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Abstract

We study the many-body dynamics of weakly interacting Bose gases with two-particle
losses. We show that both the two-body interactions and losses in atomic gases may
be tuned by controlling the inelastic scattering process between atoms by an optical
Feshbach resonance. Interestingly, the low-energy behavior of the scattering amplitude
is governed by a single parameter, i.e. the complex s-wave scattering length a.. The
many-body dynamics are thus described by a Lindblad master equation with complex
scattering length. We solve this equation by applying the Bogoliubov approximation in
analogy to the closed systems. Various peculiar dynamical properties are discovered,
some of them may be regarded as the dissipative counterparts of the celebrated results
in closed Bose gases. For example, we show that the next-order correction to the mean-
field particle decay rate is to the order of |na§|1/ 2 which is an analogy of the Lee-Huang-
Yang correction of Bose gases. It is also found that there exists a dynamical symmetry
of symplectic group Sp(4,C) in the quadratic Bogoliubov master equation, which is an
analogy of the SU(1,1) dynamical symmetry of the corresponding closed system. We
further confirmed the validity of the Bogoliubov approximation by comparing its results
with a full numerical calculation in a double-well toy model. Generalizations of other
alternative approaches such as the dissipative version of the Gross-Pitaevskii equation
and hydrodynamic theory are also discussed in the last.
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1 Introduction

Interacting Bose gas is a central topic in the fields of ultracold atoms and condensed mat-
ter physics, for it represents a paradigm of quantum many-body physics. Theoretically, if
one focuses on the low-energy physics, the interactions between bosons can always be sim-
plified by a zero-range one with a real s-wave scattering length a, that reproduces the same
low-energy scattering phase shift [1], despite that the actual potentials are usually very com-
plicated. Various many-body effects can then be studied theoretically with the help of the
zero-range model [2,3]. More importantly, experimental techniques such as Feshbach reso-
nance can adjust a along the real-axis in cold atomic gases [4], which allows us to demonstrate
various many-body effects, from the Lee-Huang-Yang correction [5-9] for positive scattering
length to the Bose nova effect [10-12] for negative scattering length.

Recently, with the development of theoretical and experimental methods [13-29], much
more attention has been paid to behaviors of cold atom systems with dissipation. For bosonic
and fermionic models, single particle and two-body dissipation processes such as particle pump
and loss can be realized [30-36]. To better understand the many-body physics in open sys-
tems, it is then useful to introduce a zero-range model for Bose gases with two-body losses.
In a previous work [37], the authors have shown that with a proper renormalization or reg-
ularization approach, the boson-boson interactions and losses can be effectively described by
a complex contact interaction parameterized by a complex s-wave scattering length a.. The
physics of the dissipative Bose gases can then be regarded as an extension of a from the real
axis to the complex plane.

In this paper, we focus on the dissipative dynamics of weakly interacting Bose gas with
two-body losses. Firstly, we show that complex scattering length a, can be effectively adjusted
in the lower complex plane through optical Feshbach resonances. Then we study the many-
body dynamics in the weakly interacting and dissipating region by introducing the Bogoliubov
approximation [38]. Within the Bogoliubov approximation, the evolution process is governed
by a quadratic time-dependent Lindblad equation. By numerically solving a toy model, we
verify the accuracy of this approximation in open systems. Furthermore, we find within this
approximation, the superoperators in the master equation form a closed algebra, which cor-
responds to a symplectic Sp(4, C) dynamical symmetry group, and helps to derive an exact
solution for the evolution of density matrix. Our analysis also reveals that an n-mode bosonic
system governed by a quadratic Lindbladian always has Sp(2n,C) dynamical symmetry. Fi-
nally, within the framework of the Keldysh path-integral method, we obtain a generalized
non-Hermitian Gross-Pitaevskii equation which reproduces the same excitation spectrum as
the Lindblad equation and leads to a set of dissipative hydrodynamic equations in the long
wavelength limit.

The paper is organized as follows. In Section. 2, we show that the complex scattering
length a. in an atomic gas can be tuned across the lower half complex plane via optical Fesh-
bach resonances. Then in Section. 3 we introduce the single-channel master equation and the
Bogoliubov approximation, which we use to solve the many-body properties of the dissipative
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Bose gases. We verify the validity of the Bogoliubov approximation by numerically solving a
toy model in Section. 4, and discuss the dynamical symmetry of the Bogoliubov Lindbladian
in Section. 5. In Section. 6, we derive the dissipative version of the Gross-Pitaevskii equation
and hydrodynamic theory using the Keldysh path integral formalism for open systems.

2 Tuning complex scattering lengths in experiments

In the scattering theory, it is known that the inelastic collisions between particles will cause
two-body losses and eventually lead to a complex s-wave scattering length, which contains
all the information of the low-energy scattering amplitude [1,39-41]. This suggests that one
might control the two-particle interaction and losses experimentally by tuning the inelastic
scattering process between atoms in a cold atomic gas. Experimentally, this tuning can be
realized through the optical Feshbach resonance technique [42]. As shown in Fig. 1 (a), in the
experiment, an external laser is applied to the atomic gas, and the frequency of the optical field
is tuned close to a transition between two ground state atoms and a highly excited molecular
state (i.e. a two-body bound state consists of a ground state atom and a highly excited atom).
When the excited molecule spontaneously decays and emits a photon, the two atoms will be
kicked out of the system because of the huge recoil momentum, thus causing two-particle
losses in the atomic gas.

Theoretically, this process might be captured by a detailed calculation of the scattering
amplitude for a finite-range multi-channel model, which shows that the complex scattering
length is given by [39-41]

(1)
aC(E)_abg(HE—v—r(1)+iy/2)' =

Here v is the detuning of the laser field, y is the decay rate of the excited molecule, a;, is
the (real) background s-wave scattering length, E is the scattering energy, and I'(I) stands for
the width of the resonance and is proportional to the intensity I of the laser field.

In this chapter, we provide a simplified zero-range model to reproduce this formula and
discuss the domains on the complex plane where a. might reach using optical Feshbach res-
onances. To construct the model, we first introduce the bosonic field operator b (d) for the
ground state atoms (excited molecules), and the Hamiltonian of the system may be written as
(71 is set to unity in this paper)

I:IOfr = Z (eki)iii)k + gk&;‘(&k) + % Z i)iz_'_pi)ii,_p ?)k’ Bk

k kK',p
+ =S adiby byt adyb by
P 3 K73t P Lk EB4k)’
va kp : 2
where g is the interacting strength between atoms in the open channel, e, = and k= + v,
m is the atom mass, Q is the volume. The two channels are coupled by laser hght with

strength a.
The spontaneous radiation of the bound-state molecule can be characterized by the fol-
lowing Lindblad master equation [43]

8,p = L(p)=—ilHop. p1— Z{dfdk,p}dek

For a two-body process, the dynamics of the corresponding density matrix (in two-particle
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Figure 1: (a)The schematic for the optical Feshbach resonance model. In the open
channel, a pair of atoms b is interacting via strength g. They are coupled to a
molecule state d in the closed channel by laser light at detuning v. The molecu-
lar state spontaneously radiates at rate y. (b) The range of ac_l(O). For fixed T'(I),
the trajectory of aC_1 (0) forms a circle tangent to the real-axis at aggl with radius ;i—lbl
in the upper half complex plane when changing v within (—o0,+00). Then the

radius of this circle will increase as we gradually turn on I'(I).

Fock space) is equivalent to the evolution under a non-hermitian Hamiltonian
N s Y At
Hypody = Hofe — i5 d, dy. (2)
k

We can obtain the two-body scattering matrix T, for this H. at relative kinetic energy E

SO (et - —)
2B)= (8 E—v+iy/2 Q4 E—k2/m '

k

By matching the derived T-matrix with the usual low-energy expansion formula

-1
%( a %E) +iv mE) [1], we obtain the renormalize relation for the complex scattering

length a,,

-1

m la|? 1 m
— =gt ——— =D = 3
47a,(E) (g E—v+iy/2) Q )y K2’ (3)

|k|<A

where A is the momentum cut-off and a.(E) can be further written as

m la|?
a.(E) = apg + —— ——0 —— )
4T E — v, +iy/2
: m__1_, mA 2 _ |af® — ., _mAlaP
with Inay, — g T 2n2> |el” = ArmgareR: Ve = V" 3mgh
2
The above formula is exactly eq. (1) if we take the limit A — oo, and write I'(I) = %.1
8

For a dilute gas at extremely low temperature, the kinetic energy E is negligible and the
many-body effect can be well captured by the zero energy scattering length a.(E = 0). A
general a.(0) can be achieved via changing the detuning v and density I. To be more clear, as

IThis term could be regarded as I'(I) because the square of the renormalized coupling strength |a,.|? is also
proportional to the laser intensity.
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shown in Fig. 1(b), at fixed I'(I), the trajectory of ac_l(E = 0) form a circle tangent to the real-

axis ata,_ gl with radius % in the upper half complex when tuning v € (—oo, +00). Therefore,
g

as we gradually increase I'(I), this circle can sweep across the entire upper half-plane.

Here we comment on the difference between tuning complex scattering length and real
scattering length. The real scattering length can also be controlled in a magnetic-induced Fes-
hbach resonance by varying the strength of the magnetic field. However, to achieve a general
complex scattering length, we need at least two adjustable parameters. Thus we choose the
optical resonance model rather than the magnetic Feshbach resonance.

3 Dissipative Bose gas

For non-dissipative atomic gases, it is known that the interaction between particles may be de-
scribed by a single-channel contact potential, provided that the Feshbach resonance is “wide”,
i.e. that the occupation in the closed molecular channel is small compared to the open scat-
tering channel [41]. The Hermitian Hamiltonian of a Bose gas may be written as

A AT A g At AT A A
H= Z €xd, dy + 2q Ay pQi—pic > (5)
k kKk.p

where dy, is the annihilation operator for the atoms with momentum k, ¢, is the kinetic energy,
g is the coupling constant, Q is the system volume.

The single-channel Hamiltonian greatly simplifies the calculation of the many-body prop-
erties in closed Bose gases. Thus it is desirable to construct a single-channel model to describe
the many-body dynamics of dissipative atomic gases with complex scattering lengths. In the
previous work [37], the authors have studied this problem and constructed a renormalizable
single-channel model for systems across a “wide” optical Feshbach resonance. In this work,
we focus on the many-body dynamics of this model, and the study of systems across “narrow”
optical Feshbach resonances will be pursued in the future. In the single-channel model, the
open system dynamics are governed by the master equation [37,43]

0, =—i(Heep — PHL ) + TP (6)
with the non-Hermitian effective Hamiltonian

i7p At

Heff =H-— Q ak+palt(/_pak’&k > (7)
kK ,p
and the recycling term
~ __Tb A oa o aat At
jp - E k; Ay g P ak’—pak+p . (8)
K.p

This master equation describes the dynamics of Bose atoms, denoted by @, as they interact with
each other through a bare coupling constant g, while decaying to the environment (i.e. no
longer confined by the trapping potential) via a two-body losses process characterized by a bare
coupling constant y;. To regularize the contact interaction, we can use the renormalization

relation [37]
1 1 1 1
= ——— ) — 9
g—1lry g—iy Q926

4na,
m

and define g —iy = as renormalized complex coupling constant.
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Bogoliubov approximation

To solve the spectrum of isolated weakly interacting Bose gas, we can use the Bogoliubov ap-
proximation and diagonalize the quadratic Bogoliubov Hamiltonian. Similarly, we can gener-
alize Bogoliubov’s transformation in the open system. Starting from a condensate initial state
and assuming the condensate part is always much larger than quantum depletion during the
time evolution, we can trace out the condensed part by replacing all the d,, &g with the square
root of the zero-momentum atom number N — Zk;ﬁo &li&k, then we obtain an approximate
master equation for the reduced density matrix p’ as 3,p’ ~ Lz(p’) with

Ly(p')=—i[Hg, p'1—2yn Y {afa, p'} +4yn Y ap/a], (10)
K#£0 K#0
and N
A gn a — YN, .
Hp 5 +§O((ek+gn)a' T ka'_k+h.c.),

where N is the total atom number and n = % is the density. Here we use renormalized pa-

rameters g,y to replace the bare parameters g, like in conventional Bogoliubov Hamil-
tonian [38]. Different from the time-independent Bogoliubov Hamiltonian in a closed sys-
tem, Lindbladian after Bogoliubov transformation is time-dependent due to the two-body
losses. The density n is decreasing as a function of time t, at mean-field level, we have
n(t) = ny(1+2ynyt) L.

The conventional Bogoliubov Hamiltonian is the linear combination of three operators

= %(I\Alk+ k+ 1), A1 2(” al W The) andA2 &f(“’k—h c.), these operators form a
closed SU(1,1) algebra [44—46]

[ALAY ] =—iA%, [A2, A% ] =i, [AY, AL | = iA2. (11)

As a result, for an isolated system, the Hamiltonian has SU(1,1) dynamical symmetry, and the
Heisenberg equations of these three operators are closed. When introducing the two-body
losses, the Heisenberg equations for these three operators are no longer closed. However, the
evolution of their expectation values A = ((Alé) , (Alé) , (Alg))T are still closed, satisfying

2yn rn —gn 2yn
A=-=2| yn 2yn e +gn |A+| O ) (12)
—gn —€p—gn 2yn 0

Here, we focused on the short-time dynamics where ynt < 1 such that we may approxi-
mate n as a constant at a fixed time t. We can diagonalize the 3 x 3 matrix in eq. (12) to obtain
the eigenvalue —2i&y ;, where the quasi-steady state eigenvalue is

Exo=—2iyn, &xpg =—2iyn* \/612( +2goney — Y(Z)nz .
A phase boundary between stable and unstable BEC can be obtained by this quasi-steady state
eigenvalue [37].
Lee-Huang-Yang correction

Furthermore, we will give a detailed derivation for the Lee-Huang-Yang correction [47,48] for
this open system. Consider quasi-steady-state eigenvalue, up to O (ynt), simple solution of
eq. (12) can be obtained

A(t) =A 4+ e (B+ Ccos 2t + Dsin2E,t) , (13)

6
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constant vectors B, C,D can be determined by the initial value of A, and

1, (g%+yH)n®

2e2+4gne+6y2n2
ne+g2n?+2y%n?
AT=| —gaceiere | (14)
€ H4gne+6yrin
—__ynla—en)
2612(+4gnek+6y2n2

We see that A never reaches the steady value A, because the asymptotic solution eq. (13) only
works for time interval 0 < t < fi/yn. Nevertheless, it is still useful to calculate some physical
properties for this steady state, since this helps to verify the renormalization relation given in
eq. (9).

When A reaches this steady value, we see that ny + n_y = (Ak) —3 L also becomes steady.

Thus we get the total particle losses rate E dN" . And we may calculate dN,/dt by

dN, . . .
d_to = o,tr (ﬁa(')ao) =tr (E(ﬁ)a(')ao) =tr (pAL”(a(')ao)) ,

with £’ defined by

£'0) = 1'[151,(5]—L Z {aLpai’(, Ay Ay, } % ak+pak, Oay ay .
kK ,p kKk.,p

It is then straightforward to show that

£/(ajag) ~—2ynN —2> " (ynAk + gna) . (15)
k#0
This leads to
dN
d_o =—2ynN =2 (yn(A¥) + gn(A¥)) . (16)
t k#0

From this equation, we see that the first term corresponds to the mean-field decay which leads
to n ~n(1+2ynt)~! as mentioned previously. After inserting the steady value, we have

dN, ney + y*n?
=9 = —2ynN + ZYHZ 2 2 S . 17)
dt €, +2gney + 3y%n?

We immediately find that the summation diverges for large momentum. Similar divergence
occurs in the calculation for ground state energy of Bose gas in a closed system [49, 50].
This divergence arises from the fact that the renormalized interaction is only valid for small
momenta. To cure this divergence, one can introduce an intermediate momentum cutoff and
then consider an effective interaction with second-order processes in the mean-field energy
component. For our case, the second-order effective interaction parameter g and ¥ is given by

. e . g—liy 1
—iy=(g— 1+ — . 18
g—if=(g lr)( v Ek 2ek) (18)
We thus obtain
g gy 1
=r+ > E —. 19
Y=v v iy (19)
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Replacing v in the mean-field part of eq. (17) by ¥, we have

dN _ dy
dt  dt
4 y2n2
:—2)an+2}fnZ( 5 g7 1 —&) (20)
—\ € +2gne+3r?n?  €g

=—2ynN [1+co(nla*)?],

with ¢y a constant that only depends on the argument of the complex scattering length a_,

26
co = 4@(% + 2cos 04/ cos(6 — n/B)) .

Here, O is defined as 6 = —arg(a,) = —arg(a, + iq;) € [0, ], where a, is expressed as two
real parameters: a. = a, +iaq;.

We note that the n|a.|> term in eq. (20) is an analog of the celebrated Lee-Huang-Yang
correction to the ground state energy of a weakly interacting Bose gas [47,48],

_ gonN

E
0 2

[1+ 151721_?/2 (naf)1/2+0(nlogn)] . 21

With the help of renormalization relation, we can eliminate the divergence eq. (16) and
obtain a physical result of particle loss rate.

It is well known that, for Bose gas without a two-particle loss (a; = 0), the system is dynam-
ically unstable when a, < 0. This instability is reflected in eq. (21), which becomes ill-defined
for a negative real scattering length. Similarly, eq. (20) reflects certain dynamic instability in
open systems. One can check that the coefficient ¢y becomes ill-defined for 68 € [57/6, 7],
suggesting that our approach is not valid in this regime. This is because the quantum deple-
tion (Bogoliubov modes) grows rapidly in this regime, which invalidates the assumption that

Go ~ &) ~ /Ny [37].

4 A toy model

Our calculation is based on the assumption that the Bogoliubov approximation is always valid
during the dynamical evolution. It is impossible to verify this approximation numerically in
the thermodynamic limit due to the exponential growth of the Hilbert space dimension in
the quantum many-body system. To numerically compare the dynamics process generated by
the original Lindbladian and the Bogoliubov Lindbladian, we introduce a toy model that can
capture the interacting and dissipation features of the open bosonic system.

Numerical model

As shown in Fig. 2, we consider a double-well model, the annihilation operator for the bosonic
mode in the right (left) well is denoted by b,.(b;). The evolution of this system is governed by
the master equation

8p = ~ilHan p1—7 X, ((FT, p} + 2Lipf), (22)

i=rl

where the Hamiltonian is

b+ bib) + g (BB, B, + BIBIB,b,), (23)
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(a) (b yn
€/2 €

|

Figure 2: (a) Schematic of a double-well toy model with interacting and two-body
losses, € represent the energy detuning. (b) The phase diagram of double-well model
yn gn _ 1+3(L)?

on ‘- — == plane. When ge—n < ———*—, quasi-steady state eigenvalue has a positive

imaginary part, which represents the exponential growth of non-condensate particle
- 1+3(LF)?

number, the system is in the unstable phase. When % > —%), the number of

the minority particle is always much smaller than the condensate number during the

time evolution, the system is in the stable phase.

with t the hopping strength between the two wells, g the on-site interaction strength. The
Lindblad operators for the onsite two-body losses are [, = Briar, I = Bzf?z: with y the decay
rate.

Corresponding to the Bose gas model, we consider the “zero momentum” mode
ap = %(?)r + b;) as majority part while the “non-zero momentum” mode &; = %(Br —by) as
small depletion part. We can shift the energy for the mode &, to zero without loss of generality
and the mode @, has a detuning € = 2t from the mode d,. Omitting the interacting or losses

terms only including minority part, such as d,d,d,d;, the master equation is then given by

o.p=—i(A"p—pH™)+ TP, (24)

1

where the effective Hamiltonian Hsz for ay, 4, is

In this model, the effective Hamiltonian ﬁsff conserves the particle number 71 = &Z&O+&I&1
while the recycling term always annihilates two particles, thus the master equation can be
decomposed to a series of hierarchy equations for p; ; [37]

Oipi;=—1 (Hsffﬁi,j - ﬁi,jﬁsfﬁ) + T Pis2,j+2 (26)

where p; ; = p, ﬁﬁj, with P, the projection operator for the i-particle Fock space. Then for the
dynamical evolution of eq. (24) with initial density matrix a pure state of particle number N,
only the projected density matrix Py n, On—2N-2:0N—4,N—4--- 1S involved and the numerical
simulation is performed by calculating these differential equations.

Now considering the Bogoliubov approximation, we replace the d, and &g with the square
root of the condensate atoms number n— &'{&1, then we can obtain the approximated Lindbla-
dian as

LB p=—i[AP  pl—L {na,a, +na
dwl [ dw p] 2 { 11 27)
+v(na,a,p +npalal +4na pal),
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0.1 100
g/4=2.5, stable (a) (b)

6 1 2 4¢+3 4 5 0 1 2 ¢ 3 4 5

3
g/y=-25, unstable

Figure 3: Quench dynamics under time evolution using two methods with total par-
ticle number N = 100 and energy in unit of €. (solid: exact time evolution governed
by Lindbladian eq. (24); dashed: approximated Lindbladian eq. (27)). The initial
condition is all particles condensate at groundstate, n, = N. (a),(b)System at sta-
ble phase with coupling strength gN = 0.52¢ and dissipation strength yN = 0.20¢.
(c),(d) System at stable phase with gN = —0.52¢ and yN = 0.02¢.

where the Hamiltonian PAIEW is

AE =eala, + %(n2 +ndya, +nala fay), (28)
and time-dependent particle number is given by n = N(1 + 2yNt)™!. Similar to
eq. (12) Iin the Bose gas case, the expectation value of the three SU(1,1) operators
A}lw = (a,a, + &181{)/2,A'éw = (a,a; + a,a,)/2 and A?éw = (a,a; — a,a,)/2i form a closed
set of differential equations,

2yn Yn —gn Yn
Ajw=—2( 7rn 2yn  e+gn |[Ag+| O |, (29)
—gn —e—gn 2yn 0

with Ay = ((A},)), (A3 ), (A3 ))T. The three eigenvalues —2i¢; for the 3 x 3 matrix in eq. (29)
are

Eo=—2iyn, &) =—2iyn=*4/€2+2gne—y2n2. (30)
(1,2)

When the imaginary part of &, is larger than zero, the corresponding eigenvalue becomes a
positive number, thus the particle number 71; grows exponentially in short time leading to an

1+3(3)?
——

unstable dynamic. The phase boundary? for this stability is given by £ = as shown

in Fig. 2(b).

Numerical results

We now check the accuracy of the Bogoliubov approximation by comparing the numerical
simulation result from eq. (24) and eq. (27). The evolution begins with an initial state with
N =100 particles occupying the mode a,. As shown in Fig. 3, the two evolution results almost
coincide in the stable phase. While in the unstable phase, due to the increase of the quantum
depletion, the particle number 7i; predicted by the Bogoliubov approximation eq. (27) deviates
from the exact time evolution governed by eq. (24) at long time. This result confirms that
our Bogoliubov approximation for the Lindblad master equation is valid as long as the ratio
between the density of quantum depletion to the total density is much smaller than the unitary.

2In fact, the transition between stable and unstable dynamics is a crossover since the position of the “boundary”
depends on the density which decreases during the evolution.

10
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5 Dynamical symmetry of Lindbladian

In this section, we discuss the dynamical symmetry of quadratic Lindbladians in detail, which
can greatly simplify the calculation of the master eq. (10). It is worth mentioning that a
time-independent quadratic Lindbladian may be solved explicitly using the third quantization
method [51,52]. However, this cannot be directly applied to our problem because of the time-
dependent n(t) contained in the master eq. (10). Fortunately, in our Bogoliubov Lindbladian,
it can be shown that, besides the obvious U(1) and Z, symmetry, the algebraic structures of the
superoperators defined on the density matrix space also contain a hidden symplectic Sp(4, C)
dynamical symmetry. This dynamical symmetry provides a relatively simple way [53, 54] to
construct exact solutions to the time-dependent Lindbladian algebraically.

Symmetry

The Lindbladian Ly in eq. (10) has two obvious symmetries, i.e. an extended U(1) symmetry
and a Z, symmetry. To see the U(1) symmetry, one only needs to verify that the Lindbladian

is invariant under transformation &, — de'? ak - al'( e, The corresponding conserved
superoperator is thus Q = [N, o]. While for the Z, symmetry, it can be verified by realizing £
is invariant under a, — —dy or &ii - —&i‘;.

However, these two symmetries alone are not enough to obtain an analytical solution to
the master eq. (10). To solve the quench dynamics governed by this time-dependent master
equation, we need to generalize the concept of dynamical symmetry to open systems, i.e. to

find a closed algebra formed by superoperators that contain the Lindbladian Ly itself.

Closed algebra

To find this algebra, we note that Lz can be expressed in the superoperator-formalism as

£B(ﬁ’)=( > ﬁk) op’. (31)

Kk, >0

Here £, is a superoperator act only on modes k and —k, which is a linear combination of
seven quadratic superoperators. We label these superoperators by h%‘, i=1,2,...7. They are
defined by

hiop' =(ala+a,a’,)p’, hiop =24la" p,

hop’ =284 40, flﬁ op’=p’(a a+aa',),
hyop’ =2p"ala",, RS0 p’ = 2p'ayay,

hlop’ =ap'al +a 4 p'al,

Among these seven superoperators, hi , 1 =1,2,...6 represent the (anti-)commutators be-
tween the (anti-)Hermitian parts of the effective Hamiltonian and the density matrix 0, and
the last one represents the recycling term of £,.

However, only these seven superoperators cannot form a closed algebra, i.e. their commu-
tators are not necessarily linear combinations of themselves. For example, we have

[h?, E]Z] op'=-2 (&kﬁ’a +a kﬁ’aT) (32)

which is a superoperator that can not be written in the form of 217:1 aifli(.
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Table 1: Commutation relation table of 10 superoperators. The superoperators
h', k%, k% or h*,h°, h® can form two su(1, 1) algebra, which is the result of the SU(1,1)
dynamical symmetry of Bogoliubov Hamiltonian in closed system.

}Nll] EZ] EB] fl4] ES] il6:| Fl7] ES] il9] FIIO]
[RY, |0 2rR2 —2R® 0 0 O —h7 RS —h? 10
[h2, 0 —4r' o0 0 O —2h% 0 —2R1° 0
[R3, 0 0 0 O 0 2k’ 0 2h°
[R*, 0 2r® —2r® —R7 —R® R° h10
[R®, 0 —4h* —2r® —2hr!® o 0
[R®, 0 0 0 2h7 2h®
[R7, 0 h® h® h! +R*
[RS8, 0 h'—h*  h?
[R°, 0 h°
['fllo’ 0

It is thus necessary to introduce three more superoperators iil, i = 8,9,10 to close the
algebra. They are

7.8 Al At oarat AT Al AT
heop"=a_ pa +a.pa,,
79 Al A AlAT A Al AT
heop'=ap'al, +ap'a,
710 Al AT AlA AT AlA
ep =apa+a,pa.

All of the superoperators hi, i =1,2,...,10 now form a closed algebra,®> whose com-
mutation relations are listed in Table. 1. Hence these superoperators are generators of the
dynamical symmetry group of Lindbladian. In the following of this section, because only par-
ticles at momentum k and —k are coupled, we will omit the label k of superoperators. Below
we will prove this algebra can map to the algebra of two coupled harmonic oscillators and the
corresponding group is isomorphic to Sp(4, C). Before that, we will formally write the exact
solution of £j.

Exact solution

Based on this closed algebra structure, the dynamical problem of time-dependent Lindbladian
can be solved exactly [53,54]. First of all, formally solve the master equation p as 8,6 = Lgop,
we can denote the solution as

P(t) = A(t, to) o p(to). (33)

A(t, to) is a dynamical map from time t, to time t. In general, this mapping is a semi-group
which satisfies A(t,, to) = A(ty, t1)A(ty, to) but don’t satisfy the unitary condition under Lind-
blad time evolution. Thanks for the closed algebra, the Lindbladian can be written as a linear
combination of the dynamical symmetry group generators £ = 217:1 ul(t)le hence we can
parametrize the dynamical map by these ten generators,

10

At o) = Jesi©m . (34)

i=1

3In fact, the structure of the master equation can further restrict these 10 elements into seven: ’}:lg = illl( — flﬁ,
=R -6, FH2=h3—h5, LO=h'+h?—2R7, £} =h2+ R6 —2h8, £2 =h3 + h> — 2R, £3 = h! + h? —2R1°
k — M T e Tl T M ™ Mo A = e ™ ke ~k = e Tk K~ T T e R L L Kk °

12


https://scipost.org
https://scipost.org/SciPostPhys.16.5.116

Scil SciPost Phys. 16, 116 (2024)

Substitute this equation back to the master equation, we can get

10 7 10
o] Jes % = 2 Ju(oR | Tes ", (35)
i=1

1=1 j=1

where u;(t) are time-dependent parameters defined by Hamiltonian. Solving the dynamics
of the time-evolution operator is equivalent to solving the complex functions g;(t). Right
multiply the inverse of A(t, t,) at both sides of eq. (35) and write the explicit expression of
time derivative, we can obtain

7

10 m ) . .
> agn] Jes M Amesi O = ()it (36)
m=1 i=1

=1

Using Baker-Campbell-Hausdorf formula [55] and commutation relation in Table. 1, we can
formally write L.H.S of eq. (36) as:

7

D B gm(OMmah" = D (R, (37)

=1

where the 7),,,,, are analytic functions of g. Considering the linear independent property of ten
generators, we can obtain a set of coupled first-order differential equations. In consequence,
by solving these coupled differential equations for g(t), we will get the exact solution of the
dynamics governed by time-dependent Lindbladian. In practice, obtaining an analytical so-
lution for a general time dependence u;(t) is difficult. However, eq. (37) offers a method to
numerically obtain the time evolution of the density matrix, which is similar to the evolution
of a Gaussian state under a quadratic Hamiltonian [46,56].

In the following, we show that the superoperators h' form an algebra of sp(4, C) by map-
ping them to a coupled 2-mode harmonic oscillator. We further generalize this result to an
n-mode quadratic Lindblad bosonic system, in which the superoperators form a closed algebra
of sp(2n,C).

Map to harmonic oscillators

Even though the commutation relations between ili( seem complicated as shown in Table. 1,
it is worth noting that they only consist of quadratic superoperators. A natural question is
then whether there is an isolated system that has the same algebra structure. Indeed, we
find that if we consider two coupled harmonic oscillators with ladder operators a and b, all
the superoperators i’ can be mapped to linear combinations of quadratic forms of a,a’, b, b'.
In Table. 2, we give the explicit correspondence of this mapping, and it is not difficult to
show that the mapping preserves commutation relations, i.e. it is indeed an isomorphism.
The isomorphism greatly the structure of the algebra. As an example, we will show in the
following that the quadratics of ladder operators & and b form the algebra of symplectic group
Sp(4,C).

Sp(2n,C) dynamical symmetry group

To show this, we prove a general result, i.e. the quadratic forms of ladder operators a,, in an
n-mode harmonic oscillators (n =1, 2,...) have symplectic Sp(2n, C) dynamical symmetry. A

13


https://scipost.org
https://scipost.org/SciPostPhys.16.5.116

Scil SciPost Phys. 16, 116 (2024)

Table 2: Operators in coupled harmonic oscillator system and superoperators in dis-
sipative Bose gas system after Bogoliubov approximation with momentum k. These
10 operators and superoperators have the same commutation relation in Table. 1 and
they can form the algebra sp(4, C).

Harmonic Oscillator | Bogoliubov Lindbladian
h' | (a'a+aa’)/2 (afay +a_ya’, o
h? a'a' (2a,a",)o
h3 aa (2ayG_y)o
h* (b’ + pr) /2 o(ay Jr.'av_kaik)
h® b'b' o(Z&L&Ik)
h6 bb O(deé_k)
n’ ab god) +a_yod
h8 a’b &ik o &;; + a;; o aik
h® ab’ agod’, +a yod
10 a'bf aj od+a’ od

generic quadratic form is given by is given by

a, J
To make the coefficient matrices unique, we require B* = B and CT = C.
Note that the coefficient matrix may be written as

B A A —B I
(32 2o Jem

OM+M'Q =0, (39)

with M satisfying

which is the generator for Lie group Sp(2n, C).
We now define new operators

bi:{ a;, ie{l1,2,...,n},

a_,, i€{n+1,...,2n}, (40)

. i i
b’:{ a, ie{l,2,...,n}, 1)

a_,, ie{n+1,...,2n},
which are related by b; = Q;; b/ and b' = Qb ; with matrices

Q :{ 5i,j—n: iE{l,Z,...,n},

ij _6i,j+n, l S {n+ 1:"'32n}’ (42)

Qij: { —61"]'_”, i€{1,2,...,n}, (43)

Oij+n, 1€{n+1,...,2n}.
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We thus have the following useful commutation relations

[b.b]=8],  [v']=-5, (44)
[b',b/]=0QY,  [b,b;]=—9y-. (45)

With all these definitions, the generic quadratic form in Eq. (38) can then be expressed as
V= Lpimlp 46)
- 2 i“j> (

with the upper (lower) index representing the column (row) index. The above formula gives
a one-to-one mapping between the quadratic form and the Lie algebra sp(2n, C). More impor-
tantly, it can be proved (Appendix A)

[M,N]= %bi [M,NT b;, (47)

which implies that the mapping is an isomorphism.

Now we prove n-mode quadratic bosonic Hamiltonian has an Sp(2n,C) dynamical sym-
metry, meanwhile, in the last subsection we proved our Bogoliubov Lindbladian is isomorphic
to coupled 2-mode harmonic oscillator. In consequence, we can conclude that Bogoliubov
Lindbladian has an Sp(4, C) dynamical symmetry.

Furthermore, our results are not only restricted to Bogoliubov Lindbladian. Because
quadratic operators in 2n-mode coupled harmonic oscillator have the same commutation rela-
tion with the superoperators in n-mode quadratic Lindbladian, we can conclude that quadratic
Lindbladian which is constituted by n-mode bosons has Sp(2n, C) dynamical symmetry. This
result will be useful for the further analytical study of open systems.

6 Dissipative Gross-Pitaevskii equation and hydrodynamic theory
In closed systems, weakly interacting Bose gas can also be treated using other theoretical
approaches such as the Gross-Pitaevskii equation and the hydrodynamic theory [49, 50, 57].
In this section, we generalize these two descriptions to open systems with weak two-body

losses. We derive the dissipative versions of the Gross-Pitaevskii equation and hydrodynamic
equations based on the Keldysh path integral formalism.

Keldysh formalism

We start from the master equation J;0 = Lp of interacting bosons subject to two-body losses
in real space,

ﬁﬁzﬁﬁm—§IWWmﬁm¢m¢mﬁrum, (48)

where 1[)(1‘) is the bosonic annihilation operator at position r, and
: P VA iteer 2 & [ i (evd (e
H= ') —o— J¥' @+ 7 [ P (0P 0y ()(r), (49)
r m 2 r

is Hermitian Hamiltonian of interacting bosons.
The recycling term 7 is given by

Jﬁ=rJ?Mﬂ¢&mem¢%ﬂ. (50)
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Using the keldysh path-integral representation, we introduce fields 1. and 1. living respec-
tively on the time contour C, and C_, where time runs from —o0 to +00 and then back to
—oo in the closed-contour C, UC_. Then we can write partition function Z = Tr(p(t)) of
eq. (48),

= J Dy, Yy, Pl (51)

where we omit the initial condition and the Lindblad-Keldysh action [58] is

= J dedr Y (—1) (4 (08, (1) — H, (1), 1 (1))
n==%
i - _
+ 57 f dtdr;wn(r)wn(r)wn(r)wn(r) (52)

—in dtdr (DY, ()P_(1)p_(1),
where time runs from —o0 to +00, and s, =0 for n =+, s, =1 for n =—.

Saddle-point approximation

We consider the case that almost all particles occupy the ground state energy level, which
means N ~ N, > 1. In the closed system, we can assume the system is always in a coherent
state, and the condensate wavefunction can be found by the saddle-point equation. Similarly,
here we consider the losses process to be weak and slow so that we can still take the coherent
state assumption. As a result, we can take the saddle-point equation in an open system,

03 =0 6—S=0 (53)
5. Y.
then we obtain
2 -
10y — ( % + &Yy, ) 0,
_ v?2
—i0p,— (_ﬂ¢++gcw+¢+"¢’+) 21Y¢+w
o2 (54)
—10:Y_ +(—ﬂ¢ + g5 tp_ap_ ) 2y yp_ =
10,4 +(——¢ +g¢¢¢) 0,

where the complex interacting strength g. = g —iy.

Non-Hermitian Gross-Pitaevskii equation

The regularization of Keldysh action requires the relation v, = 4_,v, = 1_ [59], combining
with the saddle-point equations eq. (54), we will obtain the Gross-Pitaevskii equation under
the two-body losses (Y, =),

VZ
iaﬂ/)—(—%w AR +vw) =o. (55)
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This equation substitutes the coupling parameter g to the complex version g —iy in the con-
ventional Gross-Pitaevskii equation. However, due to the particle loss, the solution of this
dissipative Gross-Pitaevskii equation becomes quite different from the conventional solution
for a closed system. For example, when V = 0, it is easy to show that we have a plane-wave-like
solution given by

O(r) \/_e lzc log(1+2ynot) (56)

And in finite momentum we can also obtain an exact solution,

Tl)p(l‘) \/_el(pr p t/Z) —lzclog(1+2)/not)

Then we can solve the excitation spectrum of this dissipative Gross-Pitaevskii equation by
inserting small perturbation 1 = vy + 6 and its complex conjugate and expanding to the
linear order in 6v:

. 1 .
10,67 = —§V251/J +2g ol + (g — i)Yy,

. * 1 * * * . *
10,69 =§V25¢ — 28 [Yol?8Y* — (g + iy )Wy 6.

P&
To solve this equation, we may apply a unitary transformation 5¢ = e'2r 08142108 5y,
which leads to a simplified equation in the “rotating wave frame”,

) 1 "
i0,5¢ =~ V269 +(2g.— )b + gn3",
. * 1 * * * *
i0,6¢ =5V25¢ —(2gF —g)ndyY*—gnd¢,

with n = ny(1 + 2ynyt)~. Now if we consider perturbations with momentum k and naively
treat n(t) as time-invariant, we may find the eigenfrequencies of the above equations are

wy =—2iyn+ \/eﬁ+2gnek—y2n2, (57)

which coincide with the values we previously obtained using the Bogoliubov approximation.
As a result, we can also get the phase diagram by solving this dissipative Gross-Pitaevskii
equation.

Hydrodynamic equation

In the closed system, fruitful physical consequences can be obtained by solving the hydrody-
namic theory of interacting BEC, such as superfluidity, anisotropic expansion, and low-energy
modes in a harmonic trap [49, 50,57]. It is then interesting to construct the hydrodynamic
equation with two-body loss. Starting from the time-dependent dissipative Gross-Pitaevskii
equation eq. (55), we can derive the hydrodynamic equations which govern the dynamics of
a dissipative fluid. By decomposing v = ,/pe'®, the real part and imaginary part give the
hydrodynamic equations:

aip +V(pv) + 2sz =0,

1 1
mo,v=—-V| ——V%,/p+ mv +V(r)+
( om Jp VP (r) gp)
The first equation is called the continuity equation, which reflects the conservation of particle
numbers. Now two-body losses in interacting BEC bring new term yp? in the continuity equa-
tion, which breaks the particle number conservation. And the second equation, the Newton

(58)
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equation, is same as the conventional one. For a uniform system with V(r) = 0, the uniform
solution is

Po

—_—, 59
1+ 2ytpg 59

p(r,t)=
which shows that condensate particles always decay with time and the vacuum is the only true
steady state of this system. With the new dissipation term yp?2, finding the solutions for the
general case is challenging, we will leave this for future research.

7 Conclusion

In summary, we systematically study the many-body dynamics of weakly interacting Bose gases
with two-body losses. It is shown that both the two-body interactions and losses in a cold
atomic gas may be described by a complex scattering length a., which may be controlled via
tuning an external laser field. We generalize Bogoliubov approximation to open systems and
verify the validity of this approximation by numerical simulating a toy model that has a sim-
ilar structure. Based on this time-dependent Bogoliubov Lindbladian, we study the quench
problem and prove this system has a Sp(4, C) dynamical symmetry, which is crucial for the
exact calculation of quench dynamics. Furthermore, we show a general n-mode quadratic
Lindbladian of the bosonic system has a dynamical symmetry of Sp(2n,C), which is useful
for the analytical understanding of the dissipative open system. On the other hand, we also
generalize the Gross-Pitaevskii equation and hydrodynamic theory to dissipative Bose gases.
Hydrodynamic equations have rich interesting solutions in closed systems, we only discuss the
solution without external potential in this paper, it would be significant to generalize these
solutions to open systems and study the stable property of these results. Finally, from a closed
interacting bosonic model to open system, other types dissipation are admitted such as sin-
gle body loss and pump, particle number form dissipation. It is also interesting to discuss
the different properties of these open systems. We hope our work can be helpful for further
understanding the non-equilibrium dissipative dynamics in cold atom systems.
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A Proof of Eq. (47)

We prove Eq. (47) by direct calculation,

DU
[, K] = [b'M/b;,

= %M{le (b'[b;,b' | b+ b'b' [b), by | +[ ', b' | byb; + b [ b, by | b))

1 . .
bINfby | = ZMINf[bb;,b'b]

Lo rink (spi 1 ol (o
=M/, (81b'bx — 2 bib! +Qllbyb; — 5Lb1b; )
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=2 (M/N¥b'b — MIN[b'b; + MINF (Qilbyb; — 2 b'DY))

Lo j ink (ol i1l
:Z(b’ [M,N1b; + M/N} (2 bb; —Q;,bD!)) . (A1)
Now we are left with the second term on the R.H.S. To keep going, note Eq. (39) is written as
Qim{+Miol =0, ;M +M/Q;=0. (A.2)
We thus have
ink (Ol i) — il v nk Inrkols pi
M N (Qbb; —Q b'bY) = Q' MINfQy bb; — Q) M/ N[ Q b b,
= —Q" M/ QN bTb; + QM) QX N] b,
— Jagi J '
——Ml.N‘;bqu+Ml.stb‘b5
— pi J
=b'[M,N7T b;. (A.3)

Combing Eq. (A.1) and Eq. (A.3), we then proved Eq. (47) in the main text.
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