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Abstract

The purpose of this paper is to investigate the global categorical symmetries that arise
when gauging finite higher groups in three or more dimensions. The motivation is to
provide a common perspective on constructions of non-invertible global symmetries in
higher dimensions and a precise description of the associated symmetry categories. This
paper focusses on gauging finite groups and split 2-groups in three dimensions. In
addition to topological Wilson lines, we show that this generates a rich spectrum of
topological surface defects labelled by 2-representations and explain their connection
to condensation defects for Wilson lines. We derive various properties of the topolog-
ical defects and show that the associated symmetry category is the fusion 2-category
of 2-representations. This allows us to determine the full symmetry categories of cer-
tain gauge theories with disconnected gauge groups. A subsequent paper will examine
gauging more general higher groups in higher dimensions.
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1 Introduction

There has been exciting recent progress in understanding the existence and implications of
non-invertible global categorical symmetries [1-13]. A general mechanism to produce non-
invertible symmetries in dimension D = 2 is to gauge a finite non-abelian symmetry group [ 14—
17]. The purpose of this work is expand this construction to incorporate gauging a finite n-
group symmetry in dimension D > 2 withn=1,...,D—1.

This present paper will focus on gauging finite groups and split 2-groups in dimension
D > 2, while subsequent work will explore more general finite 2-groups and higher groups in
D> 2.

1.1 Motivation

A first motivation for this paper is to develop a systematic approach to constructing finite non-
invertible symmetries in dimension D > 2, which incorporates the range of perspectives that
have appeared in the literature and sheds some light on the relationship between different
constructions and common structures.

A second motivation is to explore the mathematical structure of symmetries that result
from gauging finite higher groups. In dimension D, the symmetry structure of a quantum field
theory is expected to be captured by a fusion (D — 1)-category, which encodes the properties
of extended topological operators in dimensions p =0,...,D —1.
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The proposal is that the symmetry category arising from gauging a finite higher group in
D dimensions is the category of (D — 1)-representations of that higher group. This mathe-
matical structure encodes the properties of extended topological operators which are higher-
dimensional analogues of topological Wilson lines. This generalises the well-known result for
gauging a finite symmetry group in D = 2 [14-17] and has interesting structure when D > 2
even when gauging an ordinary finite group.

1.2 Summary of results

In dimension D = 2, gauging a finite symmetry group G results in topological Wilson lines
transforming in representations of G. This generates a Rep(G) fusion category symmetry,
which has non-invertible simple objects if G is non-abelian.

In D > 2, gauging an ordinary finite symmetry group again results in topological Wil-
son lines transforming in representations of G. However, there are also higher-dimensional
topological defects arising from combinations of inserting SPT phases on submanifolds and
condensation defects for the topological Wilson lines.!

The idea is that the full spectrum of topological defects of dimensions g =0,...,D—1 that
arises when gauging a finite group G is captured by the higher representation theory of G. We
propose that the full symmetry category is the (D—1)-fusion category of (D—1)-representations
of G. A large portion of this paper is dedicated to explaining and checking this proposal in
dimension D = 3.

1.2.1 Groups

Let us consider a theory 7 with anomaly free finite group symmetry G. The strategy utilises
the construction of correlation functions in 7 /G by summing over networks of symmetry de-
fects inserted in correlation functions in 7. The topological defects in 7 /G are then defined
operationally as topological defects in 7 together with instructions for how symmetry defects
may end on them consistently. Spelling out this construction systematically leads to a gener-
alisation of the construction of [14-17] to dimension D > 2.

In dimension D = 3, we will show that the simple topological surfaces are labelled by the
following data:

1. A transitive G-set O.
2. Aclass® c € H3(G,U(1)°).

They coincide with irreducible 2-representations of G. We will also compute the fusion, 1-
morphisms, composition of 1-morphisms and fusion of 1-morphisms of simple objects. This
provides an identification of topological surfaces with |O| > 1 with partial condensation de-
fects for topological Wilson lines. The results are consistent with the symmetry category
2Rep(G) of 2-representations of G, whose structure has been studied extensively in the math-
ematical literature [19-22].

We will also present an equivalent formulation where simple topological surfaces are la-
belled instead by the following data:

1. A subgroup H C G.

2. An SPT phase c € H2(H,U(1)).

!From a mathematical perspective these are all condensations, see e.g. [18].
2Here, U(1)® denotes the group U(1)!°! equipped with a G-action that is induced by the G-action on the
transitive G-set O. We will also often call O a G-orbit in what follows.
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This provides a more direct physical construction of the simple topological surfaces in 7 /G
in which the gauge symmetry is broken to H C G and SPT phase is inserted for the unbro-
ken gauge symmetry. This connects with and to some extent generalises the perspective on
condensation defects in [4].

1.2.2 2-groups

We extend this construction further to gauging a finite 2-group symmetry in D = 3. In this
paper, we focus on split 2-groups with vanishing Postnikov class, which are specified by a 0-
form symmetry group H, an abelian 1-form symmetry group A, and an action of the former on
the latter by automorphisms. We write such a split 2-group as

G=A[1]xH, (D

by analogy with a semi-direct product.

We first elucidate the full symmetry category 2Vec(G) of a theory 7 with 2-group symme-
try G, including the contribution of condensation defects for the 1-form symmetry. We then
compute symmetry category of 7 /G by generalising the gauging procedure described above to
show that it coincides with the fusion 2-category 2Rep(G) of 2-representations of the 2-group
G.

The simple topological surfaces are now labelled by the following data

1. A transitive H-set O.
2. Aclass c € H3(H,U(1)9).
3. A collection of characters y; : A— U(1) indexed by j € O, satisfying

2j(@) = yh, (@),
for all elementsa€Aand h € H.

Here, a" and h > j denote the actions of H on A and O, respectively. We compute the fu-
sion, 1-morphisms, composition of 1-morphisms and fusion of 1-morphisms and show that
they coincide with those in 2Rep(G). The topological surfaces with |O| > 1 and characters
¥ :A— U(1) that do not form a single H-orbit in A involve at least a partial condensation of
topological Wilson lines.

We again present an equivalent formulation in which simple topological surfaces are la-
belled by the following data:

1. A subgroup K C H.
2. Aclass c € H*(K,U(1)).

3. A K-invariant character y : A— U(1).

This again provides a more direct physical interpretation of simple topological surfaces in
T /G generalising the group case. From a mathematical perspective, it also provides a new
description of simple objects in 2Rep(G) for a split 2-group.

The construction in this paper is closely related but distinct from the gauging process in [5],
which did not in the first instance output the SPT phases and condensation defects. The latter
arose instead from an additional step of passing from local to global fusion.> Here, all of the
simple topological surfaces arise uniformly from the construction and there is only one type of
fusion. The distinction may be seen in the classification above by setting ¢ = 0 and restricting
to collections y; : A — U(1) forming a single H-orbit. It would be interesting to clarify the
precise relation.

3This perspective was changed in version 2 of [5].
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1.2.3 Gauge theories

The above results have applications to non-invertible categorical symmetries of gauge theories
with disconnected gauge groups. We first consider a pure gauge theory 7 in D = 3 with a
compact, connected, simple, simply connected gauge group G, such as Spin(2N). This has a
split-2 group global symmetry

Z(G)[1] x Out(G), 2

where Out(G) is the 0-form symmetry of outer automorphisms and Z(G) is the electric 1-form
center symmetry.

Independently gauging the O-form and 1-form components of the 2-group symmetry gen-
erates to a commuting square of gauge theories shown in figure 1. Gauging the 1-form centre
symmetry Z(G) results in a theory T with the Langlands dual gauge group G and semi-direct
product O-form symmetry

1(*G) x Out(G). 3)

Then gauging outer automorphisms leads to a gauge theory with disconnected gauge groups
and non-invertible categorical symmetries given by 2-representations. This reproduces and
extends examples considered in [5] with a systematic inclusion of condensation defects and
description of the full symmetry category.

1.3 Outline

The structure of the paper is as follows.

Section 2 reviews aspects of gauging a finite group in two dimensions. In section 3, we
consider gauging a semi-direct product group in two dimensions by sequentially gauging sub-
groups, which serves as a warm-up for later sections. In sections 4 and 5 we consider gauging
a finite group and finite split 2-group respectively in three dimensions. In section 6, we apply
these results to compute the symmetry categories of gauge theories in three dimensions. Fi-
nally, in section 7, we outline generalisations to higher dimensions and more general higher
groups.

Note added: in the course of this project we were informed of overlapping papers [23 Jand [24].
We are grateful to the authors of these papers for coordinating release and agreeing to a delay to
accommodate the second author’s paternity leave.
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2 Two dimensions: Finite group

Finite global symmetries and their ’t Hooft anomalies in two dimensions are described by
a unitary fusion category that captures the spectrum and properties of topological line de-
fects [25-30]. In this section, we review aspects of the fusion categories associated to a finite
group and its gauging following [14-17]. This will introduce notation and useful ingredients
and set the stage for higher dimensions.

2.1 Finite groups

Consider a theory 7 with finite group symmetry G that is free from 't Hooft anomalies. The
associated symmetry category is Vec(G). The simple objects are topological lines labelled by
group elements g € G. They have morphisms

c, if g=g,
Hom-(g,g’) = @)
7(8.¢) {(0, if g#¢g,
and satisfy
g®g =gg', g =g, (5)

with trivial associator. The dimensions of all simple objects is 1. These properties are sum-
marised in figure 2.
A general object is a direct sum of symmetry lines

V=@ngg, ng¢€Z,, (6)
geiG

or equivalently a G-graded vector space

v=v,, @)

gei

under the identification V, = C"s.
The sum and product of general objects in the symmetry category are then identified with
direct sum and tensor product of graded vector spaces,
(Vew), = V,eW,,

vew), = P v,ew,. (&)
hh'=g

The morphisms are homogeneous linear transformations

Hom(V,V") = @D Hom(V,

V). )
geiG

The composition of morphisms is then induced by matrix multiplication.


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

o P PRI d o* P
Figure 3
Vhg Van
h.g Tg.h
h Vy Vg h
Figure 4

2.2 Gauging a finite group

Let us now gauge the finite group G. From a physical perspective, the resulting theory 7 /G has
topological Wilson lines that are labelled by linear representations of G. The associated sym-
metry category is therefore Rep(G), whose objects are linear representations ¢ : G — GL(W)
of G and whose morphisms Hom(®, ') are intertwiners between representations. Sums and
products correspond to direct sums ® ® ¢’ and tensor products ® ® &’ of representations and
duals ®* are complex conjugate representations. The dimension of an object is the dimension
of the representation dim®. The simple objects correspond to irreducible representations of
G. These properties are illustrated in figure 3.

Let us now summarise how to reproduce the the above result by starting from the symmetry
category Vec(G) of 7 and gauging G. The construction proceeds via the object

A=Pe, (10)

geG

which is equivalently the graded vector space with A, = C for all elements g € G. Using
group multiplication of G, this inherits the structure of a Frobenius algebra in Vec(G) with a
multiplication morphism y : A® A— Aand unitu : 1 — A.

The correlation functions in 7 /G are then defined by correlation functions in 7 with a
network of topological lines A inserted. Expanding into components, insertion of this network
implements a summation over networks of G-symmetry lines or equivalently flat connections
for G.

Similarly, a topological line in 7 /G is defined as a topological line in 7 together with a
specification of how networks of the topological line A may consistently end on it from the left
and right. This is encoded in the structure of a (A,A)-bimodule. Starting from a topological
line V in T, one specifies morphisms

[l € Homy(A®V,V),

11
r € Hom(V®A,V), (11)

satisfying compatibility conditions involving the multiplication u : AQA — Aand unitu : 1 — A,
which define the structure of an (A, A)-bimodule.
The components of these morphisms are

lh,g (S HOI’I’IT(h ® Vg, th) , 'en € HomT(Vg ®h, Vgh) , (12)


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

Viw g Vin g Vh,gh,’
lh,h’g
lh’,g
hoonV hh' VY
W h W h
(Te,h)
Dy, =
lh,e
h w h W

Figure 6

and specify how individual symmetry defects end on the line, as illustrated in figure 4. The
component morphisms are subject to the relations

lhh’,g - lh,h’g o Zh’,g: rg,hh’ = rgh,h’ o rg,h: (13)

and
lhgh © Tgp = Thew © lhg, (14

together with the normalisations [, , =1 and r, . = 1. These capture the fact that topological
lines have to be able to end on V consistently as illustrated in figure 5.

There are many ways to present solutions to these conditions. We choose a presentation
that is convenient for our purposes. The equations (13) imply the components [, o, 14 , are in-
vertible and identifies V, =W = C" for all g € G. They may be determined by the components
lpes Te,g via the formula

-1 -1
b = lwe © we)™ s Thw = Tepw © (Tep)™ - (15)
To formulate the remaining conditions on Iy ,, . 4, we introduce the combination

@, = (r,,) " oly, € Hom(W,W). (16)

This determines the phases attached to a symmetry generator crossing the line, as illustrated
in figure 6. The remaining equations (14) imply that

P, 00, = &y (17)

This equation encodes the requirement that in order to define a topological line in 7/G, V
must be moveable through networks of symmetry defects in 7. This is illustrated in figure 7.
The isomorphism class of the resulting line operator in 7 /G depends only on the combination

®,, rather than individual I, ., , ,.*

“In reference [17] it is shown that it is always possible to choose 1. = 1 within an isomorphism class whereupon
®,=1,,.
g~ fge


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

W gh W gh
oy
9 h W 9 h W
Figure 7
W' g Wy
o, m
m N (I)g
g w g W
Figure 8

To summarise, topological lines in the gauged theory 7 /G are labelled by linear represen-
tations ® : G — GL(W). This reproduces the classification of Wilson lines in 7 /G in a manner
that will generalise to topological surfaces in higher dimensions.

The sum, product and morphisms of topological lines in 7 /G may also be computed
from those of the parent topological lines in 7. It is straightforward to check that sum and
product reproduce the direct sum and tensor product of representations. Let us briefly sum-
marise the computation of morphisms. The morphisms Hom,(®,®’) arise from morphisms
m € Hom+(W, W) subject to

m0<I>g:<I>fgom. (18)

This arises from commutation with symmetry lines as illustrated in figure 8. This reproduces
the intertwiners between representations , ®’. The symmetry category may therefore be iden-
tified with Rep(G) as expected.

2.3 Discrete torsion

A generalisation is to gauge G with discrete torsion ¢ € H?(G,U(1)), resulting in a theory
(7/G).. This is accomplished by twisting the multiplication morphism u : A A — Aby a
representative of the class ¢ and summing over networks of symmetry defects where vertices
g ® h — gh contribute with an additional phase c(g,h). The resulting symmetry category is
again Rep(G), on which ¢ acts by an auto-equivalence.

Let us consider a general situation of topological interfaces between pairs of theories with
discrete torsion c, ¢c". The topological interfaces are constructed analogously to above, with
the result that now

o = c(g,h) 2,0, (19)

where

C(g3h) = Cl(g3h)_cr(g:h)' (20)

The interpretation of this equation is illustrated in figure 9.

In summary, the topological interfaces between theories (7/G). and (7 /G).- are labelled
by projective representations  : G — GL(W ) with cocycle ¢ = c!—c". They are consistent topo-
logical Wilson lines in projective representations, whose anomalous gauge transformations are

10
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Figure 10

compensated by anomaly inflow to the interface from the SPT phases. The topological lines
in a given theory (7/G), are Wilson lines in ordinary representations & : G — GL(W).

Let us denote the associated category of projective representations by Rep®(G). This does
not generally have a fusion structure since cocycles are additive under tensor product. How-

ever, there are functors
Rep(G) x Rep® (G) — Rep™ (G), (21)

arising from collision of topological interfaces. In particular, there are left and right actions
of the fusion category Rep(G) on the categories Rep®(G) arising from collision of topological
lines with topological interfaces.

3 Two dimensions: Semi-direct product

We remain in two dimensions and consider gauging a semi-direct product group G = AxH with
A abelian. While this is a special case of the general construction in section 2, it is illuminating
to gauge in two steps. The first step is to gauge A, resulting in an intermediate theory with
semi-direct product symmetry G = Ax H. The second is to gauge H. The combination of these
steps is equivalent to gauging G =AX H.

This construction is in fact entirely symmetric between A, A and results in the square sym-
metry categories illustrated in figure 10.

While the final result must reproduce the symmetry category Rep(G), this will reproduce
Mackey’s construction of irreducible representations of semi-direct products G = A X H by
induction. Moreover, it will provide valuable insights into gauging higher groups in higher
dimensions, which will be utilised in section 5.

11
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3.1 Semi-direct product

We consider then a theory 7 with anomaly free finite symmetry group
G=Ax,H, (22)
constructed from the following data:
* A finite group H.
* A finite abelian group A.
* A homomorphism ¢ : H — Aut(A).

The group elements are pairs g = (a, h) with group law
(a,h)-(a’,h") = (app(a’), k). (23)

Introducing the notation a=(a,1)andh = (1, h) we have ah = (a, h) and ha = (¢y(a),h) and
consequently ¢,(a) = a", where we define a" := hah™'. We often drop the homomorphism
from notation and write G AXH.

Gauging A C G results in a theory T = T /A with anomaly free finite symmetry

G=AxzH, (24)

where
A := Hom(A, U(1)), (25)

is the Pontryagin dual of A and @ : H — AutA is the dual homomorphism [17] Elements
of the Pontryagin dual are characters y : A — U(1) with dual action @ ( x) = ){ such that
2"(a) = y(a"). We again drop the homomorphism from notation and write G = Ax H, which
we emphasise is not the Pontryagin dual of G.
The situation is entirely symmetric under exchanging A, A: gauging A C GinT repro-
duces the original theory 7 with symmetry G. This is summarised in the horizontal arrows in
figure 10.

3.2 Gauging a semi-direct product

We now consider gauging the symmetry H C G, GinT,T, represented by the vertical arrows
in figure 10. This results in a pair of theories 7 /H, 7 /H. The combination of these operations
is equivalent to gauging the whole symmetry G, G of T, T and must reproduce the symmetry
categories Rep(G), Rep(G). In other words,

T/H=T/G, T/H=T/G. (26)

This is summarised by the commutativity of arrows in figure 10.

For concreteness, we will consider gauging H C G in 7. This is a special case of gaug-
ing a general finite subgroup and the resulting symmetry categories in the general case have
been studied in [31,32]. In the situation considered here, we show that this reproduces the
symmetry category Rep(G).

Our starting point is therefore theory T with symmetry G = AxH. Let us briefly summarise
the associated aspects of the symmetry category Vec(G). A general object is a G = AxH-graded

vector space,
V==, (27)
x,h

12
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where the summation runs over group elements g = yh with y € A, h € H. The sum and
product are direct sum and tensor product of graded vector spaces

(V [$7) W)X:h = VX:h ® Wl;h N
(V ® W)X»h = @ Vll,hz ® WXZahZ ’ (28)
X1 () =y
hi-hy=h

while morphisms are homogeneous linear maps,

Hom=(V, W) = ) Hom(V,, ,, W, ;). (29)
x5h

We now gauge H C G and compute the symmetry category of T/H=T/G, generalising the
construction in section 2.

3.2.1 Objects

A topological line in ?/H is defined operationally as a topological line in T together with
instructions for how networks of the Frobenius algebra object

Ay =P, (30)

heH

end on it consistently from the left and right. In particular, starting from a topological line V
in 7, one now specifies morphisms

l € Hom(Az ®V,V),

31
r € Hom(V ®Ay,V), (31)
forming the structure of a (Ay,Ay)-bimodule.
The components of these morphisms
lh,g (S HOH’IT(h ® Vg, th) , 'en € HomT(Vg ®h, Vgh) , (32)
are subject to the compatibility conditions
lhh’,g = lh,h’g o lh’,g: rg’hh/ = rgh,h’ o rg’h, (33)
and
Lo ©Tgn = Thgw © lng> (34)

together with the normalisations [, , = 1 and r, , = 1, where we now restrict attention to
h,h" €Hand g€ G=AxH.

We solve the equations analogously to section 2. First, equations (33) together with the
normalisation conditions imply the morphisms are invertible and determined by the following
two component morphisms

lhy: h®V, . = Vyny,

(35)
Tyh ' V;(,e®h = Vyhs

via the formulae

— -1 _ -1
lh,){h’ = lhh’,){ o (lh/’l) , rxh’h/ = r)(,hh’ o (rl,h) . (36)

13
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Figure 11

Note that the right morphisms r, ; provide vector space isomorphisms V, , =V, . for any
h € H. It is then convenient to define W, := Vx’e,5
We now introduce the combinations
— —1 .
q)h’l = (rxh’h) lh’)( . WX 4 th y (37)
which are the amplitudes associated to the intersection with a symmetry line, as in figure 11.
The remaining equations (34) give

q)hh’,)( = cI)h,)(h/ o (I)h/’l 5 (38)

which directly encodes the topological nature of the resulting line. The isomorphism class of
the line operator in 7/G will depend only on the combination &, ,, rather than individual
morphisms Iy ,, T, 4-

In summary, objects are labelled by:

1. A collection of vector spaces W, indexed by y €A.
2. A collection of invertible morphisms ¢, , : W, — W, satisfying

(bhh/,x = q’h,xhl o q’hl’x .

This is the data of a linear representation ® : G — GL(W) with underlying vector space
W :=@&,W, and action of group elements

®,(wy) = x(a)-w,,
cI)h(Wl) = (I)h,l(wx)'

It is straightforward to check that this defines a representation as a consequence of equa-
tion (38). We have therefore confirmed that objects in the symmetry category are indeed
representations of G = A H.

We note that this data can be framed more invariantly as follows:

(39)

1. Avector bundle 7 : W — A.
2. A homomorphism & : H — Aut(W) satisfying
nod=0gorm, (40)
with the homomorphism § : H — Aut(A).

In other words, a G-equivariant vector bundle 7 : W — A. This is a discrete analogue of the
construction of representations of compact Lie groups from vector bundles on homogeneous
spaces. The explicit description in terms of components is recovered by identifying fibers
i y) = W, and the collection of vectors {w} as a section.

>The left morphism [,, then further identifies W, = W, and induces a decomposition into simple objects
labelled by H-orbits in A. We postpone this step until our analysis of simple objects.
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3.2.2 Sum, product, morphisms

The sum, product and morphisms of objects in ?/ H may be computed from the corresponding
operations of bimodules for the Frobenius algebra object Ay and are induced by the direct
sum, tensor product and morphisms of graded vector spaces in T [17]. In particular, these
operations coincide with direct sums, tensor products and intertwiners of representations of
G = A X H. If we denote objects by pairs (W, ®), then

w,@)e(W,d®)= WeW , d0d),

W, ) (W,d) = (WeWw 1%, “1)

while morphisms are homogeneous linear maps m : W — W’ satisfying mo & = & om.

3.3 Simple objects

We now consider the decomposition of general objects in T /H into simple objects. This must
reproduce the decompositions of representations of G = Ax H into irreducible representations.

3.3.1 Classification

First, the component morphisms ¢, , : W, — W, » mean a general object decomposes as a sum

of objects supported on orbits of the H-action on A. We say that a representation is supported
on an orbit O C A if
w,=0, if y¢O. (42)

Moreover, given a representation supported on an orbit O, the collection of vector spaces W,
with ¥ € O may decompose as direct sums with morphism ¢, , : W,, — W, acting in a block
diagonal fashion preserving the direct sum decomposition.

In summary, a simple object is labelled by the following data:

1. A collection of vector spaces W, indexed by orbit elements y € O.

2. A collection of simple invertible morphisms &, , : W, — W, satisfying

q’hh’,x = q)h,)(h/ o q>h/,}( . (43)

This corresponds to an irreducible representation of the semi-direct product G =Ax H.

Alternatively, the simple objects may be labelled by irreducible representations of stabilisers
of orbits. That is, given collections W and & as above, we can fix a representative y, € O of
the orbit and define K := Staby(y,) C H. Then, the morphisms &, , : W, — W, withh€K
define an irreducible representation ¥ of AX K C G by

Yo (w) == xo(a)-w, (44)
Yp(w) = Py (w). (45)
Conversely, given an irreducible representation ¥ of A x K, we can reconstruct the original

irreducible representation as follows: For each orbit element y € O we fix an element h, € H
such that

h
X=2x"" (46)

This determines h, up to right multiplication by K, and sets up an isomorphism of sets
O = H/K. It is then straightforward to check that the combination

— 11
lhy = H1-h-h, €K, (47)
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lies in the stabiliser of the orbit representative. Then,

q)h,x = q’(eh,x): (48)

solves the conditions (43) and determines an irreducible representation of the semi-direct
product G = A X H. One can check that, up to isomorphism, the collection ¢ does not depend
on the choices of y, € O and h,, € H.

In summary, the simple objects are in 1-1 correspondence with

1. A character y, € A with stabiliser K C H.
2. An irreducible representation ¥ of A X K.

This reproduces Mackey’s construction and classification of irreducible representations of a
semi-direct product G =A x H by induction. Let us denote this induction by

(W, ®) = Ind§ . (P). (49)

This presentation of the simple objects reflects a physical construction of topological lines
in the finite gauge theory 7 /G by imposing Dirichlet boundary conditions that break the gauge
symmetry to a subgroup AXK C G, supplemented by a topological Wilson line for the unbroken
gauge symmetry.

3.3.2 Fusion of simple objects

We have shown that fusion corresponds to tensor product of representations of G = A x H.
The construction of irreducible representations by induction provides a computational tool to
compute the fusion ring of simple objects.

Let us denote the collection of H-orbits in A by {O;} and introduce a corresponding col-
lection of orbit representatives {y;}. We denote their stabilisers by K; := Staby(y;) € H.
Then, the simple objects or irreducible representations ®; : G — GL(W;) are constructed by
induction as

(W;,®;) = Indgj(qu), (50)

where G; := A% K; and ¥; is an irreducible representation of G; as above.
In order to compute their fusions rules, we must first understand how an irreducible rep-
resentation (W;, ®;) decomposes upon restriction to G; C G. It is clear that this decomposition

will involve a sum over K;-orbits Oc O;, whose summands we will determine in the following.
Given a K;-orbit O C O;, we can fix a representative ¥ € O with stabiliser

K := Stabg,(7) = K;n (hzK;h"), (51)

where, as before, we fixed elements h, € H such that
x=2" (52)

N . ~ hy . .
for each y € O (in particular ¥y = y j’f ). Let us now repeat the construction of induced

representations discussed above. For each orbit element y € O, we fix h 4 € K; such that

X = th . (53)

They are determined up to right multiplication by elements in K and this fixes an isomorphism
of sets O = K; /K It is now straightforward to check that h = h hN solves condition (53)
so that

_ -1 T = -1
=Ry h-hy, = hg-ly, h'. (54)
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Consequently, upon restriction to elements h € K;, we find that

(q)j)h,x = "I"j(gh,x)
W (ht L,y hy) (55)
= W (ly,),

forall y € O, where the last line corresponds to the induction of the linear representation \I/J’?
of K defined by B
b1 ._ -1
W (h) := \I/f(h;? ~h-hz). (56)

Thus, the restriction of (W}, ®;) to G; is summarised by an instance of Mackey’s decomposition
formula,
Res§ Indg (¥)) = g? Ind' (¥7), (57)
X

where the summation is over representatives ¥ of K;-orbits in O; and G=AxK.
By combining this result with the push-pull formula for induction and restriction, we obtain
a convenient method to compute the fusion of simple objects,

G G _ G G 11 AG
IndGi (\Ijl) ® Inde (\II]) = IndGi (\Ill ® ReSGi Inde (\I/]))
= P md§ (¥; ® Ind 7 (¥7))
G;
moo o (58)
— G x
= @ Indé(\lli ® v ),
[x]
where the summation again runs over representatives ¥ of K;-orbits in ;. The representation

v ® \I/Jx of G may be reducible and admit a further decomposition into irreducible represen-
tations. Nevertheless, this provides a concrete computational tool and we will see analogues
for 2-representations in sections 4 and 5.

3.4 Example

Consider a theory 7 with finite symmetry group
G == DZH = ZHXZZ? (59)

with n even. In other words, H = Z, with group elements {1,h} and A = Z, with group ele-
ments {1,a,...,a" '}, which are acted upon by H through h:a—a! Gaugmg A generates
another theory T with isomorphic symmetry group G = D,, constructed from A = 7, with
elements {1, y,..., " '} and H-action h : y — y~'.

Gauging H = Z, produces a pair of theories with symmetry category Rep(D,, ), as shown
in figure 12. Let us reproduce the symmetry category starting from T . There are the following
simple objects:

* The 1-dimensional orbit 1 = {1} may be supplemented by irreducible representations 1,
w of its stabiliser Z,. We denote the corresponding simple objects by 1, w.°

* The 1-dimensional orbit 0 = {y 2} may be supplemented by irreducible representations
1, w of its stabiliser Z,. We denote the corresponding simple objects by o, ow.

5They are pure topological Wilson lines for H = Z,.
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Ln,
T : Vect(Day) % T : Vect(Day,)
Lo,
Z2 ZQ
D2n D2n
T/ZQ : RQP<D2n) ,?\-/Zg : Rep(Dgn)
Figure 12

* The 2-dimensional orbits {3/, "'} with j = 1,..., % — 1 have trivial stabilisers. We
denote the corresponding simple objects by O;, j =1,...,5—1.

The fusion rules for irreducible representations may be computed following the recipe above
and are given by

wew =1, o®o0 =1, oW = ow, (60)

Oi ® O] = Oi+j @ Oi—j 5 (62)

where in the final line it is understood that Oy = 1@ w and Oz = 0 ® ow and O; = Ou; for
j # 0,5 mod n.
For n = 4 this simplifies to

wew =1, o®o0 =1, oW = ow, (63)
weO =0, 00 =0, (64)
00 =1owado®ow, (65)

and the symmetry category Rep(Dg) is a Tambara-Yamagami fusion category based on the
abelian group Z, x Z, = (0, w) with Frobenius-Schur indicator T = 1/2 and symmetric bichar-
acter u defined by u(o,0) = u(w,w) =1 and u(o,w) =—1 [33].

4 Three dimensions: Groups

In this section, we consider gauging a finite group symmetry G in three dimensions. As in sec-
tion 2, the resulting theory has topological Wilson lines in representations of G and generating
a Rep(G) 1-form symmetry. In addition, there are now topological surface operators arising
from combinations of two-dimensional condensation defects and SPT phases. The purpose
of this section is to show that the full spectrum of topological defects is captured by a fusion
2-category 2Rep(G) whose objects consist of 2-representations of the finite group G.

An output of the construction is a systematic derivation of properties of condensation de-
fects associated to topological Wilson lines generating a Rep(G) 1-form symmetry. This anal-
ysis applies for general non-abelian finite groups G, and in this sense generalises the analysis
of condensation defects that arise from higher gauging of invertible 1-form symmetries on
surfaces in [4].

4.1 Finite group symmetry

Consider a three-dimensional theory 7 with finite group symmetry G without 't Hooft anoma-
lies. The associated symmetry category 2Vec(G) is a fusion 2-category [34-36]. Let us sum-
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Figure 14

marise some of the important data. The simple objects are topological surfaces labelled by
group elements g € G with
gog' =gg’, g'=g", (66)

where g# denotes a topological surface with the opposite orientation. The dimension of all
simple objects is 1. These properties are illustrated in figure 13.

The categories of 1-morphism capture topological lines at junctions between surfaces, and
are given by

Vect, g=g,
Hom(g,8") = (67)
0, g#g.

In other words, there are only 1-endomorphisms consisting of vector spaces spanned by sums
of the identity line operator on a symmetry generating surface. The composition and fusion
of 1-endomorphisms is determined by tensor product of vector spaces. The composition and
fusion of 1-morphisms are illustrated in figure 14.

A general object can be expressed as a sum

R=@ngg, (68)

geC

with non-negative integers n, € Z,.. This is represented by a G-graded set
R=]|R,, (69)
gea

under an identification R, = {1,...,n,} where elements of the set index the copies of the
symmetry defect g in (68). The sum and product of general objects are then disjoint union
and cartesian product of G-graded sets,

(R@R’)g:RguR;,

(R ® R/)g = |_| Rh X Rh’ . (70)
g=hh’
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The 1-morphisms are

HOITIT(R, R/) = @ VecthxRé s (71)
geC

whose summands are categories of R, X R’g-graded vector spaces or alternatively n, x n’g 2-
matrices whose components are vector spaces. The composition of 1-morphisms is determined
by matrix multiplication and tensor product of vector spaces. Fusion of morphisms is deter-
mined by tenor product of matrices and vector spaces. The 2-morphisms are homogeneous
linear maps between graded vector spaces.

4.2 Gauging a finite group

Now consider gauging the finite symmetry G of 7. We compute the symmetry category of 7/G
by gauging an appropriate algebra object in the symmetry category 2Vec(G) of 7. We classify
the topological surfaces and explain their physical interpretation as condensation defects. We
show that the topological surfaces are in 1-1 correspondence with 2-representations of G and
derive their fusion and 1-morphisms, which identifies the symmetry category with the fusion
2-category 2Rep(G).

4.2.1 Objects

Following section 2, the strategy is to define topological surfaces in 7 /G as topological surfaces
in 7 together with instructions for how networks of symmetry defects end on them in a manner
that is consistent with their topological nature.

This construction again proceeds via the algebra object in 7,

A=Ps, (72)

g€G

corresponding to the G-graded set with A, = {1} for all elements g € G. A topological surface
in 7/G is then specified by a topological surface in 7 together with instructions for how A
ends on it inside correlation functions, which need to satisfy various compatibility conditions
to ensure that the resulting surface is indeed topological.

The starting point is a general topological surface in 7 labelled by a G-graded set R. This
is supplemented by 1-morphisms

e Hom(A®R,R),

r€eHom(R®A,R), (73)

that specify how topological surfaces .4 end on it from the left and right. To formulate the
additional data and constraints concretely, we consider the component 1-morphisms

lh,g S HomT(h ® Rg, Rhg) ,

74
Ten € HomT(Rg ®h, Rgh)a 74

which are topological lines specifying how individual symmetry defects end on the surface.
The interpretation of these 1-morphisms is illustrated in figure 15.

As in two dimensions, these topological lines must satisfy compatibility conditions to en-
sure consistency with topological manipulations of networks of surfaces in the bulk. However,
in three dimensions, the conditions are not equalities but implemented by invertible topolog-
ical local operators, which are 2-isomorphisms in the symmetry category of 7.

In particular, the component 1-morphisms are supplemented by the following topological
local operators or 2-isomorphisms:
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Rhg Ry Ryn Ry

Figure 15

* There are normalisation 2-isomorphisms

L.
v 1z, = legs

v 1gp =7 75)
g’ R &:e>

and correspond to topological local operators on which the topological line operators
le,g>Tg, May end.

* There are left and right 2-isomorphisms

l .
\Ph,h’|g : lhh’,g = lh,h’g ® lh’,g ,

e (76)
qjg|h,h’ o Tenw = Toh b/ ® T'ehs
implementing compatibility with fusion of symmetry defects.
* There are 2-isomorphisms
l .
\I’thlh, : lh,gh/ ® rg,h’ = rhg,h/ ® lh,g , (77)

implementing compatibility of left and right 1-morphisms.

The interpretation of these 2-isomorphisms is illustrated in figure 16. For clarity, we have
flattened the surfaces and the attached symmetry defects are omitted: one must imagine sym-
metry defects attached to [}, , /r, , pointing out of/into the page.

The 2-morphisms must themselves satisfy further compatibility conditions. The first set
of conditions may be viewed as a normalisation condition for the 2-isomorphisms in equa-
tion (76) and take the form

l _ l l Tl

\Ijh,elg - lh;g ® \Ijg ’ \I’e,hlg - \Phg ® lh,g ’ (78)
r _ r r T

\pgle,h =Tgh ® \I’g , \I]g|h,e = \pgh ® Toh-

The second set of conditions ensure compatibility of the 2-isomorphisms with associativity of
the fusion of symmetry defects,

l l l l
(o] = o
Uhihyhslg © Whyalhsg © thaig) = Py hghalg © Uhyhohag ® Phy pyjg) 79)

r r — r r
Yot ahy © Wehylnyhy @ Ten) = Ygininyny © (Tehihohy @ Yepp p,)-

We are using here a shorthand notation where [}, 4, 1, denotes the identity 2-isomorphism
on the same topological lines. The interpretation of these conditions for the left 1-morphisms
is illustrated in figure 17.
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Rghh/

Figure 16

The task is now to classify solutions. First, the existence of 2-isomorphisms in (75)
and (76) imply the 1-morphisms [}, ,, o, are weakly invertible and provide explicit invert-
ing 2-isomorphisms. For example

l L. —
Upipe 0Vt () 'Ol =>1g ©0)
\I’i:,h—1|g o ‘Ifgr : (rgﬁ)_1 ®rgp= 1Rg ,
where we define (lh,g)_1 = lp1pe and (rg,h)_1 = rgpp1- All of the component 1-

morphisms may then be constructed from the components [, ., r, , using combinations of the
2-isomorphisms in equations (75) and (76). We must then solve these remaining component
1-morphisms and associated 2-isomorphisms.

Let us now use the above 2-isomorphisms to identify R, =R, =: S for all g € G. We then
formulate the remaining conditions on [, ,, . , using the combination

Pg = (re,g)_1 olg ., € Hom(S,S). (81)

This represents the topological line arising from the intersection of a symmetry defect g € G
with the topological surface. This is illustrated in figure 18.
The remaining 2-isomorphisms may be organised into combinations of the form

Y, i 1ls = pe, \Pg,h:pghipgophﬂ (82)

22


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

h e
lC,g
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Uy holhsg Iy hohsg W halg

l
Yhyho,hlg

R!I Rhthhg.{/
hihohs hihohg

Rh] hohsg

Figure 17

and are subject to the conditions’

Ve =¥, ®pg, Vee=pg®Y,,

(83)
Wy s © (P hy, ® Phy) = Yy iohs © (00, ® Yhyh,) s

which ensure compatibility when intersecting the surface with multiple symmetry defects as
illustrated in figure 19.
In summary, a topological surface in 7 /G is specified by the following data:

1. Aset S={1,...,n} € 2-Vec.
2. A collection of n x n 2-matrices p, € Hom(S, S).
3. A 2-isomorphism ¥, : 15 = p,.

4. 2-isomorphisms W, 1, : o = Pg © Pp-

"Here and in similar equations to follow, we abuse notation and abbreviate the identity 2-morphisms of 1-
morphisms p, by the same symbol p,.
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Py

Figure 18

The 2-isomorphisms are subject to the conditions (83). This is precisely the data of a 2-
representation of the finite group G in 2Vect [19-22].

Let us now summarise the classification of 2-representations following [22]. First, the 2-
isomorphisms imply that the 1-morphisms p, € Hom(S, §) are weakly invertible. For example,
we have

v

2g 1@V 1 1s=> P, ® P, (84)

As a consequence, they endow S with the structure of a G-set
o : G — Aut(S). (85)

More concretely, using S = {1,...,n}, up to isomorphism p, is an n x n permutation 2-matrix
whose non-zero entries are 1-dimensional vector spaces. It is therefore entirely determined
by the associated permutation representation o : G — S,. This is an analogue of topological
Wilson lines being labelled by linear representations.

Next, since pg, and pg 0 py, are permutation 2-matrices, they have only one non-zero entry
per row and column, which is a 1-dimensional vector space. The 2-isomorphisms ¥, ; are
therefore completely determined by a sequence of n phases {c;(g,h) € U(1)} specifying the
isomorphism between the 1-dimensional vector spaces in the j-th row. By varying the group
elements g and h, we can think of this sequence as a 2-cochain

c:GxG—- U™ (86)
Condition (83) then translates into the 2-cocycle condition
Co—gl(j)(h, k)—cj(gh,k)+cj(g,hk)—c;(g,h) =0, (87)
for all group elements g,h,k € G and j =1,...,n. Thus, c defines a class
c € HX(G,U(1)%), (88)

where U(1)® is the abelian group U(1)"*! supplemented with the structure of a G-module via
the permutation representation ¢. This is an analogue of Wilson lines in one-dimensional
representations of G, which are SPT phases H!(G, U(1)).

In summary, topological surfaces in 7 /G are 2-representations of the finite group G, which
can be labelled by pairs (S, ¢) consisting of

1. aG-set S,
2. aclass c € H*(G,U(1)°).
The dimension of the 2-representation is |S| = n. Two 2-representations labelled by (S, ¢) and

(8’,c’) are considered equivalent if there exists a bijection f : S — &’ of G-sets that maps
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c to ¢’ by acting on the coefficients. This agrees with the classification of 2-representations
described in appendix A.3.2. Note that for one-dimensional 2-representa-tions S = {1} one
specifies a group cohomology class ¢ € H%(G,U(1)). The associated topological surfaces are
constructed by inserting the associated SPT phase supported on a surface in the path integral
of T/G.

The 2-representations with n > 1 are called condensation defects in the physics litera-
ture.® A clean physical interpretation of the topological surfaces with n > 1 is perhaps not
transparent in the current formulation, but this will be remedied momentarily with a more
direct construction of simple objects or irreducible 2-representations.

4.2.2 Sum, product, conjugation

The sum and product of topological surfaces in 7 /G are inherited from those of parent topo-
logical surfaces in 7 and correspond to sum and product in the symmetry category 2Vec(G).
They correspond to natural ways in which to combine the data labelling 2-representations fo
G and are described in generality below.

8From a mathematical perspective, they are all condensations, see e.g. [18].
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First, given two G-sets S and S’, we define their direct sum and tensor product via disjoint
union and Cartesian product respectively, i.e.

SesS' =Sus’,

8
SeS8'=8x8, (89)

with the appropriate induced G-actions. More concretely, let us write S = {1,...,n} and
S8’ ={1,...,n'} with permutations o,0’ : G — S,,,S,,. Then

NP - X0)) jESs,
(0@ 0"),(j) = {G,g(]._n)m ines, ©0)
(0®0),() = (0,(),0L("), j=(i)eSxS.

provide explicit permutation actions on S® S’ and S® §’.
Similarly, given two classes ¢ € H?(G,U(1)®) and ¢’ € H%(G,U(1)°), we define their
direct sum and tensor product

coc eH? (G, U(l)‘%s/) ,

, 91
c®c € H? (G, U(1)5®s ) ,
by setting for each g,h € G
j )h > j € S}
o) lgh = {9E&D TS
Cj_n(g9 h), J—n € S 5 (92)

(C®C/)j(g)h) = Ci(gah)+cl'//(gzh)> jz(i’i/)e’sxsl'

It is straightforward to check that these satisfy the appropriate 2-cocycle conditions. Com-
bining these formulae provides a combinatorial definition of the direct sum and fusion of
topological surfaces (S, c) and (S’,¢’) in 7/G.

In addition, the conjugation of a 2-representation (S,c) may be defined as the 2-
representation (S, ¢)* := (S, —c).

These operations coincide with the corresponding operations in 2Rep(G), as described in
appendix A.4.

4.2.3 1-morphisms

The 1-morphism categories capture topological lines that sit at junctions between topological
surfaces. The 1-morphisms between two topological surfaces in 7 /G may be constructed
from 1-morphisms between parent topological surfaces together with instructions on how they
interact with networks of symmetry defects in 7.

Let us first consider the 1-morphism category

Hom6(1,(S,¢)), (93)

which describes topological lines bounding or screening a topological surface (S,c). The
starting point is then the 1-morphisms of the parent topological surface in 7. However,
as above, the problem may be reduced to the component 1-morphisms Homs(1,S) with
R, =S :={1,...,n}, which are S-graded vector spaces or equivalently collections of vec-
tor spaces {V;} index by j € {1,...,n}.

The component 1-morphisms must satisfy compatibility conditions involving the topolog-
ical lines p, € Hom(S, S) arising from the intersection with symmetry defects. In particular,
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these topological lines may end at the boundary on topological local operators corresponding
to 2-isomorphisms in 7,

® Hom;(1,S) = Hom;(1,S). 94)

g:
Concretely, such a 2-isomorphism is a collection of linear maps &, ; : V; — Vo, () for all
j=1,...,n. This is illustrated in figure 20.

The compatibility with the fusion of symmetry defects intersecting the parent topological
surface in 7 requires that the 2-morphisms compose as

Denj = ¢j(&h) - g 0.() © Py (95)

The additional phase arises due to the same anomaly inflow mechanism described in sec-
tion 2.3. This condition is illustrated in figure 21.

To summarise, an object in the 1-morphism category Hom (1, (S, c)) is determined by
the following data:

* A collection of vector spaces {Vi,...,V,} indexed by S = {1,...,n},
* a collection of linear maps &, ; : V; — Vo, () satisfying

Senj = ¢j(81) " P05 © Phj-
We call this an S-graded projective representation of G. Note that this reduces to an ordinary
projective representation for a one-dimensional 2-representation or topological surface con-
structed from an ordinary cohomology class ¢ € H2(G, U(1)). In this case, the topological line
corresponds to a Wilson line whose anomalous transformation is cancelled by anomaly inflow
from the topological surface, similar to section 2.3. The general case is a vast generalisation
of this picture.

This data of a 1-morphism in Hom/5(1, (S, ¢)) can be framed more invariantly as follows:

1. Avector bundle mt:V — S.
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2. A projective homomorphism ¢ : G — Aut()V) satisfying

nod=corm, (96)
where ¢ : G — Aut(S) is the G-action on S.

Here, by projective homomorphism we mean & is a group homomorphism up to multiplication
by elements ¢ € U(1)®!, viewed as bundle automorphisms

VEV; = ¢V, (97)

This can be seen as a more abstract way to formulate the composition property in (95).

Having classified the objects, let us now consider the 2-morphisms in Hom5(1, (S, c)).
They may also be computed from 7 and generalise the notion of intertwiners between pro-
jective representations to S-graded projective representations. In particular, a 2-morphism
between 1-morphisms (), ®) and (), ®) is specified by collections of linear maps

. /
mj.Vj—>Vj, (98)

such that

<I>;,’jomj = Mg (j)© Py, - (99)

They can be regarded as bundles maps m : V — V' commuting with the projective G-actions.
This clearly reduces to ordinary intertwiners between projective representations for a one-
dimensional 2-representation.

In summary, we have found that

Homy6(1,(S,c)) = Rep®(G), (100)

is the category of S-graded projective representations of G with cocycle c. A more detailed
exposition of this category can be found in appendix B.1.

We can now generalise this result to 1-morphisms between arbitrary pairs of topological
surfaces, with the result

Homy6((S,¢),(S,¢")) = Rep®®S-<=9(G). (101)

This may be computed directly by generalising the line of reasoning above, or alternatively
using the folding trick to equate the result with 1-morphisms from the trivial topological sur-
face to the tensor product (S, c)* ® (S, ¢’). This agrees with the classification of 1-morphisms
between 2-representations in 2Rep(G) described in appendix C.1.

Finally, note that for 1-dimensional 2-representations described purely by two group co-
homology classes ¢, ¢’ € H2(G,U(1) we have

Homyg(c,c’) = Rep ~(G), (102)

corresponding to topological Wilson lines in projective representations of G, whose anomalous
transformations are absorbed by anomaly inflow from the SPT phases c, ¢’ on the adjoining
surfaces. In particular, the category of endomorphisms of any 1-dimensional 2-representation
reproduces the fusion category Rep(G) of ordinary representations of G and corresponds to
genuine topological Wilson lines.
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(S, C) (Sl, C/) (S//, C//)

Figure 22

4.2.4 Composition of 1-morphisms

The composition of 1-morphisms also has a convenient description in terms of S-graded pro-
jective representations. The composition corresponds to functors

Rep(8®8’,c’—c)(G) % Rep(S’&S‘”,c”—c’)(G) N Rep(S®S”,c”—c)(G)’ (103)

which is illustrated in figure 22.

Given an S ® S’-graded representation (V,®) and an S’ ® S”-graded projective represen-
tation (), ®’), their composition is an S ® S”’-graded projective representation (V, ®)o (V’, ')
that can be constructed as follows:

* The collection of vector spaces V o)’ is given by

/ /
VoV = D Yiin® Vi) (104)
j/eS/

* The collection of linear maps ® o &’ is given by

/ / _ / /
(@0d),-(vov');; = 62 (@, v ) ® (@ -v(j/’j//)) . (105)
]/e /

It is straightforward to check that this defines an S x S”-graded projective representation with
2-cocycle ¢ — c. Further details on the composition of graded projective representations can
be found in appendix B.5.

4.2.5 Fusion of 1-morphisms

The fusion of 1-morphisms also has a convenient description in terms of S-graded projective
representations. Let us first consider fusion of 1-morphisms of the form

HomT/G(lz (S’ C)) X HomT/G(l’ (S/’ C/)) E’ Hom’T/G(]-’ (8, C) ® (S/’ C/)) ) (106)

which are illustrated in figure 23.
This corresponds to the fusion of graded projective representations,

RepSI(G) x Rep ) (G) > Rep©®S-c+)(G). (107)

To describe this fusion explicitly, consider an S-graded projective representation (), ®) and
an S&’-graded projective representation (), ®’). Their fusion is the S ® S’-graded projective
representation (V,®) ® (V/,®’) where

* The collection of vector spaces V ® V' is given by (V® V) ;) =V; ® Vj’,.
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Figure 23

* The collection of linear maps ® ® ¢’ is given by ( ® &), (; iy =P, ; ® <I>’g’j,.

This may then be generalised to fusion of 1-morphisms between arbitrary pairs of topological
surfaces, for example, using the folding trick.

As a consistency check, consider the fusion of 1-endomorphisms of the trivial surface (or
any one-dimensional 2-representation), which are ordinary topological Wilson lines. It is clear
that this reproduces the tensor product of ordinary representations of G, which is the correct
fusion of topological Wilson lines in 7 /G. More details on sums and fusions of graded projec-
tive representations can be found in appendix B.2.

4.3 Simple objects

Let us now consider simple objects in the symmetry category 2Rep(G) of 7 /G, which corre-
spond to irreducible 2-representations of G. This uncovers an alternative mathematical struc-
ture that sheds light on the physical interpretation of topological surfaces corresponding to
2-representations of dimension greater than one in terms of condensation defects.

4.3.1 Irreducible 2-representations

The decomposition of topological surfaces into simple topological surfaces corresponds to the
decomposition of a 2-representation (S, ¢) into irreducible 2-representations.

First, we may decompose any G-set as a union of disjoint orbits S = U,O,, which form
transitive G-sets by definition. Second, there is an associated decomposition ¢ = & ¢, into
classes on each orbit according to the isomorphism

H*(G,U(1)%) = @ H2(G,U(1)%). (108)

Consequently, any 2-representation (S, c) of G can be decomposed as a direct sum

(S,0) = P (Og ), (109)

a
of simple objects, where the latter are labelled by pairs (O, ¢) consisting of

1. a G-orbit O,

2. aclass c € H*(G,U(1)9),
and correspond to irreducible 2-representations of G. More details on the latter can be found

in appendix A.6.
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4.3.2 Induction

The irreducible 2-representations may also be obtained by induction of one-dimensional 2-
representations of subgroups H C G, leading to a more direct physical construction of topolog-
ical surfaces that clarifies their relationship to condensation defects for the topological Wilson
lines.

The first observation is that, given an irreducible 2-representation (O, c’) of G, we may
use the orbit-stabiliser theorem to relate the G-orbit O to a subgroup H := Stab(x) C G acting
as the stabiliser of a fixed element * € . Similarly, we can define a group cohomology class
ci=cly€H 2(H,U(1)), which can be interpreted as a 1-dimensional 2-representation of the
subgroup H C G, also known as the restriction of (O,c’) to H;

c = Resg((’), . (110)

Conversely, any irreducible 2-representation (O, ¢’) can be obtained as the induction of a one-
dimensional 2-representation of a subgroup H C G labelled by a group cohomology class
¢ € H?(H,U(1)) [22]. Let us write this correspondence as

(0,¢’) = Ind§(c). (111)
Explicitly, the induction works as follows:

1. Given the subgroup H C G, we can obtain a G-orbit by setting O = G/H. The permuta-
tion action of G on O can be constructed by picking a system {rq,...,r,} of representa-
tives of left H-cosets r;H and defining 0 : G — S, by

g1 € 1o (pH- (112)

In addition, this allows us to define little group elements

Eg’j = r;gl(j)-g-rj € H. (113)
2. Utilising Shapiro’s isomorphism
2 ~ 2 (@]
H*(H,U(1)) = H(G,U(1)"), (114

we can construct a class ¢/ € H2(G,U(1)?) from ¢ by setting
’ —
Cj(gl, g2) Dl C(egl,ag—ll(j): EgZ’Ug_llgz(j))’ (115)

where Kgl’o-gll(j) and {,,

21, () are little group elements associated to g;, g».

One can check that the 2-representation (O, c’) obtained in this way depends on the coset

representatives r; only up to isomorphism. More details on the induction of 2-representations

can be found in appendix A.5.
In summary, simple objects may alternatively be labelled by pairs (H, c) consisting of
* asubgroup H C G,
 aclass c € H*(H,U(1)),

and correspond to irreducible 2-representations of G. Two such simple objects labelled by
(H,c) and (H’,c’) are considered equivalent if there exists a g € G such that

H' = gHg™!, and ¢ =c8, (116)
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where (c8)(hy,h,) :=c(g th,g, g thyg) for all hy,h, € H'.

In computing fusion and 1-morphisms of simple objects below, we will encounter a ver-
sion of Mackey’s decomposition formula for the restriction of induced one-dimensional 2-
representations to other subgroups. Namely,

(RestOIndg)(c)z @ Indgan(cg), (117)
[g]eH\G/K

where the summation is over representatives g of double cosets and K¢ = gKg~!. On the
right-hand side of equation (117) we view c¢ as a class on H N K¢ and therefore ought to
write Resggﬂ xe(c®) instead of simply c®. In order to avoid cumbersome notation, we will
leave this implicit in what follows.

Finally, we note that the induction of 2-representations reflects an alternative physical
construction of simple topological surfaces. They correspond to topological surfaces in 7 /G
where the bulk gauge symmetry is broken down to H C G by a partial Dirichlet boundary
condition, supplemented by a two-dimensional SPT phase ¢ € H?(H, U(1)) for the unbroken
gauge symmetry. Surfaces corresponding to equivalent simple 2-representations are physi-
cally indistinguishable as they are related by a residual symmetry transformation. The above
interpretation of full condensation defects with H = 1 and full Dirichlet boundary conditions
appeared in [4]. The case H # 1 was also considered in [11].

4.3.3 Fusion of simple objects

We now consider the fusion ring generated by decomposing products of simple topological
surfaces as sums of simple topological surfaces. While the structure follows from the gen-
eral construction of direct sums and tensor products of 2-representations above, we will also
provide an explicit description in terms of induced 2-representations.

Let us then introduce a basis of G-orbits O, and denote simple objects by (O,, c) where
¢ € H*(G,U(1)%). The fusion rules will take the form

(00, 0)®(0p,¢') = P nly - (O, ¢, (118)
Y

where the coefficients’ ”2 p can be determined as follows:

* The fusion of underlying orbits corresponds to the Cartesian product. The coefficients
nz € 7., are therefore determined by decomposing the cartesian product of orbits as a
disjoint union

_ Y
Oy xO0p = | |nl,-0,. (119)
Y

* The associated cohomology classes ¢’ are determined using the sum and product defined
in (92). Concretely, if O, = {1,...,n,} and Og = {1,...,ng}, then the class ¢”’ on the
orbit O, € O, x Op is given by the formula

17

_ /
. =G +cj,, (120)

for each element (j, ;') € O,.

°Here, the fusion coefficients nz are positive integers. Equivalently, one may view them as the result of

stacking with a decoupled 2d TQFT: Since 2d fully extended stable TQFTs are completely determined by positive
integers n, stacking such a TQFT 7, on top of a surface defect X simply corresponds to taking the direct sum
T.8X=Xo®.6X=n-X.
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This provides a full description of the fusion structure of simple topological surfaces.
However, it is also useful to reformulate the fusion structure in terms of induced 2-
representations. From this perspective, the simple objects are labelled by conjugacy classes
of subgroups H, C G together with classes c, € H2(H,, U(1)).
First, the decomposition of the Cartesian product of G-orbits is equivalent to the double
coset decomposition formula

G/Hy x G/Hg = | | G /(H,NHj), (121)
[§]eH,\G/Hy,

where the summation is over representatives g of double H,-Hg-cosets. The cohomology
classes decompose such that the class associated to the summand G/(H, NH g) is

Cq ® cg € H?(H,nHS, U(1)), (122)

where restriction of arguments to the intersection is understood.
In summary, the fusion of simple topological surfaces is

(Hor o) ® (Hpocp) = €D (HamHg,caeacg), (123)
[g]eH,\G/Hy

where an appropriate restriction of the classes to H,NH g is understood implicitly on the right-
hand side. This provides another concrete method to compute the fusion structure and agrees
with the fusion of irreducible 2-representations described in appendix A.6.

The fusion formula may also be viewed as an application of Mackey’s decomposition for-
mula together with the push-pull formula for induced 2-representations via the following ma-
nipulations,

(Hq,cq) ® (Hp,cp) = Indga(ca) ® Indflﬂ (cp)
_ G G G
= IndHa (c, ® ResHaIndHﬁ (cp))

_ G Hg g
= EB Indy; (ca ® IndHa - (Cp ))
[gleH,\G/Hp #

- @ IndgamHg(cat@cﬁg)
[g]eH,\G/Hp P

@ (HaﬂHg,ca®cﬁg),
[¢]€H,\G/Hp

(124)

112

where the appropriate restrictions on the ¢’s are understood implicitly in the final line.

We now consider some special cases. The simplest is perhaps the fusion of one-dimensional
2-representations or pure SPT phase topological surfaces, which is addition of the associated
cohomology classes,

c®c’ =c+c’. (125)

This is consistent with a direct path integral argument by inserting SPT phases supported on
surfaces in 7 /G. A generalisation is the fusion of a one-dimensional 2-representation (or pure
SPT phase) with a general irreducible 2-representation or condensation defect. The result is
that

(H,c) ® ¢ = (H, c +Res(c). (126)

This formula reflects the fact that the gauge symmetry is broken to a subgroup H C G on the
topological surface and therefore fusion with another SPT phase ¢’ only detects the restriction
to the subgroup H C G.
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We may also restrict attention to the fusion of simple topological surfaces corresponding
to normal subgroups. This produces a summation of the form

(Hyrco) ® (Hp,cp) = €D (H.NHg, ca®cp), (127)
[g]eH,\G/H

with a common subgroup appearing in each summand. This reflects the fact that fusion of
topological surfaces breaking the gauge symmetry to normal subgroups H,, Hg will break the
gauge symmetry to the intersection H, N Hg. In particular,

(H,o) @ (H,) = P H, ca()), (128)

[g]leG/H

when fusing 2-representations induced from the same normal subgroup H C G.
Finally, if G is abelian, the fusion structure simplifies dramatically with a single summand
appearing in the fusion of simple objects

(Ha,Ca)®(Hﬁ,Cﬁ) = naﬁ'(HaﬂH/j,ca®c[5), (129)
where the coefficient on the right-hand side is

|Ha nHﬁl

— |G|, 130
) H, (130)

ngs = |H,\G/Hp| =

by the Cauchy-Frobenius lemma. This again reflects the fact that fusion of topological surfaces
breaking the gauge symmetry to abelian subgroups H,, Hg will break the gauge symmetry to
the intersection H, N Hpg.

4.3.4 1-morphisms

We start by considering topological lines on which a simple topological surface (O,c’) may
end. They are captured by the 1-morphism category

Homy (1, (O,c")) = Rep©<(G), (131)

which is the category of (-graded projective representations of G with 2-cocycle
¢ € H*(G,U(1)?) by specialising the general result (100).

It is also useful to reformulate this result in terms of induced 2-representations where
we label the simple topological surface by a pair (H,c) with (O,c’) = Indg(c). As described
in appendix B.3, the 1-morphisms may be obtained by an analogous process of induction. In
particular, any O-graded projective representation (), ®) of G may be obtained as the induction
of an ordinary projective representation ¢ : H — GL(W) of H with cocycle ¢ € H2(H,U(1)).
Let us write this correspondence as

(V,®) = IndS(W, ¢). (132)

Moreover, 2-morphisms or morphisms in the category of 1-morphisms are obtained by induc-
tion of intertwiners between projective representations.
In summary,
Homy (1, (H,c)) = Rep“(H), (133)

is the category of projective representations of H with 2-cocycle ¢ € H?(H, U(1)). The objects
may be regarded as Wilson lines for the unbroken gauge symmetry H C G, whose anomalous
transformation is cancelled by anomaly inflow from the attached two-dimensional SPT phase
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surface defect, as described in section 2.3. In particular, endomorphisms of the identity object
reproduces ordinary representations

End7/;(1) = Rep(G), (134)

corresponding to genuine topological Wilson lines.

We can now generalise this result to 1-morphisms between pairs of simple topological
surfaces by specialising (101) or using the folding trick together with the fusion described
above. The result is that

Homy((H,0), (H',)) = (P Rep™ (N EH)?). (135)
[gleH\G/H'

This agrees with the classification of 1-morphisms between irreducible 2-representations de-
scribed in appendix C.1.

We are particularly interested in 1-endomorphisms describing topological line operators
on a simple topological surface,

End/g(H,c) = € Rep” “(HNH?). (136)
[gleH\G/H

In the special case when H C G is normal and ¢ = 0, this becomes

Endy/(H) = €P Rep(H). (137)
[geG/H

Note that this clearly contains Rep(H) as a sub-category. Furthermore, by considering only
trivial representations in each summand, it also contains Vect(G/H) as a sub-category. The
fusion structure on these sub-categories stems from the composition of 1-morphisms, which
turns End/(H) into a fusion category. We will expand on this in more detail below.

From a physical perspective, this captures the fact that the simple topological surface breaks
the gauge symmetry to down H C G, leaving a residual global symmetry G/H on the defect.
In other words, the 1-endomorphisms of the surface defect in 7 /G contain topological Wilson
lines for H and symmetry generators for G/H that arise from symmetry generators in 7 ending
on the surface.

These symmetries exhibit a mixed 't Hooft anomaly of the type discussed in [17], which is
straightforward to describe explicitly when H is abelian and Rep(H) = Vec(H). If we consider
the exact sequence

1->H—->G—-G/H -1, (138)

with extension class e € H2(G/H, H) then the 't Hooft anomaly takes the form
f hUe(a), (139)
X3

with background fields he Hl(Xg,ﬁ) and a: X5 — B(G/H).

4.3.5 Composition of 1-morphisms

We restrict our attention to composition of 1-endomorphisms of a simple object associated to
a normal subgroup H C G and ¢ = 0. The general case is described in appendix C.3.

As above, we can think of 1-morphisms as sums of pairs ([g], ¢) consisting of a coset
[g] € G/H and a topological Wilson line in a representation ¢ : H — GL(W) of H. The
composition of these 1-endomorphisms is

([g1],¥1) o ([g2), 92) = ([81] ‘[g2], p1® (Soz)gl), (140)
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Figure 24

where the product structure on G/H is understood and ¢ : H — GL(W) is the conjugated
representation defined by

@8(h) = ¢(g 'hg). (141)

This endows the sub-categories Rep(H) and Vect(G/H) separately with their obvious fusion
structure. However, due to the appearance of the twist (¢,)3! in (140), the fusion category
End7/(H) is not in general equivalent to the product Vect(G/H) x Rep(H).

4.3.6 Fusion of 1-morphisms

The general case of fusions of 1-morphisms between simple topological surfaces is presented
in appendix C.2. Here we restrict ourselves to an instructive example that illustrates the con-
densation nature of the topological surfaces.

Consider the fusion of the identity 1-endomorphism Id .y € End(H,c) of a simple
topological surface labelled by (H,c) and a general 1-endomorphism of the identity surface
¢ € End(1) = Rep(G). This is the fusion of a topological surface with a topological Wilson
line as illustrated in figure 24. We find that

dEo®¢ = ¢lu, (142)

which captures precisely the condensation nature of the topological surfaces. In particular, for
the full condensation defect with H = 1, all of the topological Wilson lines condense on the
surface.

4.4 Examples
441 G=1,

Let us consider the simplest example G = Z,. The theory 7 has symmetry category 2Vec(Z,)
with two simple objects 1, s with fusion s ® s = 1 and non-trivial 1-morphism categories
Hom(1,1) = Homy(s,s) = Vect.

Upon gauging the symmetry G, the resulting theory 7 /G has topological Wilson lines
generating the Pontryagin dual Z, 1-form symmetry. However, there is also condensation
surface defect for the topological Wilson lines and the full symmetry category is the fusion
2-category 2Rep(Z,).

The simple objects are irreducible 2-representations. There are only two Z,-orbits: the
trivial orbit with stabiliser Z,, and the maximal orbit with trivial stabiliser. There are no SPT
phases because H%(Z,,U(1)) = 0. Let us denote the corresponding simple objects by 1, X,
respectively. The physical interpretation of these objects is clear: 1 is the identity surface,
while X is the condensation defect for the Z, 1-form symmetry.
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Their fusion is determined by

X®X = 2X, (143)

which follows from the fact that the cartesian product of two maximal orbits decomposes as a
sum of two orbits. The 1-morphism categories are

End7,6(1) = Rep(Z,), (144)
Homy/(1,X) =Homy/6(X,1) = Vect, (145)
Endy/6(X) = Vect(Z,). (146)

A diagrammatic representation of 2Rep(Z,) can be found in appendix C.4.1.1°

442 G=127yx1Z

As a slightly more involved example, let us consider G = Z, x Z,. The theory 7 has symmetry
category 2Vec(Z, x Z,) with four simple objects 1, s, 5o, s_ with fusion

2 2 2_1
- >

sT=s5=5>
S+ 80 =Sx, (147)
S, S_=S$g,

and non-trivial 1-morphisms Hom(1, 1) = Hom(s.,s.) = Hom(s,,s,) = Vect.

Upon gauging the symmetry G, the symmetry category of the resulting theory 7 /G is
the fusion 2-category 2Rep(Z, x Z,). There are now five orbits, corresponding to the five
subgroups of Z, x Z, acting as stabilizers of the orbits: the group G = Z, X Z, itself, three
subgroups of order 2, and the trivial subgroup. In particular, the trivial orbit with stabilizer
G = Z4 % Z,, can be supplemented by an SPT phase

a € H*(Zy x Zy,U(1)) = Z,. (148)

Let us denote the corresponding simple objects by 1%, X; and Y respectively (wherei = 1,2, 3).
Their fusion is determined by

1°@1F = 1¢4F (149)

X; ®X; = {ZX“ iri=j, (150)
Y, if i#7j,

X;®Y = 2Y, (151)

Y®Y = 4Y. (152)

A diagrammatic representation of 2Rep(Z, x Z,) can be found in appendix C.4.3.'!

5 Three dimensions: Split 2-groups

We now generalise section 4 to gauging a finite 2-group symmetry in three dimensions. We em-
phasise that we consider finite 2-group symmetries with finite O-form and 1-form components.
A common source of such symmetries in dynamical gauge theories is discussed below in sec-
tion 6. Aspects of 2-group global symmetries (typically with continuous 0-form components)
and their ’t Hooft anomalies have been investigated in [37-46].

ONote that in appendix C.4.1 we used the labels 1 and 2 for the simple objects of 2Rep(Z,).
Note that in appendix C.4.3 we used the labels 1%, 2., 2,, 2_ and 4 to denote the simple objects of
2Rep(Z, % Z).
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G=A1]xH G=AxH
Afl] _ N
T : 2Vec(G) T : 2Vec(G)
H H
T/H : 2Rep(G) T/H : 2Rep(G)

Figure 25

In this paper, we focus on gauging a split finite 2-group with vanishing Postnikov class,
leaving more general finite 2-groups to a subsequent paper. Such a 2-group is specified by
a finite O-form symmetry group H, a finite abelian 1-form symmetry group A and a homo-
morphism ¢ : H — Aut(A). By a natural extension of the notation for a split extension or
semi-direct product group, we denote this by

G:=A[1]xH. (153)

As for a semi-direct product group in two dimensions in section 3, the O-form and 1-form
components of an anomaly free split 2-group may be gauged independently. This generates
the commuting square of symmetry categories illustrated in figure 25, where the arrows denote
gauging the labelled symmetry.

The upshot is that the symmetry category resulting from gauging the split 2-group symme-
try is the fusion 2-category 2Rep(G) of 2-representations of G. In particular, we will enumerate
the topological surfaces and show that they are in 1-1 correspondence with 2-representations
of G. We will also consider in detail the fusion, 1-morphisms, fusion or 1-morphisms and com-
position of 1-morphisms. The structure of this category for general finite 2-groups has been
elaborated in [20].

In this section, we will actually begin our exploration from the theory 7 = 7 /A[1] in
figure 25 obtained by gauging the 1-form component of the 2-group symmetry. This has a
finite O-form symmetry taking the form of a semi-direct product

G=AxH, (154)

and the associated symmetry category 2Vec(G) has been discussed at the beginning of sec-
tion 4. This allows us to generalise the results of section 4 in two directions by gauging sub-
groups of the symmetry G:

* First, gauging A C G recovers the original theory 7 with finite 2-group symmetry
G = A[1] x H. This allows us to derive the full structure of the symmetry category
2Vect(G) associated to a split 2-group symmetry.

* Second, gauging H C G is equivalent to gauging the entire 2-group symmetry G of 7~
and results in the symmetry category 2Rep(G) of 2-representations of G.

The two generalisations can be treated in a similar way, by means of a combination of argu-
ments in sections 3 and 4.
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5.1 Split 2-group symmetry

We first consider the symmetry category 2Vec(G) of 7. This is essentially a higher analogue of a
semi-direct product combining contributions from 2Vect(H) and 2Rep(A) obtained by gauging
the symmetry A. The derivation is therefore a mild generalisation of section 4 taking into
account the additional action of H on A, and therefore we do not perform the derivation in
detail. To our knowledge, the presence of condensation defects arising from 2Rep(A) has not
been emphasised in the literature.

Let us start by enumerating the simple topological surfaces by combining simple objects of
2Vect(H) and 2Rep(A). The simple topological surfaces are therefore labelled by pairs

((0,¢),h), (155)

where (O, ¢) is an irreducible 2-representation of Aand h € H. Here we have chosen to label
the irreducible 2-representation as in (109), namely:

1. O is a A-orbit,
2. c € H3(A,U(1)°).

The fusion of simple topological objects is determined by fusion in 2Vect(H) and
2Rep(A), together with the natural action of H on 2-representations of A. In particular, let
o : A — Aut(O) denote the transitive action of A on the orbit . For any h € H, we then
define O" as the A-set with the same underlying set but shifted action 0’;{ := 0 ,n. The higher
analogue of the semi-direct product fusion rule is then

(0,0),) (O, c),h)=(O 0", coc™),hK). (156)

Notice that the topological surface on the right-hand side is not necessarily simple. It can be
decomposed into simple objects as outlined in section 4.3.3, either using (118) or the subse-
quent discussion on induced representations.

We now briefly summarise 1-morphisms. They again combine the result (67) for 1-
morphisms in 2Vect(H) and (101) for 1-morphisms in 2Rep(A), taking into account the H-
action on A. We obtain the result

Rep@20"c"=(@),  h=N,

Homy7(((0,¢), h), (0, ), 1)) = { . hew 057

which can again be understood as Wilson lines in projective representations of A, whose
anomalous transformation is compensated by inflow from the topological surfaces. Compo-

sition and fusions of 1-morphisms are determined by those in 2Vec(H) and 2Rep(A) and the
H-action on A.

5.2 Gauging a split 2-group

We now consider gauging the finite 0-form symmetry group H C G of T . This is tantamount to
gauging the entire 2-group G =A[1] x H of T. Following the line of reasoning and combining
arguments from sections 3 and 4, we will show here that this results in a theory with the
symmetry category 2Rep(G), the fusion 2-category of 2-representations of the 2-group G.

5.2.1 Objects

Since the arguments are a combination of those in sections 3 and 4, we will be brief. We start
from 7 = T /A[1] with 0-form symmetry group G = AX H and symmetry category 2Vec(G). A
general topological surface in T is labelled by a G-graded set R.
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In order to gauge H C G, we introduce the algebra object

Ay =EPh, (158)
heH
which is the G-graded set with
{1}, if geH,
A), = 159
(An)g {0, if g¢H. (159)

This is analogous to the algebra object in (72) but now restricted to the subgroup H analo-
gously to the two-dimensional case (30).

Topological surfaces in ?/ H can be identified with topological surfaces in T together with
instructions for how networks of the algebra object may consistently consistently end on them.
The instructions are implemented by 1-morphisms

l € Hom(Ay ® R, R),

160
r € Homr(R® Ay, R). (160)
To formulate additional data and constraints, we consider the components
I, ,eHom+(h®R,,Ry,), he€EH,
h,g ’T( g hg) (161)

ren € Hom (R, ®h,Re,), h€H,

which are topological lines specifying how individual symmetry defects end on the surface.
Consistency with topological manipulations require the existence of various 2-isomorphisms
between these 1-morphisms. These are the same as the ones (75), (76) (77) that we encoun-
tered in section 4, but now with appropriate restrictions to H.

To make further progress, we write elements of G =A X H as g = (y,h) with y € A and
h € H, and by a slight abuse of notation R, =R, ;. Similarly to section 4, the existence of
2-isomorphisms allows us to construct all component 1-morphisms from the components

lhy: h®R,. = Rynp,

162
Thy: Rye®h = Ryp, (e

where the shift y" appears in the left action due to the ordering in the semi-direct product.
The 2-isomorphisms imply that these 1-morphisms are weakly invertible and we can identify
Ryn =R, .=:S, using the right action.

We now form the combination

Phy = (r%h’h)_1 olpy, : S = Sy, (163)

which represents the topological line arising from the intersection of a symmetry defect h € H
with the topological surface. The various remaining 2-isomorphisms may be organised into
combinations

‘Ilh,h/lx : phh’,){ = ph;}(h/ Oph’,X’ \Ijell : 15}( = pe,l’ (164)

subject to the compatibility conditions

\I/h,el)( = ph,x®\pe|x: \Ije,hlx = \pelxh®ph,x}

(165)
Whihyhslz © (Whyhylxts ® Phay) = Wnyhohy 1y © (Ohy yhons ® Wpyhy1y)s

which are illustrated in figure 26.
In summary a topological surface in 7/G is labelled by the following data
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- Ph,x " \ch|x

lg. |
S h SXE SX

he Ph,x

\phbhg‘xllg Phs,x

Y by halx
thlh'2h3 SX SX]"IthB SX

hihohs hihahs
Figure 26

1. A collection of sets S, € 2Vect indexed by y € A.

2. A collection of 2-matrices py, , € Hom(S,,S,») for allh € H.
3. 2-isomorphisms ¥, , : 151 = Pey-

4. 2-isomorphisms Wy, /|, : Pp,, = Phyt © Pz

where the 2-isomorphisms are subject to the compatibility relations above. This is precisely
the data of a 2-representation of the finite 2-group G =A[1] X H in 2Vect.
Let us now classify 2-representations up to isomorphism. We introduce the total set

S=1]s,, (166)
=

with
Pp = EB Phy: §—S. (167)
x€A

Since individual 1-morphisms are weakly invertible, p; : S — S is weakly invertible and acts
by a permutation 2-matrix. However, there are restrictions on the form of this permutation.
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To understand the restrictions, note that for each element j € S, we may associate a character
Xj €Asuchthat j € ij' The form of the individual 1-morphisms py, , : S, — S,» implies that

2= Zowts (168)

where o, is the underlying permutation at the level of sets. This says that the H action on
the collection y; from the semi-direct product A x H coincides with that coming from the
permutation representation on the set S.

Next, since pyy , and py 4 © ppy , are permutation 2-matrices, the 2-isomorphisms Wy, |,
are completely determined by a sequence of |S, | phases cj.‘ (h,h") € U(1) specifying the iso-
morphism between the 1-dimensional vector spaces in the j-th row. We can combine these
phases into an overall sequence c(h,h’) € Uu(D)! by setting

¢j(h, 1) := ¢['(h,k'), for jES. (169)
This defines a 2-cochain
c: HxH — U(1)°, (170)

which as a consequence of the compatibility condition (165) satisfies the 2-cocycle condition
Cagl(j)(h/’ h//) - Cj(hh/, h”) + Cj(h, h/h//) - Cj(h, h/) = 0. (171)

This defines a class
c € H*(H,U(1)®), (172)

where U(1)° denotes the abelian group U(1)!! supplemented with the structure of a H-
module via the permutation representation o.

To summarise, topological surfaces in 7 /G correspond to 2-representations of the split
2-group G =A[1] x H labelled by triples (S, c, y) consisting of:

e AH-setS.
e Aclass c € H2(H,U(1)%).

* A collection of y; € A indexed by j € S such that
2] = Xowi)- (173)

Here 0 : H — S, denotes the permutation action of H on S. The size |S| = n is again the
dimension of the 2-representation. Two 2-representations labelled by (S, c, ¥) and (S, ¢/, x’)
are considered equivalent if there exists a bijection f : O — O’ of H-sets that maps ¢ to ¢’ and
xtoy.

If A is the trivial group, ¥y = (1,...,1) and the above data reduces to the classifying data
of a 2-representation of the ordinary group H as in section 4.2.1.12 More details on the clas-
sification of 2-representations of split 2-groups can be found in appendix A.3.2.

5.2.2 Sum, product, conjugation

The sum and product of topological surfaces are determined from those of the parent objects
in 7 and follow from the sum and product of the underlying H-sets and cohomology classes
as in section 4, together with the abelian group structure on characters A.

12In section 4 we denoted finite groups by G instead of H.
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Consider two topological surfaces labelled by triples (S,c, ) and (S’,c’, ¥’). The direct
sum is the topological surface labelled by the triple

S,c,p)o (S, y)=(SeS, cad,yoy), (174)

using the definitions in (90) and (92) and y ® ¥y’ = y U x’'.
Similarly, the fusion is the topological surface labelled by

(Se,x)® (S, x)=(Ses,cec, yor), (175)
using the definitions in (90) and (92) and y ® y’ is defined by
(x® 2 )iy = 1+ 2] €A, (176)

for all (i, j) € S® S’. Here, we used an additive notation to denote the group structure on the
abelian group A.

In addition, the conjugation of a 2-representation (S,c,y) may be defined as the 2-
representation (S, c, y)* := (S,—c,—y) where we have again used additive notation. These
operations agree with the corresponding operations in 2Rep(G) as described in appendix A.4.

5.2.3 1-morphisms

Consider the 1-morphism category

Homy6(1, (S,¢, %)), 177)

which describes topological lines bounding or screening the topological surface (S, c, y). This
is determined by 1-morphisms of the parent topological surface in 7. However, the computa-
tion is again determined by the component 1-morphisms involving

R L (178)
jeS
In particular,
Hom#(1,8) = EPHom=(1,R, ) = Vec(S(x)), (179)
jeS
where
S(x) ={jeS|y;j=1}cS. (180)

This happens because the only 1-morphisms in T are 1-endomorphisms.

These 1-morphisms are supplemented, as discussed in section 4.2.3, by a collection of
linear maps ensuring compatibility with intersections of symmetry defects. The result is that
the objects are again graded projective representations of H. However, the support of the
graded projective representation is now restricted to S(y) € S. We therefore write

Homy6(1, (S, ¢, 1)) = Reply)(H), (181)
for the category of graded projective representations of H with support S(c) C S.
More generally, the 1-morphism space between arbitrary topological surfaces is

Homy/((S,¢, 1), (8',¢, 1)) = Reply ™ (H), (182)
where ¥ denotes the complex conjugation of y with respect to the coefficients in U(1), or sim-
ply the inverse in A. When A = 1, this reproduces the 1-morphism between 2-representations
of the ordinary group H in section 4.2.3. More details on the classification of 1-morphisms in
2Rep(G) can be found in appendix C.1.

The composition and fusion of 1-morphisms is given by the composition and tensor product
of graded projective representations as described in sections 4.2.4 and 4.2.5. One can check
that these operations respect the corresponding restrictions of the support imposed by the
characters y.
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5.3 Simple objects

The simple topological surfaces are those that cannot be written as a direct sum of other
topological surfaces and correspond to irreducible 2-representations of G.

5.3.1 Irreducible 2-representations

Generalising the discussion in section 4.3, a general topological surface (S,c, y) can be de-
composed into simple objects by decomposing the underlying H-set S into H-orbits. A simple
topological surface is then labelled by triples (O, c, y) consisting of

e A H-orbit O.
» Aclass c € H3(H,U(1)9).

* A collection of y; € A indexed by j € O such that
2= oyl (183)

We emphasise that the collection {y;} does not necessarily form a H-orbit in A. This fact,
together with the group cohomology class c € H2(H, U(1)?), means we arrive at a larger class
of simple objects than the gauging procedure in [5].

However, the fact that O is a transitive H-set implies that the collection { )(j} of a simple
object is constructed from at most one H-orbit in A, albeit as a union of multiple copies of that
orbit. This multiplicity is the origin of condensation defects in our construction. An extreme
example is the collection

¥ =1{1,...,1}, (184)

with |O| entries, which is a pure simple condensation defect. At the other extreme, simple
objects where the collection {y;} form a single H-orbit are topological surfaces that do not
involve condensation at all. The general case is a mixture.

In summary, the set of simple objects may be partitioned into subsets labelled by H-orbits
in A. Each subset contains a minimal object where the collection {y ;} consists of a single H-
orbit in A and ¢ = 0. This is joined by associated condensation surfaces involving multiple
copies of the same orbit and nontrivial classes c. To put it another way, the simple topological
surfaces, modulo condensations and SPT phases, are labelled by H-orbits in A. After analysing
1-morphisms below, we will see that these subsets can be regarded as the connected compo-
nents of the symmetry category 2Rep(G).

5.3.2 Induction

An alternative description of simple topological surfaces can be obtained by utilising the fact
that every irreducible n-dimensional 2-representation (O, c’, y’) of G can be seen as being
induced by a 1-dimensional 2-representation (c, y) of a sub-2-group (A[1] X K) € G with
K C H a subgroup of H of index |K : H| = n. Let us write this correspondence as

(0,c, ") = IndS(c, x). (185)

Thus, we can alternatively label the irreducible 2-representations of G or simple topological
surfaces by triples (K, c, y) consisting of

* asubgroup K C H,

* aclass c € H2(K,U(1)),
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* a K-invariant character y € A.

From a physical perspective, this again corresponds to a topological surface in 7 /G where
the bulk gauge symmetry is broken down to K C H by a partial Dirichlet boundary condi-
tion, supplemented by a two-dimensional SPT phase ¢ € H2(K, U(1)) for the unbroken gauge
symmetry.
Two such triples (K, c, ¥) and (K’,c’, ') are considered equivalent if there exists a g € G
such that
K = gHg!, ¢ = c8, 1 = x8, (186)

where (c8)(k;, ky) := c(g k18,8 k>g) and (14)(a) := x(a®).

When A = 1, the reproduces the labelling of irreducible 2-representations of an ordinary
group H as in section 4.3.2. More details on the induction of 2-representations of split 2-groups
can be found in appendix A.5.

5.3.3 Fusion of simple objects

The fusion of simple topological surfaces may again be determined by introducing a basis O,
of H-orbits and decomposing Cartesian products into disjoint unions of orbits.

From the point of view of induced 2-representations, we label the simple topological sur-
faces by subgroups K, € H (corresponding to the stabilisers of the orbits O,) together with a
class ¢, € H*(K,,U(1)) and a K,-invariant character y, € A. The fusion of two such simple
topological surfaces is then given by

(KasCas 2a) ® (Kpocpo2p) = EP (KuNKR, ca®cpy 2a® X)) (187)
[t]eK,\H/Kg

When A = 1, this reduces to the fusion rule for simple 2-representations of the ordinary group
H as in section 4.3.3. More details on the fusion of simple 2-representations of G can be found
in appendix A.6.

We consider a few special cases. First, the fusion of 1-dimensional irreducible 2-
representations (c, y) and (¢, ¥’) labelled by SPT phases c¢,c’ € H2(H, U(1)) and H-invariant
characters y, ¥’ € A corresponds to addition of the associated cohomology classes and charac-
ters,

), x)=(c+cd, x+x). (188)

If H is abelian, fusion simplifies to

(KasCa Xa) © (Kp,cp, xp) = EB (KaﬂKﬁ,cachﬁ,)(a@)(;;). (189)
[t]€K,\H/K

Note that, unlike in 4.3.3, the right-hand side is not necessarily a multiple of a single sum-
mand, but a priori consists of a sum of several different simple topological surfaces due to the
appearance of the character y, ® )(Z.

5.3.4 1-morphisms

The category of 1-morphisms between simple topological surfaces can again be simplified using
the notion induced graded projective representations (see appendix B.3).
The category of topological lines screening a simple topological surface labelled by (K, c, )
is given by
Homy (1, (K,c,x)) = 6,,1-Rep‘(K). (190)
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More generally,

Homy6((K,¢,2), (K',c, 7)) = @D Rep®'“(kn (k). (191)
[]eK\H/K':
="

When A = 1, this reduces to 1-morphism categories between irreducible 2-representations of
the group H, as in section 4.3.4. Further details on the classification of 1-morphisms between
irreducible 2-representations can be found in appendix C.1.

For 1-endomorphisms of a simple topological surface we obtain

Endr/g(K,c,z) = @D Rep” “(Knk™M). (192)
[t]eH/K:
x=x1"

If H is abelian, this further simplifies to

Endr/6(K,c,x) & O  Rep(k), (193)
[t]le(H/K),

where we denoted by (H/K), the subgroup of H/K consisting of all [t] € H/K such that
" = y. The fusion structure on the right-hand side is induced by the composition of 1-

morphisms, which is identical to the composition of 1-morphisms described in (140).

5.3.5 Connected components

Finally, let us comment on the connected components of the symmetry category. A conse-
quence of (191) is that 1-morphisms between distinct simple objects exist if and only if y,
x’ lie in the same H-orbit in A. In other words, the connected components of the symmetry
category are labelled by H-orbits in A.

5.4 Example

Let us consider a theory 7 with 2-group symmetry G = (Z, X Z,)[1] % Z,, where Z, acts on
(Zy x Z5)[1] by exchanging the two cyclic factors. In other words, we identify H = Z, and
A =74 xZ,. This is the 2-group analogue of the ordinary symmetry group Dg = (Zy X Zy) X Z,.

Let us determine the symmetry category 2Rep(G) of 7 /G explicitly following the proce-
dure described above. The simple objects are irreducible 2-representations constructed from
the trivial orbit {1} with stabiliser K = Z, and the maximal orbit {1,2} with trivial stabiliser
K = 1. There are no additional SPT-phases because

H*(Z,,U(1)) = 0. (194)

However, each orbit O can be supplemented by a collection y of H-equivariant characters of
Z4 X Z,. Let us denote the characters of Z, x Z, by {1, 1, X2, X1X2}- Labelling each simple
object by a pair (O, y), the simple objects are then given by

* the trivial 2-representation 1 = ({1}, (1)),
* a l-dimensional 2-representation V = ({1}, (11 )(2)),
* a 2-dimensional 2-representation D = ({1, 2}, (x1, )(2)),

e condensation defect X = ({1,2}, (1, 1)),
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« condensation defect X' = ({1,2}, (x1%2, X1X2))-

It is straightforward to compute the fusion rules following the general procedure described in
section section 5.2.2. In particular, we find

vev=1,
VeD=D®V =D,
Vex =X, (195)
DeD=X®(laV),
X®D=D®X=D®&D,
X®X =2X.

Note that the only invertible simple objects are 1 and V.

It is worth focussing in particular on the fusion
DeD=X®(1aV), (196)

and specifically on the appearance of the condensation defect X as a factor on the right-hand
side. In [5], the condensation defect arose from the global fusion of topological surfaces on a
compact 2-surface ¥, and is expressed in the form

D(2,) ® D(Z,) = Ziz(zz)e Z%(Z)’ (197)

where the denominators express the fact that from the perspective of 7 /G the Z, 1-form
symmetry is gauged along the surface 3., as described in [4]. In contrast, we include here the
condensation defects X, X’ from the beginning as simple objects in the symmetry category.

The 1-morphism categories are computed using the procedure described in section 5.3.4
with the result

End(1) = End(V) = Rep(Z,), (198)
End(X) = End(X’) = Vect(Z,), (199)
End(D) = Vect, (200)
Hom(1,X) = Hom(V,X’) = Vect, (201)

with all other 1-morphism spaces vanishing.

Note that the only 1-morphisms between distinct objects are between the condensation
defects. Therefore the connected components of the symmetry category are labelled by the
three Z,-orbits in Z, x Zy: {1}, {x1, x>} and {y; x>} with representative objects 1, D, V.
A diagrammatic representation of the 2-category 2Rep((Z, x Z,)[1] X Z,) can be found in
appendix C.4.2.1

6 Applications to gauge theory
A common source of finite split 2-groups of the type discussed in section 5 are the automor-

phism 2-groups of compact connected simple Lie groups, whose 0-form component consists
of outer automorphisms and 1-form component consists of the centre. The automorphism

13Note that in appendix C.4.2, we labelled the simple objects by 1, 2, and 2,, which correspond to the simple
topological surfaces 1, «> 1, 1_« V, 2, <> X, 2_ <> X’ and 2, <> D in our current notation.
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2-group is then realised as a symmetry of associated dynamical gauge theories based on this
simple Lie group.

Gauging outer automorphisms leads to dynamical gauge theories with disconnected gauge
theories and non-invertible symmetries [5]. In this section, we apply the results of section 5 to
compute and identify the symmetry category of certain disconnected gauge theories in three
dimensions with 2-representations of a group or 2-group.

6.1 Automorphism 2-group

Consider a simple Lie algebra g and denote the associated compact, connected, simply con-
nected Lie group G. The associated automorphism 2-group takes the form

Z(G) x Out(G), (202)
where
* Out(G) is the group of outer automorphisms of G
* 7(G) is the center of G.

and the Out(G)-action on Z(G) is induced from the action of outer automorphisms on G.
Let us now consider a pure gauge theory 7 in D = 3 dimensions with gauge group G.'*
This displays an automorphism 2-group symmetry where

* A O-form charge conjugation symmetry Out(G).
* A 1-form symmetry Z(G) generated by topological Gukov-Witten defects.

and charge conjugation acts on topological Gukov Witten defects by the action of outer auto-
morphisms on representative of conjugacy classes. The symmetry is free from 't Hooft anoma-
lies.

6.2 Gauging

Following the discussion in section 5, we may independently gauge the 0-form and 1-form
components of the symmetry leading to a commuting square of theories shown in figure 27.
In particular, gauging the 1-form centre symmetry Z(G) results in a theory T corresponding
to a dynamical gauge theory with the Langlands dual gauge group 'G. This has a magnetic
0-form symmetry

m (*6)=2(6), (203)

forming part of a semi-direct product O-form symmetry
1(*G) x Out(G). (204)

Now gauging outer automorphisms on either side leads to a dynamical gauge theory with
a disconnected gauge group and non-invertible categorical symmetry given by a fusion 2-
category of 2-representations.

The symmetry categories are summarised in figure 27. This reproduces and extends exam-
ples considered in [5] with a systematic inclusion of condensation defects and full description
of the symmetry category.

4Higher dimensional versions are discussed in the following section.

48


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

-~

T T
Z(G)[1]
2Vect(Z(G)[1] x Out(G)) 2Vect(m (X G) x Out(G))
T (LG)

Out(Q) Out(G)
2Rep(71 (FG) x Out(G)) 2Rep(Z(G)[1] x Out(Q))
T /Out(G) 7 /0Out(G)
Figure 27
Spin(4N) PSO(4N)

(Z2 X Zg)[l]
2VCCt((ZQ X Zg)[l] X Zg) 2VCCt((ZQ X Zz) A Zz)
Z2 X Zg
ZQ Z2
2Rep((Z2 X Za) X Zs) 2Rep((Z2 x Z2)[1] x Z2)
Pin™ (4N) PO(4N)

Figure 28

6.3 Example
Let us start from the three dimensional gauge theory 7 with gauge group
G = Spin(4N). (205)
This has automorphism 2-group symmetry
(Zy x Z)[1]1 % Zy, (206)

where Z, acts by permuting the two factors in Z, x Z,. Gauging generates the commuting
square of gauge theories and symmetry categories in figure 28. In particular, the symmetry
category of the PO(4N) gauge theory was considered in detail in section 5.4.

7 Generalisations

7.1 Higher groups and higher dimensions

The results of this paper have a natural generalisation to gauging a split n-group G in dimen-
sion D > 3 with n = 1,...,D — 1 with vanishing Postnikov data. They are determined by a
finite O-form symmetry group H, a collection of finite abelian g-form symmetry groups A,, and
homomorphisms ¢, : H — AutAg, with ¢ =1,...,n—1. Following our previous notation, this

would be denoted
D—2
(l_[Aq[q]) % H. (207)
q=1
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G=Alq x H G=AD-q-2/xH
Ald] ~ ~
T : (D —1)Vect(G) = T : (D —1)Vect(G)
H H
T/H : (D —1)Rep(G) T/H : (D —1)Rep(G)

Figure 29

This entire symmetry may be gauged following the methods in this paper by gauging the
subgroups Ay ---,A1, H in sequence.

The symmetry category of 7 /G is expected to be a the fusion (D — 1)-category
(D — 1)Rep(G). To the authors’ best knowledge, a rigorous definition and construction of
such higher categories is not yet available in the mathematical literature. There is a recent
explicit description of 3Rep(G) for an ordinary group G in and more generally we refer the
reader to for the state-of-the-art.

Nevertheless, some features may be safely determined. Indeed, the construction of higher
representations of higher groups is to some extent inductive in nature. For example, the de-
scriptions topological surfaces as 2-representations in this paper is enough to compute the
2-category of (D —1)-fold iterations of endomorphisms of the identity in 7 /G. For G and ordi-
nary finite group, there will certainly exist simple codimension-1 topological surfaces labelled
SPT phases

ce HP7Y(G,U(1)), (208)

with 1-morphisms )
Homy/g(c,c¢") = (D —1)Rep® ~°(G), (209)

given by projective (D —2)-representations of G with cocycle ¢’ —c. This structure can already
be seen for 3-representations in D = 4 in. However, as D = 3 already demonstrates there will
certainly exist many more simple objects.
Particularly simple examples are split higher groups involving a single g-form symmetry
with g > 0, which may be written
G=Alq]xH, (210)

for some q = 1,...D — 2. Gauging symmetries will produce a commuting square of theories
illustrated in figure 29. In particular, the example g = 1 arises uniformly in pure dynamical
gauge theories in D-dimensions where G is the automorphism 2-group of a simple, compact,
connected Lie group G. The situation becomes rather symmetric in D = 4 where gauging
a 1-form symmetry results in another 1-form symmetry and is illustrated in figure 30. This
encompasses the full symmetry categories of anomaly free examples in four dimensions in [5].

7.2 Postnikov data, subgroups, ’t Hooft anomalies

An important extension is to consider gauging more general higher groups with non-trivial
Postnikov data, which is closely connected to gauging more general subgroups and mixed ’t
Hooft anomalies. This will bring into the fold more examples of non-invertible symmetries in
higher dimensions considered in [2,3,7]
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Spin(4N) PSO(4N)
(ZQ X Zg)[l}
3V€Ct((ZQ X Zg)[l} A Zz) 3Vect((Z2 X Zg)[l] el ZQ)
(ZQ X Zg)[l}

Zg Z2
3Rep((Za x Z2)[1] x Z>) 3Rep((Za x Z2)[1] % Zo)
Pin* (4N) PO(4N)

Figure 30

Let us consider the situation in dimension D = 3 and consider a theory with a finite 2-
group G constructed from a 0-form symmetry H, abelian 1-form symmetry A and non-trivial
Postnikov class e € H3(H,A). This may be regarded as a higher analogue of a finite group
extension and for this reason it is sometime written as

1-5A[1]>G—>H-1. (211)

The non-trivial Postnikov data means that the commutative diagram of theories considered for
example in figure 25 is restricted to a diagram where the bottom left corner is removed.

Starting from a theory 7 with 2-group symmetry G of this type, one cannot now gauge the
0-form symmetry H. On the other hand, gauging the 1-form symmetry A[1] leads to a theory
T =T /A[1] with a direct product 0-form symmetry

AxH, (212)

with a mixed ’t Hooft anomaly

J aUe(h), (213)
X4

with background fields a € H!(X,,A) and h : X, — BH [47].

Subsequently gauging the 0-form symmetry H in the theory 7 is equivalent to gauging the
entire 2-group symmetry G in 7. By this sequence of gauging, and generalising the methods
in this paper, one compute the resulting symmetry category explicitly and demonstrate that
it is equivalent to 2Rep(G). This and higher dimensional analogues will be considered in a
subsequent paper.
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A Higher representation theory

Ordinary symmetries in quantum field theories can often be described by the structure of
ordinary groups. These can be discrete or continuous, abelian or non-abelian. A useful way
to study ordinary groups is via their representations, which form an ordinary category.

On the other hand, higher form symmetries in quantum field theories can often be de-
scribed by higher categorical analogues of groups. The aim of this appendix is to define the
first instance of such a higher categorical generalization, and to study a corresponding higher
categorical analogue of the notion of representations. Our description follows [48].

A.1 2-groups

The first higher categorical generalization of the notion of a group is called a 2-group. In
the following, we will define 2-groups abstractly in analogy to the categorical description of
ordinary groups.

A.1.1 Groups as categories

Let us begin our discussion with the well-known notion of an ordinary group:

Definition A.1. A group is a category C with a single object, all of whose morphisms are
invertible.

Pictorially, we can visualize this by representing the single object of C by « , and all of its
morphisms by loops starting and ending at e :

QO
@

81 82 -

The composition of morphisms then provides a binary operation

o: End;(e) x Endc(e) — End;(e), (A.2)

which we can visualize pictorially by

g1C-©gz =, -leogz- (A.3)

As a consequence of the axioms of a category and our assumption of invertibility of mor-
phisms, the binary operation o has the following properties:

* Associativity: For all gq, g4, g3 € End(e) it holds that

(81082)083 = g1°(82°83)- (A.4)
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* Identity element: There exists a distinguished morphism e := Id, € End(*) such that for
all g € End. ()

goe = eog = g. (A.5)

* Inverse element: For each morphism g € End.(e), there exist a distinguished morphism
¢~ ! € End(+) such that
gogl=glog=c. (A.6)

The binary operation o is also called group multiplication. Since the whole structure of the
category C is contained in the endomorphism space of « and the group multiplication on it,
we will often denote C by (End(e), ©) in what follows.

A.1.2 2-groups as 2-categories

We can now readily generalize the notion of a group by adding an additional layer of structure
to the picture in (A.1). This leads to a higher categorical analogue of a group:

Definition A.2. A 2-group is a 2-category G with a single object, all of whose 1-morphisms
and 2-morphisms are invertible.

Pictorially, we can visualize this by adding 2-morphisms as “morphisms between mor-

phisms” to the picture in (A.1):
e
S OUON.
< O‘ D . (A.7)
&1
v

&2

B

The vertical composition of 2-morphisms then provides a map

*: 2Homg(g1,82) x 2Homg(g,,83) — 2Homg(g1,83), (A.8)

which we can visualize pictorially by

g1 &1
( ()
82 « 5 . axf3. (A9)
\ @
83

&3

Furthermore, the horizontal compostion of 2-morphisms provides a map
*: 2Homg(g1, 82) x 2Homg(g3,84) — 2Homg(g7 © g2, 83°84), (A.10)

which we can visualize pictorially by

53


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

glogz

83°g4

As a consequence of the axioms of a 2-category and our assumption of invertibility of 1-
morphisms and 2-morphisms, the vertical and horizontal compositions * and * have the fol-
lowing properties:

B
* Associativity of *: Given 2-morphisms g, EN g9 = g3 N g4, it holds that
(axB)xy = ax(Pxy). (A.12)

p
* Associativity of x: Given 2-morphisms g, = g9, 83 = g4 and g5 N g6, it holds that
(axB)xy = ax(B+y). (A.13)

* Identity elements: For each 1-morphism g in G there exists a distinguished 2-morphism
Id, € 2Endg(g) such that for all a € 2Hom(g, g’) it holds that

Idg*a = a*Idg/, and Id,xa = ax1d,. (A.14)

* Inverses for x: For each 2-morphism a € 2Homg(g, g’) there exists a distinguished 2-
morphism a ! € 2Homg(g’, g) such that

axa t= Idg s and alxa= Idg/ . (A.15)

/ /

B p
* Exchange law: Given 2-morphisms g; = 2o = g3 and h; = hy => hg, it holds that

(axa)x(B*p) = (axp)+(a'*p). (A.16)

Note that the exchange law guarantees that the different possibilities to compose 2-morphisms
in the flower diagram

&1 hy
a/ \ﬁ
* 83 hs P

using * and * are compatible with one another. Furthermore, given any a € 2Homg(g1, g2),

the exchange law implies that the 2-morphism

a = -1 -1 -1

a = (Idgz—l) *(a™) * (Idgl—l) € 2Homg(g; ", &, ), (A.18)
is an inverse of @ w.r.t. x in the sense that axa =axa =1d,.

Example A.3. Given a group C, we can always construct a trivial 2-group containing C by
attaching to each 1-morphism g in C its identity 2-morphism Id,. Thus, as expected, the
notion of a 2-group contains the notion of an ordinary group.
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A.2 2-representations

Having generalized the notion of a group to a higher categorical analogue, we would like to
do the same for the notion of representations of groups. Here and in the following, what we
mean by “representations” are linear representations on complex vector spaces, all of which
we take to be finite-dimensional.

A.2.1 Representations as functors

Let us recall the notion of ordinary representations of an ordinary group C:

Definition A.4. A representation of C is a functor F : C — Vect from C into the category Vect
of vector spaces.

More concretely, what this means is that F assigns
* a vector space V := F(e) to the single object  of C,
* alinear map Fy : V — V to each morphism g € C.

Pictorially, we can visualize this as follows:

QO . QO .
GO T O,

4

Compatibility of F with composition then ensures that for all g, g’ € C it holds that

FgOg/ = FgOFg/. (A20)

As a usful by-product, the description of representations as functors allows us to readily
define what we mean by a morphism between representations F and F’ of C:

Definition A.5. An intertwiner between F and F’ is a natural transformation € : F = F’.

More concretely, what this means is that € assigns to the single object « of C a linear map
¢ := €, between the vector spaces V := F(s) and V' := F’(s), such that for each morphism
g € C there is a commutative diagram

Fg
V——V

wl ltp _ (A.21)
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A.2.2 2-representations as 2-functors

In order to lift up the notion of representations to the level of 2-groups, we need to introduce
the 2-categorical analogue of the category Vect of vector spaces:

Definition A.6. The 2-category 2Vect of 2-vector spaces consists of the following data:
* It’s objects are natural numbers n € N.

* Given two objects n,m € N, the 1-morphism space Homyy,(11, m) between them is given
by the space of (n x m)-matrices A whose entries are vector spaces. Pictorially, we write
this as

A
n — m. (A.22)

Composition of 1-morphisms is given by “matrix multiplication” using direct sums and
tensor products of vector spaces, i.e.

m
(AoB)y == P A;;®Bj;. (A.23)
j=1
Pictorially, we write this as
A B o AoB
n—m—1 — n —— I[. (A.24)

* Given two 1-morphisms A, B € Homy,(n, m) between n and m, the 2-morphism space
2Homyy.. (A, B) between them is given by the space of (n x m)-matrices ¢ whose (i, j)™
entry is a linear map ¢;; : A;; — B;;. Pictorially, we write this as

' m. (A.25)

Vertical composition of 2-morphisms is given by composition of linear maps, i.e.

(px)ij = ¢ij 0 Yy, (A.26)
which we write pictorially as
A A
ST A
n %} m =, n “(p*’l,b m. (A.27)
N YA vy S

c Cc

Horizontal composition of 2-morphsims is given by “matrix multiplication” using direct
sums and tensor products of linear maps, i.e.

(o * )i = D @iy @Y, (A.28)
j=1
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which we write pictorially as

A C AoC
n % m Y s — n p*YP s. (A.29)
B D CoD

In analogy to before, we can now readily define what we mean by a 2-representation of a
2-group G:

Definition A.7. A 2-representation of G is a 2-pseudofunctor F : G — 2Vect from G into the
2-category 2Vect of 2-vector spaces.

More concretely, what this means is that F assigns

* anatural number n := F(¢) to the single object « of G,

* a(n x n)-matrix F, with vector spaces as entries to each 1-morphism g in G,
* a (n x n)-matrix F(a) with linear maps as entries to each 2-morphism a in G.

We call n € N the dimension of F. Pictorially, we can visualize this as follows:

v g/ ¢
p F(B)

Compatibility of F with composition of 2-morphisms then ensures that

* for all vertically composable 2-morphisms a and 8 in G it holds that

Flaxp) = Fla) * F(B), (A.31)

* for all 2-morphisms a and f in G it holds that

Flaxp) = Fla) » F(B). (A.32)

In addition, since F is a 2-pseudofunctor, there exist specified 2-isomorphimsms

bt Fo =1, and ¢y, Fgo Fy = F, (A.33)

gog’>

called the identifier and the compositor, respectively, which are subject to the following com-
patibility conditions:
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* For all 1-morphisms g, h and k in G the diagram

Idz * @i
fgofhofk _— ]:gothk

Pgn*ldz, Pgonk (A.34)

‘Fgohofk _— f ohok
Dok

commutes w.r.t. vertical composition of 2-morphisms.

* For all 1-morphisms g in G the following diagrams “commute”:
¢ *Id]: Id]: * d)e

]:e o F g ]:e . (A35)

\/v

In analogy to before, it is now straightforward to generalize the notion of intertwiners
between representations to the notion of intertwiners between 2-representations:

Definition A.8. A I-intertwiner between two 2-representations F and F’ of G is a pseudonat-
ural transformation ¢ : F = F'.

More concretely, what this means is that ¢ assigns

* a l-morphism ¢ := &, : n — m to the single element » of G,

* a2-morphism e, : ¢ o ]-"é = F, o ¢ to each 1-morphism g in G,
so that the following compatibility conditions are satisfied:

* ( is compatible with the identifiers of F and F’ in the sense that the following diagram

commutes:
8

@OF’:]—;O@
1d *qs\ / ,+1d, . (4.36)

* ¢ is compatible with the compositors of F and F’ in the sense that for all 1-morphisms
g7 and g, in G the following diagram commutes:

ogoo}"/

*Id% \d]_- *Eg,
poFy

/
Id(p *¢g1,g2 ¢)glsg2 *I

(A.37)

(p ‘/_"glog2 : fglogz (P

g1°82
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* ¢ is compatible with the 2-morphisms in G in the sense that for any 2-morphism
a: g — g’ in G the following diagram commutes:

€
4
@ O]:; _ ]:g oY
Id, * F'(a) Fla)*1d,. (A38)
(p O.Fé, 8: fg/ o (p
g/

As the denomination suggests, we can regard 1-intertwiners as 1-morphisms between 2-
representations. This viewpoint is supported by the fact that there is a natural way to compose
them:

Definition A.9. Let ¢ : F = F’ and ¢ : F/ — F” be two 1-intertwiners between 2-repre-
sentations F, 7' and F’, F” of G, respectively. Then, their composition is the 1-intertwiner
gog’: F= F" defined by

(e0&)e := poy’ (A.39)

(where ¢ = ¢, and ¢’ = ¢.), and
(eo0g), := (Idw * 8;) * (sg * Idw), (A.40)
for all 1-morphisms g in G.

The composition of 1-intertwiners then allows us to define what we mean by saying that
two given 2-representations of G are “essentially the same”:

Definition A.10. Two 2-representations F and F’ of G are said to be equivalent if there exists
an invertible 1-intertwiner ¢ : 7 = F’ between them.

In addition to 1-intertwiners, there also exists a notion of 2-intertwiners that can be seen
as 2-morphisms between two 1-intertwiners:

Definition A.11. Let ¢,¢’ : F = F’ be two 1-intertwiners between two 2-representations F
and F’ of G. Then, a 2-intertwiner between F and F’ is a modification 1) : € = ¢’.

More concretely, what this means is that 7 is a 2-morphism 7 : ¢ = ¢’ in 2Vect such that
the following diagram commutes for all 1-morphisms g in G:

&

4
(‘oo]:é > fgosp

T)*Id]:/ Id]:g *1. (A41)
&

Lp’°]:§ :>/ ]—‘go(p/

£

g

In summary, for each 2-group G we obtain a 2-category 2Rep(G) of 2-representations of G,
which can be described as follows:

Definition A.12. The 2-category 2Rep(G) consists of the following data:

* Its objects are 2-representations F : G — 2Vect.
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* Given two objects F and F’, the 1-morphism space between them is given by the space
of 1-intertwiners ¢ : 7 = F’. Composition of 1-morphisms is given by composition of
1-intertwiners as in Definition A.9.

* Given two 1-morpshims ¢ and &’ between two objects F and F’, the space of 2-
morphisms between them is given by the space of 2-intertwiners 7 : ¢ = ¢’. Vertical
and horizontal composition are given by vertical and horizontal composition in 2Vect,
respectively.

For the remainder of the appendix, we will be interested in studying the 2-category 2Rep(G)
for certain special types of 2-groups G that we will define below.

A.3 Classification

In the theory of ordinary groups and their representations, we often only care about fami-
lies of groups and representations that are “essentially the same”. Similarly, in the case of
2-groups and their 2-representations, we often only care about families of 2-groups and 2-
representations that are “equivalent” in an appropriate sense. A natural question to ask is
if there is a simple way to classify equivalence classes of 2-groups and 2-representations.
In the following, we will try to answer this question for special types of 2-groups and 2-
representations thereof.

A.3.1 Classification of 2-groups

The definition of 2-groups as a special kind of 2-categories is elegant but rather abstract. It
can be related to the more familiar concept of ordinary groups using the notion of crossed
modules. Recall that a crossed module is a quadruple (C, D, >, ), where

* ( is a group with group multiplication ®©,
* D is a group with group multiplication ®,
* >:C — Aut(D) is an action of C on D via automorphisms,

* J:D — C is a group homomorphism compatible with > in the sense that

d(gra) = ged(a)og !, (A.42)
d(a)>p = a®pfea?, (A.43)

forallgeCanda,p €D.
Remark A.13. Note that that relation (A.42) implies that
goho g™t €im(d), (A.44)

for all h € im(d) and all g € C, so that im(d) C C is a normal subgroup of C. Consequently,
the quotient coker(d) = C /im(2) is itself a group. Similarly, relation (A.43) implies that

[a,] =1, (A.45)

for all a € ker(9) and all § € D, so that ker(d) C D is a subgroup of the centre of D (and is

hence abelian). One can then check that > descends to a well-defined action of coker(J) on
ker(2).

Using the above, we can now state the following:
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Proposition A.14. There is a 1:1-correspondence between 2-groups and crossed modules.

Proof. We will only sketch one side of the correspondence. That is, given 2-group G, we can
define a crossed module (C, D, >, 3) as follows:

* We set the group C to be the 1-endomorphism space of the single object « in G together
with composition of 1-morphisms, i.e.

C := (Endg(e), o). (A.46)

* We set the group D to be space of 2-morphisms with source e € Endg(¢) together with
horizontal composition of 2-morphisms, i.e.

D := (2Homg(e, .), *). (A.47)

* We define the group homomorphism > : C — Aut(D) by
gra = (Idg—l) * O x (Idg), (A.48)
foreach g € C and a € D.

* We define the group homomorphism 0 : D — C by

a € 2Homg(e,g) — g € Endg(e). (A.49)

One can check that > and 9 as defined above satisfy the relations (A.42) and (A.43), so that
(C,D,»,d) forms a crossed module as claimed. O

Example A.15. Given a group D, we can use it to construct a crossed module (C,D,>,39)
by setting C := Aut(D), » :=1Id : C — Aut(D) and & := conj : D — C. We call this the
automorphism crossed module of D.

As a by-product, the description of 2-groups as crossed modules allows us to readily define
what we mean by a morphism between two 2-groups:

Definition A.16. Let G = (C,D,»,3) and G’ = (C’,D’,»’, 3’) be two crossed modules. Then,
a morphism between G and G’ is a pair (g, ) of group homomorphisms sitting in the commu-
tative diagram

D —) C
wl l (A.50)
—> leld
that respect the group actions > and >’ in the sense that
Y(gra) = p(g)» Y(a), (A.51)

for all g € C and a € D. The morphism (¢, 1)) is called an equivalence between G and G’ if it
induces group isomorphisms between ker(3) = ker(3’) and coker(d) = coker(2’).

Furthermore, the notion of crossed modules allows us to define what we mean by a sub-
2-group (or equivalently a crossed submodule) of a 2-group:

Definition A.17. A crossed module (C,D,», d) is called a crossed submodule of a crossed mod-
ule (C’,D’,v',3") if
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 C is a subgroup of C’,

* D is a subgroup of D’,

¢ the action > of C on D is induced by the action >’ of C’ on D’,

» 0 =0’|p is the restriction of 8’ to D.

Finally, we are able to classify equivalence classes of 2-groups as follows:

Theorem A.18. There is a 1:1-correspondence between equivalence classes of 2-groups G and
equivalence classes of quadruples (G, A, p, 8), where

* G is a group,

* Ais an abelian group,

* p: G — Aut(A) is an action of G on A via automorphisms,
e ez 2 (G,A) is a twisted 3-cocycle on G with values in A.

Two such quadruples (G,A, p,0) and (G',A’, p’, 8’) are said to be equivalent if there exist group
isomorphisms ¢ : G = G’ and ¢ : A= A’ such that

Y(gr,a) = ¢(g)Pyp(a), and  [p*(0')] = [o0], (A.52)
for all g € G and a € A, where [.] : Z;,w(G,A’) — Hg,o(p
into group cohomology. The class [6] € HE(G,A) is often called the Postnikov class of the
(equivalence class of the) 2-group G.

(G,A") denotes the projection

Proof. We will only sketch one side of the correspondence. That is, given a 2-group G, thought
of as a crossed module (C, D, >, d), we can construct a quadruple (G,A, p, 6) as follows: Ac-
cording to Remark A.13, the action > descends to a well-defined action p of the group
G := coker(2) on the abelian group A := ker(J). By definition, the isomorphism classes of G
and A do not depend on the equivalence class of G. In order to construct the twisted 3-cocycle
0, we embed G and A into the four-term exact sequence

1—3A<SD % c ™6 —51, (A.53)

where 1 denotes inclusion of Ainto D and 7 denotes projection from C onto G. We then choose
a section s : G — C such that wos =1d; and definec: G x G — C by

c(g1,82) = s(g1) @s(g2) @s(g1,82) 7, (A.54)

for all g;,g5 € G. Since moc =1, there exists a d : G x G — D with d od = ¢, which allows
us to define a 3-cochain 6 : G x G x G — D by

0(81,82,83) = [s(g1)>d(82,83) ] ® d(g1,82°83) ® d(g1-82,83) " ® d(g1,82) ", (A.55)
for all g4, g4, &3 € G. One can then check that
Jdof =1, and 6,0 =1, (A.56)

so that 6 defines a twisted 3-cocycle 6 € Zg(G,A) on G with values in A. One can check that
itsclass[6] € H g(G,A) in group cohomology does not depend on the choices of s and d, and

that equivalent 2-groups G and G’ lead to equivalent cohomology classes [6] and [6’] in the
sense of (A.52). O
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Example A.19. Let D be a group and let G be its automorphism crossed module as in Example
A.15. Then, G is classified by the quadruple (Out(D), Z(D),1d, 6), where Out(D) denotes the
group of outer automorphisms of D, Z(D) denotes the centre of D, and 0 classifies the trivial
double extension of Out(D) by Z (D) through the four-term exact sequence

conj e
> D > Aut(D) —» Out(D) —— 1. (A.57)

1

1 —— Z(D) ©

Remark A.20. In the following, we will abuse notation and speak of quadruples (G, A, p, 0) as
2-groups. According to Theorem A.18, this abuse of notation is justified if we only care about
2-groups up to equivalence.

The classification of 2-groups by quadruples (G, A, p, 8) allows us to define a special type
of 2-group that will be our main point of interest in the following:

Definition A.21. A 2-group G is said to be split if its Postnikov class vanishes, i.e. [0] = 0.

In other words, a split 2-group G is such that 6 is cohomologous to an exact piece. Using
equivalences of 2-groups, we can always remove this exact piece and set 8 = 0, so that, up to
equivalence, we can label split 2-groups G by triples (G, A, p) with G, A and p as above. It is
then straightforward to describe sub-2-groups of split 2-groups:

Lemma A.22. Let H = (H, B, n) be a sub-2-group of a split 2-group G = (G, A, p). Then,
* H C G is a subgroup of G,

* B CAisasubgroup of A,

* the action 1 of H on B is induced by the action p of G on A.

Remark A.23. Note that, given a subgroup H C G, we can always construct a split sub-2-
group (H,A, p|y) of G. Any other sub-2-group of the form H = (H, B, 1) can be obtained from
(H,A, ply) by restricting A to H-orbits B C Aw.r.t. p|y. In the following, we will therefore only
consider sub-2-groups of the form (H,A, p|g) for some subgroup H C G, which for simplicity
we also just denote by H C G.

A.3.2 Classification of 2-representations

We now turn to the classification of equivalence classes of 2-representations. For the remainder
of the appendix, we will fix G = (G, A, p) to be a finite split 2-group. As shown in [20,22], the
2-representations of G can then be classified as follows:

Theorem A.24. There is a 1:1-correspondence between equivalence classes of n-dimension-al
2-representations of G and equivalence classes of triples (o, ¢, y ), where

* 0:G — S, is a permutation representation of G on (n) = {1,...,n},
e ce ZCZT(G, U(1)") is a twisted 2-cocycle on G with values in U(1)",
e y € (AY)" is a collection of n characters of A,
such that for all g € G and a € A it holds that
grgs x(a) = x(grya). (A.58)

Two such triples (o, ¢, y) and (¢”/,c’, x’) are said to be equivalent if there exists a permutation

T € S, such that
o' =to00o017 !, [¢']=[trc], ¥ =Ty, (A.59)

where [.]: ZCZT,(G, umm) - HCZT,(G, U(1)") denotes the projection into group cohomology.
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Proof. We will only sketch one side of the correspondence. That is, given a 2-representation
F of G, we want to construct a triple (o,c, y) as above. To do this, we again think of the
2-group G as a 2-category and the 2-representation F as a 2-pseudofunctor from G to 2Vect,
as illustrated in (A.30).

Then, F assigns to each 1-morphism g in G a (n x n)-matrix F,, whose entries are vector
spaces. Due to the existence of 2-isomorphisms

Pggt * Do FgoFgr = 1, (A.60)

constructed from the compositors and the identifier of F, each F, contains only one non-
vanishing vector space per row and column, all of which are 1-dimensional. Thus, we can
think of 7, as a (n x n)-permutation matrix for each 1-morphism g in G, which induces a
permutation representation

o : (Endg(s),0) — S,. (A.61)

In particular, if there exists a 2-isomorphism a : e = g in G, we can construct the 2-
isomorphism
Fla) ', 1 Fg =1, (A.62)

in 2Vect, which implies that the associated permutation matrix o is trivial. Thus, the permu-
tation representation o descends to a well-defined permutation representation of

G = coker(2), (A.63)
where we denoted by d : (2Homg(e, .), x) — (Endg(e), o) the group homomorphism
a € 2Homg(e,g) — g € Endg(e). (A.64)
Next, we note that for two given 1-morphisms g and h in G, the compositor
Gon: FeoFn = Fgons (A.65)

is an (n x n)-matrix of invertible linear maps between the 1-dimensional vector spaces sitting
in Fg 0 F, and Fy,p. Since the latter only have one non-vanishing entry per row and column,
¢4 is entirely determined by a collection of n phases c;(g,h) € U(1) specifying the isomor-
phism between the 1-dimensional vector spaces sitting in the i-th row of F, o 7, and Fgop,
respectively. This induces a map

¢ : Endg(e) x Endg(s) — U(1)", (A.66)
which as a consequence of (A.34) satisfies the twisted cocycle condition
Cagl(i)(h, k)—ci(goh,k)+ci(g,hok)—ci(g,h) = 0. (A.67)

Thus, we obtain a twisted 2-cocycle on (Endg(e), o) with values in U(1)", which can be checked
to descend to a well-defined 2-cocycle on G = coker(2).
Lastly, we note that for each 2-isomoprhism a : e = g we have a 2-isomorphism

Fla): Fo = Fy, (A.68)

which is a (n x n)-matrix of invertible linear maps between the 1-dimensional vector spaces
sitting in F, and F,. Since the latter only have non-vanishing entries on the diagonal, F(a) is
again entirely determined by a collection of n phases y;(a) € U(1) specifying the isomorphism
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between the 1-dimensional vector spaces in the i-th diagonal entry of F, and F,, respectively.
This induces a homomorphism

x : (2Homg(e, .), ») — U(1)", (A.69)

which can be checked to satisfy

x(gra) = gr,x(a), (A.70)
where we denoted by > the action of (Endg(+), ©) on (2Homg(e, . ), *) as in (A.48). The homo-
morphism y then descends to a well-defined collection of characters of A = ker(2). O

Remark A.25. In the following, we will abuse notation and speak of triples (o,c, y) as 2-
representations of G. According to Theorem A.24, this abuse of notation is justified if we only
care about 2-representations up to equivalence.

Example A.26. For any split 2-group G, setting (o,c,y) = (1,1,1) gives a 1-dimensional
2-representation of G, which is called the trivial 2-representation and denoted by 1.

Just as for ordinary complex representations of a group G, there exists a notion of the
conjugate of a 2-representation of the 2-group G:

Definition A.27. Let (o,c,y) be a 2-representation of G. Then, its conjugate is the 2-
representation

(0,6, ) = (0,67, (A.71)

where ¢ and y denote complex conjugation of ¢ and y w.r.t their coefficients in U(1).

A.4 Direct sum and tensor product

From the theory of ordinary representations of finite groups G we are used to being able to
combine two given representations of G into new representations by taking direct sums and
tensor products. The description of 2-representations of G as triples (o, ¢, ¥) as in Theorem
A.24 allows us to introduce analogous constructions for 2-representations:

Definition A.28. Let (o,c, y) and (¢’,c’, ¥’) be two 2-representations of G of dimensions n
and n’. Then, we can combine them as follows:

e Their direct sum is the (n + n’)-dimensional 2-representation
(o,c, )@ (0’,c',y') = (codo’,coc,y @y, (A.72)
where the permutation representation o @ ¢’ : G — S, is defined by

og(0), if1<i<n,

A.73
a’g(i—n)+n, if n+1<i<n+n/, ( )

(c®0’),(i) = {

the twisted 2-cocycle c @ ¢’ € Z2_ (G, U(1)"™™) is given by

odo’

i(g,h), if 1<i<n,
(coc)i(g,h) = Cl/(g ) 1 i n / e
Ci—n(g:h); ifn+1<i<n+n’,

and the collection of characters ¥ ® y’ € (AY)™*" is taken to be

v, if1<i<n,
®y) = A.75
(x®x) { L ifn+l<i<n+n, ( )

forall g,h€ G andi € (n+n’),
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e Their tensor product is the (n - n’)-dimensional 2-representation

(,c,x)®(0',c,x) == (c®0o’,cec,y® ), (A.76)
where the permutation representation o ® ¢’ : G — S,,.,,» is defined by
(0®0"),(i,)) = (0g(D),03,())), (A.77)

the twisted 2-cocycle c® ¢’ € Z2_ (G, U(l)”'"/) is given by

o®c’
(C ®C/)(i,j)(g3 h) = Ci(g’ h) ' Cj(g; h)/) (A.78)

and the collection of characters y ® y’ € (AV)"" is taken to be

(x®x )i =i %> (A.79)

forall g,h € G and (i,j) € (n) x (n) ~ (n-n’).

A.5 Induction and restriction

From the theory of ordinary representations of finite groups G we are used to being able to
construct representations of G from representations of subgroups H C G by induction. We
would like to obtain analogous constructions in the case of 2-representations of finite split
2-groups.

Let therefore H C G be a sub-2-group of G in the sense of Remark A.23. We denote by
n:= |G : H| the index of H in G. Let (0,c, y) be a m-dimensional 2-representation of H. We
would like to construct a (n - m)-dimensional 2-representation (¢”,c’, ') of G out of (o, ¢, ¥).
To do this, we consider the space

G/H = {[R{],..., [R,]}, (A.80)

of left H-cosets [R;] =R; - H in G with fixed representatives R; € G such that [R;] = H. Then,
each g € G acts on the left cosets as

g-[R] = [Ry], (A.81)

for some 7,(i) € (n), which induces a permutation representation 1 : G — S, of G on (n).
More concretely, Eq. (A.81) means that

g Ri = Ry ) hi(g), (A.82)

with h;(g) € H for each i € (n) and g € G. Using this, we define an induced permutation
representation o’ : G — S,,.,,, of G on (n-m) by

Furthermore, we can construct an induced twisted 2-cocycle ¢’ € Zg,(G, U(1)*™)on G as
C(/i’j)(g: g/) = C]( hngl(l)(g) B h"];g/(l)(g/) ) . (A.84)
Lastly, we obtain an induced collection y’ € (AY)"™ of (n - m) characters of A by
x(’i’j)(a) = xj(Rl._l b, a). (A.85)

One can then check that the triple (¢”, ¢/, ¥’) forms a well-defined 2-representation of G, whose
equivalence class is independent of the choice of representatives R; of left H-cosets in G. We
name it as follows:
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Definition A.29. The 2-representation (o”,c’, y’) is called the induction of the 2-represen-
tation (o, ¢, y) from H to G and is denoted by

(o/,c, ¥ =: Indg(o,c,x). (A.86)

A natural question to ask is whether two 2-representations of two different sub-2-groups
of G give rise to equivalent 2-representations of G after induction. To answer this question,
we note that, given a 2-representation (o, ¢, y) of H C G and a group element g € G, we can
define a 2-representation (¢0,8c,8y) of $H := gHg ™! C G by setting

S = O oconjg1, (A.87)
8¢ = coconjg1, (A.88)
$x() = (g >, (). (A.89)

Definition A.30. The 2-representation ¢(o,c, y) := (80,%c,8y) of 8H C G is called the conju-
gation of the 2-representation (o,c, y) of H C G by g € G.

One can then check by an explicit calculation that conjugating 2-representations of sub-2-
groups leads to equivalent 2-representations of G after induction:

Lemma A.31. Let H C G a sub-2-group and let (o,c, y) be a 2-representations of H. Then,
for any g € G it holds that

Indj(c,c, ) = Indg,;(2(o,c, x)). (A.90)

On the other hand, we know that, given a representation of a finite group G, we can restrict
it to obtain a representation of a subgroup H C G. Analogously, given a 2-representation
(o,c, x) of G and a sub-2-group H C G, we can construct a triple

o' = oly, ¢ = 1*(c), 1 =7, (A.91)

where 1 : H — G denotes the inclusion of H into G. It is then clear that (¢”,c¢’, ') forms a
well-defined 2-representation of H C G, which we name as follows:

Definition A.32. The 2-representation (o”,c’, y’) is called the restriction of the 2-represen-
tation (o, ¢, y) from G to H and is denoted by

(o/,c, ¥ =: Reslg{(o,c,x). (A.92)

A natural question to ask is how induction and restriction of 2-representations interplay
with one another. This is answered by Mackey’s decomposition theorem:

Theorem A.33. Let K and H be two sub-2-groups of G and let (o, ¢, y) be a m-dimensional
2-representation of K. Then, it holds that

(Resg OIndg) (o,c,x) = @ IndgngK(g(a,c,x)), (A.93)
[g]leH\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

Proof. Recall that, by definition, the induction Indg(a,c, x) of (o,c,y) from K to G can be
constructed by considering the space

G/K = {[R{],..., [R.]}, (A.94)
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of left K-cosets [R;] = R; - K with fixed representatives R; € G and defining an induced permu-
tation representation 1) : G — S,, by

g&'R; = Ry @) ki(8), (A.95)

with k;(g) € K for each g € G. In order to understand the restriction of IndI-Cg(G, c,x)toH C G,
we start by decomposing

(n) = | | 0@, (A.96)

iel
into orbits O(i) = {n,(i) | h € H} of the restricted action 0|y of H on (n) with fixed represen-
tatives i € I C (n), whose elements we label as

0() =: {iy, orin }, (A.97)
where i; =i and n; = |0(i)|. Analogously, we can then decompose
(Resg o Indg) (o,¢c,x) = @ (o!,ct, xH), (A.98)
i€l

where for fixed i € I we denoted by (o, ¢, y%) the (n; - m)-dimensional 2-representation of H
defined as

G;l(jal) = (Qh(j), Ukij(h)(l))’ (A.99)
cintuh) = alky)(h), ko ) (H)), (A.100)
xp(@ = Xl(Ri_jl bp a), (A.101)

with 6 : H — S, the permutation action of H on (n;) induced by n through

(1)) = lg,(j) - (A.102)
It is then straightforward to check that
H; := Stab, (i) = HN(RKR;"), (A.103)
so that, as sets, we have a correspondence
O(i) = H/H; =: {[$1], -...[Sp, 1}, (A.104)
where we fixed representatives S; € H of left H;-cosets [S;] =S; - H; in H such that
h-S; = Sg(5)- hi(h). (A.105)
One can check that the elements h;(h) € H; are given by
R -hi(h) Ry = ki(Se,n) ™" - kyy(h) - ki(S)) - (A.106)
Using the above, we then define a permutation T € S, ., by
T (G, ~ (J, o;isj)(l)), (A.107)
which, using (A.106), can be checked to give an equivalence
(oh,cl, ) = Indgi(Ri(a,c,x)), (A.108)

of 2-representations. Together with (A.98), the claim then follows from the fact that the map
I — H\G/K sending i — [R;] is a bijection. O
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Remark A.34. Note that, up to equivalence, the choice of representatives g € G of double
H-K-cosets [g] € H\G/K in (A.93) does not matter, since choosing different representatives
g’ =h-g -k for some h € H and k € K leads to

HN®K = "(HN®K), and  $(0,c,2) = "((o,c,1)), (A.109)
which according to Lemma A.31 gives equivalent 2-representations after induction to H.

Remark A.35. Note that, on the right-hand side of Mackey’s decomposition formula (A.93),
the 2-representation é (o, c, y ) of the intersection HNéK should really be seen as the restriction
Resﬁ(m ««((0,c, x)). In the following, in order to avoid cumbersome notation, we will leave
this restriction understood implicitly.

A special case of the above considerations is when H = K is normal in G (usually denoted
by H <« G), which means that 8H = H for all g € G. In this case, left H-cosets equal right
H-cosets in G, so that Mackey’s decomposition formula simplifies as follows:

Corollary A.36. Let H <« G be a normal subgroup and let (o,c, y) be a m-dimensional 2-
representation of H C G. Then, it holds that

(Resg; oIndf)(o,c,7) = € #(0,c,7), (A.110)
[g]leG/H

where g € G labels (arbitrary) representatives of left H-cosets in G.

A.6 Simplicity

A useful way to study 2-representations of G is to study a particular subset of 2-represen-tations
that form “building blocks" for all other 2-representations of G:

Definition A.37. A 2-representation of G is said to be simple if, up to equivalence, it cannot
be written as a direct sum of other 2-representations of G.

More concretely, a n-dimensional 2-representation (o, c, y) of G is simple if the permuta-
tion action o : G — S, is transitive on (n). The classification of simple 2-representations as
“building blocks" is then due to the following:

Lemma A.38. Up to equivalence, every 2-representation of G can be written as a direct sum
of simple 2-representations of G.

Proof. Let (o,c, y) be a n-dimensional 2-representation of G. Then, we can decompose

(n) = | o), (A111)

i€l

into orbits O(i) = {o,(i) | g € G} of the permutation action o of G on (n) with fixed represen-
tatives i € I C (n), whose elements we label as

0@) = {i1, e, in }> (A.112)

where i; =i and n; = |0(i)|. On each orbit, we then obtain an induced permutation action
o':G — S, coming from

oy L
o,.(i;) = i () (A.113)

which we can use to decompose

(o,c,1) = P ',c, 1, (A.114)

iel
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where the 2-cocycles ¢! € Zﬁi(G, U(1)™) and characters y' € (A¥)™ are given by

¢t =¢, and x; = X - (A.115)

J

Since G acts transitively on each orbit by construction, the (o, ¢!, ¥') then form well-defined
simple 2-representation of G for all i € I. O

Apart from their building-block nature, simple 2-representations are special since they stem
from 1-dimensional 2-representations of sub-2-groups H C G. Note that since there are no non-
trivial permutation actions on the single-element set (1), any 1-dimensional 2-representation
of H C G is simply labelled by a pair (u, a), where

e ue Z%(H,U(1)) is an ordinary 2-cocycle on H,
e a €A is a H-invariant character of A.
We now state the following:

Proposition A.39. Any simple n-dimensional 2-representation (o,c, y) of G is equivalent to
the induction of a 1-dimensional 2-representation (u,a) of a sub-2-group H C G of index
|G :H| =n.

Proof. Let (o,c, x) be a simple n-dimensional 2-representation of G. We want to construct a
subgroup H C G as well as a pair (u, @) as above. To do this, we set

H := Stab,(1) C G, (A.116)
and define a 2-cochain on H with values in U(1) by
u(h,h’) := c;(h,n"), (A.117)

for all h,h’ € H, which can be checked to give a well-defined 2-cocycle u € Z2(H,U(1)) on H
(i.e. Su=1). Then, we obtain a H-invariant character a € AV by setting

al.) == y10). (A.118)
One can check that (o,c, y) = Indg(u, a) as claimed. O

Corollary A.40. There exists a n-dimensional simple 2-representations of G if and only if G has
a subgroup of order n. In particular, there exist no simple 2-representations of G of dimension
greater than |G|.

Remark A.41. Note that the sub-2-group H C G and the 1-dimensional 2-representation (u, a)
of H in Proposition A.39 are not unique, since inducing the conjugation 8 (u, &) of (u, @) up to
G for any g € G will lead to a simple 2-representation of G equivalent to (o,c, ). Thus, we
can label the equivalence class of the simple 2-representation (o, ¢, ¥ ) of G by the equivalence
class of a triple (H,u, &) (with H, u and a as above), where two triples (H,u, &) and (H’,u’, a’)
are considered equivalent if there exists a g € G such that

H = 8éH, [u'] = [8u], a = 3a. (A.119)

Having classified the simple 2-representations of G, a natural question to ask is how
simple 2-representations fuse when taking tensor products. That is, given two simple 2-
representations of G, their tensor product must again decompose into simple 2-representa-
tions of G, whose form can be determined as follows:
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Proposition A.42. Let (u,a) and (v,3) be two 1-dimensional 2-representations of sub-2-
groups H and K of G. Then, the tensor product of their inductions to G is given by

Indg(u, a) ® Ind1g<(v,[5) = @ IndgmgK((u, a) ® g(v,ﬂ)), (A.120)
[g]€H\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

Proof. Using the push-pull-formula for the tensor product of inductions, we see that

Indf (u, @) ® Ind?(v, ) = Indf[ (u,a) ® (Resy, oIndy)(v,B) ]
= @ Indg[ (w,a) ® nd? . (5(v, ) ]
[g]€H\G/K
= P Indf gl (wa) e, p)], (A.121)
[g]€H\G/K

where we used Mackey’s decomposition formula from Theorem A.33 in the second line. [J

Remark A.43. Note that, as before, the choice of representatives g € G of double H-K-cosets
[g] € H\G/K in (A.120) matters only up to equivalence. Furthermore, we again implicitly
understand an appropriate restriction of 2-representations on the right-hand side of (A.120).

B Graded projective representations

In order to understand the 2-category 2Rep(G) of 2-representations of the split 2-group G, it
turns out to be useful to study a generalization of the notion of projective representations of
an ordinary group G, called graded projective representations. We will fix G to be a finite group
in what follows.

B.1 The category

We begin by generalizing the notion of the projective automorphism group PGL(V) of a vector

space V to the notion of the projective automorphism group PAut(}) of a vector bundle V 5 M.
This can be done as follows:

Definition B.1. LetV — M bea complex vector bundle over some base space M and let Aut())
denote the automorphism group of V. We denote by U(1) the abelian normal subgroup of
Aut(V) consisting of maps f : M — U(1), seen as automorphisms

xeV, — f(m)-xeV,. (B.1)
Then, the projective automorphism group of V is defined to be
PAut(V) := Aut(V)/ U(1)M. (B.2)

In the following, we will be interested in the case where the base space M is finite, i.e.
M = (n), where (n) = {1, ..., n} denotes the finite set of n elements. In this case, we have that
U™ 2 y@)" as groups. We then make the following definition:

Definition B.2. A graded projective representation of G is a pair (V,®), where V is a complex
vector bundle V77— (n) and @ is a representative of a group homomorphism [®] : G — PAut())
from G into the projective automorphism group of V. We call n € N the grading of (V, ®).
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More concretely, this means that for each g € G there is an associated fibre-preserving
bundle automorphism @, € Aut()), which sits in a commutative diagram

L

Vy —V
nl T
Og
(n) — (n)
where o, € S, is the corresponding induced bijection on the base space (n). This induces a

well-defined permutation representation o : G — S,. The bundle automorphisms &, them-
selves however only satisfy the homomorphism property projectively, meaning that

Py = c(g,8') 0Py 0Dy, (B.3)

for some c(g, g’) € U(1)", seen as a bundle automorphism as in Definition B.1. This defines a
2-cochain ¢ : G x G — U(1)" in C%(G, U(1)"), which, as a consequence of the associativity of
the group multiplication in G, obeys the twisted cocycle-condition

5,(c) =0, (B.4)

where &, denotes the nilpotent differential on C2(G, U(1)") twisted by o. Thus, we obtain a
well-defined 2-cocycle c € Z g(G, U(1)"), which together with o classifies the graded projective
representation (V, ) in the following sense:

Definition B.3. The pair (o, ¢) is called the obstruction pair of the graded projective represen-
tation (V, ®) of G. To see what it obstructs, we consider the following cases:

* o = 1: In this case, (V,®) consists of n decoupled vector spaces V; equipped with pro-
jective G-actions ®; := ®|,, € PGL();) of cocycles ¢; € Z?(G,U(1)). We say that that the
graded projective representations (V, ®) splits.

* ¢ =56,(b): In this case, we can redefine &, — $g := by 0, for each g € G, which turns
® : G — Aut()) into a group homomorphism. We say that (V, ®) can be lifted.

Notation: Given a n-graded projective representation (V,®), we will speak of its support as
the subset of (n) whose fibres are non-trivial, i.e.

Sup(V) := {ie(n) |V; #0}. (B.5)

In the following, we would like to study the “category" of graded projective representations
of G. In order to make this category well-defined, we need to define what we mean by a
morphism between two graded projective representations:

Definition B.4. A morphism between graded projective representations (), ®) and (), ®’) of
G of gradings n and n’ is a vector bundle morphism ¢ : V — V' such that

[pod] = [ 0p]. (B.6)

We call ¢ an isomorphism if it is a vector bundle isomorphism. In this case, we say that the
two graded projective representations are isomorphic and write (V,®) = (', ®').

Note that a necessary condition for an isomorphism between (V, ®) and (V’, ®’) to exist is
that their gradings n and n’ coincide, i.e. n = n’. In this case, it is straightforward to establish
a relationship between the corresponding obstruction pairs:
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Proposition B.5. Let ¢ be an isomorphism between graded projective representations (V, ®)
and (V/,®") of G. Then, their obstruction pairs (o, c) and (¢”,c’) are related by

o/=t0007t}, and [d]=[r>c], (B.7)

where 7 : (n) — (n) is the bijection on the base spaces induced by ¢.

Proof. Since ¢ is an isomorphism between (V,®) and (V’,®’), we know that there exists a
1-cochain b € C}(G, U(1)") such that

(poCIDg:bgo(I)/gogo, (B.8)

for all g € G. We can embed this relation into a cuboid of maps

1% >V

¥
\ ‘ \bg"‘l’é
®
¢ ¥
1% >V
/

- lﬂ: (B.9)
(n) =5 (n) nf
()
% i \
(n) > (n)

where the upper square commutes by construction. One can then check that projecting down
on the lower square via 7 and 7" implies that oé oT =700, forall g €G. Secondly, we note

that for any bundle isomorphism v : V — V' and any u € U(1)" it holds that

You=(kpu)oy, (B.10)

where k € S,, is the bijection on the bases spaces induced by 1. Using this, we see that

@ od, ., = ¢poc(gr,82)0P, 0P,
= (T>c(81,82)) 0 by, 0 (0 P by )od, 0@, 0y, (B.11)
9 ody . = Dbgg o<I>;1.g2 )
= by ., 0¢'(81,82) 0 <1>/g1 o <I></g2 0. (B.12)

Comparing (B.11) and (B.12) and using that ®,, and ¢ are invertible shows that

81’
C/(gl, g2) = [(O-;l > bgz) o b;ll.gz o bgl] o (T > C(gla gZ))

= (65:b)(81,82) © (T>c(g1,82)), (B.13)

which implies [¢’] = [t » c] as group cohomology classes in H(zj,(G, umm. O

Notation: In the following, we will denote the category of n-graded projective representations
of G with fixed obstruction pair (o, c) and support S C (n) by

Rep”(G). (B.14)
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B.2 Direct sum and tensor product

Just as ordinary representations of a group G can be added and multiplied, there exists a
notion of direct sums and tensor products for graded projective representations:

Definition B.6. Two graded projective representations (), ®) and (V’,®’) of G with gradings
n and n’ can be combined to form new graded projective representations as follows:

* Their direct sum is the (n + n’)-graded projective representation

V,e)e(V,®)=VeV,209), (B.15)
where the vector bundle V & V' — (n + n’) is defined by
V; if1<i<n,
VeV = {V}_n, ifn+1<i<n+n’, (B.16)
and (®® @) : G — Aut(V @ V') is given by
oevan e TStz
forallge Gandie€ (n+n').
e Their tensor product is the (n - n’)-graded projective representation
V,2)e(V,?)=VeV,209), (B.18)
where the vector bundle V ® V' — (n - ') is defined by
VeV = VieV, (B.19)
and (& ® ®’) : G — Aut(E ® E) is given by
(@02 )i = (‘I’g|vi)®(‘1’g|v;), (B.20)

forall g € G and (i, j) € (n) x (n') ~ (n-n’).

It is natural to ask how the obstruction pairs of (V,®) and (), ®’) behave when taking
direct sums and tensor products. One can check that this is answered as follows:

Proposition B.7. Let (V,®) and (), ®’) be two graded projective representations of G with
corresponding obstruction pairs (o, c) and (o’,¢’). Then,

* the direct sum (V,®) @ ()’,®’) has obstruction pair (o & o’,c & ¢’), where o ® ¢’ and
c®c’ are asin (A.73) and (A.74),

e the tensor product (V,®) ® (V’,®’) has obstruction pair (o ® ¢’,c ® ¢’), where o ® o’
and c ® ¢’ are as in (A.77) and (A.78).

For later purposes, it is useful to understand how the support of graded projective repre-
sentations behaves under direct sums and tensor products. To see this, first note that given
two subsets A C (n) and B C (n’), we can define their direct sum A® B C (n+ n’) and tensor
product A® B C (n-n’) by

A®B := {ie{n+n)|i€A or i—n'€B}, (B.21)
A®B := {(i,j)e(n-n’) | i€A and j€B}. (B.22)
It is then straightforward to check the following:
Lemma B.8. Let (V,®) and (), ®’) be two graded projective representations of G. Then,
Sup(V @ V') = Sup(V) ® Sup(V), (B.23)
Sup(V® V') = Sup(V) ® Sup(V’). (B.24)
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B.3 Induction and restriction

Just as ordinary representations can be induced from and restricted to subgroups of G, there
exists a notion of induction and restriction for graded projective representations: Let H C G
be a subgroup of G of index |G : H| = n, and let (), ®) be a m-graded projective representation
of H. We would like to construct a (n - m)-graded projective representation (,®’) of G out
of (V,®). As before, we consider the space

G/H = {[R{], ..., [Rn]}, (B.25)

of left cosets [R;] = R; - H in G with fixed representatives R; € G such that [R;] = H. We
denote by 1 : G — S,, the induced permutation action coming from

R = Ry i) hi(g), (B.26)
with h;(g) € H, which allows us to define the vector bundle V' — (n-m) by

-
Vij = Ri®V;. (B.27)
Furthermore, we can define the projective homomorphism &’ : G — Aut()’) by

el = Mg ® Prol)s (B.28)

for all g € G and (i, j) € (m) x (n) ~ (m-n). One can then check that (}’,®") forms a well-
defined graded projective representation of G, whose isomorphism class is independent of the
choice of representatives R; of left H-cosets in G. We name it as follows:

Definition B.9. The graded projective representation (V’,®’) is called the induction of (V, ®)
from H to G and is denoted by

(V, @) =: Ind%(V, ). (B.29)

A natural question to ask is how the obstruction pair of the induction Indg(V, ®) is related
to the obstruction pair of (V, ®):

Proposition B.10. Let (V,®) be a graded projective representation of H C G with obstruction
pair (o, c). Then, its induction Ind%(V, ®) to G has obstruction pair (¢”,¢’), where ¢’ and ¢’
are as in (A.83) and (A.84).

Similarly to the case of 2-representations, we can ask whether two different sub-groups of

G give rise to isomorphic graded projective representations of G after induction. To answer this

question, we note that, given a graded projective representation (), ®) of H C G and a group

element g € G, we can define a graded projective representation (8V,8®) of SH = gHg ' C G
by setting

Y =V, and 8p := do conjgi . (B.30)

Definition B.11. The graded projective representation é(V,®) := (8)V,8®) of 8H C G is called
the conjugation of the graded projective representation (V,®) of H C G by g € G.

One can then check that conjugating graded projective representations of sub-groups leads
to isomorphic graded projective representations after induction to G:

Lemma B.12. Let H C G a sub-group and let (V,®) be a graded projective representation of
H. Then, for any g € G it holds that

Ind%(V,®) = IndS, (5(V,®)). (B.31)
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On the other hand, given an n-graded projective representation (V, ®) of G, we can restrict
it to obtain a n-graded projective representation (V’,®’) of H C G by setting

V=V, and & := d|y. (B.32)

Definition B.13. The graded projective representation (1, ®’) is called the restriction of (V, ®)
from G to H and is denoted by

(V,®') =: Resg(V,®). (B.33)

Again, we can ask how the obstruction pair of the restriction Resg(V, ®) is related to the
obstruction pair of (), ®):

Proposition B.14. Let (V, ®) be a graded projective representation of G with obstruction pair
(o, c). Then, its restriction Res(V,®) to H C G has obstruction pair (0”,c’), where o’ and ¢’
are as in (A.91).

A natural question to ask is how induction and restriction interplay with one another. This
is again answered by Mackey’s decomposition theorem:

Theorem B.15. Let H,K C G be two subgroups of G and let (), ®) be a m-graded projective
representation of K. Then:

(ResSommdH(V, @) = P mdl ,(5(v,9)), (B.34)
[g]eH\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

The proof is analogous to the proof of Theorem A.33 describing Mackey’s decomposition for
2-representations. Note that, again, the choice of representatives g € G of double H-K-cosets
[g] € H\G/K in (B.34) matters only up to isomorphism. Furthermore, we again understand
an implicit restriction of the graded projective representation & (), ®) to the intersection HN8K
on the right-hand side of (B.34).

Similarly to before, Mackey’s decomposition formula simplifies in special cases:

Corollary B.16. Let H < G be a normal subgroup and let (V, ®) be a graded projective repre-
sentations of H. Then, it holds that

(ResGoInd$)(V,@) = P (v, @), (B.35)
[sleG/H

where g € G labels (arbitrary) representatives of left H-cosets in G. In particular, if G is abelian
(in which case every subgroup of G is normal), we have that

(Resi oInd%)(V,®) = |G:H| - (V, ). (B.36)

B.4 Simplicity
A useful way to study graded projective representations is again to study a particular subset

that forms “building blocks" for all other graded projective representations:

Definition B.17. A graded projective representation of G is simple if, up to isomorphism, it
cannot be written as a direct sum of other graded projective representations.

More concretly, a graded projective representation (), ®) is simple if the corresponding
permutation action o : G — S,, in its obstruction pair acts transitively on the base space (n) of
V. The labelling of simple graded projective representations as “building blocks" is then due
to the following:
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Lemma B.18. Every graded projective representation of G is isomorphic to a direct sum of
simple graded projective representations.

Proof. Let (V,®) be a n-graded projective representation of G with obstruction pair (o, c).
Then, we can decompose

(n) = | |o@, (B.37)

iel
into orbits O(i) = {o,(i) | g € G} of the permutation action o of G on (n) with fixed represen-
tatives i € I C (n), whose elements we label as

0() =t {iy, e, in }> (B.38)

where i; =i and n; = |0(i)|. On each orbit, we then obtain an induced permutation action
o':G— S, coming from

oy
o,.(i;) = i (j)> (B.39)

which we can use to decompose

wv.e) = PHoe), (B.40)

iel
where the vector bundles V' — (n;) and bundle automorphisms &' : V! — V' are given by

Vii=V,, and &l = & . (B.41)

J

Since G acts transitively on each orbit by construction, the (Vi, ') form well-defined simple
graded projective representations of G for all i € I. O

Apart from their building-block nature, simple graded projective representations of G are
special since they can be obtained from 1-graded projective representations of sub-groups
H C G. Note that a 1-graded projective representation of H C G is simply a pair (V, ¢), where

* V is a complex vector space,
* ¢ : H — GL(V) projective representation of H on V.
We now state the following:

Proposition B.19. Any simple n-graded projective representation (), ®) of G is isomorphic
to the induction of a 1-graded projective representation (V, ) of a sub-group H C G of index
|G : H| =n.

Proof. Let (V,®) be a simple n-graded projective representation of G with obstruction pair
(o,c). We can construct a subgroup H C G by setting

H := Stab,(1) C G, (B.42)
and obtain a projective representation (V, @) of H by defining
V=V, and ¢ = (@lly, - (B.43)

One can then check that (V, ) = Indg(V, ) as claimed. O
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Remark B.20. Note that the sub-group H C G and the projective representation (V, ¢) of H
in Proposition B.19 are not unique, since inducing the conjugation &(V, ¢) of (V, ) up to G
for any g € G will lead to a simple graded projective representation of G isomorphic to (V, ®).
Thus, we can label the isomorphism class of the simple graded projective representation (V, ®)
of G by the equivalence class of a triple (H, V, ) (with H, V and ¢ as above), where two triples
(H,V,p)and (H',V’,¢’) are considered equivalent if there exists a g € G such that

H' = %H, Vi =V, o = 8p. (B.44)

Having classified the simple graded projective representations of G, a natural question to
ask is how simple graded projective representations fuse when taking tensor products:

Proposition B.21. Let (V, ¢) and (W,)) be two projective representations of sub-groups H
and K of G. Then, the tensor product of their inductions to G is given by

ndS(V,¢) ® mdS(w,y) = P mdS,  ((V,e)esW,y)), (B.45)
[s]eH\G/K

where g € G labels (arbitrary) representatives of double H-K-cosets in G.

The proof is analogous to the proof of Proposition A.42 for the fusion of simple 2-
representations, using the push-pull-formula for the tensor product of inductions. Note that,
again, the choice of representatives g € G of double H-K-cosets [¢g] € H\G/K in (B.45) mat-
ters only up to isomorphism. Furthermore, we again implicitly understand an appropriate
restriction of graded projective representations on the right-hand side of (B.45).

B.5 Primality

Just as simple graded projective representations form building blocks for general graded pro-
jective representations w.r.t. direct sums, we can introduce a notion of building blocks for
graded projective representations w.r.t. tensor products:

Definition B.22. A graded projective representation of G is said to be prime if, up to iso-
morphism, it cannot be written as a tensor product of other (non-trivial) graded projective
representations.

Here, we think of the “trivial" graded projective representation as the the 1-graded pro-
jective representation with trivial fibre C. From Proposition B.7 we know that if a graded
projective representation (V, ®) factorises as a non-trivial tensor product, so does its obstruc-
tion pair (o, ¢). The converse need not be true in general, as the following construction shows:

Definition B.23. Two graded projective representations (V, ®) and ()’, ®’) of G are said to be
composable if their obstruction pairs (o, c) and (o’,¢’) factorise as

(0,¢) = (01,¢))* ®(03,¢), (B.46)
(c',c) = (02,62)#®(O'3,63), (B.47)

for some permutation actions o; : G — S,,, and 2-cocycles ¢; € ZCZT_(G, Uu(1)m).

Given two such composable graded projective representations (V,®) and (V’',®’), we can
construct a new graded projective representation (1, ®") of G with obstruction pair

(0”,c") = (01,¢1)" ®(03,¢3), (B.48)
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as follows: The fibre of V" at (i,k) € (n;) x (n3) is given by

ny

Vi = D Van®Vin)» (B.49)
j=1
which is acted upon by each g € G through the projective automorphism
o

ik = D (2l @ 2, lG0)- (B.50)
j=1

One can check that this yields a well-defined (n; - n3)-graded projective representation of G,

which we label as follows:

Definition B.24. The graded projective representations (1", ®”) is called the composition of
(V,®) and (V’,®’), and denoted by (V,®) o (V/,®").

One can then see from the construction in (B.49) that, even though its obstruction pair
(01,¢1)” ® (03, c3) factorises, the composition of (V,®) and (V', ®’) itself does not factorise in
general as a graded projective representation.

For later purposes, it is useful to understand how the support of graded projective represen-
tations behaves under composition. To see this, first note that given two subsets A C (n; - ny)
and B C (n, - n3), we can define their composition Ao B C (n; - ns) by

AoB := {(i,k)e(n;-n3) | 3j€(ny): (i,j)€A, and (j,k)€B}. (B.51)
It is then straightforward to check the following:

Lemma B.25. The support of the composition (V,®) o (V’,®’) of two composable graded
projective representations (), ®) and (V’,®’) is given by

Sup(Vo V') = Sup(V) o Sup(V'). (B.52)

C The 2-category of 2-representations

We are now in the position to describe the 2-category 2Rep(G) of 2-representations of the split
2-group G in more detail. In particular, we will try to describe the 1-morphism spaces of this
2-category, which are themselves categories, as well as their fusion and composition.

C.1 Morphisms

In order to describe the category of 1-morphisms between two given 2-representations of G,
we recall that we denoted by

Rep”(G) (C.1)

the category of graded projective representations of G with fixed obstruction pair (o,c) and
support S. It was shown in [20] that the 1-morphism spaces in 2Rep(G) can then be described
as follows:

Theorem C.1. Let (o,c,y) and (o’,c’, ') be two 2-representations of G. Then, their 1-
morphism space in 2Rep(G) is given by the category of graded projective representations of G
with obstruction pair (o ® ¢/, ¢ ® ¢’) and support S(¥ ® '), i.e.
VA ~ (c®c,c®c’)
Hom((0,¢, %), (0",¢',2")) = Repg>)  °(G), (C.2)

where for any collection v € (AY)" of characters of A we set S() :={i € (n) | y; = 1}.
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Figure 31

Example C.2. For each n-dimensional 2-representation (o, c, y) of G, there exists an identity
1-endomorphism Id(, . ,) € End(o,c, ), which in the sense of Theorem C.1 is given by the
n?-graded projective representation of G whose only non-vanishing fibres are given by C on
the diagonal elements in (n) x (n).

We can visualize 1-morphisms pictorially by representing the 2-representations (o,c, y)
and (o’,c’, x') by two-dimensional surfaces, and a 1-morphism (), ®) between them by a
one-dimensional line joining up the corresponding surfaces. This is shown in Figure 31.

A special class of 2-representations of G is given by the simple 2-representations. Recall
from Proposition A.39 that every simple 2-representation is induced by a 1-dimensional 2-
representations (u, a) of a sub-2-group H C G, which is unique up to conjugation by group
elements g € G. In the following, we will thus label simple 2-representations of G by triples
(H,u, a) — thought of as 2-representations via the correspondence

(H,u,a) «— Indg(u, a). (C.3)

A natural question to ask is whether the 1-morphism space between two simple 2-represen-
tations labelled by triples (H,u, a) and (K, v, ) has an analogous simpler description in terms
of the data (H,u, a) and (K, v, ). This is answered as follows:

Proposition C.3. Consider two simple 2-representations of G labelled by triples (H,u, a) and
(K, v, ). Then, their 1-morphism space is equivalent to the (H\G/K)-graded category

Hom((H,u,a), (K,v,B)) = €D Rep"®"(HNK), (C.4)
[g]l€eH\G/K:
aeif=1
where g € G labels (arbitrary) representatives of double H-K-cosets in G.
Proof. Recall that, by definition, the induced simple 2-representations
(0,¢, %) := Indfj(u,a), (C.5)
(o',c,x)) = Indg(v,/j), (C.6)

of G can be constructed by considering the left-coset spaces

G/K = {[Sl]a"') [Sm]}) (C-8)

with fixed representatives R;,S; € G (such that [R;] = H and [S;] = K) and defining the
permutation representations o : G — S, and ¢’ : G — S, by

!
g Ri = Ry ) hi(g), (C.9)

|
g S; = So1(y ki(g), (C.10)

80


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

where h;(g) € H and k;(g) € K. The 2-cocycles ¢ € Z2(G,U(1)") and ¢’ € Z2,(G,U(1)") are
then given by

Ci(g’ g/) : u( ho’gl(i)(g)) ho-;_lg/(i)(g/))z (C]-l)

¢i(8.8") = v(kor1((8), kafgfgl,(j)(g’)), (C.12)
whereas the collections of characters y € (AY)" and y’ € (AY)™ are defined as

xi(@) = a(R; >, a), (C.13)
)(J’.(a) = ﬁ(Sj_1 >, a). (C.14)
Let (V,®) now be a 1-morphsim between (o, ¢, ¥) and (¢”,¢’, '), which according to The-

orem C.1 is a (n-m)-graded projective representation of G with obstruction pair (c ® ¢’,c®c’)
and support S(y ® ¥’). We decompose

p
(n) x (m) = | | o, 7). (C.15)
=1
into orbits O(i}, jj) = { (0 ® 0"),(i}, ;) | § € G} of the G-action 0 ® o’ on (n) x (m) with fixed
representatives (i;, j;). According to Lemma B.18, (), ®) then decomposes as

)4
(Va(b) = @(Vl:q)l), (C16)
=1

where the (V}, ;) are simple graded projective representations. According to Proposition B.19,
they are induced by ordinary projective representations

(Vo) == Vaips @laip) (C.17)
of subgroups L; C G given by
L; = Stabyeu(if,j1) = Ry -(HN glK)-Rgl, (C.18)

where we defined g; := R;l *Sj, € G foreachl € (p). One can check that the corresponding
2-cocycles w; of (V}, ¢;) are given by

w = €ec ) jl, = 1@ey). (C.19)

Using Lemma B.12 as well as the fact that the map (p) — H\G/K sending [ — [g;] is a
bijection, we thus see that the (V;, ¢;) are equivalent to a (H\G/K)-graded family of ordinary
projective representations of subgroups H N 8K of 2-cocycle u ® 8tv. Furthermore, since the
support of (V,®) is S(y ® x’), we know that (V;, ¢;) can only be (potentially) non-zero when

— R !
T ®x iy = “@edp) = 1. (C.20)

Conversely, given a (H\G/K)-graded family (V;, ;) of ordinary projective representations
of HN 8K c G with 2-cocycles u ® é'v, one can check that

p
V,®) = P Indf} e (Vi 1), (C.21)
=1
is isomorphic to a 1-morphism between (o, ¢, ¥) and (¢”/,c’, x'). O
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(H,u, ) (K,v,0)

Figure 32

Remark C.4. Note that, on the right-hand side of (C.4), we regard two projective represen-
tations as equivalent if they are related by conjugation. Then, up to equivalence, the choice
of representatives g € G of double H-K-cosets [g] € H\G/K in (C.4) does not matter, since
choosing different representatives g’ =h - g - k for some h € H and k € K leads to

Rep”®“(HN¢K) = "(Rep"®V(HNEK)). (C.22)

As a useful by-product of Proposition C.3, we learn that the connected components of the
2-category 2Rep(G) are labelled by G-orbits in A". Indeed, given two simple 2-representations
of G labelled by (H,u,a) and (K, v, ), formula (C.4) tells us that their 1-morphism space is
non-vanishing if and only if there exists a g € G such that a = €. The latter is equivalent to
saying that the characters a and f3 are in the same G-orbit inside A".

Proposition C.3 also tells us that we can think of a 1-morphism between two simple 2-
representations of G labelled by triples (H,u, a) and (K, v, ) as a collection

v = {vg}, (C.23)

of ordinary projective representations ¢, : H N K — GL(V,) indexed by (representatives
of) double H-K-cosets [g] € H\G/K. Pictorially, we can again visualize this by representing
(H,u,a) and (K, v, ) by two-dimensional surfaces that are joined up by a one-dimensional
line representing ¢, as shown in Figure 32.

The representation of 1-morphisms between simple 2-representations as in (C.23) further-
more allows us to associate an element F(y) € Z[H\G/K] in the free abelian group generated
by double H-K-cosets to each such 1-morphism ¢ by setting

Fp) := Y, dim(p,)-[g]. (C.24)

[§]eH\G/K
In the following, we will call F() the character of the 1-morphism ¢.

Example C.5. If we denote by e € G the neutral element of G, then the identity 1-endo-
morphism Idy , o) of a simple 2-representation labelled by (H,u, a) can be seen as the family
of projective representations indexed by (representatives of) double H-cosets whose only non-
vanishing component is

(Jd@ue), =1: H > C. (C.25)

Consequently, its character is given by F(Idy ,, o)) =1-[e] =H € Z[G//H].

Example C.6. In the special case where G is abelian, the endomorphism category of a simple
2-representation (H,u, a) of G simplifies to
End(H,u,a) = €P Rep(H) =: Rep(H)(/m), - (C.26)

[g1<G/H:

a®éa=1
where we denoted by (G/H), the subgroup of G/H consisting of left H-cosets [g] € G/H
for which $a = a. The notation Rep(H) /), will be justified through the additional fusion
structure on End(H, u, @) coming from composition, as we will describe later.
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Figure 33

C.2 Fusion

We know from Definition A.28 that there exists a well-defined notion of the tensor product
of two 2-representations of G. Similarly, we can use the tensor product for graded projective
representations from Definition B.6 to obtain a well-defined tensor product operation on 1-
morphisms between 2-representations of G:

Hom( (O-lzclz Xl)a (O'z,Cz, X2)) x Hom( (03,C3, XS); (0-43(:4: X4))

\L@ (C.27)

Hom( (01,¢1,01) ® (03,¢3, x3), (02,0, x2) ® (04, C4;X4))-

Pictorially, the tensor product of 1-morphisms can be visualized as the fusion of two parallel
surfaces, each of which consists of two 2-representations joined up by a 1-morphism. This is
shown in Figure 33.

A natural question to ask is how the tensor product acts on 1-morphisms between simple
2-representations labelled by triples (H,u, a) and (K, v, ). To answer this question, we note
that the trivial 1-dimensional 2-representation 1 of G gives rise to a map

Hom( (H,u,a), (K,v,)) x End(1)

l® (C.28)

Hom( (H,u,a), (K,v,B)),
where we used that (o,c, y) ® 1= (0o,c, ) for any 2-representation (o, ¢, y) of G. According
to Theorem C.1, the 1-endomorphism category of 1 is simply given by
End(1) = Rep(G), (C.29)

so that the objects of End(1) are ordinary representations ¢ : G — GL(W) of G on a vector
space W. The tensor product operation in (C.28) can then be described as follows:

Proposition C.7. Let ¢ be a 1-morphism between two simple 2-representations (H,u, ) and
(K,v,B)and lety : G — GL(W) be a 1-endomorphism of the trivial 2-representation 1. Then,
their tensor product is given by the 1-morphism

(p@Y), = @, ®Rest; . (V), (C.30)
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Figure 34

where g € G labels (arbitrary) representatives of double H-K-cosets [g] € H\G/K.

Proof. Recall that the 1-morphism ¢ between (H,u,a) and (K,v, ) can be thought of as a
family {¢,} of ordinary projetive representations ¢, : H N 8K — GL(V,) indexed by double
H-K-cosets [g] € H\G/K. We can construct a corresponding graded projective representation
(V,®) of G out of ¢ by setting

W,8) = P mdS, (Ve v,). (C.31)
[g]eH\G/K

Similarly, we can regard the ordinary representation v : G — GL(W) as the 1-graded projective
representation Indg(W, ) induced from G to itself. Then, using Proposition B.21, the tensor
product of (V, ®) and (W, ) can be computed to be

EB IndIG{mgKmG((V >90g)®(W;¢))
[¢]eH\G/K

B  mdS ., ((V,,0,) ®ResS . (W, ). (C.32)
[g]€H\G/K

114

1

Thus, we again obtain a family of ordinary projective representations
¢y ® Rest, () : HNEK — GL(V, ® W), (C.33)

indexed by double H-K-cosets [g] € H\G/K, which coincides with the family of projective
representations given in (C.30). O

Pictorially, the tensor product of a 1-morphism between simple 2-representations and a
1-endomorphism of 1 as in (C.28) can be visualized as shown in Figure 34.

In the special case where (H,u, a) = (K, v, 3), we can choose ¢ to be the identity morphism
Id (g 4 ), Which simplifies the tensor product operation in (C.28) as follows:

Corollary C.8. Let Idy , o) be the identity 1-morphism of a 2-representation (H,u, a) and let
Y : G — GL(W) be a 1-endomorphism of the trivial 2-representation 1. Then, their tensor
product is the 1-morphism whose only non-vanishing component is given by

(g1 0)® ), = ResG(y). (C.34)

84


https://scipost.org
https://scipost.org/SciPostPhys.17.1.015

Scil SciPost Phys. 17, 015 (2024)

(0-7 C? X) (0./7 CI? X/) (0-//7 C”? X”)

V,0) = (V9

Figure 35

C.3 Composition

Using the notion of composition of graded projective representations from Definition B.24,
we can introduce the composition of 1-morphisms between three 2-representations (o, ¢, y),
(o/,c’, x")and (¢”,c”, x") of G as a map

Hom((o,c,x), (¢/,c’, ")) x Hom((c",c’,x), (¢”.,c", x"))

J/o (C.35)

Hom( (0’ o X) H] (O-//) Cl/a X//) ) .

Pictorially, the composition of two 1-morphisms (V,®) and (1, ®’) can be visualized as the
collision of two parallel lines joining up three surfaces labelled by the corresponding 2-
representations. This is shown in Figure 35.

A natural question to ask is how composition acts on 1-morphisms between simple 2-
representations labelled by (H,u, a), (K, v, ) and (L,w, y), giving rise to a map

Hom( (H,u, a), (K,v,B)) x Hom((K,v,B), (L,w,y))

lo (C.36)

Hom((H, u,a), (L,w, y)).

We conjecture this question to be answered as follows:

Proposition C.9. Let ¢ be a 1-morphism between (H,u,a) and (K,v, ) and let ¢’ be a 1-
morphism between (K, v, ) and (L,w,y). Then, their composition ¢ o ¢’ is the 1-morphism
between (H,u,a) and (L, w,y) whose components are given by

/ ~ HNEL g( A7
((pow )8 = @ IndHnéngLl:(pg ® g((pg—lg)] > (C.37)
[g]l€ (HNSL\G/K
where g € G labels (arbitrary) representatives of double H-L-cosets [g] € H\G/L.

Pictorially, the composition of 1-morphisms between simple 2-representations as in (C.36)
can be visualized as shown in Figure 36.

Remark C.10. If we denote by F(¢) € Z[H\G/K] and F(¢’) € Z[K\G/L] the characters of ¢
and ¢’ as in (C.24), one can check that the character of their composition is given by

F(po) = F(p)xF(y'), (C.38)
where * denotes the convolution product

x: Z[H\G/K] x Z[K\G/L] = Z[H\G/L]. (C.39)
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Figure 36

Example C.11. In the special case where G is abelian, we know from Example C.6 that the
1-endomorphism category of a simple 2-representation (H, u, &) of G is given by Rep(H) ¢ /x), -
The notation of the latter is justified by the fact that, according to Proposition C.9, the com-
position of two 1-endomorphisms ¢ and ¢’ of (H,u, @) is given by

(op)e= B  ¢,00, . (C.40)
[&1]-[82]1=[¢]
C.4 Examples

Let us conclude by considering examples of the 2-category 2Rep(G) for different split 2-groups
G = (G,A, p). For simplicity, we will only consider such G for which G is abelian. Then,
according to Remark A.41, the simple n-dimensional 2-representations of G are classified by
triples (H,u, a), where

* H C G is a subgroup of G of index |G : H| =n,
» u€H?(H,U(1)) is a degree-2 cohomology class on H with coefficients in U(1),

* a € AY represents an equivalence class of H-invariant characters on A, where two such
characters a; and a, are equivalent if there exists a g € G such that a;, =8 a;.

According to Proposition A.42, the tensor product of two such triples can be computed via

(H,u,a) ® (K,v,3) = EB (HNK,u®v,a®ép), (C.41)
[g]€H\G/K

whereas according to Proposition C.3 their 1-morphism category is given by

Hom((H,u,a), (K,v,f)) = P Rep’®'(HNK). (C.42)
[g]leH\G/K:
a®if=1
Furthermore, according to Example C.6, the composition of 1-morphisms endows the category
of 1-endomorphisms of any simple 2-representation (H, u, @) with the structure

End(H,u,a) = Rep(H)g/m), - (C.43)

We will use the notation n for a n-dimensional simple 2-representation of G in what follows.
In order to describe the 1-morphism categories between simple 2-representations n and m, we
use the diagrammatic notation

Hom(n, m)

R

n m. (C.44)

N__

Hom(m, n)
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C.4.1 2Rep(Z,)

Consider the 2-group G = (Z,,1,1). We denote the elements of the cyclic group Z, by
Zy = {1,x}. (C.45)

Since H%(Z,,U(1)) = 1, the simple 2-representations of G are completely determined by the
choice of subgroup H C Z,, leaving us with

H
1| z, (C.46)
2 | {1}

Using (C.41), their fusion structure can be computed to be

1 1 2 (C.47)

Furthermore, using (C.42), their 1-morphism categories can be described by the diagram

Vect

Vect

C.4.2 2Rep(Dg)

Consider the 2-group G = (Z,, Zy X Z5, p), Where Z, = {1, x} acts on Z, x Z, via
x v, (a,b) := (b,a). (C.49)
We denote the elements of the Pontryagin dual of Z, by
Zy =: {1,A}, (C.50)

where the non-trivial character A is defined by A(x) = —1. Since H?(Z,, U(1)) = 1, the simple
2-representations of G are completely determined by the choices of subgroup H C Z, and
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H-invariant character a € Zy x Zj, leaving us with'”

H a

1, | z, (1,1)

1|z, LA

(C.51)
2, | {1} (LD
2, | {1} (1
2. | {1} &2
Using (C.41), their fusion structure can be computed to be
® |1, 1. 2, 2 2_
1, | 1, 1 2, 2, 2_
1|1 1, 2 2 2,
(C.52)

2, | 2, 2. 2,82, 2,02 2 602
20 | 20 20 202, 2,.02. 2,02,

2. | 2. 2, 2 82 2,02 2,02,

Furthermore, using (C.42), their 1-morphism categories can be described by the diagram

Rep(Z,) Rep(Z,)

1, 1_
Vect Vect
(C.53)
Vect Vect
2, 2, 2_

Vectz, Vect

Vectz, .

As expected, there are three connected components, corresponding to the three Z,-orbits in-
side (Z, x Z,)".
C.4.3 2Rep(Zqy x Z5)

Consider the 2-group G = (Z4 x Z,, 1, 1), where we again denote the elements of Z, by
Z, = {1,x}. Using that H%(Z, x Z,,U(1)) = Z, and H?(Z,,U(1)) = 1, the simple 2-

5Note that (1,A) = *(A,1), which gets rid of the additional 2-dimensional simple 2-representation of G we
could have written down naively.
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representations of G are completely determined by the choices of subgroup H C Z, x Z, and
a corresponding cohomology class u € H2(H, U(1)), leaving us with

].a ZZXZZ OLEZZ

2, 7L 1
2 (C.54)
2p z3 1
2R z8 1
4 {1} 1

where we denoted the non-trivial subgroups of Z, x Z, by

zy = {(1,1), (x, 1)},
z3 = {(1,1), (x,x)}, (C.55)
z8 = {(1,1), (1,x)}.

Using (C.41), their fusion structure can be computed to be

® 1¢ 2; 2 2z 4
18 | 19%P 2, 2 2z 4
2; 2, 2, ©2; 4 4 404
(C.56)
2 2 4 2,82, 4 404
2z 2z 4 4 2, ® 2, 404
4 4 404 404 404 4040404
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Furthermore, using (C.42), their 1-morphism categories can be described by the diagram

Rep(Zy x Z5)

1(1

Rep® P (Z, x Z,) RepP~%(Z, x Z,)

Rep(Z,)

Rep(Zz)ch 2, < Vect

Vect

Vect & Vect

Vect @ Vect Vect @ Vect

N

Vecty, xz,
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