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Abstract

It is known that the 2 + 1d single Majorana fermion theory has an anomaly of the re-
flection, which is canceled out when 16 copies of the theory are combined. Therefore,
it is expected that the reflection symmetric boundary condition is impossible for one
Majorana fermion, but possible for 16 Majorana fermions. In this paper, we consider
a reflection symmetric boundary condition that varies at a single point, and find that
there is a problem with one Majorana fermion. The problem is the absence of a corre-
sponding outgoing wave to a specific incoming wave into the boundary, which leads to
the non-conservation of the energy. For 16 Majorana fermions, it is possible to connect
every incoming wave to an outgoing wave without breaking the reflection symmetry.
In addition, we discuss the connection with the fermion-monopole scattering in 3 + 1
dimensions.
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1 Introduction

At the quantum level, there can be an obstruction of gauging a symmetry, which is called an
’t Hooft anomaly [1]. Clarifying whether the symmetry is anomalous is important because
an anomaly provides a powerful constraint on the phase of the theory. The theory with an
anomaly in d dimensions can also be employed for the classification of symmetry-protected
topological (SPT) phases in d+1 dimensions [2-5]. This application is based on the conjecture
that when we define an SPT phase with the symmetry G on a manifold with a boundary, it is
always associated with boundary degrees of freedom that carry an anomaly of the symmetry
G, but the total system does not have the anomaly.

The classification of 3+1 dimensional SPT phases was argued for several symmetries [4-7].
Remarkably, the free fermion classification of SPT phases with the reflection symmetry, given
by Z, is reduced to Z,¢ when interactions are introduced [6]. This classification is confirmed by
calculating the eta invariant, which is the action of the free fermion SPT phase [8]. The surface
theory of this SPT phase is the 2 + 1d free massless Majorana fermion theory, which has an
anomaly of the reflection symmetry. Corresponding to this relation, the 16 Majorana fermion
theory does not have the reflection anomaly [8-10]. In 3 + 1 dimensions, the classification
of the Z, symmetry, with its generator X satisfying X2 = (—1)F, is also given by Z;¢ [9].
This coincidence is explained by an isomorphism between corresponding bordism groups [11].
The 3 + 1d single Majorana fermion theory has the anomaly of the Z, symmetry, and the 16
Majorana fermion theory does not have the anomaly [11].

The relation between a bulk SPT phase and a surface anomalous theory leads to another
characteristic of anomalies, non-edgeablity [2, 12, 13], which means the absence of bound-
ary conditions preserving the corresponding symmetry. In 1 + 1 dimensions, the existence
of boundary conditions preserving non-anomalous symmetries and the absence of boundary
conditions preserving anomalous symmetries were confirmed for perturbative anomalies [14]
and certain discrete symmetries, including time-reversal, in specific CFTs [12,13,15]. Such
studies in 1 + 1d CFTs are possible because the language of boundary conformal field theory
(BCFT) describes all possible boundary conditions. There are non-trivial boundary conditions
that can only be described using the language of BCFT and cannot be expressed as a linear
equation of the fields at the boundary. For example, the chiral fermion parity in the massless
free Majorana fermion theory whose flavor number is a multiple of eight is only preserved by
boundary conditions of this kind [12,15]. However, our current understanding of anomalous
theories on a manifold with a boundary in higher dimensions remains limited.

In this paper, we examine the possibility of imposing a boundary condition preserving
several symmetries including the reflection in 2+ 1 dimensions to check the equivalence of the
non-edgeability and the anomaly.

In Sec. 2, we confirm that simple linear boundary conditions do not preserve the anomalous
symmetries listed in Tab. 1. We also show that several symmetries without anomalies can be
preserved by linear boundary conditions, but the reflection symmetry cannot be, even when it
is non-anomalous.
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Table 1: The classification of the anomalies in 2 + 1 dimensions. Actions of the
symmetries to a Dirac fermion are written in Egs. (5)-(10). The classification is given,
e.g., in Ref. [5,7,17] as the classification of fermionic SPT phases in 3+ 1 dimensions.

Symmetries | (-1)f | R |R| UQ) | U@W) xR | U(W)xCR | U() = CR
Anomaliesin3d | 0 [Zy |O0| O | ZgxZy | Zy° | Zy

In Sec. 3, we impose a boundary condition that varies at a single point, taken as the origin,
in order to maintain the reflection symmetry in the single Majorana fermion theory. We show
that, with this boundary condition, there is no corresponding outgoing wave for a specific in-
coming wave into the origin. This means that the incoming wave must vanish at the origin,
leading to a violation of energy conservation. To obtain a corresponding outgoing wave, it is
necessary to introduce an additional Majorana fermion and impose an extra boundary con-
dition at the origin. We show that this additional boundary condition breaks the reflection
symmetry.

In Sec. 4, we consider the possibility of boundary conditions preserving the reflection sym-
metry in the presence of Ny Majorana fermions. By restricting the fermion fields to the com-
ponents without corresponding outgoing or incoming waves, the system is reduced to 141
dimensional one on the half line parametrized by the radial distance. The boundary condition
at the origin corresponds to the boundary condition of the 1 + 1d fermions. The reflection
symmetry in the original 2 + 1d theory is reduced to the chiral fermion parity in the 1+ 1d
theory. By using the known facts of this 1+1d symmetry, we show that it is possible to impose a
boundary condition preserving the reflection symmetry when the number Ny of the Majorana
fermions is a multiple of 16. This is consistent with the absence of the reflection anomaly in
such cases.

In Sec. 5, we discuss the relation between the reflection anomaly in 2 + 1 dimensions and
the fermion-monopole scattering in 3 + 1 dimensions. Also in the monopole background, the
absence of the corresponding outgoing wave for a specific incoming wave is observed when
the theory suffers from the mixed gauge-gravitational anomaly. We can explicitly relate this
problem to the problem in the 2+ 1d setup by restricting the 4d fermion to the modes in which
the third component of the angular momentum is zero.

In Sec. 6, we discuss the 3 + 1d anomalies of Z, and U(1) x Z, that can be derived from
the 2 + 1d anomaly of R and U(1) x R respectively. In the same way as the 2 + 1d setup, we
impose a boundary condition changing at a line to preserve the symmetry. By restricting the
3+ 1d fermions to specific modes, we obtain the massless 2+ 1d fermion theory, and the 3+1d
symmetries are reduced to the corresponding 2 + 1d symmetries. We can determine whether
it is possible to impose a boundary condition preserving the 3 + 1d symmetries by using the
result of the 2 + 1d setup in Sec. 4. The derivation of the inconsistency of the symmetric
boundary condition gives a physical interpretation of the Smith homomorphism [16] between

the corresponding bordism groups Q;pinc (BZ,) and innc.

2 Boundary conditions preserving some non-anomalous symme-
tries

Let us focus on some spacetime symmetries listed in Tab. 1. We consider Ny free massless
Majorana fermions, whose action is given as

s= f T (= 1o, ™
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where j is a flavor index. Here we define the gamma matrices as

yi=io,, Yy =04, Y =—05. 2)

For this choice, the Majorana condition is ¢y = v¢*. The theory can have the symmetries and
the corresponding anomalies, depending on Ny.
By changing the variable as

\Il:¢1+ilp2: (3)

we can rewrite the action of two Majorana fermions as the action of one Dirac fermion as
3 T\t b
fd x ' (—i)y'y"o,v. CY)

The symmetries act on the Dirac fermion fields ¥ as

U(1): ¥(t,x,y) — e (L, x,y), (5)
R: ¥(t,x,y)—-r“¥(t,—x,y), (6)
R:  W(t,x,y)— iy "¥(t,—x,y), )
CR: ¥(t,x,y)—-y¥*(t,—x,y). (8)

The symmetries U(1), R, and CR are defined only when Ny is even. The reflection R can be
defined for any Ny, where it acts on the Majorana fermion field 1 ; as

Tﬁ(t,X,}’)—’Yxlp(f:—X,J’)- (9)

The symmetry CR characterized by CR = (—1)F is defined for a pair of Dirac fermions (¥, &)
as

&\IR: ‘I’(t,x:}’)_’}’x(f’*(t,—?f,}’), ‘Pﬁ(t,x,}’)_’_}’xq’*(t,—x,.)’)- (10)

Corresponding to R, R, CR, CR, we can also introduce several types of time-reversal sym-
metry acting on the fermion field as’

CT : ¥(t,x,y) = y"¥*(—t,x,y), (11)
CT : U(t,x,y) — iy' ¥ (—t,x,¥), (12)
T: ¥(t,x,y)—y"¥(—t,x,y), (13)
T: W(t,x,y)— y"¥(—t,x,y), U(t,x,y)— -y ¥(—t,x,y). (14)

Note that these transformations are antilinear. By performing Wick rotation, these symmetries
are analytically continued to R, R, CR, CR respectively.

The groups in the lower row of Tab. 1 are understood as follows. Each element of the group
corresponds to one set of theories with the same anomaly, and the identity element corresponds
to non-anomalous theories. The direct product of theories obeys the group multiplication law.
For R symmetry, the single massless Majorana fermion theory corresponds to the generator
of Z6, and its 16th power, the 16 Majorana fermion theory, has no anomaly. For U(1) x R
symmetry, the single Dirac theory generates the factor Zg. The other factor Z, is generated
by a surface theory of a bosonic SPT phase [5]. For U(1) % CR symmetry, the single Dirac
theory generates a factor Z,. The other factors Zg correspond to bosonic SPT phases [4]. For

!The CT transformation can act on a Majorana fermion as v (t, x, y) — v'4(—t, x, y). Due to the antilinearity,
there appears the complex conjugate when it acts on a Dirac fermion defined as Eq. (3).

4
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U(1) x CR symmetry, the anomaly 7 corresponds to a bosonic SPT phase [5]. We will not
consider surface theories of bosonic SPT phases in this paper.

Let us check whether we can impose boundary conditions preserving the symmetries. For
simplicity, we consider the half of the Minkowski spacetime parametrized by (¢, x, y) whose
values are taken in t,x € R and y € R5,. The boundary condition should be imposed so that
the Hamiltonian H := —iy‘y*d, of the one-particle state is Hermitian for the completeness of
the eigenfunctions, and thus general spinor fields 1,1 should satisfy

0= (, Hyp) — (H¥, )
_ f ax f dy (6107 8y — (v r o )i, ]
—00 0

=f dx1ﬁ}(—i)rtyy¢j‘ . (15)

y=

A possible linear boundary condition is

'Y= Mjy, (16)

where M is a real symmetric orthogonal matrix. We see that R is not preserved under this
boundary condition, which is consistent with the fact that R has an anomaly. We can impose
a boundary condition preserving U(1) using Dirac fields as

T’ =My, (17)

where M is a Hermitian unitary matrix. This is consistent with the fact that U(1) does not have
an anomaly. This boundary condition does not preserve R,R, and preserves CR only if M is
antisymmetric. Since the dimension of an antisymmetric unitary matrix has to be even, CR can
be preserved only if the number of the Dirac fermions, N¢ /2, is even. This is consistent with
the fact that U(1) % CR is non-anomalous only in that case. Instead, the boundary condition

' = MYy, (18)

where M is a symmetric unitary matrix,? preserves R, not U(1) and R, and preserves CR only
if M = —M*. This is consistent with the fact that R and CR do not have anomalies.® At least
for the simple boundary conditions (17) and (18), the symmetries R and U(1) x R are not
preserved, which is consistent with the fact that they have anomalies. For U(1) x CR, there are
no anomalies for free fermion fields and we can impose the boundary condition preserving it
as

'Y = MW, ;= _M;kk‘i’b (19)

where M is a Hermitian unitary matrix.
It is known that when there are 16 Majorana fermions (8 Dirac fermions), the reflection
symmetry R does not have an ’t Hooft anomaly [8-10]. Therefore it is expected that we can

2Here we define the inner product (e, ) in Eq. (15) using the Majorana fermion fields via the relation (3), i.e.,
(F,9)= f d3x(1[)11/)1 + 1[)21/)2), which is different from the inner product for the Dirac fields (¥, ¥) = f d*x P,
Naturally, with the boundary condition (17), the Hamiltonian is Hermitian independent of the definition of the
inner product. However, with the boundary condition (18), we cannot use the inner product for the Dirac fields,
because ¥ satisfying (18) does not span a linear space since the condition (18) is not invariant under the scalar
multiplication ¥ — iW.

3To understand CR does not have an anomaly, let us decompose a Dirac fermion into two Majorana fermions
as Eq. (3). The action of CR is rewritten as 1, (t,x,y) = v*Y,(t,—x,y), Y,(t,x,y) = —y*,(t,—x, y), which
can be understood as a reflection acting on v, and v, with opposite signs. In this case, the reflection anomalies
coming from 1), and v, are cancelled, and there are no anomalies in total.


https://scipost.org
https://scipost.org/SciPostPhys.17.2.068

e SciPost Phys. 17, 068 (2024)

impose a boundary condition preserving R when there are 16 Majorana fermions. However,
the simple boundary conditions (17) and (18) do not preserve R irrespective of the number of
flavors. In Sec. 4, we show that a non-trivial non-linear boundary condition for 16 Majorana
fermions preserves R.

3 Inconsistency of an R symmetric boundary condition

We impose the following R symmetric boundary condition, which varies at the origin:

Yy =—1, at y=0, x>0, ry¥ =1, at y=0, x<O0. (20)

However, this boundary condition should be problematic because R has an anomaly. We will
see that an incoming fermion in a specific mode “disappears” at the boundary under this bound-
ary condition. To obtain a corresponding outgoing fermion mode, we need to introduce an
additional fermion and impose a boundary condition at the origin.

We can decompose 1) as*

6 .. 0
P = Z( —f.(t, r)cos(n@)( o8 2) + %gn(t, r)sin(nf) (_CZISHQE)) , 21)

n3 2

where we introduce r, 9 as
x=rcosf, y=rsinf. (22)

We can confirm the functions make a complete set as follows. First we decompose with respect
to the spinor degrees of freedom as

0 0
Y= F(tr@)( OSZ)+G(tr9)(C(S)m2). (23)

p) 52

Due to the boundary condition (20), G(t,r, ) has to satisfy G(t,r,0) = G(t,r,©) = 0, while
F(t,r,0) is an arbitrary function. Any function f(6) of 8 € [0, ] can be decomposed with
respect to cos(nf) for n =0,1,..., because it can be extended to a 2r-periodic even function
by defining f(—6) = f(60) for 6 € [0, ]. On the other hand, any function g(6) of 6 € [0, 7]
that is zero at 8 = 0,7 can be decomposed using sin(nf) because it can be extended to a
2m-periodic odd function by defining g(—8) = —g(6) for 6 € [0, r]. Thus, we obtain the
decomposition (21). The Dirac equation y*J,1) = 0 implies

n n
(at_ar)fn_;gn:(): (at+ar)gn+;fn20- (24)
A solution with fixed energy E is

fo(t, 7 E) = eV (n 41,20 + 1, 26Er),
g, (t,r; E) = —e V(0 +1,2n + 1, —2{Er), (25)

where M(a, b, x) is Kummer’s function. To confirm this, we have used the properties of Kum-
mer’s function

z% =(b—a)M(a—1,b,z)+(a—b+2)M(a,b,z),
Z
M(a,b,z)=e*M(b—a,b,—2). (26)

“If there is no boundary, we cannot use this decomposition because each component is not 27 periodic with
respect to 6.
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For ¢ to be real, the coefficient of the positive frequency mode must be the same as that
of the negative frequency mode because M*(n+ 1,2n+ 1,2iEr) = M(n+1,2n + 1,—2iEr).
Asymptotically, the solution (25) behaves as

fo(t, 7 E) ~ eFHr) gn(t, 13 E) ~ e EtT) 27)

This means that f,(t,r;E) can be regarded as an incoming wave into the origin, while
g,(t,r; E) can be regarded as the corresponding outgoing wave.

There is a problem with this solution of the Dirac equation. For each mode with n > 0,
there is an outgoing wave g, corresponding to the incoming wave f,,. However, for n = 0,
we do not have the outgoing wave because the term containing g, in Eq. (21) vanishes. This
means that an incoming fermion in the n = 0 mode has to disappear at the boundary, leading to
the violation of the energy conservation.® Thus, the reflection symmetric boundary condition
(20) is not justified, which is consistent with the fact that the reflection has an anomaly.

To avoid this problem, one can introduce an additional fermion ) that satisfies the bound-
ary condition

mef;:q[), for x>0, yyqf):—if), for x <0, (28)

where the sign of the right-hand side is opposite to the boundary condition (20) for 1. With
this boundary condition, there is no incoming wave for n = 0 rather than an outgoing wave.
We decompose ) as

0 0
= Z( L, r)sm(n@)( 052) }gn(t r)cos(nQ)( CZIS“_Z)). 29)
2

Note that the sin(n6) and cos(n6) appear differently as before to satisfy the boundary condi-
tion (28). We obtain the same equation as f,, and g,. There is only outgoing mode for n =0
because the fo term in Eq. (29) vanishes. We can solve the puzzle by letting g, be the outgoing
state corresponding to f,. To achieve this, we impose the boundary condition for the n = 0
mode as

This condition can be rewritten as
r'(r=0)=FY(r=0), (31)

since only the n = 0 modes have nonzero values at the origin. This boundary condition breaks
the reflection symmetry (6). Instead, we have a kind of time-reversal symmetry

PO =y P, PO = —rY(-o), (32)
which is antilinear. We see that this symmetry is CT in Eq. (12) by identifying
W= +i1. (33)

Since CT corresponding to R does not have an anomaly it is consistent.

4 An R symmetric boundary condition for Ny = 16

We can impose a boundary condition preserving R when the number of Majorana fermions is
a multiple of 16 as follows. Let v; denote half of the Majorana fermions, and 1); denote the

°In other words, the unitarity of the S-matrix is violated. When the initial state is the s-wave, there is no
corresponding final state.
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3d Two Majorana n-omode 2d Single Majorana
Reflection anomaly :> Chiral fermion parity anomaly

2 € Zis 1€ Zg
3d 16 Majorana 2d Eight Majorana
0e Zl(i 0e Zg

Figure 1: The correspondence between the 3d Majorana fermion theory and 2d Ma-
jorana fermion theory. By restricting the fermions to the n = 0 modes, the 3d two
Majorana fermions v and v reduce to the 2d single Majorana fermion (124,24,
where 124 (1)24) is the 2d left-moving (right-moving) Weyl fermions. The 3d reflec-
tion symmetry reduces the 2d chiral fermion parity. The 3d two Majorana fermion
theory has the anomaly corresponding to 2 € Z¢. On the other hand, the 2d single
Majorana fermion theory has the anomaly corresponding to 1 € Zg. The eight copies
of each theories do not have the anomaly.

rest. We impose the boundary conditions (20) and (28) for v ; and ¥ j respectively. Since there
is no problem for the modes other than n = 0, we can restrict our consideration to the n =0
modes. By substituting the n = 0 modes back into the action, we obtain the two-dimensional
theory as

52d=fdtf dr[(Wi(8,— 303 +421i(8, + 3,392 G
0

where 1[)]2.‘1 = fo; and 1,5]2.‘1 = o, Here w}z.d can be regarded as a left-moving Majorana-Weyl
fermion and 1/3]2.‘1 as aright-moving one. The reflection R, Eq. (6), reduces to the transformation
(1/;2.‘1,1[)]2.‘1) - (1/)12.‘1,—1/3)2.‘1 ), which is the chiral fermion parity. Since the boundary condition
at r = 0 is only relevant to the n = 0 mode, we can describe the condition in the 1 + 1d
massless fermion theory, where we can use the BCFT language. The symmetry R is preserved
if we impose the boundary condition preserving the chiral fermion parity for the 2d fermions
(2,439,
j

It is known that when the number of the 2d Majorana fermions is a multiple of 8, the
theory does not have the anomaly of the chiral fermion parity. The chiral fermion parity is the
internal Z, symmetry, whose anomaly is classified by Zg x Z because the Z, symmetric 3d SPT
phase is classified by it [7]. The generating theory of the subgroup Zg of the anomaly is the
single Majorana fermion theory, and thus the direct product of the eight copies of the theory,
the 8 Majorana fermion theory, does not have the anomaly. This is consistent with the fact that
the 3d 16 Majorana fermion theory does not have the anomaly of the reflection. See Fig. 1.
Consistently with the fact that the theory does not have the anomaly of the chiral fermion parity
when the number of the Majorana fermions is a multiple of eight, it is also known that we can
impose the boundary condition preserving the chiral fermion parity in such cases [12, 15].
Thus, we can finally conclude that when the number of the Majorana fermion is a multiple
of 16, the reflection R is preserved when we impose the boundary condition (20) for half of
the fermions and (28) for the others at y = 0, while also imposing the boundary condition
preserving the chiral fermion parity for the n = 0 modes as 2d Majorana fermions at the origin.

When Ny =16, i.e, the number of the 2d Majorana fermions is 8, the 2d boundary con-
dition preserving the chiral fermion parity is the Maldacena-Ludwig boundary condition. The
boundary condition is non-linear and defined as the boundary state using open-closed duality.
Due to this non-linearity, the outgoing wave corresponding to a usual incoming fermion is an
exotic state, which is written as a kink soliton in the 2d bosonized theory [18].

8
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5 Relation to the fermion-monopole scattering in 3+1d

As seen before, it is impossible to impose a boundary condition preserving the reflection sym-
metry for a single Majorana fermion due to the absence of a corresponding outgoing wave for
the incoming wave in the n = 0 mode. The same issue arises in the context of the scattering
between a monopole and a charged fermion in 3+ 1 dimensions. Before and after the scatter-
ing with the monopole, the s-wave component of the fermion has to flip its helicity [19-21],
which means that when there is only one Weyl fermion, there is no outgoing wave. This sit-
uation can be interpreted as a consequence of the mixed gauge-gravitational anomaly.® In
this section, we establish a direct connection between the absence of an outgoing s-wave in
the monopole scattering in 3 + 1 dimensions and the impossibility of imposing a boundary
condition preserving the reflection symmetry in 2 + 1 dimensions.

Let us consider the single free left-handed Weyl fermion theory with the unit positive charge
in the monopole background,

1
S =Jd4xx2i6“(au—iAM)xL, A= E(l—cos 03, - (35)

In the single Weyl fermion theory, the U(1) symmetry has an 't Hooft anomaly, which means
that the theory becomes inconsistent when we introduce a background U(1) gauge field.
Therefore, the theory (35) should have an inconsistency. In this case, there is no correspond-
ing outgoing wave for the incoming s-wave, the state with zero angular momentum. In the
monopole background, the angular momentum is given as

- — - 1 ]. X

F=—iFx (V—id)+-5--X. (36)

2 2r

Let us decompose the fermion field with respect to the eigenfunctions of J2 and J5. There are
two eigenfunctions belonging to the eigenvalues j(j + 1) and m of J? and J; as

) 1 —sin &
1(6,0) = Y]"(0, go)( S 9) e =] (2 +izzo, ) 1re.e)| (ei;;;‘;g) ;)
2

e'¥sin 5 sin 6

When we decompose y; as

0 j
XL—Z Z(;f] X +;gj n ) (38)
J=0m=—j
the Dirac equation implies the equations,

(8. — 0.)f (e, 1) +
(3. —8,)f, (t,r)=0. (39)

Since n9 = 0, the term containing gJ does not appear in the decomposition, and thus there
are no outgoing waves for the j = 0 mode.

The explicit relation to the 2+ 1 dimensional system is obtained by restricting the fermion
field to the m = 0 component. The m = 0 component can be expressed as

_ 1 \Ijl(tzpzz)
=5 (ewz(t,p,z))’ “0)

®The correspondence between the mixed gauge-gravitational anomaly and the absence of an outgoing wave
can be seen from the fact that they disappear only when the sum of the U(1) charges of the Weyl fermions is zero.
See Appendix A.

Con
WD emie,1)=0, (8 +8)gl (6, )~ ~f(6,1) =0, for j>0,
r r
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where the factor 1/,/p is introduced to ensure that the mass dimension of ¥; matches that of
a 2+ 1d fermion. When we restrict the fermion field to this component, the action reduces to

fd“XZZié“(au—iAu)XL = f dtf dpf dz (—\Py‘;dau\lf—(z———A@)\i/\I/), (41)
0 —00 p P

where we define ¥ := (¥, ¥,)7, ygd =109, Y3, =01, }fgd :=—03, ¥ :=iWy0, This theory
is the 3d fermion coupled with the scalar field

11
p=———A

Z
20 p % 2p4/p2+22
Because this scalar field is odd under the reflection ®(p,—2z) = —®(p, z), the system has the

symmetry under the reflection ¥(t,p,z) — 73, %¥(t,p,—2). Due to the singularity of & at
p =0, the equation of motion implies the behavior of the fermion fields as

(42)

lim L\112:0f0r2>0, lim L‘111=Oforz<0. (43)
p—0 /P p—0 /0
These behaviors correspond to the reflection symmetric boundary condition (20) by identifying
(x,y) as (z,p). In 2+ 1 dimensions, we can interpret the absence of an outgoing wave in the
j =0 mode as a result of this boundary condition preserving the reflection symmetry.
A right-handed Weyl fermion yp with the unit positive charge plays a role of 1) in the
previous 2+ 1d setup, i.e., it has only the outgoing wave in the j = 0 mode. We can decompose
Xr @s

oo J
1, 1,
wm=. ). (& ;" + "), (44)
j=0m=—j

which is mostly the same as Eq. (38), but the Dirac equation for the right-handed fermion
implies §]’.“ corresponds to the outgoing wave, and f jm corresponds to the incoming one. Thus,

the incoming wave fOO in the j = 0 mode is absent. The m = 0 mode is related to the 2 + 1d
fermion ¥ = (¥, ¥,)7 as

1 T,
XR= ﬁ (_eigqul) . (45)
The reduced 2+ 1d theory has the opposite sign of the term containing the scalar field ®, which
implies the behavior near p = 0 corresponding to the boundary condition (28).

The reflection symmetry of the reduced 2 + 1 dimensional fermion ¥ can be extended to
3+ 1 dimensions as

XL(tyxa,y)z)ﬁeiwaxXL(t:x)_y)_z)) XR(t;xJ’;Z)_’_einO'xXR(t,x;_J’;_Zl (46)

We can confirm that this reduces to the reflection symmetry by substituting Egs. (40) and (45).
By a rotation and a gauge transformation, this reduces to

XL = XL> XR ™ —XR> (47)

which is a chiral rotation. The U(1) background gauge field breaks the Z, symmetry (47) due
to the chiral anomaly, corresponding to the boundary condition (31) breaking the reflection
symmetry in the previous 2 + 1d setup.

The four-flavor Dirac fermion theory has exotic outgoing waves that cannot be expressed
as Fock states created by a single fermion field when we impose an SU(4) symmetric boundary

10


https://scipost.org
https://scipost.org/SciPostPhys.17.2.068

e SciPost Phys. 17, 068 (2024)

4d Single Dirac m=omode 3d Two Dirac j=omode 2d Single Dirac
U(l) X Zo anomaly :> U(l) X R anomaly :> U(l) X Zo anomaly

1 eZs 2 € Zs 1eZ4
4d Four Dirac — 3d Eight Dirac 2d Four Dirac
4 € 7Zg 0e Zg 0e Z4

Figure 2: The correspondence of the 4d, 3d, and 2d Dirac theories. The 4d theory
is considered in the monopole background. By restricting the field to the m = 0
modes, whose third component J; of the angular momentum is zero, the 4d single
Dirac fermion (1, xzr)* reduces to the 3d two Dirac fermions ¥ and ¥ (coupled with
the scalar field ® odd under the reflection), which obeys the reflection symmetric
boundary condition. By further restricting the field to the j = 0 mode, the zero
angular momentum component, they reduce to the 2d single Dirac fermion. The 4d
U(1) x Z, symmetry reduces to the 3d U(1) x R, and it further reduces to the 2d
U(1) X Z,. The 4d theory in the monopole background cannot detect the anomaly of
the 4d four Dirac fermion theory.

condition at the core of the monopole [18,22-29]. The boundary condition is realized as the
Maldacena-Ludwig boundary condition in the two-dimensional theory obtained by restricting
the fermion field to the j = 0 mode. In this case, the 3 + 1d chiral fermion parity (47) is
preserved, because the Maldacena-Ludwig boundary condition preserves the corresponding
2d chiral fermion parity. This setup corresponds to the Ny = 16 Majorana fermion theory in
the previous 2 + 1d setup, where the reflection symmetry can be preserved consistently.

We found that the 34 1d chiral fermion parity Z, given by Eq. (47) is reduced to the reflec-
tion symmetry in 2 + 1 dimensions, and is further reduced to the 2d chiral fermion parity in
the monopole background. The monopole background can detect the 4d anomaly of U(1) x Z,
that cannot be detected by the chiral anomaly. For two Dirac fermions, Z, is not broken by the
chiral anomaly, but the scattering with the monopole breaks Z,, which corresponds to the R
symmetry breaking due to the boundary condition in 2 + 1d four Dirac fermion theory. How-
ever, the monopole background cannot detect the anomaly of four Dirac fermions. It is known
that the anomaly of the U(1) x Z, is classified by’ Zg x Z,, and the single Dirac fermion theory
corresponds to 1 € Zg, which means that the theory is non-anomalous only if the number of
the Dirac fermions is a multiple of eight. See Fig. 2. For the consistency check that the anomaly
detected by the j = 0 mode is a part of the 3 + 1d anomaly Zg of the U(1) x Z,, see Appendix
B. We can detect the anomaly Zg of U(1) x Z, completely by introducing a boundary condition
changing at a line in three spatial dimensions as we will see in the next section.

6 A 4d anomaly detected by the 3d reflection anomaly

The classifications of the anomalies of U(1) x Z, in 3 + 1 dimensions and U(1) x Rin 2+ 1
dimensions are the same. This coincidence can be explained by the Smith homomorphism,
which gives a one-to-one correspondence between corresponding bordism groups [16]. In
this section, we see an explicit relation between these 3 4+ 1d and 2 + 1d anomalies using a
boundary condition changing at a line similarly to the previous 2 + 1d setup, where we relate
the 2+ 1d anomaly and the 1+ 1d anomaly. Unlike the case of the monopole background, this

"The classification of the anomaly of U(1) x Z, in four dimensions corresponds to the bordism group
Q" (BZ,) = Zg x Z, [30].
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method can detect the full 3+ 1d anomaly.

The anomaly of U(1) x Z, can be derived from the anomaly of the Z, symmetry whose
generator X satisfies X2 = (—1). This anomaly of Z, is classified by Z;¢ [11,31,32]. In
the following, we initially derive an inconsistency in a Z, symmetric boundary condition, and
subsequently derive an inconsistency in a U(1) x Z, symmetric boundary condition. Let us
consider the single free Weyl fermion theory

S= J d*x )(Zié“@uh . (48)

We can regard this theory as the single Majorana fermion theory by identifying the Majorana
fermion field as 44 = (y;,i0> )(Z)T. We consider this theory in the region where x > 0 and

attempt to impose a boundary condition preserving the Z, symmetry generated by

Yaa = =i Ygg Sy ixL (49)

whose square is equal to (—1)F. The simple linear boundary condition Y4q = iy qlr=o
violates this symmetry. Instead, We consider the boundary condition

Yaa =11 Paa, at y>0, x=0,  Pua =71 "y, at y<0, x=0, 50)
&y =—0y, at y>0, x=0, xXL=0x5, at y<0, x=0,

changing at the z axis. This boundary condition is invariant under the combination of Z, and
the rotation (x,y,z) — (x,—y,—%),

Yaa(t,x,y,2) = =iy’ Yahaa(t,x,—y,—2) & x(t,x,y,2) = o'y (t,x,—y,—=2).
(51D

We will show that this boundary condition presents issues as a result of the pathology of the
reflection symmetric boundary condition in a reduced 3d theory.
We decompose the fermion y; as

-5 L —iexp(iz"gl(ap—%))zp;(t,z,p)) o
XL_é«/ﬁ( exp (i (g — D)) y2(t,,0) )7 VwaSE- (52)

It can be shown that any function satisfying the boundary condition (50) can be decomposed
in this way as follows. We write y; = (x1, x2)". Due to the boundary condition (50), y; + x,*
and xf — ;(f* become functions of ¢ € [—n/2, /2] that are zero at ¢ = 7/2. Such a function
f () can be decomposed by sin((2n + 1)(¢ —7/2)/2) for n = 0. This is because we can make
f(¢) be odd under ¢ — m— ¢ and even under ¢ — —m — ¢ by extending the domain to
[—57/2,3m/2], which is 47 periodic function since f(—57/2) = f(37/2). Any 471 periodic
function odd under ¢ — 7 — ¢ can be decomposed by sin(m(y — 7/2)/2), and if m is an odd
integer it is even under ¢ — —m — ¢. On the other hand, XLl - Ll* and y; + xf* are functions
of ¢ € [—m/2, /2] that are zero at ¢ = —m/2. In the similar way, we can show that such a
function can be decomposed by cos((2n + 1)(¢ — 7/2)/2) for n > 0. Thus, we can write, by

using real-valued functions )(ffe’l )(llqm’l xrlfe’z xrllm’z of t,z,p,

o] Re,1 [e°] Im,1
“ . (2n+1 Xn N . 2n+1 Xn~
wha =i 2 -mm) s gl = Dicos( 20— ) B

n=0 2 Vp n=0 2 ‘/p
] Re,2 [ee) Im,2
2n+1 Xn 2n+1 X~
2 2% n 2 2% . e n
X+t = E cos( (cp—n/Z)) s xi—xt= E 1sm( (<p—rc/2)) .
L L porc 2 /—p L L porc 2 /—p
(53)
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.. 1 2 . . . Re,1 Im,1 Re,2 Im,2 :
By defining v;, 17, as linear combinations of y, ", x, ", x, ~ and x, ** properly, we obtain

the decomposition (52).
By substituting the decomposition (52) into the action, we obtain

. n
S=Zfdtdzdp¢£(—1)ygd (Ygdau"'_)‘/)n’ (54)
nez p
where we define 1), := (wrll,wi), ygd =109, Y34 =01, ygd := —03. The transformation (51)
acts on v, as
wn(t’Z:P) - (_1)n’)/zl/)—n(t> -z, P) . (55)

Due to the presence of the (p-dependent) mass terms ni,2),/p in the action for the n # 0
modes, they do not contribute to the anomaly.® Only the n = 0 mode contributes to the
anomaly, and therefore we can restrict the action into n = 0 mode,

So= J dtdzdp I,I)T(—i))/gd}fgd Y, (56)

where we define 1 := ). This theory is nothing but the single-Majorana fermion theory, and
the transformation (51) reduces to R. The R symmetric condition (20) causes the problem as
shown in Sec. 3, which can be regarded as a problem of the original symmetry (51) in four
dimensions. We can impose the R symmetric condition (20) only if the number of the Majorana
fermion is a multiple of 16 as shown in Sec. 4, which means that the anomaly Z¢ of the Z,
symmetry is fully detected by the reduced 3d theory.

An inconsistency of a U(1) x Z, symmetric boundary condition is derived as follows. Let
us introduce another left-handed Weyl fermion #;, and assign the U(1) charges +1 and —1
to y; and j; respectively in order to avoid the perturbative anomalies. The fermions y; and
%1 are taken even and odd under Z, respectively. The generator (49) of Z,, which acts on y|
and 7; in the same way, can be regarded as the element of U(1) x Z, that acts on the fermion
fields as
in/2

xL—e “x, qp—o—1-e ™2y, (57)

Thus, the U(1) x Z, symmetry is anomalous in this theory. The direct product of eight copies of
the theory is free from this anomaly because it consists of 16 Weyl fermions, which is consistent
with the classification Zg x Z, of the anomaly of U(1) x Z,. Also in this case, we can relate
the anomaly to a 3d anomaly. In order to preserve U(1) symmetry, it is necessary to adjust the
boundary condition (50) as

XL=—03)ZZ‘, at y>0, x=0, ){LZO'BZ;:, at y<0, x=0. (58)

This boundary condition is invariant under the combination of Z, and the rotation
(X,.)’,z) - (X; =Y _Z);

XL(taxa.y’Z)_)iO-1XL(t)xa_y:_Z)’ ZL(t:x;yaz)_)_io-lxNL(t;xa_yJ_Z)' (59)

The linear combinations A; := (y; + #;)/2 and A; := —i(y; — j;)/2 of the fermion fields
satisfy the boundary condition (50), and thus they can be decomposed in the same way as
Eq. (52). Since y; = A; +iA;, the decomposition of y; is obtained by replacing the real

8We can explicitly see that there is no anomaly for n # 0 mode by redefining A, :=1,+y_, and in =Y, —Y_,
where the transformationMreduces to A,(z) = (=1)"y*A,(—2) and A4,(z) — (—1)"*1y*A,(—2), and thus the anoma-
lies coming from A, and A, are cancelled.
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fields 1,42 by complex fields ¥}, 2. The other field 7; can also be decomposed using the
same complex fields \I/i, \I/rzl Thus, the 3d theory obtained by restricting the fields to the n =0
component is the single Dirac fermion theory. The symmetry U(1) and Eq. (59) are reduced to
U(1) x R in this 3d theory. Thus, the anomaly Zg of U(1) x Z, is also detected by the reduced
3d theory.

7 Summary and discussion

We investigate the boundary conditions (20) and (28) preserving the reflection symmetry R of
free massless Majorana fermions. When there are odd number of Majorana fermions, they are
problematic, i.e., the condition (20) (resp. (28)) results in the absence of an outgoing (resp.
incoming) wave for the n = 0 mode in the decomposition (21) (resp. (29)). This is understood
as a consequence of the anomaly of R. In the case of an even number of Majorana fermions, the
problem can be solved by imposing boundary conditions at the origin, such as Eq. (31), where
1) obeying the condition (20) and lﬁ obeying the condition (28) are mixed. The boundary
condition at the origin can be described using BCFT language in 1 + 1 dimensions. This is
possible because the only relevant mode is the n = 0 mode, and the theory reduces 1 + 1
dimensions when the field is restricted to the mode. We conclude that we can impose an R
symmetric boundary condition at the origin only if the number of the Majorana fermions are
multiple of 16 using the result of 1+ 1 dimensional CFTs.

In order to preserve R symmetry, it is necessary to impose a nonlinear boundary condi-
tion, where the final state is exotic state that cannot be created by a single fermion field.
The corresponding state in 1+ 1 dimensions can be understood as a fractional kink using the
bosonization [18,22]. However, the comprehension in 2 + 1 dimensions is currently inad-
equate, and it remains uncertain whether a particle interpretation is applicable. The same
problem was considered in the fermion-monopole scattering in 4d, but there is no consensus
on the interpretation of the state [18,22-28]. The 2+ 1d framework might be more convenient
for describing the exotic outgoing state than 3 + 1d.

In this paper, we do not consider the part of the classification of the anomalies related to
bosonic SPT phases. It is interesting to consider a nontrivial cancellation of anomalies using a
free fermion theory and a bosonic theory. It is known that the 8 Majorana fermion theory in
three dimensions can be a surface theory of a bosonic SPT in four dimensions, and the anomaly
can be cancelled by a bosonic theory, a Z, gauge theory coupled with the Stiefel-Whitney class
in a specific way. A boundary condition preserving R in the combined theory of these two could
be more exotic.
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A The scattering of a monopole and fermions with general charges

In this section, we show that, in the monopole background, we can find the corresponding in-
coming (outgoing) wave to any outgoing (incoming) wave only if the sum of the U(1) charges
of the Weyl fermions is zero. This condition coincides with the cancellation condition of the
mixed gauge-gravitational anomaly.

In the monopole background, for a fermion with charge Q > 0, only incoming waves are
present among the lowest partial waves. The lowest partial waves are the eigenfunction of
J? belonging to j(j + 1) for j = (Q —1)/2, and thus there are Q independent modes. On the
other hand, for the fermion with charge Q < 0, only outgoing waves are present among the
lowest partial waves, where the number of the independent modes is —Q. Thus, if and only
if the sum of the charges ). ;Qj is zero, the number of the incoming waves and the outgoing
waves are the same, and we can set the boundary condition relating them so that the energy
is conserved.

In the following, we show, for the sake of completeness, that the lowest partial waves only
have incoming modes for Q > 0 and outgoing modes for Q < 0. This fact was established by
the analysis given in Ref. [21]. We consider the left-handed Weyl fermions y< in the monopole
background with the charges Q, whose equation of motion is given as

"9, —iQA)x¥=0, A,= %(1 —cos0)3,¢. (A.1)

The angular momentum is given as

- — -, ]. X
FO= _i% x (V—iQA) + 25— 2 (A.2)
2 2r
The ladder operators are given as
Q._ Q :7Q_ +i . Q ij,cos0—1 1 , .,
Jy ’_Jl :|:lJ2 =e “"(i39+lcot03¢)+§e MPW'FE(O' tioc?). (A.3)

Let us consider a fermion with a positive charge Q > 0. The solution for a fermion with a
negative charge —Q is obtained as io?y*(—t, %) using the solution y(t,x) for the fermion
with a positive charge Q since

" (8, —i(-Q)A,) (io?y*(—t, %)) =—io? (& — & - (V—iQA))x (£, %)) |,__,=0. (A4

The function that is an eigenstate of (J?)? and the lowest eigenfunction of J,? is given as

Q-1 Q-1
Q- _ 6 —(j~(Q-1)/2) Q- _ 6 ~(j—(@-1)/2)
XJ - (COSE) Xj—(Q—l)/Z (0; (P), 77] - (COSE) n]‘_(Q_l)/z (QJ (10); (AS)

where ij’ n}" are defined in Eq. (37). We can confirm that these functions vanish when Je
acts on them by using

Q 9 Q-1 9 Q-1 Q=1
J= COSE = COSE J. (A.6)

We can also check that these are eigenfunction of J:? belonging to —j by acting

11
J3 ==i8,—2Q+ 0% (A7)
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Note that the lowest eigenfunction of (J Q)2 corresponds to j = (Q — 1)/2, and for this value
n?’_l = 0. The higher eigenfunctions )(]Q’m, n?’m of J3Q are obtained by acting Jff repeatedly.

We expand the fermion field y? with charge Q as

2 &1 1
> (—ij’m(t,r)x?’m(G,cp)+ Zg¥m(, r)n?"“(e«p)) . A8
r r

j=(@-1)/2m=]

Because the Dirac operator commutes with J Q the equation for each mode does not depend
on m, and therefore it is enough to consider the lowest eigenfunctions (A.5). By using the
properties

(~(Q-1)/2) ~(~(Q-1)/2) _ ~(~(Q-1)/2)
(=8 +icot08,)Y, 0 P =0, =g,y 10 P =—(—(@-1/2v 5 )7,

(A.9)
we obtain the equations for the modes j > (Q —1)/2 as

4jG+1)—-(Q—-1)(Q+1) Qm

(8 —3)f" (e, 1) + (t,r)=0
4r
(6 +2)82" (6, 1) =~ FR7 (6,1 =0, (A.10)
r
and those for the lowest j modes as
(6,—2 )f(Q 1)/2(t,r)=0. (A.1D)

We see that there are only incoming waves in the lowest j modes, and no corresponding
outgoing waves. The number of the lowest j mode is Q. On the other hand, the solution for
the fermion with charge —Q is obtained by acting y(t, %) — io?y*(—t,*¥) to Eq. (A.8) as

- Z( ST, ) + 1 o (09) )

j=(Q-1)/2m==j
&AM ) =0, ) =g (=t ). (A.12)

Thus, the lowest j modes g(_QQ_'ln) /o ATE the outgoing waves.

B A check that the anomaly of the s-waves is a part of the anomaly
of U(1)xZsy

In this section, we give a consistency check that the anomaly detected by the s-waves is part
of the 4d anomaly Zg of the U(1) x Z, symmetry and not part of the other anomaly. We
consider left-handed Weyl fermions y; with the U(1) charge Qy, which transforms under Z,
as yr — (—1)*y; with n; € {0,1}, and determine how the classification of the anomaly
depends on Q; and n;. Then we determine how the classification of the 2d anomaly of the
corresponding s-wave theory depends on Q; and n;. By comparing them, we will conclude
that the 2d anomaly of the s-wave theory is part of the 4d anomaly.

B.1 The anomaly Zg of the U(1) x Z, symmetry in four dimensions

The anomaly Zg of the U(1) X Z, symmetry is derived from the anomaly Z,¢ of the Z, symmetry
whose generator X satisfies X2 = (—1)F. This Z, anomaly is considered, e.g., in Refs. [11,31,
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32]. A generating theory of this anomaly is the single left-handed Weyl fermion theory, where
the generator of Z, acts on the fermion as a multiplication by i. The direct product of 16 copies
of this theory does not have the anomaly. Because the square of the generator of Z, has to
be equal to (—1)F, the generator has to act on any fermion as a multiplication by i or —i. We
define m;. € {—1, 1} for each Weyl fermion y; so that the generator of Z, acts as y; — i yy.
A pair y;, x; of Weyl fermions with m; = 1 and m; = —1 does not contribute to the anomaly
because this Z, is subgroup of the non-anomalous U(1), yx — €% xx, x1 — ¢ y;. Thus,
the classification of this anomaly is given as’ > My mod 16, the reduction modulo 16 of the
difference of the number of the Weyl fermions with m; = 1 and those of m; = —1.

Let us relate this anomaly to the anomaly Zg of U(1) X Z,. Precisely speaking, the anomaly
Zg is the anomaly of the symmetry Spin°(4) x Z,, where Spin‘(4) is defined as

Spin(4) x U(1)

Spin‘(4) = 7
2

(B.1)
Here Spin(4) is (the Euclidean version) of the Lorentz symmetry, and the division by Z, means
that we identify (—1)F € Spin(4) and —1 € U(1). In order to make (—1)f = —1 € U(1), the
charges Q, have to be odd integers. Additionally, in order to avoid the mixed gravitational-
gauge anomaly, the sum of the charges has to be zero, >, Q; = 0. In this theory, the Z,
symmetry stated above is reduced to Z, by multiplying i € U(1),

i 3) My i(l)) iQk+kak=(_1)(Qk+mk)/zxk’ (B.2)

where (Q,+m;)/2 is an integer because both of Q; and m,, are odd integers. Thus, the anomaly
of Z4 can be regarded as the anomaly of U(1) x Z, in this theory. However, the classification
changes from Z,4 to Zg. Because Y., Q; = 0 and every Q; is odd, the number of the Weyl
fermions is an even integer, and therefore )}, m; is an even integer. Thus, the anomaly is
classified by >, m;/2 mod 8. We can determine m; from the charge Q; and the Z, charge ny
as

1, ifn,=0, =3mod4, or n,=1, =1mod 4,
mk={ k Qx k Qx (B.3)

—1, ifn,=0,Q,=1mod4, or nr=1, Q.=3mod4.

B.2 The anomaly Z, of U(1) x Z, in the 2d s-wave theory

As we show in Appendix A, a 4d Weyl fermion y; with charge Q; > 0 (resp. Q. < 0) reduces to
Qj (resp. —Q;) 2d left-moving (resp. right-moving) fermions in the s-wave theory. The U(1)
and Z, act on these 2d fermions in the same way as the corresponding 4d Weyl fermions. Let
us determine the dependence of the anomaly Z, of U(1) x Z, on Q; and ny, in the 2d s-wave
theory.

The 2d anomaly Z, of the U(1) x Z, symmetry is derived from the 2d anomaly Zg of the
Z, symmetry. The classification Zg of the anomaly of Z, is written, e.g., in Ref. [7] as the
classification of the 3d fermionic SPT phases with the symmetry Z,. A generating theory of
the anomaly Zg of Z, is the single Majorana fermion theory, where the left-moving fermion
is odd and right-moving fermion is even under Z,. A pair of Majorana fermions whose Z,
charge assignments are opposite to each other does not have the anomaly, because this Z, ac-
tion becomes 1) — — for the Majorana fermion 1) made by the left-moving and right-moving
components that are odd under Z,. Therefore the anomaly is classified by the reduction mod-
ulo eight of the difference between the number of left-moving and right-moving real fermions
that are odd under Z,. Similar to the previous 4d case, to introduce the U(1) x Z, symmetry,

The classification in Ref. [31] reduces to this by choosing the representative of the charges as m; € {—1,1}.
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all fermions must have odd charges. Consequently the number of the Majorana fermions in
the theory has to be even, allowing all Majorana fermions to pair up and form Dirac fermions.
Therefore the anomaly Zg reduces to Z,. Thus, we conclude that the anomaly Z, of U(1) x Z,
is classified by the reduction modulo four of the difference between the number of left-moving
and right-moving complex fermions that are odd under Z,.

In the s-wave theory, the number of the left-moving fermions that are odd under Z, is
ZQk>O n; Qi and the number of the right-moving fermions that are odd is _ZQk <0k Qu>
and thus the anomaly Z, of U(1) x Z, is classified by >, n,Q; mod 4. Let [, € {—1,1} be
Iy = Q, mod 4. Using this, the classification is given by >}, nil;, mod 4. Since >, Q; = 0
and consequently Y, [; = 0, the classification can be expressed as »,, (2n; — 1)[;/2 mod 4.
As (2n — 1), = my, where my is defined in Eq. (B.3), we finally arrive at the classification
>k Mi/2 mod 4.

B.3 Comparing the 4d anomaly and 2d anomaly of the s-wave theory

The anomaly Zg of the 4d theory and the anomaly Z, of the 2d s-wave theory are controlled
by the same quantity ., m; /2, which means that the anomaly Z, is a part of the anomaly
Zg in the sense that we cannot make a theory without the anomaly Zg while maintaining the
anomaly Z,. The 4d theory with Zk m; = 4 mod 8 corresponds to 4 € Zg of the classification
of the 4d anomaly, but its 2d s-wave theory corresponds to 0 € Z, of the classification of the
2d anomaly, i.e., does not have the anomaly. Thus, we conclude that the s-wave theory only
detects the reduction modulo four of the full anomaly Zg.
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