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Abstract

Lattice non-invertible symmetries have rich fusion structures and play important roles
in understanding various exotic topological phases. In this paper, we explore methods
to generate new lattice non-invertible transformations/symmetries from a given non-
invertible seed transformation/symmetry. The new lattice non-invertible symmetry is
constructed by composing the seed transformations on different sites or sandwiching a
unitary transformation between the transformations on the same sites. In addition to
known non-invertible symmetries with fusion algebras of Tambara-Yamagami Zy x Zy
type, we obtain a new non-invertible symmetry in models with Zy dipole symmetries.
We name the latter the dipole Kramers-Wannier symmetry because it arises from gauging
the dipole symmetry. We further study the dipole Kramers-Wannier symmetry in depth,
including its topological defect, its anomaly and its associated generalized Kennedy-
Tasaki transformation.
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1 Introduction

Lattice non-invertible symmetry: Recently, the study of non-invertible symmetries in lattice
models with tensor product Hilbert spaces has attracted much attention [1-6]. These works
study the generalized symmetries in field theory initiated by the seminal paper [7]. While
an ordinary symmetry is defined by topological operators with group-like fusion rules, there
exist many examples of topological operators with more general fusion rules wherein an op-
erator does not necessarily have an inverse. The so-called non-invertible symmetry has been
extensively studied in field theories [8-12] and lattice models [1,2,13-18] in (1 + 1)d, and
later in higher dimensions [19-25] with potential applications in the particle phenomenol-
ogy [26-28].!

One of the common methods to generate a non-invertible symmetry is to gauge a discrete
Abelian group symmetry G [8,29]. In (1+1)d, gauging a O-form discrete symmetry G leads to a
gauged theory with a new 0-form symmetry G := Rep(G), where Rep(G) is the representation
category of the original group G. For a discrete Abelian group G, Rep(G) is again a discrete
Abelian group and is isomorphic to G. A well-known example is the gauging of a O-form Zy
symmetry. Suppose the Z, symmetry is generated by an operator 1 with n¥ = 1. Let us denote
the Kramers-Wannier (KW) duality transformation from the gauging of this Zy symmetry as
D. The invertible and non-invertible operators follow the fusion algebras of the Tambara-
Yamagami type TY(Zy) [30]:2

N
nxD=Dxn=D, DxD=» nk. (1)

k=1
For N = 2, this gives the fusion rules of the Ising CFT [31, 32]. If the theory is further invari-

ant under the gauging of the discrete Abelian group symmetry G, the non-invertible duality
transformation will become a non-invertible symmetry.

!We apologize in advance for missing references and welcome suggestions for additional relevant references.

2In this paper, we will only focus on the fusion algebra and leave the discussion of other fusion data in future
exploration. Therefore we omit the specification of the bicharacter and Frobenius-Schur indicator in the description
of fusion category throughout this paper.
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For a lattice model with a discrete Abelian group symmetry G, we can also find a non-
invertible symmetry by searching for models invariant under gauging the G symmetry. How-
ever, non-invertible symmetries in lattice models have a richer structure than those in field
theories. Even the lattice KW symmetry D from gauging a Z, symmetry exhibits a fusion rule
mixed with the one-site lattice translation operator T:

UxD=DxU=D, DxD=1+0)T, v?=1, 2)

where U generates the Z, symmetry. This lattice KW symmetry (2) is therefore beyond the
fusion category description [5]. This observation has been generalized to the subsystem non-
invertible symmetry from gauging subsystem Z, [33] and Zy symmetry [34] in (2 + 1)d. It
is desirable to have more examples of lattice non-invertible symmetries and further explore
the rich structures in lattice non-invertible fusion algebras. Moreover, lattice non-invertible
symmetries play an important role in understanding various exotic topological phases through
generalized 't Hooft anomalies [13, 35,36] and a generalized Landau paradigm [16,37-40].

In this paper, we study lattice non-invertible symmetries by composing a given non-
invertible symmetry, which we call the seed transformation, with another invertible or non-
invertible symmetry. This method has been very powerful in field theories. For example, in
the ¢ = 1 compact boson, there exist non-invertible symmetries composed of a Zy-symmetry
gauging and the T-duality transformation. Another example is the non-invertible symmetry
from the Adler-Bell-Jackiw (ABJ) anomaly [26,27], where the non-invertible rational-angle
chiral rotation symmetry is constructed by stacking a (2+ 1)d fractional quantum Hall state to
a non-conserved gauge-invariant current. This method has also been studied in lattice mod-
els. The non-invertible symmetry of the cluster state is constructed by composing two KW
duality operators that act separately on even and odd sites [6,41]. Furthermore, a subsystem
non-invertible symmetry is constructed by the product of KW transformations on every line,
a global Hadamard gate and the product of KW transformations on every column in [34]. In
this paper, we continue to explore this construction in models with dipole symmetries.

Dipole symmetry: Besides non-invertible symmetry, lattice models are playgrounds for other
exotic symmetries like subsystem symmetry [42-56],% fractal symmetry [63] and multipole
symmetry [64-74]. Models with these exotic symmetries attract much interest because they
admit quasi-particles called fractons with restricted mobilities [ 75-85] and have UV-IR mix-
ing in the continuum limit [49, 86-91]. In recent years, dipole symmetry has been studied
in new topological insulators [92-94], exotic quantum liquids [95-98], systems with non-
ergodicity [99-102], hydrodynamics with dipole conservation [103-106] and systems with
anomalous diffusion [107-109].

In field theories with dipole symmetries, the charge Q and the dipole D; in the x; direction
are conserved quantities:

Q:= f Jo, D; := f x;iJo, 3)
space space

where J, is the time component of the conserved current. The dipole conservation constrains
the mobility of a single charge. If we further impose translational invariance generated by
conserved momentum P;, the dipole symmetry mixes with the translation symmetry

3Subsystem symmetry is also known as gauge-like symmetry in previous literature [57-62] which is related to
topological memories at finite temperature.
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One can consider the simplest example with U(1) dipole shift symmetry in (1 + 1)d [67]

1
S:fd’[dx (%(a@)%ﬂ(a)f(p)z), ¢ ~¢+2m, (5)
which is invariant under the constant and dipole shifts:
(T, x) > p(T,x)+c+c,x, c,co €U(1). (6)

To gauge the symmetry, we need to couple the system with tensor gauge fields (A;,A,,) with
the exotic gauge transformation

AT _)AT + aTa(T’ x)’ AXX _)AXX + 3)?a(T,X), (7)

to cancel the contribution from shifting ¢ (7, x) by an arbitrary function a(7,x) € U(1). In the
literature, the corresponding gauge theory is called the U(1) dipole gauge symmetry although
both charge and dipole symmetry have been gauged.

The above analysis works in parallel for a lattice model with a Zy dipole symmetry. Here,
the charge and the dipole operators are

L L
NQ = l_[Xi, Np = l_[(Xi)l, ng="1p=1, Tnp=ngnpT, (&)
i=1 i=1

where X;, Z; are Zy Pauli operators acting on site i. The discussion of boundary conditions is
subtle for a dipole symmetry, and we will for simplicity assume a periodic boundary condition
with lattice size L = 0 mod N throughout this paper. The dipole symmetry acts as

Np: Zi—w'Z, w:=exp(2mi/N), ©

and the simplest symmetric interaction is Zi_l(Zj)ZZiH.

In this paper, we illustrate the procedure of simultaneously gauging the charge and dipole
symmetries on the lattice. We find that this gauging implements a non-invertible duality trans-
formation, which we call the dipole KW transformation. Similar to the case of field theory, we
will interchangeably use gauging the dipole symmetry and gauging the Zg X Zf] symmetry.

Non-invertible dipole KW symmetry: Although there are extensive studies of non-invertible
symmetry and exotic symmetry, the two types of symmetries are often treated separately, and
non-invertible symmetries in models with exotic symmetry are still rarely explored. There are a
few examples in lattice models with subsystem symmetry [33,34] and field theories with exotic
symmetry [110]. Studying non-invertible symmetries in models with exotic symmetry will
deepen our understanding of non-invertible symmetries and their fusion structures through
more non-trivial and exotic examples. For instance, the fusion of subsystem non-invertible
symmetry forms a grid operator which is a sum of non-topological invertible operators. In
this paper, we further construct and study the lattice non-invertible symmetry in (14 1)d spin
models with dipole symmetry.

By conjugating the global Hadamard gate with the ordinary KW transformation, we ob-
tain a new non-invertible transformation, the dipole KW transformation, that exchanges the
transverse field and dipole interaction. Surprisingly, the fusion algebra of the dipole KW trans-
formation mixes with the charge conjugation symmetry instead of the lattice translation,*
further extending our understanding of the lattice non-invertible structure. In Table. 1, we list
different fusion structures that are studied in this paper.

“In the appendix of [34], the charge conjugation also appears in the fusion rule of the subsystem non-invertible
symmetry from gauging Z, subsystem symmetry. In contrast with our discussion, the fusion rule in that reference
also mixes with the lattice translation. The fusion algebra mixed with charge conjugation also resembles the algebra
of non-invertible duality symmetries found in (3 + 1)d continuum field theories [24].

4


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104

e SciPost Phys. 17, 104 (2024)

Table 1: Different Fusion structures in (1 + 1)d models in this paper.

Duality transformation self-fusion Pattern
gauging Zy : D (Z]]jzl )T Mixed with lattice translation T
gauging Zy x Zy : DD, (Zl,jzl 77];)(2]12,:1 nk) No mixing
gauging Zo x Z2 : D'UD (Zijzl n("z)(zgzl nk)C | Mixed with charge conjugation C

The dipole KW transformation can be obtained from gauging the dipole symmetry. We then
study the topological defects by a half-gauging on the spin chain and investigate the anomaly
of the dipole KW symmetry. In particular, the dipole Ising model with N = 3 at two self-dual
points admits an anomalous non-invertible symmetry. By gauging the ordinary Z; symmetry,
the model is mapped to the Z; anisotropic XZ model (or quantum torus chain [111]). The
anomaly prohibits the gapped phase with a unique ground state, which is consistent with the
gapless phase and the first order phase transition from numerical calculation [111,112]. Based
on the non-invertible symmetry, we define the Kennedy-Tasaki (KT) transformations [113-
121] associated with dipole symmetries, as a duality relating a dipole spontaneously symmetry
breaking (SSB) phase and a dipole symmetry protected topological (SPT) phase. Following the
construction in [3], KT transformation is a composition of the KW duality transformation and
the invertible transformation that stacks an SPT to the system. Recently, KT transformations
have been applied to studying and classifying non-trivial gapped and gapless phases [6, 34,
122-1271.

The structure of this paper: In Sec. 2 we first review the construction of a non-invertible
transformation with TY(Zy x Zy ) type fusion algebra and define the dipole KW transformation
from the ordinary KW transformation as the seed transformation. In Sec. 3, we study the
dipole KW symmetry operator and defect by gauging the dipole symmetry. We also study the
mapping of symmetry-twist sectors of the charge and dipole symmetry during the dipole KW
transformation. We study the anomaly condition for the dipole KW symmetry in Sec. 4 and
the generalized Kennedy-Tasaki transformation in Sec. 5. Finally, we conclude and point out
future directions in Sec. 6.

Note added: After the completion of this manuscript, we became aware of an independent
related work [128] on gauging finite modulated symmetries on spin chains, which will appear
on arXiv soon.

2 Generating lattice non-invertible symmetries

In this section, we show how to generate more lattice non-invertible symmetries in (1 + 1)d
lattice models from a given seed lattice non-invertible transformation. We study examples
where the seed transformation is the KW transformation from gauging a Zy symmetry. By
composing the seed transformation acting on different sites or with other invertible transfor-
mations, we either generate a known symmetry with fusion algebras of Tambara-Yamagami
type TY(Zy x Zy), or a totally new non-invertible symmetry which appears in models with
dipole symmetries.

We work on a spin chain of L sites with the periodic boundary condition. On each site
there is a qudit |s;); € H;,s; € Zy. The total Hilbert space H is a tensor product of the local
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Hilbert space #; on each site i. We use |{s;}) := ®iL:1 |s;); € H for a state with qudit s; at site
i. The Pauli operators acting on each site are defined as

N N
Z; = Z @’ s;); (sil,  X;:= Z Is; +1); (s;l , w:=exp(2mi/N). (10)

si=1 si=1
The Pauli operators are examples of local unitary operators and satisfy the following algebra

zV=x"=1, ZX,=wXZ, [Z,X;1=0, fori#j. (11)

2.1 The seed transformation

In this paper, we use the KW transformation D of gauging the Z) symmetry as a seed trans-
formation to generate more lattice non-invertible symmetries. The Z, symmetry is generated

by
ne=[]x., 2¥=1. (12)

A Hamiltonian with Z, symmetry can be constructed from Zy-singlet operators {ZiTZl-H,X i}
A typical example is the Z clock model with a transverse field

L L
Hclock = _g_l Z ZirZi+1 —8 ZXi + (hC) > (13)
i=1 i=1

where h.c. means the Hermitian conjugate. This model contains the transverse Ising model
(N = 2) and three states Potts model (N = 3) as special cases. In this paper, we only focus on
Hermitian models which automatically have the charge conjugation symmetry Zf, generated
by®

C=> =D} z-2z, x;-»x!, i=1,.,L, (15)

{Sj}
where we sum over all possible spin configurations of {s;}.
The KW transformation D acts on the operators as

D: X;-2 .2, z[,z—X_1, (16)

which preserves the locality of a Zy; invariant Hamiltonian. The KW transformation maps the
clock model (13) from a symmetric gapped phase with a unique ground state (g >> 1) to
a symmetry breaking phase with N degenerate vacua (0 < g << 1) and vice versa. At the
critical point (g = 1), the KW transformation becomes a non-invertible symmetry.

The KW transformation has several realizations in the literature [5]. In Appendix A we
illustrate how to get the KW transformation D from gauging the Zy symmetry and study the
topological defect of the KW duality symmetry. Such the KW transformation can be rewritten
in the bilinear phase map (BPM) representation [129]

L /
D= > wXalo i) (ts)] (17)
{sih{s;}

>Throughout this paper, for a general (unitary or non-unitary) operator O, its action on other operators O, is

00,=0/0: 0,—0.. 14
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where we sum over all possible spin configurations of {s;} and {s}. In the BPM representation,
it is convenient to compute various operator relations. The action on the Pauli operators is

D (z;'_lz-) =X, ,D, DX;= (z}'_lz-) D. (18)

The KW operator D commutes with the translation operator T which acts on states by a shift
of the value of qudit to one site right

L
TI{s:}) = Q) lsiz1); » (19)
i=1

and their fusion gives the Hermitian conjugate D'
D'=DT=TD. (20)

The fusion algebra of the invertible operator 7, C, the non-invertible operator D and the trans-
lation operator T is

N N
CD:DC’ nD:Dn:D’ DxD:(an)T—1’ DTXD:Z’I’]k,

k=1 k=1 (21)
nC=Cn', Tn=9T, TC=CT, C=1, T'=1.

The detailed computation of (18), (20) and non-invertible fusion rules in (21) can be found in
Appendix C. Other fusion rules follow simply from the definition. Because the invertible oper-
ators are defined in a translational invariant way, they commute with the translation operator
T. D absorbs 1 because of (18). The charge conjugation C commutes with the non-invertible
KW operator D because

D= Y @b 0L ) (= D wZnCm—D () (s} = DC. (22)
{si}.{s7} {si}.{s]}

Because of the appearance of lattice translation transformation, the lattice symmetry algebra
involving 7, D differs from the fusion algebra TY(Zy) (1).

2.2 TY(Zy x Zy) type fusion algebra

In this subsection, we show how to generate lattice non-invertible transformations by compos-
ing the seed transformations acting on different sites (or different degrees of freedom in a unit
cell). We work out the example of composing the KW transformations on even and odd sites.

In this particular example, we assume that the number of sites is even (L = 0 mod 2) and
the model has a Z; x Z3, symmetry where Z; acting on the odd sites and Z;, acting on the
even sites. This symmetry is generated by

L/2 L/2

Mo = l_llle'—l , MNe= l_llxzi . (23)
= 1=

The model with Z3 x Z$ symmetry is constructed from the symmetry-singlet operators
{Z;'_IZI-H,XI-} with examples of Ising type model

L L
HIsing—type = _g_l Z Zl:r_lzi+l -8 in + (hC) > (24)
i=1 i=1
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and the Zy cluster model

Heuster = — Y\ 241 XiZir + (hec). (25)
i=1

The seed transformations are the KW transformations acting on even and odd sites

Do: Xoi1 = Zy 1Zoi415 Zzl 1Z2i+1 = X2i-1, 26)
Dot Xoi—Z, .75, Zz'i_zzzi — Xoi o

Since they acts on different sites, D,, D, commute. We can find two more non-invertible trans-
formations, by composing D,, D, and the lattice translation T

D= TDoDe : Xi - ZiT_le-l > ZiT_lzi-i—l _>Xi >

- i ] 27)
D'=D,D,: X;—2Z',Z, VARVARED Y
with fusion algebras
o N
k=1 k=1 (28)

[_\542

o= () (S
k=1 k=1

Here are some comments about the new non-invertible transformations

1. For N = 2 both D and D’ are non-invertible symmetries for the Z, cluster state [6].
The D symmetry belongs to the Rep(Dg) fusion category symmetry. The D’ symmetry
becomes the Rep(Hyg) fusion category symmetry in the continuum limit.®

2. Because the fusion of D does not mix with lattice translation, the subalgebra of n,,7,, D
forms the fusion algebra of TY(Zy x Zy) in the lattice level.

3. For general N, there might not exist an SPT phase that is invariant under D or D’ symme-
try. This fact can be used as a diagnosis of the anomaly of the non-invertible symmetries.

4. It is straightforward to generalize this method and find new non-invertible transforma-
tions and symmetries in lattice models with Abelian group G; x G, symmetry. The seed
transformations are gauging the G; symmetry and gauging the G, symmetry.

2.3 Dipole Kramers-Wannier transformation

In this subsection, we explore yet another method to generate the lattice non-invertible trans-
formation through sandwiching unitary operators by seed transformations acting on the same

. . . . L
sites. This idea comes from an observation [130] that gauging the Zy symmetry n = [ [;_; X
of the XZ model

L L
Hag=—8 ' Y XiXi1—8 2 2] Ziy + (hc), (29)

i=1 i=1

®Rep(Dg) and Rep(Hy) have the same fusion algebra but different bicharacters. The difference in lattice trans-
formations is a reflection of the difference of the bicharacter between the two. In this paper we only focus on the
fusion algebra and leave the study of other fusion data (such as bicharacter) in future work.
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D (or DT)
Dipole Ising model with coupling g XZ model with coupling g
D vt
D' (or D)
Dipole Ising model with coupling g~* XZ model with coupling g™*

Figure 1: Duality web of the dipole Ising model and the XZ model.

gives the dipole Ising model with Z]]\J, dipole symmetry

L L
Hdipole—Ising = _g_l Z Zi—l(ZiT)ZZHl —& in + (hC) . (30)
i=1 i=1

Actually the model has a larger symmetry (Z]% X ZZ’\J,) X Zg symmetry where the superscripts
Q, D, C means charge, dipole and charge conjugation. The generators of the charge and dipole

symmetry are
L

L
NQ = l_[Xi: Np = l_[(Xi)i . (31
i=1

i=1
For simplicity, we assume L =0 mod N to have a full Z]L\), symmetry.

Starting with the seed transformation D by gauging the charge symmetry 72, we define
the dipole KW transformation

D := TDU”D =D'U"D, (32)
where
L 1 N
vt=]1uf, vff'=—= >, o™ Ip)al: Xi>2z], z-x, 33
i=1 ma,[a’zl

is the product of Zy Hadamard gate Ul.H on every site and can be viewed as the “half-charge
conjugation” because C = (U”)2. From the decomposition (32), the dipole KW transformation
first maps the dipole Ising model to the XZ model, then exchanges X;(Xiﬂ and ZjZiH, and
finally maps the model back to the dipole Ising model. The net action is

D: Xi—Z(Z)YZin1, Zia(Z)VZi0 > X, (34)

which interchanges the dipole-interaction terms and the transverse-field terms. The above
transformations are summarized in the duality web in Fig. 1.

In the next section, we will interpret the dipole KW transformation as gauging of both the
charge and dipole symmetry and study the transformation in detail. The fusion algebra of
Nq>Mp> D can already be computed from the decomposition of D (32) and the property of the
seed transformation D. For example, the non-invertible fusion rule is

N
D x D = (Dfu”D)(D'U"D) = DfUH (Z né) ufiD
k=1

(g0 ool () G

k=1 k=1 k=1
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where we used

L
[12-
i=1

with the assumption L = 0 mod N. The full fusion algebra of the invertible operators 1, 1p, C,

L .
(zi12l)', (36)
i=1

1

the non-invertible operator D and the translation operator T is

N N
1o = 1y = Brg = By =B, D x D:(an) (an)c, b = O =BC,
k=1 k=1

Cng=nyC, Cnp=nhLC, Tng=noT, Tnp=nLmpT, C=1, T'=1.

(37)

Here are a few comments about the dipole KW transformation:

1. In contrast with the ordinary KW transformation, implementing the dipole KW transfor-
mation D twice does not involve a lattice translation T but a charge conjugation operation
C. The fusion subalgebra of 1nq, g, D, C is new and is different from the fusion algebra
of TY(Zy % Zy ). The Z, charge conjugation appears in the non-invertible fusion rule and
acts non-trivially on the invertible operators 1q, np. For N = 2, the charge conjugation
becomes the identity operator and the fusion subalgebra of ¢, 1q, D becomes the fusion
algebra of Rep(Dg).

2. For dipole Ising model at self dual point (g = 1), neither the ordinary KW transformation
D nor the global Hadamard gate U is a symmetry, while the dipole KW transformation
(32) is a symmetry.

3. The original XZ model has another Zy symmetry generated by ]—[l.Lzl Z;. In the dipole
Ising model, this symmetry becomes the Z, dipole symmetry after the ordinary KW
transformation [130]

L L .
(]_[ Zl-) D= (]_[ (Zi_lzl?")l) D=Dnp. (38)
i=1 i=1

4. SPT phases protected by dipole symmetries in (1+1)d have been classified in [131]. We
will study the anomaly of the dipole KW symmetry by checking the invariance of dipole
SPT phase under the dipole KW transformation for general N in Section 4.

5. By repeating the sandwiching procedure (32), we can in general find non-invertible
transformations in models with multipole symmetries. For example, the quadruple KW
transformation is

DUYD'UMD: X, -z ,z} (z)Yz!,, z|,z} )Yzl -x,, 39

where the quadruple interaction is invariant under the quadruple symmetry operator

now = X5 (40)
i

3 Dipole Kramers-Wannier symmetry

In this section, we study the dipole KW symmetry in detail. We first show that the dipole KW
transformation D,

D: X;— Zi—l(Zj)zzHl ) Zi—l(Z;r)zzi+1 —’XZ-, (41)

10
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comes from gauging both the charge and dipole symmetry. We then study the topological in-
terface and defect of the dipole KW transformation by a half-gauging on the spin chain. Finally,
using the BPM representation, we study how the symmetry and twist sectors of both the charge
and the dipole symmetries map into each other under this non-invertible transformation.

3.1 Duality transformation: Gauging on the whole spin chain

We gauge both the charge and dipole symmetry in the following steps. First we enlarge the
Hilbert space by introducing gauge variables on the site. Then we impose the Gauss law
constraints to project to the gauge invariant sectors. Finally we rename the variables to match
with the original theory.

We illustrate the above steps in the transverse dipole Ising model

L L
Haipoletsing = —8 "+ D\ Zi1(Z] P Zin —g D X+ (he). (42)
i=1 i=1
This Hamiltonian is invariant under the global charge and dipole transformation

Z; > w* Pz, a,p=0,.N—1, (43)
where a, 8 are constants. If we promote the global transformation to a gauge transformation
Z; > whiz,, (44)

where f; is a Zy-valued function of the position, the interaction term is not invariant
Zi 1 (Z]Y 240 — o2z, (212, . (45)

Introducing another set of Pauli operators X;, Z; on each site as gauge variables leads to
the gauged Hamiltonian

L L
Hyuged =—8 "+ O X1 Zi1(2])* 21 — g D X; + (he), (46)
i=1 i=1

which in invariant under the gauge transformation

Z,— wfiZi , Xi— w—(fi—1+fi+1—2fi)Xi . 47)

The gauge variables X;, Z; commutes with the original Pauli operators X;, Z;. The gauged
theory is equivalent to coupling two isolated chains on top of each other, with an enlarged
Hilbert space H with dimension N2L. Besides the original global symmetry (43), the gauged
theory also has a set of additional gauge symmetries (47) generated by

G; :Xg.Zi—l(Z;r)ZZH-l » [Gi,Hgaygeal =0, Vi. (48)
We require that the physical state [1) is gauge invariant
Gily) =), (49)
and we impose Gauss law constraints

G =X]Zi1(Z)V2in=1, — X;=Z41(Z)YZi11, Vi. (50)
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b (ZIkV:l ”5) (ZIkV:l 7’1’3) c

>
O

(¢)) (2) €))

Figure 2: (1) Half-gauging creates a topological interface/defect D lo-
cated at link (1,2); (2) movement operator Ué = CZ,5(CZ, I)Z(Uf)TSz,l
moves the interface/defect from (1,2) to (2,3); (3) Fusion operator

A(bl;jl’;’) = CZ‘Z,ZZCZQH(CZZ’12)282’12 fuses the defects at (1,2) and (2, 3).

After imposing the Gauss law constraints, the enlarged Hilbert space % is projected down to
a new Hilbert space with dimension 2%, which is isomorphic to the original Hilbert space .
Changing to a new set of variables

2=, X 5=Xi(Zi—1(Zg.)ZZi+1)J", (51
the gauged Hamiltonian becomes
L L .
—g 7 > Ri—g D> (Zia (2?2 + (hed. (52)
i=1 i=1
Finally, by renaming the variables
Zi_)zi’ Xi_)Xb (53)

we recover the original Hamiltonian with the change of coupling g — g!. The whole process
gives the dipole KW transformation D

D: x;— Zi—l(ZiT)ZZiH ) Zi—l(Zj)zziH _’Xl:i-- (54)

When the theory is self-dual with g =1, D becomes a non-invertible symmetry.

3.2 Duality defect: Half-space gauging on the spin chain

In this subsection, we construct the duality defect corresponding to the dipole KW transforma-
tion by a half-space gauging on the spin chain. The half-space gauging creates a topological
interface which further becomes a topological defect when the model is invariant under the
gauging. We also show the local unitary gates that move and fuse the duality defect. The
defect, its movement and fusion are shown in Fig. 2.

Half-space gauging

Consider the transverse dipole Ising model on an infinite chain and gauge the dipole symmetry
for sites i > 1. The half-gauged Hamiltonian is

Hhalf—gauged = _g_l Z Zi—l (thr)zzi+1 - g_l ZXiTzi—l (Z;)2Zi+1 —8 in + (hC) . (55)

i<0 i>1 i
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Imposing the Gauss law constraints that commute with the half-gauged Hamiltonian

Gi :Xl:i'Zi_l(Zgﬁ)ZZH_l =1 N l 2 2, (56)
then (55) becomes

Hhalf—gauged = g_l Z Zi—l(ZiT)ZZH-l —& ZXi

i<0 i<0
— g X1z0(2Y 2, — gx1 — g7\ R) 2,20V 25 — g 2,(Z))* 24 (57)
— g_l ZX;AZi_l(ZiT)ZZH_l — & Z Zi—l (Z:)ZZH_l + (hC) .

i>3 i>3

We can further introduce a new set of Pauli variables

Z:=2,, X :=X2],
Zy =2y, Xy =X5((23)°2Z5), (58)
Z;:=27;, X:=X(22Yz.)", i=3.

After renaming X; — X;, Z; — Z;,i > 2, the half-gauged Hamiltonian becomes

Hhalf—gauged = g_l Z Zi 4 (Zl‘r)ZZHl —& ZXi

i<0 i<0
—g 1202V X) — gX1 — 8 ' 21Xy — 8 2)(Z))* Z3 (59)
— g_l ZXl — 8 Zzi_l(zgﬁ)zzi_‘_l + (h.C.) .

i>3 i>3

There is an interface located at the link (1,2) separating two theories which are exchanged by
inverting the coupling g — g~!. By inserting the duality interface, we couple the system with
one ancillary qudit |s;) with Pauli operators X;, Z; acting on this qudit.

Under the following local unitary transformation

X; > Zy, 7 > X1727],
CZy3(CZ Y (UF) S : { Xy = X,(Z3, 7, - 7, (60)
X3 = X325,

the half-gauged Hamiltonian becomes

Hhalf—gauged - g_l Z Zi—l (ZiT)ZZi+1 —& ZXi

i<1 i<0
_g_121(Z;)2Xl—gXZ—g_lszB_ng(Z;)2Z4 (61)
g Y X8 D Za (2] 2 + (he),

i>4 i>3

where the interface is moved to the link (2,3) as shown in Fig. 2. This duality interface is
therefore topological. In (60), CZ; ; is the control-Z gate, UJH is the Hadamard gate and S; ; is
the swap gate. Their definition and transformation on local operators can be found in Table. 2.

Dipole KW duality defect

When the coupling g = 1, the duality interface becomes a duality defect. The defect Hamilto-
nian with the dipole KW duality defect D at link (i, i, + 1) is
i1
Hgo o) — Z (Zi1(Z)VZi1 + X))
i#ig,ig+1 (62)
- (zio_l(zl.'o)le +X; + ZZ(ZL?LH)ZZL.0+2 +Z; X 1)+ (hc).

13
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This defect is topological and can be moved to link (i, + 1, iy + 2) by a movement operator

ip+1 |
B :

US™ = CZi1,ip42(CZ ) DU ) 41 (63)

Since the defect is topological, we can insert two defects far away from each other, move them
together and fuse them. Without loss of generality, we can move the two dipole KW defects to
links (1,2) and (2, 3)

1,2),(2,3 i
Hl(f);D)( )= Z (Zi1(Z] 2111 +X7)
i#1,2,3 (64)
—(Zo(Z) Xy, + X1 + 21, (Z3)°Xy, + Z1Xo + 21, (Z3)* Zy + Z5X3) + (h.c),

where X; , 7 ,Xy,, Z;, act on the ancillary qudit |s;, ), |s;,) associated with the two defects. We
need to apply the fusion operator

Xll _)XIIZ;- 2
2 o
Xy, = X220 7], Zi, = 7,

(1,2,3) _ T T 2 .
Apan =CZy; CZ,; (CZ51,)°Ssy, - (65)

Xy > X, 222}, Z,—> 7,
X3 — XsZi'; ,
and the defect Hamiltonian after fusion is
(1,2),(2,3) (12) _ T2
Hb,b _)H|A3®|A3 - Z(Zi—l(zi,) Zi+1+Xi)
i#1,2 (66)
—(20(2)V’ZyX), + X1+ Z](Z) )Zzgxl"2 +X,)+ (h.c)).
This Hamiltonian has two decoupled degrees of freedom on ancillary sites [; and ly; X;,,X;,
become symmetry operators of the new Hamiltonian whose Hilbert space is decomposed into
a direct sum of the eigenspaces of X; and X,. Compared with the defect Hamiltonian with in-

sertion of invertible topological defects of C, 14, np in Appendix B, one finds that after picking
the eigenvalue of X; and X,, the fused defect Hamiltonian corresponds to different channels

of the fusion rule N N
Dxb:(zng)(zng)c. (67)
k=1 k=1

3.3 Bilinear phase map representation and symmetry-twist sectors

The dipole KW transformation has the following BMP representation under periodic boundary
conditions

N L ’ r 9.
D= Z ™ 2im1 151 Zsi)sx|{5§}) (s,
{s;Lis}}

L /
= D @ ZmlEamE ) ()]
{s;h4s7}

(68)

where the exponent respects the dipole interaction and the minimal gauge coupling. While
the fusion algebras have been studied from decomposition into the seed transformation in
Sec. 2, here we instead use the BPM representation to study the mapping of symmetry-twist
sectors before and after the dipole KW transformation. This will be useful in the analysis of
the anomaly of the dipole KW symmetry in the next section.
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Mapping between symmetry-twist sectors

Since there are charge and dipole symmetries, the states can be organized into eigenstates of
nq and 1p with symmetry eigenvalue w"? and w"? where uq,up € Zy. Moreover, one can
also use the Zg and Z]]\J, symmetries to twist the boundary condition of the spins as

Sivr '=Sittottpl, ISitr)ig = Isi+tg+tpi); (69)
with tg, tp € Zy. The Pauli Z operators also have a boundary condition:
ZH—L = C()tQ+tDiZi . (70)

One can organize the Hilbert space into N* symmetry-twist sectors, labeled by (ug, tg,up, tp).
Similarly, one can also label the symmetry-twist sectors of spins after the dipole KW transfor-
mation by (ﬁQ,?Q,ﬁD,?D). We would like to find out the relation between the sectors before
and after the dipole KW transformation.

The BMP representation is modified with general boundary conditions

D= Z 2 ~(Sh 8125~ +tp)s] +os] |{5;}> {{s;}1

{5145
Z.L —(5;401+5;-1—25;)s\—(to+tp)s; +tos / 71
— wi=1 i+1TSi—1 iJ)S; QTtplsy Q1|{sj}> ({S]}| .
{sj}r{s;'}
Let us first consider D x 1q acting on an arbitrary state [v) = Z{si} Yy Hsid)-
D x ngl) =D 4y Hsi +1})
{si}
= Z P, }w—ZLl(sM+sH—2si)s;—(?Q+?D)(sL+1)+?Q(s1+1) 1{s'})
i 1
{si}{si} (72)
— w—?D Z w{s }wZiL:1 —(si41+si21—28;)si—(Eq+Ep)sy +Tgs1 |{S/})
i 1
{si}isi}
=w D ) .
The result implies that for any eigenstate |¥) with
N |¥) = w'e |¥), (73)
we have
W D W) =D x gy |[T) = weD|w), (74)
namely
/ED == _UQ . (75)
On the other hand, one can also consider 7, x D acting on a arbitrary state [¢),
fig x D) =i Z w{s.}wZLl G2ttt et | (57))
{s7}.{si}
= Z w{si}wZiLﬂ_(5f+1+5f—1_25f)5i—(fQ+fD)S/L“QSi l{s! +1}) (76)
{si}{si}
=w?Dy) .
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This shows that the dual Zf,-symmetry charge sector after dipole KW transformation is identi-
fied with the twisted sector before this transformation,

ﬂQ = tD . (77)
By similar calculations, one can determine the correspondence between the remaining sectors:
/EQ =up, ﬂD =—tQ (78)

In summary, we have the following map of the symmetry-twist sectors:

(aQ;/t\Q,aD:?D) = (tp,up,—tq,—Ug). (79)

4 Anomaly of dipole Kramers-Wannier symmetry

In this section, we discuss the 't Hooft anomaly of the dipole KW symmetry by checking whether
there is a dipole SPT phase invariant under such symmetry. A theory with an anomaly-free
symmetry in the low energy should be uniquely gapped. Therefore, we will find an anomaly if
we cannot find a gapped phase with a unique ground state that is invariant under the dipole
KW transformation with a certain N. The anomaly imposes a nonperturbative constraint on
the self-dual theories that they must have continuous or first-order phase transitions. This can
help us understand, for example, the phase diagrams of systems with Z3 dipole symmetry.

4.1 Anomaly free condition for general N

Suppose we have a theory with both invertible ZI% X Zg symmetry and the non-invertible
dipole KW symmetry. We will prove the anomaly of the dipole KW symmetry by contradiction.
Because the charge and dipole symmetry Z]% X Z][\’] is anomaly free, the symmetric theory is com-
patible with a gapped phase with one ground state, i.e. dipole SPT phase. We exclude the triv-
ial phase because it is mapped to a dipole SSB phase under the dipole KW transformation and
therefore does not have a dipole KW symmetry. The dipole SPT phase has been studied [132]
and classified [131], which is given by an element of H2(Zy x Zy, U(1))/H*(Zy, U(1))? = Zy.
A simple example is the stabilizer Hamiltonian:

N
Hepr=— Y > [(Zi 2 X2 Zi1 )T, (80)

L
i=1 m=1

where level k € Zy corresponds to different classes. The SPT Hamiltonian is constructed from

the trivial-phase Hamiltonian
L N
Htriv:_z Z(Xi)m’ (81)
i=1 m=1

by decorated domain wall construction

(82)

L
Hepri = ThHu Tp*,  Tp=| [cziic2],,
i=1
where the transformation of control-Z gate on Pauli operators can be found in Table 2.

Since all the terms in the SPT Hamiltonian (80) commute with each other, the ground state
satisfies
(ZiaZ))'X:(2{ 2:41)1G.S.) = 1G.S.) . (83)
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The SPT phases with different k are characterized by the charges of ground state |G.S.)tQ’[D

with twisted boundary conditions labelled by (tq, tp) [122,133-135]. It is straightforward to

calculate the charges of symmetry operator 7, 1p on ground state |G.S.)tQ’tD

(]_[X)IGS Veptn = ]_[(Zl V2220 K168 oy = (20202,2], K IG.S )y = 07K [GS) i, »
(84)
(]_[X)le s = ]_[(23 2228, G810 0 = (2020)F1G.S )y 0, = @M1G.S ) 1y »

where we used the twist boundary condition of Pauli operators in the last equality in each
equation. Therefore the ground state |G.S.), oty 1810 the symmetry-twist sector labelled by

(UQ =_ktD, tQ, Up = th, tD)' (85)

If the ground states after the dipole KW transformation do not stay in the same sector, the SPT
phase is not invariant under this transformation. If for given N every k we cannot find an SPT
that is invariant under the dipole KW transformation, then the symmetry is anomalous.

Now let us check whether there is an SPT phase invariant under dipole KW transformation.

The dual Hamiltonian is LN

=—> >zl zxtzzl, (86)

i=1m=1

The dual Hamiltonian is not necessarily an SPT but still a stabilizer model. We will classify
the dual Hamiltonian with different k, N into different gapped phases in Sec. 5.2. The corre-
sponding ground state(s) |G.S.") of Hy satisfies

z! \zX}z,z] 1GS/)=|GS.). (87)

In the dual systems, we label twist boundary conditions of dual systems using ?Q,?D. Then the

charges of ground state |G.S.’ )?Q,?D with twisted boundary conditions are

L L
([ [xok16.8 58 =] [211222],)7116.8 Yy, = (202120 2] 1) 1G.S Vo2, = @ 1G.8 Ve, 5,

i=1 i=1
L —~

]_[X K168 s 7, = |(Z0,222],,)716.8 )z, 5, = (232,071 1G.S. )z, 5, = 0 2GS )z, 7,
i=1

(88)
which shows that the ground state |G.S.” )?Q,;D is in the symmetry-twist sector labelled by
(ﬂQ,/t\Q = —kiZD, aD)/ED = kﬂQ) . (89)

Therefore, if there is an SPT phase invariant under dipole KW transformation, the ground state
charges of (86) and (80) under the same twisted boundary condition should be consistent with
each other, that is

o ~ (89 - ~ (85 ,~ (89
i, € —kt, € -2, @, L ki, € k20, (90)
where all equations are valued modulo N. Thus k should satisfy k> = —1 mod N, i.e., —1 is

a quadratic residue modulo N, which is the necessary anomaly-free condition for dipole KW
symmetry.’

7Similar constraints also appear in the anomaly of non-invertible duality defects in (3 + 1)d [21].
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Indeed, this condition is also a sufficient anomaly-free condition. This is because the dual
Hamiltonian (86) is the same as the Hamiltonian (80) in this case. When k> = —1 mod N,
N is coprime with k. Hence, for each m € Zj, there exist a unique j,, € Zy satisfying
kj, =m mod N. As a result, we have the

L N
/_ T k T m
Hy = _Z Z[Zi—1ZiXi ZiZi+1]J
i=1 m=1
L N
= —Z Z(Zi'_lzi)J’”X?(ZiZiLl)]’” = Hgpr»

i=1 m=1

(oD

where in the last equation, we use the fact that j,, = —k?j,, = —km mod N.

In summary, when —1 is a quadratic residue modulo N, the dipole KW symmetry is
anomaly-free and there exists a dipole SPT also protected by this non-invertible symmetry;
otherwise it is an anomalous symmetry.

4.2 Anomaly and phase diagram for N = 3

When N = 3, the dipole KW symmetry is anomalous because —1 is not a quadratic residue
modulo 3. Indeed, this anomaly can help us understand the phase transition in the phase
diagram of the dipole Ising model:

L L
Hdipole-Ising = _g_l Z Zi 4 (Zir)zzi+1 -8 ZXi + (h.c)
i=1 i=1
(92)

L
=4/ g2 + g_2 Z(COS QZl-_l (Z:)ZZH-l + sin GXI) + (hC) B
i=1

where we defined an angle 6 by cos § = —g~!/+/g2+ g=2,sin0 = —g/+/g2 + g—2. The dipole
Ising model can be mapped to the XZ chain

L
Hy; =4/g%+ g2 Z(cos GXlT_lXi +sin GZI.T_lZi) + (h.c), (93)
i=1

by gauging the ordinary Zg symmetry. The Z? dipole symmetry becomes a Zg symmetry
generated by ]_[l.L:1 Z; and we have a new quantum Z)]f, symmetry generated by l_[iLle ;-

The phase diagram of Hamiltonian (93) has been determined by numerical calculation
in [111,112], under the name “quantum torus chain”. We show the phase diagram in the left
part of Fig. 3, which can be summarized as follows:

1. The phase diagram exhibits a symmetric pattern across the line of 6 = 0.257,
6 = 1.257, at which points the model is invariant under the global Hadamard gate
Ut X, > Z,Z; > X, Vi.

2. Around 0 = 0.25m, this model hosts a large gapless phase region,
0 €(—0.17,0) U (0,0.57) U (0.57,0.67),

with center charge ¢ = 2. At two particular points 8 = 0,0.57 there are first-order phase
transitions with exponentially large ground state degeneracy.

3. There is a first order phase transition at 6 = 1.257, which separates the Zg SSB phase
with nonzero (X;) when 6 € (0.67,1.257) and the Z SSB phase with nonzero (Z;)
when 6 € (1.257m,1.97). The first-order phase transitions at 8 = 0.67, 1.9 separate
gapped SSB phases and gapless phases.
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0.6 0.51 0.6 0.51
Two component Gapless region
. Luttinger liquid ) with c = 2
73 SSB 0 Dipole SSB 0
—0.1n e —0.1n
73 ssB Trivially gapped

1.257 1.257

Figure 3: The phase diagram of XZ model (93) (left) and the dipole Ising model
(right) where dashed lines are first order phases transition and solid lines are con-
tinuous phase transitions. The red dots 6 = 0.257,1.257 (right) are critical points
where the dipole Ising model has the anomalous non-invertible symmetry.

As the KW transformation preserves the structure of the phase diagram and the center
charge of gapless region, we can obtain the phase diagram of dipole Ising model. We show
the phase diagram in the right part of Fig. 3 and summarize it here

1. The phase diagram exhibits a symmetric pattern across the line of 8 = 0.257, 6 = 1.257
at which points the model is invariant under the dipole KW transformation D.

2. Around 6 = 0.25m, the system is in the gapless phases with ¢ = 2 when
6 €(—0.17,0)U(0,0.5m) U (0.57,0.67).

These phases are separated by first-order phase transitions at 6 = 0,0.57, where the
Hamiltonian is dominated by the term Zl-_l(Zl.T)ZZiH + (h.c.) and X; + (h.c.) respectively.
therefore, there is also an exponentially large ground state degeneracy Ngg ~ 2.

3. The 6 = 1.257 is a first order phase transition separating a trivial gapped phase and a
dipole SSB phase. When 6 € (1.257,1.97), the Hamiltonian is dominated by —X;+(h.c.)
and the system is in the trivially gapped phase. When 6 € (0.67,1.257), the Hamilto-
nian is dominated by —Z;_; (ZiJ")ZZi+1+(h.c.). There are nine ground states when L — oo
(with the sequence of L = 0 mod 3) with nonzero (zj_lzi) and (Z;) and the system is
in the Zg X Zg SSB phase. There are also first-order phase transitions at 6 = 0.67,1.97
between different gapped phases and gapless phases.

4. We highlight that the gapless feature of self-dual points at 6 = 0.257 (g = —1) and
first-order phase transition at self-dual points 1.257 (g = 1) are consistent with the
anomalous dipole KW symmetry because the anomaly forbids the system to be uniquely

gapped.
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KTy

b Ty
Tk SSB <« > Trivial < > SPT.
D T—k

D

Figure 4: Transformations between the trivial phase, the SSB phase and the SPT
phase with level k. KT transformation T]';DTE k is a duality map between the SSB
phase and SPT phase with level k.

5 Generalized Kennedy-Tasaki transformation associated with
Q D
Ly X Ly symmetry

In this section, we will discuss generalized Kennedy-Tasaki (KT) transformations associated
with Zg X Zﬁ symmetry [121], which relate dipole SSB phases and dipole SPT phases.

5.1 Construction of KT transformations

In Sec 4.1, we defined a T}, transformation for systems with dipole symmetries
L .
Tp =] [cziic2), (94)
i=1

which generates the dipole SPT phases from the trivial phase:

T[I)c : Htriv - HSPT—k . (95)

A single Tp, transformation will increase the SPT level by one®

Tp: Hgprx = Hspris1) - (96)

Tp is an invertible transformation and T, * maps a dipole SPT with level k to a trivial phase
(with level 0). Because we can map a trivial phase to the dipole SSB phase

I N
Hggp = —Z Z(Zf_lzfzi‘;l)’" ) 97)
i=1 m=1

via the dipole KW transformation D, and further the SSB phase is invariant under the Tp
transformation, we can define a duality transformation, the generalized KT transformation,
between the SSB phase and the SPT phase with each k

KTy := TEDT,*:  Hgpry — Hgsg, Hssp — Hsprk - (98)

The duality web is shown in Fig. 4.

8Here we use the notation that the trivial phase is the SPT phase with level 0.
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SPT,4n,
AKY/M'
SSB K KTp
P,
KT 1, SPT, 44,
KT,

SPT,x, «——» G SSB® G, SPT,,,,

Figure 5: Duality web between various gapped phases. Unless specified, the SSB
phase breaks all G = ZI% X Zf, symmetry and the SPT phase is protected G sym-

metry. k;,n; are coprime with N and n;k; = —1 mod N. k, is not coprime

with N and kyn, = —gcd(ky,N) mod N. G; = Z]%/gcd(kz,N) X Zl?f/gcd(kz,N) and
— 7Q D

G2 = Zyca(iy ) * Lgedn Ny

This KT transformation is non-invertible with the fusion rule

N N
KTy x KT = (Z 778) (Z ng) C. (99)
m=1

m=1

Thus when acting KT}, twice, the Hamiltonian with Z% X Z]l\), and charge conjugation symmetry
is invariant, which implies KT} is indeed a duality transformation for such Hamiltonian, e.g.
the SPT Hamiltonian (80).°

5.2 Mapping of gapped phases under KT transformation

In the previous subsection, we define the KT duality transformation KT, for each dipole SPT
with level k. Now, we would like to study the general transformation of KT, on SPT with a
different level p + k with k # 0. We can calculate the transformation in sequence because of
the definition KT, =T}, DT,”. In the first step, T,;” will map the SPT with level p + k to the
SPT with level k.

The second step is to determine which gapped phase the SPT will become after the dipole
KW transformation, which depends on whether k and N are coprime. Then in the third step,
T, P will further stack some SPTs to the model. Suppose after the KT transformation KT, on
Hgpr.(p+k) We get a dual Hamiltonian. We summarize the results here and leave the derivation
later. The duality web is shown in Fig. 5.

1. When gcd(k,N) > 1, the dual Hamiltonian is a partial SSB phase with unbroken
Z]% Jged(kN) < Zg Jged(kN) SYmmetry and stacked with a SPT phase of unbroken symmetry
with level n + p x ged(k, N), where nk = —gcd(k,N) mod N.

2. When ged(k,N) = 1, the dual Hamiltonian is a SPT phase with level n’ + p, where
n’k =—1 mod N.

°Indeed, if we apply charge conjugation to the SPT phase and SSB phase, one can show the features of these
phases, e.g., ground state charge under twisted boundaries and ground state degeneracy, are kept invariant.
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Mapping of SPT phases under dipole KW transformation

This part provides the technique details about the duality web of KT transformation on SPT
with at a general level.

Start from the second step and suppose after the dipole KW transformation on Hgprj we
get the dual Hamiltonian Hl’(. It is sufficient to study the ground-state degeneracy of the
dual Hamiltonian with the periodic boundary condition. Recall the analysis in Sec. 4.1 and
(89), where the ground states of the dual Hamiltonian are in symmetry-twist sector labeled
by (g, tq = —kiip,Up, tp = kilg). In the periodic boundary condition, we have

tq=—kip =0, Tp==kiog=0modN. (100

Therefore, up, and U, must be multiples of N/gcd(k,N) and the ground state degeneracy is
ged(k,N)2.

When ged(k,N) > 1: The dual Hamiltonian has degenerate ground states and the remaining
unbroken subgroup Z]% Jged(k ) > le\)] Jgcd(k.N) is generated by ngd(k’m and n%Cd(k’N), as its ground
state charge under PBC is trivial. The dual Hamiltonian is therefore in an SSB phase stacked
with a ZI% Jged(kN) X ZIL\’, Jged(kN) SPT phase. Then we need to determine the level of the SPT
phase.

Because of the broken symmetry, the twist sector label ?Q,?D takes value in

ged(k, N)Zy jgcacn)- It is convenient to use the reduced twist variables

GQ:GD) = (/t\Q/ng(k;N))?D/ng(kaN)) € ij\]/gcd(k’N) ’ (101)

for twist sectors of the unbroken symmetry. Moreover, we can also define the symmetry sector

of unbroken symmetry (U, Up) = (Ug,Up) mod N/ged(k,N) where (Ug,Up) € ZIZ\]/gcd(k N)"

This is because any state |) with Zg X Zﬁ charge (g, Up) satisfies

0§ N yp) = s dNiej) = (oY oh) = (o)1),

i ; ~ (102)
0 N ap) = red®Nio ) = (') [gh) = ()02 [yp),

where nng(k’N) is the generator of the unbroken symmetry and w’ = w84%N) To further

determine which class the stacked SPT belongs to, we need to check the symmetry-twist sector
of the ground states in terms of the unbroken symmetry Z to follow (85),
ie.

Q D
N /ged(k,N) = ZN fged(k,N)

(Ug = _nTt\D:/t\Q:ﬁD = Tl/t\Q) mod (N /ged(k,N)), (103)

if the level is n. On the other hand, the symmetry-twist sector after the dipole KW transforma-
tion should satisfy (89) and we have

/t\Q = _kil\D N /t\D = kﬂQ mod N , (104)
and
tq = —(k/ged(k,N))up, tp=(k/ged(k,N))iy mod (N/ged(k,N)), (105)

in terms of the reduced variables. Since N /gcd(k, N) is coprime with k/gcd(k, N), we can find
a unique integer n € Zy /geq(k v Satisfying n(k/ged(k,N)) = —1 mod (N /gcd(k,N)). Then we
have

n?Q = —n(k/ged(k,N))ip =1, ntp= n(k/ged(k,N))ug = —tg mod (N /ged(k,N)). (106)
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Compared with (103), the stacked Zg] Jged(k.N) X Zf] Jacd(k.N) SPT has level n, where

n(k/gcd(k,N))=—1 mod (N/gcd(k,N)) — nk=—gcd(k,N)mod N . (107)

In the third step, Tg transformation stacks a Z% X Zﬁ SPT phase with level p. To detect which

Zz Jgcd(k.N) * Zﬁ Jged(kN) class such an SPT belongs to, we consider a symmetry-twist sector of

Q D
unbroken ZN/gcd(k,N) x ZN/gcd(k,N)

the relation with symmetry-twist sectors of Z]% X Z]]\J, symmetry:

symmetry labeled by (uq, to, up,tp) € Z]‘tl/gcd(k,N)’ which has

(ug, up) = (uq,up) mod N/ged(k,N), (to,tp) = (ged(k,N)tg,ged(k,N)tp).  (108)
Recall the ground state of Z% X Zg SPT with level p is in the symmetry-twist sector labelled by
(UQ =—p tDJ tQ,uD =p tQ, tD)' (109)

The ground state then also satisfies
(uqg =—p ged(k, N)tp,up = p ged(k,N)ty) mod N/ged(k,N), (110)

which implies such SPT belongs to ZI% Jged(kN) % ZII\)I Jaed(kN) SPT phase with level p x ged(k, N).

Thus we can conclude that the KT-dual system is in a partial SSB phase with unbroken
Z% Jged(kN) < Z]l\)l, Jged(kN) SYmmetry and stacked with an SPT phase of unbroken symmetry with
level n + p x ged(k,N).

When ged(k, N) = 1: Because k is coprime with N, the dual Hamiltonian is in an SPT phase.
The symmetry-twist sector after the dipole KW transformation should satisfy (89)

tq=—kup, tp=kiymodN. (111)

Because k is coprime with N, we can find an unique integer n € Zy such that nk = —1 mod N.
therefore,

Tl/t\Q = —leﬁD = if.\D , n/t\D = nkﬂQ = —l/l\Q mod N . (]. 12)

Compared with (85), the dual system is in the ZI% X Zg SPT phase with level n. Then in the
third step, Tg maps the SPT with level n to an SPT with level n + p.

6 Conclusion and discussion

In this paper, we constructed the dipole KW transformation by composing the seed transforma-
tion and by gauging the charge and dipole symmetry. Then we study this new non-invertible
symmetry through fusion algebras (37), topological defects (in Fig. 2) and the anomaly (and
its constraints in the phase diagram in Fig. 3). As an application, we constructed generalized
KT transformations (in Fig. 4) that connect various gapped phases with dipole symmetry in a
duality web (in Fig. 5).

We studied the fusion algebra (37) of the dipole KW symmetry and other invertible sym-
metry operators. The fusion rule of non-invertible dipole KW symmetry mixes with the charge
conjugation symmetry and therefore the whole fusion algebra is different from the TY(Zy X Zy )
fusion algebra. It is interesting to further determine the fusion category data, in particular the
F-symbols which are related to the associativity of the fusion algebra and the anomaly of the
fusion category symmetry.

We have shown that due to the anomaly of the non-invertible symmetry, the two self-dual
points in the phase diagram of dipole Ising model with N = 3 cannot be uniquely gapped. This
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is consistent with numerical calculations in the anisotropic XZ model (which is the ordinary
KW dual of the dipole Ising model), where one self-dual point is a first order phase transition
and the other one is in a large gapless region with center charge ¢ = 2. It will be interesting
to investigate numerically whether the gapless phase will become unstable with symmetric
perturbations when we choose N such that the non-invertible symmetry is not anomalous.

It is also interesting to extend the composing construction. Consider a theory A with a
global symmetry generated by an operator G and a non-invertible duality transformation K
between theories A and B. There is a non-invertible operator K'GK that commutes with the
Hamiltonian of the theory B. Although whether or not K'GK is an interesting non-invertible
symmetry depends on specific models, this might give a systematic construction and perhaps
classification of certain types of lattice non-invertible symmetries. Here are examples in the
literature with similar constructions. In (2 + 1)d, the subsystem non-invertible symmetry has
been constructed [34] by composing the KW transformation acting on lines and columns. Re-
cently in [136], the authors constructed a non-invertible symmetry in (2 + 1)d with cosine
function fusion rule using the sandwich construction.

In the end, we sketch another application inspired by [127]. In this paper, the authors
studied the non-invertible symmetry in (2 + 1)d lattice model with Z(ZO) X Z(zl) symmetry. An
example is the lattice Z, gauge theory with the Ising matter

H==>T]or-DJoi-Dl0i->x,- > 2,2, (113)
)

TN EY f lef 1 v

where of(z) denotes a gauge spin on the link, X,,Z, a matter spin on the site, and (v,v’)
denote the link of nearest sites v,v’. The non-invertible symmetry is

1
D= ESC X, e— l_laf, Z,Z, > o7 (114)

WADE
I>v

where S is the non-invertible swap operator and C is the condensation operator whose precise
definition can be found in [127]. We will take (114) as the seed transformation and construct
a new non-invertible symmetry

DUD: X,— [] zz.= ] 2. (115)
I=(v,v")3v I=(v,v")av

where U = I UlH is the product of Hadamard gate on every link. This non-invertible sym-
metry can be found in lattice models with subsystem Z, symmetry acting on the diagonal lines.
Especially, the (2 + 1)d cluster model

H2d cluster = _ZXV l_[ Zv’ 5 (116)
v I=(v,v")av

is protected by this non-invertible symmetry. We leave the detailed investigation of this non-
invertible symmetry (115) for future work.
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A Kramers-Wannier duality symmetry in lattice models

In this Appendix, we review KW transformation obtained by gauging a Zy symmetry on a 1d
spin chain. The main idea has been discussed e.g. in [5]. For reference, the definitions of Zy
unitary gates are

N
1 _
Czij=5 2, 2z,

a,f=1
LY
Uff=— > o *|B)(al, A1)
l ma,ﬁ:l
1S B p
Si,j = ]v ﬁz O)aﬂ(quZi )(X]_aZJ ):
a,f=1

and their actions are summarized in table 2.

A.1 Gauging Z, symmetry on the whole spin chain

For simplicity, consider Zy clock model at critical point on a chain with L sites
L 0
H==>(z1,Z+X)+ (h.c). (A.2)
i=1

Since the Zy symmetry n = ]_[l.L:1 X; is onsite, and thus non-anomalous, we can gauge this
symmetry by coupling the gauge variables X; ; /25 Ziiq /2 on the link. The gauged Hamiltonian
is

L
Hyaugea =— 2 (Zi Xis1/oZi + X)) + (he), (A.3)
i=1

which has a enlarged Hilbert space with dimension N2! and gauge symmetries generated by

G = Zi—l/ZXiZi:_l/z > [Gi:Hgauged] =0, Vi. (A.4)

Table 2: Nontrivial actions of the Z, quantum gates.

Quantum Gate Nontrivial transformation
CZi,j Xi _>XiZj9 X] _)X]Zl
uH X; > Z!, Z; > X,
Si,j Xi_)Xj’ Xj_>Xi! Zi_>Zj’ Z]—>Zl
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We need to project to gauge-invariant sector by imposing Gauss law constraints

Gi :Zi—l/ZXiZiT 1, g Xi = Z:_1/22i+1/23 Vl (AS)

+1/2 =

The gauged Hamiltonian has a new 0-form Z, symmetry which is easily seen by introducing
a new set of Pauli operators

Zijy=2Ziapa, Ricpp =21 Ri1paZ;. (A.6)
The gauged Hamiltonian becomes
L
Hgauged = _Z(Xi—l/z + Zi'—l/ZZH'l/Z) + (hC) . (A7)
i=1
We recover the original Hamiltonian by renaming the variables
Zigpp—>Zig, Xigp—Xi. (A.8)
The whole process gives the famous KW transformation on the Zy-symmetric operator
zl Zi-Xi ., X;—Z,z. (A.9)

The renaming is an isomorphism between two Hilbert spaces, both of which we denote by H.
Notice that the identification (A.9) involves a “half-translation” on the lattice, i.e., the fusion
rule of KW duality operator will involve the one-site translation operator T.

A.2 Gauging Z, symmetry on a half of the spin chain

Suppose we only gauge the Z, symmetry on the half of the closed chain. Without loss of
generality, we couple the gauge variables X;, Z; on J links from (L,1) to (J/ —1,J) with J < L.
The half-gauged Hamiltonian is

J L-1
Hhalf—gauged = _Z(Zl:r_l)zi—l/zzi +Xi) - Z (ler_lzi +Xi) + (hc) . (A.lO)
i=1 i=J+1

The dimension of the enlarged Hilbert space is N:*/. However, there are only J —1 generators
of gauge symmetry

Gi:=Z X Ziapp, i=1,00 1, (A.11)

that commute with the half-gauged Hamiltonian Hy¢.gaugeq- After imposing the J —1 Gauss
law constraints G; = 1,i = 1, ...,J —1 and projecting to the gauge invariant sector, the resulting
Hilbert space has dimension N’ *1, with an extra degree of freedom compared with the original
Hilbert space. We can then introduce a new set of Pauli variables X, Z; for the gauged half
line . . . .
Zyjp =212, X2 =X1/227,
Ziapp=Ziaya, Xiap =2 XiapZia, i=2,.,0-2, (A.12)
2J—1/2 = ZJ—l/Z > XJ—l/Z = Z}_lxl/z-

The boundary terms are defined so that they have standard commutation relation with the
operators at site J and L. The gauged Hamiltonian then becomes

J—1
Hhalf—gauged = (ZZXl/Z + 21T/223/2) - Z(X\i—l/z + 2i—1/22i+1/2)
i=2
L—-1
— Ry_1)aZs +Xy) — Z (Z] ,Z;+X)+ (hc). (A.13)
i=J+1
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After renaming Xi—1/2 — Xi52i—1/2 — Z; fori =1,..,J—2, and XJ_I/Z - Xy-1,0)
A /2 = Z(y—1,5), which is the extra degree of freedom after imposing the Gauss law, the
gauged Hamiltonian becomes

J—2
Hhalf—gauged = (Z[TXl + ZIZZ) - Z(Xl + ZiTZi+1)
i=2
— Xy +Zy Zyga gy Xgo1nZs +X5)

L—1
— > (2 Zi+X)+ (he). (A.14)
i=J+1

(J=1,0).0 and reshuffling the

By conjugating the Hamiltonian with the unitary operator CZ
terms, we get a simpler form

J—=2
Hhalf—gauged = (Z£X1) - Z(Zi"_lzi +X;)
i=2

t t
—(Z;_1Zyan+Xygant Z(J_LJ)XJ)
L-1 '
— > (2 Zi+X)+ (he). (A.15)
i=J+1

From the above expression, the gauged Hamiltonian is also given by the original Hamiltonian
by inserting the KW defect D at the link (L,1) and the Hermitian conjugate D' at the link
(J—1,J).

Now we can study the movement and fusion of the non-invertible topological defects. The
defect Hamiltonian with insertion of a single KW defect D on the link (J —1,J) is

J—1 -1
J—1,J i ¥
HY Y ==zl z+x)—2]_X,— > (2], Z;+X) + (he), (A.16)
i=1 i=J+1
and we can use the unitary operator U§ = CZ(W'r g +1)H}, implementing the transformation
X, > Z;, Z, > X7,
J J J JLi+1 (A.17)

.
Xj1 =25 X541, Zyjjy1 =241,

to move this defect to the link (J,J + 1).
To fuse the defects considering the insertion of two KW defects on the adjacent links
(J—1,J)and (J,J +1)

J-1 -1
J—=1,J),(J,J+1 T T +
HE oM = 3 2l 24 X) = (2] 4 X+ Z]X,00)— D, (Z1,Zi+X)+ (he) . (A18)
i=1 i=J+1

J

The fusion operator Ay o

= (UI“:’))T will map this Hamiltonian to

H(J_l»H'l) — A,J H(J_l’J)’(J’J+1)(A.JD®D)T

D&D DeD""D;D
S ‘s = (A.19)
= > (2 Zi+X)—(Z}Z)_ Zps + Xp0)— 2, (21, Z+X)+ (he).
i=1 i=J+1

In the fused defect Hamiltonian, the degrees of freedom on site J is decoupled and is equivalent
to an insertion of the T~! defect [5], while Z; becomes a symmetry of the new Hamiltonian.
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The Hilbert space is a direct sum of the eigenspaces of Z;. When Z; takes an eigenvalue w*, the
new Hamiltonian is equivalent to the original Hamiltonian with a defect n* inserted between
J —1,J + 1. Therefore the topological defect D follows the same fusion rule as its operator

counterpart:
N
DxD= (Z nk) T, (A.20)
k=1

B Topological defects of invertible symmetries in dipole Ising
model

In this section, we review the topological defects of invertible symmetries 14, 7p,C in the
dipole Ising model

H=—¢ 1> 7 (Z)YZ1—g ) X;+(he). (B.1)
i i

Much of the discussion can be generalized to other models with dipole symmetry. We study the
defects through the defect Hamiltonian which is obtained by conjugating the original Hamil-
tonian with a twist operator, the symmetry transformation on a half of the infinite chain.

Mg defect

The charge symmetry Z](\z, is generated by
ne:=[ %, =1, (B.2)
i

while the Z,, twist operator acting on i <0 is

Ng,o0 = l_[Xi- (B.3)

i<0

The defect Hamiltonian with a 1, defect at the link (0,1) is

0,1 i
H((z )= nQ,oHnZz,o
=—g! Z Zi1(Z]) Zi1 — gZXi (B.4)
i#0,1 i
— g wZ 1(2))?Z)— g w T Zo(2])? 2, + (hec),
where we label the defect Hamiltonian with the type and location of defect. We also show the

movement operators, which are local unitary operators and move the defect by one site. For
example, the movement operator for the 1, defect is

0,1 1,2 0,1
Ul=X,: HYY—H] )=U;Hé (. (B.5)

Since the movement operators are local unitary operators, the movement does not cost energy
and the defect is topological. One can also put several defects and fuse them. The fusion of
topological defects shares the same rule of the fusion of corresponding operators.
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np defect

The dipole symmetry Z]]\), is generated by
=] [xt, ny=1. (B.6)
i
The twist operator acting on sites i < i is

MD,ip—1 = l_[(Xi)i , (B.7)

i<i,

with the movement operator (X io)io. The defect Hamiltonian with a 7 defect inserted at the
link (iy —1,1p) is

oL ~
Hg° e g Z Z; (2} YZi1 — gZXi
i#i—1,, i
—g w0z (2] )2 — g7 0T 2 (2] ) Zip 41 + (hic). (B.8)
Charge conjugation defect

The charge conjugation symmetry Zg is generated by
c=[]c. c: z-z, x-x]. (B.9)
i

The twist operator is the truncation of C on half of the chain and the movement operator is
C;. The defect Hamiltonian with a charge conjugation defect inserted at link (0, 1) is

0, —
H(C 1) -8 ! Z Zl 1(Z ) Zl+1 gZX

i#0,1
—g'z (z)z] - g7 z[(Z] )222 + (h.c.). (B.10)
C Computation in bilinear phase map representation

In this appendix, we compute all the operator relations and fusions rigorously in the BMP
representation. For reference, we list the action of Pauli operators on bra and ket states

N N
Zils) = Y w*|a) (als;) = ws;) , = Z =o' (5],
=1 o (C.1)
Xilsi) =D la+1) {als;) =ls; +1) , Z (sila+1) {al = (s; 1] .
a=1 a=1

The bra and ket states are eigenstates of the Z;, while X; shifts the ket state by +1 and the
bra state by —1. Starting from a state |{s b= ®L ~, Is;);, we define the state after a lattice
translation as |{s;_;}) := T|{s;}) := ®1:1 Isi1): Where all values of qudit on each site has
been move to one site right. The lattice translation operator is therefore defined as

T=>"Hsiza}) ({s:} (C.2)
{s;}

and its action on Pauli operators is

TZl-T_l = Zi+1 5 TXiT_l = Xi+1 . (CB)
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KW transformation

The KW transformation is given by

L / L It X
D= Z eZin G5 |{573) ({5} = Z X (51) (s} C.4)
{sih.1s7} {s;}1.{s7}

The transformation of Pauli operators is

. L e -+
D(z12;)= D} @=bo sy s (z],2)

{si}{s}

= D Xl f5) ({5} w )
{sih. s}

= ST TG o (5] (€5)
{si}.{s}

— Z wZi(si—l—Si)si—l |{Sl{7$j—1;33_1 + 1}) ({SIH
{sih.{s}

=X;_,D,

where we rename s;_l—l by §;._1 after the third equality and drop the hat in the fourth equality.
/

The notation |{s’ 43St 1}) differs from |{s;}) only by the shift of qudit on the j — 1 site.
Similarly,

L /ot .
DX; = D etk () ({s:}1 X,
{sih{s{}
L /It .
= D @Ze T ({138 — 1}
{s:h{s{} (C.6)
= Z wZi#(s[{_sz{—l)5i+(sj_si—1)(s;'+l)|{sl{}) ({s;}l
{sih{s7}

_ T
=271 ,7,D.

The fusion of translation operator with the KW operator is

TD= > wZaCiiT|{s}) ({s;}
{si}.{s}
= D7 XAl s} (s}
{sih{s}
= D7 ZalmT s (5]
{s:}1.{8:}

L A A
= D, e @ ) ()]
{s: 118}

(C.7)

and the conjugate of D is

Di= > w6 |{s,}) ({s]}] . C8)
{si1.1s{}
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Therefore, by renaming the dummy variables we show that TD = D'. Similarly,

L It .
DT = Z (0 2i=1 (57511 )si [{sih) (s} T
{s:Lis{}

L 1t
= > @XabT ) (s}
{sih s}
L /¢! 3. "
= D, =l () (5]
{sih s}

= > @G (s) ({8} =D
{si1.{8:}

(C.9)

Therefore we confirmed that the translation operator commutes with the KW operator and
their fusion is the Hermitian conjugate of the KW operator:

D'=TD=DT. (C.10)
The non-invertible fusion rule is given by

L It . L Vi’
DxD= > oXZ=lideamarmni () (s }{m}) ((m}]
{sibisih{mh{m}

= D wZebrhrmmed (s ((m )

{51 {s;}.{m;} (C.11)
L
= Z l_[ 5sg—sg_l+mi—mi+1,0 |{5:}> ({m} .
s/ my) =1
The solution for the constraints s, —s;_, +m; —m;;; =0,i=1,.,Lis
si=my+k, k=1,.,N, i=1,.,L. (C.12)
Therefore, the fusion rule is
N
DxD=>>"|{m +k}) ({m}|
{me} k=1
N
= (Z ’r)k) D Hmia ) (my) (C.13)
k=1 {m;}
k=1

References

[1] D. Aasen, R. S. K. Mong and P Fendley, Topological defects on the lattice: I. The
Ising model, J. Phys. A: Math. Theor. 49, 354001 (2016), doi:10.1088/1751-
8113/49/35/354001.

[2] D. Aasen, P Fendley and R. S. K. Mong, Topological defects on the lattice: Dualities and
degeneracies, (arXiv preprint) doi:10.48550/arXiv.2008.08598.

31


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1088/1751-8113/49/35/354001
https://doi.org/10.1088/1751-8113/49/35/354001
https://doi.org/10.48550/arXiv.2008.08598

e SciPost Phys. 17, 104 (2024)

[3] L. Li, M. Oshikawa and Y. Zheng, Noninvertible duality transformation between
symmetry-protected topological and spontaneous symmetry breaking phases, Phys. Rev.
B 108, 214429 (2023), doi:10.1103/PhysRevB.108.214429.

[4] N. Seiberg and S.-H. Shao, Majorana chain and Ising model — (non-invertible)
translations, anomalies, and emanant symmetries, SciPost Phys. 16, 064 (2024),
doi:10.21468/SciPostPhys.16.3.064.

[5] N. Seiberg, S. Seifnashri and S.-H. Shao, Non-invertible symmetries and LSM-
type constraints on a tensor product Hilbert space, SciPost Phys. 16, 154 (2024),
doi:10.21468/SciPostPhys.16.6.154.

[6] S. Seifnashriand S.-H. Shao, Cluster state as a non-invertible symmetry protected topolog-
ical phase, Phys. Rev. Lett. 133, 116601 (2024), doi:10.1103/PhysRevLett.133.116601.

[7] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries, J. High
Energy Phys. 02, 172 (2015), doi:10.1007/JHEP02(2015)172.

[8] L.Bhardwaj and Y. Tachikawa, On finite symmetries and their gauging in two dimensions,
J. High Energy Phys. 03, 189 (2018), doi:10.1007/JHEP03(2018)189.

[9] C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang and X. Yin, Topological defect lines and
renormalization group flows in two dimensions, J. High Energy Phys. 01, 026 (2019),
doi:10.1007/JHEP01(2019)026.

[10] R. Thorngren and Y. Wang, Fusion category symmetry I: Anomaly in-flow and gapped
phases, J. High Energy Phys. 04, 132 (2024), doi:10.1007 /JHEP04(2024)132.

[11] R. Thorngren and Y. Wang, Fusion category symmetry II: Categoriosities at ¢ =1 and
beyond, J. High Energy Phys. 07, 51 (2024), doi:10.1007/JHEP07(2024)051.

[12] T.-C. Huang, Y.-H. Lin and S. Seifnashri, Construction of two-dimensional topological
field theories with non-invertible symmetries, J. High Energy Phys. 12, 028 (2021),
doi:10.1007/JHEP12(2021)028.

[13] W. Ji and X.-G. Wen, Categorical symmetry and noninvertible anomaly in symmetry-
breaking and topological phase transitions, Phys. Rev. Res. 2, 033417 (2020),
doi:10.1103/PhysRevResearch.2.033417.

[14] K. Inamura, On lattice models of gapped phases with fusion category symmetries, J. High
Energy Phys. 03, 036 (2022), doi:10.1007/JHEP03(2022)036.

. Li and M. Litvinov, Non-invertible SPT, gauging and symmetry fractionalization, (arXiv
[15] Y. Li and M. Litvi Non-i ible SPT, [ d jonalization, (arXi
preprint) doi:10.48550/arXiv.2405.15951.

[16] A. Chatterjee, O. M. Aksoy and X.-G. Wen, Quantum phases and transitions in spin chains
with non-invertible symmetries, (arXiv preprint) doi:10.48550/arXiv.2405.05331.

[17] L. Lootens, C. Delcamp, G. Ortiz and E Verstraete, Dualities in one-dimensional quantum
lattice models: Symmetric Hamiltonians and matrix product operator intertwiners, PRX
Quantum 4, 020357 (2023), doi:10.1103/PRXQuantum.4.020357.

[18] L. Lootens, C. Delcamp and E Verstraete, Dualities in one-dimensional quan-
tum lattice models:  Topological sectors, PRX Quantum 5, 010338 (2024),
doi:10.1103/PRXQuantum.5.010338.

32


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1103/PhysRevB.108.214429
https://doi.org/10.21468/SciPostPhys.16.3.064
https://doi.org/10.21468/SciPostPhys.16.6.154
https://doi.org/10.1103/PhysRevLett.133.116601
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.1007/JHEP03(2018)189
https://doi.org/10.1007/JHEP01(2019)026
https://doi.org/10.1007/JHEP04(2024)132
https://doi.org/10.1007/JHEP07(2024)051
https://doi.org/10.1007/JHEP12(2021)028
https://doi.org/10.1103/PhysRevResearch.2.033417
https://doi.org/10.1007/JHEP03(2022)036
https://doi.org/10.48550/arXiv.2405.15951
https://doi.org/10.48550/arXiv.2405.05331
https://doi.org/10.1103/PRXQuantum.4.020357
https://doi.org/10.1103/PRXQuantum.5.010338

e SciPost Phys. 17, 104 (2024)

[19] M. Koide, Y. Nagoya and S. Yamaguchi, Non-invertible topological defects in 4-
dimensional Z, pure lattice gauge theory, Prog. Theor. Exp. Phys. 013B03 (2022),
doi:10.1093/ptep/ptab145.

[20] J. Kaidi, K. Ohmori and Y. Zheng, Kramers-Wannier-like duality defects in (3 + 1)D gauge
theories, Phys. Rev. Lett. 128, 111601 (2022), doi:10.1103/PhysRevLett.128.111601.

[21] Y. Choi, C. Coérdova, P-S. Hsin, H. T. Lam and S.-H. Shao, Noninvert-
ible duality defects in 3+ 1 dimensions, Phys. Rev. D 105, 125016 (2022),
doi:10.1103/PhysRevD.105.125016.

[22] K. Roumpedakis, S. Seifnashri and S.-H. Shao, Higher gauging and non-invertible con-
densation defects, Commun. Math. Phys. 401, 3043 (2023), doi:10.1007/s00220-023-
04706-9.

[23] L. Bhardwaj, L. E. Bottini, S. Schifer-Nameki and A. Tiwari, Non-
invertible higher-categorical ~symmetries, SciPost Phys. 14, 007 (2023),
doi:10.21468/SciPostPhys.14.1.007.

[24] Y. Choi, C. Cérdova, P-S. Hsin, H. T. Lam and S.-H. Shao, Non-invertible condensation,
duality, and triality defects in 3 + 1 dimensions, Commun. Math. Phys. 402, 489 (2023),
d0i:10.1007/s00220-023-04727-4.

[25] J.Kaidi, G. Zafrir and Y. Zheng, Non-invertible symmetries of N' = 4 SYM and twisted com-
pactification, J. High Energy Phys. 08, 053 (2022), doi:10.1007/JHEP08(2022)053.

[26] C. Cérdova and K. Ohmori, Non-invertible chiral symmetry and exponential hierarchies,
Phys. Rev. X 13, 011034 (2023), d0i:10.1103/PhysRevX.13.011034.

[27] Y. Choi, H. T. Lam and S.-H. Shao, Noninvertible global symmetries in the Standard Model,
Phys. Rev. Lett. 129, 161601 (2022), doi:10.1103/PhysRevLett.129.161601.

[28] Y. Choi, H. T. Lam and S.-H. Shao, Non-invertible Gauss law and axions, J. High Energy
Phys. 09, 67 (2023), doi:10.1007 /JHEP09(2023)067.

[29] Y. Tachikawa, On gauging finite subgroups, SciPost Phys. 8, 015 (2020),
doi:10.21468/SciPostPhys.8.1.015.

[30] D. Tambara and S. Yamagami, Tensor categories with fusion rules of self-duality for finite
Abelian groups, J. Algebra 209, 692 (1998), doi:10.1006/jabr.1998.7558.

[31] J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Kramers-Wannier duality from confor-
mal defects, Phys. Rev. Lett. 93, 070601 (2004), doi:10.1103/PhysRevLett.93.070601.

[32] J. Frohlich, J. Fuchs, I. Runkel and C. Schweigert, Duality and defects in rational confor-
mal field theory, Nucl. Phys. B 763, 354 (2007), d0i:10.1016/j.nuclphysb.2006.11.017.

[33] W. Cao, L. Li, M. Yamazaki and Y. Zheng, Subsystem non-invertible symmetry operators
and defects, SciPost Phys. 15, 155 (2023), doi:10.21468/SciPostPhys.15.4.155.

[34] A. Parayil Mana, Y. Li, H. Sukeno and T.-C. Wei, Kennedy-Tasaki transformation and
noninvertible symmetry in lattice models beyond one dimension, Phys. Rev. B 109, 245129
(2024), doi:10.1103/PhysRevB.109.245129.

[35] C. Zhang and C. Cérdova, Anomalies of (1 + 1)D categorical symmetries, Phys. Rev. B
110, 035155 (2024), doi:10.1103/PhysRevB.110.035155.

33


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1093/ptep/ptab145
https://doi.org/10.1103/PhysRevLett.128.111601
https://doi.org/10.1103/PhysRevD.105.125016
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.1007/s00220-023-04706-9
https://doi.org/10.21468/SciPostPhys.14.1.007
https://doi.org/10.1007/s00220-023-04727-4
https://doi.org/10.1007/JHEP08(2022)053
https://doi.org/10.1103/PhysRevX.13.011034
https://doi.org/10.1103/PhysRevLett.129.161601
https://doi.org/10.1007/JHEP09(2023)067
https://doi.org/10.21468/SciPostPhys.8.1.015
https://doi.org/10.1006/jabr.1998.7558
https://doi.org/10.1103/PhysRevLett.93.070601
https://doi.org/10.1016/j.nuclphysb.2006.11.017
https://doi.org/10.21468/SciPostPhys.15.4.155
https://doi.org/10.1103/PhysRevB.109.245129
https://doi.org/10.1103/PhysRevB.110.035155

e SciPost Phys. 17, 104 (2024)

[36] Y. Choi, B. C. Rayhaun, Y. Sanghavi and S.-H. Shao, Remarks on boundaries,
anomalies, and noninvertible symmetries, Phys. Rev. D 108, 125005 (2023),
doi:10.1103/PhysRevD.108.125005.

[37] J. McGreevy, Generalized symmetries in condensed matter, Annu. Rev. Condens. Matter
Phys. 14, 57 (2023), doi:10.1146/annurev-conmatphys-040721-021029.

[38] L.Bhardwaj, L. E. Bottini, D. Pajer and S. Schéfer-Nameki, Categorical Landau paradigm
for gapped phases, (arXiv preprint) doi:10.48550/arXiv.2310.03786.

[39] L. Bhardwaj, L. E. Bottini, S. Schéfer-Nameki and A. Tiwari, lllustrating the categorical
Landau paradigm in lattice models, (arXiv preprint) doi:10.48550/arXiv.2405.05302.

[40] L. Bhardwaj, L. E. Bottini, S. Schifer-Nameki and A. Tiwari, Lattice mod-
els for phases and transitions with non-invertible symmetries, (arXiv preprint)
d0i:10.48550/arXiv.2405.05964.

[41] D.-C. Lu, Z. Sun and Y.-Z. You, Realizing triality and p-ality by lattice twisted gauging in
(1 + 1)d quantum spin systems, (arXiv preprint) doi:10.48550/arXiv.2405.14939.

[42] A. Paramekanti, L. Balents and M. P A. Fisher, Ring exchange, the exciton Bose
liguid, and bosonization in two dimensions, Phys. Rev. B 66, 054526 (2002),
doi:10.1103/PhysRevB.66.054526.

[43] W. Shirley, K. Slagle and X. Chen, Foliated fracton order from gauging subsystem symme-
tries, SciPost Phys. 6, 041 (2019), doi:10.21468/SciPostPhys.6.4.041.

[44] H. Yan, Hyperbolic fracton model, subsystem symmetry, and holography, Phys. Rev. B 99,
155126 (2019), doi:10.1103/PhysRevB.99.155126.

[45] M. Pretko, The fracton gauge principle, Phys. Rev. B 98, 115134 (2018),
doi:10.1103/PhysRevB.98.115134.

[46] Y. You, T. Devakul, E J. Burnell and S. L. Sondhi, Subsystem symmetry protected topolog-
ical order, Phys. Rev. B 98, 035112 (2018), d0i:10.1103/PhysRevB.98.035112.

[47] J. P Ibieta-Jimenez, L. N. Queiroz Xavier, M. Petrucci and P Teotonio-Sobrinho,
Fractonlike phases from subsystem symmetries, Phys. Rev. B 102, 045104 (2020),
doi:10.1103/PhysRevB.102.045104.

[48] N. Seiberg, Field theories with a vector global symmetry, SciPost Phys. 8, 050 (2020),
doi:10.21468/SciPostPhys.8.4.050.

[49] N. Seiberg and S.-H. Shao, Exotic symmetries, duality, and fractons in
2+ 1-dimensional quantum field theory, SciPost Phys. 10, 027 (2021),
doi:10.21468/SciPostPhys.10.2.027.

[50] J. Distler, A. Karch and A. Raz, Spontaneously broken subsystem symmetries, J. High
Energy Phys. 03, 016 (2022), doi:10.1007/JHEP03(2022)016.

[51] S. Yamaguchi, Gapless edge modes in (4 + 1)-dimensional topologically massive tensor
gauge theory and anomaly inflow for subsystem symmetry, Prog. Theor. Exp. Phys.
033B08 (2022), doi:10.1093/ptep,/ptac032.

[52] C. Stahl, E. Lake and R. Nandkishore, Spontaneous breaking of multipole symmetries,
Phys. Rev. B 105, 155107 (2022), doi:10.1103/PhysRevB.105.155107.

34


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1103/PhysRevD.108.125005
https://doi.org/10.1146/annurev-conmatphys-040721-021029
https://doi.org/10.48550/arXiv.2310.03786
https://doi.org/10.48550/arXiv.2405.05302
https://doi.org/10.48550/arXiv.2405.05964
https://doi.org/10.48550/arXiv.2405.14939
https://doi.org/10.1103/PhysRevB.66.054526
https://doi.org/10.21468/SciPostPhys.6.4.041
https://doi.org/10.1103/PhysRevB.99.155126
https://doi.org/10.1103/PhysRevB.98.115134
https://doi.org/10.1103/PhysRevB.98.035112
https://doi.org/10.1103/PhysRevB.102.045104
https://doi.org/10.21468/SciPostPhys.8.4.050
https://doi.org/10.21468/SciPostPhys.10.2.027
https://doi.org/10.1007/JHEP03(2022)016
https://doi.org/10.1093/ptep/ptac032
https://doi.org/10.1103/PhysRevB.105.155107

e SciPost Phys. 17, 104 (2024)

[53] H. Katsura and Y. Nakayama, Spontaneously broken supersymmetric fracton phases
with fermionic subsystem symmetries, J. High Energy Phys. 08, 072 (2022),
doi:10.1007/JHEP08(2022)072.

[54] N. Tantivasadakarn, Jordan-Wigner dualities for translation-invariant Hamiltonians in
any dimension: Emergent fermions in fracton topological order, Phys. Rev. Res. 2, 023353
(2020), doi:10.1103/PhysRevResearch.2.023353.

[55] W. Cao, M. Yamazaki and Y. Zheng, Boson-fermion duality with subsystem symmetry,
Phys. Rev. B 106, 075150 (2022), doi:10.1103/PhysRevB.106.075150.

[56] S. Yamaguchi, SL(2,Z) action on quantum field theories with U(1) subsystem symmetry,
Prog. Theor. Exp. Phys. 023B06 (2023), doi:10.1093/ptep/ptad008.

[57] Z.Nussinov and G. Ortiz, A symmetry principle for topological quantum order, Ann. Phys.
324, 977 (2009), do0i:10.1016/j.a0p.2008.11.002.

[58] E. Cobanera, G. Ortiz and Z. Nussinov, The bond-algebraic approach to dualities, Adv.
Phys. 60, 679 (2011), doi:10.1080/00018732.2011.619814.

[59] Z. Nussinov, G. Ortiz and E. Cobanera, Effective and exact holographies from symmetries
and dualities, Ann. Phys. 327, 2491 (2012), doi:10.1016/j.a0p.2012.07.001.

[60] E. Cobanera, G. Ortiz and Z. Nussinov, Holographic symmetries and general-
ized order parameters for topological matter, Phys. Rev. B 87, 041105 (2013),
doi:10.1103/PhysRevB.87.041105.

[61] Z. Weinstein, E. Cobanera, G. Ortiz and Z. Nussinov, Absence of finite temperature
phase transitions in the X-Cube model and its Z, generalization, Ann. Phys. 412, 168018
(2020), d0i:10.1016/j.a0p.2019.168018.

[62] Z. Weinstein, G. Ortiz and Z. Nussinov, Universality classes of stabilizer code Hamiltoni-
ans, Phys. Rev. Lett. 123, 230503 (2019), doi:10.1103/PhysRevLett.123.230503.

[63] T.Devakul, Y. You, E J. Burnell and S. Sondhi, Fractal symmetric phases of matter, SciPost
Phys. 6, 007 (2019), doi:10.21468/SciPostPhys.6.1.007.

[64] A. Gromov, Towards classification of fracton phases: The multipole algebra, Phys. Rev. X
9, 031035 (2019), doi:10.1103/PhysRevX.9.031035.

[65] J. Feldmeier, P Sala, G. De Tomasi, E Pollmann and M. Knap, Anomalous diffusion in
dipole- and higher-moment-conserving systems, Phys. Rev. Lett. 125, 245303 (2020),
doi:10.1103/PhysRevLett.125.245303.

[66] J.Iaconis, A. Lucas and R. Nandkishore, Multipole conservation laws and subdiffusion in
any dimension, Phys. Rev. E 103, 022142 (2021), doi:10.1103/PhysRevE.103.022142.

[67] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, Global dipole symmetry, compact
Lifshitz theory, tensor gauge theory, and fractons, Phys. Rev. B 106, 045112 (2022),
doi:10.1103/PhysRevB.106.045112.

[68] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, (2 + 1)-dimensional compact Lif-
shitz theory, tensor gauge theory, and fractons, Phys. Rev. B 108, 075106 (2023),
doi:10.1103/PhysRevB.108.075106.

[69] E. Lake, M. Hermele and T. Senthil, Dipolar Bose-Hubbard model, Phys. Rev. B 106,
064511 (2022), doi:10.1103/PhysRevB.106.064511.

35


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1007/JHEP08(2022)072
https://doi.org/10.1103/PhysRevResearch.2.023353
https://doi.org/10.1103/PhysRevB.106.075150
https://doi.org/10.1093/ptep/ptad008
https://doi.org/10.1016/j.aop.2008.11.002
https://doi.org/10.1080/00018732.2011.619814
https://doi.org/10.1016/j.aop.2012.07.001
https://doi.org/10.1103/PhysRevB.87.041105
https://doi.org/10.1016/j.aop.2019.168018
https://doi.org/10.1103/PhysRevLett.123.230503
https://doi.org/10.21468/SciPostPhys.6.1.007
https://doi.org/10.1103/PhysRevX.9.031035
https://doi.org/10.1103/PhysRevLett.125.245303
https://doi.org/10.1103/PhysRevE.103.022142
https://doi.org/10.1103/PhysRevB.106.045112
https://doi.org/10.1103/PhysRevB.108.075106
https://doi.org/10.1103/PhysRevB.106.064511

e SciPost Phys. 17, 104 (2024)

[70] E. Lake, H.-Y. Lee, J. H. Han and T. Senthil, Dipole condensates in tilted Bose-Hubbard
chains, Phys. Rev. B 107, 195132 (2023), doi:10.1103/PhysRevB.107.195132.

[71] J. H. Han, Dipolar bf theory and dipolar braiding statistics, Phys. Rev. B 109, 235127
(2024), do0i:10.1103/PhysRevB.109.235127.

[72] P Sala, J. Lehmann, T Rakovszky, and E Pollmann, Dynamics in sys-
tems with modulated symmetries, Phys. Rev. Lett. 129, 170601 (2022),
doi:10.1103/PhysRevLett.129.170601.

[73] H. Ebisu, M. Honda and T. Nakanishi, Foliated field theories and multipole symmetries,
Phys. Rev. B 109, 165112 (2024), doi:10.1103/PhysRevB.109.165112.

[74] X. Huang, A Chern-Simons theory for dipole symmetry, SciPost Phys. 15, 153 (2023),
doi:10.21468/SciPostPhys.15.4.153.

[75] J. Haah, Local stabilizger codes in three dimensions without string logical operators, Phys.
Rev. A 83, 042330 (2011), doi:10.1103/physreva.83.042330.

[76] J. Haah, Lattice quantum codes and exotic topological phases of matter, PhD thesis, Cali-
fornia Institute of Technology, Pasadena, USA (2013), doi:10.7907/GCYW-ZE58.

[77] S. Vijay, J. Haah and L. Fu, Fracton topological order, generalized lattice gauge theory,
and duality, Phys. Rev. B 94, 235157 (2016), doi:10.1103/PhysRevB.94.235157.

[78] H. Ma, E. Lake, X. Chen and M. Hermele, Fracton topological order via coupled layers,
Phys. Rev. B 95, 245126 (2017), doi:10.1103/PhysRevB.95.245126.

[79] W. Shirley, K. Slagle, Z. Wang and X. Chen, Fracton models on general three-dimensional
manifolds, Phys. Rev. X 8, 031051 (2018), doi:10.1103/PhysRevX.8.031051.

[80] W. Shirley, K. Slagle and X. Chen, Fractional excitations in foliated fracton phases, Ann.
Phys. 410, 167922 (2019), doi:10.1016/j.a0p.2019.167922.

[81] W. Shirley, K. Slagle and X. Chen, Foliated fracton order in the checkerboard model, Phys.
Rev. B 99, 115123 (2019), doi:10.1103/PhysRevB.99.115123.

[82] K. Slagle, Foliated quantum field theory of fracton order, Phys. Rev. Lett. 126, 101603
(2021), doi:10.1103/PhysRevLett.126.101603.

[83] K. T. Tian, E. Samperton and Z. Wang, Haah codes on general three-manifolds, Ann. Phys.
412, 168014 (2020), doi:10.1016/j.a0p.2019.168014.

[84] X. Shen, Z. Wu, L. Li, Z. Qin and H. Yao, Fracton topological order at finite temperature,
Phys. Rev. Res. 4, L032008 (2022), doi:10.1103/PhysRevResearch.4.1.032008.

[85] D. Aasen, D. Bulmash, A. Prem, K. Slagle and D. J. Williamson, Topologi-
cal defect networks for fractons of all types, Phys. Rev. Res. 2, 043165 (2020),
doi:10.1103/PhysRevResearch.2.043165.

[86] N. Seiberg and S.-H. Shao, Exotic U(1) symmetries, duality, and fractons
in 3+ 1-dimensional quantum field theory, SciPost Phys. 9, 046 (2020),
doi:10.21468/SciPostPhys.9.4.046.

[87] N. Seiberg and S.-H. Shao, Exotic Zy symmetries, duality, and fractons
in 3+ 1-dimensional quantum field theory, SciPost Phys. 10, 003 (2021),
doi:10.21468/SciPostPhys.10.1.003.

36


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1103/PhysRevB.107.195132
https://doi.org/10.1103/PhysRevB.109.235127
https://doi.org/10.1103/PhysRevLett.129.170601
https://doi.org/10.1103/PhysRevB.109.165112
https://doi.org/10.21468/SciPostPhys.15.4.153
https://doi.org/10.1103/physreva.83.042330
https://doi.org/10.7907/GCYW-ZE58
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.95.245126
https://doi.org/10.1103/PhysRevX.8.031051
https://doi.org/10.1016/j.aop.2019.167922
https://doi.org/10.1103/PhysRevB.99.115123
https://doi.org/10.1103/PhysRevLett.126.101603
https://doi.org/10.1016/j.aop.2019.168014
https://doi.org/10.1103/PhysRevResearch.4.L032008
https://doi.org/10.1103/PhysRevResearch.2.043165
https://doi.org/10.21468/SciPostPhys.9.4.046
https://doi.org/10.21468/SciPostPhys.10.1.003

e SciPost Phys. 17, 104 (2024)

[88] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, More exotic field theories in 3+ 1
dimensions, SciPost Phys. 9, 073 (2020), doi:10.21468/SciPostPhys.9.5.073.

[89] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, fcc lattice, checker-
boards, fractons, and quantum field theory, Phys. Rev. B 103, 205116 (2021),
doi:10.1103/PhysRevB.103.205116.

[90] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, A modified Villain formu-
lation of fractons and other exotic theories, J. Math. Phys. 62, 102301 (2021),
doi:10.1063/5.0060808.

[91] P Gorantla, H. T. Lam, N. Seiberg and S.-H. Shao, Low-energy limit of some
exotic lattice theories and UV/IR mixing, Phys. Rev. B 104, 235116 (2021),
doi:10.1103/PhysRevB.104.235116.

[92] O. Dubinkin, J. May-Mann and T. L. Hughes, Theory of dipole insulators, Phys. Rev. B
103, 125129 (2021), doi:10.1103/PhysRevB.103.125129.

[93] Y. You, E J. Burnell and T. L. Hughes, Multipolar topological field theories: Bridging
higher order topological insulators and fractons, Phys. Rev. B 103, 245128 (2021),
doi:10.1103/PhysRevB.103.245128.

[94] H. T. Lam, J. H. Han and Y. You, Topological dipole insulator, (arXiv preprint)
doi:10.48550/arXiv.2403.13880.

[95] A. Seidel, H. Fu, D.-H. Lee, J. M. Leinaas and J. Moore, Incompressible quan-
tum liquids and new conservation laws, Phys. Rev. Lett. 95, 266405 (2005),
doi:10.1103/PhysRevLett.95.266405.

[96] P Sala, Y. You, J. Hauschild and O. Motrunich, Exotic quantum liquids in Bose-
Hubbard models with spatially modulated symmetries, Phys. Rev. B 109, 014406 (2024),
doi:10.1103/PhysRevB.109.014406.

[97] A. Anakru and Z. Bi, Non-Fermi liquids from dipolar symmetry breaking, Phys. Rev. B
108, 165112 (2023), doi:10.1103/PhysRevB.108.165112.

[98] E. Lake and T. Senthil, Non-Fermi liquids from kinetic constraints in tilted optical lattices,
Phys. Rev. Lett. 131, 043403 (2023), doi:10.1103/PhysRevLett.131.043403.

[99] S. Scherg, T. Kohlert, P Sala, E Pollmann, B. Hebbe Madhusudhana, I. Bloch and M.
Aidelsburger, Observing non-ergodicity due to kinetic constraints in tilted Fermi-Hubbard
chains, Nat. Commun. 12, 4490 (2021), do0i:10.1038/s41467-021-24726-0.

[100] T. Rakovszky, P Sala, R. Verresen, M. Knap and E Pollmann, Statistical localization:
From strong fragmentation to strong edge modes, Phys. Rev. B 101, 125126 (2020),
doi:10.1103/PhysRevB.101.125126.

[101] V. Khemani, M. Hermele and R. Nandkishore, Localization from Hilbert space shat-
tering: From theory to physical realizations, Phys. Rev. B 101, 174204 (2020),
d0i:10.1103/PhysRevB.101.174204.

[102] P Sala, T. Rakovszky, R. Verresen, M. Knap and E Pollmann, Ergodicity breaking arising
from Hilbert space fragmentation in dipole-conserving Hamiltonians, Phys. Rev. X 10,
011047 (2020), doi:10.1103/PhysRevX.10.011047.

37


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.21468/SciPostPhys.9.5.073
https://doi.org/10.1103/PhysRevB.103.205116
https://doi.org/10.1063/5.0060808
https://doi.org/10.1103/PhysRevB.104.235116
https://doi.org/10.1103/PhysRevB.103.125129
https://doi.org/10.1103/PhysRevB.103.245128
https://doi.org/10.48550/arXiv.2403.13880
https://doi.org/10.1103/PhysRevLett.95.266405
https://doi.org/10.1103/PhysRevB.109.014406
https://doi.org/10.1103/PhysRevB.108.165112
https://doi.org/10.1103/PhysRevLett.131.043403
https://doi.org/10.1038/s41467-021-24726-0
https://doi.org/10.1103/PhysRevB.101.125126
https://doi.org/10.1103/PhysRevB.101.174204
https://doi.org/10.1103/PhysRevX.10.011047

e SciPost Phys. 17, 104 (2024)

[103] J. Gliozzi, J. May-Mann, T. L. Hughes and G. De Tomasi, Hierarchical hydrodynam-
ics in long-range multipole-conserving systems, Phys. Rev. B 108, 195106 (2023),
doi:10.1103/PhysRevB.108.195106.

[104] A. Morningstar, N. O’'Dea and J. Richter, Hydrodynamics in long-range interact-
ing systems with center-of-mass conservation, Phys. Rev. B 108, 1020304 (2023),
doi:10.1103/PhysRevB.108.1.020304.

[105] E. Guardado-Sanchez, A. Morningstar, B. M. Spar, P T. Brown, D. A. Huse and W. S.
Bakr, Subdiffusion and heat transport in a tilted two-dimensional Fermi-Hubbard system,
Phys. Rev. X 10, 011042 (2020), doi:10.1103/PhysRevX.10.011042.

[106] P Glorioso, X. Huang, J. Guo, J. E Rodriguez-Nieva and A. Lucas, Goldstone bosons and
fluctuating hydrodynamics with dipole and momentum conservation, J. High Energy Phys.
05, 022 (2023), doi:10.1007/JHEP05(2023)022.

[107] J. Feldmeier, P Sala, G. De Tomasi, F Pollmann and M. Knap, Anomalous diffusion in
dipole- and higher-moment-conserving systems, Phys. Rev. Lett. 125, 245303 (2020),
doi:10.1103/PhysRevLett.125.245303.

[108] J. Iaconis, A. Lucas and R. Nandkishore, Multipole conservation laws and subdiffusion in
any dimension, Phys. Rev. E 103, 022142 (2021), doi:10.1103/PhysRevE.103.022142.

[109] J. H. Han, E. Lake and S. Ro, Scaling and localization in multipole-conserving diffusion,
Phys. Rev. Lett. 132, 137102 (2024), doi:10.1103/PhysRevLett.132.137102.

[110] R. C. Spieler, Non-invertible duality interfaces in field theories with exotic symmetries, J.
High Energy Phys. 06, 42 (2024), doi:10.1007/JHEP06(2024)042.

[111] M. P Qin, J. M. Leinaas, S. Ryu, E. Ardonne, T. Xiang and D.-H. Lee, Quantum torus
chain, Phys. Rev. B 86, 134430 (2012), doi:10.1103/PhysRevB.86.134430.

[112] Y. Alavirad and M. Barkeshli, Anomalies and unusual stability of multicompo-
nent Luttinger liquids in Z, x Z, spin chains, Phys. Rev. B 104, 045151 (2021),
doi:10.1103/PhysRevB.104.045151.

[113] T Kennedy and H. Tasaki, Hidden symmetry breaking and the Haldane phase
in S=1 quantum spin chains, Commun. Math. Phys. 147, 431 (1992),
doi:10.1007/BF02097239.

[114] T Kennedy and H. Tasaki, Hidden Z, x Z, symmetry breaking in Haldane-gap antiferro-
magnets, Phys. Rev. B 45, 304 (1992), do0i:10.1103/PhysRevB.45.304.

[115] M. Oshikawa, Hidden Z, x Z, symmetry in quantum spin chains with arbitrary integer
spin, J. Phys.: Condens. Matter 4, 36 (1992), doi:10.1088/0953-8984/4/36/019.

[116] H.-H. Tu, G.-M. Zhang and T. Xiang, Class of exactly solvable SO(n) symmetric
spin chains with matrix product ground states, Phys. Rev. B 78, 094404 (2008),
doi:10.1103/PhysRevB.78.094404.

[117] U. Schollwock, O. Golinelli and T. Jolicceur, S = 2 antiferromagnetic quantum spin chain,
Phys. Rev. B 54, 4038 (1996), doi:10.1103/PhysRevB.54.4038.

[118] K. Duivenvoorden and T. Quella, From symmetry-protected topological order to Landau
order, Phys. Rev. B 88, 125115 (2013), do0i:10.1103/PhysRevB.88.125115.

38


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1103/PhysRevB.108.195106
https://doi.org/10.1103/PhysRevB.108.L020304
https://doi.org/10.1103/PhysRevX.10.011042
https://doi.org/10.1007/JHEP05(2023)022
https://doi.org/10.1103/PhysRevLett.125.245303
https://doi.org/10.1103/PhysRevE.103.022142
https://doi.org/10.1103/PhysRevLett.132.137102
https://doi.org/10.1007/JHEP06(2024)042
https://doi.org/10.1103/PhysRevB.86.134430
https://doi.org/10.1103/PhysRevB.104.045151
https://doi.org/10.1007/BF02097239
https://doi.org/10.1103/PhysRevB.45.304
https://doi.org/10.1088/0953-8984/4/36/019
https://doi.org/10.1103/PhysRevB.78.094404
https://doi.org/10.1103/PhysRevB.54.4038
https://doi.org/10.1103/PhysRevB.88.125115

e SciPost Phys. 17, 104 (2024)

[119] D. V. Else, S. D. Bartlett and A. C. Doherty, Hidden symmetry-breaking pic-
ture of symmetry-protected topological order, Phys. Rev. B 88, 085114 (2013),
doi:10.1103/PhysRevB.88.085114.

[120] K. Okunishi, Topological disentangler for the valence-bond-solid chain, Phys. Rev. B 83,
104411 (2011), doi:10.1103/PhysRevB.83.104411.

[121] H. Yang, L. Li, K. Okunishi and H. Katsura, Duality, criticality, anomaly,
and topology in quantum spin-1 chains, Phys. Rev. B 107, 125158 (2023),
doi:10.1103/PhysRevB.107.125158.

[122] L. Li, M. Oshikawa and Y. Zheng, Intrinsically/purely gapless-SPT from non-invertible
duality transformations, (arXiv preprint) doi:10.48550/arXiv.2307.04788.

[123] M. Nguyen, Y. Tanizaki and M. Unsal, Study of gapped phases of 4d gauge theories using
temporal gauging of the Zy 1-form symmetry, J. High Energy Phys. 08, 013 (2023),
doi:10.1007/JHEP08(2023)013.

[124] L. Bhardwaj, L. E. Bottini, D. Pajer and S. Schéifer-Nameki, The club sandwich:
Gapless phases and phase transitions with non-invertible symmetries, (arXiv preprint)
doi:10.48550/arXiv.2312.17322.

[125] L. Bhardwaj, D. Pajer, S. Schifer-Nameki and A. Warman, Hasse diagrams
for gapless SPT and SSB phases with non-invertible symmetries, (arXiv preprint)
doi:10.48550/arXiv.2403.00905.

[126] X.-J. Yu, S. Yang, H.-Q. Lin and S.-K. Jian, Universal entanglement spectrum in one-
dimensional gapless symmetry protected topological states, Phys. Rev. Lett. 133, 026601
(2024), do0i:10.1103/PhysRevLett.133.026601.

[127] Y. Choi, Y. Sanghavi, S.-H. Shao and Y. Zheng, Non-invertible and higher-form symmetries
in 2 + 1d lattice gauge theories, (arXiv preprint) doi:10.48550/arXiv.2405.13105.

[128] S. D. Pace, G. Delfino, H. T. Lam and O. M. Aksoy, Gauging modulated sym-
metries: Kramers-Wannier dualities and non-invertible reflections, (arXiv preprint)
d0i:10.48550/arXiv.2406.12962.

[129] H. Yan and L. Li, Generalized Kramers-Wanier duality from bilinear phase map, (arXiv
preprint) doi:10.48550/arXiv.2403.16017.

[130] O. M. Aksoy, C. Mudry, A. Furusaki and A. Tiwari, Lieb-Schultz-Mattis anomalies and web
of dualities induced by gauging in quantum spin chains, SciPost Phys. 16, 022 (2024),
doi:10.21468/SciPostPhys.16.1.022.

[131] H.T. Lam, Classification of dipolar symmetry-protected topological phases: Matrix product
states, stabilizer Hamiltonians, and finite tensor gauge theories, Phys. Rev. B 109, 115142
(2024), doi:10.1103/PhysRevB.109.115142.

[132] J. H. Han, E. Lake, H. T. Lam, R. Verresen and Y. You, Topological quantum chains pro-
tected by dipolar and other modulated symmetries, Phys. Rev. B 109, 125121 (2024),
doi:10.1103/PhysRevB.109.125121.

[133] J. C. Wang, Z.-C. Gu and X.-G. Wen, Field-theory representation of gauge-gravity
symmetry-protected topological invariants, group cohomology, and beyond, Phys. Rev.
Lett. 114, 031601 (2015), doi:10.1103/PhysRevLett.114.031601.

39


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.1103/PhysRevB.88.085114
https://doi.org/10.1103/PhysRevB.83.104411
https://doi.org/10.1103/PhysRevB.107.125158
https://doi.org/10.48550/arXiv.2307.04788
https://doi.org/10.1007/JHEP08(2023)013
https://doi.org/10.48550/arXiv.2312.17322
https://doi.org/10.48550/arXiv.2403.00905
https://doi.org/10.1103/PhysRevLett.133.026601
https://doi.org/10.48550/arXiv.2405.13105
https://doi.org/10.48550/arXiv.2406.12962
https://doi.org/10.48550/arXiv.2403.16017
https://doi.org/10.21468/SciPostPhys.16.1.022
https://doi.org/10.1103/PhysRevB.109.115142
https://doi.org/10.1103/PhysRevB.109.125121
https://doi.org/10.1103/PhysRevLett.114.031601

e SciPost Phys. 17, 104 (2024)

[134] L. Li, M. Oshikawa and Y. Zheng, Decorated defect construction of gapless-SPT states,
SciPost Phys. 17, 013 (2024), doi:10.21468/SciPostPhys.17.1.013.

[135] L. Li and Y. Yao, Duality viewpoint of criticality, Phys. Rev. B 106, 224420 (2022),
doi:10.1103/PhysRevB.106.224420.

[136] B-S. Hsin, R. Kobayashi and C. Zhang, Fractionalization of coset non-
invertible symmetry and exotic Hall conductance, SciPost Phys. 17, 095 (2024),
doi:10.21468/SciPostPhys.17.3.095.

40


https://scipost.org
https://scipost.org/SciPostPhys.17.4.104
https://doi.org/10.21468/SciPostPhys.17.1.013
https://doi.org/10.1103/PhysRevB.106.224420
https://doi.org/10.21468/SciPostPhys.17.3.095

	Introduction
	Generating lattice non-invertible symmetries
	The seed transformation
	TY(Z(N)xZ(N)) type fusion algebra
	Dipole Kramers-Wannier transformation

	Dipole Kramers-Wannier symmetry
	Duality transformation: Gauging on the whole spin chain
	Duality defect: Half-space gauging on the spin chain
	Bilinear phase map representation and symmetry-twist sectors

	Anomaly of dipole Kramers-Wannier symmetry
	Anomaly free condition for general N
	Anomaly and phase diagram for N=3

	Generalized Kennedy-Tasaki transformation associated with Z(N)Q x Z(N)D symmetry
	Construction of KT transformations
	Mapping of gapped phases under KT transformation

	Conclusion and discussion
	Kramers-Wannier duality symmetry in lattice models
	Gauging   symmetry on the whole spin chain
	Gauging   symmetry on a half of the spin chain

	Topological defects of invertible symmetries in dipole Ising model
	Computation in bilinear phase map representation
	References

