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Abstract

The superconformal index of %-BPS states of V' =4 U(N) super Yang-Mills theory has a
known infinite g-series expression with successive terms suppressed by qV. We derive a
holographic bulk interpretation of this series by evaluating the corresponding functional
integral in the dual AdSs x S°. The integral localizes to a product of small fluctuations
of the vacuum and of the collective modes of an arbitrary number of giant-gravitons
wrapping an S3 of maximal size inside the S°. The quantum mechanics of the small fluc-
tuations of one maximal giant is described by a supersymmetric version of the Landau
problem. The quadratic fluctuation determinant reduces to a sum over the supersym-
metric ground states, and precisely reproduces the first non-trivial term in the infinite
series. Further, we show that the terms corresponding to multiple giants are obtained
precisely by the matrix versions of the above super-quantum-mechanics.
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1 Introduction and summary

Aim of the paper

We consider four-dimensional N' = 4 U(N ) super Yang-Mills (SYM) theory on S3, and study
the supersymmetric index that enumerates 3 L_BPS states (or, equivalently by the state-operator
correspondence, local operators) in this theory The index is defined as the trace

In(@) = Ty (D7 ", (1)

2 -BPS

where HY 8PS is the %-BPS Hilbert space consisting of states that are annihilated by a certain
1

16 of the 32 supercharges of the theory, (—1)f is the fermion number operator, and R is a
Cartan generator of the su(4) R-symmetry algebra of the theory. The —-BPS operators in the
free theory are arbitrary holomorphic functions of one of the matrix- Valued complex scalars
of the SYM theory with R = 1. The ring of such functions is generated freely by the first N
powers of the matrix, and the index is therefore given by

1
- - 2
In(q) @D 5 2)

in terms of the g-Pochhammer symbol (q), = 1—[?:1(1 —¢q’). A well-known mathematical
result (see Appendix A for a derivation) is that this index can be rewritten as follows

m(m+1)/2

Iv(@) = Ieo(q) Z( )mq() g 3)

The aim of this paper is to provide a bulk interpretation of the right-hand side of this formula
in terms of wrapped D-branes in the dual Type IIB theory on AdSs x S°, i.e. giant gravitons [1].

It should be noted that the interpretation of giant gravitons in the AdS/CFT correspon-
dence has been discussed from different points of view in the past [2-17] and, in particular,
canonical quantization of the moduli space of bulk D-branes [18], using a certain symplectic
form, directly leads to the product formula on the right-hand side of (2) [19,20]. The present
work, instead, identifies each term of the right-hand side of (3) from the bulk point of view,
in the spirit of the recently-discussed “giant graviton expansion” [21-23].

Broader context

More generally, one can consider the superconformal index in a d-dimensional superconformal
field theory (SCFT,) on a compact spatial manifold, which is defined as a generalized Witten
index, as in (1), of BPS states that are annihilated by some number of supercharges of the
theory. In its simplest form it depends on one parameter g which is the fugacity for a charge R
that commutes with the preserved supercharges, and can be written as a g-expansion,

Try (1) g% = > d(r)q". @
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The coefficients d(r) have the interpretation of the (indexed) number of states with charge
R =r. One can also have refinements of (4) with other fugacities coupling to other commuting
charges.

The index (4) is invariant under small changes of couplings of the theory [24]. Modulo
issues of wall-crossing (which will not appear in this paper) the value of the index at zero
coupling equals that at strong coupling, where it should have a gravitational interpretation in
the dual AdS space according to the AdS/CFT correspondence. At zero coupling, the index of
states preserving various fractions of supercharges can be calculated using either an explicit
enumeration of operators, or by localizing the corresponding path integral to a U(N) matrix
model [25,26], and these serve as exact predictions for gravitational calculations.

Taking the N' = 4 U(N) super Yang-Mills (SYM) theory for concreteness, the scale of
gravitational phenomena in the dual AdSs space is set by the gravitational coupling con-
stant G = 1/N2. It has been known since the early days of the AdS/CFT correspondence that
for very small charges r < N, the numbers d(r) can be interpreted as the indexed number of
supergravitons or perturbative closed strings i.e. single-trace operators in the gauge theory.!
In recent years it has been shown that for very large charges r = O(N?2), log |d(r)| calculates
the entropy of supersymmetric black holes in the dual AdS; [27-32]. In the present context
we are concerned with charges of intermediate scales r = O(N), which is the characteristic
scale of wrapped D-branes in AdSs space.

The giant graviton expansion

A detailed interpretation of formulas of the type (3) in terms of wrapped branes, for different
indices in string and M-theory, was advocated in a series of works by Imamura and collabo-
rators [21, 33-35], with numerical evidence for small numbers of branes.? The idea is that
the m™ term in the formula (3) is associated with m wrapped D-branes in the bulk of AdS
space. The term g™ is supposed to be the ground state energy of these D-branes which is
consistent with the fact that the tension of D-branes scales as 1/N for large N, and that the
bulk interpretation of wrapped D-branes are determinant operators in the gauge theory [36].
The rest of the m™ term is interpreted as arising from fluctuations of m branes. This idea
was taken forward in the papers [22,37] which presented further numerical evidence, and
discussed the determinantal nature of gauge-theory operators which contribute to such an ex-
pansion, and gave the current name to the expansion. This approach was further studied by
residue methods in [38]. In all these results, one typically needs at least two fugacities, one
of which dominates the expansion and the second is a perturbative parameter.

In [23] it was shown that an expansion of the giant graviton form arises for any unitary ma-
trix model that arises in counting invariants of unitary groups (which includes superconformal
indices in gauge theory with one or many fugacities). More precisely, one has, for the U(N)
integral Zy(q) depending even on a single fugacity,

oo

2@ _ S, 60g) € ¢ zTq], ©)
72 () B

with a a constant and 8 a polynomial in m. This formula is derived by introducing an auxiliary
problem which admits a free-fermion representation [39], and then writing the matrix integral
as average over the couplings of the free fermion theory. The free fermionic nature of the
problem gives a natural determinantal expansion which explains the form of the expansion and

n fact this interpretation is true for all indices all the way until » = aN, where a is a fixed O(1) non-zero
number depending on the details of the index [23].

2For the %-BPS Schur index, a formula of the form of (3) was derived in [16,17] and it was suggested there
that it could be interpreted in terms of giant gravitons in the bulk.
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gives a formula for each term GI(Vm)(q). The first and second terms were explicitly calculated
in [23] and [40], respectively. An interpretation of this free fermion expansion in terms of an
instanton expansion was discussed in [41].

It is important to note that an expansion of the type (5) is not unique, since say the first
and second giant terms can overlap after the first aN terms. In fact the concrete formulas
in [21], [22], and [23] all differ at this level.> This should be interpreted as the ambiguity
in a choice of basis of operators in the gauge theory (“operator mixing issue”). It is therefore
important to have a good bulk interpretation of these formulas so as to have a starting point
for the basis of operators. For this we return to the simplest case of the %-BPS index.

Approach and results of this paper

Our approach to obtain the bulk interpretation of (3) is to directly quantize the space of %-BPS
giants in the bulk as a Euclidean functional integral over the configuration space of giants in
a “first-quantized” treatment. In other words, we want to integrate over the moduli space of
an arbitrary number of %-BPS giants and include the fluctuations of the giants at every point
in moduli space. The time direction runs in a circle in the Euclidean formalism and fermions
have periodic boundary conditions in accord with the supersymmetric index. The set-up is
similar to a gas of instantons [43, 44], except that there is no sense in which the giants are
dilute.* (In fact, as we see below, the main contributions come from groups of giants sitting
on top of one another at a single point.) What allows us to perform this calculation is the
use of supersymmetric localization, which localizes the integral to the fixed points of a certain
complex supercharge Q.

There are two types of %-BPS wrapped branes in AdSs x S°. The first type are D3-branes
that sit at the center of AdSs, wrap an S° inside the S° and rotate around a circle of S° at
the speed of light. The semi-classical moduli space of these configurations is parameterized
by the size of the giants. This size takes values from zero, when the giants are point-like and
identified with ordinary gravitons, to a maximum value, when the giants wrap a maximal $°
inside the S°. The second type, called “dual giants” wrap an S° inside AdSs, and rotate along
an equatorial circle of S° [2,4]. There is no classical bound on the size of the dual giants, but
since each brane carries one unit of charge, it is expected that one cannot place more than N
dual giants [12,46].

In order to localize the functional integral, we choose a supercharge which obeys the al-
gebra {Q,Q} = H —R, where H is the time-translations generator and R is the generator of
translations in the angular coordinate ¢ parameterizing the circle on S° along which the giants
move. As it turns out, the fixed points of Q in the Euclidean theory are precisely the maximal
giants, whose number m = 0,1,2,... can be arbitrary. Summing over this number explains
the sum over m in the formula (3).

Around each fixed point, we then perform the supersymmetric functional integral of
quadratic fluctuations of the maximal giants. The fluctuations around any number of giants
are of two types, as in an instanton gas: the fluctuations of the background field theory—
in our case supergravity on AdSs x S°, and the fluctuations of the collective modes of the
instantons—in our case m giants. The supersymmetric integral over quadratic fluctuations
factorizes into the index of these pieces. The index over the supergravity modes is precisely
equal to I, as can be shown from multiple points of view [23,26,47], so we are left to explain
the ratio Iy /I, in (3) from the fluctuations of the giant gravitons in AdSs x S°.

3A prescription to relate the different series term-by-term has been discussed in [42].
“*A similar approach to calculations on M-branes has been taken recently in [45].
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The quadratic fluctuations around a single giant at a generic point in moduli space were
analyzed in [3] and leads to a gapped spectrum of excitations. However, that analysis breaks
down precisely for the maximal giants in which case, as we see below, one has massless ex-
citations. As it turns out, these excitations are governed by a supersymmetric version of a
particle moving in two dimensions in a constant magnetic field, i.e. the Landau problem. In
addition one has a delta-function valued flux line at the origin coming from the background
giant, which can also be treated formally as a gauge transformation of the Landau problem,
or as the Aharonov-Bohm effect.

The one-loop fluctuation determinant around the m = 1 fixed-point therefore reduces to
the evaluation of an index of the type (1) on the Hilbert space of states of the supersymmetric
particle in a magnetic field. In particular, we do not need the (unknown) non-linear supersym-
metric Lagrangian of multiple branes, but only that of quadratic fluctuations. Upon summing
over the infinite set of supersymmetric ground states, and taking into account the fermionic
zero modes, one obtains precisely the infinite sum —Z]c.:l q’, which is precisely the expected
result for one giant from (3). The analogous calculation for m giants is given by a matrix
version of the same problem as in [8,48], and gives precisely the result expected from the m™
term in (3).

Comments

1. Itis important for our derivation that we are calculating a supersymmetric index. Firstly,
this is the reason it is protected and can be interpreted in exact terms in the bulk. Sec-
ondly, it allows us to use the technique of supersymmetric localization to calculate the
functional integral. Thirdly, although the coefficients d(r) for the %-BPS index (2) are
all positive, the giant-graviton formula (3) has negative signs which are explained by
the fermionic nature of the supersymmetric states contributing to the fluctuation deter-
minant.

2. The boundary calculation as well as our giant-graviton calculation of the index involves
fluctuations of D-branes in flat space and in AdS space, respectively. Relatedly, as was
explained in [23], the giant graviton expansion should be considered as the second open
string theory in the open-closed-open duality as in [49, 50]. It is, however, important
to note that our derivation of the giant graviton expansion from the bulk is a Euclidean
functional integral calculation. The m™ term is interpreted as the contribution of the
saddle with m giants, which are Euclidean instantons rather than sectors of Hilbert space
of SYM.® The fluctuation determinant around the saddle allows for a factorization and
for fermionic contributions. In contrast, in the Hilbert space interpretation of %-BPS
states in CFT4/AdSs, the D-branes are interpreted as droplets of the Fermi liquid (derived
from the single matrix model in the boundary [8] and the LLM geometries [51] in the
bulk) and always have a positive degeneracy.®

3. The %-BPS index is clearly the simplest of many supersymmetric indices arising in dif-
ferent manifestations of the AdS/CFT duality. The ideas of this paper should apply to
these more general indices.” For a given observable, one can localize the corresponding
functional integral using different choices of the supercharge or the localizing term. It
is possible that different such choices lead to different formulas for the giant-graviton
expansion that exist in the literature, as mentioned above.

5There is an auxiliary construction of the Hilbert space of the fluctuations around a saddle in our calculation,
but this is not a priori related to the Hilbert space of SYM theory.

5We thank J. Maldacena for emphasizing this point to us.

"They could also be used to study related problems as in [52-54].
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4. If we express the expansion in terms of ¢~! rather than g, the first giant term in the
expansion (3) is 1/(1—q '), which looks like the bosonic partition sum of one oscillator
with R = —1 (a similar statement is true for m giants). Of course no such mode exists in
the physical Hilbert space. Instead, this fact was interpreted in [21,22,35] as the analytic
continuation from |g~}| < 1 to |q| < 1 of a formal calculation involving D-branes. Here
we explain the result directly in terms of the physics of D-branes and their fluctuations.

Note added: While this paper was being prepared, we received [55] on the arXiv, which has
some overlap with the current paper. The precise relation between our path integral approach
and the Hilbert space interpretation of [55] in terms of open strings and ghosts is unclear to
us.

Plan of paper: In Section 2 we review the semiclassical description of the giant gravitons as
D3-branes wrapping cycles. Further, we set up the theory of small fluctuations of the maximal
giant in terms of a particle in a magnetic field. In Section 3 we set up and solve the localization
problem for one giant, including the critical points and the one-loop determinants. In Section 4
we discuss multiple giants and the diagonalization of the holomorphic sector, and reach the
expected giant graviton expansion from the bulk. In three appendices we review, respectively,
the mathematical derivation of the %-BPS giant graviton expansion, the relation between the
small fluctuations of the brane and the Landau problem, and the superalgebra on the brane.

2 The description of the bulk D-branes

In this section we collect some of the properties of the giant gravitons in AdSs x S° that are
%-BPS, i.e. preserve 16 of the 32 supercharges [2]. We focus on the physical properties of the
bosonic coordinates in this section. In the following section we discuss aspects of supersym-

metry that are important to our problem.

2.1 The background AdS; x S°

We follow the notation of [2]. The background spacetime is a direct product of AdSs and S°

ds® = dsf\(jlss + ds§S , (6)

with the respective line elements given by
2 r? 2 2\ 2, .2 302
dSigs, = —(1+§) dt +(1+§) dre+r°dQ3, (7)

and
dsg5 = Lz(d92+cosz9d¢2+sin29dQ§). (8

Here L is the radius of the AdSs as well as the S°. The parameterization of S° is such that the
slice for a fixed value of @ is of the form S! x $3. At @ = 0 the S® reduces to a point and the S!
reaches its maximum radius L. At 8 = 1/2, the S® reaches its maximum radius L and the S*
reduces to a point. The value 6 = 7/2 is thus a fixed point of the vector field 0.

The five-form field strength is self-dual and is proportional to the volume form in AdS; as
well as in S°. We use the following angular coordinates for the S inside S°,

dQ% = d)(12+sin2 X1 (d)(22+sin2 X2 d)(32). ©
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The 4-form potential on the S° can be taken to be
Agyirars = L*sin* O sin? y;siny, = L*sin*0.,/gg, (10)

so that it yields a field strength proportional to the volume form dAgs = Fgs = %VOI(S ).
Now consider a D3-brane in S> with worldvolume coordinates o;, i = 0, 1,2, 3. Its bosonic
action is given by

Sy = —Tgfdd'ow/—g + TBJP[A(‘”]. (11)

Here Tj is the tension of the D3-brane, g is the pullback of the spacetime metric G and P [A(4)]
is the pullback of the 4-form (10). Writing the embedding as X (o) and the above back-
ground metric as ds? = G;ydXMdX", we have the expression
gij = oXM3xXNGyy, (12)
and
1 ...
J P[A®] = J d*o el g XM O XM Ay vy (13)

with 0123 =1,

2.2 Semiclassical giant gravitons

Now we discuss the D3-branes that wrap an S® ¢ §°. They have a spherical symmetry corre-
sponding to rotations of the worldvolume S3, and another spherical symmetry corresponding
to rotations of the S3 ¢ S°. We can describe them by choosing a static-like gauge for the
D3-brane embedding,

oy = t, o; = yxi, 1=12,3, 14)
and make the following Ansatz,
¢ =), 6=00), r=r(), (15)
with the rest of the coordinates being constant. This gives, with = %
r2 ) ) 2 F2\71
gtt=—(1+ﬁ)+L2(c0526¢2+02+ﬁ(1+§) ) (16)

gij = Lzsinzegssij, 7
where ggs;; is the S* metric (9) in 0; coordinates.
Upon evaluating the action of the brane (11) for this configuration, and then integrating

over the angular part, one obtains the following one-dimensional Lagrangian

N . 3 2., 20424024 2\ 4
Leiant = T —sin 9\1+§—L cos? 0 ¢2+ 0 +ﬁ 1+§ +Lsin"6¢ |, (18)

where we have used the relation A; T; = N/L* between the flux and the tension of the brane
with A3 = 272 the area of a unit 3-sphere.

Giant gravitons are solutions to the equations of motion of the above Lagrangian which
move at the speed of light around a circle in the S°. They are described by

r = 0, ¢) = —, 0 = 90, 906[0,7'[/2] (19)

The constant value 6, parameterizes the moduli space of giants. The value 6, = /2 corre-
sponds to the brane with largest size (equal to L) and largest angular momentum (equal to N).
This solution, called the maximal giant, does not have kinetic rotation and its angular momen-
tum appears from the Chern-Simons coupling of the brane to the background RR-field [2].
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2.3 Small fluctuations and the Landau problem

Now we consider the small fluctuations around the maximal giant, i.e. 6, = /2. The analysis
of small fluctuations of the Lagrangian (18) for a generic value of 6, was performed in [56],
which we follow.

The results are as follows. Firstly, the fluctuations in all the coordinates except the fluctu-
ations of 8, ¢ are gapped. For example, the r-fluctuation is described by the oscillator

N(1, 1r?
Z(Er ‘EL—z)- (20)

Similarly, the angular fluctuations in the S* C AdSs are described by massive spherical har-
monics, and the internal gauge-field fluctuations of the brane world-volume in the S3 c S°
are also massive spherical vector harmonics. The scale of both these sets of fluctuations is set
by the curvature of the AdSs x S°. In the supersymmetric theory that we consider below, the
fermionic partners of these bosonic fluctuations are also gapped. This part of the quantum-
mechanical problem has a unique ground state.
Therefore we focus on the fluctuations of the center of mass on the $? with coordinates

(6, ¢). We expand around the solution (19) as

P(t) = Tt+edp(t), 0(t) = 6 +e50(t). (21)

The Lagrangian (18) to quadratic order in € takes the form

L g = €LSIN%(8,) 59 (1)

+ €212 ( % sin?(6,) 50(t)* + %cos(@o) 56(t) sin(6,)5¢(t) + %cos2 (6,) 5¢(t)2) +... (22

We see that for a generic 6, the fluctuations are also massive, as explained in [56]. Note,
however, that when the giant graviton has maximal size, 6, = 7/2, the previous expansion of
the Lagrangian becomes

eL5¢(t)+%ezL25'9(t)2+..., (23)

and, in particular, there is no quadratic term in 5¢(t). This is because one reaches the pole
of the sphere at that point, and ¢ effectively becomes an angular direction, while fluctuations
of 8 around 7t/2 is a radial direction. Therefore we need to treat it as such and keep higher
order terms that couple the two variables.

It is useful to define the coordinates

1 .
==--0, p = ——¢, 24
p=7 p=7-9¢ (24)
which take the values p = 0, ¢ = 0 for the maximal giant. As mentioned above, we need
to keep terms of the type p? (2 in these polar coordinates, since they are part of the kinetic
energy. The Lagrangian of small fluctuations in the (p, ¢) directions is

N /(1 9 1 5. . :
EI(I%;X = I(E L2p2<p2+5L2p2+Lp2Lp—Lap) 2 (25)

8Indeed, the equations of motion presented in [56] become singular when expanded around 6, = 7/2.

°The same procedure can be performed in a unified way for giant gravitons in AdS, x S” and AdS, x S*, which
are M5 and M2 branes wrapping the spheres S°> ¢ S” and S? C S*, respectively, and rotating around a transverse
circle. These configurations were studied in e.g. [1,2,4,56], and the analysis is very similar to the AdSs x S° case.

8
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This Lagrangian (25) describes a particle moving in a two-dimensional plane in a constant
transverse magnetic field with an infinitely thin solenoid centered at the origin. In order to
see this, it is useful to consider the change from polar to Cartesian coordinates,

L?p% = x*+y?, ¢ = arctany/x. (27)

The Lagrangian (25) for the quadratic fluctuations on the S? in these coordinates is

N (1 1 L?
(2) A .92 ) = . . =
Lo = T (2(" +5%)+ T (xy yx)(l szZ)). (28)

Note that the term —N (xy — yx)/(x? + y?) comes from the linear term —N ¢ in (25). We can
write this Lagrangian as

1N .S
LY, = gf(ffzﬂ'z) + XA, (29)
with
A=A+Ay, A= D(5-y3), A =-—2 (x§—y3).  (30)
12 x2 + y2

Embedding the x-y plane in three-dimensional flat space with coordinates x, y, z, the magnetic
field is as follows. The first term in (30) yields

- N - ~ N

B, = ﬁVx(xy—yx) = ZEZ. (31)
The second term has a singularity at the origin. We can use Stokes’s theorem on a disc centred

at the origin to obtain
B, = —2nN&(x% + y?)Z. (32)

We first consider the situation where we only have the magnetic field B; and later reinstate
the contribution from B,. Accordingly, we drop the A, term from the Lagrangian and consider

P 1N .. . N . .
Lign = L’fi)lx—x-Az = Ez(x2+y2)+ﬁ(xy—yx). (33)
The conjugate momenta are
V(e h). g = Y5 k) o
Px = L Ly > py - L Y I >

and the corresponding Hamiltonian is

_ Lo, o NT1:(5, 2 1
Hian = Py +07) + -5 (% + %) — 2 (xpy —yps). (35)
Indeed, this is precisely the Hamiltonian for the Landau problem in the symmetric gauge of
a particle of mass u and (say positive) charge g in a two-dimensional plane with a constant
transverse magnetic field B, with the identifications

N 2N

u=—, qB

I =1z (36)

Writing the three spaces as AdS,, x S™ with (m,n) = (4,7), (5,5), (7,4), with N units of n form flux on the sphere
S™ of radius L and expanding the brane action around the same point of the two-dimensional transverse geometry
in S", (24), the Lagrangian takes the following form

N1 n—3 1
L==— —'Z—L'+—L2'+—2'Z). 26
I (2 P ¥ 5 PPt PTY (26)
Thus, the only thing that changes depending on the dimension of the (n — 2)-brane is the prefactor of the p%¢
term. We discuss the possible extension of our results for these two cases in a closing comment at the end of the
article.


https://scipost.org
https://scipost.org/SciPostPhys.17.4.098

e SciPost Phys. 17, 098 (2024)

The solution to this quantum mechanical problem is well known, so we just outline its most
relevant features and we refer the reader to [57-59] where it is introduced as a first step in
the studies of the quantum Hall effect. Introducing the kinetic momentum operators

. 1 . 1
Ty = UxX = px+5qu, Ty, = Uy = py—Equ, (37)
the Landau Hamiltonian (35) takes the form
1
Hian = ﬂ(ni +7m2). (38)

From the canonical commutation relations of the operators x, y, p, p, one finds

(7, 7m,] = igB, (39)

and therefore the Hamiltonian (38) is algebraically the same as for the one-dimensional quan-
tum harmonic oscillator. More explicitly, one can define the creation and annihilation opera-
tors

1 1
a= (my +imy), a = (my —imy), [a,a'] =1, (40)

v/ 2qB v/ 2qB

so that the Hamiltonian and the energy eigenvalues take the form

qB ( 1 qB
Hign = ?(a’a—ki), E, = I(n+%) (41)

This effective dimensional reduction entails that the energy levels are degenerate. Each energy
level, which contains infinitely many states, is called a Landau level. The groundstate level is
called the lowest Landau level (LLL).

The degeneracy can be broken by exploiting the remaining symmetries of the system. That
is, by labelling the states in each Landau level by their eigenvalue for some other quantum
operator in the system which commutes with the Hamiltonian. The following operators

X—x+in Y = —irc (42)
- qB yo - .y qB X
which are the quantum version of the position of the classical center of the orbit, satisfy the
following commutation relation '
i
qB
and they commute with the Hamiltonian. We can define the following operator which mea-
sures the distance from the center of the classical orbit to the origin,
1

R? = X2+Y? = i(b"'bJr—), (44)
qB 2

where we have written it in terms of the following ladder operators,

b=\ %(X—iy), bt =\ %(X+iY), [b,b7] = 1. (45)

The R? operator can be used to label the different states in each Landau level. Defining |0, 0)
as the state which is annihilated by a and b, the states are labelled by two quantum numbers,
n, ¢ € Ny, |n,£), where £ is the eigenvalue for the b'b operator. Later it will be used that the
angular momentum operator,

/L\ = xpy_.ypx’ (46)
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which is not gauge invariant, in the symmetric gauge takes the following form in terms of
gauge invariant operators,

-~ 1 1 . ]
I = ——(n24+n2)+=qB(X%2+Y?) = —a'a+b'b. 47
35 )+ 4B+ V) (47)
Therefore in the symmetric gauge we can label the states by their eigenvalues for the
Hamiltonian and the angular momentum operator

B 1 ~
Hinln0) = L (ne3 )0, Tt = carOno. 48

It is clear that the ground states are given by |0,£). The wavefunctions in the coordinate rep-
resentation corresponding to the states in the lowest Landau level |0, £) are concisely written
in complex coordinates,

You(z,7) = Cp2t /e (49)

where C, is a normalization constant and

z=\/q_B(x+iy), sz/q_B(x—iy). (50)

So far we discussed the first part A; of the gauge field A; + A, in (30). The second part
gives rise to the delta-functional magnetic field (32). In fact, this term can be absorbed into the
above analysis by including a shift of the angular momentum (this is essentially the Aharonov-
Bohm effect). We discuss this in Appendix B. The final result is that the spectrum of our
problem is the same as that of the Landau problem with a shift of N of the angular momentum.

3 Localization of the fluctuating giants

Our goal is to calculate the %-BPS index as a sum over all possible paths of %-BPS configurations
of gravitons and D3-branes in AdSs x S°. As explained in the introduction we think of the
branes as a gas of instantons in the Euclidean theory with periodic time and with all fields
having periodic boundary conditions around the time circle. In the bulk theory we can write
the index as the following functional integral,

o0
I(g) = J dumJ A eXP(Sbranc+sugralPms M, Uin)) 4 - (51)
m=0 J M(m)

Here m labels the number of branes and u,, labels the moduli space M(m) of m branes. Recall
that the moduli space of one supersymmetric brane is the union of the space of giant gravitons
(labelled by 6, in (19) for one giant) and the space of dual giants. The fields ¢,, denote the
%-BPS fluctuations of the supergravity fields and of the collective coordinates of the branes in
the ambient space. Spranetsugra 1S the combined action of the branes and the supergravity as
a function of the moduli and of ¢,,. The charge R is the R-charge used in the index (1), and
acts on the space of %-BPS brane configurations and their fluctuations in string theory. The
parameter g is an external parameter with |gq| < 1, which can be regarded as a background
value for the gauge field in AdSs x S° that couples to R.

The fluctuations of supergravity fields above can be thought of as a gas of gravitons sur-
rounding and interacting with the branes. The fluctuations of the collective coordinates of
the brane include a gauge field and scalars corresponding to motion in the transverse direc-
tions. The bosonic action for these fluctuations is given by the DBI+CS action (18). The brane
preserves 16 and breaks 16 of the 32 supercharges of the background. Correspondingly, it
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contains 16 fermions in its low energy fluctuation spectrum. The supersymmetric version of
the action is constructed (for one brane) using a combination of superfield and x-symmetry
methods [60,61].

As explained in the introduction, our strategy to calculate the path integral (51) is to
localize it to Q-fixed points where Q is one of the supercharges.'® Equivalently, we construct
a Q-exact action QV and add it to the action with a parameter that we take to infinity. The
sum over configurations in (51) thus reduces to a sum over the critical points of QV of the
classical brane action times the one-loop determinant of quadratic fluctuations. As we see
below, the critical points are given by the maximal giants. The quadratic fluctuations factor
into the quadratic fluctuations of the supergravity fields and those of the brane coordinates.
The contribution of the former is simply that of a free gas of supergravitons. As we see below,
the latter reduces to a supersymmetric version of the Landau problem.!!

In Section 3.1 we briefly review the superalgebra in the presence of the branes. In Sec-
tion 3.2 we describe the theory of small fluctuations of the branes including fermions, and set
up the localizing action. In Sections 3.3 and 3.4, we calculate the critical points and one-loop
determinants of this action.

3.1 Symmetry algebra

The superalgebra of the background AdSs x S° is psu(2, 2|4). The bosonic sector of this algebra
is s0(2,4) ®su(4) and there are 16 Q-supercharges and 16 S-supercharges.

Recall that the semiclassical %-BPS giant graviton wraps the S C S°, stays at the ori-
gin of AdSs and moves on a circle in S°> parameterized by the angle ¢. Therefore it pre-
serves so(4) @ so(4) ® R in the bosonic sector, where the two so(4) algebras correspond to
the spatial rotation of AdSs and the rotation of the S® C S°, respectively. The generator of R
is H—R, which act as H = —id,, R = —i%&'(p in the embedding coordinates. The corresponding
generator in the Euclidean theory is 9, — i%8¢ and generates u(1).

The algebra of the preserved symmetries is as follows. The so(4) rotations of $3 c AdSs

is su(2) @ su(2) with respective generators Jaﬁ and J /i . Similarly, the so(4) rotations of S c S°
is su(2) @ su(2) with respective generators r‘g and ?Z. Here, as usual, the indices a, &, A, A,

B, B, B, B label the doublet representation of su(2). The supercharges (Q* ,SBﬁ ), (Qag ,5BB)
fall into the representation (%, 0, %, 0)e (0, %, 0, %) of the four su(2) algebras. The embedding
of the symmetries of the brane in the symmetries of AdSs x S° is given in Appendix C. The
non-zero anticommutators of the supercharges are

1
(@458} =647F —68r4 + 50064 H-R), .
5
5 B _ sBFP L PB o 1P B
{Qia, 8%} = 6570 + 847, + 260,65 (H-R).

Compared to the notation in Appendix C, we have dropped the ’ from the supercharges and
set R, = R. Note that each line of (52) is almost equivalent to su(2|2) algebra with 6 bosonic
and 8 fermionic generators. For a choice of its real form, this is observed to be the 2d chi-
ral NV = 4 supersymmetry algebra (here J generates the sl(2) and r generates the su(2)),
which may potentially be useful. However, it is misleading to try to identify the brane theory

107 priori, the non-perturbative definition and convergence of the functional integral (51) is not completely
clear. We thank the referee for emphasizing this point. As we see below, we can calculate the integral at weak
gravitational coupling using localization with well-defined rules. The agreement of the answer with the boundary
result, as expected from AdS/CFT, indicates that we are doing the correct thing.

11n general, the fluctuation analysis is non-trivial, as the supergravity fields are coupled to the fluctuations of the
branes. We thank the referee for questioning this point. Localization allows us to analyze this in a weakly-coupled
limit in which the gravitons and the open-string modes can be separately diagonalized and calculated.
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as having a 2d (4, 4) algebra, especially because of the existence of the central extension H—R,
which is the same in both lines.

In fact, this last term on the right-hand side of (52) is crucial. The theory of %-BPS states
corresponds to the singlet excitations of the brane in the two S>s, as can be seen from the

algebra (52). Upon truncating to this sector we put the charges Jaﬁ and r% (and also J* %

and 7‘2) to zero. Now we choose the supercharge Q' = v/2Q and its conjugate S;” = v2Q,
which, in the singlet sector, obey

{QQ} = H—R = —i(8,—108,) = 8, +i10,. (53)

The idea we use below (which has been used before in other localization calculations) is that
the fixed points of this subalgebra, in the Euclidean theory with appropriate reality conditions,
are fixed points of 9, and i, separately. We achieve this by constructing an appropriate Q-
exact action that we add to the action of the brane and then localize to the critical points of
the deformation.

3.2 The theory of small fluctuations including fermions

In Section 2.3 we saw that the Lagrangian of quadratic fluctuations of the maximal giant is the
sum of two Lagrangians: the first part governs the fluctuations of the brane in the x;, x5 (or,
equivalently, the p, ¢ directions), and the second part governs the fluctuations of the other
bosonic directions (r,S3 ¢ AdSs), and the gauge field on the brane. The latter part is gapped,
while the former part is equivalent to a two-dimensional particle in a transverse magnetic field.

The low-energy theory on the brane contains 16 fermions corresponding to the broken
supersymmetry generators. From the discussion in Section 3.1, we deduce that they transform
in (O, %, 0, %) ® (%, 0, %,0) of so(4) ® so(4). Now consider one of the supercharges Q which
obeys the algebra (53). This induces a pairing of the bosons x;, x, and two of the fermions,
which we call A, A,, and between the other six bosonic fields and the remaining 6 fermions
of one of the copies. Since the remaining 6 bosons are gapped, we expect the same for the
corresponding 6 fermions due to Q-supersymmetry, and we expect a unique ground state of
this gapped system. The ground states of the full system are a tensor product of this ground
state of the gapped system with the (x1, x5, A1, A,) system. In the doubled theory, again, 6 of
the fermions will be gapped because of pairing by one of the Q supercharges.

The interesting subsystem is therefore described by (x, x5, A1, Ao, 11, JNLZ), which we now
proceed to analyze. Here A, ,(t), Xl’z(t) are two real 1-dimensional Majorana fermions,
i.e. Grassmann-valued fields. One should be able to derive the full supersymmetric Lagrangian
from a direct analysis of the brane dynamics including fermions and analyzing its k-symmetry,
but we postpone such an analysis to the future. Instead we simply supersymmetrize the bosonic
Lagrangian that we derived from the brane dynamics. This theory should be unique up to the
quadratic order that we need.

First we focus on the (xq,x,, A1, A5) system without doubling. The supersymmetrization
of (33) is given by the following simple Lagrangian,'? see e.g. [63-66]:

2
L 1. 1.. . .
N ﬁ?:llzz(Z) = Z (Exlz — Elki A’i + xiAi) —lBA:lAZ , (54)
i=1
with
S e S A T 9x; Oxy L’

120ne can think of this Lagrangian as a dimensional reduction of a supersymmetric Chern-Simons theory in three
dimensions [62]. The bilinear coupling of the fermions to B is also familiar from this description.
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This Lagrangian is invariant under N' = 1 supersymmetry transformations [63]. In fact it is
easy to check that the Lagrangian (54) is invariant under the following A/ = 2 supersymmetry
transformations

S1x1 = Ay, 614 = —ixy, 61x3 = Ay, 51y = —iXy, (56)

5yx1 = Ay, bgAy = —ixy, baxy = —A1, Sy = iX,.

The above variations obey the algebra (calling the new time coordinate T for now)
(61)* = —2i0r, (82)* = —2i0r, {61,65} = 0. (57)

Now that we have constructed the supersymmetric theory of maximal brane fluctuations,
we need to map the charges of the original theory onto this new theory. From the change of
coordinates (24), we see that there is a corresponding shift of the time-translations as

T 1
(69) = (L1 —¢) = 3, = =5, —i8T=—i(at—Z8¢). 58)

Now comparing the right-hand side of (§;)? in (57) with the relation {Q,Q} = H —R in the
original SYM theory, we see that we should identify R = —;—'aw on the space of fluctuations of
the maximal giant. Note that the reality conditions on the field fluctuations of this space is the
one relevant for the fluctuations of the saddle in the Euclidean theory, and is different from
the physical brane fluctuations.

In fact, the Lagrangian (54) can be written as a Q-exact term. Choosing Q = 6; given in
(56) we have

1 1. .
Vi = 5(A1Ql1+le7Lz) = —15(X17L1+x2)\2),

1 1 (59)
Vo, = —iz(szX1—X1QX2) = —iz(sz—xﬂz)-
It is easy to check that
1,. . . .
QV]_ = E(X% + X% - lklkl - lkzkz) ,
1 (60)
QVz = _E(XZ X1 — X9 ).Cl _2iA.1A.2),
so that, with V =V; + V,,
QV = = Lo (61)

N max
Thus, in order to obtain the fixed points of Q, we can study the critical points of the bosonic
part of this Lagrangian, which is precisely the Landau Lagrangian (33).
Before doing so, we include the doubling of fermions in the fluctuations of the maximal

giant. Now we have the fermionic fields 4;, 4;, j = 1,2, and the action is given by

2 ) .2

L 2 1 22 ; t ) [ L 2 i B2, A

N VLI L DI IE LY A
= j=1 =1

with A;, Ay, B given, as before, in (55). We already saw that the fields (x;, ;) are paired
so that the first line of (62) is supersymmetric under the action of the supercharge Q. The
fermions A j» on the other hand, are inert under the action of Q. The total system, therefore, is
supersymmetric, but in a sense that is slightly unusual in that one set of fermions do not have

bosonic superpartners.!3

3 The full theory of the brane discussed in Section 3.1 has a symmetry that exchanges the Q andfj supercharges
and, simultaneously, the A and A fermions. Accordingly, (62) is also invariant under a choice of Q, in which case
the fields (x;, A;) are paired and A; are singlets.
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3.3 (Critical points

Now we study the critical points of the supersymmetric Lagrangian QV discussed in the above
subsection. Upon setting the fermions to zero, we obtain the bosonic Lagrangian (33). We
then perform the Euclidean continuation t = —ity and impose that the field configurations
respect periodicity in t; with period . The functional integral in the Euclidean theory is
weighted by exp( f dty LE2) 14 with (here = %)

max
_1-2 1 2.2 1 2 .
= 5P P97 +5(iB)po. (63)

Since the Lagrangian is independent of ¢, the angular momentum is a conserved quantity,
ie.,
L, _ LoLhy
NET N 3¢
We now use the conserved quantity J; in order to eliminate ¢ and reduce the problem to a
one-dimensional problem for p(tg). The resulting equation is

) . d
= —ngo—%przj —Jg = 0. (64)
dtg

pp = S+ =Jz. (65)

Since p is a radial variable in the physical problem, we continue to demand that p(tz) is a
non-negative real field in the Euclidean problem. The equation of motion (65) then implies
that J; is real and that ¢ > 0. The periodicity of p(tz) implies that the only consistent option
is p =0, and therefore p =0 and J; = 0.

We see from the discussion in Appendix B that the theory of the brane fluctuations is
equivalent to a 2d particle in a constant transverse magnetic field with angular momentum
shifted by N units. Thus we see that the above critical point corresponds to the proper angular
momentum being equal to N, which is the maximal giant graviton solution. In other words,
the functional integral localizes to maximal giant gravitons. We note that the set of critical
points does not include the dual giants.'®

3.4 One-loop fluctuation determinant

In this subsection we calculate the determinant of quadratic fluctuations of the maximal giant.
As in any instanton calculation, the fluctuation determinant is calculated over the fluctuations
of background fields (supergravitons) and of the collective coordinates or open string fluc-
tuations of the branes. The localization analysis allows us to go to the weakly-gravitational
coupled limit, in which the supergravitons and the collective coordinates can be separately
diagonalized. The first problem of integrating over the fields of supergravity is equivalent
to calculating the index (1) on the Hilbert space of the gas of supergravitons, and is given
by Isugra(q) = Ioo(q)
Our formula for the bulk index thus reduces to the following localized form,

18(q) = Lgra(@) ) J A exp(SE) (@msm)) (66)
m=0

where ¢, denotes all the fluctuations of the maximal giants with periodic boundary conditions

on the Euclidean time circle, with quadratic action Sk(j;ne' The functional integral (66) is

equivalent to the original index (1) evaluated on the Hilbert space of small fluctuations of the

14We take the convention that the functional integral in the Lorentzian theory is weighted by exp(iS).
15This is in contrast with the duality between giants and dual giants in the Lorentzian theory [2,46,67].
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branes. In the following discussion we analyze one brane (m = 1), and in the next section we
move to multiple branes.

The small fluctuations split into massive and massless modes. The massless modes
for m = 1 are governed by the Lagrangian (62). All the other fluctuations of the brane are mas-
sive and R commutes with the Hamiltonian governing them. Therefore, by the usual pairing
argument, they do not contribute to the index. Thus we are left with calculating the index (1)
in the theory of (xq, x5, A1, Aq, 11, 12) governed by the Lagrangian (62). This is a well-defined
quantum system without gravity. Therefore, we can calculate the quadratic fluctuation deter-
minant as a functional integral or, equivalently, as a Hamiltonian index on the Hilbert space
of fluctuations. Here we use the Hamiltonian formalism as it is easier, and also physically in-
structive. It would also be interesting to calculate this determinant in the functional integral
formalism. Our approach is to canonically quantize this system and calculate the index by
explicitly listing the ground states of this system.

As in Section 3.2, we start by considering the theory of (x;, x4, A1, A5) with the following
Lagrangian,

L 1. 1. 1 . . 1.. 1.. .
]v ﬁ;}:i(z) = Ex% + EX% + EB(—X]_ X9 +X2 Xl) — El},l)(,]_ - Elkzkz —lBA]_A,Z . (67)

The corresponding Hamiltonian is

H —1( +le )2+1( —le )2+£B[7L As] (68)
SLan_2p12 2 2P22 1 5 1,72]-
The canonical commutation relations are
[x;,p;] = i6;, {Ai, 45} = 6y5. (69)

The algebra of the bosonic sector is unchanged, so the bosonic sector can be solved exactly
as for the original Landau problem. In the fermionic sector we see that the anticommutation
relations for A; (69) define a two-dimensional Clifford algebra. We use the following repre-

sentation,
1 1

M o= —=0,, Ay = —
1 ﬁl 2 \/E

where o;, i = 1,2, 3 are the Pauli matrices. The Hamiltonian in this representation reads

02, [A’:[:AZ] = i0'3, (70)

1

1 1 2 1 2 1
HSLanZE p1+§Bx2 +§ pZ_EBxl —5303, (71)

which is a bosonic and a fermionic oscillator, both of frequency B.
The Hamiltonian now takes the following form

Hgian = B (a“"a + %— %03) . (72)
Labelling the two eigenstates of o5 as
%03 Is) = s]s), s = :I:% , (73)
the energy spectrum of the Hamiltonian is given by
E,, =B (n + % —s) . (74)

The ground states have n =0, s = % and have zero energy.
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The angular momentum operator, including the fermionic spin, is given by

~

1.
L = lez—xzpl—il[lblz]- (75)
Using the Pauli matrices representation of the so(2) Clifford algebra we have
~ 1
L = lez—X2p1+§O'3. (76)
The bosonic part of the angular momentum operator for the Landau problem was discussed
in Section 2.3. The states can be completely described by three quantum numbers |n,¢,s)

and have the following eigenvalues of the Hamiltonian and angular momentum operators,
withn,{ =0,1,2,... and s = :l:%,

Hn,L,s) = B(n—l—%—s) In,¢,s),

(77)
Lin,{,s) = (—n+€ +s)|n,£,s) .
Now we consider the following Lagrangian with all four fermions,
L . 1. 1. 1 . . 1. 1.. .
]v L?;l:§2 = EX% + EX% + EB(—X]_ X9 + X9 Xl) — Elklkl — 5112),2 — lBA]Az
1 ~ ~ 1 ~ ~ ~ ~
— Ei)tlll — Eilz)tz —iBA{A,. (78)
The Hamiltonian takes the form
1 1 2 1 2 i o~ o~

Hgrana = 5 Pt EBXZ + 5 D2 — EBXI + 53[11112] + 53[9\1,12]- (79)

Then, the non-zero canonical commutation relations for the position, momenta, and fermionic
operators are
[x;,p;] = i6;;, {A, A} =0 {Ai, A} = 6y5. (80)

The algebra of the bosonic sector is unchanged, so the bosonic sector can be solved exactly as
for the original Landau problem. For the fermionic sector, as before, we use the representation
in terms of two sets of Pauli matrices:

ij>

1 = 1 _ ~ ~
A = Eoi: {o,,0;} = 26, A = Eo-i: {01,0;} = 26;;, (81)
so that we now have a product of two two-dimensional Clifford algebras. The Hamiltonian is
g o011 ~
Hgpano = B aa+£—§(03+03) ; (82)
where o
i03 = [Al,lz], 16-3 = [)'1:)('2]* (83)

The angular momentum operator is
-~ 1 -
L = xlpz—x2P1+§(03+03), (84)
and the spectrum takes the form

Hln,L,s,s) = B(n+%—(s +§)) In,{,s,s) ,

Lin,¢,s,3) = (—n+€ +s +§')|n,£,s,“) s

(85)
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where 5,5 = :l:% are the eigenvalue of the operator %03, %53, ie.,

Sols R =slsd), 5FIs8) =518 (86
n,E,—%,E) and |n+ 1,0, %,
and f, and the same is true for n,f,s,—%) and \n+ 1,4,s, %) Since as we later show, the
states in each pair have opposite fermion number, they cancel and do not contribute to the
index, and the only states that contribute are the ones in the LLL with both s,s eigenvalues
positive.

The LLL are the least energy states,

11 B
0,6, PR = —=
2°2 2

Again, notice that the states

s~> have the same eigenvalues for H

H

11
05£: 53 §> ) (87)

which have the following eigenvalues for the angular momentum operator

~ 11
an}§>_@+n

11
0.0. = =
Je, 232>) (88)

with £ > 0.
Now we can assemble our results. We had identified the R charge operator as R =—id /d ¢
on the space of fluctuations, where it takes the form

9, =L. (89)

On the ground states of the LLL, this takes the values R =1, 2,..., each with degeneracy 1. In
other words,

oo
TryL gt = an = _1Eq’ for |q| <1. (90)
n=1

The sign of the index

Since we are computing a Witten index, we should track the eigenvalues of the states under
the fermion number operator (—1)F. According to the AdS/CFT duality, this operator is simply
the fermion number in the bulk. In the theory of quadratic fluctuations that is relevant to us
here, the fermion number is a tensor product of the fermion number operator acting on the
supergravity fields and on the brane fluctuations. We have already analyzed the former in
calculating the index of supergravity fields. The brane fermion number at the quadratic level
naturally descends from the current

F = % >, Jd“a [ (o), ()], (o1)

fermions )

which is built up of the free fermionic fluctuations in its worldvolume theory. For our quantum
mechanical system this is given by

i ~ o~ 1 ~
F = —é([kl,lz]"‘[kbaz]) = 5(‘73"‘03)- (92)

The fermionic sector is spanned by the states [s,s) with 5,5 = i%, with (—1)F = (—=1)**.
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As stated earlier, the states |n, £, —%,3) and |n +1,¢, %,3} have the same eigenvalues for H
and L, and moreover they have opposite (—1) eigenvalue, and therefore their contribution to
the index cancels. The same applies for the states of the form n,ﬁ,s,—%) and |n +1,4,s, %)
The only case where there is no cancellation is for the LLL, with all states fermionic.'® This
concludes the computation of the Witten index for the quadratic fluctuations of one maximal
giant, the complete answer being

Tr,e  (—1fqt = ———. (93)

max. giant 1— q

We note that we have used a simple, natural version of fermion number in the quadratic sector
of the brane system,'” which should be universal, in order to define the bulk Witten index.
This gives the answer expected from AdS/CFT.

4 Multiple giants

In this section we address the problem of multiple giants. We first rewrite the bosonic Landau
Hamiltonian

1 1 1
Hian = 5(pY+p7) + SL2(x* +¥?) = 2 (xpy —yps), (94)
in complex coordinates
p= —(x+iy),  F= —=(x—iy) (95)
ﬁ y 3 ,‘/E y b
to obtain ]
1 _ 1 _
HLan = p;pz t+ ﬁzz - Z(sz _Zpi)’ (96)

where p, and p; are the conjugate momenta to z and z. The associated Lagrangian is
—_ l —_ =
L =22 — Z(ZZ — zz) s 97)

and the canonical momenta

z, Dz = z'+%z. (98)

The generalization to m coincident giants consists in promoting the scalar fields describing
the transverse fluctuations of the branes to m x m matrix-valued fields transforming in the
adjoint of U(m). The fluctuations of one giant with two bosonic degrees of freedom is described
now by two matrix-valued scalar fields. Two different hermitian matrices, in general, cannot be
simultaneously diagonalized. However, the Landau problem is special since the Hamiltonian
for two bosonic degrees of freedom can be reduced to the Hamiltonian of a one-dimensional
harmonic oscillator. Moreover, in complex variables the annihilation operators take the form
such that the functions which are annihilated by them are any holomorphic function times a
Gaussian. This holomorphicity is what makes the groundstate spectrum for the matrix problem
solvable. (See e.g. [48], [14] for more details and related discussion.)

16The same conclusion can be reached by noting that there is an additional Q susy in the system, cf Footnote 13
and repeating the arguments for the theory of two fermions.

7However, as noted earlier, the rigorous derivation of the full fermionic sector remains to be done. We thank
the referee for emphasizing this point.
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Essentially, the problem reduces to m decoupled eigenvalues, with energies 1,2, ...m, each
of the type that we discussed in the previous subsection. Therefore the answer is given by the
product of (93) with q — ¢/, j = 1,2,...m. In the rest of the section we write out some of the
details of the reduction to the holomorphic sector.

Consider the non-abelian generalization of (97) which describes the bosonic part of m
coincident maximal giants,

L, =Tr (zz' - %(z’z“ - Z'Tz)) : (99)

where Z and its adjoint Z are m x m complex matrices. Writing out the indices we get

Ly =Tr (Z (Z.ij(Z.T)jk - %(Z'ij(ZT)jk _(ZT)iijk))>

j=1

= Z (ZIJ(ZT)_]I ZU(ZT)JI (Z'Jr)ijzﬁ))

m . (100)
= Z (ZUZ Zl]_Z]lZ]l))
i,j=1
m — -
= Z (Zl]ZU Zl]_ZlJZU)) .
i,j=1

That is, it consists of m? copies of the Lagrangian of the Landau problem with 2m? degrees of
freedom. The canonical momenta take the form

oL - i— — oL . i
Pij == .m = le—zzu, PU = Tm == le+zzl], (101)
and the Hamiltonian reads
H, = Z (pijpij+Lzz Zy; Z(Zi]-Pij—ZijPij)). (102)
i,j=1
From the canonical commutation relations
[Z::,P:] = i [Z;:,P;;] =i sincep—ia 5—1‘3 (103)
ij>tijd — b o iyd T 5o j azij, iy (’}Z-j’
we can write the Hamiltonian in the following form
m . 1 mZ
H, = Z (zijz'ij+ Z) =TrZ'Z+ T (104)
i,j=1

with the operators appearing in the Hamiltonian satisfying the following commutation rela-

tions 9

[Zij’Zij] = Z (105)
Therefore, the Hamiltonian (104) describes m? one-dimensional harmonic oscillators, or the
matrix harmonic oscillator described by an m x m Hermitian matrix, which we can write as

Hm = %(—%A +Tr(W?)), (106)
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for W an m x m hermitian matrix and A the kinetic operator for the matrix problem

m
3% 1 a* a*
— + — + . 107
2. oWz 2. OReW; = 0ImW} (107

i=1 i 2 1<i<j<m

We can now use the classical results of [68], where it was shown that enforcing the U(m)
invariance of the system, it gets reduced to the dynamics of its m eigenvalues which behave
as fermionic fields. More concretely, the wavefunction becomes a function of the eigenvalues
w; of W only, being an eigenfunction of the sum of m harmonic oscillators

2 3?
- (——Z Gt TV ) (108)

with an added prefactor

1<i<j<m

which makes it antisymmetric under the exchange of any two eigenvalues. To write the so-
lution in terms of our original variables Z, Z7, we write the following representation for the
annihilation operators

. - i . d 1 . %% 9 ZijZij
Zij = PU_ZZIJ = —1 54‘ ZZU = —1e L —e L | (110)
)

The groundstate wavefunctions annihilated by these operators therefore take the form

Tr zz“f)

,,,(2,Z") = CF(Z)e 1, (111)

where C is a normalization constant and F(Z) is a holomorphic function of Z. The angular
momentum operator in the symmetric gauge in the Z, Z coordinates is

i i 1 i 0 0
L i,j=1 L ij=1 0Z;; 9Z;
(221

The Gaussian function e”— = is annihilated by it and therefore the angular momentum
operator on the LLL wavefunctions gets reduced to its holomorphic part

hlr—l

J|LLL =

i} %37 (113)

Once we have restricted ourselves to the holomorphic part of the problem we can diagonalize
the angular momentum operator to

Z i
'0z;°

=
M=

Il
—

JlLLL = (114)

i

where z; are the eigenvalues of Z, and the wavefunction for the groundstate of the Hamiltonian
(104) takes the form

(2 = cf @) [] Gimzpe i, a15)

1<i<j<m
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where ¢ is a normalization constant, ]_[1 <i< jsm(zi — 2;) is the Vandermonde determinant ap-
pearing from the diagonalization and f (z) is a symmetric function of the eigenvalues ;.

Having found the general form for the groundstate wavefunction, the only thing left is to
compute the spectrum of groundstates labelled by their J-eigenvalue. As explained in Section
2.3, for the case of a single particle in the LLL the states can be labelled by their angular
momentum eigenvalue in the symmetric gauge, with the spectrum being the same as for the
harmonic oscillator. For m coincident giants, the problem is similar to the one of studying m
fermionic particles in the LLL, and one can see that the wavefunction (115) is similar to the
Laughlin wavefunction. In the latter case, the groundstate consists of m fermionic oscillators,
and therefore the J-charge spectrum should look like the one of m fermionic oscillators with
frequencies being 1, ..., m multiples of the single-giant frequency.

This is indeed the case. First, the following derivative of the Vandermonde determinant
just gives the number of terms in the product

(iziai) [T G2 =" ] @2, (116)

i=1 1<i<j<m 1<i<j<m

Second, the set of wavefunctions of the form (115) which are eigenvectors of (114) is
spanned by the symmetric function f(z) being a monomial symmetric polynomial of the m
eigenvalues z;. The number of monomial symmetric polynomials in m variables of total degree
¢ is given by the number of partitions of £ into at most m parts. If we include the shift by 1
induced by supersymmetrization of the Hamiltonian so that the angular momentum of each
particle starts at 1, it will be given by all partitions of £ into exactly m parts, p,,(£), which has

generating function
oo m 1
> a4 =q"] ] : (117)
=1 n-1 174"

Then the number of states contributing to the index from the m x m matrix sector is

m

1

m(m—1)/2 .m

q q ]—! e (118)
n=

The contribution has to be graded by the number (—1)F. The groundstates for the single giant
case are all fermionic, having all (—1)f = —1. Since (—1) is multiplicative, for the case of
m coincident giants the operator (—1) is given by m times the single giant one, (—1)™, and
therefore the graded contribution to the index of quadratic fluctuations is

qm(m+1)/2
)"
(Dim
Finally, we still have to add the R-charge of the m maximal giants, with each one shifting the
value by N units so that the final contribution for m coincident maximal giants to the index is

(119)

qm(m+1)/2
(g (120)
(Dm

A comment on the M2 and M5-brane theories

As described in Footnote 9, the bosonic Lagrangian for the quadratic fluctuations of a single
maximal giant graviton in AdS, x S”, which is an M5-brane wrapping S> C S’, and of a single
maximal giant graviton in AdS, x §%, which is an M2-brane wrapping S? C %, are both essen-
tially the same as the fluctuations of the maximal D3-giant graviton in AdSs x S°. Therefore,
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it appears that for a single maximal giant graviton one can extend the analysis of Section 3
to these two cases to produce the same result.!® This is actually consistent with the %-BPS

indices of the corresponding boundary theories of N M2-branes or M5-branes. Indeed, the %
BPS indices for k = 1 ABJM theory with gauge group U(N) x U(N) and for the Ay_; 6d (2,0)
theory coincide with the %-BPS index for N' =4 SYM with U(N) gauge group given in (2), as
shown in e.g. [69] and [70], respectively. This predicts that the full giant-graviton expansion
agrees for all these cases.

The analysis of this section for multiple branes will also go through if the matrix problem
reduces to decoupled eigenvalues with charges 1,2, 3,.... The non-abelian theories for M2- as
well as M5-branes involve a matrix-valued holomorphic scalar field as in the D3-brane theory.
For the M2 case, the matrix-valued scalar field is in a bifundamental representation of the
gauge group, and these transformations can be used to diagonalize the matrix. The complete
non-abelian structure of the M5-branes is not known, but in any string theory limit, as in [70],
the adjoint action of the gauge group can be used to diagonalize the matrix. It would be
interesting to work out the details of the non-abelian structure and verify the prediction of the
giant-graviton expansion for these theories.
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. . 1 .
A Derivation of the 3-BPS expansion
It is useful to introduce the g-Pochhammer symbols

=] Ja=xd™,  @n=(g:q). (A1)

j=1
in terms of which we can write Iy(q) = 1/(q)y. We have
In@) _ (@ Doo _ ("1
Io(@)  (¢qQn
The identity (3) follows by substituting x = gV ™! in the identity

;Q)oo . (A.2)

(X;q)oo = n;)amxm: am:(_l)m%- (A.3)

18We would like to thank the referee for raising this point.
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The formula for the coefficients a,, can be easily proved by induction in m [71], by noting
that ay = 1 and by using the functional equation

(5000 = (1—x)(gx;q) 0 » (A.4)

both of which follow from the definition (A.1) of the g-Pochhammer symbol.

B Flux tube and spectral flow

In this section we study the effect of reintroducing the gauge potential term A,, which we
dropped in Section 2.3, on the spectrum obtained for the Landau problem. We explain how
the term A,, which describes an infinitely thin solenoid at the center of the plane carrying N
units of flux, leaves the spectrum of the Hamiltonian invariant, but produces a change in the
spectrum of the J operator at each Landau level. We do so in two ways, by looking at how the
Hamiltonian operators for the two systems are related, and by seeing the change as an extra
Aharonov-Bohm phase in the wavefunctions due to the added flux.
As we saw in Section 2.3, the gauge potential

. N L?
A= —(xy—-y)|1—-—— |, B.1
Lz(xy yx)( X2+y2) (B.1)

naturally splits into two parts as

- -

: 7 N . 7 xy—yx
A=A +A,, A = E(XJ’_J’X), Ay = -N———

. B.2
e (B.2)

Upon discarding A,, the Landau Hamiltonian (35) becomes, in polar coordinates,

go— L 18(8)+(i3 N)Z B.3)

T oN/L| pap pap pdp 2P) |- ’
As we discussed around Equation (32), the gauge potential A, is flat everywhere outside the
origin, and corresponds to an infinitely thin solenoid, i.e. a magnetic field of strength 27N

along a vertical line through the origin pointing downwards. Reinstating this term, we obtain
the full Hamiltonian to be

! 10 0 i 0 N N
n= g ras (o) (hae ety | ey
Thus we see that the ground states of the full Hamiltonian are given by the ground states
of the Landau problem, but with the angular momentum shifted by N units. This is simply the
angular momentum of the ground state of the giant.
The change in eigenvalue for the J operator when we reintroduce the A, term can be seen
as a consequence of the Aharonov-Bohm effect. Consider the Landau Lagrangian (33). As a

particle goes around a loop in the presence of a gauge field 4, its wavefunction will acquire
the following Aharonov-Bohm phase

b = §>A'-d§ = 2nd, (B.5)

where @ is the total magnetic flux enclosed by the loop.

24


https://scipost.org
https://scipost.org/SciPostPhys.17.4.098

e SciPost Phys. 17, 098 (2024)

Consider the state in the lowest Landau level |0, £), with wavefunction (49) given in the
units and variables of Section 2.3,

’(’DO’Z = Cf Zee_lzlz/“' = Cf pfeif(pe—pz/4' (B.6)

Now imagine turning on a small flux A® through an infinitely thin solenoid placed at the
origin. By performing a (singular) gauge transformation we can eliminate the flux so that the
wavefunction changes as v — e 'A% )y, Therefore ) is single-valued only when A® is an
integer. Upon changing the flux A® from 0 to —N adiabatically and then performing a gauge
transformation to eliminate it, the eigenstate in the lowest Landau level with eigenvalue ¢
for the angular momentum operator J transforms to an eigenstate with eigenvalue £ —N. In
other words, the change in angular momentum is seen to be a consequence of the —N units
of flux through an infinitely thin solenoid. This phenomenon is similar to Laughlin’s pumping
argument in the studies of the quantum Hall effect (see, e.g. [58,59]). In our case it just comes
out of the quadratic fluctuations of a maximal giant. It can be put on firmer mathematical
grounds by defining an index which computes the difference between the projection to the
LLL operators before and after applying the singular gauge transformation [72].

C Superalgebra of a giant graviton in AdS5 x S°

In this appendix we review the superalgebra that is preserved by the %-BPS giant graviton.
This symmetry algebra is also studied in [21].

The algebra of the background AdSs x S° is psu(2, 2|4). The bosonic sector of this algebra
is s0(2,4) ®su(4) and there are 16 Q-supercharges and 16 S-supercharges. The generators of
the algebra are

. Jf , with a, 8 = +,— and J ‘;‘5 , with a, [5 = +,—, which are the generators of Lorentz
transformations,

* P, ,with a =+,— and & = +,—, which is the generator of translations,
* H, the generator of dilations,

e K% with a = +,— and & = +,—, which is the generator of special conformal transfor-
mations,

« R! ;> with I,J = 1,...,4, which is the generator of R-symmetry, noting that it has 15
independent components since it is traceless,

. QIa,SIO‘, withI =1,...,4and a = +,—, and Q;4,5'%, with I = 1,...,4 and @ = +, -,
which are the supercharges.

The Cartan charges (E, j, j,R; ,R, ,R3) are given by

+ .

+ —

3 (C.1
37

E=H, j=J ==, g

T
Ry =R,—R%, R, =R,-R3, Ry =R

The Cartan charges of su(4)g (Rq,R3,R3) and so(6)g (R, ,R,,R,), which are isomorphic, are
related by

Ry = R, +R,,
R, = R,—R,, (C.2)
Ry = R, —R,.
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Therefore we also have the following relations

R, =R,+R%, R, =R,+R}, R, =R,+R%. (C.3)

The semiclassical %-BPS giant graviton wraps the S C S°, stays at the origin of AdSs and
moves on a circle in S°. Introducing the brane breaks translation and special conformal sym-
metry, so the theory with the brane preserves so(4) ®so0(4) @R in the bosonic sector, where the
two so(4) algebras correspond to the spatial rotation of AdSs and the rotation of the §® C S°,
respectively. The wrapped D3-brane breaks half and preserves half of the supersymmetries.
The preserved supercharges are 8 Q-supercharges and 8 S-supercharges satisfying H = R, .
These are QljE s Q4jE , ézi , Q% and their conjugates Sli , 843'E , 52+ , S3*,

It is useful to give a notation consistent with the su(2) @ su(2) algebra:

72 | 12 A4 g = Ing =
QL =Q,, QL =Q7%, Qi1 = Qas, Q51 = Qs4,

12 > (C.4)
/E ot VL ol _ gt o2t _ o34
S'E=s*  §F=sr ST =3 §F=35%
1 1
1 _ 1 4 1 _ pl 2 _ p4 2 _ 1 4
r = E(RI_R4)’ ry, = Ry, r1 =Ry, Iy = _E(RI_R4)’
=~ _ 2 3 =1 _ p2 =3 _ p3 =3 _ 2 3
T = E(Rz_Rs)’ Ty =R3, i =R, ry = _E(RZ_RS)'

The full preserved algebra is obtained by starting with the algebra of the background theory
and setting to zero the generators of the broken symmetries, i.e. P, K, and the broken 8 Q-
supercharges and the 8 S-supercharges. In the following (anti)commutation relations, the
Greek letters take values +, — and the Latin letters take values 1, 2. The preserved supercharges
satisfy the following anticommutation relations

a’ a " J J

{87} =¢8L0f—5br] +%5f 5", (H—R,),
(C.6)

~ b S R S B
{Q’jd,S’ } = 875 + 84,7 + 5 84,67 (H-R,).

The so(4) = su(2) & su(2) subalgebra corresponding to the spatial rotations of AdSs is given
by

61 — 19 19 Ta
[Jaﬁ,JY ] = 5f Jo—5¢ JYﬂ, [T

Tl —

a Y _ st Fa
sJﬁ 5/3J5' (C.7)

The supercharges transform as a doublet under this subalgebra, i.e.,
! ;1 I — ~ o~ 1 . ~
0. ] =8Pl —580Ql,  [74.Q] = 64— 65T, .
T — p. 1 s ~o o1 _  ev gla 1 oy g7 )
[0F,8]]=-575 +55fs’1, [J‘;;,Sf } =58 +50%5

The so(4) = su(2) ® su(2) subalgebra corresponding to the rotation of the $® c S° is given by

I K1 _ <K I _<sI _K =~ =K| _ <K= _ < =K
[rJ,rL]—EJrL N [rj,ri]—éjrl 5Lrj’ (C.9
where rIJ and ?Ij are traceless. The supercharges transform as a doublet under this subalgebra,
with the following commutation relations

1 i~ . 1 . ~
[t = 85Q —58hQ%, [, Q] = 54 @+ 58, Qe
. . _ (C.10)
1 i ~Ka r ~ia 1 . ~Ka
I a1 __ I a I a =I — <K I
[rJ,S’K]_—5Ks’J+55Js’K, [rj,S’ ]—5J.S’ —58557.
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The Cartan charges (¢, j, J, ri,7;) are given by

{ =H-R, = E-R,, j=Jt=—1", j=Ji=-,

~ i~ (C.11)
rlzrll—rzzzRX+Ry, rizrli—rzzsz—R .

We observe that the algebra splits into two identical parts, with one being generated by

(J,Q’,S’,r,H—R,) and the other being generated by (J,Q’,S’,7,H—R,). So the bosonic part

of the algebra is two copies of su(2) @ su(2) @ R with 4 Q-supercharges and 4 S-supercharges

each.
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