SciPost Phys. 15, 214 (2023)

Ground state topology of a four-terminal
superconducting double quantum dot

Lev Teshler!, Hannes Weisbrich!, Jonathan Sturm?,
Raffael L. Klees?, Gianluca Rastelli®> and Wolfgang Belzig!*

1 Fachbereich Physik, Universitdt Konstanz, Universitatsstrafde 40, 78457 Konstanz, Germany
2 Institut fiir Theoretische Physik und Astrophysik,
Julius-Maximilians-Universitdt Wiirzburg,
Am Hubland, 97074 Wiirzburg, Germany
3 Pitaevskii BEC Center, CNR-INO and Dipartimento di Fisica,
Universita di Trento, 38123 Trento, Italy

* wolfgang.belzig@uni-konstanz.de

Abstract

In recent years, various classes of systems were proposed to realize topological states of
matter. One of them are multiterminal Josephson junctions where topological Andreev
bound states are constructed in the synthetic space of superconducting phases. Crucially,
the topology in these systems results in a quantized transconductance between two of
its terminals comparable to the quantum Hall effect. In this work, we study a double
quantum dot with four superconducting terminals and show that it has an experimentally
accessible topological regime in which the non-trivial topology can be measured. We also
include Coulomb repulsion between electrons which is usually present in experiments
and show how the topological region can be maximized in parameter space.
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1 Introduction

Topology and related concepts is a central theme of modern solid state physics by explaining
ultimately the nature of quantized phenomena. The discovery of the quantum Hall effect [1]
and its quantized conductance which can be explained in terms of the 2D topological invariant
of the first Chern number [2] started an ongoing search for novel topological materials for the
past decades. It brought a unique understanding of topological insulators that are insulating
in the bulk but have conducting edge states [3]. Moreover, the study of topological supercon-
ductors [4] started the concept of Majorana zero-energy modes that promises topologically
protected quantum computing [5-8] on the basis of their non-Abelian braiding statistics.

More recently, synthetic topological matter is intensely studied. Here the topology is con-
structed in internal degrees of freedom and thus allows for a better control of the topologi-
cal properties. Prime examples are topological photonics [9, 10], topological driven Floquet
systems [11] and topological electrical circuits [12]. This idea was also successfully trans-
ferred to multiterminal Josephson junctions that can host topological Andreev bound states
in the space of superconducting phase differences [ 13-26] or topological superconducting cir-
cuits. [27-29]. With such approach the dimensionality of the phase space and the related
topology is in principle unlimited and only depends on the number of superconducting termi-
nals [30-32]. The non-trivial topology of the bound states results in a quantized transconduc-
tance [13] in units of 4e2/h when applying voltages to the superconducting terminals. In gen-
eral, these Andreev bound states can be also experimentally accessed by coherent microwave
drive [33-35] and spectroscopy [36,37]. Despite the fact that there are already experimental
realizations of multiterminal Josephson junction devices [38—41], an evidence of a non-trivial
topology in such system is still lacking. Although there are numerous proposals regarding
topological multiterminal Josephson junctions these systems remain experimentally challeng-
ing due to the need of specific scattering regions in between the terminals [14-17]. An alterna-
tive approach is based on the coupling of quantum dots to superconducting leads [21,22,42]
that in principle leads to a better control of the processes within the multiterminal Josephson
junction. However the existing proposals still require an advanced coupling between the super-
conducting terminals that limits the feasibility of such proposals. Here we study a system with
a double quantum dot that only requires a coupling between a double quantum dot and four
superconducting terminals that hosts topological Andreev bound states, see Figure 1. Similar
systems based on semiconductor nanowires with a double quantum dot coupled to two termi-
nals [43, 44] or a single quantum dot coupled to three terminals [45] were already realized
experimentally and, thus, this proposal should be in the reach of current experimental devices
to finally observe topological Andreev bound states and the related quantized transconduc-
tance.

We begin by deriving the effective low energy Hamiltonian of the system in the single-
particle picture in section 2.1 and analyzing the topology of its Andreev bound states in section
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Figure 1: The system consists of a double quantum dot with inter-dot coupling r and
four superconductors with respective superconducting phases ¢; which are coupled
to the quantum dots via w; for j = 0,1,2,3. The first two superconductors are
coupled to the first quantum dot and the last two superconductors are coupled to the
second quantum dot.

2.2. In Section 2.3, we transition to the many-body picture, enabling the incorporation of the
Coulomb interaction — a critical factor for comprehending real devices. While the Coulomb
interaction has been extensively investigated in quantum dot junctions in general, e.g. in
[46-52], this section exclusively focuses on its implications for the topology of bound states.
Finally, in section 2.4 we look at the total spin of the many-body ground state and in section
2.5 discuss the parameter regimes for which the non-trivial topology can be detected.

2 Main results

2.1 Single-particle Hamiltonian

The considered system is a double quantum dot (DQD), where each quantum dot is coupled
to two superconductors (SCs) via couplings w i (see Figure 1). In the absence of any coupling
between the quantum dots it describes two isolated Josephson junctions (JJs) whose Andreev
bound states (ABS) have energies +E;(¢; — @) and £E5(¢5 — 5), with ¢; (i = 0,1,2,3)
being the phases of the superconducting terminals. However, for finite coupling r between
the quantum dots the ABS hybridize and, thus, depend on all SC phases. This hybridization
is crucial for the non-trivial topology of the bound states in the SC phase space as will be
discussed below.

The Hamiltonian of the DQD system can be be written in the basis di = (dI’T, dy |, d;T, dy, l)

of fermionic operators in the dot-spin space as Hp = d'Hpd with the matrix Hamiltonian

~ &1 r
Hp = ®T3. 1
b (r 82) 3 M
Here, €, &, are the on-site energies of the dots, r the inter-dot coupling and 7; the Pauli
matrices.
. Thg four superc;onductors, in turn, are described by Hgy = D, ¢ Hg i with
~7T _ T T . . . . kad _ . ~ ~ ~ (gd
& = (c(')kT, Co—k>++» Capeps CB.—kl) with matrix Hamiltonian Hy j = diag(Hg ok, Hs 1k, Hs 2k» Hs 3x)
where each block on the diagonal,

Hgjp = EjpT3+ Aje'?i™ry, (2)
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describes a BCS superconductor with superconducting phase ¢;, gap A; and normal state
dispersion & ;.. In the following, we choose a gauge such that ¢, = 0.

To describe the coupling between the DQD and the SC terminals, we introduce
Hpg = > (d"Vpgé + H.c.) with

-~ _[wg wy 0 O
VDS_(O 0 Wi W3)®T3, (3)

where w; is the coupling of terminal j to the quantum dots.

The Dyson equation for the total system (see Appendix A) can be solved for the dressed
Green’s function (GF) of the DQD, Gpp = &pp + &ppSppGpp, Where we identified the self-
energy Lpp = Vpg &g ‘755 that describes the proximity coupling of the DQD to the SCs. Here,
G; and g; are the dressed and bare matrix GE respectively, and i = D, S stands for the DQD and
SC system, respectively. To calculate the self-energy, we need the bare GF of the SC system,
which we obtain by inverting its Hamiltonian as g55(E) = (E — Hg)™!.

Assuming the energy E to be much smaller than the superconducting gaps A; of the su-
perconductors (low energy limit), we obtain the matrix GF ggs = diag(&s 0, 85,1, &s.2,&s,3)
with )

E+ AjeUPjTng E—0

,/A]?—EZ

for j = 0,1,2,3. N, is the density of states at the Fermi energy in the leads. A detailed
calculation of this can be found in [22].

Calculating the self-energy (Eq. (A.3)) and adding it to the Hamiltonian in Eq. (1) we ob-
tain the effective low energy Hamiltonian of the DQD in the spinor basis d" = (diT’ dy, d‘z",T, dy, L):

&s,;(E) =—mN, —TNoe'¥i% )

&1 Fo + l—'lei‘pl r 0

~ Fo + Fle_i""l —& 0 —r

Hpeff = r 0 €9 Lel%2 + Tzel¥s | ° )
0 —r [e 192 4 [y i%s —&9

where T; = ﬂNOW? are the effective couplings between the quantum dots and the supercon-
ducting terminals. The self-energy terms can be interpreted as coherent tunneling of Cooper
pairs between superconductors and dots with phase-dependent amplitudes that we are going
to denote Iy; = Iy + I} e!¥1 and I3 = [e'¥2 + I3e!¥s for later convenience.

2.2 Andreev bound states and topology

The DQD system has four ABS (see Figure 2), as follows from the 4 x 4 low energy Hamiltonian
in Eq. (5). Their energies can be calculated by imposing det(E —H D’eff) = 0 which leads to a
quartic equation with solutions,

E;,=b/2£+/(b/2)*—c, (6)

where
b=e2+e5+2r2 + |y |* +sl?,
2.2 2 2 2 2 2 2 2
C:r4+8182+81|r23| +82|F01| +|F01| |F23| +r (F01F;3+F23F8<1_2€182). (7)

The four eigenenergies come in symmetric pairs £E; 5 as a result of particle-hole (PH) symme-
try of the system. For r = 0, the system decouples into two independent Josephson junctions

with eigenenergies E; = 4/&2 + Ty |2 and E, = 4/&2 + |Ty3/2. The isolated ABS each depend

only on one phase difference and are, hence, topologically trivial.

4
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Figure 2: All four energy bands of the two-dot system for @3 = /2, ¢; =I; =T and
r = 1.5T. PH symmetry results in a symmetric spectrum. In the ground state only
the red and orange energy bands with negative energy are occupied.

Generically, the Hamiltonian in Eq. (5) and its eigenstates depend on three phase differ-
ences which serve as synthetic dimensions for the topology. A non-trivial topology in terms
of the GS Chern number CGS with respect to the superconducting phases ¢; and ¢, leads to
a quantized transconductance Gy = (—4e?/ h)C between terminals 1 and 2 when applying
incommensurate voltages to those two termmals [13]. Here, e is the elementary charge and h
the Planck constant.

With |n) denoting the phase-dependent eigenstates sorted by n = 1,2,3,4 in order of
increasing energy, the Berry Connection of the nth eigenstate is defined as a(") =i(n|d,|n)

where we use J, = /3 ¢,. From this we can define the Berry curvature f (/5) I, a(") 2 a(”)
of the nth eigenstate with respect to the phases ¢, and gg. Finally, the correspondlng Chern
number of the nth eigenstate is defined as

) = f f £ dpadeg, (8)

which is quantized to integer values. Since we are in the single-particle picture, in the ground
state (GS) all states below the Fermi energy (Er = 0) are occupied. Because of PH symmetry
of the Hamiltonian, two of the four eigenenergies are negative, meaning that the ground state
Chern number is given by the sum over the two lowest eigenstates,

CH = cglz) + cg). 9
Changing the GS Chern number requires a closing of the gap between two energy bands at
zero energy, so called Weyl points, which change the value of the Chern number by their topo-
logical charge equal to £1. Figures 3b and 3c show such Weyl points in ¢;-¢, space. The
two spectra are obtained for parameters corresponding to the red and blue dots in Figure 3a,
respectively, which lie on boundaries between different topological phases. In the symmet-
ric case (I = I" and ¢; = ¢) the topological phases are bounded by r = |¢|, p3 = © and

r(ps) = \/ £2 + 412 sin?((p5/2) along which Weyl points occur, as we show in Appendix B. The
total area of the non-trivial topological phase is, thus, given by the integral

21
Atop:f [\/82+4F25in2(<,03/2)—|£|]dcp3, (10)
0

which is maximized for ¢ = 0 (see Figure 6). Remarkably, a finite topological region appears
for any |I'| # 0, while for ' = 0 no topological effect is possible since the SCs are completely
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Figure 3: (a) Topological phase diagram: First Chern number as a function of r
and @5 for I; = ' = ¢;. The dashed red lines indicate the analytically calculated
boundaries of the topological phases. (b) Spectrum of the ground state and first

excited state for @3 = 7 and r = 1.5T (red point). (c) Same spectrum for 5 = /2
and r =T (blue point).
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decoupled. In the case of asymmetric parameters it is more complicated to find an analytical
formula. We can, however, calculate the topological phase diagram numerically for some
values to estimate the effect qualitatively. This is shown in Figure 7. We find that asymmetric
parameters do not increase of the topological region and in most cases even reduce it.

2.3 Many-body Hamiltonian

The Hamiltonian in Eq. (5) is written in the basis d of single-particle (SP) creation and
annihilation operators. Thus, treatment in the single-particle picture is sufficient. To describe
the Zeeman splitting in a magnetic field B and the Coulomb repulsion between two electrons,
however, we extend our Hamiltonian to

B
Hp =Hp e + E(an +nyp —ny —ny)) + Uc(nypng +ngpngy), 11

where n;, = d:odig are the particle number operators for electrons with spin o on dot i and
U is the Coulomb energy of an electron pair on the same dot. We only include Coulomb inter-
action between electrons on the same dot (intra-dot), since the inter-dot Coulomb interaction
should be significantly weaker and, if included, has a very similar effect on the topological
phase diagram. In the following, we assume U.,B < A, which simplifies the consideration
significantly.

The Hamiltonian in Eq. (11) can not be expressed in the single-particle basis d”. We,
therefore, need to choose an appropriate basis of many-body (MB) states. In the many-body
picture, in the GS only the lowest energy state is occupied, so the GS Chern number is just the
Chern number of the lowest energy eigenstate. For B = U, = 0 this Chern number coincides
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with the GS Chern number in the single-particle picture from Eq. (9), as the two pictures
become equivalent. The Zeeman term, however, could in principle also be included in a SP
Hamiltonian. For U # 0, the Chern number of the MB ground state might change and has to
be calculated separately.

First, let us note that each of the two quantum dots can host zero, one or two electrons,
in the latter case with opposite spin due to the Pauli principle. The possible single quantum
dot states are, thus, |0), |1), |l), |[Tl). For the double quantum dot, we have 2% = 16 possible
basis states, which we denote as |a, 8), if dot 1 is in state |a) and dot 2 in state |3). We would
like to note, that the Hamiltonian in Eq.(11) contains only terms with an even number (two
or four) of fermionic operators and, thus, conserves the fermionic parity. We can, thus, divide
the many-body states into two sectors with even and odd numbers of electrons. Conservation
of the total spin allows us to subdivide the even parity sector into a singlet (spin 0) and triplet
(spin 1) sector, while the odd parity sector corresponds to a doublet with spin 1/2. We shall
look at the 3 spin sectors separately.

For the singlet sector, we can choose the basis {|0,0), (|1, 1)—I{,T))/+2,111,0),10,T1),1TL,T1)}
and obtain the matrix Hamiltonian

0 0 I, T, 0
_ 0 & +eg Var Var 0
A = | Ty, V2r 26 +Uc 0 T, . (12)
T;  2r 0 2e9 +Uc Iy
0 0 Ty Ty 2(g, +&y)+2Uc

How the many-body Hamiltonian is calculated is explained in Appendix C. This 5 x 5 Hamil-
tonian has five energy levels, one of which is completely phase-independent due to symmetry.
The doublet sector has eight energy levels. As basis we set o) = (|o,0) £10,0))/+v2 and
lto+) = (Jo,Tl) £|1,0))/+/2 for c =1,|. Choosing the basis order |T£), |t T %), || %),
|t | %), we obtain the matrix Hamiltonian 3"l = 5 ® Ay + (B/2)0'3 ® 14,4, Where the
last term describes the spin-dependent Zeeman splitting and

€1+ €&y +2r €1 — €&y I, + 55 I + 15
~ £ —¢ €1+ &y —2r s+ I s+
Hyjou = = 1 2 1 2 01 N 23 01 - 23 , (13)
2 FO] + F23 FO]. + ].—‘23 351 + 382 2r + 2UC 25)) &1
1"01 +F23 l"01+1"23 €y — €7 381+3€2+2T’+2UC

is the same for both spin subspaces.

Finally, we can choose |1,1), (IT,1) +1{,1))/+/2 and ||, |) as basis of the triplet space. The
corresponding Hamiltonian is found to be diagonal with phase-independent eigenenergies
€1 + &5(£B). These triplet states are, obviously, topologically trivial, since we are considering
spin-singlet superconductors which do not couple to triplet states in the double dot. For the
doublet sector the analysis is more intricate. Its levels depend on the SC phase differences
and could, in principle, be topological. Because of the high computational effort we could
not calculate the Chern numbers in the entire (even reasonably restricted) parameter space.
Instead, we looked for Weyl points by plotting the minimal energy gap between the GS and
first excited state of the doublet sector minimizing it over a large parameter region. The only
point where the energy gap closes is for ¢ = U = 0 (see Figure 8 in Appendix E). We can,
therefore, restrict the search for a topological phase transition to this point. We find that for
¢ = U = 0 two Weyl points appear for all values of ¢5 and r making the Chern number
ill-defined. Outside of this point, however, the Chern number stays zero (both for positive and
negative ¢ and U.). This can be explained by the fact that the two Weyl points occuring in the
transition have opposite topological charges which cancels their effect on the Chern number.
Based on this analysis, we conclude that the doublet GS has no finite topological phase. The
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Figure 4: Ground state spin phase diagrams in the ¢,-¢, space for ¢; = I; =T,
r = 1.2T" and ¢35 = 7/2. In the upper row, the Coulomb interaction U is varied,
while B = 0, in the lower row U = 0 and the magnetic field B is varied.

regime ¢ = U, = 0 for which the Chern number is ill-defined is not experimentally relevant as
it is not robust against fluctuations in those parameters and, thus, not observable. This being
said, we can, in the following, focus on the singlet sector, as only its states can be topologically
non-trivial. It is, however, only relevant, as long the singlet GS is the overall GS which is
crucial for the observation of a quantized transconductance.

2.4 Ground state spin

To find the relevant conditions under which the system has a potentially topological GS, we
identify the spin of the overall GS simply by comparing the ground states of the three spin
subspaces. Having already found non-trivial topology in the absence of Coulomb interaction
and magnetic fields in section 2.2, we will now look at the effect of these two parameters on
the GS spin. Fixing ¢; =I; =T, r = 1.2I" and 5 = 71/2 (values, for which we previously found
non-trivial topology), we plot the spin of the GS in the ¢, -, Brillouin zone for different values
of U and B. This is shown in Figure 4. For weak Coulomb repulsion and magnetic fields, we
have a singlet GS (red). For U > 0.5T, the doublet GS (blue) gradually takes over the entire
Brillouin zone. Similarly, with increasing B, the Zeeman splitting of the doublet GS eventually
overcomes the singlet GS which is unaffected by B. For strong magnetic fields, the triplet GS
(gray) prevails, since it has the strongest Zeeman splitting. We conclude that in order to have
a topological GS and exactly quantized transconductance, we have to avoid magnetic fields
and minimize the Coulomb repulsion between electrons on the same dot.

2.5 Enhancement of the topological phases

For practical applications it is convenient to make the topological phases as large as possible
in parameter space, making the quantized conductance G;, more robust against fluctuations
in those parameters. At the same time, observing the quantization also requires a finite energy
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Figure 5: (a) Ground state Chern number C;, as a function of ¢4 and r for U, = 0.3T
and decreasing dot energies € =T, 0.3T', 0.1T from left to right. (b) The energy gap
(AE)/T between ground state and first excited state in the region of non-zero Chern
number from the corresponding phase diagrams above in (a).

gap separating the GS from the other energy levels. While it is realistic to assume B < T},
it might be problematic to achieve U. < I} in experiments. We, thus, assume a finite value
Uc = 0.3}, which lies in the allowed range 0 < U. < 0.5T and try to find the values for
¢; and I; that maximize the area of the non-trivial topological phases in ¢5-r space. Com-
paring the phase diagram for U, = 0.3T and U; = 0, we see only a small shift of the lower
boundary towards higher values of r. This can be understood if one notes that the Coulomb
energy essentially shifts the dot energies from € to € + U, such that the lower boundary of
the topological region is also shifted up, as we showed in the SP picture. This explains the
effect of U, on the phase diagram, at least qualitatively. Besides this small shift, the phase
diagram of the MB singlet GS retains all the dependencies found for the SP GS: the topological
region is the largest for symmetric dot energies ¢; = ¢ and SC couplings I; = I" and increases
as ¢ approaches zero, which can be seen in Figure 5(a). At the same time, the energy gap
AE decreases, but still remains finite (> 0.3I') in a larger region even for very small ¢ (Figure
5(b)). Interestingly, the gap increases with increasing 0 < U, < 0.3T (Figure 9). On one hand,
a larger gap means that the system stays in the GS for faster parameter evolution (according
to the adiabatic theorem). On the other hand, U has to be small to ensure the singlet GS is
the overall GS of the system. Ultimately, a trade off between these two effects will determine
the optimal U.. This will likely depend on the details of the experimental setup which goes
beyond the scope of this work.

3 Conclusion and outlook

In this paper, we found that the four-terminal superconducting DQD has a topological singlet
ground state with non-trivial topology in terms of the first Chern number C;,. This topological
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property could be in principle probed by measuring the transconductance when applying two
voltages to terminals 1 and 2. As discussed in the manuscript, the topological phases exist in
large parameter regions and are, thus, robust against fluctuations and noise.

We derived the effective single-particle Hamiltonian in the low energy limit and calcu-
lated its energy bands and toplogical phase diagram analytically. Introducing a many-body
Hamiltonian allowed us to describe Coulomb repulsion between electrons on the same dot
and determine the total spin of the ground state. We found that the topological phase can be
maximized by choosing I; =T and € = ¢; = Er = 0. The energy gap, however, decreases with
decreasing £ which can become relevant in experiments. The non-trivial topology is preserved
for finite Coulomb energy and magnetic field, but disappears when these quantities reach a
critical value of about I'/2.

We emphasize that this work discusses the relevant parameter regimes for which a quan-
tized transconductance can be observed under experimentally realistic constraints of Coulomb
interaction of a double quantum dot. Moreover, the proposed topological multi-terminal junc-
tion lies within the reach of current or near term double quantum dot devices.

As an outlook, we would like to mention that a possible spin-orbit coupling in such de-
vices (which we neglected here) can have significant effect on the topology due to a further
spin splitting of the bound states and thus directly influencing the discussed topology of the
system. Besides, spin-orbit coupling could drive the system into the regime of a topological su-
perconductor with possible Majorana states which would be distinct to the discussed synthetic
topology of the bound states in the space of the superconducting phases.
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A Full Dyson equation and self-energy of the DQD

The full Dyson equation for the total system, consisting of the DQD and the four superconduc-
tors with coupling V can be written in matrix form as

(czw G) _ (gD 0 ) . (gD 0 ) ( 0 v) (G c) a1
Gsp Gss 0 & 0 & J\Vys © Gsp Gss
Plugging the equation for the Ggp component into the equation for Gpp, we obtain

Gpp = &pp + gDDVDSgSSVgSGDD . (A.2)

Comparing this with Gpp = &pp + &ppSppGpp, vields the self-energy of the dot due to the
dot-superconductor couplings, 3pp = Vpg&ss Vgs. Using the bare GF of the superconductors,

10
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gs,;(E) = —nNoe'¥i%37, and the identity 757,73 = —7;, we get

gS,O 0 0 0 Wy 0

~ . Wo W3 0 0 0 gs,l 0 0 wq 0
ZDD_(O 0w, wg)m?’ 0 0 g, 0 |lo wy|®%s

0 0 0 g5’3 0 Ws

_ (W%T:sgs,ofg + W%ngs,ﬂs 0 ) (A.3)
0 W%’fsgs,zfs +W:2;T3§s,373 '
0 T, + [je'¥ 0 0
| L+ e 0 0 0
- 0 0 0 Lel%2 + [elvs |
0 0 Lye i%2 4 Tyei¥s 0

: — 2
with [ = TNow;.

B Condition for Weyl points

The condition for Weyl points is ¢ = 0 with ¢ from Eq. (7), which for &, &, > 0 reduces to
(r* —ley&a] — [T Tz )® + (le1Tos] — le2T011)? + 412 (T ozl cos*(/2) (B.1)

with 1) = arg(I(;I}j;), which is the sum of three non-negative numbers, which all have to be
zero to fulfill ¢ = 0. The resulting three conditions are

r® = e 69| + [Tor Tnsl, (B.2)
le1Tos] = leaTonl, (B.3)
cos(y/2)=0. (B.4)

For I = T and ¢; = € condition (B.3) simplifies to £¢; = ¢, — @3 + 27tn, n € Z(*). On the
other hand, plugging (B.3) into (B.2) leads to

r? = £2 4+ 412 cos? (@) .

(B.5)
This means that Weyl points are restricted to the the region |¢| < r < V&2 +4T'2, With the
notation 1"011“2*3 =a+ib (a,b € R) condition (B.4) is equivalent to b = 0 and a < 0. Writing
out a and b and eliminating ¢; by means of (*) leads to

2sin(¢p3) +sin(ypy) +sin(2¢3 —¢,) =0, (B.6)
2cos(p3) + cos(p,) +cos(2p3 —,) < 0. (B.7)

One solution for these is ¢, = @5 £ 7, while for 3 = 7 any ¢, is a solution. Combining this
with (B.5) shows that Weyl points occur along the straight lines r = |¢| and ¢5 = 7 intersected
with region |e| < r < V€2 + 4T2. Since the system is symmetric under exchange of ¢, and ¢,
5 = T is also a solution for any 5, which together with (B.5) gives the curve

r(ps) = \/82 + 412 sin2(<p3/2). (B.8)

These are the only solutions for Weyl points. Since Weyl points occur when the Chern number
changes, this explains the exact shape of the topological phase diagram of the single-particle
GS in the symmetric case I; =T, ¢; = £. One particular observation is that a topological region
appears for any |T" # 0|. For I' = 0, however, Eq. (B.8) becomes r(y3) = |¢| which coincides
with the other boundary and, therefore, encloses no region.
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le]

Figure 6: Area Ay, of the topological region in ¢5-r space (in units of rad - |T'|) as a
function of the dot energy |¢| for the symmetric case ¢; = ¢ and T; =T It is clearly a
monotonically decreasing function and the maximum area is found for ¢ = 0.

C Calculation of the many-body Hamiltonian

Choosing a basis B of many-body states, we obtain the matrix Hamiltonian A of a Hamiltonian
H in second quantization by using twice the completeness relation ZweB |Y) (| = 1 of the
basis to obtain

Hyg= Y. 1) (IH |y} ('], 1)

YP,)’eB

where the creation and annihilation operators in H naturally act on the many-body states in
Fock space. It is, however, important to take into account the anticommutation relations of
the fermionic operators and the antisymmetry of the fermionic Fock states when evaluating
the matrix elements (| H \z,b’ >

D Effect of different parameters on the topological phase diagram

Figure 6 shows the area of the topological region in ¢3-r space for ¢; = ¢ ans I; = I" as a
function of |¢|. The area increases with decreasing |¢| and is the largest for vanishing dot
energies € = 0.

In Figure 7, the Chern number is shown as a function of 5 and r for symmetric parameters
gi=¢e=TI=T;1n (a), and in (b)-(d) for asymmetric parameters. The asymmetry leads to a
deformation and separation of the topological phase in two regions but does not increase the
area of the topological phase in respect of @5 and the inter-dot coupling r.

E Weyl points in the doublet sector
To simplify the search for topology in the doublet sector, we look for Weyl points, which are
points where the gap between the GS and first excited state (FES) vanishes. For simplicity, we

assume B = 0, which reduces dimension of the doublet Hamiltonian to 4, as well as ¢; = € and
I = I'. Having found non-trivial topology for the SP ground state under these assumptions,
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(c) (d)
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Figure 7: Topological phase diagrams for different sets of parameters. (a) for
gg=e=I=TI. (b)fores =26, =T =T,. (c) forg; = =Ty =T and T}, = I3 = 2I,.
(d) for Ei=€= Fo = F]_ = Fz and 1—'3 = 2F0.

(AE)/T
1.0
0.3
W
0.1
00‘ , , 0.0
0.0 0.5 1.0

Uc

Figure 8: The energy gap (AE)/T between the GS and FES of the doublet sector
minimized over all p; € [0,27) and r € [0.2T,3T'] for B= 0, I' =I; = 1 and different
dot energies € = ¢; and Coulomb energies U,.

we expect this to be no big limitation for topology of the doublet sector in the MB picture.
Finally, we minimize the energy gap (AE)/T over all SC phase differences ¢;, i = 1,2,3 and
0.2T < r < 3I'. We exclude small inter-dot couplings r < 0.2T here, since we do not expect any
non-trivial topology is this case of quasi-decoupled subsystems. The resulting plot in Figure 8
shows a gap closing only at € = U- = 0 which is a potential candidate for a topological phase
transition. However, the Chern number around that point remains zero, revealing no such
phase transition.

F Effect of Coulomb interaction on the energy gap

Figure 9 clearly shows that the energy gap is larger in the presence of Coulomb repulsion on
the quantum dots. In particular, the gap almost vanishes if U- = 0 and ¢ = 0, but remains finite
(> 0.257) in a large parameter region if U- = 0.3T and € = 0. Therefore, a finite Coulomb
interaction may allow the measurement of a the quantized transconductance in the regime
where the dot energies € approach the Fermi energies E = 0 of the SCs.
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(a) UC_O3F5—03F Uc=03e=0.1T Ucs=03Te=0
Uc =0, =0.3I" Uc=0,e=0.1T
¥3 ©3 Y3

Figure 9: The energy gap (AE)/T between the GS and FES of the singlet sector
(a) for finite Coulomb interaction U- = 0.2T" and different ¢, (b) without Coulomb
interaction and the same ¢ as above.
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