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Abstract

Frenkel, Lepowsky, and Meurman constructed a vertex operator algebra (VOA) asso-
ciated to any even, integral, Euclidean lattice. In the language of physics, these are
examples of chiral conformal field theories (CFT). In this paper, we define non-chiral
vertex operator algebra and some associated notions. We then give a construction of
a non-chiral VOA associated to an even, integral, Lorentzian lattice and construct their
irreducible modules. We obtain the moduli space of such modular invariant non-chiral
CFTs based on even, self-dual Lorentzian lattices of signature (m,n) assuming the valid-
ity of a technical result about automorphisms of the lattice. We finally show that Narain
conformal field theories in physics are examples of non-chiral VOA. Our formalism helps
us to identify the chiral algebra of Narain CFTs in terms of a particular sublattice and
give us the decomposition of its partition function into sum of characters.
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1 Introduction

The study of vertex (operator) algebras started with the work of Borcherds [1] and Frenkel,
Lepowsky, and Meurman [2] in relation to Monstrous Moonshine and two dimensional con-
formal field theory. The first non-trivial examples of the theory were constructed starting from
an even, integral Euclidean lattice, see [3, 4] for a more physical construction. These are ex-
amples of what are called chiral conformal field theory in physics, see Subsection 1.1.1 for an
introduction. There are ample examples of non-chiral conformal field theories which cannot
be described mathematically in the language of vertex operator algebra. One large class of
such theories is the Narain CFTs based on even, self-dual Lorentzian lattices.

In this paper, we define the notion of non-chiral vertex operator algebra and study various
related notions. Our definition is based on the notion! of full field algebras introduced by Huang
and Kong in [ 7] and full vertex algebras introduced by Moriwaki in [8]. We use formal calculus
as well as complex analysis to formulate our axioms. We replace the Jacobi identity axiom of
vertex (operator) algebras by a locality axiom which is general enough to imply the duality
and hence operator product expansion of vertex operators. Various well-known examples of
non-chiral conformal field theories in physics are examples of our definition. More concretely,
we construct a class of examples of non-chiral VOAs based on Lorentzian lattices which cover

See also [5,6] for some earlier, related but different, discussion on non-chiral VOAs.
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the moduli space of Narain CFTs as examples of our definition. We then define modules and
intertwiners of non-chiral VOAs on the lines of [9]. In the rest of this section, we describe a
dictionary between non-chiral VOAs of this paper and the notion of (non-chiral) conformal
field theory in physics.

1.1 The dictionary from non-chiral VOA to non-chiral CFTs

In this section, we give a dictionary between conformal field theories as generally understood
in physics and the non-chiral vertex operator algebra definition in this paper. This dictionary,
for the case of chiral conformal field theory, is well-known to experts. We extend it to the
case of non-chiral VOA. We start by describing the defining data of a conformal field theory in
physics.

1.1.1 Physical definition of a CFT

We begin with the Belavin-Polyakov-Zamalodchikov (BPZ) definition of a conformal field the-
ory [10]. We follow [11-16] for this exposition.
A bosonic CFT is an inner product space 5 which? is decomposable as a direct sum of
tensor product
# =P viho)eVho), (1)

hh
h—heZ

of irreducible highest weight modules of Vir, x Vir:, where where Vir, and Vir; are two copies
of the Virasoro algebra with central charge c,c:

[Lm: Ln] =(m— n)Lm+n + 1C_2m (mz - 1) 5m+n,0 >
[f,m,Zn] =(m—n)Lyn+ 1C—2m(m2—1) S min0> (2)
[L,L.]=0,

such that the following are satisfied:

1. Identity property: There is a unique vector |0) € V (0, ¢)®V/(0, &) which is invariant under
the sl(2) x sl(2)-subalgebra of Vir, x Vir; generated by L, Ly, L7, and L.

2. For each vector a € # there is an operator ¢,(z,%) acting on 5, parameterized by
z € C. Also, for every operator ¢, there exists a conjugate operator ¢,v, partially
characterized by the requirement that the operator product expansion (OPE) of ¢, and
¢,v contains a descendant of the identity operator.

3. L, property: For a € V(h,c) ® V(h,¢) a highest weight state of the (Vir, x Wé)-action,
we have

(L, balz,2)] = (z"“di Fh(n+ 1)z“) $ulz.2),
g 3)
[Ln, dalz,2)] = (2"“5 +h(n+ 1)2") $a(2,2),

for real numbers h and h.

2Physically, one always has a Hilbert space.
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4. Duality Property: The inner products (O \qbal (21,21) .- Pq, (zn,on)\ O) exist for
|z1] > ... > |z,] > 0 and admit an unambiguous real-analytic continuation, indepen-
dent of ordering,® to C" \ {zy,...,2, = 0,00; 5 = z;}.

5. Modular invariance property: The torus partition function and correlation functions,
given in terms of traces exist and are modular invariant.

These axioms do not characterise a CFT but are necessary for a well defined CFT. A particular
subset of operators which only depend only on 2z or Z are of interest. Such operators are called
chiral (z dependent) and anti-chiral (¢ dependent) operators. The maximal set of chiral and
anti-chiral operators form an algebra which we denote by ./ and ./ respectively.* For any
CFT,1 € .4/ ® .o/, T(z) € ./ and T(%) € .o/ where T and T are the holomorphic and anti-
holomorphic stress tensor with modes L, and L, respectively. Let {O(z)} be a basis of .«/.
The OPE of chiral operators takes the form

Cijk

OO W)=, O (w), )

— (z— w)lijk

for some coefficients c;j; where h;j, = h;+h;—h;. By the usual contour integral manipulations
we can write the above OPE as the algebra of modes:

[0,01]= Z cijr(n, m)ok, (5)
A
where
Oi(z) = >0l z7m M (6)

Similar OPE holds for anti-chiral operators. The algebra (5) of modes of operators in .« is
called the chiral algebra and the algebra of modes of operators in ./ is called the anti-chiral
algebra of the CFT. Since the OPE of (anti-)holomorphic operators is equivalent to the alge-
bra of their modes, we will use the same symbol (.«/) .o/ for the (anti-)chiral algebra and the
algebra of (anti-)holomorphic operators. In the following, we will only speak of the chiral
algebra but all statements hold for anti-chiral algebra equally well. The chiral algebra of any
CFT contains the (universal enveloping algebra of) Virasoro algebra since the stress tensor is
always a chiral operator. Other examples of chiral algebra include the affine Kac-Moody alge-
bra [17] and the W5 algebra [18]. Only the zero mode the of chiral operator O(z) commute
with the Hamiltonian (L, + L) and are hence called the symmetry-generating algebra. In the
inner product space (1), one can talk about subspaces 5 which form irreducible representa-
tions of the chiral algebra .. For this reason the full chiral algebra is sometimes also called
the spectrum-generating algebra. We can thus decompose the physical Hilbert space ¢ as:

# = DN, @ 7;, 7)
i

where 4, #; are irreducible representations of .</, ./ respectively and N; ; € Ny =Nu{0}, the
set of non-negative integers, is the number of times ., ® #; appears in . For the index value

3For Fermionic fields, one has to keep track of signs while commuting them past each other.

4 Note that there can be subsets of .«# and .o/ which closes among themselves. Notable example is the set with
identity operator and the stress tensor. In the following, whenever we speak of (anti-)chiral algebra, we mean the
maximal algebra of (anti-)holomorphic fields. In mathematical terminology, .«/, ./, with some added structure,
are vertex operator algebras and the theory of (/) .« and its irreducible representations is called a (anti-)chiral
conformal field theory.
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i,i =0, we take % and 5, to be the subspace of »# which contains states corresponding to
.o/ and .¢/ respectively modulo the null states. Hence, N;io=58;0,Ny;=8¢;>

Let us now describe the relation between the two decompositions (1) and (7). A general
state |h, h) € # is called a Virasoro primary of conformal dimension (h, h) if

Lolh,i_l> :hlh,]jl), iolh,il) :illh,E),

- _ _ (8
L,lh,h) =L,|h,h) =0, n>0.
This follows from the OPE
T(z)qﬁ(w’ ﬁ/) — Ld)(w, V_V) + M + hol. ,
(z—w)2 z—w ©)
T(Z)p(w,w) = #¢(W, w) + M + anti-hol.,
(z2—w)2 Z—w

where ¢ (w, w) is the operator corresponding to the |, k). One can identify the state |, h) with

|h,h) = 11m0¢(z,2)|0). (10)

We will consider |h,fl_) as the tensor product of states |h), |h): |h,h) = |h) ® |h). The Verma
modules V(h,c) and V(h,c) is given by

V(h,c):=Spanc{L_,, ...L_, |h) :ny,...,m >0,k €N},

— _ _ - 11
V(h,¢):=Spanc{L_y,, ...L_y |h) :ny,...,m >0,k €N}. (D

The commutators (2) and the Virasoro primary condition makes the Verma module
V(h,c)® V(h,¢) into a (Vir, x \Tré)-representation. In general, this representation is reducible
and one has to quotient out singular or null states® from these Verma modules to make them
irreducible. We will assume that this has already been done and that V(h,c) ® V(h,¢) is an
irreducible (Vir, x WE)-module. Note that from the OPE (9) we must have h = 0 (h = 0) for
a chiral (anti-chiral field). Now we can identify.#) ® #, as

Aoy ® H = (EB V(h, c)) ® (@V(E, 5)) c A, (12)
heS heS
where

S:={he€Z:|h)®|0)=|h,0) € #},

- i, _ (13)
S:={he€Z:|0)®|h) =1|0,h) € 5#}.
A chiral primary is a Virasoro primary |h, h) satisfying
Oplh,h) = O, |h,h) =0, m>0, (14)

and is an eigenstate of O, and O, for every O € .o/ and O € A, the operator corresponding to
it will be called the chiral primary field. Then each irreducible factor in (7) is a subspace of a

SThis is again not true if we take .o/ and .&/ to be some strictly smaller subalgebra of the maximal chiral
algebra. For example, in the ¢ = 1% three state Potts CFT , if we take the chiral algebra to be Virasoro, then
there is a conformal dimension (3,0) and (0,3) representation of the Virasoro algebra present in the theory and
hence N5, = 1, N3 = 1 [19]. But since these fields are holomorphic and antiholomorphic respectively, according
to our definition, they are included in .7, ./ respectively and the chiral algebra is extended to W, algebra, first
constructed in [18]. Several such examples are constructed in [20].

SA singular or null state is a vector which is not a highest weight vector but is annihilated by L,,L,, n > 0,
see [21, Section 7.1.3] for a detailed discussion.
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Verma module constructed over a chiral primary by the modes of every chiral and anti-chiral
operator. o
One can then talk about characters of the CFT defined for each irreducible factor 5 ® 5#;:

xi’{(T7 ,1—_) — Tr%®%TqL0_2%*qi0_2%* , q — 6277.'1"6 , q — e—2ﬂif , (15)
where T € Hl:={x +iy € C: y > 0} is in the upper half plane. From the fact that ® A is

built over some highest vector |h;, h;), we see that the character has the form
B _ o0
27 B) =q"HgE D a(ma(m)g"g™, (16)
n,m=0
for some integers a(n),a(m). Thus we can separate the character into chiral and anti-chiral
characters:

277, T) = xi(T)7:(7), (17)

where -~ -
21 =¢""% Y aln)g", 7D =" Y a(mq™. (18)

n=0 m=0

The partition function of the CFT is then given by sum over chiral characters

Z(%,7) = Trypq 0 Hq 75 = Y N 70T (). (19)
i,

Modular invariance of the partition function implies that the chiral characters form a weight-
zero weakly holomorphic vector valued modular form.” Using this property of chiral char-
acters, one can classify CFTs with finitely many primary fields and given central charge [16,
23-29]. A CFT is said to admit a holomorphic factorization if the partition function and its
correlation functions decompose into a product of an analytic function of 7 and an analytic
function of 7. If a CFT admits a holomorphic factorization, then the CFT is a tensor product
of a chiral and an anti-chiral CFT (see Footnote 4). A non-chiral conformal field theory does
not admit a holomorphic factorization and hence cannot be factorized as a tensor product of a
chiral and an anti-chiral CFT. Thus to give a mathematical formulation of such CFTs, we want
to treat the chiral and anti-chiral algebras on equal footing. This motivates the terminology
non-chiral vertex operator algebras defined in this paper.

1.1.2 Non-chiral vertex operator algebras

We now briefly describe the notion of non-chiral vertex operator algebras studied in this paper.
We refer to Section 2 for precise and detailed discussions. Just as vertex operator algebras,
we start with a vector space V which is (R x R)-graded. We have the vertex operator map
Yy : V. — End(V){x, x} where x, x are two formal variables. We require the existence of a
vacuum vector 1 and conformal vectors w, @ such that Yy, (1,x,x) = 1 and the coefficients
of the formal series for Yy (w,x, x), Yy (®, x, X) satisfies two copies of the Virasoro algebra.
The vertex operators are required to satisfy certain translation and L(0) axioms similar to
VOAs. It turns out that that the Jacobi identity for VOAs is difficult to formulate for non-
chiral VOAs [8]. The appropriate locality axiom is motivated from full field algebras of [7].
Roughly speaking, locality of vertex operators says that the matrix elements of the product
Yy (v,21,%1)Yy(W,24,%5) and Yy, (v,21,2,)Yy (W, 29,%,), defined when |z;]| > |25] and 25| > |2]
respectively, are equal to the same function, which is multi-valued and analytic in 2, %1, 29, 25

7See for example [22] for the definition of vector valued modular forms.

6
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Table 1: Dictionary between a CFT and non-chiral VOA.

Non-chiral CFT Non-chiral VOA

Chiral space of states ) ® 7, (12) (R x R)-graded vector space V (32)

State-operator map a — ¢, (2) on Page 3 Vertex operator map v — Yy, (v, x, x) (35)

Stress tensor T(z), T(Z) Conformal vertex operators Yy (w, x), Yy, (@, x) (46)

Duality of operators (4) on Page 3 Locality of vertex operators Def. 2.1 (9)

Chiral and anti-chiral algebra (5) Chiral and anti-chiral algebra (93)
Irreducible representation 5 ® %; of o/ ® ./ | Irreducible module (W, ;) of non-chiral VOA (V, Y;/) Def. 4.1
Characters y; ;(7,7) (15) Graded dimension y,(7,7) (303)
Chiral primary operator ¢, for a € #, ® 7, Intertwiner y(i(,il,’){()o,o)(w, x, X) of type ((i,lg)i&i)),o)) Def. 4.2

and single valued when %, Z, are complex-conjugates of 2, 2,, defined on C* minus a diagonal
subset. This version of locality turns into a statement of analytic continuation of matrix ele-
ments for chiral vertex operators and allows us to use contour integration for manipulating the
modes of the vertex operators. Moreover, locality allows us to prove duality of vertex operators
which in turn gives us the operator product expansion of the product of two vertex operators.
Modules and intertwiners of a non-chiral VOA are then defined analogous to modules of a
VOA.

1.1.3 The dictionary

Let us now describe the dictionary between non-chiral VOA and its modules and a non-chiral
CFT. Given a bosonic CFT, its chiral and anti-chiral algebra is a non-chiral VOA according to
our definition. Note that our notion of non-chiral VOA allows for more general structure in the
sense that the chiral algebra of a CFT always has the structure of a tensor product . ® 7,
as described above but non-chiral VOAs are allowed to have more general vector spaces. The
chiral and anti-chiral operators are identified with the vertex operators of the VOA. For general
non-chiral VOA, chiral and anti-chiral vertex operators form only a subsector of the set of vertex
operators, see Definition 2.2 and Theorem 2.1 below. Next, the irreducibles 7 ® #; must
be identified with modules of the VOA. Again in our generic construction we allow for the
modules to have more general structure rather than a tensor product. The chiral primary field
corresponding to an irreducible £ ® #; is identified with the intertwiner J/(i(’i{’)i()o’ 0
of type ((i,lg)lilo),O) where (0,0) indicates the VOA as a module for itself. The state-operator
correspondence for the space (7) corresponds to the vertex operator map for the VOA and
its modules along with the intertwining operators of type ((i,lg)lzt)),o))' The full dictionary is
summarised in Table 1. We hope to expand the dictionary to include fusion rules and rationality
on the CFT side to the notion of tensor product of modules and (strong) regularity of non-chiral

VOAs in a future publication.

(w, x,x)

1.2 Lorentzian lattice vertex operator algebra (LLVOA)

One of the main constructions of this paper is a concrete example of a non-chiral VOA based
on an even integral Lorentzian lattice. The construction is similar to Euclidean lattice VOAs
but differs in that it also has anti-holomorphic part. We call it the Lorentzian lattice vertex
operator algebra (LIVOA). The modules for a non-chiral VOA introduced in this paper can
be defined analogous to modules for usual VOAs. In fact, we are able to construct modules
for the LIVOA in one to one correspondence with certain cosets of the lattice. Collecting the
VOA and its modules, we define the partition function of the non-chiral CFT (see Definition
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4.3) thus obtained. We call such CFTs Lorentzian lattice conformal field theory (LLCFT). We
find that the modules of the LIVOA constructed using the cosets of the lattice give rise to
a modular invariant partition function. We further attempt to classify all possible modular
invariant LLCFTs based on even, integral self-dual Lorentzian lattices of a given signature.
This leads us to a conjecture about automorphisms of Lorentzian lattices which we prove for
signature (m, m) but are unable to prove for general signature (m,n) with m # n. Following
the physics terminology, we call the equivalence classes of LLCFTs based on Lorentzian lattices
as the moduli space of LLCFTs. As expected from physical arguments, the moduli space in
signature (m, n) is given by (see Theorem 5.5)

~ O(m,n,R)
Mpn = O(m,R) x O(n,R) x O(m,n,Z) (20)

The paper is organised as follows: in Section 2, we introduce the notion of non-chiral VOA
and prove some elementary consequences of the definition. Then in Section 3, we construct
the LIVOA and prove that it is an example of a non-chiral VOA. In Section 4 we define the
notion of modules and intertwining operators and prove some important consequences and
results required later. In Section 5 we construct the modules of LLVOAs. We formulate a precise
conjecture about automorphism of Lorentzian lattices and under that assumption, prove that
the moduli space of LLCFTs in signature (m, n) is given by (20). Finally in Section 6 we review
the physical construction of Narain CFTs and comment on their relation to LIVOAs. Appendix
A deals with the independence of central extensions of lattices on the chosen basis of the
lattice. Appendix C contains some technical results about modules of Heisenberg algebras and
Appendix D contains the proof of Conjecture 1 for the special case m = n.

2 Non-chiral vertex operator algebra

2.1 Formal calculus

We begin by collecting some notatations about formal calculus. The reader is referred to [2,
Chapter 3,8] and [30, Chapter 2] for more details.
Let x be a formal variable. For a vector space V, we define the following:

Vix]= { Z vpx™ 1 v, € V, where only finitely many v, # O} , (21)
neN,
Vilx]]= { Z vx" v, € V} , (22)
neN,
Vi{x}= {Z vx" v, € V} , 23)
nelr

where Ny = N U {0} and F is an arbitrary field of characteristic not 2. We will mostly be
interested in the case F = R or C. For a complex number s € C and formal variables x, x5,

we will define
oo

(1 +x5) = Z (;)xi_”xg , (24)

n=0
where the binomial coefficient is defined as

(s):s(s—l)---(s—n+1).

n

(25)
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Note, in a series like this, we will always have non-negative integral powers of the second
variable. With this formula, one can check that

(1—ﬁ) x5 = (x3—x1)". (26)

X2
If we replace x1, x5 by complex variables z;, %, then by definition [31]

(21 —2,)" := exp(slog(z; —25)),

27)
(20 —21)" := exp(slog(zy —21)).
Using the fact that
oo Zn
log(1—z)=—> =, |s|<1, 28)
n=0 n
and the identity®
s Zk: (—s)t Z 1
(—1)’<( ) = , (29)
k (=1 ¢! ny+-+ny=k iy
ny,..., H[>1
it is easy to see that’
s _
(1~ = explsloge ~ ) = (0 )1 el >
n=0 ) (30)
(2= =explsloglzz — ) = (£ )55, lal > Il
n=0

which is consistent with the definition (24). Let f(x) = D>, v,x" € V[[x,x1]], then we have
the formal version of Taylor’s theorem:

0 £(x) = f(x +Xo). (31)

One can prove this by expanding both sides and comparing terms of equal power of x, xy. As
before, we need to expand the RHS in non-negative integral powers of x.

2.2 Definition of non-chiral VOA

Let
v=11 Vw (32)

(h,h)eERxR
be an R x R-graded complex vector space vector space. Let
v=11 Vun (33)
(h,h)ERXR
denote the algebraic completion of V. Let

/_ /
V= ]_[ V(h,ﬁ)’ (34)
(h,h)eERXR
be the contragradient of V where V(/h P
be absolutely convergent if for every f’ € V' the series ».|(f’, f,)| is convergent. Here,
(f', f.) = f'(f,) € C is just the action of the linear functional on f’ on f,,.

is the dual of Vi, ;). A series > f, in V is said to

8This identity can be proven by using the relation (1 — x)° = exp(slog(1 — x)) for any real x with |x| < 1 and
seC.
°Another way of proving this identity is to use Taylor’s theorem.

9
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Definition 2.1. A non-chiral vertex operator algebra of central charge (c,c) is a quintuple
(V,Yy,w,®,1) where V is an R x R-graded complex vector space and Yy is a linear map,
called the vertex operator map,

Yy: VeV — V{x, x},

35
u®v+— Yy (u,x,x)v, (35)

or equivalently a map

Yy :C* xC*— Hom(VeV,V),

36
(2,2) — Yy (+,2,2) tu®v— Yy (u,z,2)v, (36)

which is multi-valued and analytic if 2, z are independent complex variables and single valued
when £ is the complex conjugate of z. The vertex operator Yy (u, x, ) is expanded as a formal
power series

Yy (u,x, %)= Z um,nx_m_l)_c_”_l € End(V){x*!, x*1}, 37)

m,n€ER

and when u € V{3, 1), it can also be expanded as

Yy (u,x,x) = Z xm,n(u)x_m_h)'c_“_’_l € End(V){x*!, x*1}, (38)
m,n€ER
so that
Xmn(W) = Upsp 1 i1, MNEZL. (39)

We call x,, ,(u) the modes of the vertex operators Yy (u,x,x). The degree (h, h) is called the
conformal weight of u € V3, y and we write

wt(w)=h, wt(u)=nh. (40)

The vector 1 € V(g oy is called the vacuum vector and w € V(, ¢y, @ € V(g 9) are chiral and anti-
chiral conformal vectors respectively. This data is required to satisfy the following properties:

1. Identity property: The vertex operator corresponding to the vacuum vector acts as iden-
tity, i.e.
Yy(1,x,x)u=u, YueV. 4D
2. Grading-restriction property: For every (h,h) € R x R,

and there exists M € R, such that

Viuiy=0, for h<M,orh<M. (43)

3. Single-valuedness property: For every homogenous subspace Vi 1

h—heZ. (44)

4. Creation property: For any v € V

lim Yy (v,x,x)1=v, (45)
x,x—0
that is Yy, (v, x, X)1 involves only non-negative powers of x, X and the constant term is v.
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5. Virasoro property: The vertex operators Yy (w,x,x) and Yy (w, x, Xx), called conformal
vertex operators, have Laurent series in x, X given by

T(x) =Yy (w,x, %)= > L(n)x™"2,

nez

T(x) = Yy(@,x,%) = > L(m)x "2,

nez

(46)

where L(n), L(n) are operators which satisfy the Virasoro algebra with central charge c, ¢

respectively:
c
[L(m), L(m)] = (m = m)L(m +n) + m (m? =1) &m0,
. . _ ¢ ) (47)
[L(m), L(n)] =(m—n)L(m+n)+ Em (m — 1) O m+n,0>
and
[L(m),L(n)]=0. (48)
6. Grading property: The operator (L(0),L(0)) is the grading operator on V, that is for
VE V(h,fl)
L(O)v=hv, L(O)v=hv. (49)
7. L(0)-property:
%,
[L(O)J YV(u7 X, 2)] = X_Yv(u, X, )_C) + YV(L(O)U: X, -)Z‘) 5
dx
P (50)
[Z‘(O)J YV(u’ X, X')] = JEFYV(U, X, J?) + YV(I‘(O)H’ X, )?) .
x
8. Translation property: For anyu € V
_ _ 0 _
[L(_]-)’ YV(u’ X, X)] = YV (L(_l)u) X, X’) = _YV(us X, X) 5
dx
3 (51
(LD, Yyl x, 9] = ¥y (LD, x, %) = =¥y (w,x, %).
9. Locality property: For uq,...,u, € V, there is an operator-valued function'°
mn(uh —os Up; zlailz ...,Zn,in) )
defined on'!
{(21, .. -aznai]_: . '-)in) € (CZH |Zi’£i # 0921' 7é zjﬁgi 7&5]}: (52)

which is multi-valued and analytic when z, ...,2,, are viewed as independent variables
and is single-valued when %,...,%, are equal to the complex conjugates of z;,...,%,.
Moreover, for any permutation o € S,,, the product of vertex operators

Yy (Uo(1) 2019 Zo 1)+ v (Uotm)s Zotmys Zotm) » (53)
is the expansion of m,(uj,...,u,;21,%1,-.-,%0,%,) in  the  domain
|za(1)| > |za(2)| > oo+ > |z > 0. Here, Z5(1),...,%5(n) are complex conjugates of

Zg(1)s -+ Zo(n) TESPectively. If a function m, satisfying above properties exists, we say
that the vertex operators
Yy (u1,21,%21),..., Yy (u,,2,,%,) are mutually local with respect to each other.

1%We thank Yi-Zhi Huang for discussions on this point.
1The matrix elements of this operator are called correlation functions in Physics.
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We will often denote the non-chiral VOA by (V,Y;,) or simply by V.

Remark 2.1. Let us compare the definition of non-chiral VOA with full vertex algebra of [8].
The definition of full vertex algebra in [8] requires the locality of only 2-point correlation
function and invokes bootstrap equations for the locality of multi-point correlation functions. In
principal, requiring bootstrap equations imply the locality of multi-point correlation functions.
We take the latter approach to be completely explicit.

Remark 2.2. For a homogeneous vector u € Viniy the sum in (37) and (38) runs only over
the set {(m,n) € R?| m—n € Z}. To see this, first note that the L(0)-property 7 implies the
commutator

[L(O); Xm,n(u)] = _mxm,n(u) >

- (54)
[L(0), X n(w) ] = =1, n(W).
Equivalently,
[L(0)tpn]=(Rh—m— Dy, (55)
[l_,(O), um’n] = (fl —n—1upy,.
This implies that
wt x,. . (u)=—m, wt x,. . (u)=-n,
m,n( ) _m,n( ) - (56)
wtup,, =h—m-—1, wtup,, =h—n—1.

The single-valuedness property 3 implies that m —n € Z in both the sums. We will thus write
the expansions of the vertex operators as

Yy (u,x,x) = E um’,le_m_l)?_”_1 € End(V){x, x}
m,neR
(m—n)ezZ

= Z xm’n(u)x_m_h)'c_”_h .

m,neR
(m—n)eZ

(57)

Remark 2.3. The single-valuedness property 3 implies that the vertex operators (35) is single-
valued. To prove this, we must show that

Yy (u,2,2) = Yy (u, 2™z, e7275). (58)
From Remark 2.2, we have
Y, (u, 2™z, e~2miz) = Z um’nz—m—li—n—le2ni(—m+n)
(momez (59)
=Yy (u,2,%2).

Remark 2.4. Forv € Viniy if in the expansion (38) the index runs over m € Z—h, n € Z—h,
then assuming that z,z are independent complex variables, we can use Cauchy’s residue the-
orem to write

1 -
X, (V)= —= dzdz YV(V,Z,i)zr+h_125+h_1 , (60)
’ (2mi)2
where the contour of the integration is a circle around z = 0 and Z = O respectively.

Remark 2.5. The creation property implies also the injectivity condition, i.e.

Yy(v,x,x)=0, implies v=0, for veV. (61)
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2.3 Some consequences of the definition

We now prove some consequences of the definition. These are well-known for VOAs, see [2,9].

Lemma 2.1. For any v € V, we have
Yy (v, x,%)1 = e LD LDy, | (62)

Proof. We use the translation property 8 and Taylor’s theorem (31). For another formal vari-
able xg, X, Taylor’s theorem gives

oz d -d
Yy (eXL(_l)eXL(_l)v, Xo, J_CO) =eXIxeXax Yy (v, xg, Xo) = Yy (v, x + x0, X + Xp) . (63)

Now applying this operator on 1, taking limit x,, X, — 0 we get

lim Yy (e"L(_l)e’_‘i(_l)v, Xo, )'co) 1= lim Yy(v,x+xq,%+X)1, (64)
Xg,X9—0 Xg,Xo—0
and then using (45) we obtain (62). O
Lemma 2.2. For any v € V we have
eXZL(_l)e’_Czi(_l)Yv(v, xl,)'cl)e_"zL(_l)e_’_CZi(_l) =Yy (v, x4+ X9, X1 + X5). (65)

Proof. Using the BCH formula (224) and translation property 8, we have

o0 —
LY (4 ey, 7p)e 2D = Z [(xa L(—=1))", Yy (v, xq,X4)]

— n!
(e ]
1 on _
= ;Xg_axnyv(v,xl)xl) (66)
n=0 """ 1

2
=e 27 Yy (v, xq,%1)

=Yy (v, x1 + x, X1),
where in the last step we used Taylor’s theorem (31). Similarly we have
LDy, (v, %, %,)e 2D = ¥, (v, xp, % + Xy). 67)
Since L(—1) and L(—1) commute, the result follows. O

We now prove skew-symmetry which will be useful in proving the duality of vertex opera-
tors.

Lemma 2.3. For any u,v € V, we have
Yy (u,2,2)v = eZL(_l)eii(_l)Yv(v, —z,—Z)u. (68)
Proof. Using Lemma locality property 9, 2.1 and Lemma 2.2, we have

Yy (u,2,2)Y,(v,2",2)1 ~ Yy (v, 2,2V (u,2,2)1
=Yy (v,2,2)ef LDz k-1 (69)

= f LDz lVy, (o — 2,7 —Z)u.

Now taking z’,2" — 0 and using the creation property, we obtain the required result. O
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The following proposition shows the uniqueness of vertex operators. The proof is on the
lines of [3].

Proposition 2.1. Let U : V — V{x, X} be a linear operator which is local with respect to every
other vertex operator, in the sense of Property 9, and satisfies

U(x,%)1 = et LEDex 1)y, (70)
for some v €V, then
U(Z,é):Yv(V,Z,i), (71)
for a non-zero complex number z.

Proof. For any w € V, from Lemma 2.1 and locality property 9 we have
U(zy,2,)e2 L De LDy = Uz, 2)) Yy (w, 29, 25)1
~ Yy (w,22,2,)U(21,%)1
=Yy (W, 2,,2,)e" L(=Dea L(-D),, (72)
=Yy (w,25,2,) Yy (v,21,21)1
~ Yy (v,21,21)Yy (W, 25,25)1,
where ~ indicates equality up to analytic extension in the sense of Property 9. Now taking

%5,%5 — 0 we obtain,
U(zy,2)w = Yy(v,21,2)w. (73)

As the two operators in (73) are equal for all w € V, they are equal as operators. O

We now prove the duality of vertex operators. For VOA, this is proved in [3,32].

Proposition 2.2. For any v,w € V we have
YV(VJ Zlail)YV(W: 22:52) = YV(YV(Vazl _22’21 _22)W, ZZ;‘éZ) 5 (74)
in the domain |z;| > |25| > |27 — 25| > 0, where the RHS is defined by

Yy (Y (V.21 20,5 —2)W,20,5) = D Yy (V- W, 20, 55)(21 —2) "L (E —5,) " (75)
m,n€R
(m—n)eZ

Proof. The proof is on the lines of [32, Page 23]. For any u € V, we have

Yy (v, 21,21 Yy (W, 25, 25 )€ L(-1)gzs L(-1)y,
=Yy (v,21,21)Yy (W, 22, 25) Yy (1, 23, 23)1
~ Yy (U, 23,23) Yy (v, 21,21 ) Yy (W, 25, 25)1
= Yy (u,23,23) Yy (v, 21,2 )e2 L Den Ly, (76)
= Yv(u,zg,ig)eizi(_l)eZZL(_l)Yv(v,zl — 29,21 — Z5)W
=Yy (u,23,23)Yy (Yy (v, 21 — 22,21 — 22)W,25,%5) 1
~ Yy (Yy (v, 21 — 20,21 — 220w, 22, 25) Yy (1, 23,23)1,

where we used Lemma 2.1, Lemma 2.2, and Locality property 9. Now taking 23,23 — 0 and
using Proposition 2.1, we obtain the duality relation. Note that the sum on the RHS of (75)

14


https://scipost.org
https://scipost.org/SciPostPhys.17.2.047

SCIl SciPost Phys. 17, 047 (2024)

converges. Indeed for any u € V, using skew-symmetry'?
(Lemma 2.3) we have

Yv(Yv(V,Zl — 2, 21 - 22)W> 22)22)11

= Z YV(Vm,n'W,Zz,iz)(z1—zz)_m_l(51—52)_n_1u

m,neR
(m—n)ezZ
- Z el e Dy, (u, —Z9, =25 Vi Wz —22) " (E —2) !
m,n€ER (77)
(m—n)€Z
_ o5 L(-1) % L(-1y. e = . o ym=l7s _ = y—n—1
=€ € v (U, —23,—25) Vm,n w(z1 —23) (21 —2,)
m,neR
(m—n)eZ

_ o2 L(-1) zy L(—1 = s _ =
=e? ¢ )e2 ( )YV(va_Z2J_22)YV(uaZl_ZZJZI_ZZ)W'

Since the RHS of the last line is well defined in |z5] > |[2; — 25|, the operator
Yy (Yy (v, 21 — 29,21 — 29 )W, 29, 25) is well defined in |z,| > |2 — 25| O

Proposition 2.2 shows that a product of two vertex operators can be written as a sum of
single vertex operator:

Yy (v,21,2) Yy (W, 22,2,) = Z Yy (Vi = W, 22,22)(21 —22) " (E1 — 22) " (78)
m,neR
(m—n)eZ
In physics, we usually ignore the non-singular terms in the expansion above and call it the
operator product expansion.

Remark 2.6. The sum in the operator product expansion has finitely many terms with negative
powers of (z; —2,) and (Z; —2,). To see this, we first expand the vertex operator Yy (v, x, X)
forv eV, as

Y, 8) = D Xy, ()x R (79)
m,neR
(m—n)€Z
Since
wt xm,n(v) =—-m, wt xm,n(v) =—n, (80)
for w € Vi, ) we have
Xm)n(v) W e V(h’—mfl’—n) . (81)

Due to the grading-restriction property 2, there exists M € Z such that
Xpma(V)-w=0, mn>M. (82)
Thus the operator product expansion is upper truncated.

Proposition 2.3. The operator product expansion of the conformal vertex operator T(x) with
itself is given by

_c 1 2T(x5) 1 d
T(x1)T(xp) = 2 G —x)t + = T (1 —xy) 3 T(x3) + Gy(x1,x3),
T(x)T(xy) = ¢ L 21(%2) L d T(%x9) + Gy(X1, X2), (83)

2% )4 (B — %) (X —%p) 0%,
T(x1)T(%5) = G3(x1,%5),

where Gy(x1,x3), G3(x1,x;) € End(V)[[x;H, (x1—x2)]], Go(x4, %5) € End(V)[[fC;l: (%1—x2)1].

12We thank Yi-Zhi Huang for clarification on this point.
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Proof. The proof is straightforward using the Virasoro algebra (47), see [33, Chapter 3] for
more details. U

Of particular interest are the chiral and anti-chiral vertex operators.

Definition 2.2. A vector u € V is called a chiral (anti-chiral) vector if the corresponding vertex
operator Yy (u, x, X) belongs in End(V){x*!'} (End(V){x*'}) or equivalently only depends on
2 (%). Such vertex operators will be called chiral (anti-chiral) vertex operators.

Remark 2.7. From the translation property 8 we see that the vertex operator corresponding
to v is chiral if and only if L(—1)v = 0 and anti-chiral if and only if L(—1)v = 0. The algebra
of the modes of chiral (anti-chiral) vertex operators is called the chiral (anti-chiral) algebra in
physics, see Corollary 2.11.

Remark 2.8. In the locality property 9 involving a chiral (resp. anti-chiral) vertex operator
Yy (uq,2,)(resp. Yy (up,%,)) and another vertex operator Yy (us,2,,%5), we will often denote
the function m by

R(Yy(uy,21)Yy (up,20,%5))  (resp. R(Yy(uy,21)Yy(up,20,%5))), (84)
so that
Yy (uq,21) Yy (Ug,29,%,), for|z{| > |2o],
ROY, (111, 21) Y,y (i1, 2y, ) = v (U 1)_v( 2,%2,%2) |21] > |2,] (85)
Yy (ug,20,25) Yy (ug,21),  for |z,] > 2],
and

Yy (uq,21) Yy (ug,29,%5) ,  for [z1] > |z,],

R(Yy (uy,21)Yy (ug, 29,%,)) = { (86)

Yy (us,25,20) Yy (uq,21), for |z5] > |24],

respectively. In physics, this is called radial ordering. Here 2,,%, are complex conjugates of
each other.

Lemma 2.4. Let u,v be homogeneous chiral and anti-chiral vector. Then the associated chiral
and anti-chiral vertex operator has an expansion of the form

Yy () = D s (u)x W= € End(V)[[x*1]],

nez (87)
Yy (v,2) = > &,(n)x ") € End(V)[[£*1]],
nez
where
xn(u) = xn—ﬁu,—vﬁu(u) 5 J_Cn(v) = x—wtv,n—wtv(v) . (88)

Proof. From the expansion (57), we see that Yy (u, x, x) will be independent of X if and only
if
Xpa(u)=0, unless n=-—wtu. (89)

But as m —n € Z we then have
Xmn(u)=0, unless n=-wtu, meZ—wtu. (90)

This gives us the required expansion. The proof for anti-chiral vector v is similar. The fact
that Yy (u, x) € End(V)[[x*']], Yy (v, X) € End(V)[[x*']] follows from the single-valuedness
property 3. 0
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Remark 2.9. By the above lemma, for chiral and anti-chiral vertex operators, the requirements
in Remark 2.4 is satisfied and hence we can write

1 [ —
x,(uw) = oy dz YV(u,z)z"Jr(""“‘_““‘)_1 ,
on

1 —
J_Cn(v) — % f dz YV(V,£)5H+(WtV—wtv)—1 ,

where u, v are chiral and anti-chiral vectors respectively and the contour of integration is a
circle around z = 0, Z = 0 respectively.

We now derive the commutator of the modes of two vertex operators and the Borcherd’s
identity [1].
Theorem 2.1. Let u; € Vi, .y and u; € Vi) (v; € Viw iy and v; € V(h}fl})) be homogeneous
chiral (resp. anti-chiral) vectors with corresponding vertex operators
Yy (g, %) = > o) TRy (g, x0) = g ()R,

nez nez

B} o (92)
. _ (i —H - - ——n—(h—H
Yy (v, 2) = D F)F " ED v (v, %) = D %, (v)x T,
nez nez
Then the vectors x,(u;) - u; and x,(vi) - v are chiral and anti-chiral vectors respectively. Further,
we have

h;—h)—1
[Xn(ui):xk(uj)] = Z (;iih%_ﬁg_l)xk+n(xp(ui)'uj);

p=—(hi—h;)+1
_ _ 3 n+(hi—h)-1\_ (93)
(%00, % (v))] = pz_%h;m (0 e Deai,00-),
(), %71 = 0.
In particular,
n+1
L@l = 3 (07 reena -,
[f‘(n)rik(vi)] :0, i ] (94)
L 300)= 3 (05 Jeentite) w.

[L(n), xx(u;)]=0.

More generally, for m € Z and m, € Zs, we have the Borcherd’s identity:

Z (T)((_1)rx”+m—r(ui)xk+r(uj) - (_1)m+rxk+m—r(uj)xm—r(ui))

r=0
+(h;—h)—1
- Z (n : ) )xk+n+m+ﬁi—hj(xp+m(ui) . uj) s (95)

po1 Gy P+ (i —h) =1
Z (T)((_1)r)_cn+m—r(vi))_fk+r(vj) - (_1)m+r)_Ck+m_r(Vj))_Cn_H(Vi))
r=0
- > (7 (k- ks G0 %), (96)
p21-(i—n) P T (hi—h)—1 t
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Z (TT;'+)((_1)rxn+m+_r(ui)')—ck+r(vj) - (_1)m++rik+m+—r(vj)xn+r(ui)) =0. 97)

r=0

Proof. We first show that x,(u;)-u; and x,(vi)-v, are chiral and anti-chiral vectors respectively.
Indeed by the translation property 8

[i‘(_l);xp(ui)] :O7 (98)
which implies that
f,(—l)-(xp(ui)-uj)zxp(ui)-f.(—l)uj =0. (99)
Similarly
L(—1)- (xp(vi) - v) =0. (100)

Now, we will follow the usual contour integration procedure, see for example [33, Section
3.3.10]. First note that

Yy (u;, 21)Yy (W), 22), Yy (u), 22) Yy (g, 21), R(Yy (w3, 21) Yy (1, 22)) (101)

are single-valued and analytic in 2,2, since their partial derivative with respect to 2,2, is
zero. So we can use Cauchy’s residue theorem to integrate over 2,2, on any contour. Now
let ry > ry > r3 > 0 be real numbers. Let C{'(z) denote a contour in the variable z;, in
counterclockwise direction, of radius a and centered around z. Further, C/ := C/(0). Let
f(21,24) be a rational function analytic in 2, 2, with poles only at z; = 0,2, = 0,2; = 25. The
integrals

jg ) dzz} ) dzy Yy (u;,21)Yy (U, 22)f (21,22)

& & (102)

and j( d22§ dz1 Yy (uj,22)Yy (u;, 21)f (21,22,
C,? c?

are well-defined. By the locality property 9 and the OPE (75), we see that

§ dzzjé dz, Yv(ui,21)Yv(uj,zz)f(z1,zz)—f d22§ dzy Yy (uj,22) Yy (u;, 21)f (21,22)
C? ct C? c;?
2 1 2 1
= 5{ d22§ dz; R(Yy (u,21) Yy (u),20))f (21, 22)
C,? clt—cp?
= f de% dz Yy (Yy(u;, 2 _22)uj522)f(zlzz2)
;2 €l (22)

= ff dzz§ dz Z Yy (cp (i) - uj, 22)(21 —2,) PRI f (2, 2,), (103)
C'zr2 Cf(zz) pEZ
where & is some small real number, see 33, Section 3.3.10] for details of the change in contour.
If we now choose ) )
f =gl i)t (104)
then using (91) the LHS is'® [x,(u;), x;(u ;)] while Cauchy’s residue theorem gives the RHS to
be

n+(h;—h)—1 k+(h;—h)+n—p—1
§r dz D, ( +(hl—Bl)—1)YV(Xp(ui)'“j>Zz)zz T, (105)
G’ p=—(hi—h;)+1 p i i

13There is a factor of (27ti)? which cancels on both sides, so we ignore it.
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where we used the identity

n+(h;—h;)—1 -
z; n+(h; —h)—1\ —
f dz; — _ :( (hi =hy) )zgp. (106)
i) (Bt Ap+(hi—h;)—1

Note, that it is necessary that (h; —h;) € Z, which is true by the single valuedness property 3,
for (106) to hold. Finally, using (91) and the fact that

xp(u;)uj € th—p+}_li,]_‘li+f_lj’ (107)
the RHS becomes -
po—(h—h+1 P T UL

The second commutator is similar. To prove the third commutator, note that since
3, R(Yy (u;,21)Yy (v}, 22)) = G, R(Yy (w3, 21) Yy (v}, 2,)) =0, (109)

R(Yy (u;,21)Yy(vj,2,)) cannot have any dependence on (z; —25) or (3; — 2;). Moreover, from
the proof of the OPE in Proposition 2.2, we see that it cannot also have (z; —2,) dependence
as well. This implies that the contour integral on the RHS of (103) vanishes and we get

[xm(u;), X, (vj)]=0. (110)

The three Borcherd’s identity follow by using

n+(hi—h;)—1_k+(hj—h;)—1
fl =z i 2, T (21 _Zz)m ,
_n+(hj—h)—1 _k+(h/—h))—-1,_  _
fa=2 z, (2, —2)", (111)
_ nHy—hp)—-1 K+ (hy=h))=1 _
fs=2" 2y Tz —2)",

where for the second Borcherd’s identity, we need to integrate against dz,, dZ, on the curves
T

C zrll, C 222 respectively and for the third Borcherd’s identity, we need to integrate against dz;, dz,
on the curves Czrll, CZrZ2 respectively. O

Remark 2.10. For n = 0,—1 in (94) we obtain the L(0)-property 7 and the translation property
8 of chiral vertex operators. Note that we already used these properties in proving the OPE.

Remark 2.11. The commutator of the modes of chiral and anti-chiral vertex operators is
closed. The algebra in (93) thus obtained is called the chiral and anti-chiral algebra respec-
tively of the non-chiral VOA (V, Yy,).

Definition 2.3. Let (V,Yy,) be a non-chiral VOA with central charge (c,¢). The graded dimen-
sion or character of V is defined by

xv(T,T):="Try qL(O)_Z%*qi(O)_Z% = Z (dim V(h’;l))qh_ziéujl_”‘_2£4 , (112)
(h,R)eERxR

where g =e?™7%, G=e?" and T €H:={rt =x+iy:y > 0}.
Note that the single-valuedness property implies that yy (7 + 1,7+ 1) = yy (7, 7) if

c—¢ =24k, (113)
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for some integer k.

Let (V4,Yy,, wy,, @y, 1y,), (Va, Yy, wy,, @y, 1y,) be two non-chiral VOAs with the same
central charge. Then a map f : V; — V; is called a non-chiral VOA homomorphism if it is a
grading-preserving linear map such that

Fy, (w,x,%)v) =Yy, (f(w), x,x)f (v), for u,vev, (114)
or equivalently,
f (un,m . v) =fWynfv), for u,veV;, nmeR, (115)
and such that
fy) =1y, floy)=owy,, floy)=oy,. (116)

An isomorphism of non-chiral VOAs is a bijective homomorphism. An endomorphism of a
non-chiral VOA V is a homomorphism from V to itself, and an automorphism of V is a bijec-
tive endomorphism. In particular, an automorphism can be defined as a linear isomorphism
f :V — V such that

fOYV(v,x,J'c)Of_l=Yv(f(v),x,)'c), for vev,
fl)=w, f(®)=o.

It follows that f is grading-preserving and f(1y) = 1y.
It is easy to see that the graded dimension of isomorphic non-chiral VOAs are identical.

(117)

3 Lorentzian lattice vertex operator algebra (LLVOA)

In this section, we will construct a non-chiral vertex operator algebra corresponding to an
even, integral Lorentzian lattice A € R™". In the first subsection, we recall some basic facts
about Lorentzian lattices and set up the notations for the rest of the paper. We also record some
results we will need later. In the next subsection, we gather the ingredients needed to construct
a non-chiral vertex operator algebra, i.e. we will construct a vector space V, associated to the
lattice, a vertex operator map Yy, for this vector space, a vacuum 1, and conformal vectors w,
wg. In the last subsection, we will prove that (V,, Yy, wp, wg, 1) is a non-chiral VOA, which
we will call the Lorentzian lattice vertex operator algebra (LLVOA).

3.1 Lorentzian lattices

We begin with some basic definitions. Let R™ be the Euclidean space equipped with a symmet-
ric bilinear form (-, -),,. Let R™" denote the (m + n)-dimensional vector space R™*" equipped
with the symmetric bilinear form

xox" ==X =5 )0, (118)

where
x=0..xmyh Ly =R ), (119)
and similarly x’. We will omit the subscript on (-, -),,, to make the notation lighter.

Definition 3.1. 1. A d = (m + n)-dimensional Lorentzian lattice of signature (m,n) is a
subset A C R™" which is also a free Z-module spanned by m + n vectors A; € R™",
1 < j < m+n, linearly independent in R™". More explicitly

m+n
A:{anxj:njez}. (120)

j=1
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{4; };.":1” is called an integral basis of A. When n = 0 we call A a Euclidean lattice. We
will simply refer them as lattices when we do not need to specify their signature.

2. The dual lattice of a lattice A, denoted by A*, is defined as
AN ={x"eR™:xox'€ZV x €A}. (121D

The lattice A is said to be integral if A € A*,i.e. x oy € Z for all x,x’ € A and self-dual
if A= A”. The lattice A is said to be even if

x ox = ||X[1*—||7II* € 2z, (122)
for all x = (¥,¥) € A, where ||%]|? := (¥, %).

3. A generator matrix for A is an (m + n) x (m + n) matrix such that the Z-span of its rows
is A.

4. A lattice homomorphism of two lattices f : A —> A of the same signature is simply a
Z-module morphism which also preserves the bilinear form:

f(x)of(x)=xo0x", V x,x’"€A. (123)

A bijective lattice homomorphism is called a lattice isomorphism. Two lattices are said
to be isomorphic if there exists a lattice isomorphism between them.

5. An automorphism of the lattice A is a lattice isomorphism from the A to itself. The group
of all automorphisms (the group operation being composition) is called the automor-
phism group of A and denoted by Aut(A).

A generator matrix for the lattice A in (120) is given by

T
gr=| : A (124)
Ar1n+n A’r1n+n e Amiz

where A; = (Ail, eer, )L;“”) is a basis vector of A. It is not hard to show that two generator
matrices G,, G, generate the same lattice if and only if they are related by an (m+n) x (m+n)
unimodular matrix'* U € GL(m +n, Z):

Gr=UG,. (125)

Indeed U is the change of basis matrix between the primed and unprimed generator matrices
since it is invertible and since it is also integral, it preserves the lattice. If we take the symmetric
bilinear form (-,-) on R™,R" to be the standard inner product, that is,

m
(,%)=> xix", (126)
i=1
where ¥ = (x!,...,x™) € R™ and similarly ¥’ and analogous inner product on R", then a

lattice isomorphism between lattices of signature (m,n) can be identified with an element of
O(m, n,R) where O(m, n, R) is the group of matrices, A, satisfying

1. 0
A" g A= 8y Emn=| o 4 |- (127)
0 -1,

We have the following theorem:

4A matrix U is called unimodular if det(U) = £1.
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Theorem 3.1. [34, Chapter V] An even, self-dual lattice of signature (m,n) exists if and only
if (m—n) = 0 mod 8. Moreover, there is a unique such lattice when n > 1 up to an O(m,n,R)
transformation.

The canonical choice of an even, self-dual lattice of signature R™", denoted by II,,, , is

m+n
I, , = {(al, o2 Oyn) ER™ Lay €Z 0T 4, €T+, >lae 22} . (128)
i=1

For m + n € 4Z, a generator matrix for this lattice is

(10 0]00 0.0 -1
01 .- 01 00 00 —1
00 1/ 00 - 00 -1
00 - 0|10 - 00 —1
gllm,n_ 00 --- 0 01 - 0 0 —1 . (129)
0 0 0| 0 0 1 0 —1
0 0 0| 0 o 00 2
12 1011 111]
2 2 2 |1 2 2 2 2 2

We will use this lattice to elucidate many of the notations which we now introduce. Consider
a d-dimensional even, integral, Lorentzian lattice A C R™" with Lorentzian inner product,
denoted as before by o, where m + n = d. We will often write a vector A € A as A = (a?, ),
where a* € R™ and * € R". Then we can write

A oAy = (aM, o) — (M, pP2) e Z. (130)
Note that in general (a1, a*2), ("1, *2) & Z. We define the Z-modules

Ap = {a*|A=(a*, B?) € A for some p* € R"} c R™,

(131)
Ay ={B*| 2 = (a?, p*) € A for some a* € R™} C R™.
Let {A; = (a™, /511')}1‘.1:1 be a basis of A. Then it is easy to see that
Ay = Spang{a™}L,, Ay =Spang{B*}L,. (132)

Note that in general A; and A, are not lattices, they are just finitely generated Z modules
possibly with non-trivial torsion. For the lattice II,;, , in (129), it is easy to see that

()1 = 2" (Z + %)m ,

1A (133)
II =7" Z+—| .
( m,n)Z U ( 2)
We further identify even, integral, Euclidean sublattices of A as follows:
AY:={(a,0)€Ala€R™},
=1 | } (134)

AY:={(0,8) € A|B €R"}.
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These can be identified naturally with submodules of A; and A, respectively. Clearly, A(l), Ag
are sublattices of A since any submodule of a finitely generated free module over a principal
ideal domain is free. We also introduce the notation

Ag:=AJ®Ad. (135)

Note that the direct sum of A‘l) and Ag is meaningful as they are two Z-modules. For the lattice
I, in (129), (I1,,,)0 = (I1,,,)9 @ (I1,,,)9 is easily seen to be generated by

gm Omxn
= , 136
g(Hm,n)O ( Onxm gn , ( )
where
1 00 --- 0 -1
010 --- 0 —1
Oni=|: ¢ + . b , (137)
0O 00 --- 1 —1
oo0o0 - 0 2
mxm

and G, is defined similarly. It is useful to characterize the automorphisms of A. We will take
the symmetric bilinear form on R™,R" to be the standard inner product for brevity. We have
the following important result.

Theorem 3.2. Let A € R™" be an integral Lorentzian lattice. Then Aut(A) = O,(m,n,Z) where
Ox(m,n,Z):={AeGL(m+n,Z) : QXIAQA € O(m,n,R)}. (138)

Proof. Choose an integral basis {A;} of A. Then the group of Z-module automorphisms of A
can be identified with GL(m + n,Z). Now given any A, A’ € A there exists coulumn vectors
i, i’ € Z™" such that A =i’ G, and A’ =i ' G,. Any module automorphism A € GL(m+n, Z)
acts by

AA) =1TAG, . (139)

For A to preserve inner product, we must have

AN) o AN) =T AGAgmnGLAT T,

> > (140)
= nTgAgm,ng}\"n/ >
which implies
AgAgm,ngIAT = gAgm,ngZ . (141)
Since {A;} is a basis for R™" and A must preserve the inner products of A,’s, we must have
that A= G,0G, ! for some O € O(m, n,R). O

3.2 Construction of the LIVOA

Let A C R™" be a d = (m + n)-dimensional Lorentzian lattice. We denote by C[A] the group
algebra of the lattice A and denote the element A € A embedded in C[A] by e*. The multipli-
cation in C[A] is defined'® by

et . etz = itz (142)

Define the vector space
h;=N®,C, i=1,2, (143)

Technically speaking, C[A] is the group algebra of the formal group e" := {e* : A € A} with group multiplica-
tion given by eM - et2 = eh1*2 je. C[A] = C[e"]
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and extend the bilinear form on A; to h; C-linearly. Here A; is defined as in (131). We define
the Lie algebra

6;:(@(bl®tr)ea(f)2®fs))ea((Ckee<Cl_<). (144)
rSEZ
Introduce the notation

a(r):=a®t", P(s):=pt’, aech;,Pebh,. (145)

The non-zero Lie bracket on § is

[a(rl)z a/(rZ) ] =n <a) (X/> 5r1+r2,0k>

R (146)
[B(s1),B'(s2)1=51 (B.B") 65 45,0k-

Note that
h=heh,eheh, (147)

where 6;, 6; are the standard Heisenberg algebras associated to the abelian Lie algebras b, b,
respectively [2, Chapter 1] and

6(1)::[]1®togb1, Gg ::b2®fogh2. (148)
Define
6‘:=(@(h1®tr)®(bz®fs)), % :=(h @t e (h, ) ®CkeCk,
r,s<0 (149)
bt = ( @(fh ®t)e(h,® ES))
r,s>0
Note that
h=heh’eh”. (150)
We now define the space
Vy:=S(h7)®C[A® AI], (151)

where A(l) and Ag is defined as in (134) and for any Lie algebra g, S(g) is the symmetric algebra
for g, and (C[A(l) eaAg] = C[A,] is considered as a subspace of C[A]. The space V, is generated
by elements of the form

(a1(=m1) - ax(=ma) -+~ ar(=mpe) - Br(=my) - Bo(—1ig) - Br(—1ip)) ® (P, (152)

for m;, m; > 0, k,k >0, (a, B) € Ay, a; € by, and B; € b,. The space V, is a natural module of
h~. We define the action of H° on C[A], and hence on C[A,], by
a'(0)e* = (', a*) e?,

(153)
B'(0)et = (B, p*) e,

where o/(0) € 4, p’(0) e ﬁg The central elements k and k act on C[A] as identity. Let h* act
on C[A] by 0. We can extend the action of these subspaces of § to V by using the Lie bracket
given in (146). This makes V, into an h-module.
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We define a Z-bilinear map € : A x A — Z, which acts on the basis as [35]

Aiol', i>.,
e(li,lj)={0 ! i<j. (154)

where {ki}lf’l;l" is an integral basis of A. The action of € on general vectors is defined by the

Z-bilinearity of . Consider A = Z, x A, with the multiplication on it given by
(0,2)- (7, 2) = (07 (=1)°*), 2+ 2). (155)
We now consider the Z, central extension of the lattice A:
0—Z,—A—A—0. (156)

We denote elements (1,1),(0,0) € A by e; = (1,1) and 6 = (8,0) respectively. Then it is
easy to check that
(9,7(,):061:619, (157)

and
ere, = (=1)sPm ety - (158)

Using the above relation, it can be shown that (see Lemma A.1 for proof)
ere, = (—1)*er e, ey - (159)

This property requires that the lattice be even and integral. Note that we chose an integral
basis of A to define the central extension. In Appendix A we show that a cocycle € defined
analogous to (154) for a different choice of basis is cohomologous to €, and hence gives rise
to an isomorphic central extension. A acts on C[A] as follows

(0,1)e! = (—1)EW-A) A+2" (160)
In particular for (6,1) = (1,1") = e;,,, we have
ey et = (—1)EW-2) A" (161)
Note that the same cocycle € restricted to A
€:NgXNg—Z, (162)
defines a central extension Ay :=Z, x Ay C A:
0—Zy—> Ag—> Ag— 0. (163)

Moreover, the action (160) restricted to A, makes C[A,] into a Ay-module. This makes V,
into a Ay-module where A, acts only on C[A,]. Let x, % be formal variables. For any vector

A= (a*, p*), define the operators x“l, B by the following actions
A / Y ’
x¥(weet)=x"""yeet),
B 2y = z(BRBY) v (164
FPue®er)=x\V P (u®e*),

where u € S(h7), A € Ay. Note that xo‘k,)'c/jl acts as xal(o),icﬁl(o). For A = (a*,B}) e Ao,
define the vertex operators

A A
YVA(e’l,x,)'c) i= [exp (—Z ¢ :r)x_r) exp (—Z ¢ r(r)x_’”)

r<0 R r>0 R (165)
X exp (—Z p7r) r(r)ic_r) exp (—Z p7r) r(r)fc_r)] elx"‘l)_cﬁA .
r<0 r>0
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From the Lie bracket in (146), it is easy to show
[a*(r), p*(s)] =0, (166)

for all r,s € Z, so that the order of exponentials with a*(r) and f*(r) does not matter. For a
formal variable x, we introduce the notation

at(x) = Z a M (r)x T+ Z a (r)x T+ at(0)x7L. (167)
r>0 r<0
() oA (x)

Similarly, we can also define *(x). We define the formal integration as the map by

r+

r+1
dexrzx 1 r#-—1. (168)

We can then write the vertex operator as

YVA(eA,x,J'c) = exp (J dx ak(x)_) exp (J dx al(x)+)
X exp (f dx ﬂ’l()'c)_) exp (J dx [3’7‘(2)+) e, x® %b"

For a general vector v of the form (152), the vertex operator is defined as

IRt VO T R CONY A W Loy 63 i
YVA(V’X’X):gl_”_[((mr—l)! dxm 1 )((rﬁs—l)! dxm )YVA(eA’X’X)g’

(169)

r=1s=1
(170)
where the normal ordering 83 is defined as
A A
2 A v 2 a*(p)a®(q), p=q,
sa’(p)a”(g)s=s8a”(q)a"(p)s =14 ,

a*(Q)a*(p), p=gq,

(171)

s at(pley s = sey at(p)s =ey at(p),
A A A
sx% ey8=238eyx* g=¢epx®,
. _g* . . ! .
and similarly for B* and ¥#". The vertex operator for general vectors in V) is defined by linear
extension to all of V.

Remark 3.1. Using the central extension (156), (170) can be used to define vertex opera-
tors even if e* € C[A]. These vertex operators will act on vectors of the form (152) with
e* € C[A] rather than C[A,]. This will be crucial when we construct module vertex operators
and intertwining operators on the modules of V.

0

The vacuum vector is given by 1 = e”. The conformal vector is constructed below, see

(187).

3.3 Proof of axioms

We now prove that (V,, Yy, , w, wg, 1) is a non-chiral VOA.
Proof of identity property 1: From the definition (165), it is clear that Yy, (1,x,%) =ey = 1.

Proof of grading-restriction property 2: The grading on V, is given by defining the conformal
weight of vector v of the form (152) by

K k
b = (a,a) v m, k= (B,B) >y, (172)
i=1 j=1

2 2
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where m; and m; are positive integers appearing in (152). Note that for et with A=(a, B)€A,,
we have (a,0) € A, (a,0)o(a,0) = (a, a) € 2Z, . Then we have that h,, h, > 0 so that Vi =0
forhorh <0, ie. M =0in (43).
Similarly, (8, 8) € 27, which implies that both h, and h,, are positive integers.
We will now show that dim(V{;, ;)) < ©o. Note that A9 and AJ are lattices. It suffices to
show that there exist only finitely many vectors of the form (152), satisfying the conditions in
(172). We first show that for any h,h € R the number of distinct A = (a, ) € A, satisfying

16

(a,a) <2h, and (B,B)<2h, where acA? BeA), (173)

can be only finitely many. Consider the sets
X, ={a €Al |(a,a) < 2h}, (174)
Xy ={B €Ay (B,B) < 2h}, (175)

which have finite cardinality, say N; and N,, due to the fact that A(l) and Ag are discrete. Then
the set )
X={A=(a,p)e Ay | (a,a) <2h, (B,B) < 2h}, (176)

is finite because the map

X—>X1 XXZJ
A=(a,)— (a,p),

is injective. More precisely #X < N;N,. Now, as there are only finitely many combinations of
positive integers {mi}f.‘:1 and {rﬁi}f:l such that

k
=2, m

i=1

Q77)

=
<

i
=> mj, (178)
j=1

hence there are only finitely many generating vectors possible, which implies that

Proof of single-valuedness property 3: For the general vector v of the form (152) we have

) (aa k ko
h,—h, = +Zml Zm

i=1 j=1
_ 1
k k (179)
Y,
i=1 j=1
where we used the fact that A is an even Lorentzian lattice.
Proof of creation property 4: We want to show that for any state v € V,,
lim Yy (v,x,x)1=v. (180)
x, x>0 A

Let us first consider the case when v = e*, then the Yy, operator is given in (165). One then
has to expand the exponentials, we ignore the terms when a*(n) and ﬂl(n) have n > 0, as

16Note that this argument also works for a general e* € C[A] with A € A since {a, a), {8, ) = 0 even in this
case.
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they annihilate C[A,]. The two exponentials that remain will only have positive powers of x
and X, which vanish when we take the limit. Hence

lim Yy (e*,x,%x)1=¢, 1. (181)
x,x—0 A

Here, we used the fact that 1 = e so that the action of x@ (J'c/jl) on this is by identity, since
(a?,0) = O((ﬂA,O) =0). Hence

Xl)i_crgo YVA(eA, x,%¥)1=¢e;e’= (—1)€OMet = | (182)

where we have used (154), (160) and that e; = (1,A). We now prove (180) for a general
vector v of the form (152). The normal ordering in the definition (170) and the fact that h*
annihilates C[A] forces the product to take the form

dmr—l
—dxm(figﬂ—’ Z (m, —Dla,(p)xP™, (183)
prS_mr
and .
d™ B (x) _ -
T *q;m(ms—l)!ﬂs(qs)x A, (184)

Thus we have

k 1 dmr—l ar(x) 1 dms_lﬁs(.)?) N )
or[l_[((mr_l)! dxmr—1 )((ms_l)! dxm—1 )YVA(e ,X,x)ol

r=1s=1
= D, 3a1(p)ag(ps)... ag(p)x POt
p1s—m
PrS—my
x> Bi(a)By(qy) - Brlgp)x @G-y, (eh x )81, (185)
q1<—my
g =iy
When we take x,x — 0 only the p, = —m,,q, = —m, terms in the sum survives. Combining
this fact with the proof of (180) for v = el, we get

xl)i_cfgo YVA(V; x,x)1= ((11(_”11) : az(_mz) Tt ak(_mk)ﬁl(_ﬁll) : /52(_”_12) T /52(_”_11‘{)) ®e’
=v, (186)

where we also use the fact that YVA(eA, X, X) can only contribute terms with x™ and x¥™, where
n and m are greater than 0.

Proof of Virasoro property 5: The conformal vector is given by

1 dim(h;) , 1 dim(b,) ) B
Wy :=§ ; (ui(—l) )®1 +§ ; (Vi(—l) )®1:a)L+wR, (187)
where u; € A; ®, C,v; € A, ®, C are orthonormal basis of h; and b, respectively:'”
(uj,uj)=06;;, (vi,v;)=206;;. (188)

7Note that a different choice of orthonormal basis will give isomorphic LIVOAs. Indeed if {u}} and {v} are
orthonormal bases of h; and b, respectively, different from {u;} of and {v;}. Then the map f : V, — V, which
acts trivially on C[A,] and maps u; — u;, v; = v, is a non-chiral VOA isomorphism.
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Since an integral basis of A is also a basis of R™", it is clear that dim(h;) = m and dim(h,) = n.
One can check that the conformal vertex operator is given by

YVA(C(),X,.)Z') = YVA(COL,X,)?) + YVA(C()R,X,)?)

=D Laex P4 D La(p)x P, (189)

PEZ PEZ

where the Virasoro generators are given by [2, Section 8.7]

La(p) = ZZ gu,(k)u; (p— k)3,

i=1 keZ (190)
Iap)== Zzov(k)v (p—k)s .
i=1 keZ
Using the Lie brackets
u;(p),u; =péb,;.0 k,
[ 1(p) (q)] b i,j Yp+q,0 (191)

[vi(P),vi(@) | =P 5 6piq0k,

one can show that the Virasoro generators indeed satisfy the Virasoro algebra (47) with central
charge m = dim(h, ), n = dim(h,) respectively, see [2, Chapter 2].

Proof of grading property 6: From (190) and normal ordering (171), we have

Ly(0) = Zzou urs =S + 2 S (07,

i=1rez i=1r>0

Ly0) = Zzov(r)v( 98 =S ) + 2 (07,

i=1rez i=1r>0

(192)

Then for v € V, of the form (152), using the Lie bracket (191) and the action (153), we have

k m m
LA(O)v=Z|:~--(ij u;, aj)u;(— m)) ]®e1+%2(ui,a)2v

j=1 i=1
k

m;[-a;(—m;)--- @ + = Z ((us, ayuy, a)v (193)
]:1 i=1
a,a)
Zm]+ v,
j=1

where we used the fact that {u;} is an orthonormal basis of ;. Similarly

k
Ly(0)v = Zmﬁ@ V. (194)
j=1
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Proof of L(0)-property 7: Let (a, ) € Ay. Then

(LA, 0] =5 57 57 Tausdu(—)s, alr)]x

r€Zy s€Z i=1

= % Z Z (Z [uy(—s)u;(s), a(r)] + [1;(0)%, a(r) ]

re€Zy i=1 \s>1

. A -
+ Z [u;()ui (=), a(")])x (195)

s<—1
1 —r—
= E Z Z(Sa(_5)55+r,0 - na(s)) 5r—s,0x -
r€Zy s#0
= Z Zna(—s)5s+r’0x_r_1
r€Zy s#0
=— Z ra(r)x" 1,
r€Z,

where we used

i(=s) [u;(s), a(r)] + [u;(=s), a(r)Ju(s)

M=

D lu(=s)u(s), a(r)] =

i=1 i=1
& (196)
= Z (5 (u;, a) 5s+r,oui(—3) —s(u;, ) 5r—s,0ui(5))
i=1
=5a(—5)04r0—5a(s)0, -
Rearranging terms, we get
+
[LA(0), a(x)*] = xdad(;c) +a(x)*. (197)
Similarly
- d
[LA0), B(R)*] =% = B()* +B(X)*. (198)
Note that the same proof also shows that
d
[LA0), a(x)] = x——a(x) + alx),
) 7 (199)
[2A0), (X)) = X B+ B(X).
Next using (197) we have
[LA(O), f dx a(x)i} = J dx [L,(0), a(x)*]
= J dx (xia(x)i + a(x)i) (200)
dx
= xa(x)*,
where we used integration by parts for the formal integration. Similarly
[iA(O),f dx /3(2)*] =xp(x)*. (201)
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By BCH formula (224) we have

L,(0)exp (J dx a(x)i) = exp (—J dx a(x)i) Z % [(J dx a(x)i) , LA(O)]
n=0 "
= exp (J dx a(x)i) LA(0)+ Z % [(—J dx a(x)i) ,LA(O)] .
n=1""

(202)
By (200) and the fact that [a(r), a(s)] =0 for r,s < 0 or r,s = 0, we get
LA(O),exp( ( dx a(x)i) =X exp( [ dx a(x)i) a(x)*. (203)
L J i J
Similarly
[ ( i [
L,(0),exp (J dx /j(x)i) = X exp (J dx /3(32)*) B(x)*E. (204)
Finally, it is clear that for A’ = (a/, 8’) and u € S (h~) we have
, , + /’ + / /, / , ,
[£(0), e3x%] (u®e? ) = (1)) (<°‘ a— )_{e = >) xle) (ug )
_ ((a,za) n <a, a’)) (_1)e(a,zf)x(a,a’) (u ® eA+A’) (205)
- (@elx“ + e;\x%x“) (u ® e”) :

Putting all this together, we obtain

[LA(O), Yy, (e)‘,x,)"c)] = x% [exp (J dx a(x)_) exp (J dx a(x)+)]
X exp (f dx ﬁ()'c)_) exp (J dx [o’()'c)+) e, x*xP
+ exp (f dx a(x)_) exp (J dx a(x)+)
(206)
X exp (f dx /5(32)_) exp (f dx /3(5()+)

x (@elx“ + e;pc%xa)

d _ (a, ) _
= anVA (el, x,x) + TYVA (e’l,x, x) .

Similarly

[LA(0), Y, (e*,x,%)]= ij_chVA (et x,x)+ <ﬂ’2ﬂ>

For general vertex operators, we observe that

Yy, (e*,x,%). (207)

d" dr d
[LA(O), P a(x)} = 2% (xaa(x) + a(x))
dr—l d d2 dr
= (aa(x) + xﬁa(x)) + e a(x) (208)
= derr a(x)+(r+ 1)dxrr a(x).
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This implies that for a general vector of the form (152) we have

k
[LA(O), Yy, (v, x, J'c)] = x% v, (v, x, %)+ (Z m; + @) Yy, (v, x, X)
i=1 (209)
= XiYV (V,x,)_() + YV (LA(O)V,X,J_C) .
dx A A
Similarly
[LA(0), Yy, (v, x,%)] = )_C%YVA(V,X, %)+ Yy, (L0, x, %) . (210)
Proof of translation property 8: Observe that
[La(=1), a(—r)] = ZZ 8u,(s)u; (—1—5)8, ()]
i=1s€Z
= 23 > a1 = uls), at—r)]
i=1 s€Z
= 23 3 (w1 =) @l + L1 =), a(-us) 21D
i=1 s€Z
= (ol @) (1 =) = (145, a0 @) 5))
i=1 s€Z
= %(r a(=1—=r)—(-r)a(-1- r)) =ra(—r—1).
Using the above commutator, it is easy to see that
La(=1) (ay(=my) -+~ ag(=my) By (—1711) - Bo(—=1mp) - - - Br(—1mz) ) @ &P
= Z (ar(=my)- - a(=m) By(—y) -« By(—rig)) © Ly (=1)e(*P) o12)
+ Z my (@a(=my) - (=1 = my) - @y (—my) By (—1ity) - (1)) @ (P,
Now since
Lp(=1)e®P) = ZZOU (s)u;(—=1—s) g el@P)
i=1 SEZ
= Zu (0)u;(—1)e ) o013

N
Z (u;, o)u;(— 1)e(®A)
=1

= a(—l)e(a’ﬂ) ,

hence we get the action of L,(—1) on generating vectors v of the form (152) to be:

k
Ly(=1)v = Z m; (a1(—m1) cai(=l=my) - ap(=my) Br(=my) - /511(—7711})) ® el®h)
i=1

+ (a(=Day(=my) -~ a(=1—=my) -~ ap(=my) By (—111) - - - fr(=mmz) ) @ 4P,
(214)

The proof of the translation property now follows from exact same calculation as in [35, Propo-
sition 2.2].
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3.3.1 Proof of locality of vertex operators

In this section, we will prove the locality of two vertex operators and defer the proof of product
of multiple vertex operators to Appendix B.

Proposition 3.1. The vertex operators Yy, (e*,x, %) for A € A, satisfy the locality property 9.
More precisely there exists, multi-valued, operator-valued functions f(z1,2,) and g(%,,%,) ana-
lytic in z,,2, and Z,, %, respectively with possible singularities at {(z1,2,)€C? | 21,2, 70,2, #25},
such that f(2z1,25)8(%1,24) is single-valued when %,,%, are the complex conjugates of 21,2, re-
spectively and equals

YVA(GA,Z1,51)YVA(Q)L ,%2,%2), when |z1]> |z, (215)
Yv,\(e)L 522:52)YVA(eA,21;21): when |z5] > |z].
Proof. We will closely follow the proofs of results in [35, Section 2]. We begin by proving that

[a(xl): a’(xz)] = (a,a’) [(Xz —x1) 2= (—xy+ Xl)_z] ,

(216)
[/5(3?1),/3/(3_52)] = (B,p") [(3_52 —31) 72— (=%, +3_51)_2] ,
where A = (a, ), A" = (a’, B’). We have
[a(x), & (x)] = D [a(r), @/()]xy Lay* !
r,SEZ
= > @@ 8o 2y g
r,SEZ
—(()t,()t’)z:sxfl Tyt
seZ (217)
a a ax SZZ:XS —s 1
—(a, ') ((Xl —x3) ' —(—xy + xl)_l)

9x,
= (a,a’) ((Xl —x3) 2 —(—xy + X1)_2) .

Note that this commutator is also true for complex variables x; = 2z1,x5 = 2,. Indeed from
(30)

a(z1)a’(z,) = sa(z;)a(zy) § +{a,a’) Z:szlS g5

s<r (218)
(a,a’)
= 8a(z1)a(z,y) 8 > 21| > |25],
(21 —22)
and
a’(z5)a(z1) = 3a’(zy)alz;) 8 —(d, ) Zszzs 151
@ (219)
=8 (z)alz)) 8 —————, |zl > 2]
(z2—21)
It is easy to see that
sa(z1)a’(z)8 = 8a'(22)a(z;)8, (220)
which gives us the commutator. In particular
[a(z1),d/(z,)]=0. (221)
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The other Lie bracket in (216) can be proved similarly. Using (216), we can show that!®

/
[a/ (xz)_,ef a(X1)+dX1] — Mef a(x;) dx; ) (222)
X1 —Xa

Integrating both sides of (222) gives us

|:_J o (xz)_dxz,ef a(x1)+dx1:|

= ((a, a’)log(x; —x5) —{a, &’} log xl) o alx)dx,

= (a,a’) (log(x; —x5) —log(x1)) e aba)tdx = (a,a’)log (1 — ﬁ) e abx)'dx,

X1
(223)
One can write analogous formulas for [B’(x;)%, exp( f ﬁ(xz)q:)]. Using the BCH identity
oo
X),Y
exp(X)Y exp(—X) = > | [(2—'] , (224)
s=0 :
where
x5, v]=[X...,[X,[x,Y]]...], [X°v]=v, (225)
\ﬂ_/
S times
we get

exp (—f dx, a/(xz)_) €xp (f dx; a(xl)+) €xp (J dax; a’(xz)_)

£y () . (226)
=[1—-—= exp dx; alxy)"|.
X1
To show the locality of vertex operator, we will also require the identities
x%; = x*% e, x?
LA (227)
Po. — BBy 5B
2 € =Xy SRS
the first of which is shown below
thx el/ (u ® el//) — (_1)€(A/,A//) X?(u ® eA/J’_A//) — (_1)6(&’,},”) x§a’a/)+(a’a//)(u ® eA"‘l‘A”) , (228)

e xf(ueer) =x{*"ey (uee’) = (1) WA x{ ) (uo ),
We now have®®

- / -
YVA(GA, X1, X1)YVA(el » X2, X3)

= exp ( J a(xl)—) exp ( f a(xm) exp U /s(scl)—) exp ( f /s(»m*) en Xy X}
X exp (j a'(xz)_) exp (f a/(x2)+) exp (f /3'(5(2)_) exp (J ﬁ'(;?z)*) e”x‘;/)'cg/ .

(229)

18ye will use exp and e interchangeably.
19We will often write f dx a(x)= f a(x) to simplify the expressions.
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Now, utilizing (166) and the fact that e,, x7, and )'cf commute with exponential of integrals

= exp (J a(xl)_) [exp (J a(x1)+) exp (f a’(xz)_)] exp (J a’(x2)+)
X €Xp (f ﬁ(3_51)_) [exp (f ﬁ(3_51)+) exp (J ﬁ’(fcz)_)] exp (J /5’(5(2)+) elxi"x{jell J_(g/ .

(230)

After which we use (226) and (227) to write

(a,a') (B.B") , ,
= (1 — i—j) (1 — X_1) x§a’a >5c§ﬁ’/3 ) exp (J a(xl)_) exp (J a’(xz)_)
X exp (J a(x1)+) exp (J a (x2)+) exp (J B(x)” ) exp (J /5’(5(2)_) (231)
x exp ( J ﬂ(xm) exp ( J B/(%2) )emx g5

Finally we use (26) to collect terms to get

= (o0 — 1)) (&, — %) B exp U a(xl)—) exp ( J a/(xz)_) exp U a(xl)+)
X exp (J o' (x5)" |exp (f /5(3?1)_) exp (J ﬁ/(fz)_) exp (J /5(>?1)+) exp (f /5/(3_52)+)

azB o =B
X eAeA/xlxl XZ X2

= (1 — x2) %% (% — %)) F (e, x5)F (%1, %),
(232)

where we used (166), (226) and (227) and F(x;,x,)F(X;,X,) contains the operator part of
YVA(el, xl,icl)YVA(eA , X5, X). Similarly we have

/ - -
YVA(el » X2, Xz)YvA(eA, Xq,%1)

= (303 — 1)) (& — %) B exp ( J a/(xz)_)exp( J a(xl)—)exp( f a’<x2)+)
X exp (J a(x;)" |exp (J ﬂ/(fz)_) exp (f /5(3_51)_) exp (J /3/(3?2)+) exp (f /5(321)+)

X( 1)AOA elelfxa P p

= (=1 (e —x)'™

xg X,
D) (%) — 2) PPV F (q, ) F (%1, %), (233)
where we used (159). Note that (—x1 +x5)(®*) = (x,—x;)/%*? when? (a, a’) > 0. To prove
locality, we take complex variables x; = z;,x, = 25 and X; = %, X, = %,. Note that when

we plug complex variable in place of formal variable, we must consider (x; —x,)* as a formal
series so that

YVA(GA;21,51)YVA(GA/,22752) = (Z(—l)psz >_ng) (Z(_l)qiyj’ﬁ )_qég) (234)

p=0 q=0
X F(ZIJZZ)F(ZbéZ) s

20Recall that when s € C, (—x; + x, )’ is to be expanded in positive integral powers of x, as in (24).
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and similarly YVA(eA',zz,iz)YVA(el,zl,il). To complete the proof of locality, consider the op-
erator valued functions

f(z1,2,) = exp ((a, a’) log(z _22)) F(z1,23),
g(%1,2,) = exp ((B, B') log(2, —2,)) F(21,%,) .

Then by (30) for |z;| > |z,| we see that

(235)

F(21,25)8(31,25) = (Z(—l)pzia’a”‘ng’ ) (Z(—l)qu’ﬂ')‘ng ) F(z1,2,)F(31,5,). (236)

p=0 q=0

For |z5| > |2;| we have

f(21,25)8(%1,%,) = exp ((a, 0‘/) log(—(2, _Zl))) €xXp ((/5, /5/> log(—(2, _51)))
= em((a’a/)_(ﬂ’ﬁ/)) €xp ((a, a’) log(z, — 21)) €xp ((/5: /5/> log(z, — 51)) F(21722)F(51: Z3)

= (—1)* (Z(—l)l’zﬁ“’“”‘f’z{) (Z(—l)%ﬁ””‘qz? ) F(z1,2)F (21,5,),

p=0 q=0
(237)
where we used the fact that in the principal branch of logarithm to write
log(—z) =log|z| +i(m + Arg(z)), log(—%) =log|z|—i(m + Arg(z)), (238)
with
—n<n+Arg(z) <. (239)
0

Remark 3.2. From the calculations above, it is easy to see that the following formal commu-
tativity axiom holds for the vertex operators: there exists K, K € N such that

(301 = 2x2)K (3 — %)% [ 1y, (€4, 21, %1), Yy (¥, x5, %) | = 0. (240)
Indeed we have
[vy, (4,21, %1), Yy, (¥, x5, %) | = (o1 — ) @) (&, — 75)PF)
—(—1)101/ (xg— Xl)(a’a/) (x,— 21)“5’[5/)) F(x1,x9)F (X1, %5)
= ((Xl —Xz)(a’a/) (X, — 3_62)“3’/5/)

—(=x3+ x1)(a’al> (—xy + 3?1)([5’/5/)) F(xq,x)F (%1, %3).

(241)

Since (a, B),(a’, ') € Ay, we have (a,a’),{B,p’) € Z and we can choose K,K € N large
enough such that
K+{(a,a')eN, K+{(B,p’)eN. (242)

We then get
(01 = 220K (e — 220K [ Yy, (€F, 30, %), Yy (€7 30, %)
(o =2 Y<H@D) (%) — 2y )KHPPY — (—x, + xl)K+<a’a/> (=X, + 21)K+(ﬁ’ﬁ/>) F(x1,X3)F(%q, %5)

((xl - xz)KHa’a/) (q — fz)RHﬁ’ﬁ/) —(x;— Xz)KHa’a/) (X1 — 3_52)1—”(/3’/3/)) F(xq, Xz)F(J_Cl, X;)
0

(243)
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We now prove the locality for general vertex operators.

Theorem 3.3. The vertex operators Yy, (v,x,X), where v is the general vector of V,, satisfy
the locality property 9. More precisely there exists, multi-valued, operator-valued functions
f(21,2,) and g(%,,%5) analytic in z1,%, and %,,2, respectively with possible singularities at
{(21,25) € C?|21,25 # 0,21 # 2}, such that f(2q,25)g(;,%,) is single-valued when %,,%, are
the complex conjugates of 2,2+ respectively and equals

Yy, (v,21,21) Yy, (W, 29,25),  when  |z1] > |25], (244)
Yy, (W,25,2,)Yy, (v,21,21), when |[z5] > [2;].

Proof. We will prove the locality for the spanning set of vectors of the form (152). Explicitly,
we will prove the locality for vertex operators of the form

Kk _ e
1 d™ la,.(x) 1 d™1B,(%)

Y ) =3 . 2 Yy (et x, %)8
:3) Eg((mr—l)l ant G-zt ) a0 0%
e d"a) (x) a7 ()

N 1 p 1 q Ay 2o
T w3, X _°gql:!((np—1)! x> )((ﬁq—l)! dxta )YVA(e X X)3,

(245)

see [36] for a similar calculation. Following the exact same steps as in the proof of [35, Eq.
(2.14)] with appropriate modifications, we can show that

I:a/ (X1)+ i ef a(xz)_dxz:l _ (Jﬁa,_ax) _ (Ol;ca >)ef a(x)"dx; ) (246)
1 2 1

Differentiating on both the sides of (246) with respect to x; we obtain

|:l —dsa/ (X1)+ ) ef a(xz)_dx2:| = (-1 ((X (@, o) {a, o) ) ef ) dxy (247)
1

s T s+l
st dxj —x X3

Differentiating both sides of (222) with respect to x, we obtain

/ - /
1L Oa) fapran | o DL o fatdn (248)
st dx) (x7 —xp)s+1

Analogous formula holds for [ 8(x;)*, exp(f ﬂ(xz)ﬂ]. In addition, we need
a(0)e,x® = (a,a'Yex® +epx®a(0), A =(d,p). (249)

This follows from the following calculation: for u € S(7), A’ = (o, ), A" = (a”, ") we
have

a(O)e;an/ (u ® exﬂ)

= (1) WAl (g o' 4 a”) (u ® eA/M//)

/ 7" / 1 /7 1" / 1 / 1" / 1" (250)
_ (_1)6(/1 A" >(a, ) (u ® oA/ tA )+ (_1)5(1 A"yl >(a, ") (u ® el 2 )
=(a,a')eyx® (u ® elﬂ) +eux® a(0) (u ® e’v/) .
Analogous formulas for $(0)e ,w'c/j/ is
B(0)er & = (B, ") e 2" +ex %P B(0), 251)
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which can be proved as follows:

ﬂ(O)el/iﬁ/ (u ® e”/)
= (=)W A 5 B A") (B,B’ + B (u ® e/l’+/l”)
= ((_1)6(1/,/1”),?(/5’,15”) (B, ') (u ® ex'm”) + (=1 EAEB" (. B (u ® e”””))

=(B,B") ez (u ® el//) +e,.xP B(0) (u ® elﬂ) .
(252)

Let us now consider the product of two vertex operators, as in (244). Using the normal order-
ing from (171) we have

s sz e [ e Yo [ 30 )
k k 1 dmr_lar(xl) 1 drﬁs—lﬁs(‘)—cl)
xogg((’“r‘”’ dx}"™ )((rﬁs—l)l dzr! )
xexp(J a(xﬂ*)exp(J a/(xZ)_)exp(Jﬂ(i1)+)exp(J B (%)~ )elxj"xf (253)
{ { dnp_la/ (XZ) 1 dﬁq_lﬁ/(jz)
o p q .
i zla_[ql_[((” DU g )((ﬁq—l)! azl )

1
X exp (J a’(x2)+) exp (J ﬂ’(}'cz)+) exlxg‘/icfl ,

a/5

where we have used that e; x{'x; commutes with the exponential of integrals and the expo-
nential of a and # commute W1th each other. Now, using (226) we get

fona’) %, \ (BB
Yy, (v, 1, %1) Yy, (w, 3, %) = (1 - i_) (1 - i—) exP( J a(xl)‘)exp( f ﬁ()zl)‘)
“r d™'a,(x;) 1 d™B(x)
xo]:!l_!((m L P )((m - gz )

X exp (J a’(x5)” )exp (J B (%)~ )exp (J a(x1)+) exp (J ﬂ(x1)+) e,le‘xf

£ 1 d™»— ap(Xz) 1 dnq lﬂq(xz)
% l_”_[( (n, —1)! n,—1 )((ﬁq_l)! _fig—1 °

p=1q=1 dxz dXZ
X exp ( f a/(xz)+) exp U ﬁ’(xzr) SRR

Further, using (247), (248), (249), and (251) successively on the product in normal order,

(254)
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(227), and the formal variable identity (26) we get

Yy, (v, x1, %)Yy, (W, X2, X5) = (x; —X2)<a’a/) (% — ?_Cz)w’ﬁ/)

< exp ( J a(xl)_)exp( f a’(xZ)—)exp ( f /s(fcl)—)exp ( f /s/(fcz)—)

k 1 d™la,(x) m_1( (. a,) (o, ;)
l_[[(m —D g e ( S )]

=1 (1 = x3)™r X,
k d™ 1B (%) a( BLBY (BB
x!—[[(ms—n' ot Y ((»‘cl—fcz)'ﬁs_ &7 H
[ T] - da '(xZ)_ (o, a, >n e (255)
p=1 (np_]-)' dx P (o —x3)" x2
XlL[ dnq 1ﬂ (Xz) (ﬁ:ﬁé) _(_1)ﬁq_1 (ﬂ)ﬁé) o
g=1 (nq_l)' dx nq (x — X)) )'c;q ’
o j (x1)+)exp( [ o oo [ o [ 157

ﬁ/
X elel X .X' 2 .
Next we have

YVA(W, X2, fz)YVA (v, x1,%1) = (x3— X1)<a’a/> (x2— ?_51)(/5’/3/) (‘UAOA/

xexp( f a(xl)_) ( J a’(xz)_)exp( J ﬁ(azl)‘)expu /5’(22)—)

: d"ta (x,) (', a,) (', a,)
P 1yl e L e
l:[ [(n _1)| Tlp—]. +( 1) ( _ np, )

p=1 dx, (2 —x1)" X,
{ dnq—l /(x. / /
T Ik
g=1 (qu— ) dJ_Czq (Xg —Xq)" )_Czq (256)
ﬁ|: r_lar(xl) _ <a/>ar) _(_1)mr—1 <a/’ ar>i|
1| (m—1)! de’_l (g — 7)™ Xy
k d™ B (%) (B, Bs) a1 (B, Bs)
XU[(ms—l)' dx™ (R x)™ —C % ]
X €Xp (J a(x2)+) €xp (J /5(3?2)+) e€xp (J a/(x1)+)exp (f ﬁ/(ffl)Jr)

X €€y xf‘x[jxg xg’ ,

where we used (159). Now, let us take x;, x5, X; and X, to be complex numbers 2z, 24,%; and
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Z, respectively. Then we can rewrite (256) as

YVA(W, Z2:52)YVA (v,21,%1) = (22 —21)(a’a/) (22 —51)<ﬂ’ﬁ/> (—1)/101/

X exp U a(zl)_) (f a’(Zz)_) exp (J /3(51)_) exp (J /3’(52)_)

- [( 1 d"la ) (da) _(_1)mr_1<a’,ar>}

m, —1)! dz;nr_1 (29 —21)™ ZTr

x 8

r=

1
ET 1 dngi) (BB e (BB
g l:! [(ms—l)! R - & ]
. 4 1 dnp_lféEZZ) N (_an_l ( (o, ap>n _ (a”nap)) (257)
p=1 (n, —1)! dz,’ (z2—21)"™ 2"

ﬁ 1 dﬂq—lﬁ;(zz)+(_1)ﬁq_1( (B, By) _<ﬂ’,ﬂq>) )
G " ’

_ i1 -\ _
=1 | \a ! dz;lq (8 —2)" zgq

X €Xp (f a(22)+) exp (J /3(52)+) exp (J a/(zl )+) €xp (f B'(z )+)

x elellzf‘éfzglégl .
Here it is important that we understand (z; —2,)° as the power series since we obtained it by
replacing x; — %1,Xy — %5 in (x; — x5)° which is a formal series. In this step we have used
the fact that the two normal ordered products commute. To see this, note that the normal
ordered product can be written as the product without normal order plus a multiple of the
central element k, k using (146). Then since a(z;) and a’(z,) commute by (216), hence their
derivatives and normal ordered products commute too.

Now the operators in (255) and (256) are the same. Thus locality follows if we can show
that the functions appearing in (255) and (256) are the expansions of a single smooth function
in the domains |z;| > |2,| and |2,| > |2;| respectively. We have already proved in Proposition
3.1 that the functions (z; —22)(0"0‘/) (2 _52)(/5,/3’) and (—1)** (z, —zl)(a’a/) (25 _51)(/5,/5’>’ un-
derstood as power series as explained above, are the expansion of the function

exp ((a, a’) log(z; —2,)) exp ((B, B’) log(z, — ) - (258)

It remains to prove that the functions appearing in the normal ordered products are also ex-
pansions of a single smooth function. It can easily be checked that the functions

_ (o, ;) (o, a ))
—1)ym! L T 2] > Uz, (259)
(—1) ((zl_zz)mr o 211> |2
e (,a,) (. a,)
a,a {d,a
—m — (=™ IZTrr, |22] > |24], (260)
1
are the expansions of the function
(_1)mr—1 ( (a/) ar) _ <a/» ar) ) (261)
exp(m, log(z1 —2,)) 2 )’
in the respective domains except for poles at z; = 25 and z; = 0. O
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Remark 3.3. A similar calculation as in Remark 3.2 shows that formal commutativity holds
for general vertex operators:

(1 = x) (% = %)¢ [YVA(V: x1,%1), Yy, (W, X2,%,)] =0, (262)
with v,w € V,.

Remark 3.4. The proof of locality goes through even if we take vertex operators corresponding
to vectors of the form (152) with e* € C[A] (see Remark 3.1 for definition of such vertex
operators). This requires A to be an integral Lorentzian lattice. It is worth noting that formal
commutativity fails to hold for general vertex operators since (a, a), (8, 8) ¢ Z in general.

The graded dimension of the LIVOA can be easily computed. Using the structure of the
vector space V, and the general discussion in [2, Section 1.10], we find that

_ 1 (wa) _ (BB
w,(1,7)=———= qz2q?, (263)
()" N(T) (apren,
where 71(7) is the Dedekind eta function
1 o
n(m)=q= [ [a-q. (264)
n=1

We now give explicit examples of isomorphisms and automorphisms of the LIVOA.

Theorem 3.4. Let (Vp, Yy, wp, wg, 1y, ) and (Vj, Yy, &p, &g, 1y, )be LLVOAs corresponding to
lattices A, A C R™". Suppose A and A are related by an O(m,R) x O(n, R)-transformation, then
the two LLVOAs are isomorphic (V,,Y,) = (Vx, Y3).

Proof. Suppose f : A — A is the isomorphism relating A and A, then for any A = (a?, *) € A
fla*,p*)=(0y-a*,0,- 1), (265)

where O, and O, lie in O(m,R) and O(n,R) respectively. Further from the action (265), it is
clear that f(A9) = AY and f(AJ) = AJ and further that the restrictions to A9, A) are norm-
preserving isomorphisms. Using f we can define the maps

fi:Ai_)]\i) i:1,2,
A

(266)
a '—>Ol-a’1, ﬁAHOZ-/jA,

which are norm-preserving maps when we consider A; and A; (A, and A,) as subspaces of
R™ (R™).
Since an integral basis of A and A is also a basis of R™", it is clear that the dimension

dim(h;) = dim(h;) = m, dim(b,) = dim(h,) = n, (267)

where
hi=A;®,C, h=A;®,C, i=12, (268)

this implies that the central charges of the two LIVOAs are the same. We then extend f;: h; — b,
and f, : h, — b, by C-linearity and observe that the bilinear form on b;’s are preserved under
this map. We then extend f; and f, to 61, 62, by mapping k and k back to themselves.
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Consider the orthonormal bases, which were chosen when defining the conformal vectors
wp, g, @p, and &g, Le. {w}L,, {v;}, and {&;}L,, {V;}[_, of by, b, and by, b, respectively so
that

1< N
o1 =5 2 (D), wp=5 (WD) ely,,
i=1

: =1 Lo (269)
.~ . 2 ~ . 2
Wy, —Egl:(ui(—l) )®1V[\7 wR_E;(Vi(_l) )®1v,~\-
Define the isomorphism of complex vector spaces
I b ] — b >
b1 b1, b2 ba (270)

up—d, vie vy, i=1,...,m, j=1,...,n.

Denote by @ € §, 5 € b, the image of a € by, 8 € h, under the above map. Define the map
Y 1 Vy — Vi by
w(al(—ml) s ap(—my) - ag(=my) By (=) - Bo(—1n2) - - Pr(—=mng) ® e(a’ﬁ))
=y (—my) - dy(—my) - g (—my) By (—71) - Bo(—1hy) - - - fr(—rmz) @ eln (@200
271)
Clearly
Y(1y,) =1y, YP(w;)=0&;, where i=L,R. (272)

Since f; is norm preserving, from (172) it is clear that v} is grading preserving. We now check
that (114) is satisfied. Let us first check (114) for u = e* and v of the form (152). From the
definition (37) we see that

A X A
YVA(eA/, x,x)v = [exp (—Z aT(S)x_S) exp (—Z aT(s)x_s) exp (—Z ﬂT(s)fc_s)

s<0 s>0 s<0

A / /
X exp (—Z /3—(5)92_5)] e;vxo‘l "y
s

s>0

, , A A
(1) (0 ) (87 ) NS N6
-1 x x exp Z S x° |exp Z 5 x

s<0 s>0

A A
{ ol 30

s<0 s>0

X ay(—=my) - ap(—my) - ag(=my) - fr(=mmy) - Bo(—mnz) -+ fr(—1z) ® ¥ +(@h),
(273)

Now expanding the exponentials, we obtain a linear combination of terms of the form
o¥ (1) a¥ (ng) - (ny) - B* () - B* (70) -+ B (7p)
X @y (—my) - ay(—my) -+ a(—my) - By(—hy) - Bo(—ihz) - fr(—mp) ® ¥ P (274)

x (— 1) Wl M) (BB b 5T

with n;, fi; € Z, p, p = 0 and the sum is over ¢, ¢ with

{=— n;, {=—

1 i

;. (275)

p
— 1

p
i (=
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Now we can use the Heisenberg algebra (191) to commute the operators all(ni), ﬁ’v(ﬁi) with
n;,n; > 0 past other operators and then annihilate e*+(@P)  The result will be a vector of the
form (152) with some factors of the form (a,a*), (a*, ;) and (8%, p*), (ﬁl/,ﬁj). Thus
under the map 1 in (271), we see that 1(Yy, (e’ x,%)v) is a linear combination of terms as
on the right hand side of (271) with factors of the form

(_1)e(l/,l)x(a’v,al))—c(ﬁﬂ,ﬁk) ) <a)L/) al/) > (aA/: ai) > (ﬂkla ﬂkl} ] (ﬂkla ﬂ]) 5
= (1 EDLAEORONHEEDEE) (g 0¥, @®)), (A fila) @76)
(BB, £M)), (£, £8))

where by equality we mean the first term in L.H.S is equal to the first term on R.H.S, and so on.
Further, we used the fact that f;, f, are norm preserving maps to show this equality. Consider

now the LLVOA obtained from the lattice A but with the central extension A of A constructed
from the cocycle € using the integral basis {f (Ai)}?;" of A where {; }?;J;” is the integral basis
of A used to define the cocycle for A. By Proposition A.2, central extensions corresponding to
cocycles defined using different bases of A are equivalent, thus the LIVOA constructed using

those central extensions are isomorphic. Hence, we may assume that the cocycle € for the

central extension A is defined by (154) using the basis {f (1;)}/-" of A. Now, following the
same calculation as above and using the map 4, it is clear that YV/_\(ef @9 x, x)P(v) is given
by the exact same linear combinations terms of the form of the right hand side of (271) as for

YVA(ef A x, X ) (v) but with factors

(_1)é(f()t’),f()t))x<f1(al’),fl(al)>3—c<f2(ﬁll),f2(/3’l)> , <f1(a7t')’f1(a7t')> , <f1(all),f1(ai)>

/ , , 277)
(087, £8%)) . (£0%).£2(8)).
Now, consider any A’ = >, ¢;A;, A = .. d;A; € A, observe that
m+n m+n
EFALFON = Y, adi€FA)FO)) = Y eid; €(F (A, F(A,)
en (278)
= > cdje(Ai, A;) = e(X, ),

i,j=1

where the third equality follows from the fact that f is norm-preserving. Using the fact that
e(A, 1) = E(f (1), f (L)) we see that the factors in (277) are equal to the factors on the R.H.S
of (276), and hence

Yy, ((eX), %, () = Yy, (¥, x, )). (279)
When we take u to be a more general vector, the corresponding vertex operator has products

of operators which can again be expanded and dealt with as above. This completes the proof
of the proposition. O

Corollary 3.1. Let f € Aut(A) such that f(A?) = A?, i =1,2. Then f can be extended to an
automorphism of the LLVOA associated to A.

Proof. We define the map
PYEeM) =P, rean,. (280)

Then define 1 : V, — V, analogous to (271) which acts as identity on the factors a;(—m;)
and f3;(—m;) and as (280) on C[Ag]. It can be checked that 1) defines an automorphism of
the LIVOA V, by following the same calculation as in Theorem 3.4. O
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From Corollary 3.1, automorphisms of the lattice whuch preserve A?, i = 1,2 can be
extended to automorphisms of the LLVOA. We then propose the following

Conjecture 1. Any automorphism f € Aut(A) preserves A?, i=1,2.

We prove this conjecture for m = n in Appendix D. Although we were not able to prove
this conjecture for m # n there are physical reasons to believe this conjecture: T-duality group
in string theory acts by automorphism of a reference Lorentzian lattice [37]. By definition, T-
duality must preserve the chiral and anti-chiral algebra of the CFT. In our formalism, the chiral
and anti-chiral algebra is identified with the algebra of modes of the chiral and anti-chiral ver-
tex operators of non-chiral VOA (see Table 1), thus the automorphism of the reference lattice
must act as automorphism of the LIVOA. This physical consideration supports the conjecture.
We will assume the truth of this conjecture and derive the moduli space of LIVOAs later in
Section 5 below.

4 Modules and intertwining operators

4.1 Modules

We now define modules of a non-chiral VOA.

Definition 4.1. Let (V, Yy, w, @, 1) be a non-chiral VOA. A module for V is a tuple (W, Yy )
where W is an (C x C)-graded complex vector space, Yy, is a linear map, called the module
vertex operator map,

Yy :VOW — W{x,x},

281
u®w+— Yy (u,x,)w, @80

or equivalently a map

Yy :C* x C* —>Hom(V®W,W) ,

_ _ _ (282)
(2,2) — Yy(,2,2) tu@w— Yy, (u,2,2)w,

which is multi-valued and analytic if z, Z are independent complex variables and single valued
when z is the complex conjugate of z. As before the vertex operator Yy, (u, x, X) for u € Vi, j,
is expanded as a formal power series

Yy (u,x,x) = Z ugnx_m_lfc_"_l

m,neC
(m—n)eZ

= > xW (x" g e End(W){x, %}

m,neC
(m—n)€Z

(283)

The following properties must be satisfied:

1. Identity property: The vertex operator corresponding to the vacuum vector acts as iden-

tity, i.e.
Yw(lL,x,x) w=w, Vwew. (284)

2. Grading-restriction property: For every®! (h,h) € C x C,

2INote that h, h are not complex conjugates of each other. We will explicitly specify this when this is the case.
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there exists M € R, such that

Wy =0, for Re(h) < M, orRe(h) < M. (286)
3. Single-valuedness property: For every homogenous subspace W, )
h—hez. (287)

4. Virasoro property: The vertex operators Yy, (w, x,x) and Yy, (@, x, x), called conformal
vertex operators, have Laurent series in x, X given by

Yiw(w,x,x) = Z LY (n)x™"2,

nez

(288)
Yy (@,x,%)= > I¥(m)x "2,

nez

where LY (n), LY (n) are operators which satisfy the Virasoro algebra (47) with central
charge c, ¢ respectively.

5. Grading property: For w € Wy, 1
LYOw=hw, LYOw=hw. (289)
6. L"(0)-property:

[LY(0), Yy (u,x,%)] = xaa—xYW(u,x,J'c) +Y(L(O)u, x, %),

P (290)
[Z'W(O)J Yw(u, x,)'c)] = )?FYW(uJ X,)?) + YW(I‘(O)uJ X, )?) .
X
7. Translation property: For any u € V
w - _ d _
[LW(—1), Y (u,x,%)] = Yy (L(—Du, x, ) = 55w x, %),
[I’W(_l)ﬂ YW(u; X,J_C)] = YW (Z'(_]-)u7 x:*)z') = iYW(u: X, ')Z‘)' (291)

dx

8. Locality and duality property: The module vertex operators must be local, that is given
n module vertex operators Yy, (u;,2;,%;), i = 1,...,n, there exists an operator-valued
function m,(uq,...,Upy, %1,---,%n, %1, - - -, 2,) Satisfying the requirements in Property 9 of
Definition 2.1. Moreover, for u;,u, €V,

Y (u1,21,21) Yiy (u2,22,22) ,

Yy (ug, 22,20) Yiy (u1,21,21) (292)

Y (Yy (ug,21 — 22,21 —22) Un, 22, 22) ,
are the expansions of a function m,(u;, us, 2,21, 22, %5) in the sets given by |z;|> |2, >0,
|zo] > |21] > 0, and |25] > |2; — 24| > O, respectively, where %;, 2, are the complex
conjugates of z; and 2, respectively. Also m is an End(W)-valued function, linear in
uy,Us, defined on

2
{(z1,22) € C*| 21,25 # 0,21 # 25}, (293)

multi-valued and analytic when %, Z, are viewed as independent variables and is single-
valued when %, 2, are equal to the complex conjugates of z;, 2, respectively. We say that
the module vertex operators Yy, (uq,21,2;) and Yy, (uy, 24, 2,) satisfy locality and duality
with respect to each other if they satisfy (292).
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Remark 4.1. The module for non-chiral VOA defined here is related to the notion of module
in [2] and [9], and ordinary module in [38].

Remark 4.2. The equality of only the first two expressions of (292) is the usual locality of
two module vertex operators and the equality of first and third expressions in (292) is called
duality of module vertex operators. From Proposition 2.2, we see that locality implies duality
for vertex operators of a non-chiral VOA, while for module vertex operators, Proposition 4.1
below gives a sufficient condition for locality to imply duality in terms of existence of a certain
intertwining operator (see Definition 4.2).

Chiral and anti-chiral module vertex operators are defined analogous to chiral and anti-
chiral vertex operators. For v € V, with conformal weights (h,h), we will expand the module
vertex operator Yy, (v, x,x) as in (283). As in Lemma 2.4, for chiral and anti-chiral vectors
U € Viphy vV € Vi iy We expand the module vertex operators as

Yy () = > xl (xR,

mezZ

L (294)
Yy (v, %)= > 2 (v)z =m0,

meZ

The proof of Theorem 2.1 goes through even for module vertex operators. We record the result
for later reference.

Theorem 4.1. Let u; € Vi, 1y and v; € V) be homogeneous chiral and anti-chiral vectors
respectively with corresponding vertex operators

Yy (u;, x) = Z X,tv(ui)x_n_(hi_hi) ’

nez

o (295)
Y (v, %) = D %0 (v - ih).
nez
Then we have
n+ (hl — }_11) —1
[l ), ()] = p>_(hz_m+1 (p lh—f— b,
_ ] n+(hi—h)—1\_,, _ (296)
[y (uy), % (v)]1=0.
In particular,
+1
ORISR ORN)
p=—1
LY (n), %Y (v)] =0,
[L™(n), %" (v;)] 297)

OEIOIEDN (R alORME

P +1
[LY (), x}! (u)] =0.
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More generally, for m € Z we have the Borcherd’s identity

Z( )(( v’ ”+m AW )xk+r(u) (= 1)m+rxk+m (U )xn+r(ui)) (298)
r=0
n+(hi_fli)—1 "
- X +n+m+ (x m(U) u; 3, (299)
p>1_%:_ﬁ.)(p+(hi—hi)—1) k hi—h, Pt
Z( )(( 1) %y e, (VDX (V) = (C1™T R r(Vj)J?mr(Vi)) (300)
r=0
n+(h’ h)—1 i
) {—hiTpAm (301)
pzl—%;_h{)(p*‘(hg—hi)_ ) k+n+m+h !, (xp+ (v;)- v)
Z( )(( DY @Ry )= (D) RY (v () = 0. (302)
r=0

The graded dimension or character of a module W of a non-chiral VOA is defined similar
to that of the VOA:

aw(T,T)="Try qLW(O)_24 qLW(O)_24 = Z (dlm W, h))q ‘%qh %, (303)
(h,h)eCxC

Let (W,Y},) be a module of a non-chiral VOA V. A V-submodule of W is a vector subspace
W; € W such that the vertex operator map restricts to a map on Wj:
YW 1V ®Wl I Wl{x,)z'},

304
u®w— Yy (u, x, x)w, (304)

and is a V-module in its own right. A V-module is called irreducible if it has no non-zero
proper submodules. Irreducible modules are also called simple modules. Direct sum of two
V-modules is another V-module with the obvious definition of vertex operator map. A homo-
morphism between two V-modules (W;, Yy, ) and (W5, Yy, ) is a grading preserving linear map
f : W, — W, satisfying

f(le(V,x,J_C)W):YWZ(V,x,J_C)f(W), VVEV;WEW1~ (305)

The notion of isomorphisms and automorphisms are defined analogous to the non-chiral VOA.
Again, isomorphic modules have identical graded dimension. A semi-simple V-module is a
V-module isomorphic to the direct sum of finitely many simple V-modules.

4.2 Intertwining operators

In this section, we define intertwining operators and study some of their properties.

Definition 4.2. Let (V, Yy, w, @, 1) be a non-chiral vertex operator algebra and let (W;,Y;),

( i J) and (W, ;) be three V-modules. An intertwining operator of type (WIJ/VVle) is a linear
map

y:Wj®Wk—)VVi{X’X‘}’ (306)
w() @ Wiy = Y(W(j), X, XIw(yy ,

or equivalently a map

Y : C* x C* — Hom (W; ® W, W, ),

_ _ _ (307)
(2,2) — V(:,2,2) : w(i) ® Wiy — VW), 2, 2)w(i) »
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which is multi-valued and analytic if z, Z are independent complex variables and single valued
when % is the complex conjugate of z. The intertwining operator Y(w(;), x, X) is expanded as

YWy, 8) = Y (Wii)amx "X € Hom (Wi, W) {x, X} (308)

n,meC
The following properties must be satisfied:

1. L(0)-property: For any w(;) € W;

d

P (309)
where the commutator on the LHS is understood to be
2. Translation property: For any w(;y € W;
_ W, _ d _
[L(_l)a y(W(])axax)] = y(L J(_]-)W(J)> X, x) = _y(W(j)Jx) x):
dx 311)

_ _ - _ %, _
[L(_]')J y(W(])J X, x)] = y (LWJ (_1)W(])J X, x) = ay(w(])a X, x) 5
where the commutativity is understood as above.

3. Locality property: The module vertex operators and the intertwiner must be local, that
is given vectors uy,...,u,_; € V,w(;) € W;, there exists an operator-valued function
My(Uy, ..o, U1, W(j), 215+ Zn, 21, - - -, Zy) satisfying the requirements in Property 9 of
Definition 2.1. Here, the product of vertex operators in (53) is replaced by

Y; (o), 201 Zo) *++ Yi (Uota-1) Zota-1) Zota—1)) Y (W(j)s Za Za)

_ _ (312)
XYy (ua(a+1):za(a+1)7zcr(a+1)) Yy (ua(n):za(n)’zo(n)) .

We will denote the intertwining operator by

i Wi

ik or Y WiW, >
when we need to indicate its type.

Remark 4.3. The vertex operator map Yy (+, x, X) acting on a non-chiral VOA V is an example
of an intertwining operator of type ( e ) and Yy, (-, x, X) acting on a V-module W is an example
of an intertwining operator of type (va‘jv )

Remark 4.4. Following the proof of (54) and using the L(0)-property 1 along with the grading-
restriction property 2 of modules, one can show the following lower truncation property for
intertwiners: for w(;) € W; and w) € Wy,

(W(i)nmWx) =0, for n,m sufficiently large. (313)

48


https://scipost.org
https://scipost.org/SciPostPhys.17.2.047

SCIl SciPost Phys. 17, 047 (2024)

Proposition 4.1. Let (V,Yy ) be a non-chiral VOA and (W, Yy,) be a V-module. Suppose there
exists an intertwining operator of type yW“(, where (V,Yy) is considered as a module for itself.
Suppose further that the intertwining operator satisfies

. w - _
x})l_goywv(w,x,x)l =w, wWeW. (314)

Then the locality property of module vertex operators implies the duality property (see Remark
4.2 for terminology):

Yy (u,21,21) Y (v, 20,25) = Yo (Yo (U, 21 — 20,21 —25)V,25,2), uw,veEV. (315)

In particular, we have the OPE:

Y (U, 21,21) Yy (v, 2, 2) = Z Yy (Um,n * V5 22,22)(21 —2,) "N (E —2) T, (316)

m,neC
where u, , € End(V') defined using the expansion (37).

Proof. The proof is analogous to the proof of Proposition 2.2. Let w € W be an arbitrary vector.
First note that (314) along with the translation property 2 implies that Lemma 2.1 is true for
the intertwiner yw%(w, x,Xx):

yW“(,(W,x,)'c)l = X L)X L(=1)y, (317)

Then we have

Y (W, 21,21 Yy (v, 29, 25 )€™ LEDezs LDy

= Vi (u,21,21) Vi (v, 22, 22) Vi, (W, 23, 23) 1

= yWM(,(W,zg,ig)Yv(u, %1,21) Yy (v, 29,%5)1 (318)
= Vo (W, 23,23)Yy (Y (1,21 — 22,1 — 22)V, 22, 25) 1

=Yy (Yo (1,21 — 20,21 — 25)V, 22, 25) Yy v, (W, 23, 23)1,

where we used the locality property of intertwiner yWM‘// and the duality of vertex operators in
Proposition 2.2. Now taking the limit z5,%; — 0 gives the required result. O

4.3 Non-chiral CFT and modular invariance

Given a non-chiral VOA (V,Y;,) with the set of all isomorphism classes of simple modules
{(W;,Yy,)}, one can construct a non-chiral CFT by taking the non-chiral VOA and a subset of
the simple modules.?? Note that one is allowed to choose copies of the same module.

Definition 4.3. A non-chiral VOA (V,Yy) along with a subset {(W,, Yiy )}qes of simple mod-
ules, with possibly (W,, Yy, ) = (W, Ywﬁ) for some a, B € I, will be called a non-chiral CFT.

Two non-chiral CFTs are said to be equivalent if the underlying non-chiral VOAs and their
simple modules are isomorphic. Note that the isomorphism is allowed to permute the (non-
trivial) modules but not the non-chiral VOA which is considered as a module for itself.

22A crucial requiremnt in choosing what subset of simple modules to include is to make sure that the OPE
of appropriate intertwiners between modules closes in the sense that the right hand side of the OPE contains
interwiners and vertex operators for modules which are included in the subset we choose. We will explore these
fusion rules for intertwiners in a future work. For the purposes of this paper, we will work with the simplistic
definition given below.
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Let {W,},c; with Wy 2V being the non-chiral VOA V considered as a module for itself be
a non-chiral CFT. The torus partition function of the non-chiral CFT is defined by

Zy(T,7) :ZZXWi(T,f). (319)
i€l
It is clear that equivalent non-chiral CFTs have identical partition function.
A non-chiral CFT is called modular invariant if its torus partition function is modular in-
variant:

Zy(yt,yt)=Zy(7,7), y€SL2,Z), (320)
where
at+b at+b a b
= T = = e SL(2,7Z). 321
"= T ara 7 (c d) (2,7) (321)

Given a non-chiral CFT, its torus partition function need not be modular invariant. Modular
invariance is a physical requirement and it puts strong constraints on which modules of a
non-chiral VOA is allowed to construct the non-chiral CFT.

5 Moduli space of non-chiral CFTs over Lorentzian lattices

5.1 Construction of modules of LLVOA

Given any [u] = [(u1,us)] € A/A be a coset. We will construct a module for the LIVOA
corresponding to this coset. First observe that there is a one-to-one correspondence between
cosets A/Ay and C[A]/C[A,] given by the map

[u]l = Clu+Agl=e"-C[Ay] = Span(c{e“” A €N} (322)
Using the coset C[u + Ag], define the vector space
W, :=5(h7) ® Clu + Ao]. (323)

Note that W, is generated by elements of the form

W= (@ (omy) - apl—ma) -+ ai(=my) By (=) - By —1ig) -+ Br(—rig)) @ lnt) (b,

- (324)
for m;, m; > 0, k,k > 0,(a, B) € Ay. The vertex operator map is exactly the same as for
(YVA: Vp):

YWM(.’ x,x)= YVA(-,x,)'c). (325)

Note that YWu(" x, X) acts on W, for which the required action of h°, k,konC[ u+Aq]is defined

in (153).The action of x%, P is defined exactly the same as in (164) and the action of A, on
Clu+ A]is given in (161). The grading on W), is given by defining the conformal weights of w
in (324) to be

k k
+a,uy + . + B, Uy + )
h:<M1 a, Uy a>+zmi, h= (U + B, usy /5>+ij.

2 i=1 2 j=1

(326)

. w, - -
Remark 5.1. In view of (325), the modes x,,",(u) of the vertex operator YWM(u,x,x) is the
same as the mode x, ,(u) of Yy, (u, x, X) but now acting on W,,, see Remark 3.1.

Theorem 5.1. For every [u] € A/A,, the tuple (W, YWu) is a Vy-module.
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Proof. We prove the properties in Section 4 to show (W, YWu) is a Vy-module. The proof of
Properties 1 through 7, except Property 2 are exactly the same as in the case of the LLVOA,
which we had shown in Subsection 3.3.

Now, it can be seen that h and h in (326) are both positive numbers, as m; are positive integers
and the bilinear forms, inherited from R™ and R", on A; and A, are positive definite. Hence,
M = 0 for Property 2. To show dim(W, ;)) < oo, we show that for any h,h € R the number
of distinct A = (a, ) € A, satisfying

(uy+a,uy+a)<2h, and (uy+pB,u,+pB)<2h, where a€A,peEA,, (327)

can be only finitely many. We basically mimic the proof for the grading restriction property for
the LIVOA, noting that u; + A; and u, + A, are also discrete.
The proof of the locality of module vertex operators is same as for the LIVOA case. We prove

. . . . .. w,
the duality property. We will show that there exists an intertwining operator of type yW“VA
uw

satisfying the hypothesis of Proposition 4.1. Indeed, for w € W), of the form (324), consider
the operator

W, e 1 d™la(x) 1 d™1B(R)
yWuVA(W’x’X):gl_“_[((m,,—l)! dxm-—1 )((ms—l)! dxm—1 )

r=1s=1

(328)
WM u+(a,3) o
xyW’uVA(e ,X,x)o,
where w
Y,y (@7, x, %) = vy, (e4+(4F), x, %). (329)

The operators appearing in the intertwiner above act on V, in the obvious way. The axioms of

. . . . .. W,

intertwiners along with the hypothesis of Proposition 4.1 for ), ‘{,A follows from the general
u

proofs in Subsection 3.3. O

We now show that these modules are irreducible.

Proposition 5.1. Any V,-module (W, Yy, ) is also an (61 ® 6;)-module, where 61* are Heisenberg
algebras associated to b;.

Proof. For any a € b, consider a(—1) ® 1 € V. The corresponding vertex operator is

Yy(a(=1)®1,x,%) :=a"(x):= Z aV(n)x L. (330)

nez

This implies that W is also an Gi-module. Similarly considering the vector f(—1)®1 € V,, and
its vertex operator, we see that W is also an Gg-module. O

Remark 5.2. When W =W, is the module of the LLVOA corresponding to the coset [u]€A/A,,
then o' (x)=a(x) and & (n)=a(n), see Remark 5.1.

Theorem 5.2. For [u] € A/A, the Vy-module (W, YWu) is irreducible.

Proof. Suppose W C W, is a V,-submodule. Then W is also an (6{ ® 6;)-module. By Theo-
rem C.2
W=S(H)®S(h;)®Qy =S(h7) ey, (331)

where Qy is the vacuum space of W, see Appendix C for definition. Since the vacuum space
of W, is C[u + Ag] we have

Qy cClu+nrd= P ce*. (332)
A€u+Ag
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Since W is invariant under a(0),3(0) for all @ € h;, € b, and Ce* are eigenspaces for
a(0), 8(0), we must have

Qy =C[M], (333)

for some non-empty subspace M C u+ A,. Finally note that for any A € Ay we have

e, = exp (—J dx ak(x)_) exp (—J dx ﬁk(fc)_) YVA(eA, x,X)
X exp (—f dx al(x)+) exp (—J dx ﬁ’l(a‘c)+) & B

(334)

o —a*(0)

Noting that x™ A,)’C_ﬁA acts as x ,i_ﬁk(o) respectively, we see that W must be invariant
under e, for all A € Aj. This means that M = u + A, since {e, : A € Ay} acts transitively on
Clu+ Apl. O

The graded dimension for the module W, for any [u] € A/A, can be easily calculated. As
for LIVOA, we obtain

1 (a.a) _ (B.B)

2w, (T, %) = q7q 7. (335)

- —n
()™ N(T)  (a,p)epti,

Using (263) and (335), we see that the partition function of the non-chiral CFT consisting of
the LIVOA (V,, Yy, ) and its modules?? {(wW,, YWH)}[H]E A/A, 18 given by

Zy (D)= > (%)
[uleA/Aqy
1 (a.a) _ (B.B)
:—n Z q 2 q 2
N(T)™N(T) (@ pren

(336)

5.2 Moduli space of modular invariant non-chiral CFTs over Lorentzian lattices

Given a Lorentzian lattice A C R™", we have constructed a non-chiral vertex operator algebra
based on A and constructed a set of its irreducible modules. In general, these non-chiral CFTs,
consisting of the LIVOA and its irreducible modules, are not modular invariant. To construct
a modular invariant non-chiral CFT we restrict to even self-dual lattices and only consider the
irreducible modules constructed here which are in 1-1 correspondence with the cosets A/A,.
We call such CFTs as Lorentzian lattice CFTs (LLCFTs). Indeed, we have the following theorem.

Theorem 5.3. Let A € R™" be an even self-dual lattice such that m —n = 0 mod 24. Then the
LLCFT consisting of the LLVOA V), and its modules {W,,}[,jen/a, is @ modular invariant non-chiral
CFT.

Proof. The partition function of the non-chiral CFT in the statement of the theorem is given
by?* (336):

_ 1 {@.a) _ (B.6)
Zg}\Od(T,T):ﬁ q?q:?
T T
n ) n (a,p)en (337)
= ————0,(7,1),
n(w)mn(7)

23We stress that these are not all the modules of the LIVOA. But if we want the non-chiral CFT to be modular
invariant, we need to restrict to this set of modules, see Theorem 5.3.
2*We are using a different notation for the partition to emphasize modular invariance.
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where ©, (7, 7) is the Siegel-Narain theta function [39,40] associated to the lattice A. Invari-
ance under T —» 7+ 1:

ZglAOd(T +1,7+1)= zglAOd(T, 7), (338)
follows from m —n = 0 mod 24 because
n(t+1)= ezm/z“n(f). (339)

Invariance under the modular transformation:

m—n

1 1 e im7 1 (@) _ (B.B)
zmod (__ __):—,L.m/Zi_n/Z(_iT)—m/Z(if)—n/z— E qgzq:
V b -
A T T V|detG,| n(v)ymn(e) (a.p)EA

=27y (7, %),

(340)

follows from the fact that A is unimodular and self-dual. Here we used the modular transfor-
mation of the Dedekind eta function:

n (—%) = v/—itn(1), (341)

and the modular transformation of the Siegel-Narain theta function [39,41]. O

We now want to classify all LLCFTs based on Lorentzian lattices of signature (m, n) up to
isomorphism. Following the physics convention, we call the set of isomorphism classes the
moduli space of modular invariant LLCFTs over Lorentzian lattices and denote it by M, ,..

Theorem 5.4. Under the assumptions of Theorem 3.4, the LLCFTs based on A, A are isomorphic.

Proof. Let (W, iy )iujea/a, and (W, ?Wu)[ule i/i, be the isomorphism classes of irreducible
modules of the corresponding LIVOAs (V,, Yy, ) and (Vj, YVA). By Theorem 3.4 the two LIVOAs

are isomorphic. It now suffices to show that for 0 # [u] € A/A,, there exists 0 # [v] € A/A,
such that
Wy, Yy, ) = (W,, Yy, ). (342)

Pick a representative u € [u] and let v = f (). Then define the map
p:W,— Wv
(ca(=m) - ay(my) - (o) By (i) - Ba—iy) - By(—ig)) @ el e
= (@ (=my) - dp(—my) -+ dge(=my) By (—111) - fo(—y) - - fr(—my)) @ e+ =20iath),
(343)

where f; : A; — A;, i=1,2is defined as in (266) and extended to f; : h; — b; by C-
linearity. Here b; is constructed as in (143) and (144) for A. This map is grading preserving
since fi, fo are norm-presering on A, A, respectively. One can now show that ¢ now defines
an isomorphism of modules of isomorphic LIVOA by following the same calculations as in the
proof of Theorem 3.4. O

It is known that all even self-dual Lorentzian lattices of signature (m, n) are related by an
O(m, n,R) transformation [34]. Thus the set of all non-chiral CFTs based on Lorentzian lattices
in signature (m, n) can be identified with O(m, n, R). But in view of Theorem 5.4, many of the
lattices determine isomorphic LLCFTs. Moreover, for any LLCFT based on A, from Corollary
3.1, one can identify a discrete subgroup of O(m,n,R) which acts as automorphisms of the
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LLCFT. If we believe the truth of Conjecture 1, then we can identify this discrete subgroup of
O(m,n,R) as the automorphism group of the lattice. More precisely, from Theorem 3.2 it is
easy to see that the discrete subgroup is isomorphic to G,O,(m,n, Z)ggl C O(m,n,R). This
subgroup, somewhat inaccurately, but conventionally [37,42] is denoted by O(m, n, Z). Thus
we have the following theorem.

Theorem 5.5. Assuming Conjecture 1, the moduli space M, , of modular invariant LLCFTs based
on Lorentzian lattices of signature (m, n) is isomorphic to

™ 0(m,R) x O(n,R) x O(m, n,Z)’

(344)

where O(m,R) x O(n,R) acts on O(m, n,R) by right multiplication and O(m, n,Z) acts by left
multiplication.

Proof. Choose a reference Lorentzian lattice A,; with generator matrix G,.;. Then the set of
all Lorentzian lattices can be identified with O(m, n, R) under the map?®

O = G.0. (345)

From above discussion, the non-chiral CFT based on GO and GO0 with
O € O(m,R) x O(n,R) is isomorphic. Thus we must quotient out by the right action of
O(m,R)x0O(n,R) on O(m, n,R). Also automorphisms of A, which is isomorphic to a discrete
subgroup of O(m, n,R) and denoted by O(m, n,Z), act by right multiplication on G,¢. So we
must quotient by the left action of O(m, n,Z) on O(m, n,R). This gives the required structure
of the moduli space. O

Remark 5.3. In deriving the moduli space of LLCFTs based on Lorentzian lattices, we imposed
modular invariance as a requirement. This was crucial in restricting the lattices to self-dual
ones. If we lift the modular invariance requirement, we obtain more general non-chiral CFTs
recently discussed in [43] and called generalised Narain theories.?®

Remark 5.4. At a general point in the moduli space (344), the sublattice A is trivial and the
LIVOA is simply S hH)=s (6;) ®S (65). The chiral and anti-chiral algebra is then generated
by the vertex operators

u;i(x) = Z:ui(r)x_r_1 , vi(x)= Zvi(r))'c_r_l , i=1,...m, j=1,...,n, (346)

rez reZ

corresponding to states {u;(—1) - 1}I*; and {v;(—1) - 1}, where {u;}, {v;} are orthonormal
basis of 61, 62 respectively. All other chiral vertex operators are given by products of derivatives
of u;(x), v:(x) (see (170)). In physics, these are called Kac-Moody currents and their modes
generate U(1)™ x U(1)" Kac-Moody algebra in the LLCFT. Thus at a generic point in the moduli
space, the chiral and anti-chiral algebra is extended from Virasoro to U(1)™ x U(1)" Kac-
Moody algebra. At certain points in the moduli space where A # 0, the chiral and anti-chiral
algebra is further extended to some enhanced symmetry algebra.?” It would be interesting
to identify the chiral and anti-chiral algebra at these special points in the moduli space with
known algebras.

25Recall that in our convention, lattice vectors are written as rows rather than columns.
2We thank Masahito Yamazaki for discussion on this point.
27We thank Anatoly Dymarsky for discussions on this point.
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Remark 5.5. The double coset structure (344) of the moduli space of LLCFTs was also obtained
in [8]. While the discussion of the result is complete in [8], it has not been explicitly checked
that these theories are example of non-chiral CFTs defined in this paper. As discussed above,
the proof of the moduli space structure of LLCFTs requires the truth of Conjecture 1 in our
formalism. Such conditions do not appear in [8] since the proof of the double coset structure
(344) is given using current-current deformation of full vertex algebra in [8].

6 Narain CFT

Narain CFTs are a large class of conformal field theories which are constructed by compactify-
ing free bosons on a torus and coupling them to a background antisymmetric B-field. Narain
CFTs naturally appear in string theory when we perform toroidal compactification of strings in
multiple directions. In this section, we will describe these CFTs and explain how they provide
physical examples of the non-chiral VOA we constructed in Section 3. We restrict to m = n
case for this discussion.

6.1 Construction of Narain CFTs

We describe the construction of Narain CFTs. The exposition is based on [44, Section 4.1]
and [37, Section 8.4].

Let I' ¢ R" be an n-dimensional Euclidean lattice and 27I" be the rescaled lattice. Let
T" = R"/(2nT) be the n-dimensional torus obtained by imposing the equivalence relation

x~x' & x—x'e2nr. (347)

We then consider n bosons X*, u =1,...,n on a two dimensional surface (worldsheet) moving
on the torus T" (target space). Alternatively, X* can be considered as coordinates on the torus
T". Note that

Xt~ XV +2met, €eT. (348)

Let us parameterize the worldsheet by o, t. Then the action for the CFT is given by

1 . .
S = dt | do (X*—X"*—2B,,X"X"), (349)
4ra’
where
n n
X2=XERM, X?= ) XMXM, (350)
u=1 u=1

with dot indicating derivative with respect to t and prime with respect to o, B, is an anti-
symmetric matrix and o’ is a coupling constant (called Regge slope in string theory). The
equation of motion for X* is given by

Xt—Xx"=o0, (351)
which is the wave equation in 2 dimensions with solutions
X(o,0)=X/(t+0)+Xz(t—0). (352)

Here X;,Xy are called the left moving and right moving components. We now take the o
coordinate on the worldsheet to be periodic, o ~ o + 27 so that

XMt,o+2n)=X"(t,0)+2me!, €eT. (353)
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The periodicity implies that we have a Fourier expansion of the form

‘u M . M
u _X s ZS 7 pein(ero)
X, (t+0)= 2 +a 2(t+0)+2 e ,

. 70 (354)
Xit—0)= 1R (t—o)+ iz B i)
R 2 2 244 n ’
n#0
where
a/ - - -
B (pr—pPr)=¢€€T, (355)
so that
XH(t,0) =X (t+0)+Xz(t—0)
a a by (356)
— M T n _—in(t+o) n —ln(t o)
=x +2(pL+pR)t+eU+ Z(n +—te )
n#0
satisfies the periodicity (353). Note that the total momenta given by
1 27 a’
P [ oG mx) = S ), (357
must be a vector of the dual lattice I'* defined as
r":={¢eR"|é-¢’cz,Ve T}, (358)
since X(t, o) is only defined up to arbitrary shifts by 27t€ for € € I'. We have
a’P* + (B*” + 6")e a’P* + (B*” —6"")e
Py = ” S ” z, (359)
Thus the set of vectors?® A = (B;,Pr) € R™" form a lattice A C R™". Moreover
2 2_ 43 2
Aod:=llpll”—llpall” = —7P-e (360)
We now fix a’ = 2, so that A o A € 27Z. Next for any A, 1" € A
AoA' =P -p'L—DBrDP’
S (361)
=Pp'-8+P-e' €.

So A is an even?’ Lorentzian lattice. In fact, A is self dual [44]. A generator matrix for A in
the coordinates [45]

PL +Pr P —DPr
2’ =\q, > a= > = ) (362)
(a, 8) 7 B

1 2y* 10
-1 , 363
N NG (YT'T) (363)

28We again take the lattice vectors to be rows in R™",
2Note that an even lattice is necessarily integral.

is
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—1\T . . .
where v and y* = (}f 1) are the generator matrices for I' and I'* respectively. Upon quanti-
sation, we impose the commutators

[a,a)1=nb 11 o6"", [bh,b)1=n8,4med0"", [ak,b y]1=0,

n’>-m
. (364)
[xH,p}1=[x",ppl=16"".
For every (P, Pr) € A we have a primary operator given by
Vy, pu(®,2) = 3P K@ P Xa@sg (365)

where z = ¢!(it+9) g = ¢1({t=0) which is obtained by Wick rotating t — it. The normal ordering
is defined via

v LM
oauavo:oavauo: aman, msn’
o, o ol U, o Uy >
a,a,, m>=n,
gabp/s=g8p/abs=alp/, (366)
0 yvM AVo — 0qVyMo — 4V4M
xta’s=g8a)x"g=a, x",
U v

1 _1
Ly=> )8y 0um8, Ly=>> 8by by 8. (367)

It is an easy exercise to show that L,, L, satisfy the Virasoro algebra with central charge
(c,c) =(n,n). The OPE of these primary operators takes the form [37, Section 8.4]

- _ . _ 7
VpL,pR(Z>Z)Vp2,p;z(W: W) ~ (Z - W)pL P (Z - W)pR pR‘/pL+p2,pR+p;z

(w,w). (368)

From the OPE we see that as the first vertex operator circles around the second, it picks up a
factor of e2™(PLPL—PrPR), So for the OPE to be single valued, one requires the lattice A to be
integral.

The torus partition function of the theory is

1 . . . .
Z(7,7) = W Z q||PL||2/2q||pR||2/2 , q=emiT g = 2mit (369)
N (BrPr)eA

where 1(7) is the Dedekind eta function

n(f)=q2i4]_[(1—q"), (370)

n=1

and 7 is the moduli of the torus. Here 7, T are complex conjugates of each other. The partition
function (369) is modular invariant since A is self-dual. This construction gives a CFT for any
even, self-dual Lorentzian lattice A C R™" of signature (n,n), this is called the Narain CFT
associated to the lattice A.

It is easy to see that the partition function is invariant under an orthogonal action on
D1,Dgr separately. Thus two Narain CFT associated on lattices A, A’ are equivalent if A, A’
is related by the right action of O(n,R) x O(n,R), where O(n,R) € GL(n,R) acts on R" and
preserves the Euclidean inner product. Next, any two Lorentzian lattices are related by the left
action of O(n,n,R), where O(n,n,R) C GL(2n,R) acts on R™" and preserves the Lorentzian
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inner product of signature (n,n). But note that if two lattices are related by an O(n,n,Z)-
transformation then the two lattices are the same. Thus the moduli space of Narain CFTs is
given by the quotient

O(n,n,R)

O(n,R) x O(n,R) x O(n,n,Z)’
where the first two factors in the denominator act on the right and relate physically equivalent
lattices to each other while the last factor acts on the left.

It is immediate to see from the dictionary between conformal field theory in physics and
our notion of non-chiral CFT described in Subection 1.1 that Narain CFTs are simply LLCFTs
based on a Lorentzian lattice of signature (n,n). The moduli space structure (371) is then a
special case of Theorem 5.5. The general case m # n also appears in toroidal compactification
of heterotic string theory, see [40,46-48] for details. Our general result in Theorem 5.5 is
a more mathematical statement of the moduli space of Narain compactifications for general
signature, see [49] for more details from physical viewpoint.

Finally we note that [44] gives a construction of Lorentzian lattices of signature (n, n) from
stabiliser codes. Our construction of LIVOA then completes the parallel with the construction
of VOAs from codes. The code-Narain CFT correspondence has been explored extensively
recently [50-54]. It would be interesting to study their implications on LIVOAs.

(371)

7 Conclusion and future directions

In this paper, we have initiated a mathematically rigorous study of non-chiral VOAs and pre-
sented the construction of a non-trivial example of our definition, namely the Lorentzian lattice
vertex operator algebra and its modules. We also showed the relevance of the construction by
demonstrating that Narain CFTs which appear in string compactifications are physical exam-
ples of our construction. In this section, we sketch some future directions of the study.

(1) Rationality, regularity, and C,-cofiniteness: We have defined the notion of non-chiral
VOA. It is natural to introduce the notion of rationality , regularity, and strong regularity
as in the theory of vertex operator algebras. One would also like to define the notion of
C,-cofiniteness and and see if C,-cofiniteness and rationality implies regularity as in [38].
The main result that we would like to prove is the theorem of Zhu [55]: assuming that the
graded dimensions of the irreducible modules factorise into a product of holomorphic and
anti-holomorphic function, we would like to prove that the set of (anti-)holomorphic charac-
ters of a C,-cofinite VOA with certain additional properties is a representation of SL(2,7Z).
To be more precise, we would like to prove that if the graded characters decompose as
2w, (7, 7) = xw.(T)xw,(7), then there exists a representation p(y);;, o(y);; of SL(2,Z) such
that

[ Sg ) = 2P (9,

cT+d
(372)
~ at+b - - a b
XWi(CT+d):Zp(Y)iJXWJ(T), Y:(C d)GSL(Z:Z)
1
Note that if the non-chiral CFT is modular invariant then we would also have that
p()'p(y)=1, forall yeSL(2,Z). (373)

Furthermore, we would like to classify all irreducible modules of the LIVOA on the lines of
Dong [56] and obtain conditions on the Lorentzian lattice so that the associated LIVOA is,
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rational, regular and strongly regular. The first result in this direction is due to Katrin Wend-
land [57], see also [45] for some recent progress from physical viewpoint.

(2) Modular tensor categories and the Verlinde conjecture: In conformal field theory in
physics, one expects the Verlinde conjecture [58] to hold even for non-chiral CFTs. In [12],
Moore and Seiberg showed that Verlinde conjecture follows from the axioms of a rational
conformal field theory which they defined. Their axioms had an important associativity as-
sumption. Huang [59] established the associativity (axiom in [12]) from the axioms of vertex
operator algebra and its modules. It required the introduction of the notion of tensor product
of modules [60]. Huang also proved the Verlinde conjecture using the definition of tensor
product of modules of a VOA and the associativity theorem.

We would like to define a similar notion of tensor product of modules for non-chiral VOA
and then prove the associativity theorem and Verlinde conjecture. Additionally, one of the
main results of [12] was the realisation that conformal field theories can be understood as
generalisation of group theory - the chiral (anti-chiral) algebra and its modules along with
intertwining operators forms a category called a modular tensor category [61]. Huang proved
that the vertex operator algebras and their modules are examples of braided tensor categories
[62]. We would like to follow a similar approach and establish these results for non-chiral
VOAs. We discuss these questions for the LLCFT in the sequel paper [63].
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A Lattice central extensions

In this appendix, we collect some results about central extensions and refer the reader to [2,
Chapter 5] for more details. Recall that a central extension of G by A is a short exact sequence

0—A—G—G—0, (A.1)

such that ¢(A) is contained in the center Z(G) of G. Here — denotes the surjective (projection)
map. We sometimes call G as the central extension of G by A. Two central extensions G and G’
are said to be equivalent if there exists an isomorphism v : G — G’ such that the following
diagrams commute

0 S A e S G 5 0
[
0 SA—3 6 —3 G > 0.
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We now specialize to an abelian group G, written additively, and A = Z, = {£1}. A 2-cocycle
is a bilinear map € : G x G — Z, satisfying

€(a,b)+e(a+b,c)=¢€(b,c)+e€e(a,b+c). (A.2)
A 2-cocycle € is called a 2-coboundary if there exists 1 : G — Z, such that
e(a,b)=n(a+b)—n(a)—n(b), a,begG. (A.3)

Two 2-cocycles differing by a 2-coboundary are said to be cohomologous. A 2-cocycle deter-
mines a central extension G of G by Z, as follows:

G=7Z,xG=1{(6,a):0 €Z,y,acG}, (A.4)
with group operation
(6,a)-(7,b) = (07 (=1)@D, a+b). (A.5)

A 2-coboundary determines a central extension equivalent to the trivial extension Z, x G (i.e.
the direct product of Z, and G) and two cohomologous 2-cocycles determine equivalent central
extensions. It turns out that equivalence classes of central extensions is classified by the group
cohomology H?(G, Z,) which is the quotient of 2-cocycles by 2-coboundaries ( [2, Proposition
5.1.2]).

We define the commutator map ¢ : G x G —> Z, of a central extension G by the relation

A

(—l)C(a’B) =aba 'b!, a,bed. (A.6)
The following proposition will be useful.

Proposition A.1. [2, Proposition 5.2.3] Two central extensions of G by Z,, are equivalent if and
only if their commutator maps are the same.

Let us now consider the Lorentzian lattice A as an abelian group. Let A be the central
extension of A by Z, determined by the cocycle € defined in (154).

Lemma A.1. The commutator function ¢ : A x A — Z, for the central extension A in (156) is
given by c(uy, uy) = U1 © iy mod 2Z.

Proof. We use the notation e, = (1, 1), like in Section 3. Using the group operation (A.5), it
can be shown that

elh eMz = (_1)6(“1#2) eM1+M2 > (A 7)
— (—1)€W2u1) )
€urCuy = (1)t Cur+u, -
Using the above equations, the commutator function is seen to be
—1)c(b1,p2) — —1a—1 — (_1)e(p1,u2)—€(ba,u1)
(—=1) m2) = ey €€ el = (—1) W p2)—e@ap) (A.8)
If we take the basis of the lattice to be given by {li}lf":*l”, then we have say
m+n m+n
M1:ZCI'7LI', MZZZdiAi’ Ci,diGZ. (A9)
i=1 i=1

Using this, we can write
m+n
die(A A )—cide(A,A, min
(—1)c(Hn2)—e(ban) — (_1)i,jzzlc st —adield; ): l_[(_1)Cidj(f(%%)—f(%’li))_ (A.10)

i,j=1
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Using (154), each term in the above product can be written as

()b heh, i>],
(_1)cidj(e(li,l]—)—e(lj,li)) — (_1)—cidj Aiod; — (_1)cidj AioA; , <], (A.11)
1= (_1)Cidj AjoA; , i =j’

where the equality in i < j case follows as (—1)" = (—1)™", when n € Z, and the equality in
case i = j follows as the lattice is even. Hence, we can simplify (A.10) as

m+n
(—1)Wst2) =€) — l_[ (—1)adi Ao = (—1)H1oH2 = (—1)(bub2) (A.12)
i,j=1
Hence, we conclude c(u, 4y) = Uq © by mod 27. O

Proposition A.2. Let {ii}?fl” be a basis of A different from {A;}7". Then the cocycle

€ : A x A —> Z, defined as in (154)
I Ao, i>]
é(ki,lj)={ T e (A.13)

0, otherwise,

and extended to A by Z-bilinearity, determines a central extension equivalent to the one determined
by e.

Proof. From Lemma A.1, the commutator maps of € and € are the same. Thus by Proposition
A.1, the two central extensions are equivalent. O

B Locality of product of multiple vertex operators
In this appendix, we show that that the product of multiple vertex operators of LIVOA and its

modules exists and is local in the sense of the locality property 9.

We first prove the existence and locality for product of three vertex operators. For three

vectors e?, e’v, et e C[A], we want to calculate the product

Yy, (et x, %)Yy, (€%, xa, %)Yy, (1, x5, X3) . (B.1)
From (232) and (169), we have

2 _ / _ " _
Yy, (e ,X1,X1)YVA(G/1,Xz,Xz)YVA(e)t , X3, X3)

= (33— x3) ") (% — %) PP vy, (b, %1, %1 exp ( J a’(xz)_) exp ( f a”(x3)_)
o[ e Jon [ s Yo [ 650 Yo [ 52
X exp (J /3”(3?2)+) exp U /5”(23)+) epenxd # x 28"

= (p — x3)( ) (%, — %3) PP exp ( f a(xl)_) exp U a(x1)+)
X exp ( f /5(5«1)—) exp ( f /3(21)+) ey x2xP exp (J a’(xz)_) exp ( J a”(x3)_)
o[ e Jon [ s Yo [ 5 Yo [ 352)

X exp (J /3”(22)+) exp (f /3’”(23)+) e;t/e,luxg‘/)'cg xé"”)'cg ) (B.2)
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Now using (226) and (227) we get

_ / _ ” _
YVA(eA, X1, .X']_)Yv\/'/\(eA 5 X9, .)('2)YVA(67L » X3, X3)

= (1 — X2)<a’a/> (%1 — )22)(/5,/3’) (1 — X3)<a’a”> (%1 — 3?3)</3’ﬁu> (2 — xs)(a/’a”> (%2 — 3_53)<ﬂ/’/5”>

X exp (f a(xl)_) exp (f a’(xz)_) exp (J a”(xg)_) exp (J a(x1)+)
X exp (J a/(x2)+) exp (f a”(x3)+) exp (f ﬁ(fﬁ)_) exp (J ﬁ/(fz)_)
X exp U /5”(9?3)‘) exp ( J ﬁ(ﬁ)*) exp U ﬂ’(@)*) exp ( f ﬂ”(&)*)

_ /_ / " _ "
X €y e,ve;wxfxfxza xf X3 xf

= (xl _ x2)<a,a’) (J_Cl _X-Z)(ﬁ,ﬁ/) (Xl . XS)(a,a ) ()Z‘l _)?3)(/5’[3//> (xz _xg)(a/’a ) ()2‘2 _23)(ﬁ/’ﬁ )
X F(xl,XZ, XS)G(J_Cl)X‘Z:‘i‘B) . (BB)

Substituting complex variables x; = 27, X, = 2, and x5 = 23, it is easy to show that the right
hand side of (B.3) is the expansion of the function

exp ({a, a') log(z; —2,)) exp ((B, B') log(%; —25)) exp ({a, &) log(z, —23))
x exp (B, 8") log(z; —23)) exp ({’, ") log(z, —23)) exp ((B’, B} log(3, — Z5)) (B.4)

X F(zl)227ZS)G(§1)22:£3) 5

in the region |z;| > |25| > |23]. Following the same arguments as in Section 3.3.1, we see
that the three vertex operators satisfy locality for transpositions (12),(23) € S;. For the
transposition (13) € S;, we get a sign (—1)AAHA A 4" from the exchange of operators
e)» eye, — €, ey e, Thissign can be used to show that the functions appearing in (B.3) after
the permutation z; «— 25 is the expansion of the function (B.4) in the region |z3| > |25| > |2;].
Since S5 is generated by the three permutations (12), (23), (13), the locality property holds for
any permutation in Ss.

The proof for an arbitrary number of vertex operator is entirely similar.

We now prove locality for general vectors of the form (152). We first want to calculate

Yy, (u, x1, %1)Yy, (v, X2, X2) Yy, (W, x3, X3), (B.5)
with vectors u, v, w of the form (152):

u=(ay(—1y) - ay(—ly) - o (—L) - B1(—11) - Bo(—1p) -~ B (=T})) @ e *P)
v= (a’l(—ml) cah(—my) -+ aj(—my) - By (=) - ﬁé(—mz)“'ﬂf(—ﬁlz)) @) (B.6)
w= (o (=ny) - & (—ny) -+ aln(—ny) - By (=iy) - By (—71g) -+ Bra(—7i)) @ el F")

and we further use the notation that A = (a, ), A’ = (a’, 7)), and A" = (a”, 8”’). Using (255),
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we have

Yy, (u, x1, X1)Yy, (v, X2, X2) Yy, (W, X3, %3) = (% —x) () (%) — xp) 1PF7 Yy, (w, x1,X7)

X exp ( J a’(Xz)_) exp U a”(Xa)_) exp U /3’(22)—) exp U /5”(;23)—)

ﬁ[ ") (e _<a“,a;>ﬂ
1| (m, —1)' dxy" (g — x3)™r xy"
) BB (BB
1] [( Dl gt ((scz—s«g)rﬁs T )]
p=1 (np_l)! dx,’ (xo— Xs)” xg"
n [ dENE) (BB {BLBY)
- - — —(—1)" " —— | 3
qu_![(ﬁq_l)! d)'cgq_l (%y — X3)" - )'cgq
X €xp (J a'(x2)+) exp (J /3/(3_52)+) exp (J a//(xs)Jr) exp (J /5//(3?3)+)

a [5 //_ﬁ//
X eA/eA//X2 XZ XS XB .

Now using the general expression for vertex operator (37) and the relations (247), (248),
(249), and (251) successively on the product in normal order, along with relations (226),(227)
and the formal variable identity (26), we obtain

Yy, (w, x1, X1)Yy, (v, Xa, X2) Yy, (W, X3, X3)

= (o =) ) (g = 25) PP o0y =)0 (g = 2) PP (ot — 2) 7 (it — 23) P

X exp (J a(xl)_) exp (J a'(xz)_) exp (J a”(x3)_)
X exp (J /5(3?1)_) exp (J /5/(3_52)_) exp (J ﬁ//(?_f3)_)

- i1y (x) i e @) (@) (@)
)

e (3 — xp)k x; (3 — x3)k xlli
k dlf_l (5 B /R /R " o@. " @
Xl_[ _ 1 /?](xl) +(_1)lj_1 <ﬁ Jﬁ])z _ (ﬂ )l_ﬂ]> + (ﬂ :ﬁ])i _ </5 }ﬁ]) o
=1 | G =1t d)?lj_l (% —Xy)7 x/ (x; — X3)7 x/
ﬁ ) | (L) ) () (ed)
1 (mr_]-)' dx;nr_1 (o —x3)™r xy" X" (31 = x)™
dms_lﬂs/(-)?Z) m.—1 <ﬂ//’ /35/) <ﬁ//’ ﬁs/) </3:/35/> (ﬂ’ /35/)
>< - ——— +(—1)™ —— — — — —— -3
il (ms Dt ggl! (X — X3)™ X" X" (X —X)™
m ) (da) (wa) . (<a’, @) e a;;>)
n,—1 - n, n, ( 1)n n + n
p=1 (Tlp —1)! dx;’ (xg—x3)"™ (7 —x3)" x5 x5"
m —1pn !/ @l " Y/ 1"
y l—[ /:3_(13(3) (ﬂ ’/*fq >ﬁ _ _(ﬁ’ ﬂ_q >ﬁ _ (_1)ﬁq_1 <ﬁ ’f} ) N </3’fq ) o
q=1 (7 q_l)' d)'cnq (Xg—x3)" (X1 —Xx3)" X, X,
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exp (J a’(x2)+) exp (J a”(x3)+)
( B (X2)+) exp U B (x5 )+)

)'c . (B.8)

a

To prove locality, we substitute formal variables with complex numbers x; — z;,%; — %,
i=1,2,3. We can write

YVA(u: 21, él)YVA (V, Zy, 2_"Z)YVA(W! 23, 53)

= f(21,22,23,%1,22,%3) X €xp U a(zl)_) exp (f a’(Zz)_) exp U a”(Zs)_)
con{ [ Yo [ 165 Yo [ 751 )

1 dla(z)
(li — 1)' dzii_l

ﬁ 1 dVUBGEY)
j=1 | =D gz

1 dms_lﬂ;(iz)
(ﬁls - 1)' dé;ﬁs_l

+81,j(31,%2,%3) | 8

+f1,i(21>22123):|

i :|N.

—_

+ 21,%9,23) |8
(m —1) dz;n 1 gz,s(l 2 3)}

S

dmt ”(23) 1 dﬁq_lﬁé/(is)

fg—1! gzl

[
i=1
(L r m.—1 ./
1 d™ ar(20)
X 31_[ S+ far(21,22,73)
r=1
<o |

1 + f3,p(21,%2,23) + 83,4(%1,22,%3) | 8

1=

= <
X exp (J a(z1)+) exp (J a’(zz)J’) exp (J a”(23)+)
x exp( J /3(21)+)exp( f ﬁ/(zzr)exp ( f B (z3)" )ezemex"zﬁgjzg #Ba's, B9

in the domain [z;| > |29| > |23], where

f(21,20,23,%1,%0,%3)
= exp ((a, @) log(z; —2,)) exp ((B, B’) log(2, — Z,)) exp ((a, @”') log(z1 —23))
x exp ((B, B”) log(z, —23)) exp ((a’, a”) log(z, — z3) ) exp ({B’, B”) log(z, — 23)) ,

_(_1\i—1 (o, a;) . (o', a;)
uersees) = (0 (o — S
<a”’ ai) _ <a//’ ai) )
exp(l;log(z; —23))  exp(l;logzy) )’
7 </3/’ﬁ) (ﬁ/>ﬂ>
(5. 5. 5.V = (—1)i1 J _ J
81,5152, 5) = (71) (exp(l_jlog(z"l—iz)) exp(fjlogél)
(ﬁﬁﬁﬂj> <ﬂ//)ﬂj> )
_ — — S (B.10)
exp(ljlog(il—ig)) exp(ljlogil)
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f (z %0 g ) — (_1)mr—1 (a//, a’r> B (a//, a;> ~ (a’ (X;)
2,r(21,22,23 exp(m, log(z, —23)) exp(m,logz,) exp(m,logz,)
(a,a)

~ exp(m, log(z; —2,))

5 2= (1) (6", By (B",B)) (8. 6)
82.5(21,%2,%3) = (1) (exp(ms log(z, —23)) B exp(m, log(2,)) B exp(m, log(iz)))
BB
exp(1m log(2; —£,))”
(a/, a;/) (OL, OL//)

fap(21,22,23) = — -
P exp(np log(z, —23)) exp(np log(z; —23))

() )
—(—=1)"*
exp(nplogzg) exp(nplogzg) ’

B8 (BB
exp(ﬁq log(z, — 23)) exp(ﬁq log(z; — 23))
AT X (8,8,
— (=)t ———+ — .
exp(nq logzg) exp(nq logzg)

83,4(21,22,23) = —

(B.11)

One can check that under any permutation o € S; of the vertex operators, the product is given
by the right hand side of (B.9) in the domain |z,(1)| > [25(2)| > 125(3)l-
For more than three vertex operators, the locality can be proved in a similar way.

C Heisenberg algebras and their representations

In this appendix, we prove some properties of Heisenberg algebras which is used in the paper.
See [2, Section 1.7] for definitions. We start with some results about Lie algebras.

C.1 Preliminaries

Let U be a left R-module and D = Endg(U) be the ring of R-linear endomorphisms of U. One
can consider U as a left D-module by defining

p-u=pu), €D, uel. (C.1)

The D-linear (in)dependence of a subset of U is defined in an obvious way. A D-linear operator
on U isamap f : U — U such that

floru=v)=p-fW—-fO)=e(fW)—-f(), ¢eD, uvel. (C.2)

Theorem C.1. (Jacobson Density Theorem, [64, Theorem 13.14]) Let U be a simple left R-
module and write D = Endgz(U). Let a be any D-linear operator on U and let X € U be any
finite D-linearly independent subset. Then there exists an element r € R such that rx = ax for
all x € X.

Finally, we will need a generalisation of Schur’s lemma to countably-infinite dimensional
representations.

Lemma C.1. (Dixmier’s Lemma, [65, Lemma 100]) Suppose V is a vector space over C of count-
able dimension and that S C End(V) acts irreducibly. If T € End(V') commutes with every element
of S, then T is a scalar multiple of the identity operator.
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Proposition C.1. Let g4, g, be two complex Lie algebras (possibly countably infinite dimensional).
Then every irreducible (g; ® g, )-module which contains an irreducible g, or go-module is isomor-
phic to the tensor product of two irreducible g,, go-modules. Conversely, the tensor product of
irreducible g1, go-modules of countable dimension is an irreducible (g; ® g,)-module.

Proof. LetV be an irreducible (g, ®g,)-module and suppose Y C V is an irreducible g,-module.
X =Homy, (Y, V) is the space of g,-linear maps from Y to V, i.e.

X={¢:Y 2 VI[p(g2-v—w) =gy - ¢(v)—p(w), Vg2 €gp,v,weEY}. (C.3)
Then X is a g;-module under the bilinear map

(g1, ®)—> 819 :y— g (¢(¥)). (C.4)

It is easy to see that X ® Y is a (g; @ g,)-module with the action

(81,82) (¢ ®y)=(g1 ¢, )®y+¢d®(g2y). (C.5)

Moreover the natural map fromX ® Y to V

pey—o(y), (C.6)

is a (g1 ® gy)-module map. We first show the map (C.6) is non-zero. Take ¢ =id: Y — V,
which clearly lies in X, then id® y — id(y) = y. Hence, the (non-zero) image of this (g, ®g,)-
module map, (C.6), is a (g; ® g,)-module. As V is an irreducible (g, ® g,)-module, the image
is entire V, and the map (C.6) is surjective. Finally, we show this map is injective. Indeed
suppose ¢ ® v — ¢(v) = 0. Then it suffices to show that either v = 0 or ¢ = 0. Suppose
v # 0. By g,-linearity of ¢, we see that

0=gy-d(v)=¢(g2-v), Vg €0,. (C.7)

By irreducibility of Y, we see that ¢ = 0. This implies that V =X ®Y as (g; ®g,)-modules, and
that the latter is also an irreducible module. As X ®Y is an irreducible (g, ®g,)-module, X must
be an irreducible g; module. Similar arguments apply when Y is an irreducible g;-module.

To prove the converse, we follow [66]. We want to show that if X, Y are irreducible g1, go-
modules, then X ® Y with (g; @ g,)-action defined by

(81,82) (x®y)=(g1"x)®y +x®(g2-¥), (C.8)

is an irreducible (g, ® g,)-module. Suppose M C X ® Y be a non-trivial (g, & g,)-submodule.
It suffices to show that M contains non-trivial pure tensors and then the irreducibility of X,Y
will imply that M =X ® Y. Let us assume that x ® y is a pure tensor in M. The irreducibility
of X,Y guarantees that g;-x =X and g,y =Y, which guarantees that x® Y and X ® y C M.
Consider any pure tensor X ® y € V, we know that ¥ ® y belongs in M. Applying only g, on
this vector, we can show that X ® ¥ € M, which implies that M = X ® Y, since pure tensors
span X ®Y.

We now show that M contains a pure tensor. Since any g-module is also a U(g)-module,
our strategy is to produce a pure tensor from an arbitrary vector in M using the action of an
element of U(g, ® g,). Start with an arbitrary non-zero vector

v:in®yi€M. (C.9)

i=1
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Without loss of generality, we may choose {x;} to be linearly independent over C and y; # 0
for all i. By Dixmier’s Lemma (or Schur’s lemma when X,Y are finite dimensional), we have

Endy)(X) = C, Endy,(Y)=C. (C.10)

In the statement of Jacobson Density Theorem, choose U = X,R = U(g;), hence
D = Endy,,)(X) = C, due to (C.10). Thus, let us take {x,xy,...,x,}, which is a finite
D-linearly independent subset. Consider a C- linear map a, such that

X, 1=1,
ax;=4 " (C.11)
0, i>1.

We can then use Jacobson Density Theorem to conclude that there exists u € U(g;) such that
ax; =ux;, V1<i<n. (C.12)

Hence, foru® 1 € U(g,) ® U(g,) = U (g1 ® g5),
uel)v=x,9y,, (C.13)

which is a pure tensor. O

C.2 Modules of direct sum of Heisenberg algebras

We now prove some basic results about the modules of direct sum of Heisenberg algebras. We
will use the notations of [2, Chapter 1] in this section.
For a Z-graded vector space

5=Don, (C.14)

nez

we will write

ot =P, =P, L=0. (C.15)

n>0 n<0

Let g5, g, be two Heisenberg algebras with central elements k and k respectively. Analogous
to the ¢, condition for a module of a Heisenberg algebra (see [2, Page 23]), we define the
¢ x condition for an (R x R)- graded module V of the direct sum g, ® g, of two Heisenberg
algebras g;,g,. We say that V satisfies the ¢ ; condition if

1. k and k act on V by multiplication with k and k respectively.
2. There exist My, M, € R, such that V,,, , =0, if either m > M; and n > M,.

The vacuum space of V, denoted by 2y, C V, is a subspace of non-zero vectors such that any
v € Qy satisfies (g7 © g5) - v = 0. Let M(k),M (k) denote the unique (up to isomorphism)
irreducible module of g;, g, respectively. In particular, we have [2, Section 1.7]

M(k) = S(e7), M(K)=5(gy). (C.16)
Then we have the following proposition.

Proposition C.2. Let gq,g, be two Heisenberg algebras with central elements k,k respectively.
Then the following are true:

1. M(k) ® M(k) is the unique (up to isomorphism) irreducible (g; ® g,)-module satisfying
condition & ;.
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2. The vacuum space e (k) IS one-dimensional and

Qremd = Clym) @ L)) - (C.17)

3. For any (g, @ gp)-module satisfying condition &, ;, the (g1 ® gy)-module generated by a
vacuum vector is equivalent to M(k) ® M (k).

Proof. (1) Any (g; ® g,)-module is in particular a g,-module and hence completely reducible
by [2, Proposition 1.7.2]. Thus it contains an irreducible g,-module. By Proposition C.1,
every such irreducible (g, ® g,)-module is isomorphic to a tensor product X @Y where X, Y are
irreducible g1, g,-module respectively. By [2, Proposition 1.7.2] we have X®Y = M(k)®M (k).

(2) Since M(k), M (k) satisfies the conditions ¢, ¢; of [2, Page 23], it is clear that M(k)eM(k)
satisfies the condition ¢ ;. The vacuum space of M(k) ® M (k) is easily seen to be the tensor
product of the vacuum spaces of M(k) and M(k) respectively and hence is one-dimensional.

(3) Let V be any (g; ® gp)-module satisfying condition €, ;. Let v € V and consider the
(g1 @ g, )-submodule of V

{(g1,82) v :(81,82) €01 D g} (C.18)
It is easily seen that this gives an irreducible (g, ®g,)-module and is isomorphic to M (k)®M (k)
by (1). O

We now have the following theorem.

Theorem C.2. Any (g; ® g;)-module is completely reducible and is isomorphic to copies of
M (k) ® M (k). More precisely, for any such module V, the (well-defined) canonical linear map

[ U(g1 @ 92) ®u(p,e0,) v — V,

(C.19)
u®ve—ou-v, uclU(g;®dgy),veEQy,
is a (g; ® g, )-module isomorphism. In particular, the linear map
M) ®@M((k)®cQy S U(g; ®g,)®cQy — V,
Creev 1 2 C eV (C.ZO)

u®ve—u-v, uel(g; &g,),veEQy,
defines a (g, ® g, )-module isomorphism, Qy now regarded as a trivial (g, ® g, )-module.

Proof. We closely follow [2] for this proof. First, we show the f in (C.19) is an injective map.
Note that from the action of f, it is clear that f is injective on 1®Qy = U(g1 ®92) ®y (s, @b,) v -
Let K be the kernel of f. Then it is easy to see that K is a (g; ® g,)-submodule of
U(g1 @ 92) ®y(s,e,) v and has a grading induced from U(g; ® g2) ®y(p,ep,) v- Thus K
satisfies the condition €, ;. It follows that it has a vacuum vector, say v € K. But then v € Qy,
because the vacuum space of U(g; @ g2) ®y(p, e6,) v is precisely Qy. Since f(v) =0, it con-
tradicts the fact that f is injective on Q.

We now prove the surjectivity of f. Suppose V/Im(f) # 0. Since Im(f) is a (g, ® g4)-
submodule of V, V /Im(f) is naturally a (g, ® g,)-module and satisfies the condition ¢  since
V does. Then there exists a vacuum vector w € V/Im(f). Let w = [v] for some v € V. It
follows that v ¢ Im(f ) and

X1V, Xy -velIm(f), ie€Z,, (C.21)
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since xy; - [v], x5; - [v] = 0. Moreover, due to the ¢, ; property, there exists iy, jo € Z, such
that

X1 'V,ij'V:O, for all i> io,j>j0. (C-zz)

We will now show that there exists t € Im(f) such that
Xii-t=x;-v, forall i€Z,, and k € {1,2}. (C.23)

This will imply that t — v is a vacuum vector but t —v € V \ Qy, since t —v ¢ Im(f) and
Qy C Im(f), which is a contradiction. To this end, choose a basis {w, },r (I' an index set) of
Qy . Then by injectivity of f and the first isomorphism theorem

Im(f) 2 | [U(o1 ® 82) ®u(o,00,) Co, - (C.24)
yer
Let sl.ly,sfy be the component of x;; - v, x,; - v respectively under this decomposition. Then for
anyi,i’,j,j’ € Z, we have

Xq1iX1i7 V= X1 X1; VYV, X9iXgjr*V = X9i1X9; "V, (C25)

as the Lie Bracket is zero on gi and g;. This implies that for all y €T

X1 -sl.l,y =X ~sl.1y ;o Xgj -sl%y = Xyjr ~sfy. (C.26)
It is also clear from (C.22) that
siy=57,=0, forall i>ig,j> jo. (C.27)
Moreover there is a finite subset I}y C T such that
st =s2 =0, forall yeTl\T,, (C.28)

ry Y

since any vector in Im(f ), in particular x;; - v and x,; - v, has a finite decomposition in (C.24).
Now, fix a y € T and identify U(g; ® 92) ®y(s,ep,) Cwy as the polynomial algebra over gener-
ators yy;, ¥o;- Then (C.26) implies that

9 1 __9 4 9 9

Si., = s:., ——s% s,
A A
Oy "7 Ay 7 a)’zj T 3)’2j' 7

i,i,j,j €Z,. (C.29)

Since sl.l ,s2 = 0fori> iy j > jo, it is clear from (C.29) that sily,sjz.y lie in the polynomial
algebra generated by finitely many yy;, y,; respectively for i < iy,j < jo. Thus there exists

s!,s2 in these algebras such that

0 -9
k T=g! k 2=52 C.30
3yus iy 3y2i5 iy (C.30)

for i <iy,j < j, and hence for all i, j € Z,. We then take t; =st, t}% =s2 and put

t = Z(t; + t?). (C.31)
yer
Note that x,; - t)l, =Xy t? = 0 and hence (C.23) holds. O
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D Proof of conjecture 1 for m = n case

Suppose A C R™™ is an even, self-dual Lorentzian lattice. We want to show that for any
f € Aut(A) we have

FAD=A], f(AD=A]. (D.1)
We will prove this in a series of results.

Lemma D.1. Let A and A be two Lorentzian lattice related by an O(m,R) x O(m, R) transfor-
mation O, i.e.

Gz =G\0. (D.2)
Then we have
Aut(A) = OAut(A)O 1. (D.3)

0 . . ~ ~ O .
Moreover Aut(A) preserves A; if and only if Aut(A) preserves A;, where i € {1,2}.

Proof. Let f € Aut(A), then f = Of0~! € Aut(A). Thus OAut(A)O~! C Aut(A). The reverse
containment is similar.

Now suppose Aut(A) preserves A?. For any (a,0) € A%, we have f(a,0) = (0~1f0)(a,0)
for some f € Aut(A). Since O,07! preserves (a, a) and (a, a) for any (a, ) € A it is clear that

f(a,0)=(a’,0) € AJ. (D.4)
Similarly, f preserves Ag. The converse is analogous. O

Theorem D.1. Let A € R™™ be any even, self-dual Lorentzian lattice, then their exists an
O(m,R) x O(m,R) transformation which relates A to a Lorentzian lattice Ag with generator
matrix of the form
* *
s = (Vg%“ Yg%l) : -5
where B is an anti-symmetric matrix, y is the generator matrix for a lattice T in R™, and y* is
the generator matrix for the dual lattice T*.

Proof. We will use the result of [44, Appendix C] for the proof of this theorem. Let {ei}l.z’"1 be

the standard basis of R™™. Then we change the basis of R™™ from standard basis to the basis

{fi 1'2211:

= € teny
[ )
_ﬁ _ (D.6)
f o € —€m4i
m+i — )
V2

where i € {1,...,m}. Let G, and QNA be the generator matrix for A in the {e;} and {f;} basis
respectively. Now from Appendix C of [44], by an O(m,R) x O(m, R) transformation, we can
transform A into the lattice Ag with generator matrix>°

~ 1 (2y]0
=L , D.7
5= (5 t7) o7

in the {f;} basis for some antisymmetric matrix B. Changing the basis of R™™ back to the
standard basis {e;} amounts to right multiplying the generator matrix (D.7) by

1 L
( © i ) , (D.8)
2 T2

30Note that in our convention, the rows of the generator matrix are basis for the lattice while in [44] it is the
columns.
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where 1 is the m x m identity matrix. This gives the generator matrix in (D.5). O

We now have the following important theorem.

Theorem D.2. Let Ag C R™™ be the Lorentzian lattice with generator matrix G given in (D.5).
Then Aut(Ag) preserves (AS)?, i=1,2

Proof. Let {a;}!, be an integral basis of ' and {a]}; be the basis of I'* dual to {a;}I" ,, i.e.

D)k =580, Do) () =5, (D.9)
k=1 k=1

Here the superscript j over the vector denotes the jth component of the vector in the standard
basis of R™. A general vector A € Ag can be written as A = (a, ) where

ol = Zm(a Y+ = Z(ZB]k(a) +(0‘)]) n;,

k=

- (D.10)
. o1 .
=3y + 13 3atat ~@ |n
i=1 i=1 \k=1
and m;, n; € Z. In vector notation we have
B+1
a=mly* +al (YT) ,
i 51 (D.11)
p=m"y +ii’ (Y—)
2
We then have
5 1 5 1
(a,a) = Z mimj(al.*,a]*.) +2x Smin; Z Bu(al.*)k(aj)e +2 % 2mlnj(ocl,oc])
i,j=1 k=1
1 < ' 1 < |
+— Z nin,Bir(a;) B o(a,)f +2 X 2 Z n;ingBji(a;)" (o) +Zninj<ai,aj>
k,t,p=1 k=1
m
=mlglm+ . mn(a)P(a))(ag) By (e + i
i,j,k,,p,q=1
1 9 j SB k j 1 T =
ty 2 @) Bula) (@Y (@) Bulay) + i g
i,j,k,€,p,u,v,s,t=1
1 1
=mlgtm+mibg ti+mln— ZﬁTb “Ibii+ Z*Tg*
1
=mTgtm+mibg ti+min+ ZﬁT(g— bg 1b)ii, (D.12)

where m, i € Z™ are column vectors, g;; = (a;,a;) and g = gi_j1 = (a{,aj*.) are the Gram
matrices of ' and I'"* respectively and b;; = (a;)*By(a i )¢ is the antisymmetric matrix B in the
{a;} basis of R™. In the last step we used (D.9) and the fact that B and b are antisymmetric.

In terms of matrices we have

T)l—l ~1

g=rr, g=r0)"=(@ g !,

(D.13)
b=vyByl, B=y"'by’.
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Similarly we have

B,By=m"g'm+m'bg ti—m'i+ =" (g—bg 'b)i. (D.14)

Al

From [67, Chapter 10], we have that the following transformations generate the group
Oo(m,m,Z):
1
(1) M, and 2g !« > (g—bg_lb) ,
bg_l — _g_lb)

(2) m—>m—Nm, and b—b+2N,

(D.15)

where N is an arbitrary anti-symmetric matrix with integer entries. These transformations
must be understood in the following way: a transformation on the lattice can be implemented
in two ways, first by action on the integer coordinates (m’,7’) and second, by acting on
the generator matrix G,  from the left. The transformations in (D.15) is a composition of
both of these. To show that these transformations indeed generate the automorphism group
OAS(m, m,7Z) we need to show that these transformations leave the inner product invariant
and preserves the lattice. It is easy to check that under these transformations the (a, a) and
(B,B) are preserved [67]. In particular these transformations preserve the Lorentzian inner
product. We now show that these transformations preserve the lattice. Let us start with (1).
It is clear that m <« 7 preserves the lattice. We now check that the transformation on the
generator matrix preserves the lattice. First note that from (D.15) we get®!

1
gl y (g—bg'b),

b 4(b—gblg) . (D-16)

From these transformations, we want to find how y and y* transform. Using the fact that b is
antisymmetric, we guess the transformation to be

y e £2(y £by") =1 £y,
. 1 . . (D.17)
Y HiE(YibY )=:£7]i.

It is easy to check that (D.17) reproduces the first equation in (D.16). These are all the solu-
tions to the first equation in (D.15) but as we will show below, only two of them preserve the
lattice. We also see that under the second equation of (D.16) we have

B=7"'by* < (y +by")’ (b —gb_lg)_1 (r +by*)=:B". (D.18)

We claim that the following two transformations on the generator matrix preserve the lattice:

) * * ] Y* _Y*_
(1) gAs = ( g+ﬂ g—]l) - g/(\lz = (Y BT_;_]I B/—]l) >

T rr Rl G (D.19)
.. T 7 (i) —Yi v
Ol O S = As LB, B

31Note that we are assuming that b and B are invertible in writing this transformation but one can also write
the transformation in a nonsingular way even when b is not invertible [48]. The manipulations below will also be
modified in a nonsingular way.
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We now do some manipulations to prove our claim. We have

1 1
}fjr = §(y+by*) = 5)/(B+ll).
Similarly
1
rl= —EY(B ~1).

Next we have

_ —1
B +1 +by")' (b—gb™! +by)+1
;— a4 by (r+by) (b—g 2g) (y +by*)

Y+

_ —1 * *\*
=(b—gb'g) (y+by)+(r+by)".

Observe that
(b—gb'g) ' (y+by")=(b—gb 'g) " (y+7B)
b—gb~ 1) y(1 + B)

(
(
(}f 1b+y gb™ g) 1(IL+B)
=
=

By" —y"b7lyy") " (1+B)

By" —(yBY 'yy") " (1 +B)

=((B—B~ 1)YT) (1+B)
=y*(B—B')(1+B).

Next note that
B—B'=(1+B)(1-B).

Then we get
(b—gb™'g) " (y+by )=y (1—B7)"
=y ((B—1)B7})
=—y*B(1—B)" .

-1

We also have .
(r +by") = (y(1 +B))

=y*(1-B)..
Putting all this together we get
B'+1
Y+ 5 Y
Similarly we have
B -1 131 _
v =T [(B—B7Y) " (1-B)—(1+B)].

We now use
B—B'=—(1-B)(1+B7),

to get
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From (D.20), (D.21), (D.27) and (D.30) we see that

B+1 B—1
w_[(r= r=\_(0 1
gAS_( oo )_(1 09 ®-31)

Since (% %) is determinant —1 and integral, the transformation (i) of (D.19) preserves the
lattice. Similarly we have

B+l _ B—1
G _ [~V 2 Y3 _ 0 -1
gAS - ( _Y* Y* ) - (_]]. 0 gAS k) (D-32)
and hence preserves the lattice. The full transformation (1) of (D.15) acting on the integer

coordinates as well as the generator matrix can be written as a transformation acting only on
the integer coordinates as follows:

@ @h,a") - @, 4, i) (@7, A7) - (—m’,—il). (D.33)

This generates a Z, subgroup of the automorphism group O, (m, m,Z). Obviously these trans-
formations preserve (a,a) and (B, ) and hence the full Lorentzian norm. One could check
directly that other choices in (D.17) does not preserve the lattice.

Now, we will show that the second transformation in (D.15) preserves the lattice too. Using
the transformation of b — b + 2N, we obtain

yB =by* - by* + 2Ny* = yB + 2Ny”*. (D.34)
We can input the above relation into the generator matrix to see how it transforms:
_(r 7 ro " T
o= B)oo (el ) 0
From the above equation it follows that
, (1 0
Gr = (N 1192 (D.36)

Again since (1% %) is unimodular and integral, this transforamtion preserves the lattice. The
transformation on integer coordinates in (2) of (D.15) can also be nicely represented as

1
(AT 7T) - (= NR)T, i) = (i + 77N, i) = (", i7) (N ]‘D , (D.37)

where we have used that N is an anti-symmetric integral matrix. To get the complete trans-
formation on the integer coordinates fixing without transforming the generator matrix, we
compose these two transformations to see that

(AT A7) - (mT,ﬁT)G\lI ]?) (1]\11 ]?) — (T +27TN, AT). (D.38)

As N is integral, we see that the transformed vector lies on the lattice again. Checking that
this transformation preserves the norm is a straightforward computation.

Thus all automorphisms of Ag will preserve (a, a) and (f, 3). Now suppose (a,0) € (As)?
maps to (a’, B’) € Ag under some automorphism. Since (', ') = 0 and the norm on R™ is
positive definite, we conclude that f’ = 0 and the automorphism preserves (As)(l)- Similarly
(Ag )(2’ is also preserved under any automorphims of Ag. O

Combining Theorem D.2, Theorem D.1 and Lemma D.1 proves Conjecture 1 for m = n
case. We remark that the methods of this Appendix clearly do not apply to m # n case. One
needs new tricks to prove the general result.
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