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Abstract

We provide a closed Poisson algebra involving the Ragnisco-Bruschi generalization of
peakon dynamics in the Camassa-Holm shallow-water equation. This algebra is gen-
erated by three independent matrices. From this presentation, we propose a one-
parameter integrable extension of their structure. It leads to a new N-body peakon
solution to the Camassa-Holm shallow-water equation depending on two parameters.
We present two explicit constructions of a (non-dynamical) r-matrix formulation for
this new Poisson algebra. The first one relies on a tensorization of the N-dimensional
auxiliary space by a 4-dimensional space. We identify a family of Poisson commuting
quantities in this framework, including the original ones. This leads us to constructing
a second formulation identified as a spectral parameter representation.

Copyright J. Avan et al. Received 19-09-2023 )
This work is licensed under the Creative Commons Accepted 27-11-2023 ek
Attribution 4.0 International License. Published 06-12-2023 updates
Published by the SciPost Foundation. doi:10.21468/SciPostPhys.15.6.228
Contents
1 Introduction 2
2 Poisson structure 3
2.1 Description of the original model and its first generalisation 3
2.2 General non dynamical Poisson structure 4
2.3 Generalized peakons 4
2.4 N-body solutions of the fluid equation 6
3 Z-matrix representation 8
3.1 Extended auxiliary space 8
3.2 Poisson brackets and classical Yang—Baxter relation 9
4 Conserved quantities 10
4.1 Conserved quantities from the ¥ operator 10
4.2 Adding more conserved quantities 11
4.3 A spectral parameter representation of the Poisson structure 11
References 13


https://scipost.org
https://scipost.org/SciPostPhys.15.6.228
mailto:avan@cyu.fr
mailto:luc.frappat@lapth.cnrs.fr
mailto:eric.ragoucy@lapth.cnrs.fr
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.15.6.228&amp;domain=pdf&amp;date_stamp=2023-12-06
https://doi.org/10.21468/SciPostPhys.15.6.228

Scil SciPost Phys. 15, 228 (2023)

1 Introduction

Many non-linear two-dimensional (x,t) integrable fluid equations exhibit so-called peakon
solutions which take the generic form

N
u(x,£) = > pi(t)e x40l )

i=1

Their dynamics for (p;,q;) is deduced from a reduction of the 1+1 fluid equations for u(x, t)
and may have integrability properties. The best known example of such integrability feature
for peakon equations is given by the Camassa—Holm shallow-water equation [5,6]

U — Uy yp +3ul, =2u, U, + Ul - (2)

Integrability of the peakons themselves was studied in particular in [7]. A one-parameter
extension was proposed by Ragnisco and Bruschi [8], who proved integrability from an implicit
construction of a dynamical r-matrix. An explicit construction of this dynamical r-matrix is still
lacking. In this paper, we propose an alternative construction of the Poisson structure relevant
for integrability. It relies on a non-dynamical r-matrix formulation and uses three dynamical
Lax-type matrices, instead of the two matrices introduced by Ragnisco and Bruschi. A direct
consequence is that the new integrable peakon model depends on two coupling constants. It
provides a more general peakon dynamics which in turns yields a new peakon-type solution
of the Camassa—Holm equation (2).

We present two representations of the non-dynamical r-matrix formulation. The first one
requires the use of a larger auxiliary space obtained by tensoring the initial N-dimensional
space by a 4-dimensional space. One advantage of this representation is that the Yang-Baxter
equation for the r-matrix structure takes a remarkably simple and compact form. The second
representation involves the introduction of a spectral parameter in the N-dimensional auxiliary
space. Both formulations provide an algebraic framework to construct the same hierarchy of
conserved quantities.

The plan of the paper runs as follows.

Section 2 describes the complete Poisson algebra of the three relevant matrix generators
involved in our formulation of the integrability properties. It allows the construction of a fam-
ily of Poisson commuting quantities, including a two-parameter generalization of the peakon
Hamiltonian. From the N-body dynamics triggered by this new Hamiltonian we deduce a new
peakon solution of the Camassa—Holm equation.

Section 3 is devoted to the construction of the r-matrix in the extended auxiliary space
picture. The explicit computation of the classical Yang-Baxter equation is performed. It is in
fact a modified classical Yang-Baxter equation, where the r.h.s. is built from the three-fold
tensored Casimir operator of the algebra.

Finally, Section 4 displays the construction of Poisson commuting quantities. It is first
done in the framework of the extended auxiliary space. The existence of families of Poisson
commuting quantities naturally induces the existence of an alternative, spectral parameter
presentation.
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2 Poisson structure

2.1 Description of the original model and its first generalisation

The n-peakon solutions (1) of the Camassa—Holm equation yield a dynamical system for p;, g;:
N N
qi = Zp] e_lqi_qj| , pi = Zplpj 5ij e_lqi_qjl s (3)
j=1 =1

where s;; = sgn(q; —q;). This discrete dynamical system is described by a Hamiltonian

N
1 —lgi—a
i,j=1
such that .
f:{f’HCH}: (5)

with the canonical Poisson structure:

{pi»pj} =1{4i,q;} =0, {qi,pj} =0y (6)
The dynamics is encoded in the Lax formulation [4, 5]

dL
a—[L,M], (7)

with
N
~3lg—q;1
L:ZLijEija Lij=/pipje 274, ®)
i,j=1
where E;; is the N x N elementary matrix with 1 at position (i, j) and 0 elsewhere. The

Hamiltonian (4) is recast as Hqpy = %TrLZ.
A generalisation of this original integrable model was proposed by Ragnisco-Bruschi [8],
with a Lax matrix! L(p) =T + pS, p € R, where

vV
T :Z\/pipj COShE(qi_qj)Eij7 9)
ij
. vV
S= Z /PiPjsinh —|q; —q;| Ej; . (10)
i,j 2

The proof of integrability relies on the construction of a dynamical r-matrix [8]. The Hamil-
tonian takes the form

Hgp(p) = %TrL(p)2

N 2 2 (11)

1 pe+1 . pc—1

=3 E pipj( 5 cosh (v|q; —q;|) + p sinh (vlg; — ;1) — 5 )
ij=1

One recovers the original Hamiltonian H.y for the values p =—1, v=1o0orp =1, v=—1.

1One may suppose p € C, but the corresponding Hamiltonians are not real anymore.


https://scipost.org
https://scipost.org/SciPostPhys.15.6.228

Scil SciPost Phys. 15, 228 (2023)

2.2 General non dynamical Poisson structure

The description of the full algebraic structure associated to the Poisson brackets (6) and the
Lax matrix L(p) requires the introduction of a third matrix

A= Z \/ijsinhg(qi—qj)EU, (12)
0

which allows to close the Poisson structure of (T,S). It reads
{Tl,TZ}—— [T+10,A; — A, ], (13)
{A1,A} = [n ,A; — Ay ], (14)
(51,85} =— [rlz,sl] + i’ [T1,8,]— g [11+10%,4, —A4,], (15)
{Tl,AZ}—g ((m—nt,1,]-[n+0,1,]), (16)
(A, Ty} = g ((m+nt,1,]-[n-1,1,]), (17)
{51102} = 7 [Bn 1], {118} =—7 [T, 1], (18)
{S1,A,} =2 7 [Baa], {A1,S,} = —g [T12,41], (19)

with
1 =ZEU ®E;, I =ZEU ®Eyj,

- " (20)

o= (Ej®E;—Ej; ®E;+E;j®E;—E; 8 ;).

i>j

In (13)-(19), we have used the auxiliary space description: for any N x N matrix M, we define
M; = M®Iy and M, = Iy, ® M = IT M, II. Similarly, for any matrix M;, € End((CN)®End((CN)
we define My; = IT My, I1.

Remark that, following [2], I}, can be identified with a classical r-matrix for the classical
open Toda chain.

2.3 Generalized peakons
From the above Poisson structure, it is natural to introduce the most general Lax matrix
L(p,A))=T+pS+2AA, (21)
hereafter denoted L. The Poisson structure of this Lax matrix reads
{1,,1,} = _g(p[ru,zl] — [Ty, Ly ] = A[TT—T1, Iy — L, ]+ Ap[ 11,8, — S, ]

(22)
— A -1, A, ] — (1— p2)[ T+ 11,4, ]).

We ask the traces 7, = Tr(L") to be Poisson commuting for all values of n € Z,. A direct
calculation leads to

n—1m—1

{7 o} = Tryo(L1) (LY {11, Lo} (L) 7 (L)1
i=0 j=0 (23)

mTrlZ(Ill)n_l(Z'Z)m_l{ilz iz} .

4
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We first notice that for any matrix M we have

Tryo(L1)" (L)™' IL, My | = Trp (L))" (Lo)™H(1IM, — M, 1T)
= Trlz((zll)n_ln(il)m_lM1 — (L) '™y H(fq)m_l)
= Trl((il)n_l(z'l)m_lMl - (i1)n_1M1(i1)m_1)
= 0,

(24)

where we have used that for any matrices U, V, U, V; = V; U, and U, II = IT1U; (to get the
second line), the property TryIT = Iy (third line) and the cyclicity of the trace (fourth line).
Similarly, we have Trlz(il)”_l(iz)m_l[H,Mz] = 0, so that when computing {7,,7,,}, the
terms corresponding to IT in (22) can be dropped. Thanks to this property, we get

n?vTrlz(iﬂn_l(iz)m_l([rlz L] —[ra, iz])

Y e, (L) Y (L) (1= [, A, ]— 2211, A,])

{Tn’ Tm} =-
(25)

+

where 1, = p 15 + ATIE.
Now, for any matrix M we have [I1Y, M, ] = [Ht,Mlt ] and since A is an antisymmetric
matrix, we get

nmvy S P - -
{tn T} =~ 4 Trip(L)" ™ (L2)" 1(["12 L] =[ra1, L] - (1 =p*+ A1, AlD :
(26)
Furthermore, starting from the relations
- _ - 1 - -
Trio(L)" (L))" HRig, L] = = Tro( (L)™ 'Try[Ryy, L] ) =0
12(L1)" (L2) |: 125 ] n rz(( 2) rl[ 125 1]) s 27)
Tryp(L1)" " (L2)" [Ry1, L] =0,
valid for any matrix R;,, we get when Ry, = I1' =Ry,
Trlz(iﬂn_l(zlz)m_l[nt , L — iz] =0. (28)
Finally, using that
[Ht , My — M2:| =0, for any symmetric matrix M, 29)
[Ht , U — U2:| = Z[Ht R U1] , for any anti-symmetric matrix U,
we deduce that [I1¢, L; — L, | = 2A[IT*, A; ], so that from (28) we get
Tryo(L)" (L)Y, Ay =0, (30)
Then, (26) rewrites as
nmy - s e - -
{tn T} = —TTﬁz(Ll)n HL)" 1([r12 s La]=[ra, Lz]) =0. (31)

Thus, the model associated to L defines an integrable double deformation of the original
peakon model.
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The Hamiltonian corresponding to these new peakons reads

Hpe(p, ) = —TrL = Hyp(p) + ZAZ Z pip;sinh? (2 1a; — ;1)
i,j=1
+1 _ p2—22—-1
=25 (B ool ) . i ol ) - 1)
1] 1
N 2 2 2 2 2
Z w erlial p LTV ZA yjgg | _PTZATL
p=) 4 4 ’
(32)
where we introduced N
p= D (33)
i=1

We obtain Hp; for A =0, p =—1 and v = 1, while Hgz(p) is recovered when A = 0.
Note also that for (o +1)? = A2 and » = 1, we get a shifted version of the original peakon

model:

Hnew(p>:|:(p + 1))’ - =—p HCH - pr (34)

A similar result holds for (p —1)?> = A2 and v=—1.

Remark that a generic value for v can be obtained from the cases v = %1, see section 2.4
below. Hence the above conditions correspond to a condition on p and A, rather than two
conditions on p, A and ».

2.4 N-body solutions of the fluid equation

We establish here a general result on the consistency conditions for peakon-type N-body solu-
tions to (a deformation of) the Camassa—Holm equation, including the Hamiltonian evolution
of the N-body variables. We first consider the case ¥* = 1, and then show how a generic value
for v can be obtained from the cases v = £1.

A deformed version of the Camassa-Holm equation

We first restrict ourself to the case
v =1. (35)

The Hamiltonian H,,,,(p,A) given in (32), can be rewritten as

Z pipiF(lg;i —q;l), (36)
l] 1
with 5 1o 9 49
— 1 —Ac—=1
F(q) = %cosh(vq)ij sinh(vq)—%. (37)

Note that the function F in (37) obey the following differential equation with the initial value

conditions
p2 _ lz -1
Fa-Fo=C"2"=,  FO=1, F©O=vp, (38)

where we have used the property v = 1.
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The Hamiltonian H,,,,(p,A) describes a time evolution for p;, g;, given by:

N
q; = {ql > Hnew(p: A)} = ZP]FU‘L _qjl);

j=1
N (39)
pi={pi, Huewlo, M} = > pipjsi F'(la:— 1),
j=1
where s;; = sgn(q; —q;) as above, and
d 2_2%2+1
F'(q) = aF(q): v(pT sinh(vq)+p cosh(vq)) . (40)
To recover the time evolutions (39) from a fluid equation, we define u(x, t) as
N
u(x, t) = > p(t) F(—Ix —g;(0)]), (41)
i=1

which is a direct generalisation of (1). Plugging the form (41) into the L.h.s. of the differential
relation (38) and using (33), one finds

Up — Uyyr T 3UU — 2Uy Uy — Ul

N
= Z {.Upi + sgn(x _qi)pi(qi (F/—F")+ ZMPF{)

= (42)

N N

+2F'(0)5(x —q;) (p; —ZﬁijPinFi/j) +2F'(0)8'(x —q) (—qi + ijFij)pi} ,
j=1 j=1
with 5 5
pr—Ac—1
=, 43
v 2 (43)
We have introduced the notation

Fi=F(—|x—gq), and F;;=F(—|q;—q;l). (44)

From the differential equations (38) and the equations of motion (39), we get

N
Up — Uy T 3uux - 2uxuxx T Ulyxx = 2.U'p Z Sgn(x - qi)pi Fi/ . (45)
i=1

To obtain this relation, we have used the property (deduced from the equations of motion
(39)) that p defined in (33) is a free constant parameter of the model, i.e. p = 0.

Now remarking that Zivzl sgn(x —q;)p;F; = u,, we find a modification of the Camassa—
Holm shallow-water equation

Up —Uyyr T 3UU — 2UyUyye — Ul = 2UP U, . (46)

For u = 0 we recover the undeformed Camassa—Holm shallow-water equation. For u # O,
we find the deformed fluid equation (46). It exhibits peakon-type solutions (41) with the
integrable dynamics (32).
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Deformed versus undeformed Camassa—Holm equation

We now show that this deformed equation is in fact equivalent to the original one. We perform
the following change of variables and function:

y=x—upt, t'=t, v=u—up. 47)
Starting from the equation (46), we get back to the undeformed Camassa—Holm equation:
Ve —Vyye +3vv, —2v, v, —vv,,, =0. (48)

As a consequence, the expression (37) for F provides a new N-body solution of the
Camassa—-Holm equation:

N
uCx, ) = —up+ Y pi(OF (lx +upt—a(0l). (49)
i=1
In fact, since p is a free constant of motion, we get a one-parameter family of solutions.

Rescaling by v

We wish to show that the case v > 0 can be obtained from the case v = 1. We start with the
model defined with the value v =1, with

N
ey (3, £) = —pp + D pi(0) Foy (= x + pp £ — g (),
i=1
2

—2*+1 2_32_1
szl(q) = pTcosh (q) +p sinh (q) _ P—

0
2 , (50)

N
1
Hy—1 =75 Z pipiFy=1(lgi —q;).
=1

We perform the symplectic transformation g; = }—ti, p; = vp;, and at the same time a dilation
%x. It is easy to see that the Hamiltonian H,_; get a % factor, indicating that we need to

define t = % t. Then

X =

N
(%, ) = —pp+ ) pi(t) oy (—v 2+ up i — (D), (51)
i=1
obeys
v2 (ﬂf +3L_ll_l)—c) Iﬁ)—cﬂ+2ﬂ)—cﬂf)—c +l,_lljl)-“—c)-c. (52)
In (51), g; and p; are canonical variables whose time evolution is triggered by the Hamiltonian
I:I == % HVZI .
Note that to obtain (51), we have used the property |v| = v, hence the condition v > 0.
To get the other values of v, one needs to start from the model with v = —1 and perform the
same transformations.

3 Z-matrix representation

3.1 Extended auxiliary space

Up to now, we have used N-dimensional auxiliary spaces denoted by 1 and 2. These spaces
will be now labelled 0 and 0’ respectively. We introduce two additional 4-dimensional aux-
iliary spaces labelled 1 and 2, and define the resulting tensored auxiliary spaces 1=(0,1) and

8
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1=(0’,2). We introduce the following 16N? x 16N? diagonal r-matrix and 4N x 4N diagonal
Lax matrix

1 t
Ry = E(Hoo' - 00/) Upp+ 5 (HOO’ + ) Vig — Tog Waa, (53)
$:AOH1+TOX1 +50Y1, (54)

where
X = diag(1,—1,0,0), Y = diag(0,0,1,—1),

_Y 1.2 2 2 2

U12—2(H®H+§(X1_Y1 —X;+Y; ))’ (55)
y y
Vig = Z(X1X2—Y1Yz); Wiy = ZYZ'

In the following we will also write

4 4
i ‘
X = Z td]O’ eii®ejj, and <% =Z€6 €ii, (56)
i,j=1 =

where €;j are the 4 x 4 elementary matrices. In (56), the superscripts indicate the matrix

entries in the 4 x 4 auxiliary spaces, while the subscripts show in which N x N auxiliary space
they act on. From the above expressions, we get

61:A0+T0, E(Z)ZAO—T(), £3:A0+So, Eg:AO_SO’

1m_ 22 _7 12 _ 21 _ t
Yoo = Yoo = 5 oo Yoor = Yoor = _ZHO%’ >
v
t(l)g/ = tgg/ = _(HOO’ —_ HOO/ FOO/) tcl)g, == tOO’ = (HOO’ HOO/ + FOO’) ,
33 57
tOO’ = _—(HOO, + FOO/) , tOO/ = (Hoo/ + Fool)
00/ = (HOO’ - I_‘O()’) 5 00/ — _( Hoo/ + F()O’) )
31_32_41_42_
%o = Yoo = Yooy = Yooy = 0 -
3.2 Poisson brackets and classical Yang-Baxter relation
The relation
(2,4} =[2,, 2]-[2,, 4], (58)
is equivalent to
i i . .
{t6, 0’}—[ 00’ to]- [té/o’ ]> 1<i<j<4. (59)

Using the expressions (57), one can check by a direct calculation that these relations are equiv-
alent to the Poisson brackets (13)-(19).
We have also established that #Z obeys a modified Yang-Baxter relation

(23 Bow + Ry ] + [ Rug Bon ] = O, (60)
which reads in component
ij k kj ik 7_ .ijk
[toou toor t t{)/0"] (o0 t00r ] = 06000 - (61)

Using again the expressions (57), we compute the r.h.s. of (61). To simplify its presentation,
we introduce the operators

QOO’O” = Woorgr — (woo,o,,)toto’to” , Wlth Woprgr = Z Eab ® EbC ® Eca . (62)

a,b,c
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Then, the only non-vanishing °3§0// are given by
o111 — (222 — (333 _ (444 _ 0122 — o211 — (344 _ ;433 _ _qto
o112 = (221 — (334 _ ;433 — _qtor 0121 = o212 — ;343 — ;434 _ _qty (63)
where we omitted the subscript oy~ to lighten the writing.
To obtain (63), we have used the classical Yang—Baxter equation for I' [1]:
[Toor> Too” + Tyor ] + [Tore > Toor ] = Q— Q0 + Q' + Qfo” (64)
Remark that the formulas (63) imply the following formula for O, ;:
, 4
Orux = U Hiza — > 195, 0, AdZ) Ha), with {02~ ; GECLU (g5)

s=1 Z :€12+621 +634+e43.

We have defined t; = ty, t, = ty, t3 = to. The notation Z, stands for the matrix Z acting in
the auxiliary space s.

4 Conserved quantities

4.1 Conserved quantities from the £ operator

Now that we have established a Lax presentation of the Poisson brackets, we can consider the
traces

K =Tru(k 2m)

(66)
=T [(A+ T ]+ K2 Tr[(A—T)* ] + K3 Te[(A+ S)" ] + k* Tr[ (A— S)™],

where K = ). kie; ® Iy is a diagonal 4N x 4N matrix, acting as identity in the spaces 0 and
0’. We have denoted “Tr” the trace in the N-dimensional space and “tr” the trace in the 4-
dimensional space. Since all matrices commute in the 4-dimensional space, it is easy to show
that

(£, &ry=0, Vnm. 67)

n’>m
As a consequence we have a commuting family of operators generated by
Tr[(A+T)"], Tr[(A—T)"], Tr[(A+S)"], Tr[(A—S)"]. (68)
Since A is antisymmetric while T and S are symmetric, we get using TrM = Tr(MT):
Tr[(A+ T)']=Tr[(T—A)"], and Tr[(A+S)"]=Tr[(S—A)"]. (69)
To get more insight on the two remaining generators, we consider the first chamber

i<j & q;<gj. (70)

Then, looking at the form of A and S, one sees that A+ S is a triangular matrix with zeros on
the diagonal, so that
Tr[(A+S)"]=0. (71)

Similarly, a simple recursion shows that

(A+ T)n = Z bi, " Pi, mez(qil_qinﬂ) eil:in+1 . (72)

i15eelnt1

10
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We then get

T (A+ T)"] =p", (73)
where p is given in (33).
Since we obtain the other chambers through permutation of rows and columns, the prop-
erties (71) and (73) are valid everywhere. In conclusion, the quantities t{f provide only one
conserved quantity p and its corresponding polynomial algebra.

4.2 Adding more conserved quantities

It is easy to show that since 2T = ¢! —¢2, 25 = (> —¢*, and 24 =€ + ¢ = {3 + ¢*, we have

i= %((1 £ O+ (1 +8)2 +(p + A=) + (—p + A—5)?)

(74)
1
=tr(D¥) with D= 5diag(1+5, §—1,A+p—58,A—p—35),
which is valid for any § € C. Then, one recovers the conserved quantities 7, as
T, = Tr((trD .ff)n) . (75)

Note that to prove this property, we need to consider (trDﬁ)n instead of ¥", which ex-
plains why the “natural” approach using the elements tff does not lead to the full set of con-
served quantities.

Remark that when D is replaced by a general diagonal matrix K, the set

Se=1{=X,n=0,1,2.}, with =%=m((wk2)"), (76)

is still commutative: {7, 7K} =0.
We now consider two diagonal matrices K and K’ and look for the vanishing of the Poisson
/ . . .
brackets {Tl,f , 7:51}. Using a formal computation software, we are led to propose a family of
matrices

K(x)= diag(— p—A—1p(x) ’ _P —A+1 fy(x) , B1(x)Ba(x) ’ 0)’
490 x+1 40 x+1° 8p(x+1) (77)
fi(x)=(p+A—1)x+3p—A+1, and By(x)=(p+A+1)x+3p—A—1,
depending on a parameter x, such that:
{1,00), 7.(»)}=0, Vx,y, with 7,(x)= Tr((trK(x)i’)n). (78)

Note that there are other choices of K matrices leading to the same hierarchy of conserved
quantities 7,(x). The analytical proof of this property is given at the end of section 4.3. We
first provide a spectral parameter formulation of the Poisson brackets.

4.3 A spectral parameter representation of the Poisson structure

For fixed A and p, we introduce a family extending the L operator (21)

3 2_:22_1 22_p2_1
I(e,d)=T+aS+aA, with &+ 4 - _~27°P 77 79)
a P

11
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Indeed one can check from (77) that we have

_ _ B1(x)B2(x)
. alx)= 8p(x+1)°
trK(x) ¥ = T+a(x)S+a(x)A= L(x), with - AtpP—1 (A—pP—1
a(x)=(x+1) — .
8p 2p(x+1)

(80)
The relation in (79) follows from the explicit form of 3,(x) and B5(x). Some specific values
for x provide interesting sub-cases:

xo=1 = L(xg)=T+AA+pS,
_ A A—p)2—1 - _ L

Xy=—1%2 tpr—1 = L(x:)=T+psS, pr=alxs), (81)
_ 3p—A—(=1)Y

Xj= T AT (1) L(x;)=T+AjA, Aj=alx;), j=1,2.
L(x) corresponds to the original L matrix, while L(x,) leads to the Ragnisco-Bruschi Lax
matrix L(p). The last case corresponds to a deformation of the original Peakon Lax matrix in
a direction orthogonal to the one chosen by Ragnisco-Bruschi.

We now establish the Poisson bracket structure between any two matrices of this family.
From the Poisson brackets (13)-(19), we obtain

{L1(a,a), Ly(b,b)} = %’ [ary —a(—11), Ly(b, b)] - 2 [ BTy, — b —11), L1(a,@)]

+ 2 [I1, (ab +ab)S, + (ab + ab — 1)A, ]
+£[nf, —(ab—ab)S, + (@b —ab—1)A,].
(82)
Since L(a,a) and L(b, b) are in the same family, az_gz_l = bz_gz_l. Then one identifies con-
sistently
- - _ . ab +ab
(ab+ab)S + (ab+ab—1)A=c(L(a,a)—L(b, D)), c=—_3 -
) ) ) where e .
—(ab—ab)S + (@ab—ab—1)A=c'(L(a,a)" — L(b, b)), /= _ab—ab
d_
(83)
It leads to
_ - - Ve - - V- - _
{Ll(a) a): LZ(bJ b)} = Z [aF21 _a(H_ Ht): LZ(bJ b):l - Z I: bFlZ - b(H - Ht): Ll(a> a)]
+ 2c[l’[, Ly(a,a@)—Ly(b,b)]+ i’ [11t, Ly(a,a)" — Ly(b, B)].

(84)

Finally, using once more the relations [ IT, M, | = —[IT, M; | and [11*, M | = [11%, M | (for any
matrix M), we can rewrite the above relation in a r-matrix form:

{I’l(aﬁ C_l), i’Z(b) B)} = [rIZ(a’ C_l: b: Z)), I‘l(aﬂ C_l)] - [rZI(b; B;az C_l)) Z‘Z(b7 B):l)
rlz(a,d;b,f)):2(—BF12+b(H—Ht)—cH+c’Ht), (85)

r21(b,B;a,d)=2(—5&‘21+a(H—Hf)+cH+c'Ht).
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Using the values of ¢ and ¢/, one can consistently check that C\(a Desbd) = € and

C/|(a,a)<—>(b,l3) = ¢/, justifying the notation ro; (b, b;a,a) and ry,(a,a; b, b) in (85).
Let us stress that despite r apparently depends on four spectral parameters, there are only

_ 2 2
two independent ones on the complex variety az_gz_l =2 g 1, as it should be for an r-
matrix. Indeed, one can parametrize the variety as
1 a cosh(z
a=———", = —()y , 2€C,
a sinh(z) — 5 a sinh(z) — 5
72 A2—p2—1 (86)
with a?=1—", y=—.
4 P

. = _ 1= _ .
Then, after a rescaling L(a,a) — 3 L(a,a), we get an r-matrix of the form

NV sinh(z,;) + sinh(z,) . Y
r12(21522) = 4( 12+ h(z,) — cosh(z,) (asinh(z,) 5 Ju o
sinh(z;) + sinh(z,) . Y\ o
cosh(z,) + cosh(z,) (a sinh(z,) 2) IT" + a cosh(z,) (H I )) .

Note also that the existence of a non-dynamical, spectral parameter dependent r-matrix is not
inconsistent with the fact that the initial Lax matrix L(A, p) in (21) does not possess a r-matrix.
Indeed, in this case we havea =b=2Aanda = b = p. Then, since r(a,a;b, b) is singular
when @ = b, the corresponding Poisson bracket has to be extracted by a non-trivial limiting
procedure, breaking the r-matrix form.

Conserved quantities without extended auxiliary space. Now that we have expressed the
Poisson brackets of L;(a,a) and L,(b,b) in the r-matrix form (85), standard arguments of
r-matrix presentation show that the invariant quantities

Ta(a,@) =Tr(L(a, d))n , (88)

Poisson commute: )
{tn(a,a), T,(b,b)} =0. (89)

Since Tn(a(x), c'z(x)) = 7,(x), this ends the proof of property (78).
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