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Abstract

We establish the existence of a deformation of the usual Carter constant which is con-
served along the motion in a fixed Kerr background of a spinning test body possessing
the spin-induced quadrupole coupling of a black hole. The conservation holds pertur-
batively up to second order in the test body’s spin. This constant of motion is obtained
through the explicit resolution of the conservation constraint equations, employing co-
variant algebraic and differential relations amongst covariant building blocks of the Kerr
background. For generic spin-induced quadrupole couplings, which describe compact
objects such as neutron stars, we obtain a no-go result on the existence of such a con-
served quantity.

Copyright G. Compere et al. Received 11-03-2023 )
This work is licensed under the Creative Commons Accepted 10-11-2023 ek
Attribution 4.0 International License. Published 06-12-2023 updates
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.15.6.226
Contents
1 Introduction 2
2 Quadrupolar test bodies in curved spacetime 5
2.1 Motion of test bodies in curved spacetime 5
2.2 Searching for conserved quantities: Riidiger’s procedure 7
3 Constraint equations: Tensorial formulation 9
3.1 Linear constraint 9
3.2 Quadratic constraint 11
4 Kerr covariant formalism: Generalities 12
4.1 Covariant building blocks for Kerr 12
4.2 Some identities 13
4.3 Basis of contractions 14
4.4 AZ, grading 15
4.5 The a-w basis 15


https://scipost.org
https://scipost.org/SciPostPhys.15.6.226
mailto:geoffrey.compere@ulb.be
mailto:Adrien.Druart@ulb.be
mailto:justin.vines@aei.mpg.de
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.15.6.226&amp;domain=pdf&amp;date_stamp=2023-12-06
https://doi.org/10.21468/SciPostPhys.15.6.226

Scil SciPost Phys. 15, 226 (2023)

5 Kerr covariant formalism: reduction of the constraints 16
5.1 Linear constraint 16
5.2 Quadratic constraint 17

5.2.1 Some identities 17
5.2.2 Reducing the M contribution 18
5.2.3 The black hole constraint equation 18
5.3 The neutron star constraint equation 19

6 Solution for the quadratic invariant in the black hole case 19
6.1 The Ansatz 19
6.2 Solution to the constraint 20
6.3 Uniqueness of the solution 22
6.4 Summary of the results 22

7 Neutron star case around Kerr: A no-go result 23
7.1 Perturbative expansion in a of the constraint equations 23

8 Discussion and Outlook 25

A Derivation of the quadratic quantity constraint 26
A.1 Terms coming from Qduad 26
A.2 Terms coming from Qp 27
A.3 Reduced expression 28

B Reducing the constraints with the covariant building blocks: Intermediate algebra 29

B.1 Some identities 29
B.2 Ansatz terms for the quadratic invariant. 30
B.3 Derivatives of the scalar basis. 31
B.4 Directional derivatives of the Ansatz terms 31
References 34

1 Introduction

The Kerr geometry, which describes the spacetime outside an isolated rotating black hole ac-
cording to general relativity, possesses a hidden symmetry, not corresponding to any spacetime
isometry, responsible for the integrability of geodesic motion and for the separability of various
field equations. The spacetime possesses only two independent Killing vector fields, £* and n*,
generating the isometries of time-translation and rotation about the spin axis, leading to the
energy E = —&#p,, and the axial component of angular momentum L, = n*p,,, respectively,
as conserved quantities for geodesic motion with momentum p,,, i.e. p”V,p, = 0. It was thus
rather unexpected when Carter [1] found a further nontrivial constant of the motion which is
quadratic in the momentum, of the form Q = K*"p,p,, where K*” = K™ is a Killing tensor
satisfying V(,K,), = 0, a generalization of the Killing equation V(£ ,y = 0. Adding the Carter
constant Q to E, L, and m? = —g""pup, (conserved for geodesics in any background), there
are four Poisson-commuting constants of motion, ensuring that geodesic motion in the Kerr
spacetime is a fully integrable dynamical system. This implies the absence of chaos in the mo-
tion, and it reduces the problem of solving for geodesic trajectories to the task of performing
one-dimension integrals.
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While the geodesic equation describes the motion of a structureless monopolar test body
in a fixed background spacetime, an important generalization is to allow the test body (while
still having negligible mass and thus negligible influence on the gravitational field) to have
a finite size and nontrivial structure. In the case where such an “extended test body” has a
size (length scale) [ which is small compared to the radius of curvature R of the background,
[ < R, it is usefully characterized by a centroid worldline x = z(7), with tangent v* = dz*/d~,
and a tower of gravitational multipole moments defined along the worldline. These begin
with the momentum p,, as the monopole and the spin (relativistic angular momentum) tensor
S,» =—S,, as the dipole. Using only the fact that the body is described by a test stress-energy
tensor T, which is conserved within the background, V,T#” = 0, and certain definitions of
the multipole moments as spatial integrals of T*” (which reduce locally to standard definitions
in special relativity), one can show that the monopole p, and dipole S,,, must evolve along
the worldline according to the Mathisson-Papapetrou-Dixon (MPD) equations [2-4],

Dp* 1
_dl/)r = —ER'uvaﬁvaa/j +... 5 (13)
DS®”
d_ = 2p[”vv] +..., (1b)
T

reflecting local conservation of momentum and angular momentum, where the dots represent
corrections due to the quadrupole and higher multipole moments. These are to be supple-
mented by a condition of the form w"S,, = 0 for some timelike vector field w* (setting to
zero the mass-dipole moment in the frame of w"), which fixes a choice of centroid world-
line; a convenient choice is the Tulczyjew-Dixon condition p*S,,, = 0 [5,6]. Along with such
a condition, the pole-dipole MPD equations (Egs. (1) with the dots dropped, neglecting the
quadrupole and higher corrections) provide a closed set of evolution equations for the world-
line z(7) and the momentum p*(7) and spin S*#”(7) along it, describing the motion of spinning
test body a background curved spacetime.

As shown by Dixon [4,7], and as was central to his construction of the multipole moments,
if the background has a Killing vector £, then the quantity

1
Pg = pugu + Esuvvugv: (2)

is exactly conserved along any worldline when p* and S*” are evolved by the MPD equations
(1), to all orders in the multipole expansion, for arbitrary quadrupole and higher moments.
(See also, e.g., the earlier derivation by Souriau for the pole-dipole system [8], and the insight-
ful exposition by Harte [9].) Considering a background Kerr spacetime, one is then naturally
lead to wonder whether the hidden symmetry leads to conserved quantities for the MPD dy-
namics, including a generalization of the Carter constant to the case of spinning extended test
bodies.

This question was answered for the case of the pole-dipole MPD equations by Riidiger
[10,11]. First he showed that the quantity Qy = *Y*’S,,,, built from the Killing-Yano tensor Y,,,
of Kerr is conserved, up to remainders quadratic in the spin tensor and quadrupolar corrections.
He further showed that there is indeed a generalized Carter constant of the form

Q®? =K"p,p, +L*""*S,,p, +..., 3)

which is conserved along (1) with p"S,, = 0, up to remainders quadratic in the spin ten-
sor and quadrupolar corrections that were not determined. A generalization of this result to
the Kerr-Newman (charged spinning black hole) spacetime was independently discovered by
Gibbons et al. [12] using a supersymmetric description of spinning particle dynamics. The
existence of these constants of motion has been shown by Witzany to allow the separation of a
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Hamilton-Jacobi equation for the pole-dipole system in Kerr, leading to analytic expressions for
the fundamental frequencies of the motion [13] using a Hamiltonian formalism for spinning
particles [14].

Our purpose in this paper is to explore whether such “hidden constants” exist for test bodies
with spin-induced quadrupole moments moving in a Kerr background. Dixon’s generalizations
of the equations of motion (1) to the quadrupolar order in the test body’s multipole expansion
read

Dp* 1 1
ar = 2R VS g TV Rapa (4
DSH” 4
—opluyl 4 Tple vlapy
T =2 gRY T +..., (4b)

where J#”P9 (1) is the quadrupole tensor, having the same symmetries as the Riemann tensor,
and the ellipses here represent octupolar and higher corrections. As has been developed and
applied in a number of works (see e.g. [15-23]), the form of J appropriate to describe a spin-
induced quadrupole moment is given by

3p-v
(p2)>?
where k is a response coefficient controlling the magnitude of the quadrupolar deformation,
proportional to the square of the spin. Typical values for « for a neutron star are in the range
4 to 8 [24], while for a black hole kg = 1.

As the central results of this paper, we establish that two quantities, Qy and Q(z), are
conserved up to cubic-in-spin or octupolar corrections,

JHPT = i

p[“S”MS[plpU], (5)

dQ(Z)
dr

W _os?)

— 3
i =0(8°), (6)

along the motion of a “quadrupolar test black hole”, governed by (4)-(5) with k = 1 and with
the Tulczyjew condition p,S"” = 0, in a background Kerr spacetime, for arbitrary orbital and
spin orientations. The first quantity Qy is Riidiger’s linear-in-spin constant, unmodified,

QY = *Y‘“)Sy,v; (7)

where *Y#Y = %e‘”aﬁ Y, is the dual of the Kerr spacetime’s nontrivial Killing-Yano tensor Y*?.

The second quantity Q®® is quadratic in p and S and generalizes Riidiger’s constant (3) to the
quadrupolar order for a test black hole; it is given explicitly by

QP =Y, Y5 pHp” + 48 €101, Y21 7S PP
- I:g,up(gvgo - %nggZ) - %Yul(YpKRAVKU + %YAKRKW)U)]SMVSPU > (8)
where £ is the timelike Killing vector, and it reduces to the Carter constant K,,,p"p” = Yquf php”
for geodesic motion when the test body’s spin is set to zero.

After reviewing details of the motion of quadrupolar test bodies in curved spacetime in
Sec. 2, we develop the constraint equations for the existence of the conserved quantities in
tensorial form in Sec. 3. In Sec. 4, we discuss covariant algebraic and differential relations
amongst basic fields, “covariant building blocks,” characterizing the Kerr geometry, which play
a central role in our solutions to the constraint equations. We use these to reduce the tensorial
constraint equations to a system of scalar equations in Sec. 5, and we derive our solutions
for the special black-hole case k = 1 in Sec. 6. In Sec. 7, we investigate the case k # 1, for
non-black-hole bodies such as neutron stars with spin-induced quadrupoles, concluding that

4
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there is no solution to the constraints for ¥ # 1. Finally we summarize our findings, some
aspects of their broader context, and future directions in Sec. 8.

We use the same conventions as adopted previously in [25]. The main results of this paper
have been crosschecked using Mathematica, which was also used to performed the numerical
evaluations of Section 7. The various notebooks can be found on the GitHub repository https:
//github.com/addruart/generalizedCarterConstant.

2 Quadrupolar test bodies in curved spacetime

In this section we review the motion of test-bodies in curved spacetime and we discuss the
problem of finding conserved quantities associated to the corresponding dynamical system.
2.1 Motion of test bodies in curved spacetime

Evolution equations. In General Relativity, the motion of an extended test body over a
curved background is described by the Mathisson-Papapetrou-Dixon (MPD) equations [2—4]:

Dp* 1

% =_§R“Wﬁv”saﬁ + FH, (9a)
DSH”

T =2 L (9b)

Here, v* denotes the four-velocity of the test body, p* its four-impulsion and S*” its spin dipole
tensor. F* and L£*” are respectively the force and torque terms that include corrections to the
equations of motion due to quadrupole and higher moments. From now on, we assume that
T is the proper time, yielding v,,v" = —1.

Taken alone, the MPD equations do not form a closed set of equations. Roughly speaking,
this comes from the fact that the MPD equations arise from the skeletonization of a compact
body stress-energy tensor above an arbitrary worldline belonging to the body’s worldtube [2].
They shall be supplemented by a so-called spin supplementary condition (SSC), which will play
the role of fixing this worldline [26]. In this paper, we choose to work with Tulczyjew SSC [5,6]

puS* =0. (10)

Among other consequences extensively described in [25], enforcing this SSC allows in partic-
ular to express the dipole spin tensor solely in terms of a spin vector S* which is orthogonal
to the impulsion, S,p* = 0.

Spin-induced quadrupole approximation. We will consider only spin-induced multipole
moments and work in the quadrupole approximation, i.e. neglecting octupole and higher
moments. This is the relevant approximation for addressing spin-squared interactions: con-
sidering only spin-induced multipole terms, the 2"-pole scales as O(S™), with S? = %S uSHY.

At the level of the equations of motion, this corresponds to choose the force and torque
given by

4 lu

1
FH = —gjaﬁﬁvuRa/jyé > LMY = §R YJ”]O‘M . 11)

ap
The quadrupole tensor J*”P9 possesses the same algebraic symmetries as the Riemann tensor.

We further particularize our study by considering only a quadrupole moment that is in-
duced by the spin of the body, discarding the possible presence of some intrinsic quadrupole
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moment. This spin-induced quadrupole can be shown to take the form (5) [15-23]. Here spe-
cialized to the case v,v* = —1 and at leading order in the spin expansion using Eq. (19), its
form reduces to

JHYPO = 3—Kv[“s”]’tsl[’3 vl = 3K lugleyol  where @9F £ ssf . a2
Z Z

Here « is a free coupling parameter that equals 1 for a Kerr black hole and takes another value
if the test-body is another compact object, e.g. a neutron star.

Under the Tulczyjew SSC, the spin tensor can be solely expressed in terms of a spin vector
defined as S* = %s“mé PpSys- This relation can be inverted as

S = oglaphl (13)
were we have introduced the Hodge duality A’; , = %%WUAPU (which is here specialized to

the outer product of vectors, [#m” = %8’“’""1’3 my). One can show that this implies the

following decomposition for ©%F:

o =n*hPs2 _ge2sh (14

pr=—£ " and S? = %Saﬁsaﬁ = S,S%. Moreover, one has the identities

vV —PaP*

Fr = pr@PTpOVIR 4.5 + O(S?), (152)
2u
2
LMY — _KRvaﬂ V[H@a]ﬁvY — (H PN 1;), (151’))
u Y
LHry, = E(p“pVRmm +R* )0 +0(S5%) = EH“"RmﬁY@“ﬁ PT+OSY. (150

Conservation of the spin, mass; relation between four-velocity and impulsion. We define
the invariant and kinematic masses, respectively given by

p? £ —p,p*,  mE—v,p®. (16)
Differentiating the SSC (10) yields
uvH —mpt = %SWRWUMSPU —L*p,—SHF,. (17)
Contracting this equation with v, provides us with
u? =m?*+0(S%). (18)
The expression of the 4-impulsion in terms of the 4-velocity reads as

1
pt = vt — ES“”RMWV)“SPU + LM, +0O(S?). (19)

In the quadrupole approximation, u is no longer conserved at O(S?), since

du
i R o(Ss?). (20)


https://scipost.org
https://scipost.org/SciPostPhys.15.6.226

Scil SciPost Phys. 15, 226 (2023)

However, notice that, provided we assume’

%J“M =0(5%), (21)
one can still define a mass-like quantity, given by
g=u— %JaﬁYSRa/zya , (22)
which is quasi-conserved, namely
j—f =0(8%). (23)

Moreover, one can perturbatively invert (19) to obtain an expression of the four-velocity in
terms of the impulsion and the spin:

1
wH = pl 4 (DR — = LEYp, + O(S?), 24)
u
with
. . pa pa a 1
prebmBiosh, D s sy, (25)

Eq. (24) will play a central role when we will work out the conservation equations in the
following sections.
The spin magnitude S? is exactly conserved [27]

d
5(52) =0. (26)

2.2 Searching for conserved quantities: Riidiger’s procedure

In two papers published in the early 80s, Riidiger described a scheme for constructing quan-
tities conserved along the motion driven by the MPD equations [10,11]. The basic guideline
followed in his scheme was to enforce directly the conservation equation on a generic Ansatz
for the conserved quantity, and to subsequently solve the constraints obtained. This procedure
was extensively reviewed and discussed in [25]. We provide here a short summary of its main
steps, which would allow the reader to get familiar with our terminology and notations.

o Step 1: postulate an Ansatz for the conserved quantity. The conserved quantity
should be a function of the dynamical variables p* and S*. It is therefore a function
Q(x*,S*, p*). Assuming its analyticity, it can be expanded as

Qx¥, 8% p") = > QEPI(xH, 5% pH), 27)
s,p=0
s+p>0
with
QUPIxt, %, p) 2 QUPL, L (xM)SU .. 8%t ptr. (28)

Expressions like this one — that is, tensorial quantities fully contracted with occurrences
of the impulsion and the spin — will often appear in the following computations. It
is useful to enable a distinction between them by introducing a grading allowing the
counting of the number of occurrences of both the spin vector S* and the impulsion p¥,
which is provided by the notation [s, p]. More generally, we define:

1This condition is automatically satisfied for the spin-induced quadrupole.
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Definition 1. A fully-contracted expression of the type

Tay gy L0 - L5080 (29)
where £ = 5%,s% (the relaxed spin vector s* will be defined below) and K; = pH, Pt is
said to be of grading [s,p]. Equivalently, s (resp. p) will be referred to as the spin (resp.
momentum) grading of this expression.

Since we have only included the quadrupole term in the equations of motion but ne-
glected all the (’)(83) terms, it is not self-consistent to look at quantities which are con-
served beyond second order in the spin magnitude. We therefore restrict our analysis to
Ansétze that contain terms of of spin grading at most equal to two. Historically, Riidiger
didn’t consider the full set of possible Ansétze originating from this discussion, but only
the two restricted cases

QW 2> QP £ X, p + W, SM, (30)
p=1

QP £ QP 2K, pHp” + Ly, SHYDP + My SHSPY 31
p=2

We will refer to them as respectively the linear and the quadratic invariants in p*. They
are homogeneous in the number of occurrences of p* and S*” they contain. As long
as we consider the MPD equations at linear order in the spin magnitude or at quadratic
order with the quadrupole coupling of the test body being the one of a black hole (x = 1),
it turns out that considering only these two types of ansatzes will be enough to derive a
complete set of conserved quantities. However, a more general ansatz will be necessary
to consider arbitrary quadrupole couplings (x # 1), as discussed in Section 7.

o Step 2: write down the conservation equation. We only require our quantity to be
conserved up to second order in the spin magnitude,

Q2v*v,Q=0(s%). (32)

o Step 3: expand the conservation equation using the equations of motion. The next
step is to plug the explicit form of the Ansatz chosen in the conservation equation, and
to use the MPD equations (9) to replace the covariant derivatives of the impulsion and
of the spin tensor. The occurrences of the four-velocity are replaced by the means of Eq.
(24).

o Step 4: express the conservation equation in terms of independent variables. The
presence of a SSC make the variables p*, $*? not independent among themselves. We
turn to an independent set of variables in two steps: (i) we use the relation §%# =25l*pP}
to replace all the spin tensors S*” by the spin vectors S* and (ii) we replace the occur-
rences of the spin vector by the relaxed spin vector s* defined through

S% = Hgs/3 . (33)

It allows to relax the residual constraint S, p" = 0 by considering a spin vector possessing
a non-vanishing component along the direction of the impulsion. Physical quantities will
be independent of this component. It is introduced in order to decouple the conservation
equation. For convenience, we scale the unphysical component of the relaxed spin vector
such that s,5% ~ S,S% = S2. Notice that we have the useful identity

S[apﬁ] — S[apﬁ] = Saﬁ = Zs[aﬁﬁ]* . (34)
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o Step 5: infer the independent constraints. The conservation equation takes now the
form of a sum of fully-contracted expressions of the type (29), involving only the inde-
pendent dynamical variables p* and s*:

Q= TlsP] s ... s%pt [ pHe = 0(83). (35)

Qe O fhy el

The conservation equation is then equivalent to the requirement that all the terms of
different gradings [s, p] vanish independently:

Tl5P] s¥ L. s%ph | phr = 0(s?). (36)

al...asul.,.up

s* and p* being arbitrary, this is equivalent to the constraint equations

[s.p] 2 3
T(al...as)(p,l_..up) - 0(8 ) (37)

o Step 6: find a solution and prove uniqueness. This final step is non-systematic. For
the simplest cases (linear invariant with black hole quadrupole coupling, quadratic in-
variant at first order in the spin magnitude), it will be sufficient to work only with the
tensorial constraints (37). However, for more involved cases (linear invariant with arbi-
trary quadrupole coupling, quadratic invariant at second order in the spin), the tensorial
relations will become so cumbersome that turning to another formulation of the prob-
lem will appear to be fruitful. This will be the purpose of the covariant building blocks
for Kerr introduced in Section 4.

3 Constraint equations: Tensorial formulation

In this section, we will apply the aforementioned procedure to derive the tensorial constraint
equations that should be obeyed for ensuring the conservation of the two quantities (30), (31).

3.1 Linear constraint

Following Riidiger, we start from the Ansatz (30) for the linear invariant:
QW =X, p" +W,,S"". (38)
Notice that W, should be a skew-symmetric tensor. The time variation of (30) is given by
QW =v}(V,X,p" + X,V p" + VW, ,S*Y + W, V,SH7). (39)

Applying Riidiger’s procedure, the conservation equation Q) = (’)(8 3) reduces to the follow-
ing set of equations:

[0,2]: V. X,p"p"=0(S%), (40a)
[1,2]:  V,Y,,s"pHp" — %XAR;vﬁpsﬂ ppP =0(S8%), (40b)
[2,2] %lemaﬁps%ﬁ PBP +Y,, L = 0(S?), (40¢)
[2,4]: (VX —2W,,)(uD*, — £ )p#p” = O(S?). (40d)

Here, we have introduced the notation Y, = W: ,- We therefore have the following proposi-
tion:
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Proposition 1. For any pair (X,,W,,,) satisfying the constraint equations (40) and assuming

the MPD equations (9) are obeyed, the quantity Q) (39) will be conserved up to second order in
the spin parameter; i.e. Q(l) = (’)(83).

Two independent classes of solutions to these constraint equations can be constructed:
¢ For X, # 0, the [0, 2] equation (40a) requires that X, should be a Killing vector field,
VX =0. (41)
In this case, making use of the Kostant formula
vav[jxu = R,uva[ij B (42)
which holds for any Killing vector X s the [1, 2] constraint (40b) reduces to
V. (Wep —2V,Xp)pHSF = O(S?). (43)
It is clear that this constraint as well as the [2,4] constraint (40d) are solved by

1
Wa[j = EVaXﬁ . (44)

A little more work is necessary to show that the remaining constraint Eq. (40c) also
holds for this value of Y,5. At the end of the day, we have recovered the well-known
conservation of the quantity

1
QW =x,p" + 5 VX, (45)

The conservation can be shown to be exact and to hold at any order of the multipolar
expansion [7].

¢ A second, independent solution may be obtained by considering X, = 0. In this case,
the constraint equations (40) reduce to

[1,2]:  V,Y,s"p"p” =0(S?), (46a)
[2,2]:  Y,,L%"=0(S%), (46Db)
[2,4]: Wy, (uD”, = £7,)p"p" = O(S%). (460)

Eq. (46a) enforces Y),, to be a Killing-Yano tensor, up to second order corrections in the
spin parameter:

v(qu)a = 0(82) . (47)
We consequently recover Riidiger’s linear invariant [10],
Qy =Y, (48)

which is well-known to be conserved at linear order in the spin magnitude. The conser-
vation at second order assuming induced quadrupoles will be discussed in Section 5.1.

10
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3.2 Quadratic constraint

It is useful to decompose the quadratic quantity (31) as
where
Q™ £ K,,p"p” + Ly SPpP, QM E M, 5SSO (50)
Here, the tensors satisfy the following identities
Kyy = Ky Lyvp = Liunip > Mapys = Miaplys = Mapiys1 = Mysap - (51)

The linear-in-spin quantity Q™ has been extensively studied in [25]. At linear order in the
spin magnitude, the variation of Q@ and the variation of Q" coincide. It was shown to be
given by

Q" = QW = U, PP PP + 267 Vs *PHDBP + O(S?). (52)

au vpS
The explicit expressions of the tensors U,,,,, and V,,,,,, can be found in [25]. The conservation

conditions at zeroth and first order U,,,) = 0, V"Ewp) 0 are unchanged by the presence
of quadrupolar terms in the MPD equations (9). In [25], we showed that, at first order in the
spin parameter, the only non-trivial stationary and axisymmetric solution to these equations
above a Kerr background was Riidiger’s quadratic quasi-invariant, that will be referred to as
Qg- This solution corresponds to

K

_ A
uv_YMY v L

2 4 5
afy = §V[aKﬁ]Y + §8aﬁy5v zZ, (53)

where Y, is Kerr’s Killing-Yano tensor and where we have defined the scalar Z = }‘Y;ﬁY“ﬁ.
We can compactly write L,,,,S""p” = (EuvpangM + *Ywip)S‘”pP = 4§A€AMU[pY,,]GSpr.

From this point, we will assume that the zeroth and first orders in the spin magnitude are
solved by Riidiger’s solution (53), that is, we will always set Q" = Q. This completely cancels
the O(S°) and O(S?) terms in the constraint equations. The presence of quadrupole terms in
the MPD equations (9) will only appear at quadratic order in S. Hence, we are left with only
one constraint, which is of grading [2,3]. The derivation of this quadratic constraint is too
long to be provided in the main text and can be found instead in Appendix A. We have now
demonstrated the following proposition:

Proposition 2. Any tensor N,g,5 possessing the same algebraic symmetries as the Riemann tensor
and satisfying the constraint equation

[4quwﬁp + 26V MU o+ K (gap Yoy — & Yaa) Ex B,
+(2xY, 80 + (2= K)(YVapuEa + Yor &) + 3x80, Vi 2) *R*vﬁp —3rguVaZ R 5,
+(3xk—2)V ZRmﬁp]s"‘sﬁ PHHYHP = O(SP), (54)
where?
folfgyé = aleﬁyé ) (55)
gives rise to a quantity
QP = Qp+ Mypy5SST,  Magys = "Nig s, (56)

which is conserved up to second order in the spin parameter for the MPD equations with spin-
induced quadrupole (9), i.e. 0B = 0(33).

2This notation Mfllﬁ) /5 will become clearer later on.
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Our next goal with be to find a way to disentangle the k = 1 and the x # 1 problems.
Without loss of generality, we set

— A a7BH NS
Nopys == Nogs s+ (K = NS . (57)

Because k is a priori arbitrary, the constraint (54) turns out to be equivalent to the two inde-
pendent equations

1
|:4VMN311:I/3P + Zv[aMfH?v]/jp + (ga,u,Ylv - guvYAa)gk *RAK[jp + (ZYaugl + (Y)Luga + Yalgu)

+38anVaZ) R g, =38 VaZ R o, + VHZR*;aﬁp}“s%“ﬁ PP =0(5%), (58)

and

1
|:4VMN(1;I§[5P + Zv[aMfM?v]ﬁp + (gauYAv - guvYAa)gk *leﬁp + (ZYaugk - (Ylp,ga + Yalgu)

+384uV2.2) *Rlvﬁ .~ BgWVAZ*RAaﬂ p F3VLERS o ]s“sﬁ PHPYPP = O(S?). (59)

In the continuation, we will refer to these two problems are respectively the “black hole prob-
lem” (x = 1) and the “neutron star problem” (x # 1). Their resolutions are independent and
will be addressed separately. Notice that the overall quasi-conserved quantity is given by

Q¥ = Qr+ Qpu+(k—1)Qys- (60)

The contributions Qgy and Qg can be directly computed from the corresponding N, g, tensor
through Eq. (56).

4 Kerr covariant formalism: Generalities

In this Section, we will show that the very structure of Kerr spacetime allows us to reduce the
differential constraint equations (40)-(58)-(59) to purely algebraic relations. It is then possible
to find a unique non-trivial solution to the black hole constraint (58), as will be demonstrated
in Section 6. It also enables to provide an algebraic way for solving the x # 1 linear and
quadratic problems (i.e. Eq. (40) and (59), respectively), as will be discussed in Section 7.

4.1 Covariant building blocks for Kerr

In Kerr spacetime, the constraint equations (40)-(58)-(59) can be fully expressed in terms of
the basic tensors that live on the manifold (that is the metric g,,, the Levi-Civita tensor ¢,
and the Kronecker symbol &%) and of three additional tensorial structures: the timelike Killing
vector field ¥, the complex scalar

R=r+iacos0, (61)
and the 2-form
Ny = —iGupyyltn”. (62)
We use the convention &9, = —1 as in [25]. Here, [ and n” are the two principal null
directions of Kerr:
! L1
= Z(rz +a%, A, 0, a), nt £ E(rz +a%, —A, 0, a), (63)
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and Gaﬂys is (four times) the projector

Yo a 5] . rYé
Gop'® 2265, —ie,,"". (64)
Notice that we have the property
2 .
Naﬁ = g(V[aRgﬁ]* + 1V[a7€§m) . (65)

The Killing-Yano and Riemann tensors can be written algebraically in terms of these objects:

3NapNy5 — Gapys
R3 '

1
Youp =—5RNag +¢.C., Rapys = MRe( (66)

Moreover, they obey the following closed differential relations,

, , , M (Nup  No
lvaR = Naﬂgﬂ 5 le(RNaﬂ) = Gaﬁy5€5’ 1Va§ﬂ = —E( 'R,f - 7?’5 ) . (67)

All the derivatives appearing in the constraints can consequently be expressed in terms of
purely algebraic relations between the covariant building blocks.

4.2 Some identities

Let us first derive some useful identities. Many of them can be found in [28,29]. We have the
algebraic identities

B _ gaf _
NepN', = —gay,  NgpN =0. (68)
Notice that this first relation yields
NN =4. (69)

Both N, and Ga/a’ 7% are self-dual tensors:

Yo

. 5 . 5
Noyp =iNag,  "G,,/"=G" 7" =iG . (70)
This leads to the relations
SNaﬂNy(S - Gaﬂyb' - L
*Raﬁ)’5 :Rt‘tﬁ}/5 =—M Im( =3 5 N:ﬁ = —lNa/j . (71)

Given the identities just derived, the only non-trivial contraction of the 2-form that can be
written is

huv = NH ana . (72)

It is a real, symmetric and traceless tensor:

hyy =Ry =hyy,  hE=0 (73)
Using the previous identities, one shows that
1 2
Z=—3 Im(R?). (74)
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This yields

V.2 =—Re(REMN,,). (75)

The Killing tensor can be written as

K, = —%(Re (R®) gy + [R?| 1) - (76)
Its trace is simply
K =—2Re(R?). (77)
Other useful identities include
Ny, G
Ny G

:4N/5p, NAKGAKﬂp:NAKGAKﬁp:O,

=4Np,,  haaN% =Nyp. (78)

Bp
Bp

4.3 Basis of contractions

Our goal is now to rewrite Egs. (40)-(58)-(59) as scalar (that is, fully-contracted) equations
involving only contractions between the Kerr covariant building blocks and the dynamical
variables s* and p®. We define

S2=5,5%, P2E=—p, %, A=s,p%. (79)

We will naturally set P2 = 1 at the end of the computation, but we find useful to keep this
quantity explicit in the intermediate algebra. Notice that once the Tulczyjew-Dixon spin sup-
plementary condition has been enforced, the quantity .A will only depend upon the arbitrary
part of the relaxed spin vector s*, which is colinear to the linear momentum p¥. Since this
contribution to the spin vector is unphysical, the quantity A is expected to disappear from
any physical expression evaluated under TD SSC, but can nevertheless appear in intermediate
computations.
We further define the following quantities at least linear in either p* or s*,

AEN; EMH,  BEN, D, CENp&'s®,  DEhyEhs*, E=-£,p%, (80a)
E; = _gasa B F= h)\uglﬁu > G= hausaf’“ ) H= huvﬁ“ﬁv’ I= haﬁsasﬁ- (80b)

Because of the algebraic identities derived above, these scalars form a spanning set of scalars
built from contractions among the Kerr covariant building blocks. Any higher order contraction
between building blocks will reduce to a product of the ones provided in the above list with
coefficients that may depend upon M, a and R. The quantities A, B, C are complex while the
others are real. Notice that we don’t have to include £2 in our basis of building blocks, since
it is a function of R and M,

g2=-1+2MRe(R}). (81)

It can consequently be written in terms of the other quantities.
We further define the following quantity independent from M:

2a?sin? 0

T2 E gy + gap)Ef = —L Y
g ( af gaﬁ)g 2+ a2cos2 6’

(82)
where the last expression is evaluated in Boyer-Lindquist coordinates. We can now use J as

a Kerr covariant substitute for a: we will consider in what follows quantities built from (80),
the complex scalar R, the mass M and J.
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Table 1: Spanning set of elements with (s, p)* grading withs+p=1ands+p =2.

(s,p)* | Spanning set Real dimension of the spanning set
(1,00t | C 2
(1,0)" | D, E, 2
o,nNt | A 2
(0,1 | E, F 2
(2,00t | I, S, (1,0)t x (1,00, (1,0) x(1,0)~ 8
(2,0)” | (1,00t x(1,0)~ 4
(1L, | G, A (1,00t x(0,1)*, (1,00 x(0,1)" 10
(1,1)” | B, (1,0)" x(0,1)7, (1,0)" x(0,1)* 10
(0,2)* | H, P, (0,1)* x(0,1)", (0,1)” x(0,1)" 8
(0,2)" | (0,1)" x(0,1)” 4

4.4 AZ, grading

We now define a Z, grading {,} as follows. We note that the determining equations for the
covariant building blocks for Kerr from Eq. (61) to Eq. (78) are invariant under the following
Z, grading: {gap} = {M} = {x¥} = {V,,} = {R} = {2} = {Gupys} = {huy} = {K,ip} = +1 and
{Naﬁ} ={&%} = {Ya[j} =—1L

Further assigning {s"} = {p"*} = +1, we deduce that

AA={Cl={c}={H}={I}=+1, {B}={D}={E}={E}={F}=—-1. (83)

Since the constraints (58), (59) have grading +1, the odd quantities will have to be combined
in pairs in order to build a solution to the constraint.

We define the (s, p)* grading of an expression as the s numbers of s* and p number of
p* factors in the expression with the sign + indicating the Z, grading. The complete list of
the lowest s + p = 1 and s + p = 2 grading spanning elements is given in Table 1. The list of
spanning elements of grading (s, p)* for s + p > 3 is obtained iteratively by direct product of
the lower order basis elements. For example, the independent real terms of grading (2,1)*
are obtained from (2,0)" x (0,1)*, (2,0)” x(0,1)7, (1,1)* x(1,0)* and (1,1)” x (1,0)” with
duplicated elements suppressed.

Of prime importance for solving the linear and quadratic constraint equations will be the
elements of gradings (2,2)" and (2,3)*. Their respective spanning sets contain 118 and 284
elements, which are explicitly listed in the appended Mathematica notebooks.

4.5 The a-w basis

We note that the covariant building blocks all depend on R through real and imaginary parts
of expressions containing fractions of R and R. We find therefore natural to define the objects
(n,p€eZand K =1,A,B,C,...,J or any combination of these objects):

(np) 2 g [ KR" (np) 21 [ KR"
They satisfy the following properties:
al(_;,p) — _w;n,p) ’ wgé,p) — ag,p) ’ agl,p) — ag{—p,—n) ’ C()Ezn,p) — _w;—p,—n). (85)
Moreover, one has
) 1,p-1 , 1Ir (mp—2 2,
|R|2a§<np)=a§("+ P )’ Re(Rz)agp)ZE[agp )+a§(n+ p)]’
—k k
e I (86)
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The same properties hold with w instead of a. Finally, @ and w are linear in their subscript
argument with respect to real-valued functions. Let us denote £ = p* or s*. Then, for any
T= Ty, LH" ... %%, we define the operator V as

VT ZpAVa(T,, 0 )0 . 09 (87)
Making use of the identities
VR"=inR" A, VR=—inR" A, (88)
we get the following relations:

(n—1,p) —p (n,p+1) . (89)

oK ki  TPWka > oK

We use dimensions such that G = ¢ = 1. Given the large amount of definitions, we find
useful to summarize the mass dimensions [, ] of all quantities in order to keep track of the
powers of the mass M that can arise. We have the following mass dimensions [V ] = —1,

[g,uv] =[g*] = [Naﬂ] = [Gaﬁuv] =0, [x*]=[M]=[R]= [Ya/}] =1 and [Kaﬁ] =[K]=2.
We deduce
[X]=0, [af”]=[w{"]=n—p, (90)

where X is any function of the set A,B,C, D, E,E,,F,G,H,I defined in Egs. (80).

5 Kerr covariant formalism: reduction of the constraints

5.1 Linear constraint

In this section, we will reduce the linear constraint equations in the case where Y}, is Kerr
Killing-Yano tensor. Using the explicit form of £,,, as defined in (15b) and expressing the
quantity ﬁ;“wY‘” in terms of covariant building blocks we find after evaluation

£,y =0, (o1

and therefore the [2, 2] constraint is automatically fulfilled. The [2, 4] constraint can be rewrit-
ten

—uYoppl*DPYAp; + Y, pleLPIp, = O(S?). (92)

A direct computation shows that

3M
,quﬁ[)[O‘D/j]*}\p;t = _T(AH + PZG)a)g’S) , (93)
3kM
Yoppl@LPp, = — K2 (AH +P2G) ). 94)

Using these identities and defining k = 1+ 6, the [2,4] constraint takes the very simple form
3M

—=ow(AH + P26)wl? = 0(8?). (95)

It is automatically fulfilled for the test body being a black hole, because 6x = 0 in this case.

However, if the test body is a neutron star, 6k # 0 and the [2,4] constraint is not obeyed

anymore. Therefore, Qy is not anymore a constant of the motion at second order in the spin
in the NS case.
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A way to enable the [2, 4] constraint to be solvable in the neutron star case is to supplement
the Ansatz for the conserved quantity with a term

QY = 5Kk Mgp,,,5S P ST pH . (96)

afuyd

The conservation equation will then acquire a correction given by

QY = 5xv V(M 55*P ST pH) (97)

= SKP V3 MupysS*PSTOpH + O(S?) (98)

= 46KP V' Nup 58 “pPsTDp" + O(S?), 99)

where Nygp5 = M;ﬁwﬁ' In our scalar notation, it corresponds to supplement the [2,4]

constraint with a term 46k VN, with N being of grading [2,3]. The constraint to be solved
then takes the simple form

A 3M
= (

VN = =2 (AH + P26 (100)

It is useful to summarize the discussion by the two following statements:

Main result 1. Riidiger’s linear invariant Qy = Y;ﬁS P is still conserved for the MPD equations

at second order in the spin magnitude for spin-induced quadrupoles, i.e. Qy = (9(83) provided
that 6k =0, i.e. if the test body possesses the multipole structure of a black hole.

Preliminary result 1. Any tensor N,g,,, 5 possessing the algebraic symmetries

Napuys = Nysuap = Niapiurs = Napulys»
and satisfying the constraint equation

A

3M
YN = 7= (AH + P26)w(?, (101)

will give rise to a quantity

QW = Qy + 65xMyp,,5S*P ST pH, (102)

Ma/inS = *N:xk[a’uyﬁ ’
which is conserved up to second order in the spin parameter for the spin-induced quadrupole MPD
equations (9), i.e. Q) = 0(33), regardless to the value taken by O«k.

5.2 Quadratic constraint

5.2.1 Some identities

Before going further on, it is useful to notice that all the covariant building blocks combina-
tions that will appear in our equations will not be linearly independent. Actually, a direct
computation shows that

2|B]>+2AG+ P’ —S*H =0, (103a)
(AH +P2G)wl® = (AG + P)w " — (AF + P2D)w (™

+ (A2 +P28%) 0 + (AE + P2E )i, (103b)

W) =—|B[* 0w (.AF EG + E,H + P?D ) (1.3) (103¢)
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Moreover, let us mention that the identities

0k (np) _ 1T (up+k) _ (n—kp)

wWp oy —E[wKL — W, ], (104)
K 1

2 _ 0,2) (2.4)

Re(R )Im(ﬁ)—g(‘% + wy ),

K

2 _ (1,3)

R| Im(—R4)—wK , (105)

will be useful in the following computations.

5.2.2 Reducing the M) contribution

Our goal is here to compute the contribution

N ! Ay
DM = 2V[a|/\/lmv]ﬁps"‘sﬁp“pvpp , (106)

in some details, as a proof of principle of the computations to follow, which will not be devel-
oped in full details. Noticing the identity

ViuKap = 283ppaY 5,8 (107)
we get
M _ 2 A
VuMeos, =Kaa ViR g, + Vo ZR o0 = (VunEa + 8uvVaZ + Y& )R™

+ (2€vYAa - ZEAYva + gavle)R*Auﬁp + (zguvYKa - gavYKu)glR*AKﬁp . (108)

Making use of Eq. (108), one can show that

DM =[2KMV[OLR7“V][5P + V2R, oo+ (28, Yo, + g VAZ)R? 4 (109)

- (Ylagu + gaY)\M + guavAZ)R*Avﬁp + (g,uaYKv - guvYKa)glR*AKﬁp]saSﬁﬁ“ﬁ vﬁp .

Using the various identities derived above, the relations of Appendix B and performing some
simple algebra, one can express this contribution in terms of linearly independent quantities
as

DM = —%(Az + PZSZ)(Swgo’Z) + 4w1(41’3) + 3w£\2’4)) — %(AE + PZES)(cog)’z) — a)g’3) - Sw(2’4))

B
3M

M 15M
+ = (2AF —EG + EH +2P?D)wy ™ — M o _ DY ey

¢ P g (110)

5.2.3 The black hole constraint equation

Making use of the notations introduced above, the constraint equation (58) can be written as
4VNBH 4+ DM+ T = 0O(S?), 11)
where
! é[(ga“YM’ B gl“’Yla)gK *RAKﬂP + (2Ya,ll«€)t + (Yluga + Yakgu) + SgGMVlZ) *Rkvﬂp

=38y VaZ R g, + V2R, ]sasﬁ pHpYpr. (112)
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Using the scalar basis introduced above and the identities (103) yields

(,42 + P28 30 P+ V] + %(AE +P2E,)[8$? — 307 ]

A
+ %wﬁ&jf) + %uﬂ (M — %(AF +P2D)w(. (113)
In summary, Eq. (111) can be written as
VNBH = 13, | (114)
with the source term
T = —DM4+ T . (115)

5.3 The neutron star constraint equation

Repeating the very same procedure, the neutron star constraint (59) reduces to the scalar-like
equation

VNN =Ty, (116)
with source

Yys = 31—1\64(,42 +P282) (0 + ) + 200 - B—M(AE +P2E,) (0P + 0§ )

DM (02

15M
(ol + o)+ == 0l 3)+ M(.AF+732D)w(1 = 117)

+  AB2 3

6 Solution for the quadratic invariant in the black hole case

We will now try to find a quadratic conserved quantity for the §x = 0 case. This corresponds
to find a solution to the black hole constraint equation (114). In order to reach this goal, we
will postulate an Ansatz for the fully-contracted quantity N appearing in the left-hand side
of Eq. (114) and then use the covariant building blocks formulation to constrain the Ansatz
coefficients.

6.1 The Ansatz

Let us consider the following Ansatz

4
BH 4)
Nafvs = D Mo 5 (118)
A=1
where A, are arbitrary coefficients and where
A - #(A)
Napys = Mapys - (119)

The quantity folﬁ)y 5 has been defined in Eq. (55), and we introduce

M(z)

3 A 4
apys YA Ye R)L[305 ) MEI/J?Y5 gaygﬁ 55 B Mfﬂg)@ gayg/jég (120)
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Using the identities derived in Appendix B, one can show that the directional derivatives
of the N are given by

A M
1) _ 2 2 Q2 (0,2 (1,3) (2,4)
VN()——(A +PS)(a)A + 2w: +3a)A )

M 2 (0,2) (1,3) @dy M o 13
- (AE+P E,)(509? — 20" + 30§ )—TIBIw

A
3M oM 15M
M 02, 15M 4

— = (AF—EG+EH + P2D)w{? + Ot O (121a)
UNG) = (24 P28 + T (AR +P2E o - 2002, (121b)
VN® = %[(52792 + A2)w? + (AE +P2E)w(? ], (121¢)
VNG = M(52P% + A2)w (. (121d)

6.2 Solution to the constraint

We will now look for a solution to the black hole constraint equation (114) using the Ansatz
(118), i.e. we are seeking for specific values of the parameters A, such that Eq. (111) is
fulfilled. More explicitly, one therefore requires

4
> T ADND — T, = 0. (122)
A=1

The left-hand side of this equation takes the form of a first order polynomial, homogeneous in
the ten linearly independent elements (as it can be shown through a direct computation)
W0 02 02 13 03 1 03 24 24 (24

A b) B b) AB2 A b) B b) A b) B b) A b) B b) AB2 °
(123)

Because all the combinations of these elements implied in the constraint equation are linearly
independent, all the coefficients appearing in front of these expressions should vanish inde-
pendently.

All the terms do not appear in all the contributions, as depicted in Table 2. In order to fix
the values of the Ansatz coefficients, let us proceed along the following sequence:

L3

. term: this contribution reads

<
3
3M(—6A1 + E)|B|2a)£\1’3). (124)

Table 2: Structure of the distribution of the different types of contractions in the
various contribution to the black hole constraint equation.

0,2 0,2 0,2 1,3 1,3 1,3 1,3 2,4 2,4 2,4
wg ) wg ) wng) wg ) w; ) wg ) w% ) wg ) wg ) w;BZ)
DN | v N N v v N Vs N Vg
DN® | v v
DN®) N N
DN(4) N
Tan V3 v Vg NV Vg NV v V3 NV Vg
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One therefore requires

1
Al == Z . (125)
(L3)  (1L,3) , (1,3)  (24) , (2,4) (2,4) thed e ;
oW, @ Wy, @7, wy and w Ape terms: their coefficients consistently van-

ish when (125) is fulfilled.

o wgﬁ) term: this contribution reads

1Y (02
3M(3A1 - Azz)wﬁmz). (126)

Using (125), this yields

1
Ay=73. (127)
o wg’g), w%1,3) and wg,s) terms: their coefficients consistently vanish when Eqgs. (125)
and (127) are fulfilled.
o wg)’z) term: this contribution reads

M(AE + PZES)(—IOAl +2A, +2A5 + g)wgm . (128)
Using (125) and (127), this yields
Ag=—1. (129)

w(0,2)

. term: this contribution reads

<

M(A%+ 73252)(/\1 — Ay +2A5+ 4N, + %)wg"’” : (130)
Using Egs. (125), (127) and (129), this finally yields

Ap=—. 131
4= 3 (13D

In conclusion, the Ansatz (118) gives a coherent solution to the constraint equation (114) only
if

A—1 A—1 Ay =—1 A—1 (132)
1 4 5 2 2 ) 3 ) 4 — 2 .
More explicitly, it corresponds to set
Myg,s =—8ar| E5E _1 g2 + iy Ay %Ry, s+ Sy, *R (133)
apys — —8ay| SpSs zg/m 5 e y TAprs T 5 Rpys |-
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6.3 Uniqueness of the solution

We now address the uniqueness to the non-trivial solution (133) to the constraint (114) de-
rived above. If one adds an additional piece to our Ansatz, it will satisfy an homogeneous
equation since all source terms have been cancelled by the Ansatz. Demonstrating uniqueness
of the non-trivial solution (133) therefore amounts to prove that

VuNsiap)lp) =0, (134)

does not admit any non-trivial solution in Kerr spacetime. We call such a tensor field a Young
tableau (2,2) Killing tensor. A trivial Killing tensor is defined as a Killing tensor which is
given by a cross-product. Such a trivial Killing tensor would add to the quadratic conserved
quantity a product of conserved quantities that are already defined. There is only trivial Killing
tensor of symmetry type (2,2) namely N,,5 = Y,,, Y, which correspond to add the product
(Qy)? defined in (48) to the quadratic conserved quantity. We checked explicitly by solving
the partial differential equations analytically using a Mathematica notebook that no non-trivial
such tensor exists in a perturbative series expansion in a around a = 0 assuming that it only
depends upon r and 6.

6.4 Summary of the results

Let us summarize the results we have obtained about the quadratic invariants. Our discussion
can be compactified in the two following propositions:

Main result 2. The quadratic invariant
@) — Qp+|— Lese2) 4 Ly MY Ry + S, R SePsre  (135)
= Qr 8ay| Ep&s 2£/35§ 2 Yo "\ Yy "Raprs + V5 "Rupys ;

is conserved for the MPD equations at second order in the spin magnitude for spin-induced
quadrupole, i.e. Q%zb), = (’)(53) provided that 6k = 0, ie. if the test body possesses the mul-
tipole structure of a black hole. Here, Qg = K,,,p*p” + L, ,S""p? with L, given in Eq. (53)

is Riidiger’s quadratic invariant [11,25].

Preliminary result 2. Any tensor N,p, 5 possessing the same algebraic symmetries than the Rie-
mann tensor and satisfying the constraint equation

VN = Tys, (136)
where the source term Yy is given in Eq. (117) will give rise to a quantity
2
QP = Q)+ 5KkMyp 5SS, Mupys="Nig s, (137)

which is conserved up to second order in the spin parameter for the spin-induced quadrupole MPD
equations (9), i.e. Q¥ = (9(83), regardless to the value taken by d«k.

We notice that Tyg |a:0 = 0 in the Schwarzschild case by explicit evaluation of (117). A
direct consequence is that the deformation of Riidiger’s quadratic invariant constructed in the
black hole case is still quasi-conserved for arbitrary «:

Main result 3. In Schwarschild spacetime (a = 0), the deformation of Riidiger’s quadratic in-
variant Qgg given in Eq. (135) is still conserved for the MPD equations up to O(S®) corrections
for arbitrary (x € R) spin-induced quadrupole.

Notice that the conservation does not hold for Riidiger’s linear invariant Qy. The Kerr case
a # 0 will be further discussed in Section 7.
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Table 3: Source terms for the various constraint equations VN = T studied in the
paper.

PROBLEM SOURCE TERM T | EQUATION | T |a:0 SOURCE GRADING
NS linear invariant Tiin (101) #0 [2,4]F
BH quadratic invariant Tey (116) #0 [2,3]F
NS quadratic invariant Tns (117) 0 [2,3]F

7 Neutron star case around Kerr: A no-go result

We summarize in Table 3 the three constraint equations discussed previously. They all take
the form

VN=T, (138)

with T being of grading [s,p]*. It implies that N should be of grading [s,p —1]".

Let {K,} be a basis of linearly independent and dimensionless functions build from the
(manifestly real) functions A, P2, S? ReA,ImA,...,ReC,ImC,D,...,I. Given that N is di-
mensionless and given the structure of the source terms Y, we propose the following Ansatz,

_ l kD £kl (k,k+1) k1) (k,l (k,k+1)
N=> ZZKuM (ceD p&D()H D 4 P gk (1)), (139)
4 (kDeZ

Here, Cé"l and Dclf’l are numerical coefficients and fak’l(J ) and gf’l(J ) are smooth functions of
J.
We can work with dimensionless quantities by first introducing the dimensionless variables

- r - a
r=—, a=—. (140)
M M
We notice that the K,’s are left unchanged and do not depend anymore on M, whereas R=MR,
with R = f + id. This yields

o™ = M"P Re (%) £ M PEm ) ) = M P Im (%) 2 MTPEM) . (141)

Each derivative of the term present in the Ansatz scales as M ~! times a manifestly dimension-
less quantity. All the source terms appearing earlier can be written as T = M ' T, with T being
an dimensionless quantity. This implies that Eq. (139) reduces to

a (k,Dez?

which contain only terms that are explicitly independent of M. We can further define V=MV
the dimensionless derivative operator and the constraints take the dimensionless form VN =T.
7.1 Perturbative expansion in a of the constraint equations

Instead of addressing the non-linear problem in a we will perform a perturbative series in a.
For any smooth function f of a, we define

» &'f

= - .
da a=0

(fn (143)
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The constraint equation then becomes an infinite hierarchy of equations

(VN) =T1,, Vn>o0. (144)

Let us describe the n = 0 and n = 1 equations. Since J o< a2, the functions fak’l(J ) and
gf’l(J ) do not contribute and can be set to one without loss of generality.

n = 0 equation. Noticing the identities

(k—1,k+1)

~ (k,k+1)
@ A

=0, (145)
a=0

_ ~(kk+1+1)
= aA

a=0 a=0

g(kk+D) -1 cbgk’“m)

=7,

a=0

— _prf_(z+1) ) C(~)1(§k—1,l<+l)

a=0 a=0

=p, 7~ (146)

and making use of Eq. (89), the n = 0 constraint becomes

DT ST CEI[(VK,)F !~ 1K Jop, V] = (1), (147)

@ (kl)ez?

It does not depend on the terms involving w’s contributions. Moreover, denoting

ch=>"ckd, (148)
keZ

this equation can be further simplified to

Z Z Cc(tl)[(ﬁKa)o - l(Ka)Oer_l:IF_l = (T)O . (149)

a lez
n = 1 equation. Following an identical procedure and denoting

p® 2> (2k + DD, (150)
kezZ

the n = 1 constraint equation can be shown to take the form

ZZ{CCEZ)[WI%L — (K lp, i1

a leZ

~DO[(IK)px + @o(po — L+ Dpoar O} =By, sy

Numerical evaluation. Egs. (149) and (151) have been numerically evaluated using Math-
ematica in order to try to fix the values of the coefficients Cc(ll) and Dc(ll) that would enable a
possible solution to the neutron star cases. We have only looked for “polynomial” solutions to
these equations, i.e. solutions for which the coefficients of the ansatz are non-vanishing only
over a finite interval [l;,, [hax]- Given the size of the expressions involved, the only compu-
tationally reasonable solving method available to us was the following: let us denote N the
number of terms present in the left-hand side of (149) (resp. (151)) for a given [lin, lnax)- EQ-
(149) (resp. (151)) was then evaluated N + 1 times at different random values of its variables
and parameters, resulting into a linear system of N + 1 algebraic equations in N variables (the
coefficients Cc(ll) and Dgl)) that was then solved using the built-in numerical equation solver of
Mathematica.
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This procedure has been proof-tested by reproducing the coefficients corresponding to
the black hole quadratic invariant from the source term Yyy. It has then been used to at-
tempt to find a solution to both the linear and the quadratic neutron star problems, with
[l inin> lmax] = [—10,100]. No solution has been found, discarding a priori the existence of
polynomial-type solutions.

In the Mathematica notebooks appended as supplementary material, the interval of [ is
reduced to [lpin, lmax] = [0,5] in order to reduce the computational time for the interested
reader. The four notebooks related to this section are:

¢ Quadratic_BH_LO_final.nb: check of the numerical evaluation of the n = 0 equa-
tion: reproduction of the black hole quadratic invariant from Ygy;

¢ Linear_NS_LO_final.nb: attempt of finding a polynomial solution to the n = 0 equa-
tion for the neutron star linear problem (source term Tj;,);

¢ Quadratic_BH_NLO_final.nb: check of the numerical evaluation of the n = 1 equa-
tion: reproduction of the black hole quadratic invariant from Ygy;

¢ Quadratic_NS_NLO_final.nb: attempt of finding a polynomial solution to the n =1
equation for the neutron star quadratic problem (source term Tyg).

8 Discussion and Outlook

The main results obtained in this paper are as follows. At second order in the spin magnitude
and for spin-induced quadrupole with black hole-type coupling (x = 1): (i) the linear Riidiger
invariant Qy is still quasi-conserved and (ii) a deformation of Riidiger’s quadratic invariant
Q;ZI_)I exists such that the deformed Riidiger’s quadratic invariant is also quasi-conserved. Fi-
nally, (iii) the quasi-conservation of the deformed quadratic invariant can only be extended to
arbitrary coupling (x # 1) around the Schwarszchild spacetime (a = 0).

All our attempts to find solutions to the constraint equations in the case of an arbitrary
spin-induced coupling in generic Kerr spacetime have failed. Let us notice that, even if some-
one would succeed in solving them, the quasi-invariants so obtained would not be of direct
astrophysical interest. This arises from the fact that, except in the special case where the test
body is itself a black hole, the spin-induced term is not the only contribution to the quadrupole.
Tidal-type contributions will also arise which will break the quasi-conservation obtained for
spin-induced quadrupoles only.

Various extensions of this work would be interesting to explore. Firstly, one could inves-
tigate whether deformations of the quasi-invariants studied in this paper still exist at higher
orders in the multipolar expansion for black-hole-type couplings. At the next cubic order in
the test black hole’s spin, which includes its octupole moment, the appropriate equations of
motion have been argued to be fixed without ambiguity from appropriate symmetries and
after matching to the stationary Kerr solution as at the spin-squared/quadrupolar level, see
e.g. [30]. One could then construct ansétze for deformations of the hidden-symmetry con-
stants, and search for solutions that are conserved assuming such equations of motion at this
order. At even higher orders, the same considerations alone do not fix the equations of motion,
due to the relevance of quadratic-in-curvature couplings at fourth order in spin, but one could
still proceed analogously with parametrized equations, perhaps even obtaining constraints on
the equations of motion from the existence of conservation laws.

Another possible direction would be to understand the link between the existence of these
quasi-conserved quantities and the separability of the associated Hamilton-Jacobi equation at
second order in the spin magnitude, thus pushing the analysis of Witzany [31] to the next order
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in the multipole expansion. This would also enable to compute the corresponding shifts in the
fundamental frequencies of the action-angle variables description of the finite size particle,
which are of direct relevance for modeling EMRIs involving spinning secondaries. It would
also be enlightening to explore the relationship between the new constants for test black holes
in Kerr found in this paper and those for arbitrary-mass-ratio binary black holes at second-
post-Newtonian order (including the spin-induced quadrupole effects) found by Tanay et al. in
Ref. [32], ensuring the integrablity of the system at that order. Finally, if the structure of the 4-
dimensional Kerr covariant building blocks can be generalized to higher dimensions and more
generic spacetimes, it could bring new insights on hidden symmetries of such spacetimes [33].
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A Derivation of the quadratic quantity constraint

The aim of this appendix is to provide a derivation of the reduced expression (54) for the
constraint of grading [2, 3] for the quadratic conserved quantity (31).

Let us denote by (f )(n) the terms contained in f that are homogeneous of order O(S™). We
now take for granted the validity and uniqueness of the solution (53), as well as the vanishing
of the O(S°) and O(S') terms in Eq. (52). The O(S?) constraint equation takes the form

<Q>(2) = <QR>(2) + <Qquad>(z) =0. (A.1)

We will compute these two contributions separately.

A.1 Terms coming from Qauad

Using Egs. (9b), (18) and (19), the variation of Quad along the trajectory is given by

Qauad — %Mams“ﬁsﬂS + zgmmzsﬂS (A.2a)
= VM (V3 My, 5S%PST0 + 4Myp,2S%F ') + O(S?) (A.2b)
= ﬁl(vAMaﬁwSaﬂSYﬁ + 4Ma/3MSaﬂPY) + 0(83) (A.2¢)
= VaMyp,5D" S ST° + O(S?). (A.2d)

Recalling that S*# = 25sl*pPJ* we obtain the following equation in terms of the independent
variables s, and p*:

(OW0) ) =49, s sy = AT NS (A
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A.2 Terms coming from Qg

One can perform the splitting

HQ
(QR>(2) (K >(2) +( 9% >(2) ' (A4)
Here, the “monopole-dipole” terms Qf‘{’ D are those that where already present in [25]:
N A lLA YA W A AL A
oMP = ZDApV;LKWp“pva — ELWPS“"RpaMp“SﬂY +2u>L,5, D" pHp"pP (A.5a)
= 4w, P saspp"p"pP +0(S), (A.5b)
where (see Eq. (73) of [25])
W* = Lep R A.6
afyde — _E afr yée " (A.6)

The relaxed spin vector s* is defined from S® = I1%sP where the part of s aligned with p is left
arbitrary, but is assumed (without loss of generality) to be of the same order of magnitude.
The tensor Lz, is defined in Eq. (53). In order to simplify Eq. (A.6), we have on the one

apfy
hand
*eampV”Z:—Zg,l[aVﬁ]Z. (A7)
On the other hand,
VieKppa = 2Y31a8p1 + 381[aYp,3 €p1=3V1alp1 1+ 821a V12> (A.8)
where £¢ = —%VAY*M‘ is the timelike Killing vector associated with the Killing-Yano tensor.

Gathering these pieces together, we obtain the reduced expression

Woaproes s’ PUD"DP = ~[R™ 5. Vagakpy + ViaZRyy 5, 5P DHP7DP . (A9)

The monopole-dipole piece is consequently given by
SMD\  _ A AULA YA
(OMPY ) = (2(Vapa—YiaBu)R™ 5, — 2V, ZRY o )sOSPpHp " pP (A.10)

The “quadrupolar” terms Qg are the ones induced by the presence of the quadrupole,
namely

QR £ 20K, P! F¥ — uL* V3K, D7 PP — 2uLypp L2 PP PP + Ly, L7PP . (A1D)

Considering only the spin-induced quadrupole (12) and making use of the identities (15a)
to (15c¢) as well as the explicit form of the tensor L v (53), we obtain the reduced expression
8 Py aB AlAYAp
—gsawv ZR ]@ prpYpP .

(A.12)
Thanks to the orthogonality condition p,S® = 0, we can substitute ©%F in this expression with
0P defined as

2Q\ A A 4 A
() = K[KMV Ryapp = VaKuR" 450 = 3VIaEKa1R 5

9P = 2B S§2 —s2sh (A.13)

After a few algebraic manipulations and making use of Bianchi identities, we obtain

<Qg>(2) - K[ (VV(KMRAa/sp) + VVKHARAaﬂp —(ve a))

16 8 o
PR =5 VA28 R gyt 3 VZ*Rvaﬁp}Q“ﬁ ppP. (A14)

4
+§V[aK alpp T3 Ve

n
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It is possible to further reduce this expression. It is useful to first derive some properties of
the dualizations of Riemann tensor in Ricci-flat spacetimes. For any tensor Mg,.q with the
symmetries of the Riemann tensor, one has

apab ppocd (A.15)

af _
M uv__65[,uvcd] ab

In Ricci-flat spacetimes, this yields for the Riemann tensor,
*R*aﬂyﬁ == _Raﬂ)/ﬁ . (A16)
Moreover, dualizing this equation one more time gives rise to the identity
Rj;[ﬂy5 :*Raﬁyc‘? . (A17)

Using R,p,5 =R, 54p, We also deduce

afy

Raprs =K,

" sap (A.18)

Notice that we also have the identity
V*Rj4p, =0. (A.19)

Making use of the properties of the Riemann tensor and of the identity *Rj4p, g% =0, we get
the additional relations

Ryapp0“P PP = —Ryapps®s’ b, (A.202)
"Raapp 0P PP = —"Raapps s’ pP (A.20b)
Ravpp0%P D7D =Ry, (8P S* —s%P)p7pP . (A.200)

This allows to express <Q§> in terms of the independent variables as

(2)
(O = —K‘|: (V,,(KMR aﬁp) + VKR g, — (v a)) + 5 VKR g,
4 2 16 8 AUAVA
+(§VUKMRAV‘TP + EVMK(,ARAVUP)gaﬁ—I—?VAZgM[v*Rla]ﬁp — EVMZ*Rmﬁp}Sasﬁp“pvpp :
(A.21)

The quantity into brackets appearing in the second line of this expression is actually vanishing:

4 2 cvnn 2 .
(gvaKMRl;’p + §vulfquflfp)pva = 5(2VOKM + VKo )R 7 DVDP (A.22a)

2 A A
= g(VUKM + VKo + VKoo RN, p7DP =0,
(A.22b)

which follows from the definition of Killing tensors.

A.3 Reduced expression

We can now write down the complete expression 0@ = Qi‘{[ by Q}% + Qauad Gathering all the
pieces (A.3), (A.10), (A.21), we get

. 2K
2) _ A A ) A
Q( ) — [KVQ(KMR vﬁp) + Vv(4Nwﬁp — KK R aﬂp) —xV,K,3R abp + 3 VKR,

Bp

. 16k 4K " ALLAYA
+ Z(nga - YMEM)R Avﬂp — TVAZgu[vRMa]ﬁp + 2(? — 1)VMZRmﬁp]sasﬂp“p"pp
+0(S83). (A.23)
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In order to further simplify this expression we first derive some additional useful identities.
One has

VKR aﬂpp“p =Y° VYR aﬁpp“p (A.24)
We obtain the relation
vquARAa/jpﬁuﬁv = [(Ylp,ga - Yaugl) *va/jp - gavYAugrc *RlKﬁp ]ﬁ'uﬁv . (A~25)

In a similar fashion, one can prove that

Al 3 3
v[,uKl]aRlvﬁppupv =|:E(Ya,u,§)u + Y}\ag,u,) *Rkv/j zguvY?LagK *RAK
1 1 1 s
+ EgaMVAZ *Rlvﬁp - EgMVvAZ*RAaﬂp - EVMZ*Ravﬁp]pHpv .
(A.26)

When the dust settles, we are left with

0@ :[4VMNW/3P + ZKV[aMl( |)V +1(8upYar — 8urYaa)Ex R 5.,
+(26YauEa + 2= 1) (Yapla + Yaru) + 3x8au VaZ) R g =3x8, VA Z R

+(3k—2)V, 2R} 0, ]s“s/jp p PP + O(S®), (A.27)
where Mg{lﬁ)y 5 = K R Br6" This precisely yields the constraint equation (54).
B Reducing the constraints with the covariant building blocks: In-
termediate algebra

B.1 Some identities

A bit of cumbersome (but straightforward) algebra leads to the following identities written
most shortly in the a-w formulation,

Yous“pH = _a;(go’_l) ) (B.1a)
v, Zpt = —al", (B.1b)
R8s’ D7DP = 3Mepy® + M(A* + P25, (B.10)

3M .
V2R, psasﬁﬁ”:T(Esa)(Oz) Dwi?)+M(8% 7 - 4a )P, @B.14)

3M _ _

VAZR*AVﬁpsﬁﬁvﬁp 2 (Eo)(o 2) Fo)g’g)) + M(.Aago’ Dy Pza(co’ 1))(1(10’3) , (B.1e)
M

YR™ 58P p7pP = —-MAwS? + = (Awl™® —360]Y), (B.1)
2
M

YaR? s sPprppP = MP2a(? — E(Pzwg’g) +3Hwy"Y), (B.1g)

A AUAp 02, M 13 (1.3)

Y, R* aﬁps“sﬁp“pp =—MAwy"™ + E(Awé —3Gwy ), (B.1h)

LR g sPp DR = —3M o + M(EP? + EA)w>?, (B.1i)

Vi R o sPpP = aM i, (B.1j)
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. M 0,2 1,3 0,—1 0,-1)) (0,3
Yor& R, s%sPpP = E(E w3 =3Dwi) + M(A0P ™ -2l @K
Ay a M 0,2 1,3 0,—1 0,-1)) (0,3
Y8R ™, s p7p0 = (Bl —3F ) = M(Aufl ™ + P20l )™, @11
M
EYauR™ Sst5PpP = M(S?00? + Bl — A0l + 2(31w(13)+82 »?), (B.1m)
3M
EAY R, NP = (A 0 +6ol) + M(EaQ ™V + P2 ). ®.1n)

Let us turn to identities involving covariant derivatives of the Riemann tensor. Making use of
the identities (67) enforces the fundamental relation:

B(RNav)(R)Nﬁp - RzGavﬁp
Ravﬁp;H=MvuRe( =5

=—MIm {R‘A'[SNW@A(BNMNM —Gavpp) = 3(GaruaE*Npp + Nuy G pa &)

+2NM§7LGM,5p]}. (B.2)
It leads to the following ‘differential-to-algebraic’ identities:
YV, Rovpps®sP pHp7pP = 3M Im {R ™[ 5AB* — 2B(AE + P?Es ) + A(S*P? + A?) ]},
(B.3a)

avfp

Kap VR g s%sP pHp7pP = —% Re(R?)Im {R*[5AB? — 2B(AE+P2Eg)+A(S*P?+.42%) ]}
— ‘Q’TM|R|2 Im {R™*[5A|B|* + A(P*I + AG) —B(GE — DP?)

—B(AE +P?E,)]}, (B.3b)

K2 VR 8P pHp7pP B—MRe(RZ)Im{R_ [5AB2 —2B(AE + P2Eg) + A(S*P? + A?) ]}

+7|7€| Im{R~*[5AIB|* + A(AG — S?H)

+B(EH + AF + AB—AB) — B(AE + PE,) |}, (B.3¢)
KuaVaR* g s%sPprp7pP = ?’71‘/[|7z|2 Im{R™*[c(P*G + AH)

—B(EG + AF)+B(AB—AB)]}. (B.3d)

B.2 Ansatz terms for the quadratic invariant.

We provide here the explicit form of the terms constituting the Ansatz for the black
hole quadratic invariant in terms of the covariant building blocks. We use the notation
N@W 2 N(A) 55 aPprpY (A=1,...,4).

NO = —mB2al? + %[3((1(302’” +aG)+ (A2 +P28Y)(aPP +aP)], B4
N®@ = —%[(AZ +P252)a®V + alyP], (B.4b)
N©) = J[—(A2+ P28%) + B(ES? — Bs A) — Ey(EsP + A) ]+ T (42 +P25%)a?,
(B.4¢)
N® = —(AZ +P282)(2Ma®P - 1). (B.4d)
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B.3 Derivatives of the scalar basis.

A direct computation gives the following identities

VS?=VP?*=VA=0, (B.5a)
VA=—i(E*+P*E3) R + %(Z—z + %) —iA’ R, (B.5b)
VB =i(AE +P?E )R —iABR*, (B.5¢)
Ve =i(Ag2—EE)R + M (% - %) —iACR™, (B.5d)
VD = 2800 - 282000 + Mo + 20, (B.5¢)
VE=0, (B.50)
VE, = —Mw?, (B.5g)
VF =2E0) + 2F 0V, (B.5h)
VG = 2Gw(0 Dy 2Eco(_0 V2P, (B.51)
VH =20VH + 2P?0", (B.5))
VI =282 + 4Escog) D — 4400V + 21000, (B.5K)

B.4 Directional derivatives of the Ansatz terms

We aim to compute the contributions VN®. Let us proceed step by step. First, we compute
N/ @ ) s foreach A=1,...4. In Ricci-flat spacetimes, using the identity (A.16), we obtain

1 1 1
N5 =5 KRapys + Mih s (B.6)

where K = K¢ . Moreover, noticing that
o g

*./\/1(2)

afyd YA[G R

_ * A
ﬁ]GBYUy =—R osla Y/ﬂ]AYUy’ (B.7)

and using the symmetries of the Riemann tensor, we can write

@ _ Ao
Nyvpp = —Y;1o R B Yo10 - (B.8)
In Ricci-flat spacetimes, this boils down to
(2) Ao
Novip = YaraR" 5" Yoo - (B.9)
The two last computations are more straightforward and give
® _IN@W @ _ 2
Naﬁ}/é 2 aﬁ}/é g[O‘g/ﬂ[)’gts] ’ Na/a’yc"? - _ga[ygtﬂﬁg : (B.10)
We shall evaluate the following covariant derivatives:
V,(KRyvpp )ssPpHp DP = (VuKRyypp + KV Ranpp )s*P DHP7DP . (B.11)
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Using (107) the first term of the right-hand side of (B.11) can be written

VMKRav[jpsaSﬁf)'uﬁ vﬁp = {4(€1Yau + g,uY?ta - gaYAu)R*Avﬁp
+ z[gau(zyiwgk - Yiucgv) + g,uv(2€)LY1<a + gaYAK)]R*AKﬁp }Sasﬁf)uﬁ vﬁp (B.12a)

= 4|:(§7LYa,u + &Y — 5anu)R* ot (Vax&ra + 282 Yua)8uoR* Mﬁ ]Sasﬁf’“ﬁvﬁp .
(B.12b)

Gathering the two pieces above yields

m Auavap 1 1
VulNgyp 8P B4 7DP [Kx[a pon~ 3K VuRavpp =5 ViuZRyyp,

1
- E(vkzguv + Ylugv)R*Aa/jp + E(vkzgua + SYAuga + Y,uagl

+ 2Yak€u)R*A 2(YAK€[a + g?t [a)gu]v ﬁpilsasﬁp'uﬁvﬁp .

(B.13)
On the other hand,
AUATYA A AUATYA
VN 5P pp pP =V, (YaraR™ 1 Vot )52 1D B (B.14a)
= Vu(YaR" 57 Vo )p¥s1ep 5P ] (B.14b)
A A A A A
= (2V,Y1aYpoR" 57 + YiaYpo V,uR" 7 )pstepslP pr] (B.14c)

A A A A A
= (2601 E VpoR" 57 + YiaYpo VR 7 )pHstop siPpel  (B.14d)

1 A Al . A
= EZ&:NMKSKYPOR - s“p“pvs[ﬁpp]+YMa|VMR |v][ﬁoYp] s sﬂp“p YpP
(B.14e)

1 1 1 A
= [EYalguR*xvﬁp - 5 ;Mng*la/jp - E(g;wYaK + gauYVK)glR* p/jK

1 ) 1 A A AUAYA
+§guv€kYpKR* a/jK+5gaMgAYﬁKR* vpK+Y7L[a|VMR |v][ﬁ0Yp]U sasﬂp“p"pp.

(B.14f)
Finally, one has
Vu(Ew@Ep)) =2V, Ep)- (B.15)
In Ricci-flat spacetimes, Eq. (157) of [25] boils down to the identity
\Y e yro B.16
agﬂ 4 a/jyé (B. )
All in all, we obtain the relations
1
§ 2) _ A 5
Viu(Ewipm) = E(a a0 V(8= JER, 51T (B.17)
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This yields
VN 5P DR = %VuNg)/ap u(i[agvl[ﬁip])]s sPpippP (B.18a)
= VN + SR B BaSD)
2VMN(§1)/59 + %5[(1 8ulv Rzpyswa]sasﬁﬁ“ﬁvﬁp ) (B.18c)
as well as

4 AUAYVA AUAYA
VN85 BD7D° = ~gatp 81V (€25 DD
1 A
—58alp8upy &R Y105 S PIDTDP (B.19)

Let us now use the preceding relations to write down the desired contribution in the co-
variant building blocks language. We will demonstrate the procedure on the A =1 term, which
turns out to be the most involved to compute. The computations of the others contributions
will not be detailed in this text. One has

1 ALAVA
(KA[aRAV]ﬁp;M — EKVHRavﬁp)s“sﬁp“p”pp

15M
- T(wg;’? F o) 42 (52732 + A%)(0? + w3P)
(AE +P2E,) (@ 2) +wP) - —(732 —S8?H +10|B|* + 24G) (Y
- T(PZD —EG + EH + AF)o( + > (AE +P2E)wl 32 Im (4B)a?.

(B.20)

Using the various identities derived above in Eq. (B.13) allows to write

. 15M 3M - _
UND = 2 (002 + 020) = 2,060 | ,©090-D)

AB2 AB2 2 B2 A AB “B
+ M(A2 + 73252)( 02 42000 BwEf"”)
— —(AE +P2E)(505 Y — 2007 +305)

(10|B| +2AG + P — 8?H)w("® — 3M(AF —EG + E,H + P?D) ("
3M 0,0) (1,3)
— TCOAB (ZB . (BZ].)

Making use of the relations (103) allows to express DN(!) in terms of linearly independent
contributions. When the dust settles down, we are left with

VN = (A2+7>252)( 0D 12009 +303Y)

— E(AE + PZES)(SCO(O’Z) 2(0(1 34 Sw(z 4))

oM 3M
- B2 — (AF EG + E,H + P?D)w{"?
M (02  15M 15M PR

+ 4 W, 52 4 W, s - (B.22)
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