Scil SciPost Phys. 15, 193 (2023)

Average symmetry protected higher-order
topological amorphous insulators

Yu-Liang Tao!, Jiong-Hao Wang! and Yong Xul-2*

1 Center for Quantum Information, IIIS, Tsinghua University,
Beijing 100084, People’s Republic of China
2 Hefei National Laboratory, Hefei 230088, People’s Republic of China

* yongxuphy@tsinghua.edu.cn

Abstract

While topological phases have been extensively studied in amorphous systems in recent
years, it remains unclear whether the random nature of amorphous materials can give
rise to higher-order topological phases that have no crystalline counterparts. Here we
theoretically demonstrate the existence of higher-order topological insulators in two-
dimensional amorphous systems that can host more than six corner modes, such as
eight or twelve corner modes. Although individual sample configuration lacks crystalline
symmetry, we find that an ensemble of all configurations exhibits an average crystalline
symmetry that provides protection for the new topological phases. To characterize the
topological phases, we construct two topological invariants. Even though the bulk en-
ergy gap in the topological phase vanishes in the thermodynamic limit, we show that the
bulk states near zero energy are localized, as supported by the level-spacing statistics and
inverse participation ratio. Our findings open an avenue for exploring average symme-
try protected higher-order topological phases in amorphous systems without crystalline
counterparts.
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1 Introduction

Although topological physics is mainly established in crystalline solids with translational sym-
metry, there has been a growing interest in studying it in non-crystalline materials, including
amorphous materials [1-25] and quasicrystals [26-38], given their prevalence in condensed
matter systems. Unlike crystalline systems that permit only two-fold, three-fold, four-fold or
six-fold rotations, quasicrystals allow for a broader range of rotational symmetries, includ-
ing five-fold or eight-fold rotations. Surprisingly, such symmetries enable quasicrystals to
support new higher-order topological phases in two dimensions without crystalline counter-
parts [30,31,37]. Here, higher-order topological phases refer to topological phases that harbor
gapless edge states at (n —m)-dimensional boundaries (1 < m < n) for an n-dimensional sys-
tem [39-54].

Amorphous materials are another critical category of non-crystalline materials that fun-
damentally differ from quasicrystals. Unlike quasicrystals, amorphous lattices do not exhibit
rotational symmetry and cannot be obtained by a projection from a higher-dimensional crystal.
Previous studies have revealed that higher-order topological phases can exist in amorphous lat-
tices, but they do not require protection by rotational symmetry [55,56]. The lack of rotational
symmetry might suggest that amorphous systems lack higher-order topological phases without
crystalline counterparts. However, although each random configuration of amorphous mate-
rials does not display any rotational symmetry, an ensemble of all possible configurations may
exhibit an average symmetry [57-59]. For example, an ensemble of all randomly distributed
sites in a cubic box preserves an average four-fold rotational symmetry [56]. Therefore, it
is natural to ask whether the random arrangements in amorphous materials can create aver-
age crystalline symmetries that do not exist in crystalline materials and potentially generate
higher-order topological phases beyond the crystalline ones.

In this work, we theoretically demonstrate the existence of higher-order topological insu-
lators in two-dimensional (2D) random lattices protected by average crystalline symmetries.
Such topological phases cannot exist in crystalline systems. For instance, we find that, through
constructing and exploring a model Hamiltonian in a regular octagon, an ensemble of Hamil-
tonians in random lattices respects an average CgM symmetry, although each sample does
not preserve the CgM symmetry. Here Cy is the eight-fold rotational operator, and M is an
in-plane mirror operator. Such an average symmetry leads to an Anderson insulator with
higher-order topology hosting eight zero-energy corner modes without crystalline equivalents
(see Fig. 1). We further show that the topological phase is characterized by a Z, topological
invariant based on the average C,M symmetry. Notably, the quadruple moment is frequently
used to characterize the topology of quadrupole topological insulators that support four cor-
ner modes [60-63], but it is not suitable for diagnosing the topology in our case where eight
or more corner modes are present. To address this, we extend the conventional quadrupole
moment to build a topological invariant capable of characterizing our model that accommo-
dates p corner modes for any positive integer p that is a multiple of four. We finally illustrate
the existence of a higher-order topological phase supporting twelve corner modes protected
by the average C;,M symmetry in a regular dodecagon.
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2 Model Hamiltonian

To demonstrate the existence of average symmetry protected higher-order topological amor-
phous insulators, we consider the following tight-binding model on a 2D completely random
lattice in a regular p-gon,

A= méic,o08+» & T, |, (1)
r d
where c‘ (cr 1 Iz,éi 35 € 4) with ¢ c rj ¢, J) creating (annihilating) a fermion of the jth
component at the position r, which is randomly distributed in a regular p-gon with the width
L [see Fig. 1(a) for the case with p = 8]. 7, and o, with v =0, x, y,z denote Pauli matrices
that act on the internal degrees of freedom. In the above Hamiltonian, m, is the mass term,
and

T(d) = f(d)[tyT,00 +it1(cos 01,0, +sinbt,0,)+ gcos(pb/2)t,00]/2, (2)

is the hopping matrix from the site r to the site r + d, where (d, 6) are the polar coordi-
nates of the vector d. This Hamiltonian can be derived through a unitary transformation
of the Hamiltonian introduced in Refs. [30,31]. To mimic real material scenarios, we con-
sider the relative hopping strength f(d) that decays exponentially with the distance d, i.e.,
f(d)=O(R,—d)e /b= Here, ©(R, —d) is the step function with R, being the cutoff dis-
tance so that hoppings for d > R, are neglected, and A denotes the strength of the decay. To
make sure that the Hamiltonian is Hermitian, we consider p that is an integer multiple of four.
For simplicity, we set t, = t; = 1 and dy = 1 as the units of energy and length, respectively.
In the following, we will set the system parameters A = 2 and R, = 6 in f(d). In numerical
calculations, we randomly place N sites in a regular p-gon; each site has hard-core radius of
1, for more realistic considerations (here we set 1, = 0.2) so that the distance between two
sites cannot be less than 2r,,. N is given by N = [pA], where [] is the ceiling function which
returns the nearest integer towards infinity, p is the density of the system (we here set p =1
without loss of generality), and A is the area of the regular polygon.

We now show that an ensemble &; of all sample configurations of randomly distributed
lattice sites respects an average p-fold rotational (C,) symmetry. For one sample configuration
R consisting of positions of all lattice sites [see Fig. 1(a) when p = 8], it clearly does not
respect the C, symmetry since Ry # R, where R, = (Dcp)nRo = {(Dcp)"r i r € Ry} with

n=1,...,p—1. Here, D¢, is an operator that rotates the position vector r counterclockwise
about the origin by an angle 27t /p. However, for the statistical ensemble £; in random lattice
systems, Rq,...,R,_; and R, appear in the ensemble with the same probability, indicating

that the ensemble respects the p-fold rotational symmetry on average.

In the following, we will demonstrate that the Hamiltonian in Eq. (1) respects an average
crystalline symmetry on the ensemble of random lattices. For clarity, we write H = ¢'H¢
where H is the first-quantization Hamiltonian. When g = 0, the system respects particle-hole
symmetry Z = 7,0,k (x is the complex conjugate operator), i.e., EHE "} = —H, time-reversal
symmetry T =iok,ie, THT™ ! = H and chiral symmetry ' = 7,0, i.e., THT ™ 1o = —H. Since
T?=—1and22=T12= 1, the system belongs to the class DIII characterlzed by a Z, topological
invariant so that its nontrivial phase exhibits helical edge modes [64-66]. Because a random
lattice configuration R, does not have the C, symmetry, the Hamiltonian H(R,) on the lattice
generically does not respect the symmetry, that is, C,H (RO)CP_1 =H (DCp Ro) # H(Ry) where
C, = Toe_ig"ZRp with Ry|ra) = |Dcp(r)a). However, if we consider an ensemble & of the
Hamiltonians on the lattice ensemble &;, &; = {H(R) : R € &}, then there emerges an
average C, symmetry in the Hamiltonian ensemble because H(R) and its symmetry conjugate
partner C,H (R)Cp_ l=H (DCp R) occurs in the ensemble with the same probability.
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Figure 1: (a) Schematics of a lattice ensemble containing a random configuration R
and the corresponding symmetry partners R, = (Dcp)"Ro withn=1,...,p—1 ob-
tained by rotating all the sites in R by an angle 2n7/p for p = 8. Such an ensemble
leads to the average CgT and CgM symmetry, ensuring the existence of eight corner
modes manifesting in the local density of states (DOS) as schematically shown in (b).
(c)-(d) Schematics of how to change the lattice structure to the ones with eight-fold
rotational symmetry so that the topological invariant y can be evaluated. We first
divide the lattice into eight sectors, each of which is labeled as S; with j =1,...,8
[see (c)]. We then reconstruct a new set of sites I_Qj by rotating the points in the S; so

that }_21- = {(Dcp)”Sj :n=0,1,...,p—1} [e.g., (d) displays the configuration of R, ].

To generate the higher-order topological phase, we need to add the term g cos(p6/2)7, 0
to open the energy gap of the helical modes at boundaries by breaking the time-reversal sym-
metry. In this case, C,H (7€)Cp_1 #+#H (DCPR), and thus the average C, symmetry is broken.
However, there arise new average symmetries C, T and C,M given that (C,T)H (72’,)(CpT)_1 =
(C,M)H(R)(C,M Yl=H (DCPR) where M = 7,0,. Because of the average symmetries, if
there exists a zero-energy corner mode |v).) near the position r in the Hamiltonian H(R), then
there must exist a zero-energy corner mode C,, T[1).) near the position Dc,r in the Hamiltonian
H (Dcp R). As a consequence, the configuration averaged local density of states at zero energy
over the ensemble £y must exhibit the C, symmetry as schematically shown in Fig. 1(b).

3 Topological invariants and topological property

To characterize the topological property of the system, we will build two topological invariants.
For the first one, in order to ensure that the topological invariant is well defined, we divide
each sample configuration into p sectors as illustrated in Fig. 1(c) and use S; with j=1,...,p
to describe the set of positions of lattice sites in each sector. We then use each position set S;

to generate a new lattice configuration 1_{j in the entire p-gon by rotating the points in the §;
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Figure 2: Schematics of how to change site positions in a regular octagon so as to
correctly evaluate the quadrupole moment. In a general case, if mnm < 6 < mn+2n/p
(m = 0 or 1) where 6 is the polar angle of a site inside a regular p-gon, then we
change the angle to 6; = mm + p(6 —mm)/4, and if mr+27/p < 0 < (m+ 1),
then we change itto 6; = [pO+(p—4)(m+1)n]/[2(p—2)]. In the figure, we consider
the case with p = 8. In this case, the sites in the light orange (blue) region in (a) are
moved to the first or third (second or fourth) quadrant in (b) without changing the
distances from the center.

so that }_2]- = {(Dcp)”S ;:n=0,1,...,p—1}. Clearly, }_Qj respects the p-fold rotational symmetry
[see Fig. 1(d) for R; when p = 8]. We note that although such an operation may break the
constraint on the minimal interatomic distance so that sub-gap states appear, their existence
does not affect the calculation of topological invariants (see App. C for detailed discussion).
We then construct the Hamiltonian Hj(k,...,k,/;) with k; € [0,2] fori = 1,...,p/2 un-
der twisted boundary conditions on the lattice 1_{j by introducing the momentum ky, ...,k /5
(see App. A for details on how to construct the momentum space Hamiltonian). Due to the
restored symmetry for the lattice, we obtain a Hamiltonian H j(kl, e, kp /2) that respects the
C,M symmetry, i.e., Ug yHj(ky, ... kp/2) (U )™ = Hj(=kp/2, k1, ..., kyja-1), where Ug y is
a matrix representation of the symmetry in momentum space.

We now define a topological invariant based on the Hamiltonian H; at the high-symmetry
momenta ky, = (0,...,0) and k, = (m,..., ) where Uc,m and Hj(k,) (u = 0 or 7) com-
mute [30,31]. Since (UCPM)p = —1, the eigenvalues of Uc,m take the form of w, = ¢'™/? with
n==1,£3...,%(p — 1) associated with eigenvectors |a>n’m) with m =1,...,4N,, where N; is
the number of sites in S;. Because of the symmetry =, = 7,0, i.e., EZHJ-(k)EE1 =—H;(—k),
|wn,m) and |ew_, ) are connected by Z;. We then restrict H; at high-symmetry momenta to
the union of two eigenspaces of Uc,m with eigenvalue w.,, which is labeled as H;, with
n=1,3,...,(p—1). The restricted Hamiltonian H; ,(k,) belongs to the D class in zero dimen-
sion (see App. B). This Hamiltonian can be transformed into an antisymmetric matrix, and
thus one can define a Z, invariant v; ,(k,,) as the sign of the Pfaffian of the antisymmetric ma-
trices. Given that v; (ko) = v; (k) in the atomic limit, one can further define a Z, invariant
Xjn as

Xin=01—7;,)/2, (3)
where v;

in = Vin(ko)vjn(kz). We numerically show that in the thermodynamic limit, y; ,
for distinct n becomes equal when p = 8 (see App. B). We thus identify H; as topologically
nontrivial when at least one of y; , is equal to 1 (denoted as y; = 1) and as topologically
trivial otherwise (denoted as y; = 0). For a single sample configuration, we therefore define
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Figure 3: (a) The configuration averaged topological invariant ¥ (solid lines) and the
quadrupole moment Q (dotted lines) versus m, for different system sizes, which are
calculated using reconstructed lattice structures {R;}. (b) The configuration averaged

local DOS p(E, r) at zero energy for m, = —1 and L = 50, illustrating the existence
of corner modes. (c¢) The configuration averaged bulk energy gaps AE calculated
under periodic boundary conditions (left vertical axis) and the corner DOS at zero
energy p,. (right vertical axis) versus m,. The green line denotes p, for L = 26,
and the other colored lines denote AE for distinct system sizes. Inset: the average
gap AE versus L for m, = —2, showing a power-law decay as AE o< 1/L% with
a = 0.82. (d) The configuration averaged LSR versus m, for different system sizes.
(e) The configuration averaged IPR of eigenstates near zero energy as a function of
m, for systems with size L = 40. (f) The log-log plot of the IPR with respect to the
system size L for different m,. In (a), (c), (d) and (e), the higher-order topological
phase is separated from other phases by the vertical dashed grey lines. The number
of random configurations in (a), (c) and (e) is 200, in (d) and (f) is 400, and the one
in (b) is 2000. Here, g = 1.

its topological invariant as an average of y;, that is,

1
== > % @
PiZip

As the system also respects chiral symmetry, it raises the question of whether the
quadrupole moment [60, 61] can serve as a method of topology characterization of the new
topological phase. This is due to the established notion that chiral symmetry plays a role in
preserving the quantization of the quadrupole moment [62, 63]. The quadrupole moment
was originally proposed to characterize the higher-order topological phase in a geometry with
square boundaries harboring four corner modes defined by [60-63]

1 A
Q= [ﬂlmlogdet(UorDUo) —QO] mod 1, (5)
where U, = (|¢1), o), Wnc))’ ;) is the jth occupied eigenstate of H with j =1,...,n,

. . 4N
and n, = 2N, and D = diag{ezmxiyi/L2 }1:1’ where (xj,y;) is the real space coordinate of

6


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193

Scil SciPost Phys. 15, 193 (2023)

@ e p0r) (D) g p0.1) 4
: : 3
[ o4
| 2
" 102 % .
0 0

Figure 4: The local DOS p(E,r) at zero energy averaged over 4000 random con-
figurations in amorphous systems with p = 12 for (a) m, = —0.5 and (b) m, = =5
corresponding to a topologically nontrivial and trivial phases, respectively. Here,
g =1 and the system size L = 60.

the jth degree of freedom. Here, Q, arises from the background positive charge distribution.
For a topologically nontrivial phase, the quadrupole moment is quantized to the value of 0.5.
However, in our case with more than four corner modes, directly applying this formula will give
a zero quadrupole moment because there are even number of corner modes in each quadrant
in a Cartesian coordinate system.

To build a reliable quadrupole moment as a topological invariant using the eigenstates of
our Hamiltonian H, we propose the following method. We change site positions from (r, 8) to
(r, 64) in a polar system so that the sites in a pair of 1/p sectors are moved into the first and third
quadrants, while the sites in other sectors are moved into the second and fourth quadrants as
shown in Fig. 2. Due to the change of site positions, D and Q, should be changed accordingly.
We then apply Eq. (5) to calculate the quadrupole moment using the U, for the Hamiltonian
H. In practice, for a better result for a finite-size system, we calculate the quadrupole moment
for the reconstructed lattice {1_2]-} and take their average value as the topological invariant for
a sample configuration.

Recently, we have also applied the generalized topological invariant to characterize the
higher-order topology of quasicrystalline semimetals in 3Ds [67]. In addition, we generalized
the quadrupole moment to characterize the chiral and helical hinge modes in 3D quasicrys-
tals [67].

Figure 3(a) illustrates our numerically calculated topological invariant ¥ and quadrupole
moment Q averaged over 200 random configurations. We see that when —4.07 < m, < 0.3, 7
and Q approach the quantized value of 1 and 0.5, respectively, as we increase the system size,
indicating the existence of topologically nontrivial phase. The transition point at m, ~ —4.07
is identified as the crossing point of y for different system sizes. Further calculation of the
zero-energy local DOS shows the existence of eight corner modes in the nontrivial phase,
implying that the phase is a second-order topological one [see Fig. 3(b)]. Such eight corner
modes are protected by the average CgM symmetry. Note that the local DOS is defined as
p(E,r)= Zi’j 6(E —Ei)l\IJi’j(r)lz, where ; ;(r) is the jth component of the ith eigenstate at
site r corresponding to the eigenenergy E; calculated under open boundary conditions. The
topological phase transition with respect to m, is also evidenced by the bulk energy gap closing
as shown in Fig. 3(c). When the system evolves into a trivial phase, the local DOS at a corner
vanishes [see Fig. 3(c)]. Although in the topological phase the bulk energy gap is finite for
a finite-size system, the gap exhibits a power-law decay [see the inset in Fig. 3(c)], implying
that in the thermodynamic limit the system is gapless in the topological phase. Note that near
m, ~ 0.3, ¥ lies between 0 and 1 and does not converge to 0 or 1 as L increases, implying the
existence of an intermediate region with the coexistence of topologically nontrivial and trivial
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samples. In this region, the gapless bulk states are extended as shown in Fig. 3(d).
To identify the localization property of the topological phase, we further calculate the level-
spacing ratio (LSR) and the inverse participation ratio (IPR). The LSR is defined as

1
Ng—2

"LSR = Zmin(5i,5i+1)/max(5i,5i+1), (6)
i

where 6; = E; — E;_; with E; being the ith eigenenergy (calculated under periodic bound-

ary conditions), which is sorted in an ascending order, and Zi denotes the sum so that Ng

energy levels with positive energy closest to the zero energy are counted. To investigate the

localization property, one can also calculate the real-space IPR at the energy E defined as

4
I(E) = A%-ZZ(Z (P2, @

r j:

which gives another quantitative measure of whether states near the energy E are spatially
localized.

Figure 3(d) shows that in the topologically nontrivial regime, as we increase the system
size, the LSR approaches 0.386 corresponding to the Poisson statistics [68], indicating that
the states near zero energy are localized. The states in the vicinity of the transition point
exhibit delocalized properties as the LSR sharply rises to the value near 0.53 corresponding
to the Gaussian orthogonal ensemble [68] (the Hamiltonian H can be transformed into a
real symmetric matrix by a unitary transformation U, = e7137:9x), In addition, we plot the
sample averaged IPR with respect to m, in Fig. 3(e). We see clearly that the IPR is small at
the transition point and the intermediate critical region and is large in the Anderson localized
regions, which is consistent with the results of the LSR. We also plot the scaling of the IPR with
system sizes in Fig. 3(f), illustrating that at the transition point and the intermediate critical
region, the IPR exhibits a power law decrease with system sizes. This further indicates that
the bulk states near zero energy are delocalized in these regions. However, in other regions,
the IPR exhibits a slight increase with system sizes, suggesting that the states are localized.
Note that the increase behavior arises from finite-size effects [62]. In other words, the positive
slope declines with system sizes so that it approaches zero in the thermodynamic limit.

We now proceed to study the model in Eq. (1) for p = 12 with a regular dodecagon as
boundaries. In this case, the system respects =, symmetry, chiral symmetry and the average
C1oM and Ci5T symmetry. In Fig. 4, we plot the configuration averaged local DOS at zero
energy p(0, r), showing the presence and absence of twelve corner modes in the topologically
nontrivial and trivial phases, respectively. Owing to the average crystalline symmetry, the local
DOS respects the C;, symmetry. Although we demonstrate our theory using the typical cases
with p = 8 or p = 12, it is applicable for other average rotational symmetries in amorphous
systems.

4 Conclusion

In summary, we have shown that amorphous systems can allow for the existence of new higher-
order topological insulators (gapless but localized) hosting eight or twelve zero-energy corner
modes, which cannot exist in crystalline systems. Such topological phases are protected by a
crystalline symmetry on average. We also propose two topological invariants to characterize
the topological phases. Higher-order topological phases in crystalline lattices have been ex-
perimentally observed in phononic [69], microwave [70], electric circuit [71], and photonic
systems [72], and we thus expect that the new topological phases in amorphous lattices may

8
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(@

Figure 5: (b) Resulted polygon configurations by applying translation operators y1,
ey Yas y;l, ..., and y;rl to a regular octagon in (a). For clarity, we also plot the
translated sites from the site j as solid yellow circles. The dotted lines describe the
hopping from the site i to the site j under TBCs.

be realized in these systems given their high controllability and versatility. In addition, given
that a very recent experiment shows the existence of topological amorphous Bi,Ses [24], our
work may also inspire the interest of exploring the new topological phases without crystalline
counterparts in amorphous solid-state materials.

While ideal amorphous materials are typically isotropic, anisotropy can be introduced in
amorphous materials by applying magnetic fields [73] or through interface interactions [74].
Doping magnetic impurities could enable the realization of the higher-order topological phase
in amorphous materials. Ideally, magnetic impurities with spin up can be doped in one 1/p sec-
tor, while spin-down impurities can be doped in the adjacent sectors. Similarly, the remaining
sectors should be doped following the same pattern, resulting in alternate magnetic moments
of up and down in the 1/p sectors. This approach breaks the average continuous rotational
symmetry of amorphous materials, while still maintaining the average C, T symmetry. Another
approach is to apply local magnetic fields under the substrate with alternating directions for
each 1/p sector during the growing process of amorphous materials. An alternative could be
to realize our model as either a highly disordered quasicrystal or an amorphous layer on a
quasicrystal.
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A Momentum-space Hamiltonian

In this section, we will construct the momentum-space Hamiltonian by using the twisted
boundary conditions (TBCs) for a system whose sites are distributed in a regular p-gon.


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193

Scil SciPost Phys. 15, 193 (2023)

In a geometry of a regular p-gon with the width of L, we define translation operators v,
with u=1,...,p/2 so that applying it to a site position vector r results in y,(r) = r + T, with
T, = L(cos6,e, +sin0, e, ) and 6, = 2n(u—1)/p. Figure 5 displays the resulted positions by
applying y4, ..., 74, )ql, ..., and y4_1, respectively, to the position vector of the site j in the
case with p = 8. For the twisted Hamiltonian, besides the hopping between the sites inside
the polygon, we also need to consider the hopping between the sites inside the polygon and
the sites outside the polygon resulted from the translation operations. Different from the case
with square boundaries, one cannot use regular p-gons for p > 6 to tessellate the entire 2D
Euclidean plane. For the latter hopping, we thus only consider the sites outside the polygon
obtained by applying each translation operator in {yq,...,7p/2, Yfl, .. } to the internal

-1
° Yp/2
sites. For example, for a site ris after these operations, we obtain a set of sites,

{rj(nu) =r;+n,T,:u=1,...,p/2and n, =—1,0, 1}, (A.1)

where we also include the original site r;.
For the hopping from the site i to the site j in the twisted Hamiltonian, we need to involve
the hopping from the site i to all the sites in {rj(nu)} [see Fig. 5(b)] by imposing an extra

phase e~ ™ku 50 that the hopping matrix is expressed as
Trimp (kq, o kppn) = Z T[ri(n,)— ryJe Mk (A.2)
{rj(”u)}

As a result, the twisted Hamlitonian is given by

A(ky,. .o k) = D | maelim 008 + > el Talke, o kyp2é, | (A.3)
d

r

where k; € [0,2n] with j = 1,...,p/2. To achieve periodic boundary conditions, we take
kij=0with j=1,...,p/2.

B Derivation of a Z, topological invariant

In this section, we will provide a detailed derivation of a Z, topological invariant based on the
C,M symmetry (see also Ref. [30] for the quasicrystal case). .

Since (UCP m )P =—1, the eigenvalues of Uc,m take the form of w, = e™/P withn = +1, 3,
..., £(p—1) associated with eigenvectors |, ,,) withm = 1,...,4N;, where N; is the number
of sites in S;. Due to the symmetry 2, = 7,0k, Es|w,, ) is an eigenvector of Uc,m with an
eigenvalue w_,, and Z, thus connects the eigenspaces of w.,,.

We now restrict the Hamiltonian H;(k,) (u = 0 or ) to a subspace spanned by |w,, ,,) and
Ezlwn,m) with m =1,...,4N; for a certain n, that is,

Hj,n(k,u,) = U,;H](ku)Un > (Bl)
where U, is a 4pN; x 8N, matrix defined as

Un = (l(.()n’:l),.. . |0)n’4NS>,Ez|wn’1>, .. "EZ|O)H,4NS>)' (BZ)

Since Hj(k,,) commutes with Uc,m, We can reduce the restricted Hamiltonian to the following
form

_( VIH(k,)V, 0 _( VIH(k)V, 0
Hjn(ky) = ( Jo g 29V, Hj(k, )=,V ) - ( 0 —[viHk v, ]" )’
(B.3)
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Figure 6: (a) The calculated y;; and y;3 with respect to m, for a typical random

configuration. (b) The configuration averaged difference |Am,| between transition
points of y;, and y; 3 versus L around m, ~ —4. The number of random configura-
tions is 200. Here, g = 1.

where V, = (|wn’1), cees |con,4Ns)) is a 4pN; x 4N; matrix. H; ,(k,) thus respects an antiunitary
antisymmetry X = Uxk where Uy = s, ® Iy, and Iy is a 4N; x 4N; identity matrix, i.e.,
XH;j (k)X 1=_H in(k,) so that it belongs to the D class in zero dimension. Its topology
can be characterized by the sign of the Pfaffian of an antisymmetric matrix H?,n(ku) trans-
formed from H; ,(k,). To obtain the antisymmetric Hamiltonian, we first use the Autonne-
Takagi factorization [75,76] to write the symmetric unitary matrix Uy as Uy = VXDVXT where
D = diag{e'¥s }?f‘l is a diagonal matrix consisting of the eigenvalues of Uy, and Vyx = (|¢4), ...,
logn,)) with |p;) being the eigenvector with eigenvalue e'%i for j =1,...,8N,. We now apply
the matrix W = «/ﬁvg so as to obtain WXW' = x and H_?,n(kll«) = WHj’n(k“)WT. It follows
that [Hi,j(ku)]* = [Hz’j(k“)]T = —Hij(ku).

We thus can define a Z, invariant v; ,(k,) as the sign of the Pfaffian of the antisymmetric
matrix H 2 j(ku)' Given that v; (ko) = v; (k) in the atomic limit, one can further define a
Z, invariant x; , as

Xin=0=7;,)/2, (B.4)

where v; , = v; (ko) v; ,(k). Similarly, one can also evaluate the invariant in the eigenspaces
of the symmetry (C,M ). In this case, |wn,m) and [w,_, ) share the same eigenvalue for the
operator (C,M )? so that the Z, invariant is given by (1 — VinVjp-n)/2. Since the topology is
protected by the C,M symmetry instead of the (C,M )? symmetry, this invariant should vanish,
leading to v; , = v ,_, and x;, = xjp—n Withn =1,3,...,p/2—1. In the case with p = 8,
we have y;, = xj7and x5 = x;j 5. In a single sample, y; ; is not equal to y; 3 near the phase
transition point as shown in Fig. 6(a). However, numerical results show that they give the
same transition point in the thermodynamic limit as revealed by Fig. 6 showing the difference
|Am, | between the transition points determined by y; ; and y; 5. It displays a power-law decay

as |Am,| o< 1/L192, indicating that Xj1 is equal to y; 5 in the thermodynamic limit.

We thus identify H; as topologically nontrivial when one of y; , is equal to 1 (denoted
as x;). For a single sample configuration, we therefore define its topological invariant as an
average of y;, that is,

== > (B.5)
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Figure 7: The configuration averaged density distribution of two low-energy states
near zero energy for (a) symmetry restored systems and (b) original systems without
rotational symmetry under periodic boundary conditions. Here, m, = —1. (c) The
sample averaged quadrupole moment versus m, for original systems with distinct
system sizes. Here, g = 1 and the number of random configurations is 200 in (a)
and (b) and is 1600 in (c).

C Sub-gap states in symmetry restored systems

In the main text, we restore the rotational symmetry in order to define the Z, topological in-
variant y. Such an operation may break the constraint on the minimal interatomic distance.
As a result, the sub-gap states arise in the symmetry restored systems as shown in Fig. 7(a),
where the configuration averaged density distribution of two low-energy states near zero en-
ergy under periodic boundary conditions is plotted. However, we would like to clarify the
following two points:

1. We only use the symmetry restored system to calculate the topological invariants shown
in Fig. 3(a). For all the other results, we consider random lattices without restoring the sym-
metry. For example, in Fig. 3(c), we calculate the energy gap for random lattices without
restoring the symmetry so that no sub-gap physics arises from the gluing operations. This can
be clearly seen in Fig. 7(b) where the density distribution does not exhibit any sub-gap states
at the glueing interfaces. Thus, the gapless behavior arises from the bulk states.

2. To calculate the topological invariant in Fig. 3(a), we consider restoring the rotational
symmetry. Thus, the topological invariant y can be constructed. For the quadrupole moment,
the rotational symmetry is not required. One can directly calculate the quadrupole moment
for the original system without restoring the symmetry. We find that the quadrupole moment
exhibits nonzero values in the topological region and its value increases toward 0.5 with system
size [see Fig. 7(c)], similar to the quadrupole moment calculated for the symmetry restored
system in Fig. 3(a). In addition, the calculated topological phase transition points agree well
with the results of the energy gap and localization properties. All these results suggest that
despite the presence of introduced sub-gap states, their existence does not affect the calculation
of topological invariants.

References

[1] A. Agarwala and V. B. Shenoy, Topological insulators in amorphous systems, Phys. Rev.
Lett. 118, 236402 (2017), doi:10.1103/PhysRevLett.118.236402.

[2] S. Mansha and Y. D. Chong, Robust edge states in amorphous gyromagnetic photonic lat-
tices, Phys. Rev. B 96, 121405 (2017), doi:10.1103/PhysRevB.96.121405.

12


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193
https://doi.org/10.1103/PhysRevLett.118.236402
https://doi.org/10.1103/PhysRevB.96.121405

Scil SciPost Phys. 15, 193 (2023)

[3] K. Péyhonen, I. Sahlberg, A. Weststrom and T. Ojanen, Amorphous topological super-
conductivity in a Shiba glass, Nat. Commun. 9, 2103 (2018), doi:10.1038/s41467-018-
04532-x.

[4] N. P Mitchell, L. M. Nash, D. Hexner, A. M. Turner and W. T. M. Irvine, Amorphous
topological insulators constructed from random point sets, Nat. Phys. 14, 380 (2018),
doi:10.1038/s41567-017-0024-5.

[5] C. Bourne and E. Prodan, Non-commutative Chern numbers for generic aperiodic discrete
systems, J. Phys. A: Math. Theor. 51, 235202 (2018), doi:10.1088/1751-8121/aac093.

[6] Y.-B. Yang, T. Qin, D.-L. Deng, L.-M. Duan and Y. Xu, Topological amorphous metals, Phys.
Rev. Lett. 123, 076401 (2019), doi:10.1103/PhysRevLett.123.076401.

[7] B. Yang, H. Zhang, T Wu, R. Dong, X. Yan and X. Zhang, Topological
states in amorphous magnetic photonic lattices, Phys. Rev. B 99, 045307 (2019),
doi:10.1103/PhysRevB.99.045307.

[8] G.-W. Chern, Topological insulator in an atomic liquid, Europhys. Lett. 126, 37002 (2019),
doi:10.1209/0295-5075/126/37002.

[9] M. Costa, G. R. Schleder, M. B. Nardelli, C. Lewenkopf and A. Fazzio, To-
ward realistic amorphous topological insulators, Nano Lett. 19, 8941 (2019),
doi:10.1021/acs.nanolett.9b03881.

[10] P Mukati, A. Agarwala and S. Bhattacharjee, Topological and conventional
phases of a three-dimensional electronic glass, Phys. Rev. B 101, 035142 (2020),
doi:10.1103/PhysRevB.101.035142.

[11] I. Sahlberg, A. Weststrom, K. Péyhonen and T. Ojanen, Topological phase
transitions in glassy quantum matter, Phys. Rev. Res. 2, 013053 (2020),
doi:10.1103/PhysRevResearch.2.013053.

[12] Q. Marsal, D. Varjas and A. G. Grushin, Topological Weaire-Thorpe models of amorphous
matter, Proc. Natl. Acad. Sci. 117, 30260 (2020), doi:10.1073/pnas.2007384117.

[13] H.Huang and E Liu, A unified view of topological phase transition in band theory, Research
7832610 (2020), doi:10.34133/2020/7832610.

[14] M. N. Ivaki, I. Sahlberg and T. Ojanen, Criticality in amorphous topological mat-
ter: Beyond the universal scaling paradigm, Phys. Rev. Res. 2, 043301 (2020),
doi:10.1103/PhysRevResearch.2.043301.

[15] P Zhou, G.-G. Liu, X. Ren, Y. Yang, H. Xue, L. Bi, L. Deng, Y. Chong and B. Zhang, Photonic
amorphous topological insulator, Light Sci. Appl. 9, 133 (2020), doi:10.1038/s41377-
020-00368-7.

[16] A. G. Grushin, Topological phases of amorphous matter in Low-temperature ther-
mal and vibrational properties of disordered solids, World Scientific, Singapore, ISBN
9781800612570 (2022), doi:10.1142/9781800612587 0011.

[17] P Corbae, E Hellman and S. M. Griffin, Structural disorder-driven topological
phase transition in noncentrosymmetric BiTel, Phys. Rev. B 103, 214203 (2021),
doi:10.1103/PhysRevB.103.214203.

13


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193
https://doi.org/10.1038/s41467-018-04532-x
https://doi.org/10.1038/s41467-018-04532-x
https://doi.org/10.1038/s41567-017-0024-5
https://doi.org/10.1088/1751-8121/aac093
https://doi.org/10.1103/PhysRevLett.123.076401
https://doi.org/10.1103/PhysRevB.99.045307
https://doi.org/10.1209/0295-5075/126/37002
https://doi.org/10.1021/acs.nanolett.9b03881
https://doi.org/10.1103/PhysRevB.101.035142
https://doi.org/10.1103/PhysRevResearch.2.013053
https://doi.org/10.1073/pnas.2007384117
https://doi.org/10.34133/2020/7832610
https://doi.org/10.1103/PhysRevResearch.2.043301
https://doi.org/10.1038/s41377-020-00368-7
https://doi.org/10.1038/s41377-020-00368-7
https://doi.org/10.1142/9781800612587_0011
https://doi.org/10.1103/PhysRevB.103.214203

Scil SciPost Phys. 15, 193 (2023)

[18] H. Spring, A. Akhmerov and D. Varjas, Amorphous topological phases pro-
tected by continuous rotation symmetry, SciPost Phys. 11, 022 (2021),
doi:10.21468/SciPostPhys.11.2.022.

[19] B. Focassio, G. R. Schleder, M. Costa, A. Fazzio and C. Lewenkopf, Structural and elec-
tronic properties of realistic two-dimensional amorphous topological insulators, 2D Mater.
8, 025032 (2021), doi:10.1088/2053-1583/abdb97.

[20] K.Li,J.-H. Wang, Y.-B. Yang and Y. Xu, Symmetry-protected topological phases in a Rydberg
glass, Phys. Rev. Lett. 127, 263004 (2021), doi:10.1103/PhysRevLett.127.263004.

[21] C.Wang, T. Cheng, Z. Liu, E Liu and H. Huang, Structural amorphization-induced topolog-
ical order, Phys. Rev. Lett. 128, 056401 (2022), doi:10.1103/PhysRevLett.128.056401.

[22] T. Peng, C.-B. Hua, R. Chen, Z.-R. Liu, H.-M. Huang and B. Zhou, Density-driven higher-
order topological phase transitions in amorphous solids, Phys. Rev. B 106, 125310 (2022),
doi:10.1103/PhysRevB.106.125310.

[23] P Corbae, J. D. Hannukainen, Q. Marsal, D. Mufioz-Segovia and A. G. Grushin, Amor-
phous topological matter: Theory and experiment, Europhys. Lett. 142, 16001 (2023),
doi:10.1209/0295-5075/acc2e2.

[24] P Corbae et al., Observation of spin-momentum locked surface states in amorphous Bi,Ses,
Nat. Mater. 22, 200 (2023), doi:10.1038/s41563-022-01458-0.

[25] Y.-B. Yang, J.-H. Wang, K. Li and Y. Xu, Higher-order topological phases in crystalline and
non-crystalline systems: A review, (arXiv preprint) doi:10.48550/arXiv.2309.03688.

[26] Y. E. Kraus, Y. Lahini, Z. Ringel, M. Verbin and O. Zilberberg, Topological states
and adiabatic pumping in quasicrystals, Phys. Rev. Lett. 109, 106402 (2012),
doi:10.1103/PhysRevLett.109.106402.

[27] L.-J. Lang, X. Cai and S. Chen, Edge states and topological phases in one-
dimensional optical superlattices, Phys. Rev. Lett. 108, 220401 (2012),
doi:10.1103/PhysRevLett.108.220401.

[28] M. Verbin, O. Zilberberg, Y. E. Kraus, Y. Lahini and Y. Silberberg, Observation of topo-
logical phase transitions in photonic quasicrystals, Phys. Rev. Lett. 110, 076403 (2013),
doi:10.1103/PhysRevLett.110.076403.

[29] L. C. Fulga, D. L. Pikulin and T. A. Loring, Aperiodic weak topological superconductors,
Phys. Rev. Lett. 116, 257002 (2016), doi:10.1103/PhysRevLett.116.257002.

[30] D. Varjas, A. Lau, K. P6yhonen, A. R. Akhmerov, D. I. Pikulin and I. C. Fulga, Topo-
logical phases without crystalline counterparts, Phys. Rev. Lett. 123, 196401 (2019),
doi:10.1103/PhysRevLett.123.196401.

[31] R. Chen, C.-Z. Chen, J.-H. Gao, B. Zhou and D.-H. Xu, Higher-order topo-
logical insulators in quasicrystals, Phys. Rev. Lett. 124, 036803 (2020),
doi:10.1103/PhysRevLett.124.036803.

[32] Q.-B. Zeng, Y.-B. Yang and Y. Xu, Higher-order topological insulators and semimet-
als in generalized Aubry-André-Harper models, Phys. Rev. B 101, 241104 (2020),
doi:10.1103/PhysRevB.101.241104.

14


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193
https://doi.org/10.21468/SciPostPhys.11.2.022
https://doi.org/10.1088/2053-1583/abdb97
https://doi.org/10.1103/PhysRevLett.127.263004
https://doi.org/10.1103/PhysRevLett.128.056401
https://doi.org/10.1103/PhysRevB.106.125310
https://doi.org/10.1209/0295-5075/acc2e2
https://doi.org/10.1038/s41563-022-01458-0
https://doi.org/10.48550/arXiv.2309.03688
https://doi.org/10.1103/PhysRevLett.109.106402
https://doi.org/10.1103/PhysRevLett.108.220401
https://doi.org/10.1103/PhysRevLett.110.076403
https://doi.org/10.1103/PhysRevLett.116.257002
https://doi.org/10.1103/PhysRevLett.123.196401
https://doi.org/10.1103/PhysRevLett.124.036803
https://doi.org/10.1103/PhysRevB.101.241104

Scil SciPost Phys. 15, 193 (2023)

[33] S. Spurrier and N. R. Cooper, Kane-Mele with a twist: Quasicrystalline higher-order
topological insulators with fractional mass kinks, Phys. Rev. Res. 2, 033071 (2020),
doi:10.1103/PhysRevResearch.2.033071.

[34] C.-B. Hua, R. Chen, B. Zhou and D.-H. Xu, Higher-order topological in-
sulator in a dodecagonal quasicrystal, Phys. Rev. B 102, 241102 (2020),
doi:10.1103/PhysRevB.102.241102.

[35] H. Huang, J. Fan, D. Li and E Liu, Generic orbital design of higher-order topological qua-
sicrystalline insulators with odd five-fold rotation symmetry, Nano Lett. 21, 7056 (2021),
doi:10.1021/acs.nanolett.1c02661.

[36] J. Fan and H. Huang, Topological states in quasicrystals, Front. Phys. 17, 13203 (2021),
doi:10.1007/s11467-021-1100-y.

[37] C. Wang, E Liu and H. Huang, Effective model for fractional topologi-
cal corner modes in quasicrystals, Phys. Rev. Lett. 129, 056403 (2022),
doi:10.1103/PhysRevLett.129.056403.

[38] S. Traverso, M. Sassetti and N. T. Ziani, Role of the edges in a quasicrystalline Haldane
model, Phys. Rev. B 106, 125428 (2022), doi:10.1103/PhysRevB.106.125428.

[39] W. A. Benalcazar, B. A. Bernevig and T. L. Hughes, Quantized electric multipole insulators,
Science 357, 61 (2017), doi:10.1126/science.aah6442.

[40] M. Sitte, A. Rosch, E. Altman and L. Fritz, Topological insulators in magnetic fields: Quan-
tum Hall effect and edge channels with a nonquantized 6 term, Phys. Rev. Lett. 108, 126807
(2012), doi:10.1103/PhysRevLett.108.126807.

[41] E Zhang, C. L. Kane and E. J. Mele, Surface state magnetization and chi-
ral edge states on topological insulators, Phys. Rev. Lett. 110, 046404 (2013),
doi:10.1103/PhysRevLett.110.046404.

[42] R.-J. Slager, L. Rademaker, J. Zaanen and L. Balents, Impurity-bound states and
Green’s function zeros as local signatures of topology, Phys. Rev. B 92, 085126 (2015),
doi:10.1103/PhysRevB.92.085126.

[43] J. Langbehn, Y. Peng, L. Trifunovic, E von Oppen and P W. Brouwer, Reflection-symmetric
second-order topological insulators and superconductors, Phys. Rev. Lett. 119, 246401
(2017), doi:10.1103/PhysRevLett.119.246401.

[44] Z. Song, Z. Fang and C. Fang, (d—2)-dimensional edge states of rotation
symmetry protected topological states, Phys. Rev. Lett. 119, 246402 (2017),
doi:10.1103/PhysRevLett.119.246402.

[45] E Schindler, A. M. Cook, M. G. Vergniory, Z. Wang, S. S. P Parkin, B. A. Bernevig
and T. Neupert, Higher-order topological insulators, Sci. Adv. 4, eaat0346 (2018),
doi:10.1126/sciadv.aat0346.

[46] M. Lin and T. L. Hughes, Topological quadrupolar semimetals, Phys. Rev. B 98, 241103
(2018), doi:10.1103/PhysRevB.98.241103.

[47] L. Trifunovic and P W. Brouwer, Higher-order bulk-boundary correspondence for topological
crystalline phases, Phys. Rev. X 9, 011012 (2019), doi:10.1103/PhysRevX.9.011012.

15


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193
https://doi.org/10.1103/PhysRevResearch.2.033071
https://doi.org/10.1103/PhysRevB.102.241102
https://doi.org/10.1021/acs.nanolett.1c02661
https://doi.org/10.1007/s11467-021-1100-y
https://doi.org/10.1103/PhysRevLett.129.056403
https://doi.org/10.1103/PhysRevB.106.125428
https://doi.org/10.1126/science.aah6442
https://doi.org/10.1103/PhysRevLett.108.126807
https://doi.org/10.1103/PhysRevLett.110.046404
https://doi.org/10.1103/PhysRevB.92.085126
https://doi.org/10.1103/PhysRevLett.119.246401
https://doi.org/10.1103/PhysRevLett.119.246402
https://doi.org/10.1126/sciadv.aat0346
https://doi.org/10.1103/PhysRevB.98.241103
https://doi.org/10.1103/PhysRevX.9.011012

Scil SciPost Phys. 15, 193 (2023)

[48] M. Rodriguez-Vega, A. Kumar and B. Seradjeh, Higher-order Floquet topological
phases with corner and bulk bound states, Phys. Rev. B 100, 085138 (2019),
doi:10.1103/PhysRevB.100.085138.

[49] D. Célugéaru, V. Juric¢i¢ and B. Roy, Higher-order topological phases: A general principle of
construction, Phys. Rev. B 99, 041301 (2019), doi:10.1103/PhysRevB.99.041301.

[50] X.-L.Sheng, C. Chen, H. Liu, Z. Chen, Z.-M. Yu, Y. X. Zhao and S. A. Yang, Two-dimensional
second-order topological insulator in graphdiyne, Phys. Rev. Lett. 123, 256402 (2019),
doi:10.1103/PhysRevLett.123.256402.

[51] Y.-B. Yang, K. Li, L.-M. Duan and Y. Xu, Type-II quadrupole topological insulators, Phys.
Rev. Res. 2, 033029 (2020), doi:10.1103/PhysRevResearch.2.033029.

[52] A. Tiwari, M.-H. Li, B. A. Bernevig, T. Neupert and S. A. Parameswaran, Unhinging the
surfaces of higher-order topological insulators and superconductors, Phys. Rev. Lett. 124,
046801 (2020), doi:10.1103/PhysRevLett.124.046801.

[53] C. Chen, Z. Song, J.-Z. Zhao, Z. Chen, Z.-M. Yu, X.-L. Sheng and S. A. Yang, Universal
approach to magnetic second-order topological insulator, Phys. Rev. Lett. 125, 056402
(2020), doi:10.1103/PhysRevLett.125.056402.

[54] Y.-L. Tao, N. Dai, Y.-B. Yang, Q.-B. Zeng and Y. Xu, Hinge solitons in three-dimensional
second-order topological insulators, New J. Phys. 22, 103058 (2020), doi:10.1088/1367-
2630/abc1f9.

[55] A. Agarwala, V. Jurici¢ and B. Roy, Higher-order topological insulators in amorphous solids,
Phys. Rev. Res. 2, 012067 (2020), doi:10.1103/PhysRevResearch.2.012067.

[56] J.-H. Wang, Y.-B. Yang, N. Dai and Y. Xu, Structural-disorder-induced second-order
topological insulators in three dimensions, Phys. Rev. Lett. 126, 206404 (2021),
doi:10.1103/PhysRevLett.126.206404.

[57] L. Fu and C. L. Kane, Topology, delocalization via average symmetry and
the symplectic Anderson transition, Phys. Rev. Lett. 109, 246605 (2012),
doi:10.1103/PhysRevLett.109.246605.

[58] I C. Fulga, B. van Heck, J. M. Edge and A. R. Akhmerov, Statistical topological insulators,
Phys. Rev. B 89, 155424 (2014), doi:10.1103/PhysRevB.89.155424.

[59] R. Ma and C. Wang, Average symmetry-protected topological phases, Phys. Rev. X 13,
031016 (2023), doi:10.1103/PhysRevX.13.031016.

[60] B. Kang, K. Shiozaki and G. Y. Cho, Many-body order parameters for multipoles in solids,
Phys. Rev. B 100, 245134 (2019), doi:10.1103/PhysRevB.100.245134.

[61] W. A. Wheeler, L. K. Wagner and T. L. Hughes, Many-body electric multipole operators in
extended systems, Phys. Rev. B 100, 245135 (2019), do0i:10.1103/PhysRevB.100.245135.

[62] Y.-B. Yang, K. Li, L.-M. Duan and Y. Xu, Higher-order topological Anderson insulators, Phys.
Rev. B 103, 085408 (2021), doi:10.1103/PhysRevB.103.085408.

[63] C.-A. Li, B. Fu, Z.-A. Hu, J. Li and S.-Q. Shen, Topological phase transitions
in disordered electric quadrupole insulators, Phys. Rev. Lett. 125, 166801 (2020),
doi:10.1103/PhysRevLett.125.166801.

16


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193
https://doi.org/10.1103/PhysRevB.100.085138
https://doi.org/10.1103/PhysRevB.99.041301
https://doi.org/10.1103/PhysRevLett.123.256402
https://doi.org/10.1103/PhysRevResearch.2.033029
https://doi.org/10.1103/PhysRevLett.124.046801
https://doi.org/10.1103/PhysRevLett.125.056402
https://doi.org/10.1088/1367-2630/abc1f9
https://doi.org/10.1088/1367-2630/abc1f9
https://doi.org/10.1103/PhysRevResearch.2.012067
https://doi.org/10.1103/PhysRevLett.126.206404
https://doi.org/10.1103/PhysRevLett.109.246605
https://doi.org/10.1103/PhysRevB.89.155424
https://doi.org/10.1103/PhysRevX.13.031016
https://doi.org/10.1103/PhysRevB.100.245134
https://doi.org/10.1103/PhysRevB.100.245135
https://doi.org/10.1103/PhysRevB.103.085408
https://doi.org/10.1103/PhysRevLett.125.166801

Scil SciPost Phys. 15, 193 (2023)

[64] A.P Schnyder, S. Ryu, A. Furusaki and A. W. W. Ludwig, Classification of topological insu-
lators and superconductors in three spatial dimensions, Phys. Rev. B 78, 195125 (2008),
doi:10.1103/PhysRevB.78.195125.

[65] A. Kitaev, V. Lebedev and M. Feigel’'man, Periodic table for topological insulators and su-
perconductors, AIP Conf. Proc. 1134, 22 (2009), doi:10.1063/1.3149495.

[66] C.-K. Chiu, J. C. Y. Teo, A. P Schnyder and S. Ryu, Classification of topo-
logical quantum matter with symmetries, Rev. Mod. Phys. 88, 035005 (2016),
doi:10.1103/RevModPhys.88.035005.

[67] Y.-E Mao, Y.-L. Tao, J.-H. Wang, Q.-B. Zeng and Y. Xu, Higher-order topological insula-
tors and semimetals in three dimensions without crystalline counterparts, (arXiv preprint)
doi:10.48550/arXiv.2307.14974.

[68] V. Oganesyan and D. A. Huse, Localization of interacting fermions at high temperature,
Phys. Rev. B 75, 155111 (2007), doi:10.1103/PhysRevB.75.155111.

[69] M. Serra-Garcia, V. Peri, R. Siisstrunk, O. R. Bilal, T. Larsen, L. Guillermo Villanueva and
S. D. Huber, Observation of a phononic quadrupole topological insulator, Nature 555, 342
(2018), d0i:10.1038/nature25156.

[70] C. W. Peterson, W. A. Benalcazar, T. L. Hughes and G. Bahl, A quantized microwave
quadrupole insulator with topologically protected corner states, Nature 555, 346 (2018),
doi:10.1038/nature25777.

[71] S. Imhof et al., Topolectrical-circuit realization of topological corner modes, Nat. Phys. 14,
925 (2018), doi:10.1038/541567-018-0246-1.

[72] S. Mittal, V. V.. Orre, G. Zhu, M. A. Gorlach, A. Poddubny and M. Hafezi, Photonic
quadrupole topological phases, Nat. Photonics 13, 692 (2019), doi:10.1038/s41566-019-
0452-0.

[73] H. Raanaei, H. Nguyen, G. Andersson, H. Lidbaum, P Korelis, K. Leifer and B. Hjor-
varsson, Imprinting layer specific magnetic anisotropies in amorphous multilayers, J. Appl.
Phys. 106, 023918 (2009), doi:10.1063/1.3169523.

[74] A. T. Hindmarch et al., Interface induced uniaxial magnetic anisotropy in amor-
phous CoFeB films on AlGaAs(001), Phys. Rev. Lett. 100, 117201 (2008),
doi:10.1103/PhysRevLett.100.117201.

[75] R. A. Horn and C. R. Johnson, Matrix analysis, Cambridge University Press, Cambridge,
UK, ISBN 9780511810817 (2012), do0i:10.1017/CB09780511810817.

[76] K. D. Ikramov, Takagi’s decomposition of a symmetric unitary matrix as a finite algorithm,
Comput. Math. Math. Phys. 52, 1 (2012), doi:10.1134/S0965542512010034.

17


https://scipost.org
https://scipost.org/SciPostPhys.15.5.193
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1063/1.3149495
https://doi.org/10.1103/RevModPhys.88.035005
https://doi.org/10.48550/arXiv.2307.14974
https://doi.org/10.1103/PhysRevB.75.155111
https://doi.org/10.1038/nature25156
https://doi.org/10.1038/nature25777
https://doi.org/10.1038/s41567-018-0246-1
https://doi.org/10.1038/s41566-019-0452-0
https://doi.org/10.1038/s41566-019-0452-0
https://doi.org/10.1063/1.3169523
https://doi.org/10.1103/PhysRevLett.100.117201
https://doi.org/10.1017/CBO9780511810817
https://doi.org/10.1134/S0965542512010034

	Introduction
	Model Hamiltonian
	Topological invariants and topological property
	Conclusion
	Momentum-space Hamiltonian
	Derivation of a Z2 topological invariant
	Sub-gap states in symmetry restored systems
	References

