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Abstract

Emergent gauge theories take a prominent role in the description of quantum matter,
supporting deconfined phases with topological order and fractionalized excitations. A
common construction of Z2 lattice gauge theories, first introduced by Wegner, involves
Ising gauge spins placed on links and subject to a discrete Z2 Gauss law constraint. As
shown by Kitaev, Z2 lattice gauge theories also emerge in the exact solution of certain
spin systems with bond-dependent interactions. In this context, the Z2 gauge field is con-
structed from Majorana fermions, with gauge constraints given by the parity of Majorana
fermions on each site. In this work, we provide an explicit Jordan-Wigner transformation
that maps between these two formulations on the square lattice, where the Kitaev-type
gauge theory emerges as the exact solution of a spin-orbital (Kugel-Khomskii) Hamilto-
nian. We then apply our mapping to study local perturbations to the spin-orbital Hamil-
tonian, which correspond to anisotropic interactions between electric-field variables in
the Z2 gauge theory. These are shown to induce anisotropic confinement that is char-
acterized by emergence of weakly-coupled one-dimensional spin chains. We study the
nature of these phases and corresponding confinement transitions in both absence and
presence of itinerant fermionic matter degrees of freedom. Finally, we discuss how our
mapping can be applied to the Kitaev spin-1/2 model on the honeycomb lattice.
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1 Introduction

Discrete gauge fields play a prominent role in various branches of physics. Discovered more
than fifty years ago by Wegner [1], the Ising gauge theory was the first and simplest exam-
ple of a lattice gauge theory that predated the general construction of lattice gauge theories
by Wilson [2]. Remarkably, the two phases of this model cannot be distinguished by a lo-
cal order parameter, but instead they can be diagnosed by the decay behavior of extended
Wegner-Wilson gauge-invariant loop operators. More generally, the model in its deconfined
phase exhibits Z2 topological order which is robust under arbitrary small perturbations [3,4].
In the absence of a tension in electric strings, the pure Z2 gauge theory is equivalent to the toric
code with a fixed charge configuration [5], an exactly solvable model that formed a paradigm
of topological quantum computing. Currently, the Ising gauge theory is our best means for
understanding the intricate phenomenology of gapped Z2 spin liquids [6, 7] emerging, for
example, in cold atom platforms [8–10]. Coupling of two-dimensional quantum Ising gauge
fields to dynamical matter revealed new phases of matter [11–18] and exotic bulk and bound-
ary phase transitions [19–26]. The quest for engineering the Wegner Ising gauge theory with
quantum technologies is ongoing [27–39].
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A different incarnation of the Ising gauge theory was discovered by Kitaev [40] in his by
now famous exactly-solvable honeycomb model. Here the link Ising gauge fields are assembled
from Majorana partons that fractionalize microscopic spin-1/2 degrees of freedom residing on
sites. In the Kitaev model, Ising gauge fields are static and couple to one remaining itinerant
Majorana fermion that carries a Z2 charge. Recently, Kitaev’s approach was generalized to
models with more degrees of freedom per site [41–46]. These models naturally involve static
Z2 gauge fields coupled to multiplets of ν itinerant Majoranas that enjoy an SO(ν) global
internal symmetry.

One may wonder if and how the Wegner’s and Kitaev’s incarnations of the Ising gauge
theory are related to each other. To answer this question, in this paper, we investigate the
Ising gauge theory coupled to dynamical single-component complex fermion matter which
represents the ν = 2 spin-orbital liquid. First, we demonstrate how the conventional bosonic
formulation of the model, where the Ising gauge operators are represented by spin-1/2 Pauli
matrices acting on links, is related to the Kitaev-inspired fermionic formulation, where the
gauge fields are built of Majorana partons. More specifically, we develop an explicit map-
ping between the two formulations based on a carefully constructed non-local Jordan-Wigner
transformation. This allows us to demonstrate that the local Gauss laws in those two formu-
lations are identical to each other. Moreover, we discuss subtleties arising from the presence
of boundaries, where the Jordan-Wigner string ends. Our non-local transformation is an addi-
tion to a plethora of higher-dimensional bosonization duality mappings investigated recently
by various authors [47–59], for related earlier works see [60–65].

Can our mapping be used for the original Kitaev model? While our mapping is not di-
rectly applicable on the honeycomb lattice, the honeycomb Kitaev model can be equivalently
rewritten as a Z2-gauged p-wave superconductor on a square lattice, see Appendix A. Our
Jordan-Wigner mapping can now be straightforwardly applied to this formulation of Kitaev’s
spin-1/2 honeycomb model.

Apart from conceptual appeal, this explicit non-local mapping allows one to express local
non-integrable1 perturbations of generalized Kitaev spin-orbital models as non-standard flux-
changing electric terms in the Ising lattice gauge theory. Conversely, the mapping may also be
used in reverse to analyse new non-trivial perturbations of spin-orbital liquids. In this paper,
the above-mentioned mapping is employed to investigate and elucidate anisotropic confine-
ment, wherein fractionalized excitations are dimensionally imprisoned: they are free to prop-
agate without string tension along certain one-dimensional chains while becoming confined
in the direction transverse to those chains.2

The remainder of this work is structured as follows. In Sec. 2, we introduce Wegner’s
formulation of Z2 lattice gauge theory with fermionic matter and review the exact solution of
a spin-orbital model on the square lattice based on Kitaev’s Majorana parton construction. In
Sec. 3, we construct the mapping between Wegner’s and Kitaev’s constructions, and discuss
subtleties arising from the presence of boundaries. Sec. 4 is concerned with the application
of our mapping to anisotropic confinement in spin-orbital liquids. The paper is concluded
in Sec. 5.

1We define non-integrable perturbations as the ones that introduce dynamics to the Z2-gauge field.
2This is somewhat reminiscent to the effectively one-dimensional dispersion of anyons that emerges in the

(gapped) anisotropic Kitaev model perturbed by a Zeeman field as discussed in Ref. [66].
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Figure 1: Illustration of Z2 gauge theory with spinless (complex) fermionic matter
on the square lattice: Wegner gauge spins are located on bonds, with electric strings
(σx

i j = −1) indicated by blue thick lines. Fermions (indicated in red) occupy sites of
the lattice. Configurations allowed by the Z2 Gauss law are shown in the right panel.
Fermions can hop with the coupling J but must remain connected by electric field
strings so that the Gauss law is satisfied.

2 Z2 lattice gauge theories with complex fermionic matter

2.1 Conventional lattice gauge theory bosonic formulation

We start from a two-dimensionalZ2 lattice gauge theory defined on links of a square lattice that
is coupled to itinerant complex single-component fermions that reside on sites of the lattice,
see Fig. 1.

Quantum dynamics of the model is governed by the Hamiltonian

HLGT = −J
∑

〈i j〉

�

f †
i σ

z
i j f j + h.c.
�

− J□
∑

□

∏

〈i j〉∈□

σz
i j . (1)

Here i and j label sites of the lattice and 〈i j〉 denotes a nearest-neighbour pair of sites. The
coupling J controls the hopping amplitude of the gauge-charged fermion f , while J□ assigns
energy to the elementary magnetic plaquettes

W□ =
∏

l∈□
σz

l . (2)

Clearly, the Ising gauge fields are static because the Hamiltonian contains no terms that do not
commute with σz at any link. As a result, the Hamiltonian commutes with each elementary
plaquette operator such that the ground-state sector is given by those W□ = ±1 quantum num-
bers which minimize the ground-state energy. This extensive number of conserved quantities
makes the problem integrable and thus allows for the exact solution for both the ground state
and excitations.

The Hamiltonian is invariant under discrete gauge transformations fi→si fi, andσz
i j→siσ

z
i js j

where si = ±1 ∈ Z2, which are generated by the operator

G j = (−1) f
†
j f j
∏

l∈+ j

σx
l . (3)

Noting that [HLGT, G j] = 0∀ j, we see that the complete Hilbert space then decomposes into
distinct superselection sectors with eigenvalues Gi = ±1. In the absence of any fermions,
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Gi = −1 implies that an odd number of electric strings terminates at site i, which is analogous
to an electric field string ending at an electromagnetic charge. Gi = −1 hence corresponds to
a Z2 background charge placed at site i. In the following, we want to consider the case that
all charges in the theory are dynamical and carried by the fermions f , so that we will work
with a homogeneous background which satisfies the constraint G j = +1∀ j.

In addition, the model enjoys several global symmetries: First, we have a U(1) particle
number symmetry that acts only on fermions as f → eiα f . Second, the Hamiltonian and the
Gauss constraint are invariant under the D4 point group and discrete single-link translations.
Third, an anti-unitary time-reversal symmetry acts as complex conjugation on Ising gauge field
Pauli matrices (i.e. σ y → −σ y), but leave fermions invariant. Finally, one can construct a
particle-hole symmetry: to this this end, one starts from the transformation fi → (−1)i f †

i with
the checkerboard pattern (−1)i = (−1)ix+iy . Given that only the nearest-neighbour hopping is
present in the Hamiltonian Eq. (1), the operator implementing this transformation commutes
with HLGT. Note, however, that on its own this transformation violates the Gauss constraint
since under this transformation ni = f †

i fi → 1−ni and thus G j →−G j . We can fix this problem
by additionally flipping an odd number of electric strings operators attached to each site. One
simple implementation is to flip one (for example the north) string adjacent to every site of the
A-sublattice with σx → σzσxσz = −σx . The combined transformation preserves the Gauss
law and commutes with the Hamiltonian, so it is a symmetry. Curiously, a product of different
implementations of this particle-hole symmetry gives rise to a set of closed Wegner-Wilson
loop operators WC =

∏

l∈C σ
z
l which, obviously, commute with the Hamiltonian in Eq. (1) and

the Gauss law [Eq. (3)]. The full set of these loop operators generates a one-form magnetic
symmetry [67,68].

While the model in Eq. (1) is expressed in terms of redundant gauge-variant degrees of
freedom, it has been demonstrated in Refs. [24, 31, 32] using a local mapping that it is com-
pletely equivalent to a model of spin 1/2 gauge-invariant degrees of freedom acting on links
of a square lattice.

2.2 Spin-orbital liquids and their fermionic Z2 gauge-redundant formulation

We now show how a different formulation of the Ising lattice gauge theory coupled to com-
plex fermionic matter emerges naturally in the exact solution of generalized Kitaev models.
To this end, we first look at the ν = 2 generalization of the Kitaev model on the square
lattice, which can be written in terms of two SU(2) degrees of freedom on each site, with
Pauli matrices sα,τβ , respectively [44–46]. These degrees of freedom can, for example, cor-
respond to spin and and orbital degrees of freedom in Kugel-Khomskii-type models. Denot-
ing τµ = (τx ,τy ,τz ,1), the Hamiltonian contains a biquadratic interaction involving bond-
dependent interactions in the orbital sector and U(1)-symmetric XY exchange in the spin sector,

HSOL = −K
∑

〈i j〉µ

�

sx
i s

x
j + sy

i s
y
j

�

τ
µ
i τ
µ
j . (4)

Generalizing Kitaev’s solution of the honeycomb model [40], the model can be solved exactly
be representing the spin-orbital operators (which furnish a representation of the Clifford alge-
bra and can be rewritten in terms of 4×4-dimensional Gamma matrices [45]) via 6 Majorana
fermions bµ, c x , c y with {bµ, bν}= 2δµν and similarly for c x , c y . In particular, we identify

sα =
−i
2





c x

c y

b4



×





c x

c y

b4



 , and τα =
−i
2
εαβγbβ bγ , (5)

which satisfy the SU(2) commutation relations and keep the identities sxsysz = i = τxτyτz

manifest. Since 6 Majorana fermions form a 8-dimensional Hilbert space, but the spin-orbital
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Figure 2: Illustration of the emergent Z2 gauge fields: Type-(1,2,3,4) links are col-
ored (red, green, blue, yellow), and the b1, . . . , b4 Majorana fermions on each site
can be used to define the Z2 gauge field ui j = ibµi bµj on type-µ links. Solid (hatched)

grey shaded plaquettes indicate the plaquette operators W (1)
□ and W (2)

□ , respectively.

SU(2)×SU(2) representation is only four-dimensional, the Majorana representation introduces
redundant states. The redundancy is removed by enforcing a local fermion parity constraint
Dj ≡ q j ∈ Z2, where Dj is the local fermion parity operator

Dj = (−i)b1
j b2

j b3
j b4

j c x
j c y

j , (6)

with eigenvalues±1, which are fourfold degenerate each (see also [69,70]). Choosing q j = ±1
and then enforcing the constraint thus projects out four redundant states. Using the parity
operator in Eq. (6), and enforcing the fermion parity constraint, the combined spin-orbital
operators can be written as

sβτα = iDbαcβ ≡ i qbαcβ , (7)

where α= 1,2, 3, β = x , y and q ∈ Z2. Similarly, one finds that

szτx = iDb1 b4 , szτy = iDb2 b4 , and szτz = iDb3 b4 , (8)

where again in any particular chosen sector, the local fermion parity D can be replaced by its
eigenvalue q = ±1 ∈ Z2. Using the representation in Eq. (5), the Hamiltonian then becomes

HSOL = K
∑

〈i j〉α

iqiq j b
α
i bαj
�

ic x
i c x

j + ic y
i c y

j

�

+ K
∑

〈i j〉4

ib4
i b4

j

�

ic x
i c x

j + ic y
i c y

j

�

. (9)

Analogous to Kitaev’s exact solution, the pairs of b-type Majorana fermions form a Z2
gauge field, given by ui j = iqiq j b

α
i bαj on α= 1,2, 3-links, and ui j = ib4

i b4
j on 4-links, see Fig. 2

for an illustration. Without loss of generality, we choose q = +1 in the following. Here, Z2
gauge transformations are generated by the fermion parity operators, since Diui j = −ui j Di .
On the other hand, the c x , c y Majorana fermions are charged under the Z2 gauge field and
can be combined into one complex spinless fermion fi = (c x

i +ic y
i )/2. Then, the fermion parity

constraint reads
Dj = b1

j b2
j b3

j b4
j (−1) f

†
j f j ≡ q j . (10)

In the following, for notational convenience, we redefine fermions on the B sublattice f j 7→ i f j
such that the Hamiltonian is written as

HSOL = −2K
∑

〈i j〉

( f †
i ui j f j + h.c.) . (11)
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From {Di , ui j}= 0 it is seen that the constraint operator Dj generates Z2 gauge transformations
of ui j → siui js j and f j → s j f j with s j = ±1 ∈ Z2. As in Kitaev’s honeycomb model [40], the
exact solution of HSOL is enabled by the presence of an extensive number of gauge-invariant
conserved quantities W□ =

∏

〈i j〉∈□ ui j with eigenvalues ±1.
Note that while the spin-orbital Hamiltonian in Eq. (4) naively appears to break the ele-

mentary lattice symmetries of the square lattice. Notwithstanding, we can define generalized
spatial symmetries which combine the elementary spatial transformations of a square lattice
with spin-orbital operations. For example, the system is invariant under translations m1 = x̂
and m2 = ŷ if paired together with spin-orbital rotations that interchange interactions on bond
types 1↔ 2 and 3↔ 4. These spin-orbital operations can be rewritten in terms of the SO(4)
group acting on the vector of four-dimensional Gamma matrices Γµ where µ = 1, . . . , 4 [45].
The particle-hole symmetry has also been identified in [45].

Clearly, the Hamiltonian Eq. (11) can be seen to be equivalent to the Hamiltonian in Eq. (1)
at J□ = 0 and J ≡ 2K upon identifying the gauge fieldsσz

i j and ui j . Both Hamiltonians describe
fermions hopping in the background of a Z2 gauge field on the square lattice. However, it
is not immediately clear how the generators of the Ising gauge transformations in the two
formulations, i.e. the fermion parity constraint operator Dj in Eq. (6) and the vertex Gauss
law operator G j in Eq. (3), are related. Constructing an explicit mapping between these two
constraints will be a main goal of Sec. 3.

Finally we notice that the gauge-invariant plaquette operators W□, which individually com-
mute with HSOL, can be straightforwardly expressed in the spin-orbital language. As becomes
clear from Fig. 2, there are two types of plaquettes in the spin-orbital formulation. Focusing
on the plaquette of type (1), we can write

W (1)
□ =
∏

l∈□
ul = (ib

1
m b1

k)(ib
4
l b4

k)(ib
2
l b2

n)(ib
3
m b3

n)

= (ib1
m b3

m)(ib
1
k b4

k)(ib
4
l b2

l )(ib
2
n b3

n) = (s
z
ks

z
l )(τ

y
mτ

x
kτ

y
l τ

x
n) , (12)

where we have used Eqs. (5) and (8) to rewrite the site-local Majorana-fermion bilinears in
terms of spin-orbital operators. One may proceed similarly for plaquettes of second type,
obtaining the representation

W (2)
□ = (s

z
ks

z
l )(τ

x
l τ

y
kτ

x
j τ

y
i ) . (13)

While the two types of plaquettes appear differently, the generalized translation transformation
maps them to each other.

3 Mapping

As noted in the previous section, the Z2 lattice gauge theory that emerges upon rewriting
Kitaev-type spin-orbital models using the Majorana parton description [see Eq. (11)] can be
directly related to Wegner’s formulation of the Z2 lattice gauge theory upon identifying the
Majorana gauge field ui j = ibµi bµj on µ= 〈i j〉 links with the Ising gauge field σz

i j in Eq. (1).
A crucial remaining task is to find an explicit relation between the Majorana fermion parity

constraint operator Dj in Eq. (6), which involves only degrees of freedom on site j, and the
Z2 Gauss law in Eq. (3), which additionally involves degrees of freedom placed on bonds
emanating site j. In order to establish an explicit correspondence we thus must answer the
following question: How is the electric field σx

i j related to the gauge Majorana fermions bµj in
Kitaev-type Z2 lattice gauge theories?

We will show in this section that a carefully constructed Jordan-Wigner transformation
provides an explicit mapping between Kitaev-type and more conventional Wegner-type gauge
theories.
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To that end, we first note that on a given 〈i j〉µ-link of typeµ= 0, . . . , 3, the associated gauge
Majorana fermions bµi , bµj can be combined into a single (spinless) complex bond fermion

di j = (b
µ
i + ibµj )/2, where we pick the convention i ∈ A and j ∈ B sublattices. As discussed

earlier, we identify the gauge field ui j in Eq. (11) with σz
i j in Eq. (1), such that the spin-orbital

liquid Hamiltonian Eq. (11) maps onto the fermionic part of the Hamiltonian for Z2 LGT in
Wegner’s formulation as in Eq. (1),

HSOL = −2K
∑

〈i j〉

ui j

�

f †
i f j + h.c.
�

7→ H̃SOL = −2K
∑

〈i j〉

σz
i j

�

f †
i f j + h.c.
�

. (14)

This identification implies that we can write

σz
i j ≡ ui j = ibµi bµj = 2d†

i jdi j − 1 , (15)

which, crucially, can be understood as the fermionic representation of the bond-local Pauli
matrix σz

i j . This is the key insight underlying our mapping. In the following, we will argue

that the corresponding transverse operatorsσx
i j = σ

+
i j+σ

−
i j andσ y

i j = (σ
+
i j−σ

−
i j)/i are obtained

using a Jordan-Wigner relation,

σ+i j = exp



−iπ
∑

l<〈i j〉

d†
l dl



 d†
i j , and σ−i j = exp



iπ
∑

l<〈i j〉

d†
l dl



 di j , (16)

where the sum extends over all links l up to (but not including) the link 〈i j〉 along a one-
dimensional path through the two-dimensional lattice which enumerates (and defines a unique
ordering of) all bonds. By construction, σz

l and σ±l ′ satisfy the SU(2) commutation relations
iff l = l ′, and commute otherwise. While in principle any choice of a path is conceivable, they
typically lead to Jordan-Wigner transformations under which local interactions become non-
local, such that the Jordan-Wigner transformation for systems with spatial dimension d > 1 has
often been considered impractical. However, for the system at hand, we show that a particular
snake-like diagonal path P , as shown in Fig. 3 leads to an invertible transformation between
HK and HLGT, and moreover relates the fermion parity operator Dj to the Z2 Gauss law G j .

We first discuss the mapping in the bulk, and then later on consider the mapping in the
presence of a boundary.

3.1 Bulk mapping

We first note that we can write Jordan-Wigner phase operator as

exp



∓iπ
∑

l<〈i j〉

d†
l dl



=
∏

l<〈i j〉

(−1)d
†
l dl =
∏

l<〈i j〉

(−ul) , (17)

where we have used (−1)d
†d = 1− 2d†d, thus with Eq. (16) we can write

σx
i j =
∏

l<〈i j〉µ

(−ul)b
µ
i , and σ

y
i j = −
∏

l<〈i j〉µ

(−ul)b
µ
j , (18)

where 〈i j〉µ is a link of type µ, and i ∈ A, j ∈ B sublattice. The inverse mapping is readily
constructed as

bµi =
∏

l<〈i j〉µ

�

−σz
l

�

σx
i j , and bµj = −

∏

l<〈i j〉µ

�

−σz
l

�

σ
y
i j , (19)

where we take i ∈A and j ∈B sublattices.
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Figure 3: Illustration of the Jordan-Wigner string (shown in dark grey) for defining
an ordering of bonds on a cylindrical geometry, with periodic boundary conditions
(PBC) along n2 (the orange squares/circles indicates two examples of sites which
are identified) and open boundary conditions (OBC) along n1. We mark the first site
i = 0 by a purple star.

3.1.1 Gauge-invariant electric field operators

We seek an expression for the gauge-invariant electric field operators in lattice Z2 gauge theory
in terms of the above Jordan-Wigner construction. Note that the right-hand side of Eq. (18) is
composed of the gauge field ui j and gauge Majoranas bµi , which transform non-trivially under
gauge transformations. To identify the electric field operators, we first note the behaviour of
Jordan-Wigner string operator up to the link 〈i j〉µ under gauge transformations generated by
Di in the bulk (neglecting for now boundary conditions, and the first bond in the Jordan-Wigner
string).

On type-1 (type-2) bonds, 〈i, i± x̂〉, with i ∈ A sublattice, Fig. 3 makes obvious that under
general gauge transformations acting on all sites ui j 7→ siui js j with si = ±1 ∈ Z2, one has




∏

l<〈i,i± x̂〉1(2)

(−ul)



=
�

. . . (−ui∓ x̂∓ ŷ ,i∓ ŷ)(−ui,i∓ ŷ)
�

→ si





∏

l<〈i,i± x̂〉1(2)

(−ul)



 , (20)

because each site index j (except for i) occurs twice in expanding the product, and thus any
element of the s j ∈ Z2 gauge group (s j)2 = (±1)2 = 1 cancels, except at site i. For JW-strings
terminating on type-3 (type-4) bonds 〈i, i ∓ ŷ〉, we have




∏

l<〈i,i∓ ŷ〉3(4)

(−ul)



=
�

. . . (−ui∓ x̂2∓ ŷ ,i∓ x̂∓ ŷ)(−ui∓ x̂∓ ŷ ,i∓ ŷ)
�

→ si∓ ŷ





∏

l<〈i,i∓ ŷ〉3(4)

(−ul)



 . (21)

Single gauge Majoranas transform under gauge transformations as bµj → s j b
µ
j for any site j

and s j = ±1. Given Eqs. (20) and (21), we can therefore conclude that on type-1 (type-2) links
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〈i, i ± x̂〉, the expression for operator σx
i,i± x̂ as defined in Eq. (18) is invariant under (bulk)

gauge transformations generated by the local fermion parity Dj , while on type-3 (type-4) links
〈i, i ∓ ŷ〉 the operator σ y

i,i∓ ŷ is invariant under Z2 transformations generated by the fermion
parity constraint.

Since σx
i,i± x̂ and σ y

i,i± ŷ are gauge invariant, they can again be expressed in terms of gauge-
invariant spin-orbital operators. To this end, one may expand the product over the string
operator in Eq. (18), insert ui j = ibµi bµj and then reorder Majorana fermions (in every second
factor) such that equal-site gauge Majoranas are grouped into pairs, for example (note that
i ∈ A sublattice)

σx
i,i+ x̂ = . . . (−ui−2 x̂−2 ŷ ,i− x̂−2 ŷ)(−ui− x̂− ŷ ,i− x̂−2 ŷ)(−ui− x̂− ŷ ,i− ŷ)(−ui,i− ŷ)b

1
i

= . . . (−ib1
i−2 x̂−2 ŷ b1

i− x̂−2 ŷ)(ib
3
i− x̂−2 ŷ b3

i− x̂− ŷ)(ib
3
i− x̂−2 ŷ b3

i− x̂− ŷ)(−ib1
i− x̂− ŷ b1

i− ŷ)(ib
3
i− ŷ b3

i )b
1
i

= . . . (−τy
i− x̂−2 ŷ)(−τ

y
i− x̂− ŷ)(−τ

y
i− ŷ)(−τ

y
i ) , (22)

where the last equation follows from rewriting equal-site Majorana pairs in terms of the spin-
orbital operators using Eq. (5). Note that above, we have only explicitly written down terms
due to red-blue bonds on the string operator (ending on site i). A similar procedure follows
for green-yellow links, where one may write, for example,

σ
y
i,i+ ŷ = −
�

. . . (−ui+2 x̂+2 ŷ ,i+ x̂+2 ŷ)(−ui+ x̂+ ŷ ,i+ x̂+2 ŷ)(−ui+ x̂+ ŷ ,i+ ŷ)b
4
i+ ŷ

�

= −(. . . )(−sz
i+ x̂+2 ŷτ

y
i+ x̂+2 ŷ)(−s

z
i+ x̂+ ŷτ

y
i+ x̂+ ŷ)(−s

z
i+ ŷτ

y
i+ ŷ) . (23)

Note that, as visible from Fig. 3, the string operator will in general contain both blue-red and
green-yellow segments. If all bonds emanating from a given site j are traversed by the string
operator, above calculation shows that both factors (−τy

j ) and (−sz
jτ

y
j )will be contained in the

string operator, which can be simplified to (−τy
j )(−s

z
jτ

y
j )≡ sz

j . However, this does not hold for
boundary sites (which lead to factors of τx in the expanded and reordered string operators)
or sites which only have two emanating bonds traversed by the string operator. Therefore, no
simple general closed-form expressions of σx

i,i± x̂ and σx
i,i± ŷ in terms of spin-orbital generators

can be given. We emphasize, however, that the individual Ising electric field operators have
no local representation in terms of gauge-invariant spin-orbital degrees of freedom.

Conversely, one may ask how spin-orbital operators such as τα, sβ and sατβ are repre-
sented in terms σx

i,i± x̂ and σ y
i,i± ŷ . To this end, we first rewrite spin-orbital operators in terms

of Majorana fermions according to Eq. (5) and then use the mapping in Eq. (19). Given the
non-local nature of the string operator, we note that most spin-orbital operators lead to non-
local expressions involving either the full string operator (as, e.g., in sxτx = ib1c x), or an
extensive segment of the string operator (as, e.g., in τx = −ib2 b3). Given that these expres-
sions only yield limited insight, we omit them here. However, special cases are τy = −ib3

i b1
i

as well as szτy = ib2
i b4

i . In those cases, the string operator cancels, and the result of applying
Eq. (19) reads

τ
y
i = ib1

i b3
i = i
�

−σz
i,i− ŷ

�

σx
i,i+ x̂σ

x
i,i− ŷ = σ

x
i,i+ x̂σ

y
i,i− ŷ , (24)

for i ∈ A sublattice. For j ∈ B, an analogous calculation leads to τy
j = σ

x
j− x̂ , jσ

y
j+ ŷ , j . Similarly,

one obtains sz
iτ

y
i = σ

x
i,i− x̂σ

y
i,i+ ŷ if i ∈ A and sz

jτ
y
j = σ

x
j+ x̂ , jσ

y
j− ŷ , j for j ∈ B sublattice. In Sec. 4

we will investigate in detail these terms as perturbations to the solvable lattice Z2 lattice gauge
theory.

3.1.2 Correspondence between fermion parity constraint and Z2 Gauss law

The gauge-invariance of these link operators should be reflected in the Jordan-Wigner transfor-
mation of the local fermion parity constraint D j , which we aim to relate to the usual Z2 Gauss
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Figure 4: Illustration for ordering of gauge Majorana fermions along the Jordan-
Wigner string for A [panel (a)] and B [panel (b)] sublattice sites.

law operator G j=(−1) f
†
j f j
∏

k∈+ j
σx

jk in the Wegner’s formulation. Clearly, −ic x c y=(−1) f
† f in

Eq. (6) straightforwardly carries over to the matter fermion parity in G j , with f =(c x + ic y)/2,
so we can focus on the transformation of the remaing part of Eq. (6), the gauge Majorana
parity b1

j b2
j b3

j b4
j . We first consider j ∈ A sublattice and reorder the fermion operators so that

they are ordered along the string (see Fig. 4),

b1
j b2

j b3
j b4

j = −b2
j b4

j b1
j b3

j . (25)

We can now use the expressions of bµi as given in Eq. (19), where the two string operators in
the products b2

j b4
j and b1

j b3
j cancel except on bonds emanating site j,

b2
j b4

j =





∏

l<〈 j, j− x̂〉

�

−σz
l

�



σx
j, j− x̂





∏

l<〈 j, j+ ŷ〉≡〈 j, j− x̂〉−1

�

−σz
l

�



σx
j, j+ ŷ

= σx
j, j− x̂

�

. . .
�

−σz
j+ ŷ+ x̂ , j+ ŷ

��

−σz
j, j+ ŷ

���

. . .
�

−σz
j+ ŷ+ x̂ , j+ ŷ

��

σx
j, j+ ŷ = −iσx

j, j− x̂σ
y
j, j+ ŷ ,

(26)

where we used that σzσx = iσ y on the type-4 link 〈 j, j + ŷ〉. Similarly, we have

b1
j b3

j = −iσx
j, j+ x̂σ

y
j, j− ŷ , (27)

so that the gauge Majorana parity on j ∈ A sublattice sites is written as

b1
j b2

j b3
j b4

j = σ
x
j, j− x̂σ

y
j, j+ ŷσ

x
j, j+ x̂σ

y
j, j− ŷ . (28)

The same procedure can be repeated for j ∈ B sublattice sites, where we find it convenient to
re-order b1

j b2
j b3

j b4
j = −b3

j b1
j b4

j b2
j . Performing the same analysis as above (using the prescrip-

tion in Eq. (19)) for B sublattice sites, one obtains

b1
j b2

j b3
j b4

j = σ
y
j+ ŷ , jσ

x
j− x̂ , jσ

y
j− ŷ , jσ

x
j+ x̂ , j . (29)

We therefore find that under the constructed mapping, the local fermion parity maps into a
(slightly modified) Z2 Gauss law operator,

Dj = (−1) f
†
j f j b1

j b2
j b3

j b4
j 7→ G̃ j = (−1) f

†
j f jσx

j, j+ x̂σ
x
j, j− x̂σ

y
j, j+ ŷσ

y
j, j− ŷ . (30)

Hence the transformed gauge constraint commutes with σx on type-1(2) links, and σ y on
type-3(4) links, i.e. [G̃ j ,σ

x
j, j± x̂] = 0 and [G̃ j ,σ

y
j, j± ŷ] = 0, which precisely matches the results

of the discussion in Sec. 3.1.1.
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Let’s transform the Gauss law now into the conventional form. Since the Hamiltonian in
Eq. (14) is invariant under (local) U(1) rotations of the Pauli spinor σαi j about the ẑ-axis, we
are free to rotate

(σx ,σ y ,σz) 7→ (−σ y ,σx ,σz) , on all type-3 and type-4 links, i.e. 〈i, i ± ŷ〉 . (31)

We stress that inverting this step (i.e. rewriting σx
i,i± ŷ as σ y

i,i± ŷ) is crucial for the application of
the inverse mapping, i.e. from Wegner’s Z2 LGT formulation, which is conventionally written
in terms of the gauge field σz

i j and electric field operators σx
i j on all links, to a Kitaev-type

Majorana-based construction.
Under this unitary transformation, the Hamiltonian H̃SOL [see Eq. (14)] remains invariant

and is equivalent to HLGT with J = 2K , µ= 0 and J□ = 0. The transformed constraint operator
becomes

G̃ j 7→ (−1) f
†
j f j
∏

l∈+ j

σx
l ≡ G j , (32)

which is equivalent to the conventional Z2 Gauss law constraint operator as given in Eq. (3).
We have therefore found an explicit (invertible) mapping between both the Hamiltonians and
the Gauss laws in conventional Wegner Z2 lattice gauge (coupled to dispersing fermionic mat-
ter) on the one side, and fermionic constructions of Z2 gauge theory on the other side, which
naturally appear in the exact solution of Kitaev-type spin(-orbital) models.

3.2 Boundaries

While above discussion is concerned with a mapping between bulk degrees of freedom, we
must further specify its action on boundary degree of freedom. Moreover, the discussion of
the behaviour of the operators σx

i j and σ y
i j defined in Eq. (18) under Z2 transformations by

the local fermion parity Dj was focused on transformations in the bulk and neglected trans-
formations on the first bond of the Jordan-Wigner path.

We find it convenient to discuss these issues in a cylindrical geometry, matching the quasi-
one-dimensional nature of the constructed transformation. To this end, we define a lattice
of unit cells containing A and B sites, with lattice vectors n1 = (1,1)⊤ and n2 = (−1, 1)⊤

with periodic boundary conditions in the n2 direction and open boundary conditions in the n1
direction with a “zigzag” boundary termination, as shown in Fig. 3.

3.2.1 Parity constraint and Gauss law at boundary

In the conventional Z2 gauge theory, it appears natural to define the Z2 Gauss law on these
boundary sites as

Gboundary
i = (−1) f

†
i fi

∏

j∈n.n.(i)

σx
i, j , (33)

where n.n(i) denotes the set of sites neighboring the boundary site i.
Considering the Kitaev-type fermionic construction, this implies that only two of the four

gauge Majoranas at the boundary sites are used to form the Z2 gauge field ui j = ibµi bµj , and the
remaining two “dangling” Majorana degrees of freedom are degenerate. To remove this de-
generacy, we can either only place a single spin (rather than a spin-orbital) degree of freedom
at these boundary sites, thereby reducing the edge Hilbert space, or explicitly add gauge-
invariant “mass” terms which gap out the dangling modes at each site by fixing their joint
parity. For example, at the lower boundary in Fig. 3, we can add

Hboundary ∼ m ib1
i b4

i = m
�

2g†
i gi − 1
�

, (34)
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where we define the complex fermion gi =
�

b1
i + ib4

i

�

/2. For m> 0, the ground state has that
fermion empty, implying ib1

i b4
i = −1. Then, the local fermion parity constraint Di = +1 at

these lower boundary sites can be written

−ib1
i b2

i b3
i b4

i c x
i c y

i = +1 ⇔

=+1
︷ ︸︸ ︷

(−ib1
i b4

i ) b2
i b3

i c x
i c y

i = +1

⇔ (ib2
i b3

i )(−1) f
†
i fi = +1 , (35)

where the first equivalence makes explicit the correspondence to a local fermion parity con-
straint for the Majorana parton construction of a single S = 1/2 in terms of four Majorana
fermions [40]. We now use the prescription of Eq. (18) for the gauge Majorana bilinear in
Eq. (35), where j ∈ B sublattice,

ib2
j b3

j = −ib3
j b2

j = −iσ y
j+ ŷ , j

�

. . .
�

−σz
j+ x̂+ ŷ , j+ ŷ

��

−σz
j+ x̂ , j

���

. . .
�

−σz
j+ x̂+ ŷ , j+ ŷ

��

σ
y
j+ x̂ , j

= σ y
j+ ŷ , jσ

x
j+ x̂ , j , (36)

and analogous manipulations can be made at the top boundary, for j ∈ A. With the rota-
tion (σx ,σ y) 7→ (σ y ,−σx) on 〈i, i ± ŷ〉 bonds as introduced earlier we therefore recover the
conventional boundary Gauss law in Eq. (33).

3.2.2 Closed Jordan-Wigner string and global Z2 transformation

We have noted earlier that the string operator
∏

l<〈i j〉(−ul) is invariant under gauge transfor-
mations acting on sites in the bulk of the string, i.e. for l < 〈i j〉 − 1. It remains to be clarified
how gauge transformations act on the first site (i = 0) marked by a purple star in Fig. 3. Given
that the Jordan-Wigner string is closed in the cylinder geometry of Fig. 3, the concrete choice
is a matter of convention. Nevertheless, the closed nature of the string leads to a subtlety that
we will discuss now. To this end, we note that by expanding the product we can write

σx
i j =
�

(−u0,0− x̂)(−u0− x̂− ŷ ,0− x̂) . . . (−u(〈i j〉−1))
�

bµi , (37)

and similarly for σ y
i j (in this section, we work with the un-rotated σx ,σ y bond operators).

As discussed earlier, the string [. . . ] is invariant under Z2 gauge transformations induced by
the fermion parity operator Dk for any site k except for the first site and last site of the string.
The Z2 transformation at the last site is compensated by bµi (on type-1(2) links for σx and
type-3(4) links for σ y). However, acting with D0, we use D0u0,0− x̂ = −u0,0− x̂ D0 to argue that
D0 generates the transformation

σx
i,i± x̂ 7→ s0σ

x
i,i± x̂ , σ

y
i,i± ŷ 7→ s0σ

y
i,i± ŷ , ∀ i , and σz

0,0− x̂ 7→ s0σ
z
0,0− x̂ , σz

0,0− ŷ 7→ s0σ
z
0,0− ŷ ,

(38)
with s0 = ±1 ∈ Z2. This transformation therefore corresponds to a global Z2 transformation
(σx ,σ y ,σz)→ (−σx ,−σ y ,σz) (equivalent to conjugation σa 7→ σzσασz) paired with a local
Z2 gauge transformation on the links emanating the site i = 0.

We can find the generator of this combined global and local symmetry operation in the
conventional (bosonic) Z2 lattice gauge theory by using Eq. (18) for the local fermion parity
operator D0 at site i = 0 (with the b1, b4 modes gapped out by the protocol discussed in the
previous section). We stress that periodic boundary conditions along n2 imply that b3

0 involves
the full Jordan-Wigner string (except for the last bond), see also Fig. 3. Explicitly, we have

D0 = (−1) f
†

0 f0
�

ib2
0 b3

0

�

= −(−1) f
†

0 f0
�

ib3
0 b2

0

�

(39)

= −(−1) f
†

0 f0 × iσx
0,0− ŷ

��

−σz
0,0− x̂

�

. . .
�

−σz
0− x̂− ŷ ,0− ŷ

��

σx
0,0− x̂

= (−1) f
†

0 f0 ×σ y
0,0− ŷ

��

−σz
0,0− x̂

�

. . .
�

−σz
0− x̂− ŷ ,0− ŷ

��

−σz
0,0− ŷ

��

σx
0,0− x̂ ,

13

https://scipost.org
https://scipost.org/SciPostPhys.16.6.147


SciPost Phys. 16, 147 (2024)

where in the last equality we have used −iσx = σ y(−σz) to complete the product over all
bonds in the brackets. Under the mapping, the local fermion constraint operator thus becomes

D0 7→ G̃′0 = (−1) f
†

0 f0σx
0,0− x̂σ

y
0,0− ŷ

︸ ︷︷ ︸

G̃0

∏

l

σz
l

︸ ︷︷ ︸

Gz

, (40)

where the product extends over all links l. We therefore find that the transformed fermion
parity operator D0 maps into a modified boundary Gauss law operator G̃′0, which is a product
of the usual Z2 boundary Gauss law G̃0 and the generator Gz of the global Z2 transformation
σx ,y →−σx ,y . Further note that Gz commutes with both the bulk G̃i and G̃boundary

i . Moreover,
notice that despite starting with the local constraint D0, we end up with a global factor Gz in the
conservation of Gz × G̃0 because the Jordan-Wigner mapping is non-local. We emphasize that
neither Gz nor G̃0 must be separately conserved, but it is their product that defines the actual
constraint in the Z2 gauge representation Eq. (11) of the spin-orbital liquid. We elaborate on
this subtlety in Appendix B, where the global parity constraint is analyzed.

The global Z2 transformation generated by Gz has important consequences for the con-
ventional Wegner representation of the spin-orbital liquid in this geometry. In particular, the
usual electric term ∼ σx cannot arrise in the Hamiltonian because it does not commute with
the Gauss constraint G̃′0 in Eq. (40). Curiously, the electric term can be made invariant under
the constraint by multiplying the bulk electric operators σx by operators that anticommute
with the local transformation G̃0.

4 Application: Anisotropic confinement

One can use our non-local mapping both ways: We can rewrite non-integrable3 perturbations
of the Kitaev-type spin(-orbital) models within a more familiar framework of the Wegner Z2
lattice gauge theory, where perturbations that induce vison dynamics have been studied before.
Conversely, the mapping allows us to rewrite non-integrable perturbations of the Wegner Z2
gauge theories to the fermionic formulation, and then map onto local interactions in gauge-
invariant spin(-orbital) models. Those can then be studied using established analytical and
numerical machinery.

As a non-trivial application of our mapping, here we will investigate a “staircase” bilinear
electric interactions of the Ising gauge field. We will show that in the spin-orbital formulation
these perturbations correspond to local polarizing fields for the (spin-)orbital degrees of free-
dom. Due to the mapping introduced earlier, these two approaches are complementary and
shed different light on confinement transition with a strongly anisotropic character.

4.1 Staircase electric interaction

As already discussed in Sec. 3.2.2, the ordinary linear electric interaction HΓ = −Γ
∑

l σ
x
l is

not allowed in the lattice gauge theory emerging from the spin(-orbital) models as it does not
commute with the constraint operator G̃′0 = G̃0×Gz as given in Eq. (40). Moreover, inspecting
the mapping Eq. (18), we find that HΓ becomes non-local in the fermionic formulation.

Therefore, let’s consider instead the following gauge-invariant and non-integrable pertur-
bation (in the bulk) given by two-body interactions of the gauge-field,

H̃g = −
∑

i∈A

�

g1σ
x
i,i+ x̂σ

y
i,i− ŷ + g2σ

x
i,i− x̂σ

y
i,i+ ŷ

�

−
∑

i∈B

�

g1σ
x
i− x̂ ,iσ

y
i+ ŷ ,i + g2σ

x
i+ x̂ ,iσ

y
i− ŷ ,i

�

, (41)

3i.e. those that do not conserve the plaquette operators Wp and thus induce dynamics of the gauge fields.
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Figure 5: Illustration of the interaction Hg which couples gauge spins located on
cornering links (represented by squares) to form diagonal (“staircase”) XX chains
(indicated by dashed lines), with alternating coupling constants g1 (cyan) and g2
(purple). Dark (light) grey circles indicate A (B) sublattice sites.

where the sums extends over all sites i of the A and B sublattices. Here we again use the
bond-rotated reference frame for σα, such that the electric field operators correspond to σx on
type-1(2) links 〈i, i± x̂〉, and σ y on type-3(4) links 〈i, i± ŷ〉, and the corresponding Gauss law
given by Eq. (30). Note that in the conventional basis, where the electric field operators are
given by σx on all bonds, this interaction reads (using the redefinition Eq. (31) on H̃g),

Hg = −
∑

i∈A

�

g1σ
x
i,i+ x̂σ

x
i,i− ŷ + g2σ

x
i,i− x̂σ

x
i,i+ ŷ

�

−
∑

i∈B

�

g1σ
x
i− x̂ ,iσ

x
i+ ŷ ,i + g2σ

x
i+ x̂ ,iσ

x
i− ŷ ,i

�

, (42)

which corresponds to an Ising-like interaction for the electric field along “staircases” as illus-
trated in Fig. 5. Note that these terms can be understood as spatially anisotropic gradients
for the electric field [14]. In principle, each term in the sum in Eq. (42) could have different
coupling strengths. Here to maintain translational invariance of the system (with respect to
lattice vectors n1 and n2), we introduce two couplings g1 and g2 that control the interaction
strengths on the two complementary staircases in Fig. 5.

We can now express the interaction H̃g in the Kitaev-type Majorana representation. Note
that for the application of our mapping, it is important that the indices i, j in σa

i, j are ordered
such that i ∈ A and j ∈ B. Using Eq. (18), the fermionic representation then reads

H̃g 7→ −
§

∑

i∈A

�

−g1 b1
i

�

−ui,i− ŷ

�

b3
i− ŷ − g2 b2

i

�

−ui,i+ ŷ

�

b4
i+ ŷ

�

+
∑

j∈B

�

−g1 b1
j− x̂

�

−u j− x̂ , j

�

b3
j − g2 b2

j+ x̂

�

−u j+ x̂ , j

�

b4
j

�

ª

, (43)

where we have used that the overlap of the string operators in the products∼ σxσ y squares to

one and thus cancels. One may now use ui,i− ŷ= ib3
i b3

i− ŷ to write ui,i− ŷ b3
i− ŷ= ib3

i

�

b3
i− ŷ

�2
= ib3

i ,
and similarly for the other terms. We thus get a Hamiltonian with site-local bilinear interactions
between different flavors of gauge Majoranas,

H̃g 7→ −
∑

i∈A,B

�

g1ib1
i b3

i + g2ib2
i b4

i

�

, (44)

where the sum extends over all sites i in both sublattices. Using Eqs. (5) and (7), which imply
τy = ib1 b3 and szτy = ib2 b4, the gauge-invariant Majorana bilinears can be rewritten in
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terms of local orbital and spin-orbital operators, respectively,

HSOL
g = −
∑

i

�

g1τ
y
i + g2s

z
iτ

y
i

�

. (45)

Note that this result was also obtained by an inverse calculation (i.e. starting with the Majorana
representation of the spin-orbital operators to obtain expressions in terms of σx

i,i± x̂ and σ y
i,i± ŷ

at the end of Sec. 3.1.1). The first term of this Hamiltonian has a natural interpretation in the
spin-orbital language as a polarizing field for the orbital degree of freedom and may arise in
physical systems with orbital degeneracies from pressure/strain [71]. The second term aims
at aligning spin and orbital degrees of freedom at each site along a certain direction.

Finally, as shown earlier [44,46], the Zeeman magnetization along ẑ can be written (up to
a constant) in terms of a (gauge-invariant) chemical potential for the matter fermion

Hh = −h
∑

i

sz
i 7→ −h
∑

i

�

−ic x
i c y

i

�

= h
∑

i

�

2 f †
i fi − 1
�

, (46)

where the chemical potential µ= −2h.

4.2 Warm-up: Anisotropic confinement in the absence of fermionic matter

To analyze the effect of the stair-case perturbation Hg on the deconfined phase, we first con-
sider the pure Z2 gauge theory, where dynamical fermionic matter is absent. As will be shown
here, by utilizing the Kramers–Wannier duality we can reduce the problem to a collection of
transverse-field Ising chains along diagonals.

For simplicity, we will focus on the case of uniform couplings g1 = g2 ≡ g. To suppress
fermions, we take the limit µ→ −∞, such that f †

i fi = 0 ∀i. From the mapping in Eq. (46)
it is clear that µ→ −∞ corresponds to a large Zeeman field h→∞ for the spin degrees of
freedom. In this limit, the spin degrees of freedom become polarized, 〈sz〉 = 1, and only the
orbitals τ j remain as dynamical physical degrees of freedom.

4.2.1 Effective orbital Hamiltonian and matter-free gauge theory

For h/K ≫ 1, we can derive an effective Hamiltonian for these orbital degrees of freedom.
Projected to the spin-polarized sector sz = +1 (corresponding to first-order perturbation the-
ory), the Kitaev-type interaction HSOL in Eq. (4) vanishes. The first non-trivial contribution
arises at fourth-order perturbation theory [44], yielding a plaquette term

Heff
□ = −J□
∑

i

τx
i τ

y
i+ x̂τ

x
i+ x̂+ ŷτ

y
i+ ŷ , (47)

which is identical to Wen’s exactly solvable square lattice model [72], exhibiting (gapped) Z2
topological order. Note that Eq. (47) can be written Heff

□ = −J□
∑

□ Psz=1W□Psz=1 in terms
of the plaquette operators Eqs. (12) and (13) projected to sz = +1. The orbital-polarizing
contribution ∼ g gives a non-trivial contribution to the effective Hamiltonian already at first-
order perturbation theory,

Heff
g = Psz=1HgPsz=1 = −2g

∑

i

τ
y
i . (48)

Considering the Hamiltonian Heff
□ +H

eff
g , it is clear that the topologically ordered phase present

in the Wen plaquette model (for small g ≪ J□) cannot be continously connected to the topo-
logically trivial ground state at g ≫ J□, where τy = 1.
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Figure 6: Illustration of the duality mapping from electric field variables σx
i j (indi-

cated by bold orange lines) to the Z2 monopoles χz
ĩ

which live on the dual lattice of

the square lattice. Here, we have chosen that the string in Eq. (50) extends from ĩ in
the − x̂ direction, but using the Gauss law Gi =

∏

l∈i σ
x
l , the path may be deformed

arbitrarily.

We now discuss the same scenario in terms of the Z2 LGT (written in terms of Weg-
ner’s Ising gauge spins). In the absence of fermions, the corresponding Hamiltonian reads
Heff

LGT =H□ +Hg with

H□ = −J□
∑

□

∏

〈i j〉∈□

σz
i j , (49)

and Hg given in Eq. (42). The gauge constraint (Gauss law) becomes G j =
∏

l∈+ j
σx

l . Clearly,
for J□≫ g, the system is in the deconfined phase of Z2 lattice gauge theory, whereas, as will
be explained in the following, the ground state at g ≫ J□ approaches a trivial product state.

4.2.2 Confinement transition

To discuss the confinement transition from the topologically ordered phase to the confined
product state, we first focus on the LGT formulation and perform a (bulk) Kramers–Wannier
duality mapping of the Z2 lattice gauge theory (recall that there is no dynamical matter
present). Working on the dual square lattice, (where plaquettes become sites), we define

χ x
î
=
∏

l∈□ĩ

σz
l , and χz

î
=
∏

l∈γ(ĩ)

σx
l , (50)

where ĩ denotes a site of the dual lattice, and □ĩ corresponds to the square plaquette (on the
original lattice) surrounding that dual lattice site, and γ(ĩ) is some arbitrary path from infinity
leading up to site ĩ of the dual lattice, bisecting links of the original lattice. Hence, χ x

ĩ
is an

operator which counts the Z2 flux through the plaquette ĩ, while χz
ĩ

corresponds to a vison, a

Z2 monopole operator with an attached t’Hooft line. Note that the precise path of γ(ĩ) does
not matter as long as the Gauss law Gi = +1 is strictly enforced.

In these dual variables, the plaquette term Hdual
□ = −J□
∑

ĩ χ
x
ĩ

amounts to a transverse field
term, whereas the interaction Hg leads to diagonal (second-nearest-neighbor) interactions
along the x̂ + ŷ-diagonal on the dual lattice,

Hdual
g = −2g
∑

ĩ

χz
ĩ
χz

ĩ+ x̂+ ŷ
, (51)

see Fig. 6 for an illustration of the mapping. We therefore conclude that in the bulk, the dual

17

https://scipost.org
https://scipost.org/SciPostPhys.16.6.147


SciPost Phys. 16, 147 (2024)

Hamiltonian toH□+Hg decomposes into transverse-field Ising chains along the x̂+ ŷ diagonal,

Hdual = −J□
∑

ĩ

χ x
ĩ
− 2g
∑

ĩ

χz
ĩ
χz

ĩ+ x̂+ ŷ
. (52)

These decoupled transverse field Ising chains can be solved exactly (for example, in terms of free
fermions using a Jordan-Wigner transformation), and possess a second-order phase transition
at 2g = J□, with the transition lying in the two-dimensional classical Ising universality class.
Within the dual description (in terms of χ x ,χz), the polarized phase with χ x

ĩ
= +1 corresponds

to the deconfined phase of the Z2 lattice gauge theory, with excitations given by “spin flips“
with χ x

ĩ
= −1 (corresponding to visons in the Z2 gauge theory), which cost energy ∆E = 2J□

for J□ ≫ g. On the other hand, at g/J□ ≫ 1, the dual model has a two-fold degenerate
“ferromagnetic” ground state with χz

ĩ
= ±1 ∀ĩ, corresponding to the confining phase, with

excitations given by domain walls along the staircase chain in the χz
ĩ

basis, costing energy
∆E = 4g for g ≫ J□. Indeed, inspecting Hg in the lattice gauge theory formulation, it is clear
that the ground state for large g/J□ consists of aligned σx along one-dimensional staircases.

Since the Hamiltonian Heff
LGT is invariant under σa 7→ σ yσaσ y (for a = x , y, z), which in

particular takes σx 7→ −σx , there appears to be a two-fold degeneracy per staircase pattern.
However, we stress that the ground state at large g/J□ does not possess a (sub-)extensive
degeneracy in the cylinder geometry of Fig. 3. This is because the staircases are coupled
together by the boundary Gauss laws, for example

G j = σ
x
i,i+ x̂σ

x
i,i+ ŷ ≡ +1 , (53)

at the boundary. An explicit analysis of the boundary in the dual model in Eq. (52) is cumber-
some due to the non-locality of the Kramers–Wannier duality mapping. We instead consider
the original formulation in terms of the Ising electric operators σx : Since σx

i,i+ x̂ and σx
i,i+ ŷ

belong to distinct diagonal staircases, this implies the σx = +1 or σx = −1 along the two
neighboring lines cannot be picked independently, but rather all chains become locked to-
gether.4 Thus only a global two-fold degeneracy is left.

In a complementary viewpoint, one may directly consider the spin-orbital Hamiltonian
Heff
□ + Heff

g given in Eqs. (47) and (48). This model is precisely the Wen-plaquette model
perturbed by a longitudinal field as studied in Ref. [73], where a duality mapping was used
to show that the phase transition at J□ = 2g lies in the (1+ 1)-dim. Ising universality class.
This matches precisely the results that we have obtained within the Z2 lattice gauge theory
description.

4.2.3 Ground-state degeneracy at g ≫ J
□

One remaining question concerns the degeneracy of the ground state at large g/J□ ≫ 1.
Inspecting Hg as given in Eq. (42) leads to the conclusion that for large g, the ground state
is two-fold degenerate (i.e. a ferromagnet for the σx

i j variables). However, previous analysis
of the spin-orbital model found a unique ground state in this parameter regime, adiabatically
connected to the trivial product state

∏

j |τ
y
j = +1〉.

This apparent contradiction is resolved by explicitly following through with the mapping
on a cylindrical geometry from the spin-orbital model to the standard Z2 LGT formulation, as

4We emphasize that even though the chains are not decoupled, but rather locked together by the boundary
Gauss laws, the bulk analysis in terms of the dual variables is still applicable, and in particular the result that there
is a second-order phase transition at 2g = J□ in the (1+1)-dim. Ising universality class still holds.
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described in Sec. 3. In particular, the Gauss law on the first site of the constructed Jordan-
Wigner string leads to the constraint (compare Eq. (40)),

Gz × G̃0 =

�

∏

l

σz
l

�

×
�

(−1) f
†

0 f0 σx
0,0− x̂σ

x
0,0+ ŷ

�

!
= +1 , (54)

which we did not account for in our earlier analysis of the perturbed lattice gauge theory.
Since we work in the limit −µ∼ h→∞, where fermions are absent, we can set f †

0 f0 = 0 and

thus (−1) f
†

0 f0 = 1 in Eq. (54). Enforcing the remaining parts of above constraint is equivalent
to projecting to the subsector where we have Gz × G̃0 = +1. To this end, we introduce a
projection operator Pz = (1 + Gz G̃0)/2. Applying Pz to the two degenerate “ferromagnetic”
states |+〉=
∏

l |σ
x
l = +1〉 and |−〉=

∏

l |σ
x
l = −1〉 at large g/J□≫ 1 gives the same cat state

(up to normalization and a global phase)

Pz |+〉 ∼ Pz |−〉 ∼ (|+〉+ |−〉) , (55)

where we use that G̃0 |±〉 = + |±〉. Hence, the ground state in the confining phase of the
spin-orbital problem is unique after properly accounting for gauge invariance at the boundary,
matching the analysis of the spin-orbital model.

4.3 Anisotropic confinement with dynamical fermionic matter

Here we will investigate how the phenomenon of anisotropic confinement triggered by the
staircase electric interaction in Eq. (42) is affected by dynamical itinerant fermion matter
charged under the Ising gauge theory. In this section we switch off J□, but instead focus
on the coupling between gauge fields and fermions.

4.3.1 Perturbing the orbital sector: g1 ̸= 0 and g2 = 0

We find it instructive to discuss first the case of g1 ̸= 0 and g2 = 0 in Eqs. (42) and (45). Com-
pared to the generic case, the model enjoys a particle-hole symmetry which acts as sz → −sz

in the spin sector and does not affect the orbital degrees of freedom. We will concentrate our
attention on the symmetric point with Sz =

∑

i s
z
i = 0.

In this case, in the limit g1→∞ the term Hg = −
∑

i g1τ
y
i imposes a ground state where

the orbital degrees of freedom are fully polarized, amounting to a confining phase of the
Z2 lattice gauge theory. For g1 ≫ J , we can obtain an effective Hamiltonian in first order
perturbation theory by projecting the spin-orbital Hamiltonian HSOL into the subspace with
τ

y
i = +1 ∀i, yielding (recall that we use sα to denote Pauli matrices rather than S = 1/2

operators)

Pτy=+1HSOLPτy=+1 = −K
∑

〈i j〉2

�

sx
i s

x
j + sy

i s
y
j

�

− K
∑

〈i j〉4

�

sx
i s

x
j + sy

i s
y
j

�

. (56)

This effective Hamiltonian thus corresponds to spin-1/2 degrees of freedom with XY exchange
interaction along “staircases chains” in the x̂ + ŷ direction.

Owing to its essentially one-dimensional nature, this effective Hamiltonian can be exactly
solved in terms of spinless fermions c, c† by means of a Jordan-Wigner transformation with

sz
j = 2c†

j c j − 1 and σ+j = e−i
∑

i< j c†
j c j c†

j , σ
−
j = (σ

+
j )

†, where i and j index sites along the
staircase chain. We can then write

Pτy=+1HSOLPτy=+1 = −2K
∑

i∈A

�

c†
i ci+ x̂ + c†

i+ x̂ ci+ x̂+ ŷ + h.c.
�

. (57)

19

https://scipost.org
https://scipost.org/SciPostPhys.16.6.147


SciPost Phys. 16, 147 (2024)

Figure 7: (a) For g1≫ K and g2 ≡ 0, every second staircase chain (in cyan) possesses
Ising-type ferromagnetic order, while the gauge spins on the remaining diagonals
(light purple) are free to fluctuate. Excitations correspond to domain walls on the
chain (indicated by perpendicular purple lines). Because of the Z2 Gauss law, an odd
number of σx = −1 around a given site must be accompanied by a fermion (depicted
in red), thus binding fermions to domain walls on the purple chains. (b) In first order
perturbation theory in HLGT ∼ f †

i σ
z
i j f j , a dispersion for fermion-domain wall objects

is generated. Note that the generated dispersion at this order is one-dimensional
along the light purple chains.

Diagonalizing this effective Hamiltonian yields the spectrum E(q) = −4K cos(q)with momenta
q ∈ [−π,π] as usual. We conclude that in the orbital-polarized state, the first-order effective
model is composed of decoupled half-filled fermionic chains along the north-east diagonal.

How can we understand all that in the Z2 lattice gauge theory formulation? Here, the
perturbation can be rewritten as

Hg1
= −g1

∑

i∈A

�

σx
i,i+ x̂σ

x
i,i− ŷ +σ

x
i,i+ x̂σ

x
i+ x̂ ,i+ x̂+ ŷ

�

, (58)

which can be seen in the bulk to correspond to decoupled ferromagnetic chains of σx
i j gauge

spins along every second north-east staircase of the lattice. Note that g2 = 0 implies that there
are no interactions on the other set of north-east diagonals of the lattice. As expected, the
perturbation in Eq. (58) is particle-hole symmetric since it commutes with the particle-hole
transformation that we introduced in Sec. 2.1. We now consider the limit g1≫ K , where the
ground state is expected to correspond to ferromagnetic order on the staircase chains, induced
by Hg1

. Then, excitations correspond to domain walls on top of this ferromagnetic order which
cost energy ∆E = 2g1. Note that there is a second set of staircase chains, as shown in Fig. 7,
where the Ising gauge spins are free to fluctuate. On these staircases, domain walls should not
cost any energy. However, we stress that in addition to energetic considerations, domain walls
as excitations are only allowed if they satisfy the Gauss law in Eq. (3). Since the Gauss law of
each site involves two gauge spins located on the same g1-chain (and thus their product equals
+1), this implies that domain walls on the g2-chains must bind a fermion for gauge invariance
(see also illustration in Fig. 7). Working at a fixed partial filling for the fermions, we find that
for each of the “free” chains there is a large degeneracy associated with placing the domain
wall-fermion pairs at different sites. Clearly, this degeneracy is lifted in first order perturbation
theory in J/g1 ≪ 1: We note that HLGT = −J

∑

〈i j〉 f †
i σ

z
i j f j has a non-trivial action on bond

〈i j〉 if either site i or j are occupied by fermion. In this case, it acts by flipping the gauge
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Figure 8: Illustration of interchain coupling: Staircase chains (formed by type-2 and
type-4 links) obtained in first-order perturbation theory in K/g1 ≪ 1 are displayed
“flattend” horizontally. Dashed lines correspond to interchain couplings obtained
from second-order perturbation theory.

spin σx
i j 7→ −σ

x
i j and hopping the fermion from site i to j, or vice versa. By the previous

argument, a fermion can only be located at site i or j if there is a domain wall located at that
site. Flipping the gauge spin then corresponds to moving the domain wall by one site along
the chain, and the explicit fermion hopping operators ensure that the fermion moves together
with the domain wall, see Fig. 7 b, such that again the local Gauss laws are satisfied. As a
result, at first order perturbation theory in J/g1≪ 1 an effective one-dimensional dispersion
along the chains is generated, consistent with the insights gained from the gauge-invariant
spin-orbital formulation.

Now we are ready to go beyond first-order perturbation theory. In the spin-orbital lan-
guage, the fermionic chains become coupled by the perturbing Hamiltonian, given by the
terms HSOL on the µ = 1,3-type links. In order to return to the ground state with τy

i = +1,
the only non-trivial processes in second order perturbation theory are given by the application
on HSOL on the same bond, such that the effective Hamiltonian becomes

H(2)eff = −
K2

2g1

∑

〈i j〉1,3

�

1− sz
i s

z
j

�

, (59)

where the intermediate state (with τy
i = τ

y
j = −1 on the two endpoints of the bond) costs

energy 4g1, and we have used that
�

sx
i s

x
i + sy

i s
y
j

�2
= 21− 2sz

i s
z
j .

We thus find that the XY chains become coupled via repulsive density-density interactions
with “two-to-one” interactions between individual sites as shown in Fig. 8. To study the sys-
tem of weakly coupled chains, we note that after Jordan-Wigner transformation, the fermionic
problem can be written in the form (here, i labels unit cells with sites A,B and fermion occu-
pation is measured with respect to half-filling)

H =
J∥
2

∑

i∈u.c.

∑

l∈chains

�

c†
i,A,l ci,B,l + c†

i,B,l ci+1,A,l + h.c.
�

+ J⊥
∑

i∈u.c.

1
2

∑

l∈chains

�

ni,A,l ni,B,l+1 + ni,B,l ni,A,l−1 + ni,A,l ni−1,B,l+1 + ni,B,l ni+1,A,l−1

�

, (60)

where J∥ = −4K and J⊥ = K2/(2g1), and the factor of 1/2 in the second summand is to
avoid double-counting the interchain interactions. We now employ “chain mean-field theory”
[74, 75], where we use a mean-field approximation of the interaction term to decouple the
individual chains and obtain a single-chain Hamiltonian. Note that in the case at hand, the
resulting single-chain problem can be solved exactly. To be specific, we make the mean-field
approximation

ni,A,l ni,B,l+1→ 〈ni,A,l〉ni,B,l+1 + ni,A,l〈ni,B,l+1〉 − 〈ni,A,l〉〈ni,B,l+1〉 . (61)
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We find that a staggered mean-field parameter 〈ni,A,l〉= −〈ni,B,l〉= m ̸= 0 opens up a finite gap
in the chain, as the corresponding order wavevector π coincides with the Fermi wavevector of
the half-filled chains, analogous to the Peierls instability. By solving the self-consistency equa-
tions for m in the weak-coupling limit (see Appendix C for details), we find an exponentially
small gap of the form

m≈
Λ

2(J⊥/|J∥|)
e
− π

2(J⊥/|J∥|) , (62)

where Λ is some UV cutoff, and J⊥/J∥ = K/(8g1). We therefore expect that the coupled
chains become gapped, and the system develops a staggered fermion density order, implying
antiferromagnetic Ising order in the out-of-plane spin component, sz

i ∼ (−1)i . We emphasize,
however, that the gap is exponentially small in K/g1, which is required to be small for our
perturbative analysis to be valid. Higher order perturbative inter-chain couplings might change
qualitatively our result. A detailed study of the true nature of the confinement phase is left for
a further study.

4.3.2 Perturbing both spin and orbital sectors

While in the previous subsection, we have focused on perturbing the orbital sector with a term
∼ g1τ

y
i and demonstrated anisotropic confinement, we now discuss more general cases where

also g2 ̸= 0 in Eq. (45) and finite Zeeman fields h ̸= 0 in Eq. (46).

General case. We first comment on switching on some finite g2 ̸= 0 in Eq. (45), mostly
focusing on the confined phase, where g1≫ K . We first note that if g2≪ g1, we can still project
HSOL

g onto the τy = +1 sector, such that the perturbation −g2szτy amounts to an effective
field for the XY chains, corresponding to an effective chemical potential for the Jordan-Wigner
fermions (recall that sz

i = 2c†
i ci − 1) in Eq. (57),

Pτy=+1HSOLPτy=+1 = −2g2

∑

i

c†
i ci . (63)

We further comment that for g1 ∼ g2≫ K , the ground state must be adiabatically connected
to the product state

∏

i |s
z
i = +1〉 |τy

i = +1〉. This is a confining and gapped phase of matter.
The nature of the phase transition from the spin-orbital liquid to this state, and possible inter-
vening phases, is an interesting subject left for further study: In the presence of g1 ̸= 0 and
g2 ̸= 0 the Kitaev model no longer possesses particle-hole symmetry, and thus the spin-orbital
liquid can develop a finite magnetization 〈sz〉 ̸= 0. Upon increasing g1 ∼ g2, the system will
then undergo a confinement transition (either of first or second order). The nature of the
confined phase will depend on the ratio of g1 and g2: For g1≫ g2 and non-zero K , one might
expect the emergence of gapless chains (away from half-filling because Eq. (63) acts as an
effective chemical potential), while for sufficiently large g2 will give rise to a fully gapped
(trivial) product state. Interchain couplings at higher-order perturbation theory may however
substantially change these expectations, requiring a more careful analysis.

Degenerate point. From the preceeding discussion and Eq. (42), we note that in the case
of g1 = g2 ≡ g, adding an arbitrary long electric string along a staircase chain corresponds to
placing two domain walls along a σxσx chain (see Fig. 5). This comes with an energy cost
of 2 × 2g. Gauge invariance demands that an electric field string has fermionic charges at
its endpoints. If there is a finite chemical potential µ > 0, the associated energy cost of the
string with charges is ∆E = 4g − 2µ. We hence note that in the special case with g1 = g2
and g ≡ µ/2, there is no energy cost associated with adding electric strings along the staircase
chains.
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This special point with a large degeneracy can also be characterized in the spin-orbital lan-
guage. Consider the purely local terms in the spin-orbital Hamiltonian in Eqs. (45) and (46),

HSOL
g +Hh = −
∑

i

�

g1τ
y + g2s

z
iτ

y
i + hsz

i

�

. (64)

Diagonalization of the Hamiltonian reveals that for h< 0 and g1 = g2 = ±|h|, the local ground
state is threefold degenerate. By recalling that the chemical potential relates to the Zeeman
field h as µ = −2h, this matches precisely the regime where electric strings do not cost any
energy.

We can obtain an effective model that lifts this extensive degeneracy (∼ 3Nsites) by pro-
jecting the Hamiltonian of the spin-orbital liquid HSOL into the subspace of locally three-fold
degenerate states, yielding (see Appendix D for details)

PHSOLP = −K
∑

〈i j〉1,3

�

L x
i L x

j +Q yz
i Q yz

j

�

− K
∑

〈i j〉2,4

�

L y
i L y

j +Qxz
i Qxz

j

�

, (65)

where Lα denote spin-1 operators, and Qαβ = {Lα, Lβ} denote corresponding quadrupolar
operators.

The interactions among the dipolar components resemble the spin-1 90◦ compass model
[76–78], although here the bond-dependence of interactions refers to the respective staircase
chains in the lattice. The Hamiltonian further contains bond-dependent interactions in the
quadrupolar channel, which – to our knowledge – have not been discussed previously, but
bear similarities to the spin-1 quadrupolar Kitaev model on the honeycomb lattice, recently
discussed by Verresen and Vishwanath in Ref. [79]. The ground state and phase diagram of
this effective model, which evades an exact solution, is an interesting subject that we leave for
further study.

5 Conclusion

In the present work, we related two well-known incarnations of the Ising Z2 lattice gauge the-
ory coupled to fermionic matter. Specifically, we have constructed an explicit Jordan-Wigner
mapping between Wegner’s formulation, which is written in terms of Ising gauge spins placed
on bonds, and Kitaev-type construction, where the gauge field is built from Majorana partons
with the gauge constraint given by the local fermion parity. We envision that the mapping
could be generalized to ZN gauge theories.

As an application, we considered exactly-solvable ν = 2 spin-orbital liquids on the square
lattice and analyzed perturbations that spoil integrability of the model and eventually in-
duce confinement. Based on complementary analyses in the spin-orbital language as well
as Z2 lattice gauge theory formulation, we have shown that the confinement phase is strongly
anisotropic. In the absence of fermionic matter (corresponding to a spin-polarized orbital liq-
uid), the problem is mapped onto a collection of transverse-field Ising chains and therefore
the confinement transition is in the one-dimensional quantum Ising universality class. On the
other hand, in the presence of fermionic matter, the nature of the confined phase and the
corresponding confinement transition remains to be further clarified. Maybe embedding the
Ising gauge theory into the parent continuous compact U(1) lattice gauge theory coupled to a
double-charge Higgs field and fermions can shed new light on those questions. This will likely
involve significant additional technical efforts and is deferred to the future.

Beyond these immediate applications to spin-orbital liquids, the mapping may also be gen-
eralized. It would be interesting attempt extending the mapping to ZN lattice gauge theories
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Figure 9: Illustration of mapping Kitaev’s honeycomb model to a p-wave paired
square lattice model. Contracting the type-3 (blue) links to points gives an effective
(dashed) square lattice with sites indicated by blue squares. The Majorana fermions
b1

i,A, b1
i,B, b2

i,A, b2
i,B are seen to be equivalent to the “gauge” Majoranas in the solution

of the spin-orbital model in Eq. (4).

coupled to matter (and potentially their N → ∞ U(1) limit). This will open new perspec-
tives on quantum phases and dynamics of those lattice gauge theories as effective models for
quantum matter.
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A Kitaev honeycomb model as a Z2-gauged p-wave
superconductor on a square lattice

Our mapping does not work on the honeycomb geometry for Kitaev’s original S = 1/2 model,
governed by the Hamiltonian

H = −K





∑

〈i j〉1

sx
i s

x
j +
∑

〈i j〉2

sy
i s

y
j +
∑

〈i j〉3

sz
i s

z
j



 . (A.1)

The reason is that the Jordan-Wigner covering bonds pass each vertex three times, implying
that the string cannot cancel.
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However, following the work by Chen and Nussinov5 [80], we can map the Kitaev honey-
comb model to a complex fermion dispersing on the square lattice coupled to a Z2 gauge field.
To this end, we first employ the standard Kitaev parton construction sα = ibαc with constraint
D = bx b y bzc = 1. Explicitly keeping track of the sublattice indices, we can write

H = K
∑

i∈u.c.

∑

δ=n1,n2,0

iui(δ)ci,Aci+δ,B , (A.2)

where n1,2=(±1,
p

3)⊤/2 are the lattice vectors of the honeycomb lattice, and ui(δ)= ibαi,Abαi+δ,B
is the Z2 gauge field written in terms of the gauge Majoranas.

We now introduce a complex fermion fi = (ci,A+ ici,B)/2 on each unit cell, and introduce
a square lattice by contracting the unit cells into sites as depicted in Fig 9. We can form a
combined constraint for each unit cell by consider the product of the two fermion parities,

Di,ADi,B =
�

ib1
i,Ab1

i,B

��

ib2
i,Ab2

i,B

��

ib3
i,Ab3

i,B

�

�

ici,Aci,B

�

(A.3)

= b1
i,Ab1

i,B b2
i,Ab2

i,Bui(0)(−1) f
†
i fi

!
= 1 , (A.4)

where we have used ici,Aci,B = −(−1) f
†
i fi as usual. Without loss of generality, we can fix the

gauge ui(0) = +1. Then, the constraint Di ≡ Di,ADi,B = 1 is seen to be equivalent to the total
fermion parity constraint on the square lattice, Eq. (10), as obtained in the solution of the
spin-orbital model, where b1

i,A, . . . , b2
i,B can be appropriately relabelled to b1

i , . . . b4
i .

The conserved plaquette operators on the honeycomb lattice,

Wp =
∏

l∈∂ p

ul , (A.5)

are easily seen to correspond to the plaquette operators W□ on the square lattice upon using
the gauge fixing ui(0) = +1.

Finally, the Hamiltonian becomes

H = K
∑

i

∑

a= x̂ , ŷ

ui,i+a

�

f †
i fi+a + f †

i f †
i,a + h.c.
�

+ K
∑

i

�

2 f †
i fi − 1
�

, (A.6)

where the sum i now extends over sites of the square lattice, and x̂ , ŷ refer to the unit lattice
vectors of the square lattice. We hence find that the Kitaev honyecomb model is transformed to
complex fermions with p-wave pairing on the square lattice, coupled to the Z2 gauge field ui j .
It is now straighforward to apply our Jordan-Wigner mapping from Sec. 3 to this formulation.

A crucial difference to Eq. (11) as obtained from the spin-orbital lattice model is that the
fermions do not enjoy a global U(1) symmetry due to the presence of pairing terms. Indeed,
as elucidated in Refs. [44,46], the global U(1) symmetry of the fermions f j 7→ eiϕ f j in Eq. (11)
is equivalent to the built-in spin U(1) spin rotation symmetry about the ẑ-axis in Eq. (4). On
the other hand, Kitaev’s S = 1/2 model, Eq. (A.1), does not possess such a symmetry.

B Global parity constraints in different formulations of Ising
gauge theory coupled to complex fermion matter

Here we compare global parity constraints in the Wegner’s and Kitaev’s formulations of the
Ising gauge theory coupled to fermion matter in the finite cylinder geometry of Fig. 3.

5However, in their work, the fermion is coupled to a classical Z2 field, rather than a gauge field.
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We start from the Wegner’s formulation, where the product of all Z2 Gauss laws as given
in Eq. (3) reads

1=
∏

j

G j =
∏

j



(−1) f
†
j f j
∏

l∈+ j

σx
l



≡
∏

j

(−1) f
†
j f j = Dtot

f , (B.1)

where we use in the last equality that the product over all sites emanating all sites j covers
each link twice, and (σx)2 = 1. This implies that in the conventional bosonic formulation of
Z2 gauge theory with Gauss-law constraints [Eq. (3)], the total matter fermion parity must be
fixed to unity (all physical states contain even number of Z2 charged fermions), but there are
a priori no further constraints on the global gauge field parity Gz =

∏

l σ
z
l .

We now contrast this with the corresponding Kitaev’s fermionic formulation that is relevant
for spin-orbital liquids. Consider the product over all local constraints, corresponding to the
total fermion parity

∏

j

Dj =
∏

i

b1
i b2

i b3
i b4

i ×
∏

j

�

−ic x
j c y

j

�

= ±





∏

l=〈mn〉

ul



×
∏

j

(−1) f
†
j f j ≡ Dtot

u × Dtot
f , (B.2)

where we use that we can rearrange the product of all Majoranas of the system into a product
Dtot

u of the Z2 gauge field ul on all links l and the total matter fermion parity Dtot
f . Enforcing

the constraint that the local fermion parity Dj = +1∀ j implies that the RHS of Eq. (B.2) is
equal to unity. These considerations are straightforwardly carried over to the conventional
(bosonic) formulation of Z2 lattice gauge theory upon identifying ul with σz , thus finding that
Gz × Dtot

f = 1. So neither the matter fermion parity Dtot
f , nor the global gauge field parity Gz

are separately conserved, only their product is.

C Details on chain mean-field theory

Here, we consider the Hamiltonian in Eq. (60) with the mean-field approximation of the inter-
chain interactions as in Eq. (61), where by translational symmetry we take 〈ni,A,l〉 = mA and
〈ni,B,l〉= mB. The single-chain Hamiltonian then attains the form

Hl =
J∥
2

∑

i∈u.c.

�

c†
i,Aci,B + c†

i,Bci+1,A+ h.c.
�

+
J⊥
2

∑

i

�

4ni,AmB + 4ni,BmA− 4mAmB

�

. (C.1)

Note that Hl is a free-fermion Hamiltonian, so that we can obtain its spectrum exactly: In
momentum space, the Hamiltonian is then written as6

H =
∑

k

c†
k

�

2J⊥mB
J∥
2

�

1+ e−ik
�

J∥
2

�

1+ eik
�

2J⊥mA

�

ck − 2J⊥Nu.c.mAmB . (C.2)

We now notice that a gap opens if mB ̸= mA. We let mB = −mA ≡ m and then the spectrum is
given by

ϵ±(k) = ±

√

√

√

4J2
⊥m2 +

J2
∥

2
(1+ cos k) . (C.3)

6For convenience we have chosen lattice constants such that there is a spacing of 2a = 1 between two unit cells,
corresponding to a = 1/2 with a denoting the spacing between two sites on the chain.
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Observe that for J⊥m ≡ 0, the two bands correspond to the dispersion of the ∼ cos k band
backfolded onto half of the original Brillouin zone. The mean-field state energy per chain and
per site is given by

E0/Nu.c. = 〈H〉/Nu.c. = −
∫ π

−π

dk
2π

√

√

√

4J2
⊥m2 +

J2
∥

2
(1+ cos k) + 2J⊥m2 . (C.4)

A mean-field saddlepoint is found if ∂ E0/∂m = 0, which yields the trivial solution m ≡ 0, or
the self-consistency equation (we shift k → k +π in the integrand but choose the domain of
integration k ∈ [−π,π], which is allowed by periodicity of the integrand)

1
J⊥
=

∫ π

−π

dk
2π

1

|J∥|
q

4(J⊥/J∥)2m2 + 1
2 (1− cos k)

. (C.5)

We can solve this implicit equation for m only numerically. However, note that for J⊥m→ 0,
the right-hand side diverges because of the singularity at k = 0. To extract the asymptotic
behaviour, we expand in small k (adding some UV cutoff Λ), yielding

1
J⊥/|J∥|

=

∫ Λ

0

dk
π

1
Ç

4(J⊥/J∥)2m2 + k2

4

. (C.6)

For small m, we now expand the denominator,
Ç

4(J⊥/J∥)2m2 + k2

4 ≈
k
2 +

4m2(J⊥/J∥)2

k + . . . such
that the resulting integral (with some redefined cutoff) becomes

∫ Λ

0

kdk
k2

2 + 4m2(J⊥/J∥)2
=

∫ (Λ′)2

4m2(J⊥/J∥)2

du
u
= 2 log

�

Λ′

2m(J⊥/|J∥|)

�

. (C.7)

Solving Eq. (C.6) for m, we then obtain

m≈
Λ′

2(J⊥/|J∥|)
e
− π

2(J⊥/|J∥|) , (C.8)

concluding that any J⊥ > 0 is sufficient to induce an instability of the XY chains and open up
a (exponentially small) gap.

D Derivation of effective Hamiltonian at threefold-degenerate
point

Focusing on the case where g1 = g2 = −|h|, the onsite spin-orbital Hamiltonian in Eq. (64)
can be written as

Hloc = |h|
∑

i

Oi , with Oi = τ
y
i + sz

iτ
y
i + sz

i , (D.1)

where we note that the operator Oi satisfies O2
i = 31+ 2Oi . This implies that we can define

a projection operator Pi to the local threefold-degenerate subspace as

Pi =
3
4
1−

1
4
Oi . (D.2)

We can now use this operator for first-order perturbation theory, where we project the Kitaev-
type spin-orbital exchange interactions in HSOL, Eq. (4), to the local threefold-degenerate
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Table 1: Local spin-orbital operators projected into the three-fold degenerate ground
state on each site, rewritten in terms of spin-1 generators operators L,Q after a uni-
tary basis change U .

Spin-orbital operator OSO sxτx sxτy sxτz sxτ0 syτx syτy syτz syτ0

U†POSOPU L x Qxz −Q yz −Qxz −Q yz −L y −L x L y

subspaces. The resulting Hamiltonian will involve interactions between the projected spin-
orbital operators Pis

α
i τ
β
i Pi at different sites. These can be rewritten in terms spin-1 operators

Lα (with α = x , y, z) that act on the three-dimensional subspaces, with the explicit matrix
representation [Lα]βγ = −iεαβγ. One can also introduce the five local quadrupolar opera-

tors Qx y = {L x , L y},Q yz = {L y , Lz},Qxz = {L x , Lz} as well as Qx2−y2
= (L x)2 − (L y)2 and

Q3z2−r2
= (3(Lz)2 − 21)/

p
3, which together with the Lα form a complete basis of the eight

Hermitian operators acting on a three-dimensional Hilbert space. We also find it convenient
to perform a basis change after the projection to an eigenbasis of Oi and Hloc, with the explicit
representation

U =
1
p

2







0 0 1
0 0 −i
1 1 0
−i i 0






. (D.3)

We can then decompose the basis-rotated projected spin-orbital operators U†PsατβPU in
terms of the spin-1 operators Lα,Q..., exploiting their orthonormality with respect to the trace
tr
�

X i , X j

�

/2 = δi, j . We list the resulting expressions for the projected spin-orbital operators
in Table 1.

With these effective spin-1 operators, it is now straightforward to write down the projected
Kitaev spin-orbital Hamiltonian HSOL, given by Eq. (65).
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