetric subspace leads to N-qubit states of the
form |v) = |¢)®N with |¢) = a|+) + B|—) a normalized single qubit state. In the spin picture,
this corresponds to spin-coherent (SC) states [40-42]. The convex hull of SC states defines
the set of classical spin-states C [43,44]. A spin-s state p® is called absolutely classical (AC)
when the SU(2s + 1) orbit of p®) € B(H®) is contained in C [32]. The complement of the
set of classical states has also been studied in the literature [43-47] and a measure of non-
classicality, called quantumness, has been defined in [45] as the distance between a state p*)
and C [46] (see also [48] for the relation between quantumness and the geometric measure
of entanglement).

Now, we introduce formally the notion of symmetric absolutely separable (SAS) states, the
set of which will be denoted by Ayy,,,. We say that pg € Agyy, if its SU(N + 1) orbit,

{UspsU{ : Ug € SUN + 1)}, (5)
contains only separable symmetric states. Equivalently, pg is SAS if

max E(UgpgUl) = 0, 6
UseSUN+1) ( sPs S) ( )
for some measure of entanglement E. The equivalence between the set of SAS states and the
set of AC states (as proved by Theorem 1 of [49]) means that they can both be labeled by
Agym, and both sets will satisfy the results deduced in the subsequent sections. From now on,
we only use the terminology of SAS states in the symmetric sector ”H\{N for simplicity.

2.3 AS states for 2 x m bipartite systems

To highlight the difference between SAS and AS states, let us first consider the case of two
qubits. A direct consequence of Eq. (2) is that a two-qubit state p, with eigenspectrum
Al > Az > )(,3 > 14, is AS when

(A —2A3)*—4 2,1, <0. 7)

In particular, a two-qubit state p cannot be AS if it has more than one zero eigenvalue, as
then Eq. (7) cannot be fulfilled. For exactly one zero eigenvalue (14 = 0), the state is AS if
(A1 — A3)? < 0, which is only possible when A; = A, = A; = 1/3. Since symmetric two-qubit
states pg are of rank 3 at most (they have no component on the antisymmetric state), they
cannot be AS with respect to their full SU(4) orbit, except for the aforementioned eigenspec-
trum, corresponding to the maximally mixed state in the symmetric subspace. In contrast, we
will see in Sec. 3 that the picture is much richer when we restrict to the symmetric subspace,
leaving room for a continuous two-dimensional set Agyy,.

For the general case of a 2 x m bipartite state, we can use a result of Johnston [50] which
states that a state p with spectrum A; > A, >--- > A,,, > 0 is AS if and only if

A1 S Agmer + 24/ AomaAom - €y
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The previous condition is equivalent to the absolute PPT criterion of a state [18], as it is
proved in [50]. For an N-qubit state p viewed as a 2 x 2¥~! bipartite state p, yields p is
AS if and only if A1 < Ayv_; +24/Aon_sAov. But for symmetric states, which have support
only on the symmetric subspace, A, = 0 VY kK > N + 1, which leads to the condition A; < 0
that can never be fulfilled since A; > 0 is the largest eigenvalue of p. Although symmetric
multiqubit states of more than two qubits cannot be AS, they can be SAS as we show below. A
trivial example is the maximally mixed state in the symmetric sector for the three-qubit system
p € B(”H\{B) cB (”Hl ® 7—[\1/2) which, seen as a 2 x 3 system, has a spectrum consisting of six
eigenvalues, two of which are zero (A5 = A = 0). Hence, it is not AS but is evidently SAS.

3 Symmetric two-qubit states

3.1 Maximum negativity

The central question presented in the introduction can now be reformulated as follows: For a
symmetric two-qubit mixed state pg, what is the maximum entanglement that can be obtained
by a global unitary transformation Ug € SU(3) that leaves the symmetric sector invariant ?
The answer to this question is stated by the following theorem:

Theorem 1 Let pg be a symmetric two-qubit state with spectrum T, > T4 > T3. It holds that

Y — /2 2
USIQS%)%?,)N(USPSUS)_maX(O’ T1+(72—73) _TZ—T?,), 9)

where the maximum negativity is reached by the state ps = Ugpg U;. given up to local unitary
transformations by

« 0 0 1 1 2 2
ps = T3lD5 )0+ 711DV (D5 + 7oID5 ) (D). (10)
The full characterization of the set Ay, follows immediately from Theorem 1:

Corollary 1 Let pg be a symmetric two-qubit state with spectrum T, = T4 = T3. Then pg € Agn
if and only if its eigenvalue spectrum fulfills

JTo+/T3>1. (11)

Proof. The symmetric two-qubit state pg is SAS if the right-hand side of (9) is zero which,
using the normalization condition 7 + 74 + 73 = 1, is equivalent to the above inequality. O
In Fig. 1, we show a density plot of the maximum negativity given by Eq. (9) for all states
ps € B(HY?) in terms of its two smallest eigenvalues 7, and 73. The solid lines correspond
to the states with two coincident spectrum eigenvalues, T, = T3 or T; = T,, respectively.
The 2-dimensional white region constitutes the set Ay, and its boundaries are given by two
inequalities associated with the eigenvalues sorting, 7, = 75 and 27, + 73 < 1 (solid lines),
and Eq. (11) (black dashed line). The end (yellow) points q; and g, (of the boundary (11))
correspond to the spectra (71,75, T3) = (4/9,4/9,1/9) and (1/2,1/4,1/4), respectively. We
also remark that when pg has one zero eigenvalue 745 = 0, the condition (11) cannot be met
and then pg ¢ Agym, as can be seen in Fig. 1. The characterization of the SAS states for the
symmetric two-qubit system was studied recently in [31], where they also reported the same
characterization of SAS states given in our Corollary 1.

Another famous measure of entanglement for two qubits is the concurrence C(p), defined
as [51]

C(p) =max(0,s; —s3 —s3—54), (12)

6
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Figure 1: Density plot of the maximum negativity (9) attained in the SU(3) orbit
of a symmetric two-qubit state pg over the simplex of its eigenvalues (73, 7,). The
contour curves are shown for a maximum negativity equal to 0.8,0.6, 0.4,0.2 (grey
dashed lines). The set Ay, is depicted by the white region bounded on the left by
the black dashed curve (which follows from Corollary 1), with end points q; and
g, (yellow). The right corner of the simplex corresponds to the maximally mixed
symmetric state, po = 15/3 € B(?—[\l/z), and the lower corner to pure states.

where s; are the singular values of the matrix 4/ p’S,/p withS = o, ® o), and o, the second
Pauli matrix. Interestingly, the state (10) also maximizes the concurrence in its respective
SU(3) orbit, with a value equal to

USIQS%)%B)C(USpsU;) :maX(O,T1—21/ TZTB)' (13)

The proof of this result is given in Appendix A.
We end this subsection with the proof of Theorem 1.

Proof of Theorem 1. The partial transpose of a qubit-qubit state has at most one negative
eigenvalue [52], reducing the expression of the negativity to

N(P) = Zmax(O, _Amin) > (14)
with Ap;, the minimal eigenvalue of pSTA. Moreover, A, is equivalent to [15,31]
Amin = min Tr [p5(|¢><¢|)TA] . (15)
lp)es?

The general two-qubit state |1)) can be written as a linear superposition of a symmetric state
: : V2 A2
and an antisymmetric state, [15) € H{ and [)4) € H,*,

) = cosalipg) +esinali,), (16)

where a € [0,7/2] and § € [0,27). On the one hand, |3s) can be written via the Schmidt
decomposition as

[Yps) = cos B ny) ® [ny) +sin B |ny) ® ny), (17)
where I' = {|nj)}]2.:1 is an orthogonal basis of H; and 3 € [0, /2].! On the other hand, |1,)
can be written for any orthogonal basis of #;, in particular T', as

) = L2(|n1> ®|n5) — [ns) ® 1)) (18)

7

! Although the Schmidt coefficients are always positive, we consider here that the coefficients can have different
signs.
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Hence, |¢) (1] is the sum of four terms

W) (] = cos® a lihs)(hs| +sin’ a |1ha) (al + cos asina (e |hs) (hal + € [ha) (Ysl) . (19)

The condition for a state pg to be symmetric is that it has support only on the symmetric sector
of B(H?Z), which can be written as pg = PgpgPs with Pg the projection operator onto 7—[\1/2.
For convenience, we now introduce the symmetrized state |n;, n,) resulting from the action of
Pg on the product state |n;) ® |n,),

|n1,n2)

V2
Replacing pg in Eq. (15) by PspsPg and using the cyclic property of the trace, we get

Poln) @ ng) = 2 (1) @ nz) +Iny) @ my)) =

Apin = min_Tr [pSPS(|7~/)>(w|)TAPS] =minTr[psX],
lp)eHP? X

where the operator X = Pg(|v){(v|)"4Pg can be developed as

X =cos®>aX; +sin’a ¥, +cosasinasind X, (20)

where the ; operators are represented in the orthonormal basis I = {|n;)®?, ny, ny), [n,)®%}

by the matrices

cos? B 0 0 [ 0 0 -1
= 0 cos f3sinf3 0 , Yo= > 0 1 0 , (21)
0 0 sin? 3 -1 0 0
0 cos f3 0
Yy=1i| —cosf 0 sinf3 |. (22)

0 —sinf 0

The basis I can be transformed to the symmetric Dicke basis {|D§k)) i:o by a diagonal
SU(2) x SU(2)-transformation V = V ® V such that V'|n;) = |+) and V'|n,) = |-). Hence,
Ps(|3) (xp|)™aPg for a general state |+)) is parametrized by the (a, 3, §) variables and a diagonal
SU(2) x SU(2)-transformation V

Ps([9) () aPs = VXV, (23)

where the matrix X written in the symmetric Dicke basis has the form (20). The smallest value
of Apin over the SU(3) orbit of pg is equal to

. 2;{}}3)/‘@11 = U%%B Tr[UpsUTVIXV]. (24)
Without loss of generality, the U and V unitary transformations can be combined to W = VU
because the diagonal SU(2) x SU(2) transformation V is in the SU(3) group.? The minimiza-
tion problem then reduces to
min  Tr[psWXW]. (25)
WweSu(3)
a.p.y

2A diagonal SU(2) x SU(2) operation is equivalent to a rotation times a global phase factor, which are also
operations contained in SU(3).
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Birkhoff’s theorem (Theorem 8.7.2 of [53]) establishes that the minimum over all W € SU(3)
is attained when W is the product of matrices diagonalizing ps and X in the same basis, and
a matrix W () representing a permutation 7 € S5 where S5 is the permutation group of three
elements. Without loss of generality, we consider pg and X to be represented by the diagonal
matrices p; and X, in the Dicke basis. Thus, (25) is given by

3
min Tr[deT(rc)XdW(rc)]= min an(k)gk;
TES;, nTES; k=1
ap.y ap.y

where &, are the eigenvalues of X. The eigenvalues &; cannot generally be expressed in a
compact way. However, the function to minimize in the last equation must have its derivative
with respect to 6 equal to zero at W, a, 3,6 where the minimum is attained, which implies
that

Tr[pSWTZ]3W]cosasinacos5 =0. (26)

The latter equation is satisfied either by one of the following solutions: (A) 6 = n/2, 31/2,
or (B) @ =0, /2, or (C) when Tr[pgW %3W] = 0. First, the eigenvalues for the solution (A)
are the same for both values of 6 and equal to

g]. 1 1+V1_Zz

&y | = 5 b4 s 27
E 3 1—v1—322
with 2 = —sin? a + cos? asin(2f3). On the other hand, while the solution (B) keeps only %;

or ¥, in X [see Eq. (20)], the solution (C) restricts the available set of the W matrices to
Rp ={W € SU(3)|Tr[ psW'E3W | = 0} with =3 = %3(8). Then, Eq. (25) for the solution (C)
is reduced and lower bounded by

min  Tr[psW ' XW']= min Tr[psW' (cos? a%; +sin® ax,)W’]

w'e Rﬁ w'e R[}
a.By By
> min Tr |:pSWT(cos2 aX, + sin? aEZ)W] . (28)
WesU(3)
a.By

Thus, the solution (B) and the upper bound of (C) can be studied simultaneously by omitting
%5 in the minimization problem, leaving X = cos? aX; + sin? aX, with eigenvalues equal to

&1 1 1+J’1—\/2(1+J’12_2y22)
S2 /= |14+xn+ Va2a+y2—2y2) | (29)
&3 1—y;+2y,

where y; = cos(2a) and y, = cos® asin(2f3). For both sets of eigenvalues (27) and (29), we
must now find the critical points of (26) with respect to the variables a and 8. We enlist in
Appendix B all the critical points obtained for the cases mentioned above. By comparing the
values obtained for (26) with all the possible permutations 7, we deduce that the minimum
Apin in the SU(3) orbit of pg is reached for the solution (A) with

T1

z =—sin?a + cos? asin(2p) = — (30)

J
T% + (19— 13)2
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and with 7 such that

1
Amin:T351+T1€2+T253:E(Tz""fs—\/ff"'(fz—fg)z)- (31

It is this value of A, which gives the expression (9) for the negativity N'(pg). In particular,

for « = 0 and sin(2p) = —Tl/‘/’r% + (75— 73)2, the X matrix is already diagonal in the

symmetric Dicke basis and reads

X = & DD + £, DY (D] + &5 DP) (D). (32)

In order to attain (31), pg must then be equal to (10), up to a local unitary transformation. O

Let us remark that the minimization in (15) is performed over all states |¢) € H‘fz, and we
found that the states |v) that minimize A, over the SU(3) orbit of pg are of the form (16),
with 6 = /2, 31/2 and (a, ) such that Eq. (30) is satisfied. This implies that there exists a
1-dimensional set of states |[¢) € 7—[?2 that minimize A, of pg. In particular, for a = 0, the
state |1) belongs to the symmetric sector ”H\{z.

3.2 Extension of the set of SAS states

In this subsection, we derive, from the previous results, the radii of the maximal ball contained
in Agyy,, and the minimal ball that includes Ay, both centred on the maximally mixed state
in the symmetric subspace py = (N + 1)"!1y,, with 15, the identity matrix of size N + 1.
We denote by r the Hilbert-Schmidt distance between a state pg and p,

1

N+l (33)

= os—pallys = | o] -

The range for r is [O, v/ NLH ], where the upper and lower bounds are reached when pg is
equal to p, or a pure state, respectively. As in the non-symmetric case, there are balls centred
on p, containing only SAS states. Consequently, there exists a maximum radius rgsg such that
any ball centred on pq with radius r < rgsg contains only SAS states. A lower bound réﬁs for
rsas has been determined in Ref. [32] (in the context of the absolute classicality of spin-s states

with s =N/2)

1
reps = . (34)
e VOV +D[20N + D)%) - (N +2)]

To determine the exact value of rgyg, we first calculate the distance r for the states
(10) that maximize the negativity in each SU(3) orbit. Using the normalization condition
T1+ 79+ 73 =1, we obtain

2
T‘2=§+2(T§+T§+T2T3—T2—T3). (35)

The last equation allows us to express T, in terms of r and 73, and thus the maximum negativity
over each SU(3) orbit of pg, Eq. (9), as a function of 75 and r. In Fig. 2, we show a density
plot of this maximum negativity, where the variables 74 and r are subject to the constraints
V2/3(1=373) > r > (1 —373)/+v6 depicted by straight lines. The black dashed curve
delimiting A, (white region) corresponds to the inequality

2 11
rS\Jg[1+3(T3—\/T_3)], rge[a,g]. (36)

10
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Figure 2: Density plot of the maximum negativity (9) over the simplex of symmetric
two-qubit states pg parametrized with (73,1). The Ay, boundary is now given by
Eq. (36).

=
o
%b 0.57 10
n \ v,
guw ‘a =5
b(o 0 . 0
. 5 0 . / 75 V= / g
Yo T° —1010 Yo/g 0 1010

Figure 3: Maximum negativity in the SU(3) orbit of a spin-1 thermal state with
Hamiltonian (38) with (left) kzT /i = 2 (in the same units of frequency as y, and
yv,) for g = 0, and (right) kzT /hg = 3 for g # 0. The black thick lines show the
bounds of the (y,, y,) values where the corresponding thermal states pg are SAS.

The end points of the dashed curve corresponding to the (yellow) points q; and g, shown in
Fig. 1, have coordinates (73, 1)

1 2 ) (1 1 )
-, ——= |, and (-,—=], (37
(9 3v6 4’ 26
respectively. As a result, all states with r < 1/(2+/6) are necessarily SAS, from which we
deduce that rgys = 1/(2+/6). This value is strictly larger than that provided by Eq. (34), equal
to 1/(2+4/42) for s = N/2 = 1. Moreover, we can easily obtain the radius Rgag of the smallest
ball containing Ay, by observing in Fig. 2 that the SAS state furthest from p, has a spectrum

associated with the point q;. Hence, we can conclude that Rgsg = 2/(3+/6) and that any state
ps at a distance from p larger than Rgsg cannot be SAS.

3.3 Spin-1 system at finite temperature

We now apply our results to determine the maximum achievable entanglement from the sole
application of a unitary transformation on a thermal state. We consider a spin-1 system at

11
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Figure 4: Critical temperature T, above which the thermal state of the Hamiltonian
(38) becomes SAS. We plot the cases for (left) g = 0 (with kzT,./k,y, and 7, in the
same units of frequency) and (right) g # 0.

temperature T with a Hamiltonian of the form
H/h=g8, +7.5;+71.5;, (38)

where §,, = S, /1 are the (dimensionless) angular momentum operators along the n = x, y, 2
axes, and g, y, and y, are coupling strengths (in the same units of frequency). Without
loss of generality, we can consider g = 0. The Hamiltonian (38) appears in several bosonic
systems, such as Bose-Einstein condensates [54] or the Lipkin-Meshkov-Glick model [37,38].
The corresponding thermal state pg of the system has normalized eigenspectrum equal to

e_ﬁ €4k

T = , with Z=Tr (e_ﬂH) , (39)
with €, the eigenvalues of H sorted in nonincreasing order €; = €, = €3, and 3 = 1/kgT
where kg is the Boltzmann constant. For s = 1, the eigenvalues € are given by

{g (ve+2r.— /482 +72), iy, g (ve+ 21, + /482 + Y,%)} ) (40)

where the order of the eigenvalues depends on the values of the coupling strengths. We plot in
Fig. 3 the maximum negativity (9) in the unitary orbit of the thermal state at finite temperature
as a function of the coupling strengths y, and y, for g = 0 (left) and g # 0 (right). We observe
a region in the (y,, v,) parameter space where the corresponding thermal states pg are SAS.
Its boundaries can be obtained analytically by substituting the eigenspectrum of the thermal
state in the condition (11), yielding

263—€;—€53+2kgTIn22=0. 41)

For g = 0, the eigenenergies are (Yy,, 75, Yx + Yz) and the SAS region is a triangle with bound-
aries given by

h(y,y+7,)+2kgTIn22>0, for v, 7,<0,
H(y,—2y,)+2kgTIn22>0, for 0<y,<y,, or y,<O0<vy,, (42)
Ay, —2y,)+2kzgTIn22>0, for O0<y,<y,,ory, <0<y,.

On the other hand, for g # 0, the region is bounded by linear and nonlinear conditions of the
(v, Y2) variables

Ry —2r.)+2kgTn2>0, for g*><y,(r,—v,), and v, <2r,,
h(2yz—yx—3w/4g2+y§)+4kBT1n2<O, for g2>}fz(yz—yx),or2yz<}fx.(43)

12
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For any set of values of the coupling strengths (g, y,, ¥5), there exists a critical temperature
T, above which the thermal state pg is SAS. We plot in Fig. 4 the critical temperature T, as a
function of the coupling strengths (y,, y,), calculated by setting to zero the inequalities (42)
and (43), respectively. We can observe that the contour curves of Fig. 4 are the boundaries of
the SAS states appearing in Fig. 3 for the corresponding temperature.

4 Symmetric three-qubit states

4.1 Numerical results

The determination of the maximally entangled state in the SU(4) orbit of a symmetric three-
qubit state pg € B(H\l/?’) can again be formulated as an optimization problem with the negativ-
ity as objective function because the PPT criterion is both a necessary and sufficient condition
for entanglement in the qubit-qutrit system for which 7—[}’3 is a subspace, see e.g. [55]. How-
ever, the optimisation is much more difficult in this case, as it must a priori be performed on
the fifteen parameters of global unitary transformations, and remains an open problem at this
stage. One main difference with respect to the two-qubit case is that p’ can have one or
two negative eigenvalues [52]. We have performed intensive numerical calculations on the
basis of which we found a 3-parameter family of global unitary transformations Ug which we
conjecture allows the maximum negativity to be reached in the full SU(4) orbit of any state
pPs € B(’H\l/?’). The parametric unitary Us = Ug(ay, ay, as) with a; € R is real and has the

following form in the Dicke-basis {IDék)) :k=0,...,3},

0 TNixMoy  MpyMNax —Myllox3y My Moy T3y — 11y N3y,
US — Ny NyyNoy —NyyNgy N3y, TNy Ny M3y , (44)
0 NiyNay NixN3y + Ny Moy N3y My MoxN3x — M5 N3y
Nyy —NixMNoy NMyxNoy N3y Ny Moy N3y

in terms of the components of the three real unit vectors

n; = (njx, njy) = (cos a;, sinaj) , forj=1,2, 3. (45)

Our findings lead us to the following conjecture:

Conjecture 1 Let pg € B(H\l/s) with eigenspectrum T1 2 T4 2 T3 2 T4. It holds that

max N (UspsUl)= max N (UpZ00), 46
UeeSD(4) (UspsUs) T s (Osp50) (46)

where Uy is given by Eq. (44), p ¢ 1s the diagonal state in the Dicke basis given by

3

k k
PZ =2 TaernlDSONDI), 47)
k=0

and T is a permutation of the eigenvalues.

We have successfully tested the validity of the Conjecture 1 on 24,000 states by sampling their
unitary orbits with 2 million randomly chosen global unitary operations and comparing the
maximum obtained for the negativity with Eq. (46). We plot in Fig. 5 the maximum negativity
calculated according to the Conjecture 1 in the eigenvalues simplex (7,, T3, T4), sorted in
non-increasing order, for the values of 74, = 0, 1/10, 3/20,7/38, respectively. The cloud of
pink points shows the spectra for which Eq. (46) gives zero and for which a random sampling

13
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Figure 5: Density plot of the maximum negativity (computed using Conjecture 1)
of symmetric three-qubit states over the simplex of eigenvalues (7,, T3, T4) for
74=0, 1/10, 3/20, 7/38. The grey dashed lines are contour curves where the maxi-
mum negativity is equal to 0.8, 0.6, 0.4, 0.2, 0.1, respectively. The black dashed lines
correspond to the SAS boundaries calculated by Conjecture (1), which are tangent
to the set of SAS states (pink points, see text). The points p; and p,, correspond-
ing to the eigenvalues (71, T4, T3, T4) = (3, 3, 3, 1)/10 and (13, 9, 9, 7)/38, define
bounds for the radii of the balls that contains either the whole set A, or only SAS
states.

of more than 2 million states along the global unitary orbit yielded only separable states. We
can observe in Fig. 5 that the boundaries of Ay, defined by Conjecture 1 are tangent to the set
of pink points. As we mention a posteriori, the points p; and p,, associated to the eigenspectra
(71, T2, T3, T4) =(3, 3,3, 1)/10 and (13, 9, 9, 7)/38, define bounds for the radii of the balls
that contains either the whole set A, or only SAS states, respectively.

The 3-parameter family is motivated by other three particular states which reach the max-
imum negativity, observed numerically, over certain regions of the faces of the simplex (see
Fig. 6):

i) For (a;, a,, a3) = (0, 0, 0), the maximum negativity is achieved for the state
ps) = T4DS”) (DS + 71 IDSV) DSV + w5 D) (DSP] + 7o DEVNDEYT, (48)

yielding

/\/'(pg)) ; max[ , \/87% + (273 —374)2 — 2714 —374] : (49)

14
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1/3 1/4

1/4:

T3 T4

Ny T EETN
N R,

Figure 6: Regions where the states (48), (50) and (51), or a generic state defined
in Conjecture 1, achieve the maximum entanglement, colored in green, blue, red
or grey, respectively. We plot the faces of the simplex shown in Fig. 5, each one
given by a condition in the eigenspectrum of pg. The white regions correspond to
the set Agy,. The Ay, boundaries in the edges of the simplex that connect with
the maximally mixed state are given by the points p;, p, and ps, with associated
eigenspectra (3, 3, 3, 1)/10, (5, 3, 3, 3)/14 and (3—+/3, 3—+/3, v/3—1, v/3—-1)/4,
respectively. We also plot the point p, associated to the spectrum (13,9, 9, 7)/38
that gives the optimal upper bound of Rgss (53). On the other hand, the optimal
upper bound of rg,s is given by p; (55).

pg) achieves the maximum negativity for the eigenspectra associated to the green regions
shown in Fig. 6, where we plot the faces of the simplex of Fig. 5. In particular, we have observed
that this basis defines the SAS boundaries in the edges of the simplex 7; = 7, = 75 and
T = ToV T3 = T4, which are the points p; and p; with associated eigenspectra (3, 3, 3, 1)/10

and (3—+/3,3—+/3,+/3—-1,v/3-1)/4.

ii) For (a4, a,, a3) = (m/6, 0, 0), the state is equal, up to a global rotation by 7t/2 along the
y axis, to

1 1 0 0

(i) _ Dyt - _1jp 00 11

ps =Vpg'V', with V_«/E 0 0 -1 1 (50)
-1 1 0 O

This state can have two negative eigenvalues coming from the roots of an irreducible polyno-
mial of degree three. We have obtained numerically that pgi) achieves the maximum negativity
over the blue regions in Fig. (6). We proved that this state achieves the maximum negativity
for the eigenspectra 7, = 73 = 74 in Appendix C, where we also conclude that the point p,
in the SAS boundary has spectrum equal to (5, 3, 3, 3)/14. The blue region also contains the

points p; and p,4 that, as we mention below, give tight bounds for Rgag and rgag.

iii) Lastly, the state defined by the unitary transformation (44) with (a4, as, a3) = (0, a,, 1)
achieves the maximum negativity in the red region of Fig. 6. The corresponding state is

—sina, cosa, 0 O

N . 0 0 10
pglll) _ VpL(gl)Vw . with V= 0 0 01 | (51
cosa, sina, 0 O

which, for a, = 0 is equivalent, up to a permutation of the eigenvalues, to the pg) state.
We plot in Fig. 6 the regions where each of the states listed above achieves the maximum

negativity with a difference at most of 107 with respect to the full family of states (44). The
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not SAS

B(HY?)

Figure 7: Sketch of the set of states pg € B(H\{S) which satisfy Obs. 1, represented by
the outer (blue) region. While the outer region is composed only of non-SAS states,
the set Ay, is contained in the inner (grey) region. The balls of radii R and r define
the upper bounds of Rgpg and rg,g, respectively.

optimal state in the grey regions are given by a generic state specified in Conjecture 1, and the
white region corresponds to set A, It has been observed numerically that the 3-parameter
family (44) also get the maximum negativity for states with eigenspectrum corresponding to
points inside the simplex.

The three states mentioned above give analytical witnesses for symmetric non-absolute
separability. In particular, we only need to consider the conditions given by the states pél) and
péu) because pg”) gives a weaker condition.

Observation 1 A symmetric three-qubit state pg cannot be SAS if its eigenspectrum
T 2 Ty 2 Tg 2 Ty satisfies

T1> /37374 A (371 —275)°T3+3(15— ’L'g)’6'4 > 9T3’C‘2‘. (52)

The first expression is deduced from Eq. (49), and the second from the application of
Descartes’ rule of sign to the characteristic polynomial for the partial transpose of the state
(50). The bounds are not tight, and a counterexample is given by a state with spectrum
(0.346, 0.254, 0.2, 0.2), which does not satisfy any of the conditions listed in Obs. 1 and which
has a maximum negativity A’ ~ 3.76 x 10~ for the values (a;, ay, a3) = (2.817, m, 1.588)
according to Conjecture 1. It is interesting to note that the non-SAS states escaping Observa-
tion 1 all have a negativity of order 10™* at most, which proves the effectiveness of Eq. (52)
as a witness of symmetric non-absolute separability.

4.2 Extension of the set of SAS states

The three-dimensional simplex associated with the spectrum eigenvalues (7, T3, T4) is divided
into two regions by the conditions of Obs. 1 as shown in Fig. 7. The outer (blue) region is
composed only of non-SAS states, while the grey (inner) region contains the set A, and
other non-SAS states. Hence, an upper bound of Rgyg (rgag) is provided by the maximum
(minimum) achievable distance r between p, and states lying on the boundaries specified by
Obs. 1. Following the same reasoning as in Subsec. 3.2, the minimal distance is obtained from
the second condition of Obs. 1 for
13 9 9 7 1

) ) ) =\ == =< == =~ |> th = . 53
(72, 72, 75, 74) (38 38’ 38 38) Wit 63
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Then, rg,g is bounded as follows

1 1
STsas S ——,
10v11 2419

where the lower bound comes from Eq. (34). The maximum distance R, and therefore an
upper bound of Rg,g, can be obtained by either conditions of Obs. 1 for

(54)

3 3 3 1 , V3
(Tl, To, TS, 74) = (E, E, E, E) 5 Wlth RSAS <SR=— (55)

10
The points p; and p,4 corresponding to the eigenspectra (53) and (55) are highlighted in yel-
low in Figs. 5 and 6. Using a numerical procedure similar to that described in the previous
subsection, the values found numerically for Rgyg and rg,g are very close to the upper bounds
mentioned above. We therefore conjecture that the above upper bounds for rgsg and Rgag are
tight.

5 Conclusions

We have studied the maximum achievable negativity in global unitary orbits of generic sym-
metric states for two and three qubit systems. For the two-qubit case, our main result is the de-
termination of the optimal state within its SU(3) orbit, i.e. the one that reaches the maximum
negativity (Theorem 1). We also proved the optimality of the state (10) for the concurrence,
another common measure of two-qubit entanglement. A direct consequence of Theorem 1
is the complete characterization of the set of SAS states based on their spectrum as given by
Corollary 1, and the minimal (maximal) radius of a ball containing the whole set of (only)
SAS states. We have applied our results to a spin-1 system with a spin-squeezing Hamilto-
nian by studying the maximum entanglement that can be produced from a thermal state by
a global unitary operation, and have examined its temperature dependence. In particular, we
have obtained the expression for a critical temperature above which the thermal state becomes
SAS. For the symmetric three-qubit system, our results, both numerical and analytical, have
shown the complexity of the problem. The main difference with the two-qubit case is that
the maximum negativity is no longer achieved by a state that retains the same form for all
possible spectra. In particular, we have found a three-parameter family of states which we
conjecture achieves maximum negativity (Conjecture 1). The family includes, among others,
the two states (48) and (50) which are the basis for Observation 1, a necessary condition for
being SAS. In addition, it gives upper bounds for the radii of the balls containing the set A,
or only SAS states, respectively, for which numerical results indicate that they are tight.

Acknowledgements
The authors thank K. Zyczkowski for his correspondence.
Author contributions ESE and JM contributed equally to this work.

Funding information ESE acknowledges support from the postdoctoral fellowships of
DGAPA, UNAM and the IPD-STEMA program of the University of Liege.

17


https://scipost.org
https://scipost.org/SciPostPhys.15.3.120

Scil SciPost Phys. 15, 120 (2023)

A Proof for the maximal concurrence (13)

We follow a similar proof as in Ref. [15]. The concurrence of a two-qubit state p is given by
C(p) = max(0,s; —s5 —S3—54), (A1)

where s; are the singular values of the matrix +/p*S,/p with S = o, ®0,,. Since we consider a
symmetric mixed state pg, s, = 0 and the S matrix in the previous expression can be projected
into the symmetric sector as

0 —1
SS = PSSPS = O O 3 (A.Z)
0

-1

oS = O

where we keep only the components in the symmetric sector by working in the Dicke basis.
Using the decomposition ,/ps = ®A'/2, where ® € U(3) and A'/? is a diagonal matrix, the
maximum concurrence in the SU(3) orbit of pg is equal to

max C|(U = max (0,5;—sy—Ss A.3
o max (Usps s) USU( 1—S3—53), (A.3)

with s; the singular values of
AV2eTUlssUs@AY? = AU/ AV, (A4

where U’ € U(3). Since any unitary matrix V cannot necessarily be decomposed as U’ is in
the above equation, we have

max C(UspsUy <max 0,s’ —st), A.5
UsesU(3) ( sPs ) ( 1 3) ( )

where s! are the singular values of A2V AY2? Now, we can find an upper bound on the rh.s.
of (A.5) using the following lemmas from Refs. [56] and [57], respectively:

Lemma 1 Let A€ M, .(C), B € M, ,,(C). Then,

k k
> 0i(AB) < > 0y(A)oy(B), (A.6)
i=1 i=1

fork=1,...,qg =min{n,r,m}.

Lemma 2 Let A€ M,,(C),BEM, ,(C)andi <i; <---<iy <n. Then

k k
D03, (AB) 2 > 0 (A0 41(B). A7)
i=t t=1

In our case n = 3, and we put k = 1 in Lemma 1 and k = 2, i; = 2, i3 = 3 in Lemma 2.
Subtracting the resulting inequalities then gives

01(AB) —[0,(AB) + 03(AB)] < 0,(A)01(B) — 05(A)03(B) — 03(A)o3(B). (A.8)

We now set A= A'/2 and B = VA'/2. Both matrices have the same singular values given by
the eigenvalues of A2, o;(A) = 0;(B) = +/Ti. Equation (A.5) then gives

Urer}sa};((B)C(USpSU )<max(0 T, — 21/’52’53). (A.9)
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Finally, we prove by direct calculation that the state (10) reaches the upper bound of the
concurrence, where the singular values s; can also be calculated by the square roots of the
eigenvalues of the matrix

ToTg 0 0
0 0 ToT3

so that s; = 7, s, =3 = ,/T,73, which satisfies our statement. O

B Critical points of A

Case 1: & = m/2,31/2. The X matrix has the same eigenvalues for both values of &, given
the critical points of (26) and its A-value are the following:

by Eq. (27). Setting t; = T j,
1) tz Z t3:
t1 1 5
2= , A=§(t2+t3—\/t1+(t2—t3)2). (B.1)
\V tl + (tZ - t3)2
i) £, <ty
t 1
z= ! , A=§(t2+t3+\/t%+(t2—t3)2). (B.2)
vV tf + (ty —t3)?
i) a=m/2:
to +t3—1t;
= — B.3
5 (B.3)
iv) a=0and 8 = n/4:
A=1/2. (B.4)

Case 2: X without X;. The eigenvalues of X are in this case given by (29). In addition to
identical solutions to the previous case, other solutions appear which we list below:

1) tlztz:
t,+ty—tsg ts 1
VW=—7—=——=, Yo=—F7———=, A=—-(1—+1-8t1t3). (B.5)
! V1—8t;t, 2 Vv 1—8tt, 4( 1t2)
i) t; <ty

t3—1t;—ty t3

1
_bohTh o B A=Z(1+4/1-805). (B6)
st 2 Ji-sui ( 162)

Y1 _Zr

C Maximum entanglement of symmetric three-qubit states with
spectrum T, = T3 = T4
In this appendix, we calculate the maximum negativity in the SU(4) orbit of the states

Ps € B(H;’B) with a triple-degenerate spectrum 7, = T, = T3 = T4 = X, associated to one of
the edges of the simplex in Fig. 5. The states pg can be written as
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3
ps=x D 1)l + (1= 32)a) (gl = x Ly + (1= 40)hg) (o], (C.1)

k=1
where x € [0, 1/4]. Hence, the calculation of the maximum negativity in the SU(4) orbit of
Ps is reduced to

max N(USpSU)— max j\/(xl4+(1 4x)|1,b)(1/)|) (C.2)

UseSU(4) [p)e 7-[V3

The characteristic polynomial of a linear combination of the matrices 1}‘ and (J¢){(y])% is in
general irreducible. Let us instead calculate the eigenvalues of each matrix individually. The

eigenvalues of 1}“ are

1111

(_, a2 8’ o2 ﬂ: i) . (CB)
333333

On the other hand, the eigenspectrum of (|30){v|)™ in decreasing order is

( —cosasina, 0, 0, sin® a, sin a cos a, cos> a) , (C4)
where a is the Schmidt angle of |v)) € ’H;’s CHi®H,,
[y} = cosalny)|m;) +sinaln;)|my), (C.5)

with |n,) € H; and |m;.) € H,, for k = 1,2. We can observe that (1)) {1y|)"4, and then pgA, has
at most one negative eigenvalue. The lowest eigenvalue A, of

pet = (xly+ (1= 40 (epl)™ = X154+ (1 42) () ()™

is lower bounded by the sum of the minimum eigenvalue of each individual matrix

%—(1—4x)cosasina§Amm. (C.6)

In particular, the lower bound is minimized and achieved for a = 7/4 and

) = (|+>|++>+| N=-)), C.7)
which is the GHZ state. Therefore
14x
1—— .
Usrgsz}])%4)/\/'(UspSU )= max(O 3 ) , (C.8)

and the state pg is equal, up to a rotation, to p(”) The previous result also shows that, along
the simplex edge with 7, = 75 = 7,, the boundary with A, is given by the eigenspectrum
(71, T9, T3, T4) = (5, 3, 3, 3)/14, denoted by the point p, in Fig. 6.
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