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Abstract

We study the many-body physics in twisted bilayer graphene coupled to periodic driving
of a circularly polarized light when electron-electron interactions are taken into account.
In the limit of high driving frequency 2, we use Floquet theory to formulate the system by
an effective static Hamiltonian truncated to the order of 272, which consists of a single-
electron part and the screened Coulomb interaction. We numerically simulate this effec-
tive Hamiltonian by extensive exact diagonalization in the parameter space spanned by
the twist angle and the driving strength. Remarkably, in a wide region of the parameter
space, we identify Floquet fractional Chern insulator states in the partially filled Floquet
valence bands. We characterize these topologically ordered states by ground-state de-
generacy, spectral flow, and entanglement spectrum. In regions of the parameter space
where fractional Chern insulator states are absent, we find topologically trivial charge
density waves and band-dispersion-induced Fermi liquids which strongly compete with
fractional Chern insulator states.
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1 Introduction

Van-der-Waals heterostructures with moiré patterns [1,2] have attracted tremendous attention
over the last few years. When two atomic layers are stacked with each other, the mismatch
between the two crystals due to different lattice constants and/or a twist angle generates a
large-scale superlattice and affects the interlayer coupling. These moiré systems, the band
structures of which are highly controllable, are promising hosts of numerous exotic phenom-
ena. A representative example is the twisted bilayer graphene (TBG), consisting of two sheets
of monolayer graphene with a twist angle in between [3]. One of the most striking features
of TBG is that, at certain special twist angles (called magic angles), the low-energy bands
near the charge neutrally point (CNP) can be tuned to be nearly flat, thus providing an ideal
platform to investigate correlated physics. Indeed, unconventional superconductivity and fer-
romagnetism have been discovered in TBG [4-9]. Another salient progress in this direction is
the observation of the quantum anomalous Hall effect at zero magnetic field (also called Chern
insulators) in TBG aligned with a hexagonal boron nitride (hBN) [10]. In this case, the hBN
gaps out the protected Dirac band touching of TBG, such that the flat bands around the CNP are
isolated and acquire nonzero Chern numbers [6,10-14]. Motivated by this topological band
structure, a lot of theoretical efforts have been made to demonstrate the possibility of realizing
the zero-field fractional Chern insulators (FCIs) [15-17] in TBG-hBN when the flat bands near
the CNP are partially occupied by interacting electrons [18-21]. Excitingly, evidence of FCIs
in TBG-hBN has been reported in a recent experiment at weak magnetic fields [22].

External driving fields of light provide an alternative avenue to obtain topological band
structures even if the original bands in the absence of driving are topologically trivial [23-30].
Unlike nondriven systems, systems periodically driven by light do not have well-defined static
band structures. However, the effect of light enters an effective static Hamiltonian that cap-
tures the dynamics of the system on time scales much longer than the driving period [24,31-
33]. This effective static Hamiltonian, which describes photo-dressed band structures, has
been extensively used to predict the out-of-equilibrium topological properties of various peri-
odically driven systems [23,24,27,28,34]. In particular, accompanying the rapid development
of moiré materials, exploring the effects of light on moiré band structures has become an in-
triguing direction recently [35-46]. Just like in monolayer graphene [23,24,47], a circularly
polarized light can open a band gap at the Dirac points of TBG and give rise to Floquet topo-
logical flat bands [36-38].

While exciting progress has been made on Floquet moiré materials, the interactions be-
tween electrons are not yet taken into account in previous works. Hence whether correlated
topological phases can be induced by light driving in these systems remains a crucial open
question. In the context of photon-dressed topological band structure, a natural candidate
of correlated topological states is the Floquet FCI which was first proposed in monolayer
graphene [48,49]. Floquet FCIs can be formed when interacting particles partially occupy
a topological flat band of the effective static Hamiltonian of the driven system.
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Figure 1: Moiré Brillouin zone of TBG. The two large hexagons are original first
Brillouin zones of top (green) and bottom (orange) graphene monolayers. The two
small hexagons represent the MBZs resulting from twist, corresponding to the two
valleys of TBG. The Ké’b points, the vectors qg ; , in Eq. (1) and the MBZ reciprocal
lattice vectors G; and G, are given.

In this work, we investigate the possibility of stabilizing Floquet FCIs in TBG driven by a
circularly polarized laser light. We focus on the limit of high driving frequency Q2 and derive
the effective static Hamiltonian truncated to the order of Q2. Unlike Ref. [49], we find this
effective static Hamiltonian does not contain new effective interactions that could diminish
FCIs. This feature is due to the special form of the TBG Hamiltonian. Then we use exact
diagonalization to search for the evidence of Floquet FCIs in the parameter space spanned by
the twist angle and the driving strength. To be concrete, we assume that the Floquet valence
bands in the two TBG valleys are occupied at total filling v = 1/3 by electrons interacting via
the screened Coulomb potential. In this case, we find a wide region in which valley-polarized
FCIs are promising to exist. We also observe charge density waves (CDWs) and Fermi liquid
(FL) states in the neighboring regions of FClIs.

2 Model

We consider the low-energy dynamics of TBG at small twist angles (8 ~ 1°) by following
Bistritzer and MacDonald’s continuum model [50]. After twisting, the original first Brillouin
zone of monolayer graphene is folded into moiré Brillouin zones (MBZs). The low-energy
states of electrons reside in the MBZs near the Dirac points K, and K_ of monolayer graphene,
called as two valleys of TBG which we denote by £ = =+ (Fig. 1). Invalley &, the K; points of the
top and bottom graphene layers are located at Kg = Rg,2K¢ and Kg = R_g /2K, respectively,
with Ry a counter-clockwise rotation by angle 8 around the z-axis. G; and G, are the primitive
reciprocal lattice vectors of the MBZ (Fig. 1), with a; and a, the corresponding real-space
primitive lattice vectors. We neglect the intervalley scattering and spin-orbit coupling which
are very weak at small twist angles.
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2.1 Static system

In the absence of driving, the single-electron Hamiltonian of TBG takes the form of [18,51]

Hin = > (W] 00n%, , (k=KL ) (k) + ) (05 , (k=K )y ()

E=+ k

2
£ > > (Wl (k—Eqo+Eq)) Ti vy () +Hee) (1)

f=+ k j=0

where ¢, (k) = (izig) and Y, (k) = (izzigg) are spinors of annihilation operators
in valley & for electrons in top (t) and bottom (b) graphene layers, respectively, and A and
B correspond to the two sublattices in monolayer graphene. The first line in Eq. (1) includes
the Dirac Hamiltonians of top and bottom graphene layers, for which hg(k) = hé(Rgk) with
hé(k) = —hvp(Ek, oy + k,o,). Here o, ,, are the Pauli matrices acting on the sublattice
degree of freedom. We set ivy = +/3at,/2, where t, = 2.62 eV is the nearest-neighbor
hopping amplitude and a = 0.246 nm is lattice constant of monolayer graphene, respectively.
The second line in Eq. (1) describes the moiré tunneling between the two graphene layers.
Such tunneling is encoded in the matrix

Tf = Wy — w ST/ =iEC2/i0, @)
with the momenta q, = R_g,2Ki —Rg 2Ky, 41 = Ryp/390 and q, = R_57/3qp (Fig. 1). wy
and w; in T].E are the tunneling strengths between AA and AB sites, respectively. Ab initio
numerics gives w; &~ 110 meV [52], however, some works suggested smaller values [18, 21,
53,54]. In this paper, we consider two situations with w; = 90 meV and w; = 110 meV to
account for variations of different theoretical models and realistic samples. Furthermore, we
fix wy = 0.7w; to include the effects of lattice relaxation [55, 56] and corrugation [54, 57,
58]. The two valleys are decoupled in Hy;, and can be related to each other by time-reversal
conjugate. To calculate the band structure at momentum Kk, in the MBZ of a specific valley,
we express k in Hy;, as kg + mG; + nG, with integers m,n = —d, ...,d, where d is a suitably
chosen cutoff, then diagonalize Hy;, with the fixed valley index. As there is no alignment with
the hexagonal boron nitride (hBN) substrate, the Dirac band touching exists at the corners of
the MBZ.

Note that Hy;, is independent of electron’s spin, leading to a two-fold spin degeneracy
for each moiré band. For static TBG, interactions are able to lift this spin degeneracy under
suitable circumstances [10, 59-62]. We hence drop this spin degeneracy by assuming spin
polarization throughout this work, which can significantly enhance numerical efficiency of the
many-body simulation in Sec. 4. In fact, interactions can also induce valley polarization in
static TBG. However, as shown in Sec. 2.2, the time-reversal symmetry between two valleys
is broken when the system is driven by light. Therefore, light driving could lead to different
physics in the two valleys from the static TBG. We will keep the valley degree of freedom to
take this effect of light into account.

We simulate the interaction between electrons via the screened Coulomb potential

Hi =5 V(@) p(@P(-0):, ®

where p(q) is the electron’s density operator and : : means the normal order. As the two valleys
are decoupled in the single-electron level, we have p(q) = ). ¢ P£(q), where pg(q) is the den-

e 27

2
4me €pS /|q|2+K2

sity operator of electrons in valley . We choose the Yukawa potential V(q) =
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to describe the screening, where e is the electron charge, €, is the relative dielectric constant
of the material, € is the dielectric constant of vacuum, S is the area of the moiré superlattice,
and k measures the screening strength. Throughout this work, we fix €, = 4 [63, 64] and
Kk = 1/ay,, with a;; = a/(2sin(6/2)) the lattice constant of TBG.

2.2 Floquet system

Now we consider the coupling of TBG with light in the scenario of periodic driving. We suppose
that the system is driven by a circularly polarized light which shines vertically and uniformly
across the surface of TBG. The light field is represented by an electric field rotating in-plane as
E = &, (sinQt, cosQt), where Q is the driving frequency. The corresponding vector potential is
A=A, (cosQt,—sinQt) with Ay = &,/9Q, satisfying E = —57. For the single-electron Hamilto-
nian, the light field only affects the intralayer hopping. ThlS is because the interlayer tunneling
is dominated by hopping between atoms that are exactly on top of each other, thus mostly con-
tributed by z-component of the vector potential which is absent in our setup [36,37,39]. We
include the effect of light using a Peierls substitution k — k + eA(t)/# in the intralayer terms
of Eq. (1), resulting in a time-dependent single-particle Hamiltonian Hy;,(t). The interaction
Hamiltonian Eq. (3) remains as in the static case since it has the density-density form [48,65].
Combining both terms, we get a new time-periodic Hamiltonian

H(t) =Hkin(t)+HintJ (4)

to describe our system irradiated by the circularly polarized light, where H(t) = H(t +27/Q).

According to the Floquet theory, the stroboscopic evolution of the system, upon a unitary
transformation, can be captured by an effective static Hamiltonian H. that does not depend
on initial conditions [31-33]. While in general it is complicated to evaluate H.g, we consider
the limit where the driving frequency (2 is large compared to other characteristic energy scales
in the system. In this case, H.4 can be represented by a series expansion of 1/Q [31-33,49,65]:

Hy=HP+HP +H? + ..., (5)
with
HY = Ho, (62)
g _ [H m>H_m]
$=35 Z : (6b)
H(2) i [Hm) [HO) Z [H—m D m—m:Hm]]_[Hm’:[H—m’—myHm]]
eff (EQ)2 3mm’
m;ém
+H.c. (60)

Here H,, is the Fourier transform of H(t), i.e., H(t) = ZmHmeimm. For our model, H,, is
nonzero only when m =0, £1.

The zeroth-order term Hé?f) = H, is just the static Hamiltonian Hy;, + H;,;. The first-order
term is

HY) = (eA‘)VF) D> (vl o (1) + Y] (Ko (K) %)
E=+ k

which is the same as that derived for the non-interacting TBG [36-38, 44] because the inter-
action is time-independent in our model. Hézf) is a single-particle term which introduces a


https://scipost.org
https://scipost.org/SciPostPhys.15.4.148

Scil SciPost Phys. 15, 148 (2023)

staggered potential of strength P = (eAgvp)?/(hQ) = (3a*t2e2£2)/(4h°0%) in both graphene
layers. Note that this potential is opposite in the two valleys.

Previous works studying the high-frequency driving in non-interacting lattice models of-
ten neglect Hgf) and other higher-order terms in H.g, because their corrections to the single-
particle Hamiltonian is quite small. However, once interactions are considered, one should
be very careful when dealing with these high-order terms, because they can include effective
interactions even though the original interaction H;,, is time-independent. To the leading or-

der, these effective interactions are present in Hgf) if [Hp,, [Hine, H_1n 11 # 0. While being much

weaker than Hg(f)f) and Hgf) , these effective interactions may still be comparable to the many-
body gap protecting the ground state of H.g, thus having essential influences on the low-energy
stroboscopic physics. Indeed, it was found in some Floquet topological lattice models that the
effective interactions in Hé?f) led by original density-density repulsions destabilize topologically
ordered FCIs [49]. In our model, we carefully evaluate [H;, [Hj,., H_;]]. Remarkably, we find
it is zero due to the special forms of H,; and Hj,, in our model (see Appendix A). Therefore,
by contrast to Ref. [49], H£?2 in our model is still a single-particle correction without effective
interactions:

AgVr)>? 2y
HE = —(e(h‘g;) |:—Hkin + ;Zk:z (! . (k— &g+ &q;) Wity (k) + Hee.) ] ®)

j=0

where -
e' 0
Wg = WO( 0 e_igg) . ©))

The periodic driving of light changes the symmetry of the single-particle TBG Hamiltonian.
In the static case, Hy;, has the 180-degree in-plane rotation symmetry C, and the time-reversal
symmetry 7 [66], whose actions on the spinors of electron operators are

Cotpi /b (R)Cy T =T /b, (—K), T/ e(RT 1 =T4p sy e(—K). (10)

Here 7, , , are the Pauli matrices acting on the valley degree of freedom. In the presence of

light driving, both C, and 7 symmetries are preserved by Hé(f)f) and H g?f). However, H ‘Sf) contains

7,0, and behaves like a Haldane mass term for Dirac fermions, so it breaks the 7 symmetry.
As a result, the band gap at the Dirac points can be opened, leading to isolated valence and
conduction bands near the CNP in each valley. These valence and conduction bands can carry
non-zero Chern numbers in specific range of P and twist angle 6 [36,38]. Moreover, the Chern
numbers of the valence (or conduction) bands in opposite valleys are expected to be the same
because the Dirac fermions gain opposite masses. While the 7 symmetry is broken by light
driving, the C, symmetry survives, which makes the band structure of the driven TBG invariant
under £ - —& and k — —k.

We would like to compare light driving with the alignment of static TBG with an hBN
substrate, which can also lift the band touching at the Dirac points [14]. Unlike the light
driving, the hBN alignment breaks C, but not 7. In this case, while the band energies are also
invariant under £ — —& and k — —k due to the remaining 7 symmetry, the Chern numbers
of the valence (or conduction) bands in the two valleys must be opposite. We will discuss this
symmetry difference between light driving and hBN alignment more and explore its effect on
the many-body physics in Sec. 4.2 and Appendix C.

In the following, we choose a high frequency 12 = 1.5 eV, which significantly exceeds
the energy scale of low-energy bands in static TBG. When € is fixed, P quantifies the driving
strength. We consider P up to 60 meV, corresponding to a strong electric field £, ~ 8 MV /cm.

2
Then the prefactor % of Hgf) is only ~ 4% at most.

6
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Figure 2: The indirect band gap Agp and the bandwidth Wgp of the Floquet valence
band in a single valley for w; = 90 meV [(a),(c)] and w; = 110 meV [(b),(d)].

3 Floquet band structure

Now we have obtained the effective static Hamiltonian

Heg = Hiy + Hyy + HY + H®)

eff eff 2 (11)

describing the stroboscopic nature of our Floquet system, which includes the original interac-
tion and a single-particle part corrected by driving. Before we dive into the interaction induced
many-body physics, let us first analyze the properties of the Floquet bands. To be concrete, we
focus on the Floquet valence bands below the CNP. Because the bands in opposite valleys carry
the same Chern number and their dispersion can be related by the k — —k transformation, we
only need to consider a single valley.

In Fig. 2, we present the indirect band gap Agp and bandwidth Wgp of the valence band in
a single valley as functions of 8 and P. For most parameters that we consider, we find positive
Agp, meaning that the Floquet valence band is isolated from other bands at these parameters.
However, there are some lines in the (6, P) space along which the band gap vanishes. After
calculating the Chern number C of the Floquet valance band, we find these gap-vanishing lines
correspond to the transition between C = —1 and C = 0 (Fig. 3). In the parameter range that
we consider, the largest band gaps appear in the topological C = —1 case.

4 Many-body physics

Because the Floquet valence bands in both valleys are isolated and carry Chern number C = —1
in a wide range of parameters 6 and P (Figs. 2 and 3), they are promising to host Floquet FCIs.
Now we consider the situation in which the two Floquet valence bands, one in each valley, are
partially filled by N interacting electrons to examine this possibility. We choose a finite periodic
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Figure 3: Chern number of the Floquet valence band in a single valley for (a)

wy; = 90 meV and (b) w; = 110 meV. Solid dots represent C = —1, and circles
represent C = 0.

system with N; and N, moiré unit cells in the directions of the two primitive moiré lattice
vectors. The total filling v in the two Floquet valence bands is defined as N /(N;N,). Due to
the periodic boundary condition, each energy level of this finite system can be labeled by the
total two-dimensional (2D) momentum K = (K, K,), with integers K; = 0,1,--- ,N; — 1 and
K,=0,1,---,N,—1. Motivated by the observations of robust FCIs at ¥ = 1/3 (lattice analogs
of the celebrated Laughlin state [67]) in various static |C| = 1 topological flat bands [68, 69],
we fix ¥ =1/3 in our Floquet system.

We focus on the C = —1 region in the (0, P) space to numerically study the effective static
Hamiltonian Eq. (11) to search for the evidence of Floquet FCIs. Since the Floquet valence
bands are well isolated in the C = —1 region, it is fair to project Eq. (11) to these active bands,

leading to
Z ZEE(k)Ck ket Z Z k1k2k3k4 k1 £ k2 glcks £ Cky >

keMBZ £==+ {k;}eMBZ &&=+

g — (12)

where cii £ (ck,£) is the operator creating (annihilating) an electron with momentum k € MBZ
in the Floquet valence band of valley &, E;(k) is the corresponding band dispersion, and the

matrix element VE 3

dokaks is given by [18]

i = ;6;1+k2,k3+k4 D VI — kg +G) ({ug (ky g (kg — G) g (ky)luuz (ks + G + 5G)))

° (13)
KK is the 2D periodic Kronecker delta function with the period of MBZ reciprocal lattice
vectors, |uz(k)) is the Floquet valence band eigenvector in valley &, 6G = k; +k; —k; —ky,
and the sum of G is over the entire reciprocal space rather than only in a single MBZ. E¢(k)
and |ug(k)) can be obtained by diagonalizing the single-particle part of H.g with a fixed valley
index &.

The number of electrons N in each valley & is preserved in the projected effective Hamil-
tonian Eq. (12), which allows us to define a z-direction pseudospin S, = (N, —N_)/2. For a
given number of electrons N, S, varies from —N /2 to N /2. We then use exact diagonalization
to extract the low-energy physics of Eq. (12) in each S, sector. Due to the C, symmetry which
is not broken by the light driving, the energy spectrum of Eq. (12) should be invariant under
S, — —S, and K — —K. We have examined that the ground-state energy gap obtained from
diagonalizing Eq. (12) is always smaller than the single-electron band gaps of the Floquet
valence bands, thus justifying the validity of band projection.

Here &/

8
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Figure 4: (a) The FCI gap Ay, (b) FCI splitting Wy, and (c) their ratio Agcp/Weer
for N = 10 electrons in the valley & = 4. The number of unit cells is N; x Ny = 5 x 6.
We choose w; = 90 meV. The three-fold FCI degeneracy is absent in white regions.
In (a), we give the tentative phase diagram in a single valley. As shown later, the
CDW phase is identified by the structure factor, and the FL phase is characterized by
the step structure in the n(k) — Ej (k) curve. The markers indicate the representative
parameter points that we choose in Figs. 5 and 6.

4.1 Many-body physics in a single valley

Let us first assume valley polarization and study the many-body physics in a single valley. Be-
cause the two valleys are related by the C, symmetry, we can just use £ = + as a representative
valley, namely, we consider the S, = N /2 sector in Eq. (12). Such valley polarization reduces
the dimension of Hilbert space, thus significantly increasing numerical efficiency. In what fol-
lows, we choose w; = 90 meV. As shown in Appendix B, the results of w; = 110 meV are
similar.

On the torus geometry, an essential feature of the v = 1/3 Laughlin FCI is the robust three-
fold ground-state degeneracy in momentum sectors determined by the Haldane statistics of the
v = 1/3 Laughlin state [68,70,71]. Therefore, we compute the FCI gap A in the C = —1
region as the energy difference between the fourth and the first eigenvalues of the projected
effective Hamiltonian Eq. (12) in valley £ = 4, where all eigenvalues are sorted in ascending
order. If the lowest three eigenstates are not in momentum sectors predicted by the Haldane
statistics, we simply set the FCI gap to be zero. Meanwhile, we also measure the FCI splitting
Wrcar, quantified by the energy difference between the third and the first eigenvalues when
they are in the FCI momentum sectors. The result for N = 10 electrons is demonstrated in
Figs. 4(a) and 4(b). Strikingly, we can identify a wide range of parameters for which the
lowest three eigenstates are located in FCI momentum sectors, protected by a significant gap,
and approximately degenerate [i.e., very large Agc/Wecr, as shown in Fig. 4(c)].

To examine the robustness of such ground-state degeneracies, we examine their depen-
dence on the system size and the boundary condition. In Fig. 5(a), we demonstrate the low-
energy spectra of Eq. (12) in the valley & = + for N = 8, 10, and 12 electrons at a represen-
tative parameter point (6, P) = (1.05°, 10 meV) [labelled by the stars in Figs. 4(a)-4(c)]. For
each system size, we observe excellent three-fold ground-state degeneracy, i.e., the splitting
of the three ground states is much smaller than their separation from higher-energy levels.
The finite-size scaling of the ground-state splitting and the energy gap suggests that both the
three-fold degeneracy and the ground-state gap are very likely to survive in the thermody-
namic limit [Fig. 5(b)]. By inserting magnetic flux through the handles of the toroidal system,
we find that the three-fold ground-state degeneracy persists [Fig. 5(c)]. All these data further
confirm the robustness of the three-fold topological degeneracy. Remarkably, the observed gap
corresponds to a temperature of about 20 Kelvin, which is an order of magnitude higher than
required by the conventional fractional quantum Hall states in 2D electron gases. It is often
useful to express this energy gap in terms of the Coulomb interaction strength in the system,
which we estimate as U = e?/(4meye,ay). We find U is about 26.8 meV at the parameter
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Figure 5: The v = 1/3 Laughlin FCI in the Floquet valence band of valley § = +
at 6 = 1.05°, P = 10 meV when w; = 90 meV. (a) The low-lying energy spectra
for N = 8,10, 12 electrons on the N /2 x 6 lattice. (b) The finite-size scaling of the
energy gap and the ground-state splitting for N = 4,5,6,8,10, 12 electrons. (c) The
spectral flow for N = 10, N; x N, =5 x 6, where ¢, is the magnetic flux insertion in
the a, direction. (d) The particle entanglement spectrum for N = 10, N; x N, =5x6
and N, =5, with 23256 levels below the entanglement gap (the dashed line).

point in Fig. 5, so the energy gap is about 0.07U. Because we include the band dispersion
in the numerical simulation, the many-body gap is not simply proportional to U. Moreover,
this energy gap in general changes with the filling factor and the choice of active bands (va-
lence versus conduction bands). It can be further reduced by the intervalley excitations (see
Sec. 4.2), spinful excitations, and disorder.

To further corroborate the nontrivial topological properties of the ground state, we also in-
vestigate the particle entanglement spectrum (PES), which encodes the information of quasi-
hole excitations of the system and distinguishes FCIs from other competing phases [68, 72].
In Fig. 5(d), we divide the whole system into N, and N — N, electrons and label each PES
level by the total momentum (K%, Ké) of those N, electrons. A clear entanglement gap ap-
pears separating the low-lying PES levels from higher ones, and the number of levels below
the gap exactly matches the pertinent counting of quasihole excitations in the v = 1/3 Laugh-
lin state [68,70,71]. This entanglement spectroscopy, together with the low-energy spectrum,
strongly suggests that in a single valley the most robust v = 1/3 Floquet Laughlin FCI exists
in the region with 6 ~ 1.0° —1.1° and P ~ 5 meV — 30 meV when w; = 90 meV.

There are also regions in Fig. 4(a) in which the three-fold topological degeneracy of the
ground states becomes poor and eventually collapses. On the left side of the FCI phase (with
smaller 0), we find a pronounced sensitivity of the energy spectrum to the lattice size. For
N =6,N; xN, =3x6and N = 12,N; x N, = 6 x 6, we observe a new kind of three-fold
ground-state degeneracy in different momentum sectors from the v = 1/3 Laughlin FCI. These
momentum sectors are separated exactly by the moiré Dirac point momenta Kﬂ’r and K. For ex-
ample, while the three Laughlin FCI states of N = 12, N; x N, = 6 x 6 all carry (K;,K,) = (0,0)
[Fig. 5(a)], the three ground states at the parameter point (6, P) = (0.95°,20 meV) [labelled
by the dot in Figs. 4(a)-4(c)] of the same system size are located in the (K;,K5) = (0,0),(2,2)
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and (4, 4) sectors [Fig. 6(a) ], which are separated by momentum AK=(2,2)=(G; +G,)/3 ~Kf’r
and AK = (4,4) = 2(G; +G,)/3 ~ K. (Fig. 1). Here ~ means “equal to” up to a MBZ recipro-
cal lattice vector. The distribution of degenerate ground states over equally spaced momenta
is a signal of charge density waves. To further confirm this, we compute the structure factor
S(q) which can reveal the CDW order. We define S(q) in a single valley as

S(q) = ﬁ (pe(@pe(—q) —N?6) . (14)

where p:(q) = D pempz (U (K)|ug(k — Q))Clt,gck—q,g is the density operator projected to the
Floquet valence band in valley £. Remarkably, we find pronounced peaks at the corners of
the MBZ [Figs. 6(b) and 6(c)], revealing the underlying phase is the CDW with the order
momentum K_t;b. Various types of CDW phases have been identified in static TBG-hBN as
competing phases against FCIs [21,73-75]. The K-CDW states corresponds to a Wigner crystal,
whose unit cell is tripled compared to the original moiré lattice [21]. On the other hand, we
do not see the CDW degeneracy among the lowest states for N = 8,N; x Ny, = 4 x 6 and
N =10,N; x N, =5 x 6. This is because the Ki’b points are absent in the MBZ of these finite
lattices. Remember that the single-electron momentum k can only take k = %—;Gl + %Gz for

a finite periodic system. Therefore, both N; and N, must be divisible by three if Ki’b belong to
this set of allowed k. Otherwise, the K-CDW cannot develop in the finite system.

Finally, we go to the region on the right side of the FCI phase (larger 6), where we see
neither the FCI topological degeneracy nor the CDW degeneracy in the low-energy spectra. As
shown in Fig. 2(c), the bandwidth in this region becomes larger than that in the FCI region, so
that the stronger band dispersion may dominate over the interaction, leading to a Fermi liquid
state. We confirm this by studying the correlation between the electron’s ground-state occupa-
tion (n(k)) at momentum k and the energy E(K) of the Floquet valence band in valley & = +.
The result at a representative parameter point [labelled by the triangles in Figs. 4(a)-4(c)] is
displayed in Fig. 6(d). We observe a striking Fermi surface-like structure in the (n(k)) — E(k)
data, that is, (n(k)) ~ 1 for small E(k) and suddenly drops for larger E(k). This feature strongly
suggests that the region on the right side of the FCI phase is a Fermi liquid phase dominated
by the band dispersion.

Based on numerical results above, we present a tentative phase diagram in Fig. 4(a) for
the many-body physics in the v = 1/3 filled Floquet valence band of a single valley with
wy = 90 meV. Because of the limited system sizes which we can reach by exact diagonalization,
the phase boundaries are only roughly determined by the topological degeneracy of FCIs for
10 electrons, so they should not be thought as being precise.

It is well known that the quantum geometry of a flat band [76-78], such as the Berry
curvature (k) and the Fubini-Study (FS) metric g(k), plays a crucial role in determining the
many-body physics occurring in the band. Given the band eigenvector |u(k)), the FS metric
and the Berry curvature are the real and imaginary part of the quantum geometric tensor Q(k),
respectively:

Q* (1) = (eu(k)| gl u(k)) — (3¢ u(l) (k) ()| g u(k)) = g (k) — éBab(k) , (15)

where a, b = x,y and B*Y (k) = B(k). It can be proved for a 2D band that trg(k) > |B(k)| [16,
77,79,80]. FCI states are expected to be stable when the Berry curvature does not strongly
fluctuate in the MBZ and the trace condition trg(k) = |B(k)| is only weakly violated [19, 21,
22,74,75,79-82]. To see this in our model, we compute the Berry curvature fluctuation and
the violation of the trace condition, as quantified by

o(B) = v/ (B2(1)) — (B(k))2,
Sy = (trg® () — |BI)I),

(16)
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Figure 6: The competing phases of FCIs in the Floquet valence band of val-
ley £ = 4+ when w; = 90 meV. (a) The many-body energy spectrum at
(6,P) =(0.95°,20 meV) for N = 12, N; x N, = 6 x 6. The lowest three states are
located at (K;,K5) = (0,0),(2,2),(4,4), separated by AK = (2,2) and AK = (4,4).
(b) The structure factor at & = 0.95° as a function of P for N =6, N; x N, = 3 x 6.
The values of S(q) at q = Ki’b are significantly larger than those at q # Kﬁ;b. (©
Distribution of S(q) in the MBZ for N = 12, N; x N, = 6 x 6 at the same parameter
point with (a). (d) The ground-state occupation (n(k)) at momentum k as a function

of band energy E(k) at (6,P) = (1.2°,5 meV) for N =12, N; x N, =6 X 6.
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Figure 7: Quantum geometry of the Floquet valence band in a single valley for
wy; = 90 meV. (a) The fluctuation of the Berry curvature in the (8, P) parameter
space. (b) The violation of the trace condition in the (6, P) parameter space.

12


https://scipost.org
https://scipost.org/SciPostPhys.15.4.148

SciPost Phys. 15, 148 (2023)

X x S.=-4 9. .
. ST o == (b) 23 (c) 28
X S.=-1
35 g X xEx g x§x Si=0 40 2.5 40 2.5
BERX .2 8 22_ 22_
C o leq BT vER xR iR =30 1L9Z =30 19¢
S20f o . - 520 ==h }?;VE 520 }?;VE
15 i % i a 0“94 A o‘e()ﬂ
104 2 %
o 10 = 0.6 10 0.6
- 0.3 0.3
0.0 X x 0 0.0 0 0.0
0246 81012141618202224 095 1.00 1.05 110 1.15 1.20 : 095 1.00 1.05 110 1.15 1.20 :
K+ N K, 6 (%) 0(°)
50 3.2 50770 3.2 50 3.2
(@) 28 () 2.8 ® 2.8
40 2.5 40 2.5 40 2.5
22_ 22_ 22_
=30 192 =30 192 =30 192
5] =] 5] =] 5] =]
g 1.6\2 g 1.6\2 g 1.6\2
A, 20 135 a2 135 a2 135
0.9 0.9 0.9
10 0.6 10 0.6 10 0.6
0.3 0.3 0.3
0.0 0.0 0.0

0 0 0
0.95 1.00 1.05 1.10 1.15 1.20 : 0.95 1.00 1.05 1.10 1.15 1.20 0.95 1.00 1.05 1.10 1.15 1.20
0 (° 0 (° 0(°

Figure 8: The many-body physics in Floquet valence bands when both val-
leys are considered. We choose w; = 90 meV and focus on the system size
N =8,N; x N, = 4 x 6. (a) The low-energy spectra in the S, = 0,—-1,—2,—-3,—4
sectors at (6,P) = (1.05°,5 meV). The spectrum in the —S, sector can be obtained
by changing K to —K. The Laughlin gaps in the (0, P) parameter space are shown for
(b) S,==%4,(c) S, =%3,(d) S, =%2,(e) S,==*1and (f) S, =0.

respectively, for the Floquet valence band in a single valley, where (O(k)) = @ fMBZ Oo(k)dk
is the average of quantity O in the MBZ, with Ay, the area of MBZ. We plot o(B) and 6,
for various (0, P) parameters in Fig. 7. After comparing with Fig. 4 and Fig. 2(c), we find the
most robust FCI states indeed appear when both o(5) and 6,,, as well as the bandwidth, are
sufficiently small. Nevertheless, the minima of o(55), ., and the bandwidth are not located
at the same parameter point, so over-minimizing an individual quantity does not necessarily
improve the stability of the FCI phase.

4.2 Many-body physics in two valleys

Now we relax the assumption of valley polarization to explore the effect of valley degree of
freedom on the many-body phase diagram. We still choose w; = 90 meV in this section.
Because the Hilbert space becomes much larger in the absence of valley polarization, in the
following we focus on N = 8 electrons for which numerical simulations can be done efficiently.

First, we examine the low-energy spectrum of Eq. (12) in each S, sector. Remarkably,
for each S, sector we can find a region in the (6, P) parameter space where nice three-fold
ground-state degeneracies with Laughlin momenta exists, as shown in Fig. 8. This feature
originates from the wy = 0 limit, in which our driven system has the SU(2) symmetry among
the two C = —1 Floquet valence bands in the two valleys. This SU(2) symmetry was at first
noticed in the static TBG system [66]. We have numerically examined that each many-body
energy level in the wy = 0 limit is exactly (2S + 1)-fold degenerate, where S =0,1,--- ,N/2 is
the total pseudospin quantum number (compared to S, which is the z-component pseudospin
quantum number). In that case, the ground states in the FCI phase are FCI ferromagnetism
with the largest S = N /2, and the Laughlin FCI states in different S, sectors should be related
by pseudospin ladder operators. When w, is turned on, the (2S + 1)-fold degeneracy is lifted,
so that the Laughlin FCIs in different S, sectors have different energies [Fig. 8(a)]. However,
the Laughlin phase is preserved in each S, sector in a finite range of parameters. In Figs. 8(b)-
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Figure 9: (a) The S, of the global ground state for N = 8,N; x Ny, = 4 x 6,
w; =90 meV. (b) The generalized FCI gap of the same system size.

8(f), we display the Laughlin gaps in all S, sectors. It can be seen that the Laughlin phase
appears in similar regions of the parameter space. The valley-polarization sector (S, = +4)
has the largest gap.

As the ground energies in different S, sectors can now be different, we plot the S, quan-
tum number of the global ground state in Fig. 9(a). We find a large region in which the
global ground state carries S, = £4, i.e., the ground state is valley polarized. After comparing
with Fig. 4, we notice that this valley-polarized region almost covers the CDW phase and the
strongest part of the FCI phase, so our identification of the phase diagram with the valley-
polarization assumption holds in this region. Because the FCI states in this region can now
exist in multiple S, sectors [Fig. 8(a)], we generalize our definition of the Laughlin gap to
measure the energy difference between the ground state, if it is a Laughlin state in some S,
sector, and the lowest excited state that is not a Laughlin state in some S, sector. This gener-
alized FCI gap is shown in Fig. 9(b). Compared with Fig. 8(b), the gap is almost reduced by a
factor of 2 due to intervalley excitations.

In Fig. 9(a), there is also a large S, = O region on the right side of the valley-polarized
region. Again, due to the larger bandwidth in this region [Fig. 2(c)], we expect that the band
dispersion dominates over the interaction. To confirm this, we choose several parameter points
in this region to compute the electron’s ground-state occupation (n(k)) at momentum k. As
shown in Fig. 10, we observe Fermi surface structures when plotting (n(k)) as a function of the
band energy. This means the ground state in the S, = 0 region is a band-dispersion-induced
Fermi liquid, in which electrons equally populate in the two valleys and occupy the momentum
points from low band energies. Part of the FCI phase and the Fermi liquid phase in Fig. 4 is
replaced by this S, = 0 Fermi liquid phase once the valley-polarization assumption is relaxed.

5 Discussion

In this work, we investigate the interaction effect in twisted bilayer graphene irradiated with
monochromatic circularly polarized light. We work in the regime of high driving frequency.
When the Floquet valence bands obtained from the effective static Hamiltonian are partially
occupied by electrons at total v = 1/3 filling, we find compelling numerical evidence that
valley-polarized Floquet fractional Chern insulators exist for a wide range of twist angle and
driving strength, as characterized by the robust ground-state topological degeneracy and the
counting of quasihole excitations. By calculating the structure factor and the electron occu-
pation numbers, the intriguing interplay of Floquet FCIs with charge density waves and Fermi
liquid states are also identified in a single phase diagram. Our results demonstrate the rich
many-body physics in Floquet TBG.
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Figure 10: The ground-state occupation (n(k)) at momentum k as a func-
tion of band energy E(k) for N = 8N; XN, = 4 x 6, w; = 90 meV
in the S, = O region. We choose four representative parameter points: (a)
(6,P) =(1.1°,40 meV), (b) (6,P) = (1.15°,20 meV), (c) (8,P) = (1.2°,10 meV)
and (d) (6,P)=(1.2°,50 meV).

There are several interesting theoretical future directions following our present work. First,
it would be interesting to take into account more model parameters, such as the ratio wy/w,
and the dielectric constant, to explore the many-body phase diagram in a larger parameter
space. The interlayer tunneling may be tuned by applying a longitudinal light. Second, while
we only consider v = 1/3 filling in this work, it remains unclear whether FCIs at other fillings,
especially non-Abelian ones, can be stabilized in this Floquet system. Finally, inspired by the
recent development in Floquet band structures of other moiré materials beyond TBG [40-43],
it is natural to study the Floquet many-body physics thereof.

Considering that the Floquet Chern insulator has been realized in experiments of mono-
layer graphene [47], it is possible to observe it also in TBG driven by the light field, which is
the first step towards realizing the Floquet FCIs predicted in our work. In fact, the parameters
we choose here should be within experimentally realizable parameters. For example, both
the driving frequency A2 = 1.5 eV and the driving strength £, = 8 MV/cm (corresponding
to P ~ 60 meV) are accessible by current laser technology. However, obvious challenges still
exist. For instance, the Floquet heating out of the long-lived prethermal regime will result a
featureless infinite-temperature system. Fortunately, the time scale of the prethermal regime
grows exponentially with the increasing driving frequency [83, 84]. Moreover, one should
keep the driving off-resonant, otherwise the direct absorption of photons by electrons makes
the effective static Hamiltonian insufficient to capture the out-of-equilibrium properties (such
as the transport) of the system [24]. Finally, while our analysis of the low-energy physics of
the effective Floquet Hamiltonian indicates that the driven TBG system can host Floquet FCIs,
a deliberate time-evolution scheme is still needed to reach the desired states.
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A Effective Floquet Hamiltonian

Here we give a detailed derivation of the static effective Hamiltonian H.g. Note that we do
this derivation before the band projection. As discussed in the main text, the vertical light
irradiation modifies the static single-particle TBG Hamiltonian Hy;, [Eq. (1)] by the Peierls
substitution k — k + eA(t)/h in the intralayer part. The interlayer part in Hy;, [Eq. (1)] and
the interaction H;,, [Eq. (3)] are not changed by the light field.

In the presence of light driving, the static Dirac Hamiltonian hs 16/ (k—Kg’b) of each
graphene layer of TBG becomes

0 [gAktb—lAktb +56A0 zgﬂt] Fig6/2
—hvg ([(’(Akt b _HAkt b n ger —lgm]eilge/z 0 ) >
(A1)
where £ = % is the valley index and Akg’b = k—Kg’b. So the only non-zero Fourier components

H, =1("H (t)e™ ™2 dt of the total time-dependent Hamiltonian H(t) = Hy;,(t) + Hy,, are
m T Jo kin int
Hy = Hyin + Hipe
Hy=(- ervF)Z( Ot R () +e 7020 (K (K))
+ (eAgVp) Z (el () ea_() +e7 07207 L (Wpya_(K))
k
H_,=H]. (A.2)
Using the relation [c Cn> ck 1] 5n,ijnCz — SmJCch, we can obtain the first-order term of Hg

as in Eq. (7).
The second-order term of H is

H(E.?f) Z(hﬂ)z [Hl) [HO) ]] + H.c.
=3 hlﬂ)Z ([H1,[Hyin, H_111+ [H1, [Hine, H-11]) + Hoc. (A.3)

A straightforward calculation gives ﬁ [Hq,[Hyn,H_1]] as in Eq. (8). The calculation of
[Hq,[Hjy, H_1]] is more tedious. We can write the interaction Eq. (3) in the second-quantized
form:

ZZZZ%—M otttV (@WL ROWE (o) 2 (k) e (ky), (A4
{k} q opf e

where a,f8 € (tA, tB, bA, bB) are layer and sublattice indices, and £ and &’ are the valley
indices. Noticing that H_; is off-diagonal in the sublattice basis and diagonal in the layer and
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Figure 11: (a) The FCI gap Ay, (b) FCI splitting Wy, and (c) their ratio Agcp/Weer
for N = 10 and N; x N, = 5 x 6 in valley & = + with w; = 110 meV. The three-
fold FCI degeneracy is absent in white regions. In (a), we give the tentative phase
diagram in a single valley. The markers indicate the representative parameter points
that we choose in Figs. 12 and 13.

valley basis, we can write down a typical term in [H;,;, H_; ] (up to some prefactor) as

[wz;,g(kl)w;;,g,(kz)wﬁ,g/(ks)wa,g(ku,Zwg},g),g,,(k)wa,@,gu(k) : (A.5)
k

where £,&’,E” = =+ are the valley indices, [ = t,b is the layer index, and o = A,B is the
sublattice index (& = B,A if 0 = A, B). We can then apply a general relation

[c;(kl)c;(k2>cy(k3)c5(k4),Zf(k)c;(k)cv(k)
k

= 5,5 (ky)c] (o ) (ka)e, (ka)e, () + 6,0 f (g e ey ) Oy ey (s Jes (k)
= 8 y0f (&) () )eh (R )e, (e (ky) — 81, (Ko )e Iy )] (a)e (Rades (), (A6)

to compute this term, where ¢'’s and c¢’s are general fermionic creation and annihilation oper-
ators, respectively, and f (k) is an arbitrary function. The result is

[ 100V 2 o (o), D0, (008
k

= 8z,6r8a 1o ¥h KW | o (k)b e (ks 1,6, (Ky)
+ 821,208,000 L ()W o (K )13, (ks )b, £ (Key)
—8e 180,06 0,0 KW e (k)1 (Ks I £ (Ky)
~8e£08p,0.60% e KOV o 0 (k)W 2 (Ks ) £ (Ky)
=0, (A.7)
leading to [H;,,H_1] = 0. Therefore, only Hy;, contributes to Hé?f) in our model, making

Hgf) a non-interacting part in H.g. This is different from the result in Ref. [49], in which new

effective interaction terms appear in H(E?f) for another Floquet lattice model. This difference
is a result of different structures of the Hamiltonian between our model and the model in
Ref. [49].

B Many-body physics with w; = 110 meV

In Sec. 4 of the main text, we have presented the results of the many-body physics in the
v = 1/3 filled Floquet valence bands with w; = 90 meV. Now we repeat the investigations for
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Figure 12: The v = 1/3 Laughlin FCIs in the Floquet valence band of valley & = + at
6 =1.27°, P = 10 meV when w; = 110 meV. (a) The low-lying energy spectra for
N = 8,10, 12 electrons on the N /2 x 6 lattice. (b) The finite-size scaling of the energy
gap E, — E; and the ground-state splitting E; —E; for N =4,5,6,8,10, 12 electrons.
(c) The spectral flow for N = 10, N; X N, = 5 x 6, where &, is the magnetic flux
insertion in the a, direction. (d) The particle entanglement spectrum for N = 10,
N; x Ny =5 x 6 and N, = 5, with 23256 levels below the entanglement gap (the
dashed line).

a stronger interlayer tunneling w; = 110 meV. Under the assumption of valley polarization,
we find the overall phase diagram (Fig. 11) is very similar to that for w; = 90 meV. However,
the FCI phase exists at larger twist angles, which are still small but obviously deviate from the
magic angle ~ 1.05°. Similar to the case with w; = 90 meV, the stability of the FCI phase can
be understood by studying the Berry curvature, the FS metric, and the bandwidth. The best
three-fold degeneracies of ten electrons appear at 6 ~ 1.20°—1.35° and P ~ 5 meV —35 meV
[Fig. 11(c)]. We demonstrate the energy spectrum and the PES at a representative parameter
point (labelled by the stars in Fig. 11) in this region (Fig. 12), where the energy gap protecting
FCI ground states is even larger than that at w; = 90 meV. Meanwhile, the competition
between FCI and CDW remains for w; = 110 meV. The signals of the CDW phase and the
Fermi liquid phase, namely, the structure factor and the (n(k)) — E(k) curve, are shown in
Fig. 13 for two representative parameter points (labelled by the dots and triangles in Fig. 11,
respectively).

Considering the similarity of the many-body phase diagram in a single valley between
wy; = 90 meV and w; = 110 meV, we expect the many-body physics in both cases is also
similar when the assumption of valley polarization is relaxed, i.e., for w; = 110 meV a valley-
polarized FCI phase exists and competes with a valley-polarized CDW phase and a S, = 0
Fermi liquid phase.
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Figure 13: The competing phases of FCIs in the Floquet valence band of valley
& = + when w; = 110 meV. (a) Distribution of S(q) in the MBZ for N = 12,
N; xN, =6x 6 at (6,P) =(1.20°,55 meV). (b) The ground-state occupation (n(k))
at momentum Kk as a function of band energy E(k) for N = 12, Ny x N, = 6 x 6 at
(6,P) = (1.50°,10 meV).

C Effects of time-reversal symmetry breaking on the many-body
physics

The single-particle Hamiltonian of the static TBG aligned with hBN substrates on the top and
at the bottom is

Hyn = > > (W] 000, (k=KL ) (k) + ) (05 , (k=K )y ()

&=+ k
2
+ Z ZZ (wég (k_ €qo + 5(11') Tfl/)b,g(k) + H.c.)
== k j=0
M YD (9] 000400 + ) (K)o s1hy e (K)) C.1)
&=+ k

where the term in the third row is a hBN-induced staggered potential of strength M on the A, B
sublattices of each graphene layer. A rough estimation implies M &~ 17 meV [14], however, we
will treat M as a tunable parameter below. In this system, the alignment with hBN can lift the
band touching at the Dirac points due to the breaking of the C, symmetry [14]. However, the
hBN alignment does not break the time-reversal symmetry, which means the Chern numbers of
the isolated valence (or conduction) bands near the CNP in the two valleys must be opposite.
Then the symmetry of the static TBG-hBN system is different from our driven TBG system
in which the time-reversal symmetry is broken while the C, symmetry is preserved, although
in both cases the band gap can be opened at the Dirac points. We have studied the band
gap, bandwidth, and the Chern number of the static TBG-hBN valence band in the (8, M)
parameter space. The results are very similar to those of the Floquet system in Figs. 2 and 3
once we replace M with P (note that in the topological region the static valence band carries
C = F1in valley +). This is as expected, because in valley £ = + H;, only differs from the

single-particle part of the effective Hamiltonian of the Floquet system by a tiny Héff) term, and
the band structure of the static TBG-hBN in valley £ = — is identical to that in valley + upon
a time-reversal conjugate.

We have seen that the static TBG-hBN and the driven TBG have different symmetries al-
though the band gap is opened at the Dirac points in both systems. In order to study the
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Figure 14: The many-body physics of v = 1/3 valence bands of static TBG-hBN when
both valleys are considered for N = 8, N; x N, =4 x 6. We choose w; =90 meV. (a)
The S, of the global ground state. (b) The generalized FCI gap.

effect of this symmetry difference on the many-body physics, we briefly explore the many-
body physics in the static TBG-hBN system when the valence bands of the two valleys are
partially occupied by electrons at total filling ¥ = 1/3 and compare it to the driven TBG. Like
what we did for the driven system, we project the screened Coulomb interaction to the two
valence bands of the static TBG-hBN. We focus on the parameter region with nonzero band
Chern number and choose w; = 90 meV. Under the assumption of valley polarization, we
observe a robust Laughlin FCI phase in a single valley, competing with a CDW phase and a
Fermi liquid phase. The phase diagram in a single valley is very similar to that of the driven
TBG.

Then we relax the assumption of valley polarization. By contrast to the driven system,
for static TBG-hBN we do not observe the Laughlin FCI phase in S, # £N /2 sectors like those
shown in Fig. 8. This is due to the opposite Chern number of the two valence bands in opposite
valleys of static TBG-hBN. In Fig. 14(a), we display the S, quantum number of the global
ground state of static TBG-hBN in the (6, M) parameter space. It turns out that whether the
time-reversal symmetry is broken does not significantly affect the valley polarization: Like in
the driven system, there is a similar region in which the ground state of static TBG-hBN is
valley polarized. The Laughlin FCI phase observed under the valley polarization assumption
survives in this region. In Fig. 14(b), we show the generalized FCI gap defined in Sec. 4.2 for
static TBG-hBN, namely the gap taking the intervalley excitations into account. For the system
size of N = 8 electrons, the maximal FCI gap of static TBG-hBN is about two times larger than
that in the driven case [Fig. 9(b) ], however, a more precise comparison requires the access to
larger system sizes. In Fig. 14(a), we also notice some regions with S, # £N /2, which looks
more complicated than Fig. 9(a). We will leave a detailed investigation of these competing
phases to a future work.
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