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Abstract

Quantum simulations with ultracold fermions in triangular optical lattices have recently
emerged as a new platform for studying magnetism in frustrated systems. Experimen-
tal realizations of the Fermi Hubbard model revealed striking contrast between mag-
netism in bipartite and triangular lattices. In bipartite lattices magnetism is strongest
at half filling, and doped charge carriers tend to suppress magnetic correlations. In
triangular-type lattices for large U/t and t > 0, antiferromagnetism (ferromagnetism)
gets enhanced by doping away from n = 1 with holes (doublons) because kinetic energy
of dopants can be lowered through developing magnetic correlations, corresponding to
formation of magnetic polarons [1]. Snapshots of many-body states obtained with quan-
tum gas microscopes [2–4] demonstrated existence of magnetic polarons by revealing
the magnetic correlations around dopants at temperatures that considerably exceed su-
perexchange energy scale. In this paper we discuss theoretically that additional insight
into properties of magnetic polarons in triangular lattices can be achieved using spec-
troscopic experiments with ultracold atoms. We consider starting from a spin polarized
state with small hole doping and applying a two-photon Raman photoexcitation, which
transfers atoms into a different spin state. We show that such magnon injection spectra
exhibit a separate peak corresponding to formation of a bound state between a hole and
a magnon. This polaron peak is separated from the simple magnon spectrum by energy
proportional to single particle tunneling and can be easily resolved with currently avail-
able experimental techniques. For some momentum transfer there is an additional peak
corresponding to photoexciting a bound state between two holes and a magnon. We
point out that in two component Bose mixtures in triangular lattices one can also create
dynamical magnetic polarons, with one hole and one magnon forming a repulsive bound
state.
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1 Introduction

Spectroscopic probes have become a powerful tool for unraveling quantum correlations in
many-body systems [5]. Techniques such as inelastic neutron scattering [6], x-ray scatter-
ing [7], and angle resolved photoemission spectroscopy (ARPES) [8] have been used in tradi-
tional solid-state experiments to measure single electron Green’s functions, spin and charge re-
sponse functions with both frequency and momentum resolution. These studies have provided
crucial insights into several families of quantum materials, including heavy fermion systems,
topological and low dimensional materials, copper and iron based superconductors [9, 10].
Experimental progress of atomic physics in the last few decades has allowed to develop sim-
ilar spectroscopic techniques for exploring many-body systems realized with ultracold atoms
[11]. Radiofrequency spectroscopy and its finite momentum extension have been used to
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probe strongly interacting Fermi gases across the BCS-BEC crossover regime [12–17]. Ramsey
interferometry has been successfully applied to probe spin dynamics and transport in Fermi
and Bose gases [18–24] and to extract the contact parameters [25]. Moreover, two-photon
Bragg spectroscopy has allowed to measure excitation spectra of weakly and strongly interact-
ing Bose and Fermi gases [26–33]. Lattice modulation has been used to measure excitation
spectra of bosons in optical lattices of different geometry [34–38]. One of the key tasks of
spectroscopic experiments is to understand emergent quasiparticles that appear as a result of
many-body correlations. In particular, Fermi and Bose polarons have been investigated in cold
atom systems via radiofrequency spectroscopy [39–48], ARPES [49, 50] and two-photon Ra-
man spectroscopy [51]. However, polarons that arise from the interplay of charge and spin
degrees of freedom, i.e. magnetic polarons, remain less explored experimentally using spectro-
scopic techniques. Magnetic polarons provide an important starting point for understanding
unusual properties of high-Tc superconductors [52–56]. On the theoretical side, most efforts
have been focused on understanding magnetic polarons in square lattices, with similar results
expected to hold for all bipartite lattices [52,54–81]. However several theoretical studies con-
sidered non-bipartite triangular lattices and pointed out intriguing effects of frustration on
magnetic polarons [1, 82–85]. Specifically, antiferromagnetic polarons appear when a Mott
insulator in a triangular lattice is doped with a low density of holes. Antiferromagnetic spin
correlations allow to alleviate some of the kinetic energy loss suffered by holes on a triangular
lattice. The characteristic binding energy of such composite objects is determined by the tun-
neling strength and not the superexchange interaction. This makes them promising candidates
for experimental studies with cold atoms simulators, which are still limited in how low they
can go in temperature [1,82]. In particular, recent cold atom experiments have simulated the
Hubbard model in the triangular lattice [2–4, 86–88] and explored the emergence of kinetic
magnetism with fermionic atoms loaded in triangular geometries [2]. Moreover, they also
have reported the observation of antiferromagnetic and ferromagnetic polarons [3, 4]. Fur-
thermore, several theoretical studies have also pointed out the importance of understanding
magnetic polarons in triangular lattices for deciphering the rich physics of transition metal
dichalcogenide (TMDc) moiré materials [84,85,89,90]. Recent experiments provided strong
evidence for both kinetic ferromagnetism [91] and antiferromagnetic [92, 93] in these mate-
rials. The central goal of this work is to analyze how spectroscopic techniques of ultracold
atoms can be employed to detect kinetically induced magnetic polarons in weakly doped Mott
insulators in frustrated triangular geometries. We consider systems close to full spin polariza-
tion and present calculations for two specific lattice geometries: the triangular ladder and the
two-dimensional triangular lattice.

In this paper we focus on systems in which atoms are fully polarized before a two-photon
Raman excitation and only briefly comment on the more general case. During the pulse, a
small number of atoms are transferred into a different spin state, with most of the photoex-
cited atoms becoming independent magnon excitations. There is also a finite probability that a
spin flip process occurs in the vicinity of a hole and results in formation of a magnetic polaron.
The unambiguous experimental signature of magnetic polaron formation is the appearance of
a new peak in the photoexcitation spectrum. At low hole doping, the amplitude of this peak
should be proportional to the hole density. The energy difference between the free magnon
and magnetic polaron peaks is given by the binding energy of a magnetic polaron, which is of
the order of the tunneling strength. Our calculations show that higher order multi-body com-
posites can also be detected spectroscopically, including the possibility of observing bipolarons
formed by two holes. However, experimental constraints on the observation of bipolarons are
more demanding. The weight of the bipolaron peak is proportional to the square of the hole
density, which is parametrically smaller, and one needs to employ two-photon Raman processes
with momentum transfer in a smaller range. Considering the remarkable frequency resolution
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of optical spectroscopy, we expect that magnon, polaron, and bipolaron peaks should all be
resolvable in currently available experimental systems. We present calculations for fermionic
and bosonic systems, and show that fermions (bosons) feature attractively (repulsively) bound
antiferromagnetic polarons. This means that for bosons the polaron peak appears at a fre-
quency higher than that of a free magnon. Additionally, we show that bosons are subject to
a parity selection rule, making the antiferromagnetic polaron a dark state with respect to the
two-photon Raman process, when one starts with a hole doped Mott insulator. To circumvent
this problem, we present a two-stage protocol, in which holes are first accelerated to a finite
momentum before using a two-photon Raman pulse to create spin excitations with a similar
momentum transfer.

This paper is organized as follows. We begin by reviewing the microscopic models studied
in our work in Sec. 2. We review spectroscopic measurements relevant for our analysis in
Sec. 3. We present the main results in Sec. 4 and review the numerical methods employed in
Sec. 5. Our microscopic calculations for the fermionic and bosonic models are presented in
Sec. 6 and Sec. 7, respectively. We also discuss different experimental considerations in Sec. 8
Finally, we present conclusions in Sec. 9

2 Microscopic models

We consider a system of spin-1/2 particles moving in a triangular lattice with a hopping am-
plitude t. We consider both fermionic and bosonic systems. The respective Hamiltonians are
given by,

ĤF = −t
∑

〈i j〉σ

�

ĉ†
iσ ĉ jσ + h.c.
�

+ U↑↓
∑

i

n̂i↑n̂i↓ , (1)

ĤB = −t
∑

〈i j〉σ

�

b̂†
iσ b̂ jσ + h.c.
�

+
U
2

∑

iσ

n̂iσ (n̂iσ − 1) + U↑↓
∑

i

n̂i↑n̂i↓ , (2)

where ĉ†
iσ and b̂†

iσ creates a fermion and a boson at site i with spin σ =↑,↓, respectively, and
n̂iσ is the number operator. We assume that both types of atoms tunnel with equal hopping
strength t and we introduce on-site strengths for both cases Uσσ′ . Moreover, we introduce the
lattice constant a = 1 and define Uσσ ≡ U .

In our calculations we exploit the underlying U(1)⊗U(1) symmetry of Hamiltonians (1)
and (2) associated with particle number conservation in each spin sector. Therefore, we in-
troduce the total number of particles in each spin state N↑ and N↓, respectively. Moreover, we
define the number of holes in the system as Nh = Ns − (N↑+N↓), being Ns the total number of
sites in the lattice.

3 Setup

We start by considering an insulating state of fermionic atoms with ↓ spin which has some
defects (holes) on top of it, see Fig. 1a). We focus on the regime where the number of holes
is small compared to the system size nh = Nh/Ns ≪ 1. When a hole propagates in a kinet-
ically frustrated lattice, including a triangular lattice, it experiences kinetic frustration. This
phenomenon can arise when a lattice exhibits closed loops composed of either an odd or even
number of links. In this scenario, different quantum propagation paths of a single hole destruc-
tively interfere due to their opposite contribution to the energy when the hopping integral is
positive (t > 0) [1, 82, 94–96]. This obstruction to kinetic energy of a hole can be alleviated
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if the hole binds a spin flip excitation. Resulting decrease of the hole kinetic energy underlies
formation of a magnetic polaron. When a ↓ atom is photoexcited into the ↑ state, there is a
finite probability, proportional to the hole density nh, that this magnon creation process takes
place in the vicinity of a hole and results in formation of a hole-magnon bound state. Thus,
the photoexcitation spectrum exhibits the following features: one peak corresponding to the
free magnon creation and a second peak at a smaller frequency given by the hole-magnon
bound state. When Uσσ′ is finite, we also have corrections to binding energy being just t. So
the condition is that all Uσσ′ should be large. When repulsion is strong, i.e. all Uσσ′/t >> 1,
energy difference between the two peaks is proportional to t. To determine energies of indi-
vidual polarons that are not modified by polaron-polaron interactions, spectroscopy should be
performed at low hole densities nh << 1/(z + 1), where z is the coordination number of the
lattice, i.e. the number of nearest neighbors of a single site.

The setup that we consider can be extended to systems that are not fully polarized before
the pulse. In this case it is possible to probe multi-body bound states comprised of more than
one magnon. Consider a Mott insulator of ↓ atoms with a small density of both, holes and
↑ atoms. When photoexciting a ↓ atom into the ↑ state, there is a finite probability of doing
so in the vicinity of a hole-magnon bound state. In this case, a trimer state formed by two
magnons and a hole can be created. The probability of this event is proportional to the density
of hole-magnon bound states, given by min(Nh, N↑)/Ns. In this way, multi-body bound states
can be probed, resulting in multiple peaks in the photoexcitation spectrum. Identifying higher
order composite objects spectroscopically faces two challenges. Firstly, the difference in energy
between the 2M1H (two magnons/one hole) composite vs 1M1H (one magnon/one hole)
and one free magnon is smaller than the binding energy of a single polaron. Hence the peak
corresponding to formation of the 2M1H state will be at a smaller frequency. Secondly, the
amplitude of this peak is expected to be small due to the reduced probability of photoexciting
an atom in the vicinity of a large composite object.

The photoexcitation spectrum Iβ(k⃗,ω) at momentum k⃗, frequency ω and temperature
β = 1/(kB T ) can be related to the spin structure factors,

Iβ(k⃗,ω) =
Ω2

Z lim
η→0

Im
∑

m,n

e−βωm





�

�〈n|S+
k⃗
|m〉
�

�

2

ω−ωm +ωn + iη
−

�

�〈n|S−
k⃗
|m〉
�

�

2

ω+ωm −ωn − iη



 , (3)

where we introduce the partition function Z and the strength of the light-matter coupling Ω.
Note that the second term vanishes for initial configurations with no ↑-atoms. To access finite
momentum properties one can consider a two-photon Raman process with coupling strength
Ω, see Fig. 1c).

4 Overview of results

Before presenting our microscopic calculations we summarize the main results of our work.

4.1 Spectroscopy of fermions in a triangular ladder

Fermionic holes propagating in the triangular ladder suffer from kinetic frustration. Simul-
taneously, magnons also experience kinetic frustration due to the antiferromagnetic superex-
change coupling, resulting in the dispersion relations of free magnons and holes having two
degenerate minima at finite momentum ±k0a = ±2arctan

p

5/3, resembling a two valley
structure, see Fig. 1b). To alleviate the kinetic frustration, holes and magnons form a hole-
magnon bound state which has a dispersion relation with a minimum at zero momentum, see
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(I) & (III)

(I) (III)

(II)

(II)

(IV)

(IV)
(a)

(b)

(c)

(d) (e) (f) (g)

Figure 1: A Mott insulator of ↓ atoms doped with a small number of holes is pre-
pared in a triangular ladder, see panel (a). Then, a two-photon Raman process is
performed (see panel (c)) and a ↓ atom is photoexcited into the ↑ state. When the
photoexcited atom is far away from the holes it would have a large overlap with the
free-propagating magnon state, see (II). On the other hand, when the photoexcita-
tion is produced close to a hole we will have a large overlap with the bound state, see
(I) and (III). Since the groundstate wavefunction of holes is at momentum ±k0 (see
panel (b)) we expect two different types of bound states. The photoexcited magnon
can bind either with a hole at +k0 or at −k0. Moreover, a trimer state can be formed
if the photoexcited magnon is close to two holes, see (IV). This state only appears
close to the edge of the Brillouin zone. On panel (c) we show the two-photon Raman
process employed to flip the spin of a particle i.e. create a magnon. On panel (d) we
show the photoexcitation spectrum as a function of the momentum and frequency of
the magnon. The calculation is performed in a triangular ladder with Ns = 70 sites
and Nh = 4 holes with an interaction U↑↓/t = 20. Note that we plot the first Brillouin
zone from 0 to 2π just for convenience. Dashed line corresponds to the free magnon
dispersion relation, see Eq. (15). Dotted lines correspond to the hole-magnon bound
state dispersion relations, see Eq. (14) corresponding to the binding of the photoex-
cited ↑-fermion with the hole at momentum ±k0. A new peak (IV) appears below
the pair branch (I or III) at the edge of the Brillouin zone denoting the formation
of a trimer state of two holes together with the photoexcited magnon. On panels
(e), (f) and (g) we show cuts of the photoexcitation spectrum at fixed momentum
km = 0, k0,π, respectively. At km = 0 there is a single peak corresponding to the
free-magnon propagation. At km = k0 a second peak appears denoting the formation
of a hole-magnon bound state. At km = π the third peak corresponding to the trimer
can be resolved.

Sec. 6. This corresponds to a low energy hole-magnon bound state composed of a hole and a
magnon in the same valley.

Net momentum of the photoexcited hole-magnon bound state is a sum of the initial mo-
mentum of the hole and momentum imparted by light. At low temperatures we expect holes
to have momenta close to ±k0. Therefore to get a zero momentum bound state, we need
Raman pulse to give a momentum to the system equal to ±k0. When the system is probed
at these momenta, we observe a two-peak structure in the photoexcitation spectrum corre-
sponding to the free magnon and the hole-magnon bound state, see Fig. 1f). Moreover, the
two peaks are separated by a frequency given by the hole-magnon binding energy which is of
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the order of t. When approaching the edge of the first Brillouin zone, a third peak appears
in the spectrum below the hole-magnon dispersion relation, denoting formation of a trimer
state composed by two holes and the photoexcited magnon, see Fig. 1g). This composite ob-
ject appears in a narrow range of momenta and is separated from the hole-magnon dispersion
relation by a frequency ∼ 0.2t at k = ±π. Remarkably, the photoexcitation spectrum reveals
a change in the groundstate properties of the three-body problem as a function of the net mo-
mentum. In Sec.6.1, we confirm the appearance of a trimer state at k = ±π by employing
non-Gaussian states with momentum resolution. Larger bound states composed of multiple
magnons can also be probed by starting with configurations containing some initial magnons
and holes. The photoexcitation spectrum exhibits different peaks corresponding to the forma-
tion of multi-magnon bound states, see Sec. 6.2. Finally, we discuss the temperature effects
on the photoexcitation spectrum in Sec. 6.3. At temperatures kB T ≤ t, a sharp peak develops
below the free magnon dispersion relation. This peak corresponds to the hole-magnon bound
state and it is separated from the free magnon peak by the respective binding energy. For
larger temperatures, the peaks are smeared and therefore, they are more difficult to resolve.

4.2 Spectroscopy of bosons in a full two-dimensional triangular lattice

In Sec. 7, we present results for the bosonic system in a full 2D triangular lattice. An interesting
feature of bosonic systems is that they exhibit an anti-bound state (repulsively bound state)
composed by a hole and a magnon. Observing this anti-bound state spectroscopically requires
utilizing a more elaborate measurement protocol. First, a potential gradient must be employed
to accelerate a hole to momentum Py . Then, a two-photon Raman process should be applied
to create a magnon excitation with similar momentum. Hence this protocol allows to create
a hole-magnon bound state with null net momentum. The optimal momentum for producing
the anti-bound state corresponds to Py close to the K point of the triangular lattice. As we
discuss below, this two-stage protocol is required because a simple photoexcitation with zero
momentum transfer has a vanishing matrix element to couple to the anti-bound state.

5 Numerical methods

Before presenting our main calculations we provide details on the different methods employed
in our work.

5.1 Tensor networks

5.1.1 Real time evolution

To obtain the zero temperature photoexcitation spectrum presented in Fig. 1 we Fourier trans-
form the time evolution of the correlation function [97],

S+(k,ω) =

∫

dt
∑

j

eik ja−iwt〈ψ0|eiĤ tS−j e−iĤ tS+0 |ψ0〉 , (4)

which gives us access to the dynamical spin structure factor S+(k,ω). The ground state |ψ0〉
is computed using the density matrix renormalization group (DMRG) algorithm on a matrix
product state (MPS) with maximum bond dimension χ = 1000. Then, we flip a spin in the
middle of the lattice and time evolve the system using the time evolving decimation block
(TEBD) algorithm with a maximum bond dimension χ = 2000 and a finite time step δt = 0.05.
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5.1.2 Lanzcos algorithm

The dynamical spin structure factor at zero temperature can be expressed in the Lehmann
representation as,

S+(k⃗,ω) =
∑

n

|〈n|S+
k⃗
|0〉|2δ(w− E0 − En) , (5)

where we introduce the eigenstates of the Hamiltonian |n〉 and their eigenenergies En, being
n= 0 the ground state. To numerically obtain Eq. (5) we need to obtain the set of eigenvectors
with a non-vanishing overlap with the vector S+

k⃗
|0〉. To efficiently create the set of eigenvectors

we iteratively generate a Krylov space where the starting vector is given by S+
k⃗
|0〉/|S+

k⃗
|0〉|2.

Details on the use of Lanzcos algorithm to compute dynamic correlation functions can be found
in [98, 99] and its implementation with tensor networks is discussed in [100]. The Lanzcos
algorithm provides the discrete set of spectral weights Ωn,k⃗ = |〈n|S

+
k⃗
|0〉|2 and poles En. To

obtain a continuum version of the dynamical spin structure factor we employ a Lorentzian
broadening,

S+(k⃗,ω) =
1
π

∑

n

Ωn,k⃗
η/2

(w− En)2 + (η/2)2
. (6)

The photoexcitation spectrum presented in Fig. 3 is obtained performing the aforemen-
tioned Lanzcos algorithm using MPS with maximum bond dimension χ = 1000. We keep 120
Lanzcos vectors to compute the dynamical spin structure factor and we discard the contribu-
tions to the spectrum coming from states with a spectral weight smaller than Ωn,k⃗ < 10−4.
We also make sure that the autocorrelations in our Krylov space remain of the order of 10−6

during the construction of the Lanzcos vectors.

5.2 Non-Gaussian states

The results presented in Fig. 2 are obtained by restricting ourselves to the three-body problem
of a single magnon and two holes. We first perform a Lee-Low-Pines (LLP) transformation to
the reference frame of the magnon and then propose a Gaussian wavefunction for the two holes
which we optimize by performing an imaginary time evolution [101]. The Hamiltonian (1)
after LLP transformation reads,

ĤK⃗ ≡ Û†
LLPĤ ÛLLP = t
∑

k⃗,δ⃗

e−ik⃗·δ⃗h†
k⃗
hk⃗ − t
∑

δ⃗

e−i(K⃗−Q̂h)·δ⃗ + U↑↓ −
U↑↓
Ns

∑

k⃗,q⃗

ĥ†
k⃗
ĥq⃗ , (7)

where we introduce hole operators ĥk⃗ = ĉ†
k⃗,↓

, the hole momentum operator Q̂h =
∑

k⃗ k⃗ĥ†
k⃗
ĥk⃗

and the lattice vectors δ⃗ = {±a,±2a} · êx . The Gaussian hole wavefunction is described by
the correlation matrix Γk⃗,q⃗ = 〈ĥ

†
k⃗
ĥq⃗〉GS which we optimize to represent the ground state of the

system by performing an imaginary time evolution,

dτΓ = 2ΓhΓ − {h, Γ } . (8)

We introduce the matrix hk⃗,q⃗ =
δE[Γ ]
δΓk⃗,q⃗

and the energy of the system computed using our Gaus-

sian state E [Γ ] = 〈HK⃗〉GS,

E [Γ ] =
∑

k⃗,q⃗

εk⃗Γk⃗,q⃗δk⃗,q⃗ + U↑↓ −
U↑↓
Ns

∑

k⃗,q⃗

Γk⃗,q⃗ − t
∑

δ⃗

e−iK⃗ ·δ⃗ det
�

1+
�

e−iα − 1
�

Γ
�

, (9)

where we define the matrix α = diag(k⃗ · δ⃗) and εk⃗ = diag
�

∑

δ⃗ e−ik⃗·δ⃗
�

, with diag(k⃗ · δ⃗) a

Ns × Ns diagonal matrix with entries k⃗1 · δ⃗, . . . , k⃗Ns
· δ⃗ and similarly for εk⃗. To simulate the
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imaginary time evolution given by Eq. (8) we employ a Runge-Kutta algorithm of fourth order
with a discrete time step δτ = 0.01 and obtain the ground state with an energy convergence
δE/δτ= 10−4.

The imaginary time evolution Eq. (8) conserves the purity of a Gaussian state
dτ
�

Γ 2 − Γ
�

= 0 and therefore, the total number of holes Nh = Tr(Γ ) is also conserved in
the evolution dτTr(Γ ) = 0. However, the conservation laws may not be satisfied in the imagi-
nary time evolution due to numerical errors leading to instabilities in the evolution. To fix this
problem we propose an additional minimization problem which restricts the time evolution in
the subspace of pure Gaussian states. We introduce the Lagrangian,

L
�

Γ̄
�

=
1
2
||Γ̄ − Γ ||2 −λ
�

Γ̄ 2 − Γ̄
�

, (10)

that describes a new correlation matrix Γ̄ (τ) at each imaginary time step which has a minimum
distance with Γ (τ) and is forced to be idempotent Γ̃ 2 = Γ̃ . The equation of motion δL = 0
leads to the solution,

Γ̃ ∼ Γ −λ (2Γ − 1) , (11)

where we have assumed that λ is small. The Euler-Lagrange multiplier is found in a self-
consistent way by imposing the idempotent property Γ̃ 2 = Γ̃ which we solve using the Newton-
Raphson algorithm,

λi+1 −λi =
−1

(2Γ − 1)2
�

Γ 2 − Γ
�

, (12)

where the subindex i denotes the step in the algorithm. By choosing an initial value of λ0 = 0
we can make the algorithm efficient and we can rapidly determine the new pure correlation

matrix Γ̄ given a quasi-pure correlation matrix
∑

k⃗,q⃗

�

Γ̄ 2
k⃗,q⃗
− Γ̄k⃗,q⃗

�

= ε. In practice, we keep

the correlation matrix pure under imaginary time evolution with an error ε = 10−4. In this
way, we make sure that the number of holes is conserved and avoid instabilities during the
evolution.

5.3 Two-body solution and temperature effects

The temperature effects presented in Fig. 4 are obtained by exactly solving the hole-magnon
problem. We diagonalize the hole-magnon Hamiltonian at total quasi-momentum Q⃗ and
obtain the n-eigenfunction ψ(n)

Q⃗
in relative coordinates and its corresponding energy ω(n)

Q⃗
,

see [82] for details on the two-body solution. To compute the photoexcitation spectrum (3)
we consider an initial state with one hole at finite quasi-momentum |m〉 ≡ |k⃗h〉. The second

matrix element in Eq. (3) cancels and the first one is given by 〈n|S+
k⃗m
|m〉 = ψ̃(n)

k⃗m−k⃗h
( k⃗h+k⃗m

2 ),

where ψ̃ is the Fourier transform of the wavefunction ψ. Note that we define the hole state
|k⃗h〉 such that it exhibits a physical quasi-momentum −k⃗h. Therefore, the photoexcitation
spectrum at finite temperature in the two particle sector is given by,

Iβ(k⃗m,ω) =
Ω2

Z
∑

n

∑

k⃗h∈1BZ

�

�

�

�

ψ̃
(n)
k⃗m−k⃗h

�

k⃗h + k⃗m

2

��

�

�

�

2

e−βωh(k⃗h)δ
�

ω−
�

ω
(n)
k⃗m−k⃗h
−ωh(k⃗h)
�
�

, (13)

where Z is the partition function of a single hole and ωh(k⃗h) is hole dispersion relation.

6 Fermions in a triangular ladder

Holes in the triangular ladder feature a dispersion relation with two degenerated minima at
finite momenta ±k0a = ±2 arctan

p

5/3 forming a two valley structure. The holes are equally
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distributed around these two minima for sufficiently low temperatures. Thus, a photoexcited
magnon can be bound with a hole in any of the two valleys. Therefore, we expect to observe
two different branches corresponding to bound states |Φ±Q〉 with total momentum Q. Note that
the total momentum is related to the hole and magnon momentum as Q = km− kh. We obtain
the bound state dispersion relations by exactly solving the two-body problem, see Sec. 5.3. We
observe that our numerical exact solution is well described by the following expressions in the
limit U↑↓/t ≫ 1 and close to the minimum of each valley,

ω±(km)≈ EB +
t
2
(1− cos(km ∓ k0))−

J
3
(cos(km ∓ k0)) + 2cos (2(km ∓ k0)))− 1) , (14)

where EB ≈ −0.735t−3.125J is the hole-magnon binding energy, J = 4t2/U↑↓ is the superex-
change interaction and we assume that the bound hole is located in one of the two valleys
kh = ±k0. On the other hand, the free magnon has a similar dispersion relation to that of a
free hole,

ωm(km) = J (cos(km) + cos(2km)− 2) . (15)

Therefore, the hole-magnon bound state is separated by a frequency ω ∼ t from the free
magnon dispersion relation at km = ±k0.

To obtain the photoexcitation spectrum we compute the spin structure factor at zero tem-
perature using tensor network methods, see Sec. 5.1. In Fig. 1c) we present the photoexcitation
spectrum as a function of the probed frequency ω and momentum km. Three main branches
can be identified in the spectrum. The upper one (II) corresponds to the dispersion relation
of a free magnon. This branch appears when the photoexcitation is produced far away from
a hole. However, if the photoexcitation occurs in the vicinity of a hole then we have a finite
overlap with the hole-magnon bound state. The lower branches (I) and (III) correspond to
this process and the corresponding frequencies are given by the dispersion relations of the
bound states, see Eq. (14). The two branches can be distinguished by the probed momentum
km. Branch (I) (or (III)) corresponds to binding between the photoexcited magnon and a hole
with momentum kh = k0 (or kh = −k0). However, the quasi-momentum Q = km − kh of the
hole-magnon bound state is not a good quantum number for a system with more than a single
hole. Therefore, we expect a mixing between the two bound states as we discuss below.

6.1 Spectroscopically revealed hole pairs

The dispersion relations of the two hole-magnon bound states, given by Eq.(14), exhibit a
direct crossing at the edges of the Brillouin zones kma = ±π ± 2πn. At these points the
magnon has a momentum equidistant to the hole in one valley or the other. Thus, it can
equally bind to any of the two holes. These two bound states cannot be connected in a system
with a single hole and a magnon since they exhibit different total quasi-momentum. However,
the numerical photoexcitation spectrum shows an avoided crossing instead of a direct one at
this momentum, see Fig. 1c), signaling the appearance of a matrix element connecting the
two different bound states. The way to understand this effective interaction is to introduce a
second free hole into the picture and construct the states |Φ+km−kh

〉⊗ |−kh〉 and |Φ−km+kh
〉⊗ |kh〉,

which goes beyond the description given by Eq. (14) that only applies for a single hole and
a single magnon. Note that these states have a total quasi-momentum equal to km since the
state | − kh〉 has a quasi-momentum kh in our convention. A scattering process between the
bound state and the free hole is possible: the bound state with total momentum Q = km − k0
can scatter with the hole in the other valley −k0 and then interexchange the momenta of the
two holes. Thus, the two states are connected and an effective pair-hole interaction appears.
This interaction is enhanced close to the edges of the Brillouin zones where the bare states
become degenerated. The photoexcitation spectrum (see Fig. 1c)) for a system doped with
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Figure 2: Left panel: Dispersion relation as a function of the photoexcited magnon
momentum km for a free spin flip, a pair and a three body state for an interaction
strength U↑↓/t = 20 in a lattice of Ns = 40 sites. Right panel: Hole function G(x) as
a function of the relative distance for different photoexcited momenta km computed
with the same parameters than in the top panel. Dashed line shows an exponential
decay with a decay length given by the square root of the binding energy EB ∼ 0.13t
at kma = ±π.

few holes shows two peaks below the free magnon branch (II) at kma = ±π: one is located
at a frequency given by the free pair and hole energies and the other one appears at a smaller
frequency. The appearance of a new peak signals the formation of a new state, a trimer formed
by two holes and the photoexcited fermion. It may seem surprising that we observe a trimer
bound state (two holes and one magnon) at all in this system, since there are lower energy
dimer (one hole and one magnon) states. As we will show with non-Gaussian states, the dimer
and hole state have higher energy compared with a trimer at the same total momentum (close
to the edge of the Brillouin zone). The photoexcitation spectrum has shown an unexpected
new peak appearing at the edge of the Brillouin signaling the appearance of a new composite
object formed by two holes and one magnon. In order to benchmark this prediction we are
going to solve the three-body problem by employing Gaussian states together with a Lee-Low-
Pines transformation allowing us to solve the three-body problem with a fixed total momentum
of the system. Experimentally, this net momentum comes from the momentum transferred in
the two-photon Raman process. In Fig. 2 we show the dispersion relations as a function of km
for a single spin flip, a hole-magnon pair and a three-particle state. By comparing the energies
at the same net total momentum we observe that the trimer becomes lower in energy than a
dimer plus a free hole close to the edge of the Brillouin zone kma ≳ 3/4. In this region the two
holes are bound by an effective interaction mediated by the magnon. In order to confirm the
bound nature of the state we compute the correlation function of the two holes G(x) = 〈ĉi↑ ĉ

†
i↑〉,

where x = |i − j|a. As shown in Fig. 2 the correlation function saturates at large distances
for small probed momentum km. However, the correlation function decays exponentially fast
near the edge of the Brillouin zone km ∼ ±π. This is a clear indicator of the bound state
nature of the two holes for this momentum. Moreover, we observe that the decay length of the
exponential decay is given by the binding energy of the trimer state which becomes EB ∼ 0.13t
at kma = ±π.

6.2 Trimers

As shown above the photoexcitation spectrum can also denote the appearance of multiparticle
bound states formed by a photoexcited magnon and multiple holes. We can employ the same
method to observe a different type of bound states in which there are several magnons and one
hole. The simplest one will correspond to a trimer formed by a single hole and two magnons.
In order to observe this multiparticle bound state we have to reach an equilibrium state with
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Figure 3: Spin structure factor S+ at a magnon momentum kma = 29π/Ns as a
function of the probed frequency ω. The calculation is performed in a triangular
ladder with Ns = 50, Nh = 1 and Nm = 1 with an interaction U↑↓/t = 100. A
Lorentzian broadening has been applied with a characteristic scale η = 1/Ns. When
the photoexcited fermion is far away from the holes and magnons we recover the free
propagation. This corresponds to the peak centered at frequency ω/t ≈ −0.125. On
the other hand, if the photoexcited fermion is close to a hole and another magnon we
will have an overlap with the trimer. This corresponds to the second peak centered
at frequency ω/t ≈ −0.203. The trimer is formed by a hole and a magnon already
present in the system and the photoexcited magnon.

some magnons and holes on top of the ↓ insulator. Then, when a photoexcitation creates an
additional magnon, we can access bound states that consist of two or more magnons. In Fig. 3
we present the spin structure factor S+ for a system with a single hole and a single ↑-fermion.
We observe that two peaks appear in the spectrum for large systems: one peak corresponding
to the free magnon state and another peak at smaller frequencies corresponding to the trimer
state. The two peaks are separated by a characteristic frequency corresponding to the binding
energy of the trimer ∼ 0.1t. Notice that this binding energy corresponds to the channel of a
trimer decomposing into a free hole-magnon bound state (dimer) plus a free magnon.

Experimentally resolving the splitting between the two peaks can be hard due to the small
binding energy. Therefore, we propose to compare two systems with hole doping and without
holes. In the latter, the spectrum will only contain the free magnon peak, while the former
also contains the trimer peak. Even if the two peaks are not resolved, the center of the single
broad peak will be shifted and can be determined to a fraction of its width. This will allow to
deduce the emergence of the second peak from the comparison of the two systems. This could
also be realized by local probing in an inhomogeneous system. Another approach would be
Fourier transform spectroscopy as previously used in cold atom experiments [102], which is
based on the time evolution after a quench into the system of interest and can reach higher
frequency resolution limited by the coherence time.

6.3 Finite temperature effects on the photoexcitation spectrum

Temperature plays an important role in the photoexcitation spectrum since it provides a ma-
jor source of smearing. In order to quantify this effect we compute the finite temperature
photoexcitation spectrum in the two-particle sector, see Eq. (13). The peak denoting the pair
bound state is smeared by increasing temperature, see Fig. 4. Since the binding energies of
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Figure 4: Photoexcitation spectrum for a fermionic system in a triangular ladder at
momentum km = k0 as a function of the probed frequency for different temperatures.
The system contains a single hole in Ns = 101 sites with an interaction strength
U↑↓/t = 20. The peak at smaller frequency denotes formation of the hole-magnon
bound state and the other one denotes formation of the free magnon state. The pair
peak is sharp for temperatures lower than the tunneling strength and it is smeared
out as the temperature increases.

our problem are of the order of the tunneling strength t, the system must be cooled down to
temperatures below t to see sharp peaks in the spectrum.

Most of our discussion has focused on the fermionic system in a triangular ladder. However
our results also apply to the full two-dimensional triangular geometry. The main difference is
that hole pairs do not appear in the 2D geometry with the Hamiltonian considered. However
multiparticle states formed by multiple magnons are expected.

7 Bosons in triangular lattice

Let us now study the bosonic system in a triangular lattice with Hamiltonian (2). In this
situation we have repulsive bound states of holes and magnons i.e. states that appear above
the scattering continuum. In order to solve the two-body problem we first derive the effective
bosonic t − J model,

Ĥ = −t
∑

〈i j〉σ

�

b̂†
iσ b̂ jσ + h.c.
�

+
J⊥
2

∑

〈i j〉

�

S+i S−j + h.c.
�

+ Jz

∑

〈i j〉

Sz
i Sz

j

−
2t2

U

∑

〈i jk〉σ

�

b̂†
iσ n̂ jσ b̂kσ + h.c.

�

−
t2

U↑↓

∑

〈i jk〉σ

�

b̂†
iσ n̂ jσ̄ b̂kσ + b̂†

iσSσ̄j b̂kσ̄ + h.c.
�

, (16)

where J⊥ = −4t2/U↑↓, Jz = 4t2/U↑↓ − 8t2/U and we introduce the notation S↑i = S+i and

S↑̄i = S−i . The first term in the bosonic t − J model allows the holes to hop with a strength t.
While the second term and third term denote the effective superexchange magnetic interac-
tions with strengths J⊥ and Jz , respectively. Moreover we include the three-site terms. The
first one allows holes to hop up to next-nearest neighbors and the other ones are effective in-
teractions between the hole and the ↑ −boson. These last terms generally appear when holes
are present in the system. By simplicity we focus on the SU(2) symmetric point i.e. U = U↑↓,
but our results could be easily generalized.
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Figure 5: Dispersion relation as a function of total quasi-momentum Q of a two-
particle state formed by a hole and a magnon in the effective bosonic t− J model for
a triangular lattice 40×40 sites with an interaction stregth U↑↓/t = 40. Dots denote
the anti-bound state and the blue filled region represents the scattering continuum.

We solve the two-particle problem of the effective bosonic t− J model, see Fig. 5. An anti-
bound state appears close to the Γ point and its binding energy is of order of the tunneling
strength t. Thus we could expect that the photoexcitation spectrum will signal a peak at the
Γ point separated by the scattering continuum by a frequency of order t/2.

7.1 Parity selection rules: Bright and dark pairs

By solving the two-particle problem of one bosonic hole and one magnon we observe that the
energy of the anti-bound pair is maximal at the Γ point, see Fig. 5. This can be understood
as follows. Without magnons, bosonic holes have a maximal energy at the K and K ′ points at
zero temperature. To create an anti-bound state at zero momentum, we then need to add a
magnon with the momentum equal to that of the hole. Moreover, by solving the two particle
problem we observe that the bound state wavefunction is odd with respect to the exchange
of the hole and the magnon position at zero total momentum. In the triangular lattice this
imposes that the bound state should be f-wave symmetric in order to respect the underlying C6
symmetry. Similarly, the bound state is p-wave symmetric in the triangular ladder. Therefore,
in both geometries the bound pair is odd under a parity transformation imposing a selection
rule for the photoexcitation spectrum. The selection rule can be obtained by examining the
expression of the photoexcitation spectrum in the two particle sector, see Eq. (13). Since the
wavefunction is odd under the exchange of the two particles then |ψ̃(n=0)

0 (0)|2 = 0. Thus the
matrix elements connecting to the bound or anti-bound state are zero when we apply pulses
with zero momentum in a system with holes at zero momentum. For the fermionic system this
is not a problem since at zero temperature holes are not located at zero momentum but at a
finite one: kh = ±k0 in the triangular ladder and kh = K , K ′ in the triangular lattice. Thus,
the bound state is bright in this range. However, for bosonic systems the ground state with
some holes is located at zero momentum due to the effective change of sign of t respect to
fermions. Thus, hole-magnon anti-bound states are dark under a photoexcitation probe. In
order to circumvent this problem we present an extended protocol to avoid the parity selection
rule.
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Figure 6: Main panel: Bosonic magnon-hole bound state wavefunction at total quasi-
momentum Q = Γ as a function of the hole quasi-momentum Py for an interaction
U = U↑↓ = 20. The dashed line denotes the K point. Inset panel: Magnon-hole
bound state wavefunction at total quasi-momentum Q = 0 in the first Brilluoin zone.

7.2 Pump and probe protocol

To make the anti-bound state bright under photoexcitation we need to change the hole back-
ground. Specifically, we have to give it a finite momentum in analogy with the fermionic
case. In Fig. 6 we show the anti-bound state wavefunction at null total quasi-momentum as
a function of the hole momentum along the y-axis Py . As can be seen, the anti-bound state
wavefunction is peaked around the K point signaling that we should give a momentum K to
the hole in order to have a finite matrix element and make the anti-bound state bright. At
the same time, we want to keep the total quasi-momentum of the anti-bound state to be zero
Q = Γ to have a large binding energy, see Fig. 5. Thus we need to photoexcite the magnon
at a momentum close to the one given to the hole background. This idea can be summarized
in the following pump and probe protocol: First accelerate the Bose insulator with some de-
fects and then perform a two-photon process to photoexcite a boson with similar momentum
than the one given to the accelerated holes. In Fig. 7 we show the resulting photoexcitation
spectrum following the pump and probe protocol for a bosonic system in a triangular lattice.
The photoexcitation spectrum shows a peak above the scattering continuum and its frequency
coincides with the binding energy of the two particle anti-bound state.

Furthermore, our protocol could also be employed to resolve the dispersion relation of
the anti-bound state. A mismatch in the momentum of the holes k⃗h and the photoexcited
boson k⃗m will allow us to study the energy dependence of the two-particle state with the total
quasi-momentum Q⃗ = k⃗m − k⃗h.

8 Experimental considerations

The (anti-)binding energy on the scale of the tunneling t instead of the superexchange coupling
J makes these predictions experimentally accessible. The chosen parameter of U↑↓/t = 20
yields an enhancement of the relevant energy scale of t/J = 5, but they still require large
Uσσ′ and t. This can be achieved, e.g., in a relatively shallow lattice and enhanced interac-
tions via a Feshbach resonance. The duration of the Raman pulse should be chosen at 1/t
such that Fourier broadening still allows resolving the spectral features, but no significant dy-
namics occurs during the pulse. The robustness of the signal to finite temperatures discussed
in section 6.3 is quite promising for experimental realizations. Current cold-atom experiments
reach temperatures around kB T = 0.4t for fermionic spin mixtures in triangular lattices [3],
which will allow for well-resolved spectra.
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Figure 7: Schematic representation of the pump and probe protocol for probing anti-
bound states with spectroscopy. We consider a system with a low concentration of
holes inside the insulating state of ↓ bosons. In equilibrium they primarily occupy
states with momenta close to zero. Potential gradient applied to the system acceler-
ates holes to finite momentum Py . The holes should stay at finite quasi-momentum
after the acceleration in a translational invariant system, but we propose to apply a
two-photon Raman process immediately to avoid decoherence from an external trap.
The photoexcitation promotes a ↓-atom into an ↑-atom transferring momentum Py
and energy ω. The atoms should stay at finite quasi-momentum after the acceler-
ation in a translational invariant system, but we propose to start the . Main panel:
Photoexcitation spectrum I(K ,ω) for a bosonic system with interaction U = U↑↓ = 20
in a triangular lattice with 12×12 sites as a function of the probed frequencyω. The
spectrum has been computed following the pump and probe protocol proposed. The
dashed line at smaller frequency denotes the maximum of the scattering continuum.
The second dashed line above the scattering continuum denotes the energy of the
two-particle anti-bound state.

For probing the hole-magnon bound states, no precise preparation of the hole density is
required. While we consider here a fixed doping as experimentally realized in box traps, a
spectroscopic measurement of the bound state should also be possible in harmonically trapped
systems. In this case, one could focus the Raman beams onto the system in order to probe only
the center of the cloud.

9 Conclusions and outlook

The photoexcitation spectrum of strongly polarized two-component fermionic and bosonic
mixtures in lattices with frustrated geometry can reveal the presence of bound and anti-bound
states, respectively. We focus on filling factors close to one, allowing us to describe these
systems from the perspective of a dilute gas of holes in an insulating state. In this scenario,
the photoexcited atom binds to a single hole in order to release the kinetic frustration of the
hole. Since the binding energy is of order t, the photoexcitation spectrum exhibits two peaks
separated by a frequency of order t. The peak at a small frequency corresponds to the free
magnon propagation, while the other one represents the bound state. Two types of hole-
magnon bound states appear in the spectrum and they can be distinguished by the transfer
momentum in the photoexcitation process. They correspond to the binding of the magnon with
a hole in one of the two valleys. Moreover, the two bound states have an effective coupling
mediated by an extra hole in the opposite valley. This effective interaction creates a trimer
state composed by two holes and the photoexcited atom close to the edge of the Brillouin
zone. Furthermore, we show that multi-magnon bound states can also be detected by applying

16

https://scipost.org
https://scipost.org/SciPostPhys.16.3.081


SciPost Phys. 16, 081 (2024)

pulses to systems which are not fully polarized initially. Identifying higher order composite
objects spectroscopically faces two challenges. Firstly, the difference in energy between the
2M1H (two magnons/one hole) composite vs 1M1H (one magnon/one hole) and one free
magnon is smaller than the binding energy of a single polaron. Hence the peak corresponding
to formation of the 2M1H state will be at a smaller frequency. Secondly, the amplitude of this
peak is expected to be small due to the reduced probability of photoexciting an atom in the
vicinity of a large composite object.

We find a general parity selection rule which makes the pair state dark or bright depending
on the momentum given to the photoexcited atom. For fermions, this implies that we need
a two-photon process in order to access finite momenta where the pair is a bright state. For
bosons, the consequencues are more significant, as there seems to be no region where the
anti-bound state exists and is bright simultaneously. To circumvent this problem, we propose
an extended protocol which makes the anti-bound state bright under photoexcitation.

The spectroscopic approach to detect kinetically induced bound states can also be em-
ployed in other geometries which present kinetic frustration such as the square geometry with
a perpendicular static magnetic flux [82]. In this situation, we expect the appearance of well
resolved peaks below the free magnon dispersion relation in both fermionic and bosonic sys-
tems. Moreover, our results could be extended to study the Nagaoka’s polaron from a spectro-
scopic approach. When the size of Nagaoka’s polaron is large, we expect formation of collective
modes associated with disturbances of the ferromagnetic background surrounding a doublon
which could be associated with the formation of surface modes. We envision that the spectro-
scopic approach proposed in this work could shed some light on the collective excitations of
the Nagaoka’s polaron. Besides, in this work we have only focused on the single polaron spec-
troscopy. However, analysis of interactions between polarons is also an interesting research
avenue [83,103–107] and we plan to address this question in future publications.
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A Scaling analysis

As explained in the main text, spectroscopy measurements can reveal the appearance of hole-
magnon bound states. These states are revealed by the presence of peaks at lower frequencies
than the characteristic frequency of the free-magnon propagation. Another interesting differ-
ence between bound states and free particles is the scaling of the weight of the peak with the
system size and particle number. In these sections we present a detailed finite size and finite
number scaling.
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Figure 8: Photoexcitation spectrum at momentum km = k0 as a function of the
probed frequencyω for a fermionic system in a triangular ladder for different system
sizes with Nh = 4 and interaction strength U↑↓/t = 20.

A.1 Finite size scaling

To see hole-magnon bound states we need to photoexcite a magnon close to a hole. In this way
we have a finite overlap with the hole-magnon bound state wavefunction. Thus the weight of
the peak is directly proportional to the density of holes in the system. Therefore for a fixed
number of holes we expect a weight proportional to the inverse of the system size. However
the free-magnon wavefunction is independent of the number of holes and we expect the weight
of the corresponding peak to be constant with system size, see Fig. 8. In our simulations we
observe that the weight of the peak associated with the hole-magnon bound state decreases
by increasing system size. We also observe that the weight of the free-magnon peak increases
by increasing system size, denoting finite size effects in the free-magnon propagation.

For multi-particle bound states the weight of the respective peaks should decrease even
faster than the inverse of the system size. In particular, for observing hole-hole-magnon bound
states we need to photoexcite a magnon close to two holes. This probability scales with the
density of holes squared. Thus for fixed number of holes the weight of this peak decays faster
than the one associated with the hole-magnon bound state, see Fig. 9.

A.2 Finite density scaling

The finite size scaling can be used to verify the nature of the different peaks observed in pho-
toexcitation measurements. Larger multi-body states correspond to peaks with weights de-
caying faster with the system size. However, the weights also growth faster with the number
of holes in the system. This points out that for fixed system sizes and increasing hole den-
sity, multi-body bound states dominate the photoexcitation spectrum over smaller composite
objects. In Fig. 10 we show the photoexcitation spectrum for a system with a hole density
nh = 1/7. In this regime of large number of holes the trimer state formed by two holes and
one magnon dominates the spectrum at the edge of the Brillouin zone ka = π. Hole-magnon
bound states have a smaller contribution due to their linear density scaling with hole density.
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Figure 9: Photoexcitation spectrum at momentum kma = π as a function of the
probed frequencyω for a fermionic system in a triangular ladder for different system
sizes with Nh = 4 holes and interaction strength U↑↓/t = 20. At small system sizes we
observe three main peaks corresponding to free-magnon, hole-magnon bound state
and hole-hole-magnon bound state, from large to small frequencies. As the system
size is increased the weight of the hole-hole-magnon peak decays faster than the
other two.
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Figure 10: Photoexcitation spectrum as a function of the probed frequency ω and
momentum k for a fermionic system in a triangular ladder of Ns = 70 sites with
Nh = 10 holes and interaction strength U↑↓/t = 20. On the right we show a cut of
the photoexcitation spectrum at the edge of the Brillouin zone ka = π. Most of the
weight is concentrated at lower frequencies where trimers are formed.
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