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Abstract

We consider N = 4 supersymmetric gauge theories on the squashed three-sphere with
six preserved supercharges. We first discuss how Wilson and vortex loops preserve up to
four of the supercharges and we find squashing independence for the expectation values
of these ;-BPS loops. We then show how the additional supersymmetries facilitate the
analytic matching of partition functions and loop operator expectation values to those in
the mirror dual theory, allowing one to lift all the results that were previously established
on the round sphere to the squashed sphere. Additionally, on the squashed sphere with
four preserved supercharges, we numerically evaluate the partition functions of ABJM
and its dual super-Yang-Mills at low ranks of the gauge group. We find matching val-
ues of their partition functions, prompting us to conjecture the general equality on the
squashed sphere. From the numerics we also observe the squashing dependence of the
Lee-Yang zeros and of the non-perturbative corrections to the all order large N expres-
sion for the ABJM partition function.
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1 Introduction

Supersymmetric localization has been used in a variety of contexts for the exact evaluation
of partition functions and loop operator expectation values in supersymmetric quantum field
theories with at least two preserved supercharges [1]. In three dimensions it was first used on
the round sphere [2,3]. The extension to squashed three-spheres depends on the supercharges
one chooses to preserve [4,5] but can only depend on a single scalar parameter of the geom-
etry [6]. Still, this one parameter deformation complicates evaluations and transformations
of the resulting matrix models by changing hyperbolic trigonometric functions to double sine
functions.

In [7], backgrounds on the squashed three-sphere which preserve six supercharges were
considered.! The additional two supercharges were understood as an enhancement of the
supersymmetry upon fine-tuning of a specific mass parameter in the previously known back-
grounds with four supercharges. The advantage of this new setup is that for every V' > 4 gauge
theory? on this background the partition function is independent of the squashing parameter.
For ABJ(M) this squashing independence was first noticed in [9] and furnished useful rela-
tions on the derivatives of the free energy. This squashing independence of the ABJM partition
function has also been discussed from a 4d index [10].

In this paper we consider loop operators in ' = 4 theories on the squashed sphere preserv-
ing six supercharges. To see the effects of the additional two supercharges, we start with the
squashed-sphere with four supercharges and its %-BPS loop operators. Once we enhance the
supersymmetry to six supercharges these operators generally do not preserve the additional
supercharges and are therefore %-BPS. However exactly two of the great circles support %-BPS
loops. A Wilson loop living on one of these two circles preserves the same four supercharges
as the vortex loop living on the other one. We will argue that %-BPS versions of all loop opera-
tors in [11] exist on this background. We expect that the loop operators in non-linear quivers
theories as discussed in [12,13] also admit %-BPS versions on the squashed sphere. We leave
for future work the lift to the squashed sphere of purely N' = 4 loop operators, such as those
in [14] for example.

We use localization to compute the expectation values of the %-BPS loop operators [2,11,
15,16]. We find that once a Wilson or vortex loop operator preserves four supercharges the
dependence on the squashing parameter drops out of the matrix integral in the same way as
it dropped out of the partition function for six preserved supercharges.

In the vast landscape of N = 4 theories these results on squashing independence of parti-
tion functions and loop operator expectation values apply at least to all Lagrangian theories.
Examples are the N' = 8 SYM and ABJ(M) theories, as well as the theories from Hanany-

Similar backgrounds were considered in [8].
2Here and in the following we will denote gauge theories by the amount of supersymmetry they have in flat-
space. By contrast, for rigid supergravity backgrounds we will indicate the number of supercharges they preserve.
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Witten style brane constructions [17]. In the IR many of these theories are not independent
but they are interrelated by dualities, including mirror symmetry [17-19] and Seiberg-like
dualities [20,21]. A common test for such dualities is the matching of the partition functions
as well as loop operator expectation values on both sides. This has been done extensively on
the round sphere, e.g. in [22-36].

On the squashed sphere, checking dualities by equating partition functions requires more
work. Seiberg-like dualities have been checked on the squashed sphere by dimensional re-
duction of the 4d index [37]. Relying on [38], one can even check Seiberg-like dualities in
theories with chiral matter [39,40]. However, mirror symmetry on the squashed sphere has
had less success. Only linear quivers have recently been treated using a local recursive dual-
ization algorithm based on Seiberg-like dualities [41,42]. In this work we observe that the
difficulties arise from breaking the N/ = 4 supersymmetry with backgrounds that preserve only
four supercharges. However, as soon as the background preserves six supercharges all match-
ings of partition functions and loop operator expectation values can be lifted from the round
to the squashed sphere, which for mirror symmetry means we can observe the exchange of the
Coulomb and the Higgs branches as well as of Wilson and vortex loops.

We show numerically that the expected matching of the partition functions between ABJM
and A/ = 8 SYM holds at low ranks on the squashed sphere with four preserved supercharges.
We show this for a wide range of squashing parameters, Fayet-Iliopoulos coefficients and
masses. Based on this we conjecture the general equality. We expect that the techniques
of [42,43] may be used to prove this relation analytically.

From the numerical data we observe surfaces in the three dimensional parameter space
where the partition function goes to zero. These correspond to the Lee-Yang zeros already
found on the round sphere [44,45]. We observe from the numerical data that squashing moves
them to larger FI and mass parameter values. We also compare our numerical data to the all-
order large N partition function of ABJM that was recently conjectured [46]. This allows us
to observe the growth of the instanton corrections to the ABJM free energy under squash-
ing. It would be interesting to understand both the Lee-Yang zeros and the non-perturbative
corrections further.

This paper is structured as follows. In section 2 we review supergravity backgrounds on the
squashed three-sphere with four and six preserved supercharges and localized N = 4 partition
functions. In section 3 we discuss BPS loop operators, their expectation values and squashing
independence for the %-BPS loops. In section 4 we discuss how our results allow to lift tests of
dualities from the round to the squashed sphere as well as the numerical results for matching
the partition functions of ABJM and N' = 8 SYM.

2 Supersymmetry on the squashed three sphere

In this section we give a very brief review of supersymmetry on the squashed three-sphere.
The squashed three-sphere has the metric [5]°

42 r§(b+b—1

2 2
r
Soquashed = 5 | 3 ) (d + cos 9d¢)2+zg(d92+sin29d¢2), ¢y

3This is the same metric as the familiar squashing in [4] but we choose to preserve a different set of supersym-
metries. Note that often the name squashed sphere gets used to denote the ellipsoid as well despite it having a
different metric.
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where b is the squashing parameter and b = 1 is the round sphere. We use the coordinates
0 €[0,7], ¢ €[0,2n] and ¢y €[0,47]. We pick the frame

el = —% (sinyd6O —sin O cosyde) ,

o2 = %(cosmj;d@ +sin 0 sinypdg) , 2)
3__I3 1)
ed = y (b+b (dy +cosO0do) .

The N = 2 Killing spinor equations are [47]

. 1
V., —i(A,+V,){—Hy,l+ E&‘WPV”YPC =0,

€))
~ ~ ~ 1 ~
vue +1(Au + Vu) {—Hy,l— EEMVPV”}/"C =0.
If the background fields take the values
i 1
H= 4L (b+57),  V=—a=Z(b+b7)(b—b7")(dy +cos0dg), 4)
I's
then for all constant spinors {, 20 we have the preserved Killing spinors [5]
(=et®n.g7lg,,  T=emim. g7l 5

where we defined
e©=—p, g=[ 963079 sin §ez(6¥) o
’ —sin §e2(0¥) cos Gem2(0TV) |7

Thus we have a total of 4 preserved supercharges and the preserved superalgebra is su2|1) @u(1).

If we take this as a background for an N = 4 theory, only the diagonal U(1)giqg Subgroup
of the full R-symmetry group SU(2). x SU(2)y is preserved as an R-symmetry while the axial
subgroup U(1),, takes the role of a flavor symmetry. This U(1),, can be coupled to a back-
ground vector multiplet (A, A = 0,m,, D) where m,, is a mass parameter and we will refer to it
as the special mass. Such a background vector multiplet has to take the form
H 2im,

A -

D=—m,—,

“Ta T b+b 1l @

to preserve the above 4 supercharges on Sg.

For m, = +i b‘é’ ~ theU (1), background vector multiplet combines with the N = 2 back-
ground supergravity multiplet to give an A = 4 background supergravity multiplet with two
additional preserved supercharges and an enhanced superalgebra su(2|1) @ su(1|1). The two

additional Killing spinors are

—p1 -

m =it ¢~ (5). 7-(3). ®)
—p1 -

m =it «=(3). 7= (5): ©

We will refer to these values of m, as the enhancement points for the supersymmetry.*

4See the appendix of [7] for the 3d conformal supergravity version of this N = 4 background. [8] discusses
similar squashed three-sphere backgrounds with more than four preserved supercharges.

4
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In [7] we discussed the twisted dimensional reduction of the 4d index on S! x S2 in the
context of additional preserved supercharges.”> Let us highlight one aspect of this discussion
which will simplify our work later. On S! x S3 the twist corresponds to a non-trivial rotation
on three-sphere as we go around the circle. This inserts a factor

-1
exp (—47'cb b n; ) , (10)
r

in the index where j, is the charge for the SU(2) C SO(4) subgroup of the rotations on S3 that
leave four Killing spinors , { invariant. This rotation also acts on the circles that the g-BPS
loop operators lie on. Hence when computing an index for a 1d theory on these circles we will
have to remember to insert this factor.

Once we couple an N/ = 4 gauge theory to the squashed sphere background with at
least four supercharges, its partition funciton can be computed using supersymmetric local-
ization. The result is an integral over the Cartan subalgebra of the gauge group with measure
dommk O e A, (6, a)? and additional insertions dependent on the content of the theory. For
each vector- or hypermultiplet we have to include the one-loop determinants:

. Q rank G Sy(£i(6, a); b, b_l)Sz(% —im, +i(6,a); b, b_l)
4 ec4(m*)—52(5_1m ) l_[ (6,a)? ’

(11

aEA,

-1
i({(6,p) +m); b, b_l) ) (12)

Zhyp4(m*: m) l_[ SZ (

PER

where S,(x; b, b™!) is the double sine function defined in Appendix A. We use the shorthand
notation Sy(x%y) = Sy(x+y)S,(x—y). Once we go to one of the supersymmetry enhancement
points, the one-loop determinants simplify significantly

—rank sinh(7b~1{6,a) 2 _ .p—bl
VA _ o Gﬂaem%’ Me =1 13
:4(m>k) brank G Sil’lh(ﬂ'b(a',a))z N b_b,I ( )
l_[aeA+ (é,a)Z 4 m* =1 2 )
:b—b"1
) m, =i ,

ZyP (m,,m) = {HPGR —mh(nb T T (14)

HPGR cosh(nb({6,0)+m)) * m, =—1"—

Important for later is the b-dependence of these expressions at the enhancement points. A
Chern-Simons term at level k inserts the factor

exp(—igk tr(éz)), (15)
into the matrix model, while a Fayet-Iliopoulos (FI) term with parameter & inserts
exp(2mig tr(5)). (16)

3 Wilson and vortex loops

Loop operators are important observables in gauge theories. In this section we discuss loop
operators on the squashed three-sphere that preserve two or four of the six supercharges of
the A/ = 4 squashed sphere discussed in the previous section. For the operators preserving at
least two supercharges we find their expectation values in terms of a matrix model integral
and for the %-BPS loops we show that the squashing dependence drops out.

5See [10] for an extension to the context of 4d A/ = 3 theories and ABJM theory.
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3.1 Wilson loops

A Wilson loop for a gauge symmetry in a three-dimensional A/ = 2 theory corresponds to an
insertion into the path integral of the path ordered exponential

trRPexp(if(A—ixaldyl)) , (17)
Y

where A is the gauge field, o is the scalar in the A/ = 2 vector multiplet, y is a closed path in
our space, R a representation of the gauge group and x some constant. For BPS-loops the path
y is constrained and x is fixed. To preserve a pair of supercharges &, 8 , the SUSY variation of
the integrand should vanish, hence the following equation has to hold

0= 6:(AK)—ixo|K|)
= —i(&y, K" — x|K|E)A —i(Ey K" + x|K|E)A, (18)

where K = % is the tangent to the path v and we have used the SUSY conventions from [47].
The terms in both sets of parentheses have to vanish independently and it is obvious that this
requires K to be related to the Killing spinors. The natural choice for K is the Killing vector

K,=&r,&, (19)

such that by construction

E(ruKF—(EE) =0,  E(y K" +(£&)=0.

Thus in order for the line operator to preserve the two supercharges we must set

x = % € {—1,1}. Concretely, on the squashed three-sphere we can choose the spinors

o =1(1,0) and ZO = (0,—1) to define , Z in (5).° Then the Killing vector takes the form

2 _ 2 _

K=r—(b—b 1)8w+r—(b+b 1), (20)

3 3
and we see that this gives a supersymmetric Wilson line with x = 1. At fixed but generic 0 the
loop is closed only for b2 rational. The exceptions are at 6 = 0 and 7 where the loop closes
for all b. Any additional Killing spinor ¢’ or {’ from (5) that is preserved in the presence of
this line has to satisfy

(k" —IK)=0,  C(y,K*+IK)=0. (21)

However the only solutions of the form (5) are proportional to {, Z, confirming that the Wilson
lines are necessarily %-BPS on the squashed sphere with four supercharges. This can also be
seen from the superalgebra su(2|1), as a line operator breaks the rotational su(2) subalgebra
down to u(1).

To find loops with additional preserved Killing spinors, we need the enhanced supersym-
metry with its superalgebra su(2|1) @ su(1|1). From the previous paragraph we know that
a line operator breaks su(2|1) to su(1|1). For a line to preserve this together with a second
su(1]1) the Killing vectors for both superalgebras have to be parallel on the line. Explicitly,

—_p~1 o .
assume we have tuned the special mass m, to i2 Zb and thus have the additional conserved

supercharges ' = (1,0), Z’ = (0,1) on the squashed sphere. The Killing vector for the new
supercharges is

C’yug’dx“ =—¢3. (22)

5We focus on this pair because it is the one used for the localization computation in [5]

6
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This is parallel to K, = { )/MZ in (20) only on the circles at & = 0, . Assuming A, o are part
of a standard N = 4 vector multiplet, the equations (21) have to hold as well to preserve
z, Z’ . This restricts the loop preserving four supercharges to lie at 6 = m. For a twisted vector
multiplet the signs in equations (21) are flipped and thus the %-BPS Wilson loop has to lie a
6 = 0. If we had chosen the other enhancement point m, = —ib_zlr1 , the allowed locations
for the standard and twisted A/ = 4 vector %-BPS Wilson loops would be reversed.

3.1.1 Evaluating Wilson loop expectation values

Let us now compute the expectation values of the BPS Wilson loops on the squashed three-
sphere. All loops preserve at least two supercharges, so we can use supersymmetric localiza-
tion and evaluate the Wilson loop on the localization locus, where A= 0 and o = Qirgé for

Q=b+ %, with & the Coulomb branch parameter. Thus, we insert

2
t —GL(0 23
trexp( om01(6) ) 29
into the matrix model integrand, where £(6) is the length of the closed curve. For a generic
closed loop, we have b? = =, with m, n relatively prime integers. Then the length of the loop
is
0 5 0
6(9)=2nr2—3bn|K|, |K|=Q(bcos §+b sin 5) 24)

The loops at 8 = 0 and 7 always close and are of special interest to us as they can be %-BPS.
For the loop at 6 = 0 we find

Q3

Z(O)—277: |K(0)| =2m—=b.

Therefore this Wilson loop inserts
trp exp(2mwbs), (25)

into the matrix model. We know that this loop preserves the additional supercharges at

m, = —i b_zb_l. If we now look at the 1-loop contributions (13) and (14) to the partition
function at this enhancement point, we see that all contributions to the matrix model depend
on the combination b&. Thus the b-dependence drops out by rescaling the Coulomb branch

parameter. The same story holds for 8 = 7 with b replaced by b™!, namely:

_ 11
(@ =00 bim, =—2=7 ) = (@ =)t m, =) 26)
<WR(e=n>>(bm L )=<wn(e=n)>(1;m*=0). 27)

These results on the squashed three sphere match to the ellipsoid [48].

3.2 Abelian vortex loops

A vortex loop operator for a global abelian symmetry can be constructed as follows [15]: First,
couple the corresponding current j to a dynamical field A;, then introduce a CS term for A; at
level k. The resulting theory has an extra topological U(1); symmetry for which the current
is xdA;. Then couple this current to a another dynamical field A, and introduce a Wilson loop
for A,. The resulting path integral has the form

J D[fields]f DA, J DA, exp (iaJ Az) el [ (FAzNdA =Gz AN = ZALAs]) o —S(fields)  (9g)
Y

7
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Performing the A, integral introduces a 6-function in field space forcing dA; = aé)(,z) =dA,.
Thus we end up with the following insertion in the path integral:

i k
exp(%anA*j—iEJAaAMa). (29)

A, introduces a non-trivial monodromy around the path y for all operators charged under the
corresponding global symmetry. The quadratic insertion captures the self linking number of
the loop.

For supersymmetric theories, in order to preserve some supercharges, we should replace
currents with current multiplets and gauge fields with vector multiplets. The N = 2 super-CS
term is then [47]

k ~
4—7_[‘( (IA]_ /\dA1+2(i),1A.1_D10-1)\/§d3X) 5 (30)

and the N = 2 preserving coupling of the vector multiplet (Az,lz,iz, 04,D,) to the extra
topological U(1); symmetry is

;JAlAdAZ__Jd?)X\/_(O-lDZ-i_UZDl iA Az—lkllz) (31)

As discussed in the previous subsection, the Wilson loop breaks some supersymmetry and thus
we can rely on our discussion from the previous section to get %-BPS vortex loops from %-BPS
Wilson loops.

To get a vortex loop preserving four supercharges we have to do all the above steps with
N = 4 multiplets. The super-Chern-Simons term does not allow an \/ = 4 generalization and
is therefore absent for loops preserving more than two supercharges. Promoting (31) to A/ =4
multiplets requires the multiplet of A, to be a twisted vector multiplet. Thus the assignment
of vortex loops to the preserved four supercharges is the same as for the twisted vector g-BPS

Wilson loops, the loop at 8 = 0 preserves the additional two supercharges for m, = 1b b_ ,

.b—b"!
5 -

while the one at 6 = 7 preserves those at the enhancement point m, = —i

3.2.1 Evaluating abelian vortex loops

We can evaluate the abelian vortex loop expectation value from the localized partition function.
On the localization locus the scalar in the vector multiplet satisfies o = QLO' and the auxiliary
field is D = —oH with H the background field in (4), while the gauge field and fermions
vanish.

Using that the volume of the squashed three-sphere is Qm?r and that H = % we can
evaluate the coupling of the two vector multipets (31) and the super -Chern-Simons term (30)

on the localization locus

LJ &’x/g(-2)Dy0; = an 5= 2)—01( Do Q2 4 =Xns2, (32)

4r Qr3 2

1 s 2.3 iQ 2 ,
d°x/g(01Dy+04D;) ———QTL’ r32— 61(—1 )— G, =2mi6,0,. (33)

T 4r3 Qrs

We add a mass term m in the final expression by coupling the topological U(1) symmetry to
a background vector multiplet. The expectation value of the abelian vortex loop is then given
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by the following integral:

(V(6))(b; k; a;m):Jdéldéze_zmm[’ﬁ%“62“9)””1‘5162_%“6%2(61)

=exp(—%7’r(m+ la e(e))z)z(er ia z(e)). (34)

Qr37'C Qrgﬂ'

Thus a vortex loop for a global U(1) simply shifts the corresponding mass parameter in the
partition function. This is also found on the ellipsoid [15, 16].

We conclude this subsection by observing that the vortex loop expectation value becomes
squashing independent if the loop preserves four supercharges. Namely these supercharges
require k = 0 and the loop fixed one of the poles giving the shift of the mass parameter the
correct scaling for squashing independence,

-1 -1
(V(G=O))(b;k=0;a;bm;m*=i%)=Z(b;bm+iab;m*=i%)

=Z(1;m+ia;m, =0)
=(V(6 =0))(1;k=0;a;m;m, = 0),
(35)
b—b!
2

(V(6 =m)) (b;k =0;a;b tm;m, =—i ) =(V(0 =n))(1;k=0;a;m;m, =0).

(36)

3.3 Non-abelian vortex loops

To get vortex loops for non-abelian global symmetries we take the approach of [11] and couple
the three-dimensional theory to a one-dimensional theory that lives on the loop. Here we
argue that this coupling can also be done on the squashed sphere while preserving the four
supercharges. We refer to the original paper for details on which 1d theories should be coupled
to get the desired vortex (and Wilson) loops.

On the round sphere, coupling a 1d theory on a great circle to the 3d gauge theory breaks
the supersymmetry to one of two distinct supersymmetry algebras of the form su(1|1)®su(1|1).
On the loop these algebras can be identified with the SQMy or SQM,;, super-quantum-
mechanics algebras. Depending on the preserved SQM algebra and the content of the coupled
1d theory, it corresponds either to a vortex or Wilson loop. These Wilson loops reproduce the
previous ones and the following provides a consistency check.

We have already noted that on S Z’ we can preserve two distinct su(2]1) @ su(1|1) algebras
depending on the enhancement point m, = ﬂ:ib_zb - Inserting a loop operator at the north
pole 8 =0 (or south pole 6 = 7) these superalgebras are broken to the su(1|1) @ su(1|1)
subalgebras whose Killing vectors are parallel to the loop. These subalgebras are deformed
versions of those preserved by a loop on a great circle of the round three-sphere. Consequently
we can identify them with the two distinct 1d N' = 4 super-quantum-mechanics algebras
deformed by appropriate background fields. Thus, we can couple N’ = 4 theories on the
squashed three sphere to the A/ = 4 super-quantum mechanics on the loops at the poles.

More explicitly, let us go to 6 = 0 and the enhancement point ib_zb . Then the
su(1|1) @ su(1|1) superalgebra preserved by the insertion of the loop can be identified with
SQMy, compatible with the discussion in subsection 3.2. Coupling the 3d theory to the same
1d theory as in the round sphere case, but with the deformed or additional background cou-
plings, we get a vortex loop on the squashed three sphere. If we are at the same enhancement
point, but at the south pole 6 = 7, the loop preserves the same su(1|1) ® su(1|1). However,

9
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due to the position dependence of the Sg’ Killing spinors (5), it is now mapped to SQM;, and
we can couple the correct 1d theory to get a Wilson loop. So we can simultaneously have
Wilson loops at & = 7 and vortex loops at 68 = 0 preserving the same four supercharges.

Now we keep our focus on the vortex loop at 6 = 0 and compute its expectation value as
we squash the sphere. On the round sphere the vortex loop expectation value takes the form
after localization [11]

(V(6 =0))(b=1;m,n) =N W/t J do™k G Fi(b=1;0,m,n)I(b=1;0,m), (37

where F3; is the integrand of the localized 3d partition function, Z is the index of the 1d
theory we are coupling to it, ' a normalization factor and W/! some flavor Wilson loops.

From localization we see that the vortex loop expectation value on the squashed sphere at
the enhancement point is the following generalization of (37):

(v(6 =0)) (b; m; é;ib —2b—1)
b—b!

z—b

=N W/llim f dgrank ¢ F, (b; 6;m;&;i )Ie=o (b;6;bm;z). (38)
Squashing the sphere the 3d integrand has been replaced by the corresponding squashed
sphere expression. We also need the dependence of the 1d index Z on the squashing pa-
rameter. The size of the loop is 27rr3%b and thus one would expect that the kinetic piece of
modes in the one-loop determinants of the localized index should behave as (Qb)™. How-
ever, as we noted already at the end of section 2, we have to remember the couplings to the
additional background fields and their effect on indices. Squashing the S® not only changes
the length of the loop but it also introduces additional background fields. To preserve the 4
supercharges, the 1d theory has to couple to these background fields, including the dual gravi-
photon from the twist in the compactification from S* x S3. On the circle at 8 = 0 this twist

—p-1 . o
acts as a translation proportional to %. Thus it changes the b dependence of the kinetic

piece for modes to é. Consequently, we get that the index on the squashed sphere for the 1d
theory on the loop at 8 = 0 is given in terms of the index on the round sphere as:

N

G m gz
To—o(b;o;m;2)=Tog_ol 1;—;—;=|. 39

g—0 (b;6;m;2) 90( bbb) (39)
The 3d integrand F3, on the squashed sphere at the enhancement point m, = ib _2” — can also
be related to its round sphere counterpart. Using (13) and (14) we get

b—b! 5
fsd(b;é;m;i;i 5 )=b_ra“kG}'3d(1;%;%;b§;0)- (40)

Inserting the relations (39) and (40) we can rewrite the vortex loop expectation value 38 in
terms of the round sphere 1d index and 3d integrand

-1
V(o =0) (b; m; ai%)
=N Wfllim déranka_rankG]:gd(1;g;m;bi;O)IQZO(l;g;m;z). 41
z—1 b’ b b™ b

Rescaling then the Coulomb branch parameter % — & as well as the mass parameter 7 — m
and the FI coefficient b — &£, we see that the expectation value of %-BPS vortex loops becomes
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independent of the squashing parameter

£ bb!
b,

(v(6 =0)) (b; bm; ) =(V(6=0))(1;m;&;0). (42)

4 Testing dualities

In this section we test mirror dualities on the squashed three-sphere by matching partition
functions and loop operator expectation values for dual pairs of theories. Previously this has
only been considered for linear quiver theories without Chern-Simons terms [42]. Using en-
hanced supersymmetry and numerical evaluations we will circumvent the difficulties for ana-
lytic tests that arise from the squashing in the localized expressions for partition functions and
loop operator expectation values.

4.1 Dualities and the enhanced supersymmetry

In the previous section we showed that the squashing dependence drops out of %-BPS loop
operator expectation values. Similarly it was noted in [7] that once six supercharges are
preserved on the squashed sphere the localized partition function becomes independent of
b assuming the correct b dependence for the mass and the FI parameters. Here we spin this
around and use these relations between squashed and round sphere partition functions to lift
equalities of mirror dual partition functions to the squashed sphere with six supercharges.

Mirror dualities of D3-D5-NS5 Hanany-Witten brane systems on the round sphere match
the partition functions [22],

where 7j designates the FI parameters and m the hypermultiplet masses in the “electric” theory.
FI parameters and hypermultiplet masses get swapped under the duality. Combining this with
our result on squashing independence, we find:

b—b!
Zel(b;ﬁ,r_ﬁ; m, =i 2

) =7, (1; bij, b~ m;m, = O)

= Znag (1; b~lm, bij;m, = 0)

-1

:Zmag (b;ﬁ”l,ﬁ; m*:_lb 2b ) . (44)
Thus, even on the squashed sphere with six supercharges, when matching the partition func-
tions the FI parameters and masses get swapped with no additional factors of the squash-
ing parameter. Note that the sign flip for the special mass m, is in accordance with the ex-
change of Higgs and Coulomb branches and the special mass m, gauging the axial U(1),, of
SU(2)¢ x SU(2)y.

Less trivial is the mapping for the duality of ABJM and N = 8 SYM. Here one finds

b—p1 Q b—b! Q _
ZABJM(b;n:M;m*:I 2 ):ZABJM(l;En_ 3 u,gu—Z(b—bl)n;O

-5 (07 (S +20) o (2-n))

b—0b1
:ZNZS(b;g-l-Zn,%—Zr);m*:ﬂ 2 ), (45)
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where 7 is the FI parameter and u is a hypermultiplet mass term in ABJM.” The second step
comes from the round sphere mapping [22]. Again we notice that at the SUSY enhancement
point the round sphere map of the parameters simply lifts to the squashed sphere, with m,
flipping sign.

Let us now include line operators starting with the abelian case. The Wilson loop for
an abelian group maps under mirror symmetry to the vortex loop for the topological U(1);
symmetry. The matching of their expectation values under mirror symmetry has been checked
on the round sphere [15,16]. Due to the simplicity of the abelian lines, we can hide many
factors into the charge g of the loop operator. The round sphere duality lifts to the squashed
sphere in the form

2nq6 = > b—b"" 2nls 0o
(W =m0 b i), msm, = —i——— | = (W =) { 1; 4, by m, = 0
:Zdual(b=1§FI=bﬁ1,maSS=%+i%;m*=0)

N b—0b7!
=(V)| b;k=0;q;m,ij;m, =i 5 . (46)

The notation in the first line means the expectation value of a Wilson loop corresponding
to that specific insertion into the matrix model. For completeness we carry along possible
FI parameters 1j and hypermultiplet masses m. The shift in the second line only affects the
component of ij for the same group as the Wilson line is charged under. In the last line we
see that we get a vortex loop of charge g as the dual of the Wilson loop with the same charge,
giving us once again the same map of loop operators as on the round sphere. Note that this
computation holds for all abelian closed %-BPS loops.

For the generic non-abelian loop operators we can lift the duality map for %-BPS loops
discussed in [11] to the squashed sphere and its %-BPS loops. We compute along the same

lines as before:

b—b1!
(Wr(6 =0)) (b;i,m;m* =—i 5 ) = (Wr(6 =0)) (1; %, bm;m, = 0)
_ _ AP S
=(V(6 =0)) (1, bm, 5= 0)

_ -1
=(V(9=0)>(b;m,<§;m*=ib Zb ) (47)

We have used the squashing independence of the Wilson loop expectation value, the round
sphere duality and the squashing independence of the vortex loop expectation value. The
conclusion is that mirror symmetry maps Wilson loops in a theory at one of the enhancement
points to vortex loops in the mirror theory at the other enhancement point.

The lift from the round sphere is compatible with the mirror symmetry results of [41,42].
Recursively applying Aharony duality they reduce the rank of the mirror duality down to a base
case that can be proven analytically. Aharony duality maps each SUSY enhancement point to
itself. Following the recursive algorithm of [42] at the enhancement point we then see that the
base case gives the one single sign flip in the special mass consistent with mirror symmetry.

4.2 Numerical results

In this subsection we apply numerics to test the duality between ABJM and N/ = 8 SYM on the
squashed sphere with only four preserved supercharges. We compute the partition functions

’In the notation of [9] we have exchanged the mass m, for the FI parameter 7, the mass m, is u and m; is the
special mass m,. Compared to [22] we have renamed the parameters { to ) and & to u.
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at m, = 0 on both sides of the duality at low rank and check that they agree within numerical
errors. We present most results in terms of the free energy F = —InZ as it is less prone to
numerical instabilities.

The double sine function which appears in the localization integral has an exponential
fall-off for large argument. Thus, a simple way to numerically approximate the value of the
partition function is to sum the values of the integrand over a finite size evenly spaced grid.
The downfall of this elementary approach is that the number of points sampled grows expo-
nentially with the dimension of the integral and thus it limits us to the lowest ranks of the
gauge group. For higher ranks better algorithms like Monte-Carlo methods should be used to
keep the computational power manageable.

Using the outlined approach we evaluate the partition functions for U(N); x U(N)_; ABJM
and U(N) N =8 SYM for N = 2 and 3. The complete expressions are given in Appendix B and
the numerical evaluation of the double sine function is described in Appendix A. For N = 2 we
compute the numerical estimates for the range [1,10] of the squashing parameter as well as
two additional deformation parameters ranging in [0, 0.89] and [0, 2.98] and corresponding
to the FI coefficient and bifundamental mass in the ABJM theory. For N = 3 we varied the
squashing parameter in the range [1,10] but kept all other parameters zero.

Before presenting the results let us discuss the expected numerical precision. The evalua-
tion of the double sine function contains a numerical integration which was performed using
scipy’s quadrature library with absolute and relative error tolerances set to 2-1077. In pa-
rameter regions where the oscillatory behavior of the integrand has little effect, this accounts
well for the differences observed, this can be seen in parts of Figures 3, 4 and 5. We are thus
confident that the finiteness and discretization of the domain do not contribute significantly
to errors. For most of the parameter region considered cancellations are however important
and it is well known that this reduces the numerical precision by several orders of magnitude.
To estimate the precision lost through the oscillatory behavior of the integrands we compare
against analytic results. On the round and b? = 3 squashed spheres the exact values of the
partition function have been computed for zero mass and zero FI parameter [49,50]. In Ta-
ble 1 we compare these results to the numerical free energy and find a agreement with relative
errors of order 107> for N = 2 and 1072 for N = 3. This gives an approximate value for the
numerical accuracy of our algorithm at zero mass and FI parameter. Notably the numeri-
cal accuracy appears to not depend much on the squashing parameter. For N = 2, [44,45]
computed the round sphere partition function of ABJM analytically. In Figure 1 we show the
relative difference of this result to our numerical values. This gives an estimate for the accu-
racy of our numerical evaluations and we thus expect our results for the partition functions
to match within a relative difference of between 10~ to 1072. As we will discuss later, areas
where the error reaches the upper bound 1072 of this estimate surround zeros of the partition
function and thus a loss of numerical precision is expected.

At rank N = 2 the results of the numerical evaluations of the real parts of the free energy
Re(F) = —In|Z| are plotted® in Figures 2-5 in the b = 1, b = 4, u = 0 and 7 = 0 planes
respectively and in Figure 6a at fixed u, . Below each plot we also display the absolute value
of the relative difference IRe(F)ﬁfé&;Re(T)”M | to show how well the functions match. Comparing
against Figure 1 we see that the numerical values of the two partition functions agree at least
as good as expected for all of the parameter values displayed. This is strong evidence that
the two partition functions are equal for the range of parameters considered. The figures
presented in this paper show a selection of all data computed. In [51] we show in videos how
the free energy evolves as the sphere is squashed, extending on Figures 2 and 3 by showing

8As the ABJM and N = 8 SYM free energies agree very well on the whole range of parameters considered,
the python library Matplotlib used to create the graphs chooses to only draw one of the functions for most of the
parameter ranges.
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Figure 1: Comparison of the round sphere numerical results to the exact analytical
value of the free energy. These plots set the scale for the accuracy we can expect for
the numerical evaluations of the free energy at all values of the squashing, mass and

FI parameters.

1001 values of the squashing parameter in the range [1, 6].

Most notable in the Figures 2-5 are the sharp ridges that appear on the surfaces when the FI
or mass parameter is large enough. In Figure 6a this manifests itself as an outlier point for the
21n = u = 0.98 curve. In Figure 6d we zoom in on the range of squashing parameters around
this one outlier. We see that it corresponds to a very sharp kink in the free energy. In Figure 6e
we look at the real and imaginary parts of the partition function and see that these kinks and
ridges correspond to zeros of the partition function. Thus in the three dimensional (b, n, my;¢)
parameter space the partition function has two dimensional surfaces of zeros. On the round
sphere these Lee-Yang zeros were found from the analytic expression for the U(2); x U(2)_;
ABJM partition function [44,45]. Translating conventions, the zeros are distributed at b = 1
along the hyperbolas
ut—4n?=2n, nez\{0}. (48)
In Figure 7 we see that this matches perfectly with our numerics. Increasing b the zeros move
to larger values of FI and mass parameters. While the phases responsible for the zeros pose
a challenge to the numerical evaluations and the error estimates grow in the proximity of

Table 1: Comparing the exact free energy to the numerical ABJM and A = 8 values
and the perturbative large N conjecture for b € {1, 3} at ranks N two and three. The
relative difference of order 107>, resp. 10~3, shows that the numerical approximation

is good.
N | b? | Exact | N=8SYM | ABJM | largeN
1

2|1 —log(m—n) ~3.917319 3.917361 | 3.917371 | 3.917307

3 —1lo ( LI i) ~ 5.819526 5.819535 | 5.819539 | 5.830818
g 12‘/571. 81 . . . .
-3+
31 —log( ” )w 7.25841 7.26001 | 7.26613 | 7.25840
T
3 | —lo ( > 1 1 )~ 10.4768 | 10.4779 | 10.4770 | 10.4881
8\2187 7272 21643/ ' ' '
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Figure 2: We plot the real parts of the ABJM and N = 8 U(2) free energies against the
bi-fundamental mass u and the FI parameter 1) at fixed squashing parameter b = 1.
We observe that the graphs have some ridges along certain curves in the (1), u) plane
and errors grow along them due to numerical instability.

the zeros, the fact that the locations of the zeros agree for ABJM and N = 8 SYM partition

functions signals that the two functions are indeed equal.

In Figure 8 we plot the real parts of the numerical values of the ABJM and SYM free
energies and their relative difference for rank three. Agreement is roughly within the 1072
that we expect from the comparison to the analytic result on the round sphere and at b% = 3.

Based on these numerical results we feel confident to conjecture that the following two

partition functions are equal for all values of b, n, u and m,

f dN g dN Geim Zi(0i -7 +2n(0:+5))) l_[ 16sinh (nb*!o;) sinh (nb*'5 ;)

i<j

1
Zngom (u,m) = (N1)2

1
X l:flsz(%+i(0i—51i%))Sz(%ﬂ(—oﬁaji%))’ “49)
4sinh (mb*lo;)
i<j S2 (% +im, = iaij)
1
x ]_[1-52(% 4 j:io'i)l_[i’jsz(% 4 ime +i(oy +%—2"fl)) . (50)

Zoyy = %fdaieZni(%+2n)ziai

Note how the signs for m, in the super-Yang-Mills partition function are opposite compared to
(13), (14) as required by the exchange of the Higgs and the Coulomb branches under mirror
symmetry. We expect that the techniques of [42,43] can be applied to prove this equality.
Included in Table 1 and Figures 6a, 8a is also the all order large N perturbative free en-
ergy of ABJM as it was conjectured in [46] (¢f Appendix C for the details). In Figure 6¢
we observe that at rank N = 2 the relative difference between the numerical and the pertur-
bative free energy is significantly larger than the estimated numerical error. This difference
measures the non-perturbative contributions to the ABJM free energy coming from worldsheet
and membrane instantons. At rank N = 3 the difference is not quite as clearcut because errors
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Figure 3: We plot the real parts of the ABJM and N = 8 U(2) free energies against the
bi-fundamental mass u and the FI parameter 7 at fixed squashing parameter b = 4.
We observe that the graphs have some ridges/kinks along certain curves in the (1), u)
plane and errors grow along them due to numerical instability.
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Figure 4: We plot the real parts of the ABJM and N = 8 U(2) free energies against the
squashing parameter b and the FI parameter 7 at fixed bi-fundamental mass y = O.
We observe that the graphs have some ridges along certain curves in the (b, n) plane
and errors grow along them due to numerical instability.
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(a) ABJM: blue, SYM: red

Figure 5: We plot the real parts of the ABJM and N = 8 U(2) free energies against the
squashing parameter b and the bi-fundamental mass u at fixed FI parameter n = 0.
We observe that the graphs have some ridges along certain curves in the (b, u) plane
and errors grow along them due to numerical instability.

in our approximation of the ABJM free energy at this rank are larger. However the relative
difference in Figure 8c is still much larger than our error estimate on the numerics, mean-
ing we confidently observe non-perturbative contributions to the free energy. Furthermore,
for ranks two and three the overall behavior is similar. Starting from the round sphere the
instanton contributions are negative until b ~ 5 where they start growing and become posi-
tive at b ~ 9. This suggests a general pattern and it would be interesting to understand why
the non-perturbative contributions behave this way. However, it should be noted that the N
independent factor (C.5) to the conjectured perturbative partition function has not yet been
thoroughly tested. Thus we might be seeing corrections to this factor instead of observing the
non-perturbative corrections to the partition function.
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A The double sine function

We use the definition of [52] for the double sine function:

mawq +rl(1)2+x

(m+1Dw;+(n+ 1w, —x’ A1)

52(X§ w1, 0)2) = l_[

m,n>0
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Figure 6: Numerical values of the ABJM and N = 8 free energies for U(2) gauge
groups plotted against the squashing parameter b for (n, u) € {(0,0),(0.49,0.98)}.
For n = u = 0 we compare against the all-order large N conjecture for the ABJM
free energy. We show that kinks in the curves correspond to zeros of the partition

function.
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Figure 7: For two values of b we plot the real part of the free energy of the N' =8
super-Yang-Mills as a filled contour plot. Note how the ridges from the 3d graphs are
visible. For b = 1 we also plot in red the locations of the zeros as found by [45] in the
ABJM theory and we note that these hyperbolas visually fit very well to the locations
of the ridges.

where the infinite product has to be zeta-function regularized. It relates to the definition s,
used in most physics literature [4] and the hyperbolic gamma function of [38] as

Q .. .. 1
sp(x)=S (x +i=;ib,ib ) = , (A.2)
b 2 2 Ly(x +i%;ib,ib-1)

withQ = b+ % For numerical evaluation it is advantageous to rewrite the double sine function
in terms of an integral [53]

So(x; w1y, wy) =e€x —mB (x; 1, wy)+ i dz (A.3)
; J = ; ) 3 .
2 1, W2 p 5 P22 1, W2 oo (€97 — (e —1) 3

where the contour avoids zero by going into the upper half-plane. The Bernoulli polynomial
By, is defined as

2 2
22 w1 + W,y N W]+ w; +3w;w,y
- b4

Boy(x; w1, w9) = (A.4)

wqWo wqWo 6(1)1602

The integral representation for the double sine can be evaluated numerically with good
precision. Implementing the contour by shifting the integration variable by a small imaginary
number, it can be computed using scipy.integrate.quad in python with finite cutoffs on the
integration interval.

B Partition function for ABJM and its mirror at low rank

In this appendix we write down the expressions for the partition functions and simplify them
to the expressions that we numerically evaluate in subsection 4.2.
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Figure 8: The numerical results for the free energies of ABJM and A/ = 8 SYM for
U(3) gauge groups plotted against the squashing parameter b. We compare the two
computed partition functions to each other and to the conjectured perturbative large
N expression.

B.1 Rank 2

First we look at the U(2); x U(2)_; ABJM theory which is mirror dual to U(2) SYM with an
adjoint and a fundamental hypermultiplet. For general U(N), x U(N)_; gauge group we have

1
) f dVod" G exp (inZU?—E? +2n(o; + 5'1'))
: i

X l_[ 16sinh (nbilaij)sinh (Trbﬂ&ij)l_[

i<j i,J

ZABM (u,m) =

1

(B.1)

in terms of the FI parameter 1) and the mass u for the bi-fundamentals. We use the notation
So(u£v)=58,(u+v)S,(u—v) and we suppress the squashing parameter b in the double sine
functions. Specializing to N = 2, out of the four integration variables only three appear in the
one-loop determinants

X=01—09, y=0,—01, Z=09—09. (B.2)
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After this change of variables, the o, integral gives a Dirac-6-function which in turn allows
us to perform the z integral. Further simplification comes from shifting variables x — x + y,
y — y —27. In the end we get

Zpgom (M) = 4J dxdye®™™ sinh(nb*!(x + y))sinh (nb*! (x — y))
1

X . (B.3)
Sy (§ ik £2in +iy) S, (2 +ik +2in +ix)
At generic N the partition function of its mirror dual is given by
: +1
7=1 | a¥ge2rinaZio: [ 4sinh(rb" o) ) (B.4)
N! l_L-Sz(%iia)l_[i,jSz(%i(oijJr%)
Specializing to N = 2 this simplifies to
1 .
Z=—"— | do,do,e?™ @19 45inh (nb*l o
e | o )
1
X - - - - . (B.5)
Sy (§ £i01) S5 (§ £i05) 8, (F £ion, £i%y
To simplify it, we change variables to y = 01 — o, then
1 .
7=——— | do,dye*™mmCo1=Y)45inh (nb*ly
) =07
1
(B.6)

X
Q- Q- Q4o ibm)
So (Z + 101)82 (Z +i(o; —y))Sz (Z iy £i5t
The second term on the second line can be rewritten in terms of its own Fourier transform

1 .
7=——— | dxdo,dye*™ 291"V 45inh (nb*'y
) (=07)

e—2malxe2myx

X . (B.7)
Sy (2 +i01)S,(§ +ix) S, (2 £iy £iky
The o0 ;-integral can be performed exactly and shifting x — x + 7,,, we find
1 2MIYX A of : -1
Zppsmmirror = ~5 79 Ty | dxdye Y 4smh(77:by)s1nh(nb y)
’ 253 (3 i)
1 (B.8)
X .
Sy (2 +in, £ix)S, (¢ ity +iy)
The FI parameters and the masses on both sides of the duality are related as
_ M _
M =75 +20, i =p—4n. (B.9)
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B.2 Rank 3

At rank three we compute the partition functions for zero mass and the FI parameter as the
ABJM computation is too unstable to observe the relevant features.
We specialize (B.4) to N = 3, set U, = 1,, = 0 and we use the variables x = 01,5, ¥ = 013:

3
Zsym = % f dodxdy sinh(ﬂ:bﬂx) sinh(rcbily) sinh(nbil(x —_y))
3!52(2)
1
% Q L : )2 Q | : )2 Q - 2
So(F £ix) S, (F £iy) 82 (3 £ilx — )

1
X .
Sy (L £i(x—01))Sy (2 +i01)S, (§ £i(y —07))

(B.10)

For the ABJM, starting from (B.1) we use the variables U = 05;, V = 031, X = 0, — 03,
Y =0,—0,, X = 03— 03. Then the o, integral can be performed, giving a 6-function that
allows us to also do the X integral. Therefore the integral that we actually evaluate numerically
is

Zapgm = a2 J dudvdydZ exp(—2ni(UY + VZ + Y2+ Z2 +Y Z))

X sinh(nbilU) sinh(nbﬂV) sinh(nbil(U — V))
x sinh(nb*! (U +2Y + Z))sinh(nb*}(V + Y + 2Z)) sinh(nb* (U—V + Y — 2))
1
S, (2£i(Y +2))° 8, (2 1Y)’ S, ($ £i2)° S, (2 2i(U +Y))°
1
8o (2£i(V +2))*8, (iU +Y +2))° 8, (2 £i(V +Y +2))°

X L . (B.11)

8, (2 +i(U—V —2))*8,($ £i(U -V +1))

X

X

C The all order large N conjecture

Based on exact formulas for the round sphere all order large N partition function [54-56], it
has been conjectured and tested in some regimes that the perturbative partition function for
the ABJM evaluates to [46]

Z(N;k;b)=C(k; b)_%eA(k;b)Ai(z(N;k; b)), (C.1)

in terms of the Airy-function Ai(z) and the definitions:

(N k; b) = C(k; b) "3 (N — B(k; b)), (C.2)

C(k;b)= %, B(k;b) = %b) + B(b)k, (C.3)
__ 32 _2(5 1 1 —2 _ 1

Y(b)—nz(b+%)4, a(b) = B(b 4+b2)(b+b) , ﬂ(b)—24, (C.4)
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A(k; b) = %r (A(k(1+1iby)) + A(k(1—ib,)) + A(k(1 +ib_)) + A(k(1 —ib_))), (C.5)

A(k)=2€(3)(1—k—3)+i—zf dx—5—log(1—¢%), (C.6)
0

n2k 16 ekx —1

1 1 1 1
by=——|b—= b2+ —x\|b*+14+—. C.
=5l b)\J b2 J o €7

We evaluate this in python using the implementation of the Airy function in scipy.special and
approximating A by an integration on a finite interval using scipy.integrate.quad.
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