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Abstract

Generalized symmetries often appear in the form of emergent symmetries in low energy
effective descriptions of quantum many-body systems. Non-invertible symmetries are
a particularly exotic class of generalized symmetries, in that they are implemented by
transformations that do not form a group. Such symmetries appear in large families of
gapless states of quantum matter and constrain their low-energy dynamics. To provide
a UV-complete description of such symmetries, it is useful to construct lattice models
that respect these symmetries exactly. In this paper, we discuss two families of one-
dimensional lattice Hamiltonians with finite on-site Hilbert spaces: one with (invertible)
S, symmetry and the other with non-invertible Rep(S,) symmetry. Our models are largely
analytically tractable and demonstrate all possible spontaneous symmetry breaking pat-
terns of these symmetries. Moreover, we use numerical techniques to study the nature of
continuous phase transitions between the different symmetry-breaking gapped phases
associated with both symmetries. Both models have self-dual lines, where the models
are enriched by so-called intrinsically non-invertible symmetries generated by Kramers-
Wannier-like duality transformations. We provide explicit lattice operators that generate
these non-invertible self-duality symmetries. We show that the enhanced symmetry at
the self-dual lines is described by a 24+1d symmetry-topological-order (SymTO) of type
JK, ® J_K4. The condensable algebras of the SymTO determine the allowed gapped and
gapless states of the self-dual S -symmetric and Rep(S,)-symmetric models.
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1 Introduction

In quantum many-body physics, global internal symmetries are conventionally represented
by unitary (or anti-unitary) operators acting on all the degrees of freedom constituting the
system. The associated symmetry transformations can be composed following group-like mul-
tiplication rules. Symmetries allow the decomposition of quantum states into sectors that are
dynamically decoupled, i.e., under time-evolution generated by the Hamiltonian, states in a
particular sector do not develop overlaps with those in other sectors. These sectors are labeled
by symmetry charges, which correspond to irreducible representations of the symmetry group.

This conventional picture of symmetries has been generalized considerably in recent years.
Such “generalized symmetries” have been studied from various perspectives in the mathe-
matical physics, high energy physics, and condensed matter physics communities for several
decades. However, attempts at a unified understanding are more recent. One class of gen-
eralized symmetries that is particularly exotic and will form the main focus of this work are
the so-called non-invertible symmetries, which were first studied in rational conformal field
theories in the form of topological defect lines [1,2].! The composition of these symmetry
transformations are, in general, not described by a group, but by a fusion category (in the case
that there are a finite number of them) [3].

Generalized symmetries may also be implemented by operators with support on higher
co-dimension manifolds in spacetime [4, 5], instead of co-dimension 1 manifolds. These lead
to a different generalization, known as higher-form symmetries [6, 7]. For finite symmetries
in d + 1-dimensional spacetime, invertible and non-invertible 0- and higher-form symmetries
(also known as algebraic higher symmetries [8]), are understood to be unified in the structure
of a fusion d-category C [9]. Anomaly-free algebraic higher symmetries are classified by local
fusion d-categories [8]. In this work, we will focus only on non-invertible 0-form symmetries
in 1+ 1d so that the relevant mathematical structure is that of ordinary fusion categories [10].
Symmetry operators in a fusion category C are labeled by the objects a of C. All objects can be
decomposed into a direct sum of finitely many simple objects,? so our labels can be allowed
to take values in the set of simple objects without loss of generality. The composition of two
symmetry operators 17\/\a and W, labeled by simple objects a and b, can be decomposed in
terms of simple objects as

WaWb:ZN:ch’ 1)
a

where non-negative integers N7 are known as fusion coefficients.

Non-invertible symmetries have found various applications in the context of continuum
QFTs — comprehensive lists of references can be found, for example, in Refs. [12,13]. Real-
izations of non-invertible symmetries in lattice models and associated phases of matter are
far less understood; however, see the discussion on related prior work in the next subsection.
While the infrared (IR) limit of many-body quantum systems are often described by effective
QFTs, which can accommodate non-invertible symmetries, their naive lattice regularization
may break emergent symmetries of the continuum theory (see, e.g., Ref. [14]). In this spirit,
it is desirable to construct spin chains that respect generalized symmetries, putting them on
the same footing as ordinary symmetries. To be precise, by “spin chains” here we mean lo-
cal Hamiltonians acting on a Hilbert space that is a tensor product of finite-dimensional local
Hilbert spaces.

n this context, the word “defect” simply refers to the fact that these are extended operators in the theory.
2This is because fusion categories are semi-simple [11].
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In this paper, we explore the possible gapped or gapless phases and continuous phase
transitions realized in spin chains with non-invertible symmetries. In particular, we study the
example of the smallest anomaly-free® non-invertible symmetry category: Rep(S;). Building
up to that, in Sec. 2 we introduce a spin chain with S, symmetry constructed out of qubit and
qutrit degrees of freedom. In Sec. 3, we show how gauging either the entire S, symmetry
or its non-normal Z, subgroup delivers a spin chain with Rep(S;) symmetry. By studying
appropriate limits, we identify fixed-point ground states corresponding to the four distinct
Rep(S;) spontaneous symmetry breaking (SSB) patterns. We explore the phase diagrams of
both spin chains using tensor network algorithms to verify the analytical predictions. Section 4
is a synthesis of the salient aspects of our results from the point of view of the symmetry-
topological-order (SymTO) framework. In Sec. 5, we discuss connections of our results with
more abstract approaches, propose order parameters that detect SSB patterns in our models,
and comment on an incommensurate gapless phase that our numerical calculations reveal. We
close with some comments on directions for future exploration in Sec. 6.

Relation to prior work

The literature on non-invertible symmetries has a long history. Topological defect linesin 1+1d
rational conformal field theories (CFTs) have been studied since the 1980s [1,2,15-18]. A
general study of topological defects in topological quantum field theories (TQFTs) was carried
out in [19-21]; see Ref. [22] for a recent review. A study of invertible defects of various
dimensions in the context of general quantum field theories was carried out in great detail
in Refs. [6, 23] under the name of higher-form symmetries. It is interesting to note that,
Refs. [4,5] earlier discussed lattice analogues of higher-form symmetry transformations in the
context of topologically ordered phases of quantum matter. Finite non-invertible symmetries
in 1+ 1d and their anomalies were systematically studied in Refs. [10,24,25], and constraints
on RG flows obtained in Ref. [3].

Parallel to these developments, (non-invertible) gravitational anomalies were classified by
topological orders in one higher dimension in Ref. [26].* An isomorphic holographic decompo-
sition of a quantum field theory was introduced in Ref. [27] to expose its hidden gravitational
anomaly. It was later realized that a subclass of non-invertible gravitational anomalies are
nothing but generalized symmetries [8,28-30]. The aforementioned isomorphic holographic
decomposition can be re-interpreted as a holographic theory of generalized symmetry (see
Fig. 9), which was described via the “sandwich” construction in Ref. [9]. This holographic
description of symmetries was also discovered in the context of superstring theory [31]. In
the holographic approach, symmetry data is stored in a non-invertible field theory (or a topo-
logical order) in one higher dimension such that the physical theory with generalized sym-
metries is realized as a boundary theory of the former. This idea has various names in dif-
ferent parts of the theoretical physics community: symmetry-topological-order (SymTO) cor-
respondence [8,27,30],°> symmetry-topological-field-theory (SymTFT) [31], topological sym-
metry [32], or topological holography [33-35].

3We call a symmetry anomaly-free if it allows a symmetric trivially gapped (i.e., without degenerate ground
states) phase. This generalizes the definition of anomaly used for invertible symmetry in a way that is also appli-
cable to non-invertible symmetries.

“In this context, a gravitational anomaly is an obstruction to realizing a d-dimensional theory in a d dimensional
Hamiltonian lattice model on a tensor product Hilbert space. If such a theory is realizable on the boundary of a
non-invertible, or invertible, topological order defined on a tensor product Hilbert space in d + 1 dimensions, the
gravitational anomaly is referred to as non-invertible, or invertible, respectively.

>SymTO was referred to as “categorical symmetry” in some early papers [8,29,30]. In current literature, cate-
gorical symmetry usually refers to non-invertible symmetry (referred to as algebraic higher symmetry in Ref. [8]).
See Appendix B for a brief review of SymTO.
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The holographic approach has many applications. It leads to a classification of anomaly-
free generalized symmetries using local fusion higher categories C¥ that describe the fusion
of corresponding charged operators, which may be of arbitrary dimensionality [8,30]. There
is also an equivalent classification by local fusion higher categories C describing the fusion
of the symmetry defects, instead of the charged operators. This approach also provides a
classification of invertible anomalies® for generalized symmetries in any dimensions [8]. A
related discussion on the classification of gravitational anomalies and anomalies of group-like
symmetries can be found in Refs. [26,36]. Some anomalous non-invertible symmetries were
also studied in Refs. [37,38]. Generalized symmetries, anomalous or not, are classified (up to
holo-equivalence) by their SymTO in one higher dimension [8].

More importantly, the holographic approach allows the use of emergent generalized sym-
metries to constrain compatible gapless liquid states. In Refs. [39-42], the concept of topologi-
cal Wick rotation was introduced to describe the canonical gapless liquids determined by a gen-
eralized symmetry, via the gapless boundary of the corresponding SymTO that has no anyon
condensation. Such canonical gapless liquids for a SymTO were studied in Refs. [29,43-45]
using the holographic modular bootstrap. The condensable algebras [46,47] of the SymTO
classify the different allowed phases [44,48]. As long as the condensable algebra is non-
Lagrangian, the corresponding state must be gapless [8,44]. The Lagrangian condensable
algebras, on the other hand, classify the gapped states allowed by the SymTO. Such a classifi-
cation includes SSB, symmetry-protected topological (SPT), and symmetry-enriched topologi-
cal (SET) phases [8,30]. Related discussions about phases of 1+ 1d systems can also be found
in Refs. [49,50].

It is worthwhile to note here that generalized symmetries can also be viewed from the
perspective of the algebra of a subset of all local operators. Given a set of symmetry transfor-
mations, the subset of local operators invariant under these transformations forms the algebra
of local symmetric operators (also called a bond algebra [51, 52]). One can turn this idea
on its head and consider subsets of local operators as (indirectly) defining a generalized sym-
metry, provided the subset forms an algebra. Ref. [53] took this point view and showed that
isomorphic algebras of local symmetric operators correspond one-to-one to topological orders
in one higher dimension, by considering simple examples. The commutant algebra of the
subset of local operators contains operators that implement (generalized) symmetry transfor-
mations [54, 55]. The structure of commutant algebras is rich enough to include the above-
mentioned non-invertible symmetries. Notably, this structure is less rigid than that of fusion
(higher) categories since the fusion coefficients need not be non-negative integers. Making
contact between the commutant algebraic approach and the topological defect approach of
generalized symmetries is an interesting open question.

As an instance of generalized symmetries, higher-form symmetries have found various ap-
plications in condensed matter physics; see Ref. [56] for a recent review. For instance, it was
found that even if microscopic lattice models do not have exact higher-form symmetries, they
can appear as emergent [57], or even exact emergent [58,59], symmetries at low energies. In
many ways, higher-form symmetries behave just like ordinary symmetries: they can be spon-
taneously broken leading to degenerate ground states or Goldstone bosons [5,60], depending
on whether the symmetry is discrete or continuous; they can have 't Hooft anomalies them-
selves, or have mixed 't Hooft anomalies with crystalline symmetries leading to Lieb-Schultz-
Mattis (LSM)-type theorems [61]; they can lead to new symmetry protected topological (SPT)
phases [7,62]. A generic way to construct models with higher-form symmetries in 2 + 1d and
higher, is via gauging (some subgroup of) an ordinary symmetry [29,63].

SInvertible ('t Hooft) anomalies are those for which the anomaly theory in one higher dimension is an invertible
topological field theory.
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Non-invertible symmetries also have a natural place in the condensed matter setting. For
instance, Ref. [64] showed that these symmetries appear generically as emergent symmetries
in SSB phases of ordinary symmetries. Another generic way to realize non-invertible sym-
metries is to start from a model with O-form non-Abelian (finite) G symmetry and gauge this
symmetry. In the resulting gauge theory, in d + 1 spacetime dimensions, the Wilson loops obey
the fusion rules dictated by the representations of G, forming the layer of (d —1)-morphisms of
a fusion d-category, d-Rep(G). The fusion rules of the Wilson loops are not group-like when-
ever G is non-Abelian. This strategy was used to construct various lattice models with non-
invertible symmetries [8,29, 65,66]. Another class of examples can be obtained through the
so-called half-gauging scheme. Namely, if gauging an invertible symmetry of a theory 7 pro-
duce an isomorphic dual symmetry, a defect constructed by gauging this symmetry on one half
of spacetime, the interface can be thought of as a non-invertible self-duality defect [67-69].
Building on this, it is also possible to construct new duality by half-gauging non-invertible sym-
metries [70,71]. On a related note, statistical mechanical models with general fusion category
symmetries were proposed and studied in Refs. [72,73]. Recently, non-invertible self-duality
symmetries in Hamiltonian lattice models have also been obtained by gauging internal sym-
metries that participate in a mixed anomaly with translation symmetry such as in the case of
LSM anomalies [74-76].

There has been an exciting flurry of recent work [8, 30, 66, 76-83] exploring phases of
matter with fusion category symmetries. A generalized Landau paradigm [44, 45, 48], classi-
fying both gapped and gapless phases in systems with general fusion category symmetries in
1+1d has been formulated based on condensable algebras in the symmetry topological order
(SymTO) in one higher dimension. Our work contributes to this rapidly developing litera-
ture by exploring simple examples in the spin chain context. The key results of this paper are
summarized below.

Summary of key results

(i) We show, through a microscopic calculation, that our spin chain (4) with S, symmetry
is dual to the Rep(S,)-symmetric spin chain (40) by gauging a Z, subgroup of S,. As
a consequence, phase diagrams of these spin chains can be mapped to each other in a
one-to-one manner.

(ii) We find gapped phases realizing all four SSB patterns of both S, and Rep(S,) symme-
tries which correspond to the four inequivalent module categories over the corresponding
fusion categories [10]. We define order and disorder operators whose non-vanishing ex-
pectation values can be used to distinguish different SSB patterns. For the non-invertible
Rep(S;) symmetry, the SSB is detected by string order parameters as opposed to the
invertible S, symmetry.

(iii) We show that for special subspaces in the parameter space, our spin chains are both
invariant under an exact, intrinsic [84, 85], non-invertible self-duality symmetry. We
provide the lattice operators that implement the respective self-duality symmetry in the
form of a sequential circuit.” In particular, for the Rep(S;)-symmetric model (40), this
circuit implements a self-duality symmetry associated with gauging Rep(S,) by the alge-
bra object 1 ® 2.

(iv) For both spin chains, the four gapped phases meet at a multi-critical point that is sym-
metric under the respective non-invertible self-duality symmetry. For each multi-critical
point, we identify three relevant perturbations, two of which break the non-invertible

"Notably, Ref. [86] considered this class of sequential circuits as maps between distinct gapped phases. See also
Refs. [74,87] for closely related constructions.
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self-duality symmetry explicitly. In particular, for the S, spin chain, one of these relevant
perturbations allows the realization of a (Landau-forbidden) direct continuous transition
between SSB phases preserving Z, and Z., subgroups.

(v) We find an extended gapless region in the parameter space which is consistent with an
incommensurate gapless phase. To better understand this gapless phase, we draw an
analogy with an exactly solvable spin-1/2 chain with exact Z, KW self-duality symmetry.
This spin chain, also supports a gapless incommensurate phase® with central charge c = 1
and an anomalous chiral U(1) symmetry® that emanates [90] from lattice translation
symmetry.'® This gapless phase is separated from the neighboring gapped phases by
critical lines with dynamical critical exponent z > 1. We provide arguments on why
this feature may be valid for incommensurate phases more generally. We also discover
a new type of continuous transition in the incommensurate phase. The new continuous
transition has the same number of gapless modes at and away from the transition point.'!
In our example, there is only one U(1) current J; for left-movers at the transition point,
while there are two U(1) currents J;,Jy for for both left- and right-movers away from
the transition point.

(vi) We identify the SymTO of our self-dual S, and Rep(S,)-symmetric spin chains to be the
2+1d JK, ® JK, topological order. We also obtain possible phases and phase transi-
tions of the self-dual spin chains from the allowed boundary conditions of the SymTO. In
particular, we show that the self-dual spin chains do not allow gapped non-degenerate
ground states, consistent with the fact that the non-invertible self-duality symmetries are
anomalous.

Note added: While this manuscript was being completed, we became aware of poten-
tially overlapping work in Refs. [93, 94]; we thank the authors for coordinating their arXiv
submission with us.

2 §,-symmetric spin chain

2.1 Definitions

We consider lattice A in one spatial dimension with |A| = L sites. We associate a tensor product
Hilbert space H with lattice A, where the each site i € A supports an on-site Hilbert space H,
that is 12-dimensional. We label the orthonormal basis vectors spanning H; by a Z, X Z, X Z-
valued triplet (a;, b, c;), i.e.,

H= ®iL:1Hi, H, = span{{ai, b,, cl.> |a, €Z,, b, € Z,, c; € Ly} . 2)

®In a gapless incommensurate phase, the ground state carries non-vanishing momentum. As a result, the corre-
lation functions generically have an oscillatory component with a period that is an irrational multiple of the lattice
constant [88]. See Ref. [89] for a discussion in a model similar to our (4).

°In the low-energy CFT description, only the left-movers carry the U(1) charge while the right-movers are
described by two branches of Majorana fermion fields with different velocities.

Along the self-dual line, the Majorana representation of translation symmetry carries an LSM anomaly since
there are odd number of Majorana degrees of freedom per unit cell, see Refs. [74,91,92].

The number of gapless mode can be measured experimentally, via the the thermal conductance of short clean
sample.
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Figure 1: Schematic of the Hamiltonian (4) showing the couplings between qutrit
(depicted by a tripartitioned disk) and qubit (depicted by a bipartitioned disk) de-
grees of freedom. Single-body terms J,,J, are suppressed.

On each local Hilbert space H,, we define Z,, (qubit) and Z, (qutrit) clock operators that satisfy
the algebras

sioy=(1erer, (o7 =(67)=1, (30)
ey =0aen, () =(4)=1, (3b)
Z AJ - UX Z, (Z’)B = (Ai)g =1, (30)

with w = exp{i27/3} such that the operators 6%, 1%, and Z ; are diagonal in the basis (2), i.e.,
6%la,b,c) =(-1)%la,b,c),  ¥|a,b,c)=(—1)"|a,b,c),  Z]la,b,c)=w|a,b,c). (3d)

We impose periodic boundary conditions on the Hilbert space H by identifying operators at
site i with those at site i + L

-~ ~

XisL EX\ Zi = /Z\i > 6, =67, 6L =075 T =1 T =71 3e)
Our starting point is the Hamiltonian
ﬁ53 =H,+H,+H,, (4a)
L L
_J1 Z(Zl Zl+1 + Z Zl+1) Jz Z(Ai +X\j) > (4b)
L L
H\I =—J; Z(UI T+t 600 _J4Z(6f‘c+%f)’ (40)
? i=1
Hypy = —Jg le (Z Zl+l l+1 621 (X XT (4d)
i=

with six positive coupling constants J; > 0 for i = 1,---,6. Hamiltonians ﬁp and I/J\I describe
the quantum three-state Potts model on a chain of L sites and transverse-field Ising model de-
fined on 2L sites, respectively.'? The last Hamiltonian I/J\PI then describes the coupling between
qubits and qutrits. A schematic description of the couplings in Hamiltonian (4) is shown in
Fig. 1.

12The reason for choosing number of qubits to be twice that of qutrits will be clear in Sec. 2.3 when we discuss
the self-dual points in the phase diagram of Hamiltonian (4).
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Hamiltonian (4) is invariant under an S, symmetry generated by the unitary operators

L L
0.=[]%. 0:=]]srs:c, (5)
i=1 i=1

A ._ N2 yapZ=w® BZ.=w? : . 5 o_
where Ei = Za:OX JP%=“ and P“~* is the projector onto the subspacAe of Z = w“.AThe op-
erator C; implements the charge conjugation on the quitrits, i.e., it maps X, — X ir and Z; — Z; .
On the local operators, the S, symmetry generators, ﬁr and ﬁs, implement the transformations

T T AX  AZ AX  AZ)TIT — % 27 AX AZ AX AZ

U, (Xl. Z, o; 0; 71 Ti) U, = (+Xl. w Z, +0; +6;7 +71; +’L'l-) R ©)
(Y 7 AXx Az aAX AZ) 77T _— T Gl AX  _AZ AX  _AZ

U (X, Z, 67 67 &7 #)Ul=(+X] +Z] +o7 —o7 +t7 —t7),

respectively. Any operator that commutes with ﬁr and ﬁs can be written as linear combi-

nations of products of eight local operators. These are precisely those that appeared in the

Hamiltonian (4). Accordingly we define the bond algebra [51,52] of S,-symmetric operators
[ Az pz Az A Ax ax (¥ o1 (757 Lot5

By = <‘7? 1 654, 67, 1, (Xi +X; ). (2, Zin+Z; Z'+1):

3 | i+1° i

6? (X\i _X:)’ %? (Zi 21'11 _/Z\j 2i+1)

ie A>. )

We identify the S, symmetry as the commutant algebra of ‘353, i.e., algebra of all operators
that commute with all elements of ‘B s,

In Sections 2.2, 3.1, and 3.2, we are going to construct the dual bond algebras ‘B
2853/22, and 5853/53,
As we shall see, the precise statement of the duality will then be expressed as isomorphisms
between appropriately defined “symmetric” subalgebras of these bond algebras. Therein, for
each dual bond algebra, we will identify the corresponding commutant algebras, i.e., the cor-
responding dual symmetry structure.

S,/Zy’
that are delivered by gauging the subgroups Z,, Z,, and S, respectiifel;.

2.2 Gauging Z, subgroup: Non-invertible self-duality symmetry

Gauging the Z, subgroup is achieved in two steps. First, on the each link between sites i and

A

i+ 1, we introduce Z, clock operators {%,_, Jor Bit1 /2} that satisfy the algebra
. . 5. & . . 3 . 35 »
2iv1/2Xj41/2 = @ " Xj10%i41)2> (Zi+1/2) = (Xi+1/2) =1, (82)
Zit1/2+L = Ziv1/2° Xiv1/2+1 = Xir1/2>

where we imposed periodic boundary conditions. This enlarges the dimension of the Hilbert
space (2) by a factor of 3%. Second, we define the Gauss operators on every site

ALy ._ st 7 os 5237° _ 4
G” =2 11Xk [Gi 3] =1. (8b)

Hereby, the link operators £, /2 and %, , /o take the roles of Z,-valued electric field and Z,-
valued gauge field, respectively. The physical Hilbert space consists of those states for which

the Gauss constraint @iZS = 1 is satisfied. Imposing each of one of the L Gauss constraints
reduces the dimension of the extended Hilbert space by a factor of 1/3. The S,-symmetric
algebra (7) is not invariant under local gauge transformations. By minimally coupling it to the
gauge field X, , /o> W define the gauge invariant extended algebra

X ax (790 (56  FF L5tet  7
6F, &7, (X +X]), (Zi Xiv122ia1 T2 X0 Zi+1)’

az (3T ~2(5 & =1l 2SI 5 L .
0% (X,—X1), (22,1, 21— 2] xiﬂ/zzm)‘c;ﬁ—l, i€A). ()
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It is convenient to do a basis transformation to impose the Gauss constraint explicitly. To this
end, we apply a unitary operator U which implements the transformation

T AX TIT _ AX AAZA"‘_AZ

U6x0t =67, 06:0" =07,

0450 = ¢, 0407 =47,

PSS o o PP

UX,U =21 5Xi%,1)0> Uz,U' =2, (10)
o ot . o PO
UXipU' =2 X499 21095 Uzi1U =214-

In particular, this unitary simplifies the Gauss operator to ﬁ@izf“ U =X ;- After the unitary
transformation, we project down to the X ; = 1 subspace and relabel the link degrees of freedom
by i+ 1/2 i+ 1 for notational simplicity. This delivers the dual bond algebra

B = U B lA]'*“
S3/Z4 S3/Z4 X.=1
_ AZ A AZ AZ AX AX AAT ATA A AT
= <‘7i 15,8767, 65, A (88, + 8 4,), (B +2),

T s

o7 (£ Aj+1 —812,), 8 (R — %)) | i€ A>' (11

We note that the dual bond algebra contains the same type of terms as algebra (7) and, hence, is
the algebra of S;’ -symmetric operators.'® The generators of dual S;’ symmetry are represented
by the unitary operators'*

2

0 =[1%., O'=[]o6r2re, =D gepe", (12)
i=1 i=1 a=0

We note that the duality as we described does not hold between entirety of algebras B,

3

and %83 /z,

ators {fci, éi}, the product of all Gauss operators is equal to the generator of global Z, trans-
formations, i.e.,

. On the one hand, because we imposed periodic boundary conditions on the oper-

Go=0=1. (13a)

L
i=

1

On the other hand, since we imposed periodic boundary conditions on the operators {)?l., Zi },
the image of the product ]_[iLzl ZZ
to identity, i.e.,

+1> Which is the dual Zg’ symmetry generator, must be equal

1

L
ZZ,,=0"=1. (13b)
=1

13We use the superscript V to differentiate the dual S, symmetry of the dual algebra (11) from the S, symmetry
of the algebra (7).
14The dual symmetry ZAJSV is obtained from the operator 175 by demanding the covariance of the Gauss operator

L

s .
G,>, i.e.,, demanding

o6 07 = 6

i

where LAJS'“C is an operator acting on the extended Hilbert space and contains both site and link degrees of freedom.

The dual symmetry f]sv is then obtained by applying the unitary transformation (10) and projecting to the X =1
subspace.
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Therefore, the duality holds when both conditions (13a) and (13b) hold. In other words, the
isomorphism

By lo =B o, (130)
holds.'®

Using the mapping between the two operator algebras B, and 5 we obtain the
3

. . SS / ZS ’
Hamiltonian

L
—Js ZIT (x1+1 1+1) Je Z lz(glglﬂ_gl E"\i+1)' (14)

i=1

This Hamiltonian is unitarily equivalent to the Hamiltonian (4) under exchanging the cou-
plings J; and J,, and the couplings J. and J,. The unitary transformation connecting the two
Hamiltonians is a half-translation of the qubits implemented by the unitary operator

L (8 8 or 0N =(0%, 0%, & 4). (15)
This equivalence between the Hamiltonian (4) and (14) is the Z, Kramers-Wannier (KW) du-
ality due to gauging the Z, subgroup of the S, symmetry group. When J; = J, and J; = J,
both Hamiltonians (4) and (14) become self-dual under the KW duality. In this submanifold
of parameter space, the KW duality becomes a genuine non-invertible symmetry of the Hamil-
tonian. Without loss of generality, we focus on the dual Hamiltonian (4). The full KW duality
operator'® takes the form [74,86,87]

KW = %Zz PU=IW (54{ &;1) (Bé C‘?:‘az) T (52—1 E}I,L—l) e (16a)

()

where (i) the unitary operator f, is the half-translation operator defined in Eq. (15) that is
2
necessary to preserve the form of the Hamiltonian (4), (ii) the operator

pU.=1. 1 ST o
pU: .=§Zﬂxi, (16b)

is the projector to the ﬁr = 1 subspace, (iii) the unitary operator

St o
LX1 ’

2
W= SZephn e WRW = ., 60

—

LL

. . - 5t 5 .
that contains the projector PZ14.=°" to the Z, Z, = w® subspace and acts nontrivially only on

operators X , and X ;» and finally (iv) the unitary operators 5: and CZ l' +1.; are Hadamard and

5We could have also gauged the Z, symmetry of the bond algebra (7) in the presence of a Z, twist. However,
such twisted boundary conditions lead to a reduced Z, symmetry due to the fact that Z, elements of S, act nontriv-
ially the Z, twist. Here, we keep the periodic boundary conditions on both sides of the gauging duality to ensure
both bond algebras %33 and B 5/, have full S, and S; symmetries, respectively.

16We should note that a closely-related duality defect operator was also formulated in terms of a Temperley-Lieb
algebra in Ref. [95].

11


https://scipost.org
https://scipost.org/SciPostPhys.17.4.115

e SciPost Phys. 17, 115 (2024)

control Z operators with their only nontrivial actions being

532 (ZZ)Y)i = (X\:r)’ CZii1, ( )l?tl)cziﬂ’i = (Xll ler:ll) (16d)

As written in Eq. (16a), the KW duality operator can be thought as a sequential circuit [86] of
control Z and Hadamard operators that are applied sequentially from site L down to site 1.

The KW duality operator (16a) is non-invertible since it contains the projector PUr=1. It
becomes unitary in the subspace ﬁr = 1, where the self-duality holds. Its action on the local
operators can be read from the identities

EKWX\l:/Z\iZLlDKW’ D ZZI(+1 _X1+1D 17)
Dw (67 67)=(2F #1)Dyy, w (85 21)=(67%, m)DKw-

D U, = U, Dy = Dyyy (18)
~t _ ara
Dy =T "' Dyyy » (19)
oy syoim
Dgy=P"7'T, (20)

where T is the operator that implements translation by one lattice site for both qubits and
qutrits. Hence, action of the operator BKW can be thought of as a half-translation operator in
the subspace ﬁr = 1. We note that the operator ’EZZ in Eq. (15) implements this half-translation
only for qubits. This operator exists owing to the fact that each unit cell contains two flavors of
qubits for a single flavor of qutrit. Had we defined a 6 dimensional local Hilbert space which
supports single flavor of Z,- and Z,-clock operators, KW self-duality would only hold when
the couplings J and J, are zero, i.e., when qubits and qutrits are decoupled.

The symmetry algebra above includes eqn. (18) as a lattice analogue of the fusion rules
of the Z, Tambara-Yamagami fusion category symmetry. In the continuum limit, we expect
that the Z, symmetry generator ﬁr flows to a Z, topological line £, while both V3 BKW and its
Hermitian conjugate flow to the continuum duality topological line D. They satisfy the fusion
rules

ED=DE=D, D*=1+E+&2, =1, (21)

where the operator that implements single lattice site translation becomes an internal symme-
try in the continuum limit. This interpretation follows the approach presented in Ref. [ 74].
2.3 Phase diagram

To discuss the phase diagram of the Hamiltonian (4), we first reparameterize it as

o~ o~

As =—J,cosf Z(Z Zl+1 +Z Zz+1) J sin 0 Zif'f (Zi 21'+1 _ZiTZi+1)
i=1

L
—J,cos 6 Z()?i+)?3)—stin9 Zic“rf (X, —X7) (22)

i=1
—J, Z(O‘ i +17 6 “fﬂ 42 o7 +17

In what follows, we will explore the phase diagram of this Hamiltonian as a function of di-
mensionless ratios J, /J, and J,/J,, for the cases of 6 = 0, non-zero but small 6 ~ 0, and large
6 ~0.7.
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Potts CFT
J. 3
Jy Z,ssB 5,58
GSD =2 GSD=6
Ising
| CFT
Multi-criticality
S3 symmetric Z48SB
GSD =1 GSD=3

Figure 2: Phase diagram of Hamiltonian (22) based on analytical arguments for
0 ~ 0. The ground state degeneracy (GSD) for each of the SSB phases are labeled.
The vertical and horizontal critical lines correspond to the Potts (6,5) and Ising (4,3)
minimal model CFTs, respectively. They intersect at a multi-critical point belonging
to the 3-state Potts K Ising universality class.

2.3.1 Analytical arguments

When 6 = 0, the Hamiltonian (22) describes decoupled quantum Ising and 3-state Potts
chains, for which the phase diagram is known. There are four gapped phases which corre-
spond to four different symmetry breaking patterns for S,. At four fixed-points, we can write
the wave-functions exactly:

() When J; =J; =0, there is only a single ground state

=~

IGS;) =Qlor=1,7'=1,Xx,=1), (23)
i=1

which describes the S,-disordered phase.
(i) When J, =J, =0, there are two degenerate ground states
L
G ) =) lof = £1, 7§ =1, X, =1), 24)
i=1
that describe the phase where qubits are ordered and S, symmetry is broken down to Z.

(iii) When J, =J; =0, there are three degenerate ground states

=~

1GS3 ) =Ko} =+1, 77 =+1, 2, = ) , (25)

i
i=1

with a = 0,1, 2, that describe the phase where qutrits are ordered. One each ground
state, S, symmetry is broken down to a Z, subgroup.

(iv) When J, =J 4 =0, there are six degenerate ground states

L
GS;%) = Qof = £1, 7} =%1, Z, = ) , (26)
i=1

with a = 0, 1, 2 that describe the S, ordered phase.
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See Sec. 5.2 for the discussion of expectation values of the correlation functions and disorder
operators in these ground states.

The lines J,/J, =1 and J,/J, = 1 correspond to the transition points between the gapped
phases 1 and 2, and 3 and 4, respectively. They are described by the 3-state Potts CFT and the
Ising CFT, respectively. The 3-state Potts CFT is one of the (6,5) minimal models with ¢ = 4/5,
while the Ising CFT is the (4,3) minimal model wth ¢ = 1/2. At J,/J, = 1 and J,/J, =1,
there is a multicritical point described by the stacking of the two CFTs, with total central charge
¢ =13/10.

If we turn on small 8 # 0, the gapped phases are expected to remain unaffected by the
virtue of finiteness of the gap (in the thermodynamic limit). However, one may wonder what
the fate of the critical lines and the multicritical point is under these perturbations. To un-
derstand what happens to the critical lines, we first argue that three out of the four critical
lines are stable against small nonzero 6 as follows. Along the line J,/J, = 1, when J, < J,,

qutrits are ordered and gapped. This means that both X ; -X lT and Z ; ZiT+1 — Zl' Z ;11 vanish in
the low-energy states below the qutrit excitation gap. The same line of thought holds when
J, <J, for which qutrits are disordered and gapped. Similarly, along the line J, /J, = 1, when
J; < J,, qubits are disordered and gapped. Both 67 and 17 vanish in the low-energy states
below the qubit excitation gap.

The situation is different when J,/J, = 1 and J, < J, for which quibts order, i.e., the
terms with sin 8 coefficient are not trivially vanishing. On this line (excluding the multicriti-
cal point), the terms with sin 8 coefficient must flow to a primary or descendant operator O
in 3-state Potts CFT that is odd under the charge conjugation symmetry. Using holographic
modular bootstrap techniques [28,44], we identify that (see Appendix E.1) only possible rele-
vant operators are those primaries with scaling dimension A, = 9/5 and conformal spin +1.
Indeed, in Ref. [96], the terms with coefficients sin @ in Hamiltonian (22) are identified with
these primary operators. Even though these primaries are relevant, we expect that as long
as the KW self-duality symmetry is preserved one cannot open a KW-symmetric gap owing to
the fact that this non-invertible symmetry is anomalous. This is consistent with the results
in Ref. [89] where it was shown that (see Fig. 2.(f) therein) the critical line with Jq /J2 =1
and J, < J, is stable for small 6 and an incommensurate phase opens up for 6 larger than a
critical value. We confirm this numerically for our model as we shall see in the next section. In
summary, we conclude that the phase diagram at perturbatively small 8 has the same form as
that for 6 = 0. The phase diagram at 6 = 0 plane is shown in Fig. 2. We verify our predictions
for non-zero and small 6 numerically in Fig. 3.

2.3.2 Numerical results

We mapped out the phase diagram of Hamiltonian (22) numerically, using the tensor entan-
glement filtering renormalization (TEFR) algorithm [97,98]. The ground state degeneracies
of each gapped phase and the central charges associated with continuous phase transitions
were obtained using this algorithm. The results are shown in Fig. 3 as a function of J; and J,
with 6 = 0.1. We chose a 2d slice in the full parameter space such that at every point of the
phase diagram shown here, J, =1—J, and J, =1—J,.

The TEFR algorithm does not give numerically precise values of central charge even though
it is extremely precise at extracting ground state degeneracy.!” In order to extract numerically
precise central charges, we used the density matrix renormalization group (DMRG) algorithm
from the iTensor library [99,100]. On the phase diagram shown in Fig. 3, we make two cuts,
one horizontal and one vertical, and compute the central charges using finite size bipartite
entanglement entropy scaling that is computed using DMRG calculation. Our results for finite
chain of L = 100 sites are shown in Figs. 3c and 3d.

17The interested reader is referred to Appendix D for more details on this point.
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Figure 3: Numerical phase diagram obtained from the TEFR algorithm showing GSD
(a) and central charge (b) as a function of J; and J;. The effective system size for
these plots is L = 128. Figs. (c) and (d) show the central charges computed from
bipartite entanglement entropy scaling in the ground state obtained from DMRG, as
discussed in the main text. We plot the central charges along a vertical (J; = 0.5)
and a horizontal (J3 = 0.5) slice of the phase diagram shown in Fig. (b), for a chain
of L =100 sites. We fix 6 = 0.1, with J, =1—J,, J, = 1—J; in all of these plots.

We find that the both ¢ = 1/2 and ¢ = 4/5 lines are stable against small values of 6, in
agreement with our argument in the previous section. For large values of 6, a gapless region
opens up in the Ising ordered regime, surrounding the Z, KW symmetric line J; = J, in the
parameter space of the Hamiltonian (22). From numerical estimation, we find the critical value
of 6 to be around 6, ~ §. Heuristically, the gapless region appears first in the Z, ordered phase
as the terms in Hamiltonian (52) with sin 6 are proportional to 67 and 17 operators which have
vanishing expectation values when the Z, subgroup of S, is unbroken. The multicritical point
is engulfed by the gapless region beyond a certain value of 6 € (7/8,27/9). Several comments
are due:

(i) Since the Z, KW duality symmetry is anomalous, the only compatible phase without sym-
metry breaking is gapless [10]. This is compatible with the gapless region we numerically
observe. Also, because of the KW duality, the gapless phase must be symmetrically placed
about the J; = 0.5 = J, line of the phase diagram, consistent with the numerically ob-
tained phase diagram in Fig. 4.
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Figure 4: Numerical phase diagram obtained from the TEFR algorithm with fixed
60 =07~ %“, showing GSD (Fig. (a)), and central charge (Fig. (b)) as a function
of J; and Js, setting J, = 1—J,; and J4, = 1 —J3 everywhere. The nominal GSD in
this gapless region is much larger than that shown in Fig. (a); we have capped the
maximum allowed values to 10 so that these plots may be easily compared with the
ones in Fig. 3. In these figures, the effective system size is L = 128. Fig. (c) shows
the absolute value of the Fourier transform of ground state expectation value (6%)
for J; = 0.5 and J; = 0.52 with fixed J, = 0.5 and L = 101 sites.

(ii) Extraction of the central charge in the gapless region is somewhat subtle. The phase
diagram obtained from TEFR (Fig. 4b) shows fluctuations in ¢ throughout the gapless
region. From DMRG calculations, we find that the ground state expectation value (&%)
shows oscillatory behavior around its mean value. In Fig. 4c, we plot the absolute value
of Fourier transform of this expectation value (minus its mean) for two points in the
gapless region of the parameter space for L = 101 sites. We find that the position of the
peak value changes for J; = 0.50 and J; = 0.52 for fixed J, = 0.5, with corresponding
periods being 63/11 and 63/12 lattice constants, respectively. This suggests a smooth
variation of the oscillation period as a function of J; and J, in the thermodynamic limit.
We conjecture that in this gapless region, the system realizes a incommensurate phase
with central charge ¢ = 1. In other words, the ground state contains low-energy states
at a non-zero quasi-momentum which smoothly varies as a function of the couplings J;
and J,. This echoes the behavior of the self-dual deformed Ising model, which is exactly
solvable, discussed in Sec. 5.3.
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Figure 5: Numerical phase diagram from TEFR algorithm, with fixed J, and 8 =0,
showing GSD (left) and central charge(right) as heatmaps, in the J,,J5 plane (with
J, =1—J, and J4, = 1—J, everywhere). The effective system size is L = 128. (a)
For positive J | , we find the multicritical point widens into a critical line between the
S5 symmetric and S5 SSB phases. (b) For negative J | , we find the multicritical point
widens into a critical line between the phases which spontaneously break S; down
to Z4 and Z,, instead.

(iii) Results from the TEFR algorithm also show that the interface between the gapless region
and the neighboring gapped phases has a vanishing central charge. Since the transition
from a gapless phase to a gapped one is expected to not be a first-order transition, we
conjecture that this must correspond to a continuous transition with a dynamical critical
exponent z > 1.

2.3.3 Explicitly breaking KW self-duality symmetry

Hamiltonian (22) consists of terms such that the lines J, =J, is symmetric under the Z; KW
self-duality symmetry generated by the operator (16). As explained in the previous section, the
multicritical point, J; =J, and J; =J,, is described by 3-state Potts K Ising CFT with central
charge ¢ = 13/10. This multicritical point has three relevant perturbations, see Appendix
E.2. Two of these are generated when J, —J, # 0 and J; —J, # 0, which gap out the qutrits
and qubits, respectively. In the continuum description, these perturbations correspond to the
“energy” primaries €; and €, of the Ising and 3-state Potts CFTs, respectively. The former is
self-dual under the Z, KW duality and gaps out the qubits. In contrast, the latter breaks KW
duality symmetry explicitly and gaps out the qutrits.
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The third and final relevant perturbation is given by the product of two energy primaries
€, €p which is odd under the Z, self-duality symmetry. In the lattice model, this perturbation
is generated by

L
I/_‘[\J_ =—J) Z {(%f 61— CA’?H) (/Z\i /Z\iT-i-l + H-C-) - (%f 6;— %f) (X\i + HC)} > 27)
i—1

which is odd under the Z, KW duality symmetry (16).

From the TEFR algorithm, we find that adding this term has the effect of replacing the
multicritical point by a critical line which separates the S, symmetric and the S, completely
broken phases for positive J, and by a critical line which separates the Z, symmetric and Z,
symmetric phases for negative J . This is shown in the GSD and central charge plots obtained
from the TEFR algorithm in Fig. 5.

While it is rather hard to precisely determine the points on the critical lines, we know that
the point with J; =J, = 0.5 and J; = J, = 0.5 must be critical. This is because when 6 =0
the Hamiltonian (4) has an additional non-invertible Z, KW self-duality symmetry along the
J3 = J, line. In the continuum limit, the perturbation (27) flows to €€, i.e., product of
energy primaries, which is odd under both Z, and Z, KW self-duality symmetries.'® Under
both of these dualities, the point with J, =J, and J, =J 4 = 0.5 is invariant, and hence must
be gapless in both phase diagrams with J, > 0 and J, < 0. At this point the DMRG results
suggest a central charge of ¢ ~ 1.2 which we believe to hold for the entire the critical line; a
precise characterization of this transition in terms of an associated conformal field theory is
beyond the scope of the present paper.

We note that the continuous phase transition which separates the Z, symmetric and Z,
symmetric phases for J 1 <0 is a beyond Landau-Ginzburg (LG) transition as it is between
phases that break different subgroups of the full symmetry group. Under the Z, KW-duality
symmetry, i.e., when J, becomes positive, this beyond-LG transition is mapped to the ordinary
LG-type transition between the S, symmetric and the S, SSB phases.

3 Rep(S,)-symmetric spin chain

In Sec. 2, we studied a spin chain with S, symmetry. We discussed how this S, is enriched
by non-invertible Z, Kramers-Wannier self-duality symmetry, at special points in the param-
eter space. Therein, the presence of KW duality symmetry ensures that the ground is either
gapless or degenerate.!” In this section, we are going to show that our S,-symmetric spin
chain is dual to another model which has non-invertible symmetries in its entire parameter
space. As we shall see in Sec. 3.1, this duality follows from gauging a Z, subgroup of S,
which delivers a dual model with Rep(S,) fusion category symmetry. We discuss the gapped
phases and phase transitions of this Rep(S,)-symmetric model in Sec. 3.3. As it was the case
for Hamiltonian (4), we will see in Sec. 3.2, its dual with Rep(S,) symmetry also has an ad-
ditional non-invertible symmetry at special points in the parameter space. We are going to
describe how this additional symmetry is also associated with a gauging procedure which can
be implemented through a sequential circuit.

18 At the lattice level, the perturbation (27) is exactly odd only under the Z, KW self-duality operator (16). While
it explicitly breaks the Z, KW self-duality symmetry too, it does not go to minus itself under Z, KW self-duality
transformation.

This is because this non-invertible symmetry is anomalous [10,38,101].
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3.1 Gauging Z, subgroup: Dual Rep(S,) symmetry

We shall gauge the Z, subgroup of S,. We follow the same prescription as in Sec. 2.2. As we
shall see, as opposed to gauging Z, subgroup, the dual symmetry will be the category Rep(S,),
owing to the fact that Z, is not a normal subgroup of S,.

In order to gauge the Z, symmetry, on each link between sites i and i + 1, we introduce

Z,, clock operators {ﬂfﬂ /27 07, /2} that satisfy the algebra

. . _ 5, .
‘“?+1/2 “j‘cﬂ/z =(=1) J'“j'c+1/2 “?+1/2 )

2 2 a
AZ — N X [

(“i+1/2) = (“i+1/2) =1, (28)
AZ — N2

Miv1/241 = Mitay2>

AX — X

Biv1j2+0 = Mita/2-

where we have imposed periodic boundary conditions. Accordingly, we define the Gauss op-
erator

~7 R v Av D A ~7. 72 n

G = 1267 4 Gl s [Gi 2] =1. (29)
The physical states are those in the subspace @iZz =1foralli=1,---,L. By way of minimally
coupling the bond algebra (7), we obtain the gauge invariant bond algebra?’

X
me . [ AZAZ AZAX AZ Ax ax (3 T Hiv12 5t
Bz, = <‘7i Ti> Ui Miv172 9410 5 T (X, +X7), (Z‘ Z

PO
i+1/2
i i+1 + Zi Zi+1) >

o P PPN PSS
~z _ i AZ AX i+1/2 T _ i+1/2
o (Xi X; )’ Vil (Z Zin—2% Zi+1)

i i

G2=1, ie A>. (30)

1

As it was in Sec. 2.2, we can simplify the Gauss constraint by applying the unitary transforma-
tion

T AXTIT — pz AX AX A AZ T AZTIT _ AZ
Uoi U =150 17 Cilliiq/n Uo; U' =0y,
utru' =147, Ut?U" = 1% 6%,
1 1 1 1 1
o nOT e s 5T (31)
U iU'=Xl.l, UZl.U‘:Zl.l,
T oAX 3t Az AX AZ 7 Az 3T — Az
Ui U =03 0i200415 Ulit12U = b

Under this unitary the Gauss operator simplifies U @iZZ U= 67 . We apply this unitary to the
minimally coupled algebra (30) and project onto the 67 = 1 sector. After shifting the link
degrees of freedom by i +1/2 — i + 1, we obtain the dual algebra

X X
_ [ Az Az X ANZAX A AZ Ax (¥ ot ZMiv1 5T M 5
= <T' Ty By B3 15 Gl T (X +X]), (Z' ZintZ Zi+1)’

1
S _ o) azp Shi 5 50 5 .
( i_Xi')’ 0 (Zi NZlg,—z Zi+1)’ Le A>' (32)

What is the symmetry described by the dual algebra (32)? We claim that B, /z is the
3/ 72

algebra of Rep(S,)-symmetric operators. The fusion category Rep(S,) consists of three simple

20Here, we introduce the short-hand notations

~x
Ztivi2

1+ ﬂfﬂ/z - 1= ﬂ?ﬂ/z St Zfﬂfﬂ/z - 1 _‘afﬂ/z 5 1+ I:l‘;(+1/2 7t

i 2 i 2 i i 2 i 2 i
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objects, 1, 1’, and 2, which are labeled by the three irreducible representations (irreps) of S,.

The object 1 is represented by the unitary identity operator VV\I = 1, while the object 1’ is
represented by the unitary operator

L
wy =] [ar. (33)
i=1

which is the generator of Z, dual symmetry associated with gauging the Z, subgroup of S..
Consistency in gauging with imposing periodic boundary conditions on the operator { o, ,af}
and the operators {6;‘ , 6?} requires the conditions

ﬁszl, Vv\l/zl, (343)

to be satisfied, respectively. In other words, the duality holds between the subalgebras

By 01 = SB53/22 W= (34b)

3

where conditions in Eq. (34a) are satisfied.
Finally, we notice that gauging Z, subgroup breaks the Z, symmetry, since the former is not
a normal subgroup. Under conjugation by ﬁr, the Gauss operator (29) transforms nontrivially

0.G2U' =G/*X,. (35)
Therefore, ﬁr cannot be made gauge invariant by coupling to the gauge fields 47 Jor However,
the non-unitary and non-invertible operator,
L L
U, =0 +0 =] [%+]]%I. (36)

i=1 i=1

commutes with all the generators of the algebra (7) and the global symmetry operator ﬁs when
periodic boundary conditions for all operators in the algebra (7). This is the representation
of direct sum r @ r? of simple objects r and r? in the symmetry category Vecss. Since it

commutes with US, ﬁr o2 Can be made gauge invariant. Minimally coupling the operator (36),
and applying the unitary transformation (31) delivers the operator?!

= 1 L x L Al_li:zﬂi A_n;;:zﬂi
W= |+ Lo )T I% +X, . 37)
i=1 i=1

This is the representation of simple object 2 in the category Rep(S,). It can be expressed as a

matrix product operator (MPO) with a 2-dimensional virtual index, as follows??
W T30 o _ (K PIeT X paT
Wy, =Tr | 64,,4,,, Ma]_aj+1 , MY) = % pia=1 grpir,=1 |- (38)
j=1 J J
Together with W\l and V/\71,, they satisfy the fusion rules of Rep(S,), i.e.,
oWy =W, Wy W= W, Wy, =W, + 1y + 77, 39)

21Each of the two terms in square brackets individually commutes with the Gauss operators associated with

Gauss operators 622 % through @LZZ, while 6122 simply exchanges them so that the sum is still gauge invariant.
228ee Appendix F for construction of Rep(G) operators in terms of MPOs that results from gauging a finite G
symmetry.
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Figure 6: Schematic of the Hamiltonian (40) showing the couplings between qutrit
(depicted by a tripartitioned disk) and qubit (depicted by a bipartitioned disk) de-
grees of freedom. Single-body terms J,, J are suppressed.

We note that because of the projector, V/l72 is non-invertible. This projector to the ]_[l.L:1 pr =1
subspace ensures that there is no Z, twist in the S;-symmetric algebra (7). This is needed
as ﬁr o2 1S DOt @ symmetry of the algebra (7) when Z,-twisted boundary conditions are im-
posed.?® In other words, in the presence of a Z., twist, one expect the dual symmetry to be Z,
generated by VV\I, instead of the full Rep(S,).

We now use the duality mapping between the local operator algebras ‘353 and %53 /2,
(recall Egs. (7) and (32)) to construct a local Hamiltonian with Rep(S,) symmetry. Under this
map, the image of Hamiltonian (4) is

g5 . Sapt | 5y ¢ . 5t
Arensy =~ 25 (20 Bl + 7 2 ) =1, 2 (R + X))

i=1 i=1
L L
AZ AZ AX ANZAX A AT AX
_JS Z(Tl +Tl ‘ul+1)_J4Z(‘ul Tl 1'u‘1+1+Tz)
i=1 i=1
L . . L
S AZ X ZHip1 o7 7 Hin o (Y T
—Js ZlTi Mivq (Zi NZig—Z Zi+1)_J6 Zl (Xi _Xi) . (40)
i=1 i=1

In what follows, we are going to study the phase diagram of this Hamiltonian and identify
spontaneous symmetry breaking patterns for Rep(S,) symmetry as well as the transitions be-
tween various ordered phases. Before doing so, we will briefly digress to discuss a duality that
delivers a dual Rep(S;) symmetric bond algebra.?*

3.2 Another non-invertible self-duality symmetry

As we discussed in Sec. 2.2, S,-symmetric Hamiltonian (4) enjoys a self-duality when J; = J,
and Jg = J¢, which is induced by gauging the Z, subgroup. We hence expect the same self-
duality to hold for Rep(S,)-symmetric Hamiltonian (40) too. To understand the self-duality
of Hamiltonian (40), we will show that gauging the entire S, symmetry delivers another bond
algebra with Rep(S;’ ) symmetry. This can be achieved by first gauging Z, and then Z\z/ symme-
try of dual Sg/ symmetry. Starting from the bond algebra (11) and gauging the Z) symmetry
generated by ﬁsv defined in Eq. (12), we find the bond algebra

~X ~X
[ 2z 2z X AT AX A AZ ax [ gMiv1 ot s Mt g - ot
Bs, /s, = <Ti’ Vi Migrs My T3 Gl (zi Zip1 T Zi+1)’ (% +%]),
X X
~X sHivi o7 s 7Hin g AZ AX s _ ot .
Mitq (Zi 2iv1 T2 zi+1)’ 705, (R xi+1)’ LE A>’ (41)

A g € G twist reduces the full symmetry G to the centralizer C,(g) of g. Since S, is non-Abelian, imposing Z,-
and Z,-twisted boundary conditions, reduce S, down to Z, and Z,, respectively.

24We use the superscript V to differentiate the Rep(S,) symmetry of the bond algebra (32) from the Rep(Sy)
symmetry of the bond algebra (41).

21


https://scipost.org
https://scipost.org/SciPostPhys.17.4.115

e SciPost Phys. 17, 115 (2024)

that is dual to the algebra (11) under gauging the ZZ symmetry. We notice that this algebra
has the same terms as algebra (32). Therefore, its commutant algebra is that of the category
Rep(S)). The simple objects in Rep(Sy) are represented by the operators

L L L i i A
,\ . 1 . N B Y R | Y i
wy =1, VV\I\{:=| I,uf, @:=§(1+| |,uj‘)[| |xi “ % “1. 42
i=1

i=1

To find in which subalgebra the duality holds, we combine Eqgs. (13) and (34) that describe
the consistency conditions imposed by gauging Z, and Z, subgroups, respectively. We find
that the duality induced by gauging the entire group S, holds between the subalgebras

~

§_1 %53 /S,

. (43)
310=0,=1

B

WV —1 TV—o
V=1,Wy=2

This consistency condition says that the duality maps the S;-singlet subalgebra of B, to the
3

subalgebra of B where the representation of each simple object is equal to its quantum

53 /53
dimension. The image of Hamiltonian (4) under gauging the entire S, symmetry is

A AW RS S LR
(x ) Jy E :( 2 % T Zi+1

L L
~X ~X
_ cAZ AX s aT ) s AX sMiv1 ot a7y g
Jg ZlTi Mitq (Xi+1 Xi+1) Je 2 :1“i+1 (Zi Ziv1 7% zi+1) .44

This Hamiltonian is unitarily equivalent to the Hamiltonian (40) under the interchange
(J1,J5) <> (J5,Jg). The unitary transformation connecting the two Hamiltonians is the unitary
tRep(Ss)’ whose definition and action on the Rep(S,)-symmetric bond algebra generators are
described in Appendix C.2.

In Sec. 2.2, we gave the explicit form of an operator that performs the Z, Kramers-Wannier
duality transformation for the S,-symmetric Hamiltonian (4). Gauging the Z, subgroup of the
original S, symmetry leads to the Rep(S;) symmetry. So we would like to apply the same
Z.,, gauging map to IA)KW to obtain the sequential quantum circuit that implements the duality
under the (J,J5) < (J,,J) exchange. To that end, we follow how the individual operators
(or, gates in the quantum circuit language) in (16) transform under this gauging map. The
full gauged operator has the form

/\ ~

DRep(S3) Rep(S ) reg DO > (45)

where (i) the unitary 50 is defined as

2 L—
~ Aa Wi
D, = (ZZL iz, w)(| [ czH;]) (46)

a=0

(ii) the projector Preg = év/ﬁreg is defined in terms of the operator Wreg, corresponding to the

(non-simple) regular representation object reg = 1® 1’ @ 2 2 of the Rep(S,) fusion category,
ie.,

17Vv\reg ::WG+W\1’+2W\2:
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and (iii) the unitary %Rep(S ) is the operator obtained under the action of the Z,-gauging map
3

on the half-translation operator %Z defined in Eq. (15). The explicit details of this operator
2

are provided in Appendix C.2. The projector ﬁreg annihilates any state that is not Rep(S,)
symmetric since for any irrep R=1, 1, 2 of S, the identities

~ 1 ~ =~ ~ A 1~
Preg EWR = reg’ Preg (1_£WR) =0

hold. The duality operator 5Rep(53) acts on the Rep(S,)-symmetric bond algebra (see Ap-
pendix C.2 for details) as

Xj+He. Zﬂ}(“?'.r | +He
~0x ~
R Z J+lz]f+1+Hc ]+1+Hc ~ .
D D s 7
Rep(S,) X~ CHe ( ’”Z' e ) Rep(S,) (47)
T 0 (Z i Z:+1 _H'C') X\ —H.c.

which implements the self-duality transformation (J;,J) < (J,,J¢) of Eq. (40). The operator
ﬁRep(sg) is non-invertible since it contains the projector ﬁreg. The operator ﬁRep(sg) obeys the

algebraic relations?®
BRep(S3) Wy = Wy ﬁRep(SS) =dy ﬁRep(s3) , (48a)
(Brepts,)) = Preg( Reps, )DO)Z =P, T, (48b)
(Breots)' = Prg (Trepts o) = 7' Dentsy (480)

where dj, is the dimension of the irreducible representation R, and T is the operator translating
both qubits and qutrits by one lattice site. Let us note that, the second line in the above set of
equations implies

(V6Dreps,)) = (Wa + Wy +2W,) T, (49)

Following the discussion for Eq. (21), an analogous calculation of the quantum dimension
suggests

2 =1+1+42-2=6 =d. =+6. (50)
DRep(s,) Rep(s,)
The quantum dimension calculated above as well as the fusion rule in Eq. (49) are in tension
with the category theoretic result [ 70] which suggests that a duality defect symmetry D arising
from “half-gauging” by an algebra object A must satisfy

D*=A, dp=+(4). (51)

In our case, the self-duality symmetry generated by ﬁRep(SS) corresponds to a duality defect
associated with gauging by the algebra object A= 1& 2, as we argue in Sec. 5.1. Therefore
we should expect the quantum dimension to be +/3. This highlights an important subtlety in
calculating quantum dimension of self-duality symmetries on the lattice when considering self-
duality symmetries associated with gauging of non-invertible symmetries by general algebra
objects. A more careful way to compute the quantum dimension, as well as the fusion rules,
involves unitary operators that move non-invertible symmetry defects in a lattice Hamiltonian,
as is done in Ref. [76]. We leave this for future work.

25We use the fact that {

Rep(s.) and D, commute with P "
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3.3 Phase diagram

To discuss the phase diagram of the Hamiltonian (40), we first reparameterize it as
L
i+1 5T : Az i+1 T
HRep(s y ==/, cos 6 Z( i Zi +H.c.)—J1 sinf Z (s fﬂ( i Ziq— H.c.)

L
—J,cos 6 Z()?l +)?lii‘)—stin9 21()? —
i=1 i=1
L

—%Z% Zaf%ffaf +27). (52)

i=1

As in Sec. 2.3, we will explore the phase diagram of this Hamiltonian as a function of dimen-
sionless ratios J, /J, and J,/J,, for the cases of & = 0, non-zero but small 6 ~ 0, and large
6 ~0.7.

3.3.1 Analytical arguments

When studying the phase diagram of (52), we can utilize its duality to the Hamiltonian (22),
under the Z,-gauging map. When 6 = 0, we again identify four gapped phases that correspond
to four distinct symmetry breaking patterns for Rep(S,) as follows.

(i) When J, =J, =0, Hamiltonian (52) becomes

L

H\Rep(SB);2,3 = Z X +X +J3 (%f + %f ‘af+1):| . (53)
i=1

The qubits and qutrits are decoupled and all terms in the Hamiltonian pairwise commute.
There is a single nondegenerate gapped ground state

|GSgeps,)) * ®|’L’ =1, p =1,X,=1), (54)

which is symmetric under the entire Rep(S;) symmetry. At this point, it is instructive
to note that there is a subtle distinction between states symmetric under invertible and
non-invertible symmetries that is implicitly used in the above discussion. Namely, the

state |GSRep(53)> transforms as

Wy 1GSgep(s,)) = 1GSrepcs,)) > WalGSpep(s,)) = 2 1GSpep(s,)) - (55)

where the factor of 2 reflects the quantum dimension of the non-invertible symmetry
Wz.26 This is the lattice analogue of the field theory result that the vacuum expecta-
tion value (vev) of a non-invertible topological line defect is its quantum dimension.

26To ensure the consistency with the fusion rules of Rep(S,), the numerical pre-factor in Eq. (55) is essential.
On the one hand,

w2 —w (W —
WZ |GSRep(53)> - WZ (WZ |GSRep(SB)>) =4 |GSRep(S3)> >

while on the other,

W2 — —
Wy 1GSpeps, ) = (W, +w,, +W)|GSRep(53)) = (1+1+2)[GSpq5)) = 41GSpeys ) -

For a general non-invertible symmetry o, its eigenvalue corresponding to a symmetric state must match its quantum
dimension d,,.
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Ising CFT

SEEHIS T C I8 Rep(S;)/Z, SSB

GSD=1 GSD=3

Ising
CFT

Multi-criticality
Z,SSB Rep(S;) SSB
GSD =2 GSD=3
Jy1J,

Figure 7: Phase diagram of Hamiltonian (52) based on analytical arguments at 6 = 0.
The critical points are guesses based on duality arguments and various simple limits.

More generally, we say that a state spontaneously breaks a non-invertible symmetry if its
expectation value is vanishing.

The S,-symmetric Hamiltonian (22) has twofold degenerate ground states (24) when

J; =J, and 6 = 0. Under the duality mapping, the unique ground state (54) is the

image of the symmetric linear combination of these ground states, i.e., |GS; ) +|GS; ).
2 2

This is because the duality only holds in the subspace specified in Eq. (34).

(i) WhenJ, =J 4+=0, Hamiltonian (52) becomes

L

. _ S o e s az e

HRep(Ss);l,B =— E [J1 (Zl. Nzl + H.c.) +J, (Tf + 4505 ] . (56)
i=1

Qubits are again in the disordered phase which pins their value to 17 =1 and g7 =1
subspace. This means that the J, term simply reduces to the classical 3-state Potts model.
There are three degenerate ground states (a = 1,2, 3)

L
GS2) =R |ti =1, pf =1, Z, = 0. (57)
i=1

These ground states preserve the Z, subgroup generated by 17\/\1/ while they break the
non-invertible VV\Z symmetry. Under the latter each ground state is mapped to equal
superposition of the the other two, i.e.,

W, IGS},) = |GS}) +1GS}.) ,
W, IGS3) =1GS},) +1GS},) , (58)
W, IGS3,) =1GSL) +GS?) .

Note that the expectation value of Wz is zero in any of these ground states. We call this

phase Rep(S,)/Z, SSB phase.

The S,-symmetric Hamiltonian (22) has sixfold degenerate ground states (26) when
J, =J, and 6 = 0. Under the duality mapping, each ground state |GS{,) is the image of
the linear combinations |GSZ’°‘) +|GS, ) that are in the subspace (34).

1 1
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(iii) When J; =J; =0, the Hamiltonian (52) becomes

(iv)

L

Heepts s =~ 2u [0 (K4 X) +0, (527 Gty + 47)] (59)
i=1

u

First, we note that all terms in the Hamiltonian pairwise commute. Therefore we can
set ©7 = 1. Second, we can minimize the J, term by setting X\i = 1, for which q =1
too. This leaves us with the J, that is reduced to J, (7 47 ;. This term favors twofold
degenerate ground states for (1 degrees of freedom, i.e.,

L
GS;) = Q) IT¥ =1, uf =+1,X,=1).. (60)
i=1
These ground states break the entire Rep(S,) symmetry. First, the two ground states are
mapped to each other under the Z, symmetry generated by VV\l,. Second, one verifies

W, |GS;) =1GSE) +1GS;) , (61)

i.e., both ground states are mapped to the same linear combination under I7V\2 This is
to say that the vev of VV\Z is 1 in both of the ground states. While this does not match
the quantum dimension of by Wz, we say that the non-invertible 17\/\2 symmetry is not
spontaneously broken. For this reason we call this phase Z, SSB phase.?’” We provide
further motivation for this interpretation in Sec. 5.2 where we computed expectation
values of order and disorder operators in ground states (60).

The S,-symmetric Hamiltonian (22) has a non-degenerate ground state (23) when
J; = Jy and 6 = 0. Under the duality mapping, the cat state, |GS]) + |GS,) is the
image of this non-degenerate ground state |GS, ).

3

When J, = J, = 0, the Hamiltonian (52) becomes

L

7 — (L2 ~ A

HRep(Ss);1,4 =— E {J1 (Zl ! Zl'Jrl + H.c.) +J, 05 C a7, } + const. (62)
i=1

Again, the two set of operators commute, so we can simultaneously diagonalize the op-
erators and minimize their eigenvalues. There are three degenerate ground states. Two
of them are quite simple, because they are obtained by setting Zi =1 for all sites. As in
the discussion of Eq. (59), such states are eigenvalue +1 eigenstates of the charge conju-
gation operators 61. The second term of Eq. (62) simply becomes an Ising-like term for
the qubits, which favors a twofold degenerate ground state manifold spanned by

L
687) = Q|7 = Lui =+1,2,=1). (63a)
i=1

The third degenerate ground state is

|GS3) = 2L/2 Z ®|T =1Luf =55, 4,72, = %), (63b)

=+1} i=1

Z7See also Ref. [82] where the same terminology is used.
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(a) b)

Figure 8: Numerical phase diagram showing GSD (a) and central charge (b) as
heatmaps, as a function of J, and J,, with J, = 1—J,, J, = 1—J, everywhere
and with fixed 6 = 0.1. The effective system size is L = 128.

The assignment of the (i* eigenvalues ensures that the J; term of Eq. (62) is minimized
in each summand of (63b), while the superposition over different {s;} configurations en-
sures that the J, term is minimized.?® All three of these states have the minimum possible
energy associated with minimizing the eigenvalue of each of the two set of commuting
terms. Under the action of Rep(S,) symmetry these ground states transform as

wy,

Gs{)=|Gsy),  Wylesy)=|esf),  W,[Gs})=|cs]),  (64a)
and
W, [os2) = |as;) +[asy) +[ast), Wy(jasi)+[osi))=2[cs).  (eab

We interpret this as the Rep(S,) SSB pattern as the vev VV\Z is vanishing in ground states
|GST). We provide further motivation for this interpretation in Sec. 5.2 where we com-
puted expectation values of order and disorder operators in ground states (63).

The S;-symmetric Hamiltonian (22) has a threefold degenerate ground states (25) when

J, =J; and 6 = 0. Under the duality mapping, the linear combination |GS{> + |GS;> is

the image of the linear combination |GS} ) + |GS2 ) while the ground state |GS§> is the
2 2

image of |GSJ ).
2

In conclusion, we have identified 4 fixed-point gapped ground states of the Rep(S,)-
symmetric Hamiltonian (52). On general grounds (see Sec. 5), this symmetry category is
indeed expected to have 4 gapped phases. Therefore, we find consistency between our lattice
model and general category theoretic arguments. Again, for the gapped phases, turning on
small non-zero 8 makes no difference.

The continuous phase transitions between these gapped phase can also be obtained from
those between the gapped phases of S,-symmetric Hamiltonian (22). More precisely, in the
language of conformal field theory, the gauging procedure we performed in Sec. 3.1 corre-
sponds to the orbifold construction. Namely, for the Ising and 3-state Potts CFTs, gauging the

2Even though it is not immediately obvious that |GS§> is a short-range entangled state,
in fact, it is related to a product state by the action of a finite depth local unitary circuit,
L - 2 A L % - . .
|GS§> = l_[j=1 (CMZj,jCHZj,ﬂl)@i:l [|7:f =1u = 1) ® %( Z, = w> + |Zi =w >)], where Cu?,; is a kind
of CZ operator that acts as the identity operator if Z, = w and as a; if Z, = 0"
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Z., subgroup of S, can be achieved by orbifolding the Ising symmetry and charge conjuga-
tion symmetry of these CFTs, respectively. Under orbifolding the central charge of the CFT
does not change while the local operator content does [102-106]. In particular, under the
Z,, orbifold operation, the Ising CFT is isomorphic to itself, while the Potts CFT is mapped to
tetracritical Ising (TCI).? As a result, we expect the same reasoning behind the stability of
the critical lines and multicritical point to small non-zero 6 to hold for the Rep(S,)-symmetric
Hamiltonian (52) as well. In the following section, we verify these expectations by providing
numerical evidence obtained through the TEFR and DMRG algorithms.

3.3.2 Numerical results

As we did in Sec. 2.3.2, we implement the TEFR algorithm to obtain the phase diagram of the
Hamiltonian (52). We extract the ground state degeneracies and the central charges using the
approach described in Sec. 2.3.2. For simplicity, we only focus on the case of small 6 ~ 0 limit.
The results are shown in Fig. 8. We find, as expected, four gapped phases of the Rep(S,)-
symmetric Hamiltonian (52) along with continuous phase transitions separating them from
each other. We confirm using DMRG that the central charges at the continuous transition lines
matches those for the phase diagram of S,-symmetric Hamiltonian (4). In contrast, the ground
state degeneracies of four gapped phases differ as they follow the Rep(S,) SSB patterns. The
duality between the gapped ground states then holds only in the symmetric subspaces (34).
In fact, the above reasoning also holds in the large 6 limit of Hamiltonian (40). Just as it
was the case for the Hamiltonian (4) with S, symmetry, around 6, ~ 3 an extended gapless re-
gion opens up in the phase diagram. Similarly, we can add a term that breaks the non-invertible
self-duality symmetry implemented by 5Rep(53) (recall Eq. (45)). This can be achieved by dual-

izing the perturbation (27). Under gauging the Z, subgroup of S, perturbation (27) is mapped
to

-~ -~

H\J_ =—J) Z (%f ﬂfﬂ —ﬂfﬂ %;CH E’:i+1 ‘ai+2) (ZiMiJrl Z\Ll + /Z\i_MiJr1 Zz+1)
L
+1, 2 (=) (X + X)), (65)

which is odd under the non-invertible BRep(Sg) symmetry. When this term is added to the
Rep(S;)-symmetric Hamiltonian (40), depending on the sign of J | , shape of the phase diagram
matches either that in Fig. 5b or Fig. 5a. This allows the direct continuous phase transitions
between Rep(S,)-symmetric and Rep(S,) SSB phases or between Rep(S,)/Z, SSB and Z, SSB

phases.

4 Self-dual spin chains and their SymTO description

Emergent symmetries are an important characteristic feature of so-called gapless liquid states.
These symmetries often take the form of generalized symmetries e.g., higher-form, higher-
group, non-invertible; each of these types may also be ('t Hooft) anomalous. A complete
understanding of gapless phases, therefore, requires a general theory of emergent generalized
symmetries. The SymTO framework®® is a proposal for such a theory; it attempts to classify
gapless states in terms of topological orders in one higher dimension.

21t is known that the TCI CFT has Rep(S,) topological defect lines [3].
30See Appendix B for a review of SymTO.
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Table 1: (a) Topological spin s and quantum dimension d of the eight anyons of
SymTO D(SS). (b) S-matrix of these excitations which encodes mutual braiding
statistics. (¢) Fusion rules of these excitations.

D(S,) | s | d
1 011 1 1 2 2 2 2 3 3
1’ ol 1 1 1 2 2 2 2 -3 =3
2 ol 2 2 2 4 -2 -2 -2 0 0
- 012 s = 2 2 -2 4 -2 =2 0 0
" % 2 2 2 =2 =2 =2 4 0 0
r % 5 2 2 -2 -2 4 -2 0 0
. o3 \3 -3 0 0 0 3 -3
- 3 -3 0 0 0 0 -3 3)
S1 513
(@) (b)
1|71 2 r r Ty s 51
11|71 2 r r Ty s 5
1|1 2 r r Iy 51 s
2 2|2 |1el®2| rorn rer, rer s®s; s®s;
rjlr|r rner, |[leler 201, 261 s®s; s®s;
| rer, 20r, |lolen 2ar s®s; s®s
ro || mo | 7y rer 281 2@r 1ol ®r, s®s; s®s;
s s | 8 s®sq s®sq s® s s® s 1020r®r, &r, | /020r®r, ®r,
S1 | s1| s s®sy s®sy s®sy s®sq Veo20reor &ry, | 1020rer, &r,
(©

In Secs. 2 and 3, we introduced spin chains which respect non-invertible self-duality sym-
metries. To understand how these non-invertible symmetries constrain the low energy dynam-
ics of the lattice model, we need to use the symmetry-topological-order correspondence, and
find out which SymTOs describe them. In what follows, we use this correspondence to first
understand S, and Rep(S,) symmetries. We will then obtain the SymTO that corresponds to
the enhancement of these symmetries by the non-invertible self-duality symmetries.

4.1 SymTO of S, symmetry

The symmetry data of a 1+1d bosonic system with S, symmetry can be encapsulated com-
pletely in its SymTO [29], which is the S, quantum double D(S,), i.e., S, topological order
in 24+1d. From the SymTO point of view, it has been argued [8, 44] that the gapped phases
allowed by S, symmetry are in one-to-one correspondence with the gapped boundaries of the
SymTO D(S,).*!

The D(S;) SymTO has eight anyons whose topological spins s, quantum dimensions d,
S-matrix, and fusion rules are given in Table 1. The anyons labeled s and r carry the gauge
fluxes for their associated conjugacy class.>? The anyon 1’ carries the 1-dimensional irrep of
S, and can be viewed as a Z, charge. From the S matrix, we see that 1’ and s have mutual 7
statistics, consistent with s being the Z, flux.

There are four Lagrangian condensable algebras of D(S,), which correspond to four max-
imal subsets of bosonic anyons in D(S,) with trivial mutual statistics between them. We can
condense all the anyons in a Lagrangian condensable algebra on 1+1d boundary of the 2+1d

31Similar statements have also appeared elsewhere in the literature. [33,82,101]
32See Appendix A for notations.
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SymTO, which gives rise to a gapped boundary [19]. In turn, such condensable algebras cor-
respond to gapped phases for systems with S, symmetry. The four Lagrangian condensable
algebras of D(S,) are denoted as follows:

() A, =1@1 ®22 corresponds to an S, SSB phase, i.e., S, ferromagnet.
(i) A,=1@1"®2r corresponds to a Z, SSB phase.
(iii) A;=1®2@s corresponds to a Z, SSB phase.

(iv) A, =1@r &s corresponds to an S,-symmetric phase, i.e., S; paramagnet.

4.2 SymTO of Rep(S,) symmetry

As we exemplified in Sec. 3, the Morita equivalent S, and Rep(S,) symmetries have the prop-
erty that Hamiltonians with these symmetries have identical spectra when restricted to the re-
spective symmetric sub-Hilbert space; this latter aspect was emphasized as “holo-equivalence”
in Ref. [8]. As a result, S,-symmetric models and Rep(S,)-symmetric models have identical
phase diagrams. However, the corresponding phases and phase transitions may be given dif-
ferent names due to the difference in symmetry labels. The Morita equivalence between S,
and Rep(S,) symmetries follows from the fact that they have the same SymTO. The SymTO
can be calculated by computing the algebra of the associated patch operators; some related
examples were discussed in Refs. [53,107].

The four Lagrangian condensable algebras of D(S,) also give rise to four gapped phases for
Rep(S,) symmetric models. In terms of the Morita equivalent Rep(S,) symmetry, A, and A,
correspond to Rep(S,)-symmetric and Rep(S,) SSB phases, respectively. The Lagrangian alge-
bras A, and A, are more subtle; guided by the phase diagram of the lattice models introduced
in Sec. 3, we find that they correspond to Rep(S,)/Z, and Z, SSB phases, respectively.®3

4.3 SymTO of the self-duality symmetry

In Ref. [44], the authors also highlighted the importance of an automorphism of D(S,) associ-
ated with the permutation of the anyons 2 and r. This automorphism of the SymTO suggests
a non-invertible self-duality symmetry of the boundary theory.

Here, we would like stress an important difference between D(S;) SymTO and D(S,)
SymTFT. In D(S,) SymTFT, the automorphism 2 «— r implies a symmetry of SymTFT. In con-
trast, D(S;) SymTO is just an 2+1d S, lattice gauge theory with matter. Thus in general, the
SymTO (i.e., the lattice gauge theory) does not have any symmetry. This corresponds to the
fact that our S; and Rep(S,) lattice models, in general, do not have the self-dual symmetry,
and their SymTO is the D(S,) SymTO, without the 2 < r automorphism symmetry Z%‘_’r.

The presence of 2 < r automorphism in the D(S,;) SymTFT implies that we can fine tune
the D(S,) SymTO so that it has the automorphism symmetry Z%‘_’r. This, in turn, implies that
we can fine tune the S, and Rep(S,) symmetric lattice models, so that these fine-tuned models
have an additional self-duality symmetry. Such an existence of lattice self-duality symmetry
was assumed in Ref. [45]; in Secs. 2 and 3, we explicitly constructed this lattice self-duality
symmetry, and confirmed this conjecture.

The fine-tuned self-dual lattice models have a larger symmetry which include both the
self-duality symmetry and either the S, or the Rep(S,) symmetries. Thus, the self-dual lattice
models must have a larger SymTO. Such a larger SymTO can be obtained by gauging the Z%‘_’r
automorphism symmetry in D(S,;) SymTO. In Ref. [108], this guaging procedure was carried

%3Here, we match the Lagrangian algebras with the gapped phases of the Hamiltonian (44) with Rep(S;) sym-
metry.
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Table 2: (a) Topological spin s and quantum dimension d of the five anyons of SU(2),
and JK, topological orders. (b) S-matrices of these excitations for the two topological
orders which encodes mutual braiding statistics. (c) Fusion rules of these five anyons
which is identical for SU(2), and JK, topological orders.

SU(2), | s d JK, | s d
1 0 1 1 0 1
e 0 1 e 0 1
m | L] V3 m | 1|3
mq % 1/§ my % \/§
g |3]2 g [5]2
(a)
1 1 /3 V3 2 1 1 /3 V3 2
1 1 —v3 —/3 2 1 1 —v/3 —/3 2
Sqw,=| V3 V3 V3 —V/3 0 Sk.=| V3 —V3 —V3 V3 0
V3 —V3 —v/3 V3 0 V3 —V3 V3 —v3 0
2 2 0 0 —2 2 2 0 0 —2
(b)
L [1]e]l m | m q
1 e m m; q
e e my m q
m m | my 16¢q edq mem,
my || my | m edq 18¢q meém,
q q q |mém; | mém; | 1®edq
@]

out and the larger SymTO is found to be either SU(2), ® SU(2), or JK, ® ﬁ4 topological
order. Note that there still remains a two-fold ambiguity, coming from the possibility of the
stacking a Z%‘_’r SPT state to the SymTO, before the Z%‘_”” gauging. The anyon data for the
SU(2) 4 and JK, topological orders are shown in Table 2. From the fusion rule e ® e = 1, we
see that e carries a Z, gauge charge. From the S-matrix, we see that m (and m;) carries the
corresponding Z, gauge flux. On an appropriate boundary of the SymTO, e would reduce to
a Z, symmetry charge while m (and m;) would reduce to the corresponding domain walls.
Later, we will show that the generalized symmetries in our self-dual S,-symmetric and self-

dual Rep(S,)-symmetric models are both described by the JK, ® ﬁ“ SymTO. Therefore, we

momentarily concentrate on JK, X ﬁ4 SymTO. The JK, ® ﬁdr and D(S;) SymTOs can have
a gapped domain wall between them, which describes the breaking of the Z%‘_’r self-duality

symmetry. This reduces the JK, IZIJ_K4 SymTO to D(S,) SymTO. Such a domain wall is created

by the condensation of ee in JK, X ﬁ“ SymTO (and no condensation in the D(S,) SymTO).
More precisely, the domain wall is described by the following condensable algebra,

A = (1) ]-7 1) o (e: é: 1) & (liéﬁ 1/) & (eJ 15 1/) & (CI: C_I) 2) & (qa C_l: r) & (q: 17 rl) & (q: é) rl)
®(1,q,13) ®(e,q,r2) ® (m,m,s) ® (my,my,s) & (m,my,s1) © (Mg, m,s1), (66)

in the topological order JK4|ZIﬁ4|Z|5(Sg) =J K4Eﬁ4|ZD(SS). This condensable algebra allows
us to relate the anyons in D(S;) SymTO to the anyons in JK, Eﬁ“ SymTO. The term (1,e,1)
in A means that the anyon 1’ in D(S,) SymTO and the anyon 1® & = ¢ in JK, ®JK, SymTO
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K, ®IK,

Self-dual Self-dual

S; model QF Lano Rep(S;) model QF Tano

Figure 9: The isomorphic holographic decomposition reveals the generalized sym-
metry in self-dual S;-symmetric models and in self-dual Rep(S;)-symmetric models,
ie., reveal the SymTO M = JK, K J_K4 and the fusion category R for the symmetry
defects: (Left) The bulk JK, ® JT(4 SymTO and the Ass-condensation induced topo-

logical boundary R describes the S,-symmetry plus the self-duality symmetry in the
self-dual S,-symmetric models. (Right) The bulk JK, ®ﬁ4 SymTO and the ARep(S3)'

condensation induced topological boundary R describes the Rep(S,)-symmetry plus
the self-duality symmetry in the self-dual Rep(S,)-symmetric models.

can condense on the domain wall. In other words, after going through the domain wall, the e
anyon inJK, &ﬁdr SymTO turns into the 1’ anyon in D(S,;) SymTO. Similarly, the term (e, 1,1")
in A means that, after going through the domain wall, the e anyon in JK, X JK 4 SymTO turns
into the 1’ anyon in D(S,;) SymTO. Thus the e anyon and the & anyon in JK, ® J_K4 SymTO
carries the Z,-charge of the S, = Z, X Z, symmetry. The corresponding Z,-flux is carried by
mm anyon in JK, ® JK, SymTO, which has a m-mutual statistics with both e and e anyons.
This is also consistent with the term (m, m,s) in A, which implies that after going through the
domain wall, the mm anyon in JK, Eﬁ4 SymTO turns into the s anyon (the Z,-flux) in D(S,)
SymTO. Thus, the string operator that creates a pair of mm-anyons generates the Z, (of S,)
transformation.

The Abelian anyon eé in JK, ® J_K4 SymTO does not carry the Z, charge of the S,. But it
carries the Z%‘_’r charge of the self-duality symmetry. This is consistent with the fact that the
condensation A = 1 & eé breaks the self-dual symmetry and reduces the JK, X J_K4 SymTO to
D(S,) SymTO [44,45,48]

(JK4 X JK4)/l$eé = ®(83) . (67)

To summarize, the anyons in JK, X J_K4 and D(S,) SymTOs have the following identification
under the condensation of 1 & ee

ee—1, e—1, e—1, mm—s, qqg—2er, q—ory, g—ry. (68)

Since eé has m-mutual statistics with m and m in JK4IZIﬁ4 SymTO, anyons m and m are Z%‘_’r-
flux for the self-duality symmetry. In other words, the string operator that creates a pair of
m-anyons generates the self-duality transformation. Similarly, the string operator that creates a
pair of m-anyons also generates the self-duality transformation. The two transformations differ
by a Z, transformation. Because m has quantum dimension /3, the transformation generated
by the string operator of m is an intrinsic non-invertible symmetry.>* The non-integral quantum
dimension also implies that the symmetry is anomalous,®® since the anomaly-free generalized
symmetry always have integral quantum dimensions [8, 10, 30].

34A (generalized) symmetry is called intrinsically non-invertible [84,85] if all its Morita equivalent symmetries
are non-invertible. This is to say that a symmetry with non-integral quantum dimension cannot be Morita equiva-
lent to (sum of) simple objects with integral quantum dimension.

35By definition, a (generalized) symmetry is anomaly-free if it allows gapped non-degenerate ground state on
all closed space.

32


https://scipost.org
https://scipost.org/SciPostPhys.17.4.115

e SciPost Phys. 17, 115 (2024)

In Refs. [8,27,30], an isomorphic holographic decomposition (e, R) of a model is intro-
duced to expose the symmetry and the SymTO in the model (see Fig. 9):

model = R By g QFTano (69)

where the boundary R and the bulk JK, ® ﬁ4 are assumed to have infinite energy gap. A
similar picture was also obtained later in Refs. [31, 32]; also see Ref. [45] and Appendix B
for a short review. The isomorphic holographic decomposition (69) has the following physical
meaning. The model is exactly simulated by the composite system RK JK, 5K, QFT, . For
example, the model and the composite system have the identical energy spectrum below the
energy gaps of the boundary R and the bulk. The local low-energy properties of the model are
captured by a quantum field theory QFT, | 036 (which has a gravitational anomaly characterized
by the JK, X J_K4 SymTO), while the fully gapped boundary R and the bulk JK 4 J_K4 SymTO
cover the global properties of the model (such as ground state degeneracy).

Using the SymTO correspondence described above, we find that the JK, XIJ_K4 SymTO has
only two Morita equivalent symmetries, characterized by two different choices of the gapped
boundary R in Fig. 9. The two Lagrangian condensable algebras that give rise to these two
choices of R are:

A53 =(1,1)e(1,e)®(e,1)d(e,e)d2(q,q),

. - , _ (70)
-ARep(S3) = (1: 1) 5] (67 6) 5] (m) m) 5] (ml’ ml) @ (q) Q) .

From Eq. (68), we see that the AS3 condensation condenses the S,-charges 1’ and 2, as well
as the Z%‘_’r-charge of the self-duality symmetry. This suggests that the .A53 condensation in

the R boundary leads to the S, symmetry together with the self-duality symmetry of QFT__,
i.e., the symmetry of the self-dual S; symmetric model studied in Section 2 (see Fig. 9 (left)).
Following the same logic, the ARep(Ss) condensation condenses the S, fluxes s and r, as well

as the Z%‘_’r-charge of the self-duality symmetry. This suggests that the ARep(Sg) condensation

in the R boundary leads to the Rep(S;) symmetry together with the self-duality symmetry of
QFT,_, i.e., the symmetry of the self-dual Rep(S,) symmetric model studied in Section 3 (see
Fig. 9(right)).

The SymTO identified here classifies the gapped phases of the self-dual S, symmetric model
in terms of possible gapped boundaries QFT,_ , induced by Lagrangian condensable algebras
in (70). The self-dual S, symmetric model has only two possible gapped phases. The ground
state degeneracy of a gapped phase is given by the inner product of the integer vectors asso-
ciated with the Lagrangian algebras®” giving rise to the R and QFT, , boundaries [45]. So if
we choose the ARep(S3) condensation to describe the gapped QFT, boundary, the associated
ground state degeneracy is

GSD = (As,, Arep(s,)) = 4- (71)

This phase carries the degeneracies of Z, SSB phase (with GSD = 3) and the S,-symmetric
phase (with GSD= 1). This gapped phase describes a first-order quantum phase transition
between these two phases. The second gapped phase of the self-dual S, symmetric model cor-
responds to a .A53 -condensed QFT, = boundary. The corresponding ground state degeneracy
is

GSD = (As,, As,) = 8. (72)

36This is referred to as “physical boundary” in the SymTFT literature.

37This integer vector 7 for a particular Lagrangian algebra A is given by its decomposition into simple anyon
types as A = @aen e a- In our context, M is the SymTO. We will use the notation (A;,.4,) to denote the inner
product (7i;,7,) of the integer vectors associated with the Lagrangian algebras .A; and A,.
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This phase carries the degeneracies of Z, SSB phase (with GSD = 2) and the S, SSB phase
(with GSD= 6). It describes a first-order quantum phase transition between these two phases.
We note that the self-dual S, symmetric model does not have any gapped phase with a non-
degenerate ground state. This is consistent with the fact that it is anomalous.

We can repeat the same analysis for the self-dual Rep(S,) symmetric model that is given by
Fig. 9(right). Here, the R boundary is given by ARep(Sg) condensation. The self-dual Rep(S,)
symmetric model also has only two gapped phases, with ground state degeneracies

GSD = (“453’ ARep(SS)) =4, GSD = (ARep(SS): ARep(SS)) =5. (73)

These gapped phases describe the first-order transitions between Rep(S,)-symmetric phase
(with GSD=1) and Rep(SB)/ Z.,, SSB phase (with GSD = 3), and that between Z, SSB phase
(with GSD=2) and Rep(S,) SSB phase (with GSD = 3), respectively. The self-dual Rep(S,)
symmetric model also does not have any gapped phases with non-degenerate ground state,
since the non-inverible self-duality symmetry is anomalous.

So far, we have used the Lagrangian algebras of the SymTO to classify all possible gapped
phases for systems with the corresponding symmetry. These classify the ways in which the
SymTO can be “maximally broken”. Non-Lagrangian condensable algebras lead to a non-trivial
unbroken SymTO, and the associated phase via SymTO correspondence must be gapless. Such
gapless states are described by the 1-condensed boundaries of the unbroken SymTOs [44],
i.e., the boundaries induced by the minimal condensable algebra A = 1. We find that two
of the 1-condensed boundaries of the JK, ® J_K4 SymTO are described by the (6,5) minimal
model. The first one is described by the multi-component partition function [29,44]

JK,RIK — oy JK,RIK — oy

4 4 __ ,,mbxm6 m6xmb6 4 4 __ ,,mb6bxmb6 mé6xmé6

Zi1 T 21010 T X07500-7 Zie T Xosst 07620
JK,RIK oy oy JK,RIK oy —E
1~§ 4 _ Xm6><m61 Xm6;<m6 s Zl.ft 4 _ m6><m613 + Xm6;<m6 s

m 1,023 “10,1;9-% 5y 1,048 *10,1;7,—3
KB, mximG . m6xinG 7K, moxinG . moxi6
g 1,033 %1085 &1 5310 %6,2510,-2°
JKRIK, | m6xm6 + méxmé JKRIK, | m6xm6 méxmé6
e T A535-37 Xe 26 2 em = X5z 17T Ko 2o 20
IKBIK, _ Xm(,xm—é mEXTE JKBIK, _ . m6xm6 m6xmb
ey 534-% 76372 &d 533-% 76§81

ZJK4IZJK4 _ Xme,x% m6xmé ZJK‘}&JK“ _ ,mb6xm6 Xmex%

m;1 2,5;1,0 9,%:10—%’ m;e 2,553 79,5562
JK,RJK, e 6 JK,RJK ooy e
4 4 m6xm6 m6xmé6 4 4 mé6xmé6 mé6xm6

.- =X 1., 1t Xo21., 21 Z = 1., 181t X 21, 1
m;m 2,523 9,%5:9—% m;my 2,34—% 9,27~
JKRIK, m6xm6 + m6xmé6 ZJK4®JK4 _ . m6xmb + mé6xmé
m;g —X21,3 2 X921-8 15 mi:1 = X418 X71,10 75

’ 5853 5305915 1> >, g oy »30510,— 3
JK4EEJK4 _ Xm(,x% + mé6xmé6 JK4|%UK4 — mé6xmé + mé6xmé
my;e 4,953 77,7562 my;m 4825 7359 %
JK,RIK oy oy JK,RIK oy oy
m A-‘ﬁl f= X:{n?BX,z@ 1t X;n61><.r7r16 15 m ‘-tq t= ‘r‘-n?sx.;n6 2t X;n61><.);16 15

1,00 , g T 3305730 1> y g >3 3305915
JK,RJK — — JK,RJK — —

A .14 4 xmgxm6+xmfi><m6 ., 4 4 mg>><m6 +xmf;><m6 .
% 3,5;1,0 8,15;10,—3 g€ 3,%;5,—3 8,75:6,—%
JKRIK, Xm6><% + Xm6><% JKBIKy | m6xm6 + xm6><%

. = 2.0 1 1.9 215 . = 2., 13 1.5 15
¢m 3,352,—3 8,15:9—% ¢my 3,34—% 8,15:7— 7%
JK,RJK, P 6

4 4 m6xm6 mé6xmé6

R + 74

IS e R S 74
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while the second one is described by

ZJK4'XJK4 _ ., m6xmé méxmé ZJK_4'ZUK4 méxmé6 m6xm6

1;1 =21010 T X10,200-2° 1;e =2X1,05-37T X10,2;6-2°
JKRIR, _ m6xm6 Xm6><% ZJKft&HQ — Xm6><% + méxmé6
Lm 53:2—3 6595’ Ly 534-% 6373
IKGRIK, _ m6xmb + Xm(,xﬁ ZJK4EJK4 _ me,x% + Xmsx%
1,4 1,0;3,—2 10,2;8,—%’ el 5,3;1,0 6,2;10,—L’
JK®IK, | m6xm6 + méxmé JKBIKy | m6xm6 méxmé
e T X535-3 7" X 2562 em = X1 X0 20-20
JK_4®JK4 — mé6xmé Xm6x% JIf4EJK4 — Xm6><% m6xm6
ey L0448 *10,5:7,—5" eq 533-3  %6%8-1%’
ZJK4xJK4 _ , m6xmb xmﬁx% ZJK‘}EJK“ _ Xmsxﬁ mé6xmé
m;1 2,5:5-3 7955562 m;e 2,510 %9510
JK,RJK, e e JK,RJK oy e
4 4 m6xm6 mé6xmé6 4 4 méxmé6 m6xmb6
R tx Zowm, =X tx

. 13. 13 1. 1 . 13. 1 1. 21 »
m;m 45543 7305770 m;my 4,523 7,3059~ %
JKE&HQ _ ,mbxmb + Xm6><% ZJK4|ZJK4 — Xm6><% + Xm6><%
mq 2,5:3-3 “o.%8-%’ my;1 4,553  "7,35:6-5’
JKRIR, _ m6xm6 + Xm6><m_6 KB, me’xm_f’ + moxm6
myse 4,910 77,55510-5 mysm R B AT
JKRIK, m6xm6 + Xm6x% JK,RIK, Xm6><% + Xm6><%

‘m - 1. 1 21, 21 -d - 13. 2 1., 1
my;my 2,5,2,—5 9,@,9,—m ’ my;q 4,@,3,—5 7,@,8,—ﬁ ’
ZJK4xJK4 _ ., mb6xm6 n Xmsx% TKRIK, _ Xmsx% + xmsx%
1 3,510 78,5105’ ae 3,553 785563’
JK®IK, _  m6xm6 + Xm6><% JK,BIK, Xm6><% + meX%

7 - 2. 1 1., 21 » F - 2. 13 1. 1
gm 3,523 8,75:9— % 4m 3,54—% 8,157, %%
JKRIK, | m6xm6 Xm6><m_6 (75)

-d - 2, 2 1. 1 -

4;q 3,2;3,~2 8,758~

The various terms in each component of the partition function are conformal characters of the
(6,5) minimal model. The expression x;’}}f’;’;’ihb is a short-hand notation for the product of
the left moving chiral conformal character associated with the primary operator labeled by a
(set by an arbitrary indexing convention) with conformal weight (h,, 0), and the right moving
chiral conformal character associated with the primary operator labeled by b with conformal
weight (0,h;). The superscript m6 x m6 indicates that both the left and right moving chiral
conformal characters are picked from the same (6,5) minimal model.

Note that in the above multi-component “SymTO-resolved” partition function, the 1 sector
mé6xmé

10,Z;10,~Z

contains all the primary operators that respect the symmetry. We see from the term y
nZz ;i“mK“ that the scaling dimensions of the symmetric operators to be 7/5+7/5+2n > 2
with a non-negative integer n for both gapless states. Such symmetric operators are then
irrelevant. Therefore, both of the above two gapless states are in fact gapless phases with no
relevant perturbation that respects the symmetries dictated by JK, ® J_K4 SymTO.

We remark that the above calculation was also performed for the other candidate
SU(2), ® SU(2), SymTO. We find that for systems with SU(2), ® SU(2), SymTO, all gapless
states that are described by (6,5) minimal model contain at least one relevant perturbation that
respects the SU(2), ® SU(2), SymTO. This contradicts our numerical calculations in Secs. 2
and 3 where we found a stable gapless phase described by (6,5) minimal model in the presence
of S, (respectively, Rep(S3)) and self-duality symmetry. We conclude that the SymTO in our
self-dual S,-symmetric model and self-dual Rep(S,)-symmetric model is given by JK, X ﬁ“

and not by SU(2), ® SU(2),,.
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The operators that break the self-duality symmetry live in the eé sector. From the partition

function Z =K, , we find that the scaling dimensions of the operators breaking the self-duality
symmetry to be 2 / 5+2/5+2n or 3+ 3+ 2n (with a non-negative integer n), for both gapless
states. Thus, the two gapless states have only one relevant operator that break the self-duality
symmetry but not the S, symmetry. They can be identified with the upper and lower vertical
lines that meet at the multi-critical point in phase diagrams in Figs. 3 and 8 which indeed
have only one such relevant perturbation. In fact, SSB of the self-duality symmetry due to the
ee condensation can be seen from the following relation between JK, X ﬁ4-8ymTO-resolved
partition functions (74) and (75), and D(S,)-SymTO-resolved partition function (E.1):

D(S, JK ®IK, JK,®RIK D(S, JK,RIK, JK,RJK
2y =z 4 g 2, %) = e g g
D(S;) JK IXJK4 JK,RIK,
Zs Zm ;m + Zml;rﬁl > B (76)

where the sectors in JK, K JK4 SymTO connected by eé are combined into a single sector in
D(S;) SymTO.

The above two gapless states with self-duality symmetry are very similar. The only differ-

D(S,)

ence is that Z; splits differently when we add the self-duality symmetry as

D(S ) m6><m6 mé6xmb6 mé6xmb6 mé6xmbé
Z; —1212 +X9z21c1)9 atX 48— 13+X7407_ >
JK,HK,, JK IR,
m;m my;my
D(S ) mé6xmé + Xm6><m6 +Xm6><m6 + Xm6><m6 (77)
Zs 4,84 12 7,257~ 25 2,42~ 9,259~%
JK,RIKy JK,RIKy
m;m my;my

In addition to the two Lagrangian condensable algebras (70), M = JK, K ﬁdf SymTO also
has six non-Lagrangian condensable algebras, listed below. The condensation of these six
algebras reduces the SymTO M = JK,, ®ﬁ4 to a smaller SymTO M, 4. The reduced, unbroken
SymTO can be identified from its total quantum dimension Dy ” = ‘/Zi di2 and topological
spins of the anyons, as well as confirmed by the presence of a domain wall between M and
M, 4 that has no condensation of M, 4 anyons:

(i) Condensable algebra A4; =(1,1) & (e,e) & (q,q):
SymTO M, 4, contains topological spins (0) and has Dy 4= 2.
We conclude that M, 4, = D(Z,).

(i) Condensable algebra A, =(1,1) & (1,&) ® (e 1) @ (e, e):
SymTO M, 4, contains topological spins ( >3 3) and has Dy, iy = 3.
We conclude that M, 4, = D(Z,).

(iii) Condensable algebra A5 =(1,1) & (e, e):
SymTO M, 4, contains topological spins (0, %, %, %) and has Dy = 6.
We conclude that M, 4, = D(S,).

(iv) Condensable algebra A, = (1,1) ® (e, 1):
SymTO M, 4, contains topological spins ( , 214, %, %, ;—f{, %, %) and has Dy, = 6.
We conclude that M, 4, = 23 R J_K4.

(v) Condensable algebra A; = (1,1) & (1,¢):

111152 23

SymTO M, 4. contains topological spins (0, 5:3>942 8 5> 24) and has DM/AS =6.
We conclude that M, 4, = JK, K Z5.
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A Incommensurate

Figure 10: (Left) The central charge ¢ and (Right) GSD from tensor network nu-
merical calculation, for the self-dual S;-symmetric model with J;, = J, = 1/2
and J, = 1 — J;. The horizontal axis is 6 € [0,7/2]. The verti-
cal axis is J3 € [0,1]. Here GSD is obtained from the partition function:
GSD = Z2(L,L)/Z(L,2L) where Z(L,,L,) is the partition function for spacetime
of size L, x L,. For gapped quantum systems, GSD happen to be the ground
state degeneracy. The central charge c is also obtained from the partition func-

tion, which has a form Z(L,L,) = e Loolel=55 +o(L 7] (which determines cv) and

2mc/v

Z(Log, L) = e Loolel=5z"+o(L™D] (which determines c/v), when L., > L. This way,
the central charge c is defined even for non-critical states. The red-channel of the
colored image is for lattice of size 64, green-channel for size 128, and blue-channel
for size 256. (Left) The color intensity [0, 1] corresponds to central charge ¢ € [0, 2].

. . . 1
(Right) The color intensity [0, 1] corresponds to 1 — 5.

(vi) Condensable algebra Ag = (1,1):
M/Ae = JK4 X JK4.

1 2)
of the anyons form a Z, group. These condensable algebras describe the possible spontaneous
symmetry breaking patterns of the JK, X J_K4 SymTO, where the unbroken SymTO is given

by M, 4 = (JK, ® J_K4) /A- Because the unbroken SymTO is non-trivial, those non-maximal
SymTO broken states are gapless [40,44], and are given by the 1-condensed boundaries of
M=K, x ﬁ4) /4~ In turn, such 1-condensed boundaries are some possible gapless states
of our self-dual S,-symmetric or Rep(S,)-symmetric models.

To see the actual gapless states of our self-dual S,-symmetric model, we have calculated the
phase diagram for the model (22) (see Fig. 10). We find gapless phases A and B (as indicated
by the non-zero central charge c¢) and gapless incommensurate phase (as indicated by the
“striped” non-zero central charge c), as well as continuous phase transitions between them.
To understand such a phase diagram, in the following, we list the gapless states that we found
using holographic modular bootstrap [29,44,109] for the self-dual S;3-symmetric model (22).
We only list gapless phases (which have no symmetric relevant operator), and gapless critical
points at continuous phase transitions (which have only one symmetric relevant operator). We
group those gapless states by the condensable algebras .4;, whose condensation lead to the
corresponding gapless states. Those gapless states have a reduced SymTO M, 4. as discussed
above:

Here Z is the Abelian topological order described by the K-matrix (2 1) where the fusion
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A1 =110 (.8)0(q,3), M, =DZy):
Gapless phase: m4 x m4 x U1 (see (H.6) for the SymTO-resolved partition function)
Critical point: m4 x m4 (see (H.7))

A= 1De(1,e)o(e,1)@(e,e), M4, =D(Zs3):
Critical point: m6 x mé (see (H.9))

A3 = (1’ 1) ® (6, é): %/AB = D(SB)
Critical point: m6 x m6 (see (H.8)).

Ay=(1, D@ (1,8), M)y, =23 RIK,:
Gapless phase: m6 Xﬂ_6 (see (H.5))
Critical point: m7 x m7 (see (H.12))

.A5 = (1, 1) (&) (e, 1), M/AS = JK4 X Zgl
Gapless phase: m6 xi_6 (see (H.4))
Critical point: m7 x m7 (see (H.13))

As=(1,1), M, 4, =JK,RIK,:

Gapless phase: m6 x %1 (see (74)), m6 x %2 (see (75))

Critical pomt m7><m71 (see (H.10)), m7><m72 (see (H 11)), m4xm6xméx m61 (see (H. 14))
m4 x m6 x m4 x m6, (see (H.15)), m4 x m6 x m4 x m63 (see (H.16)), m4 x m6 x m4 x m64
(see (H.17)),

Here m4, m6, m7 represent (4,3), (6,5), (7,6) chiral minimal model CFT. U1 represents
chiral compact boson CFT. For example, m4 x m4 x U1 is a gapless state whose right-movers
are described by m4 x m4 CFT and whose left-movers are described by U1 CFT.

The SymTO-resolved partition function Z for m4 x m4 x U1 state is given by (H.6). From
the (1, 1) component of the partition function,

JK4IZﬁ4 _ m4><m4><m4 ma4xm4xUl, m4xm4xUly m4xm4xm4

Z,. =
L1 X101010 T X05051 T L0 -1 T Fadisdino

(78)

we conclude that the m4 x m4 x U1 state has two JK,; RJK, symmetric relevant perturbations
(highlighted in red). However, if we want to use m4 x m4 x U1 state to describe the incom-
mensurate state in the phase diagram Fig. 10, we also need to include the lattice translation

symmetry. In this case, the crystal momentum of a many-body state become the U(1) charge

of the U1 CFT. The primary field for the conformal character )(m4X"f;Ull4 carries a non-zero

,0;3 959
U(1) charge, i.e., a non-zero crystal momentum. Such a primary field is not symmetric under

the translation symmetry. As a result, the m4 x m4 x U1 state has no JK, ® JK, symmetric
and translation symmetric relevant perturbations. So it is a stable gapless phase.

Let us point out that the m4 x m4 x U1 state is nothing but the incommensurate state
discussed in Section 5.3. Both states have the same unbroken SymTO M, 4 = D(Z,), and
both states are described by the same CFTs.

In the phase diagram shown in Fig. 10, we identify the gapless phase-B as the m6 x m6,
phase (see (74)) or m6 x %2 phase (see (75)). Both phases have the full SymTO JK, RJK. 4-
Such phases for the self-dual S5 symmetric model have the following modular invariant parti-
tion function, which is obtained via the inner product of the vector-valued partition function
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Z and the Lagrangian condensable Algebra Ag,

_ _ JKRIK, JK,RIK, JK,RIK, JK,RIK, JK,RIK,
Z = (Z’Asa) —Zl;l +Zl;é +Ze;1 +Ze;é +2Zq;fl

_ .. mbxmb mé6xmé6 mé6xm6 mé6xmé6 méxmé6 m6xm6
=X1,01,0 TX0700-7 T X053 X076 2T X5310 T X207
031, 10,2;10,—2 035, 10,5:6,—% 20 6,5:10,—3

+ m6.><% + mé6xmé +2 m6xmé + mé6xmé . (79)
5353 " X6 2,62 (lg,g;s,_g Xs,%;g,_%)

We also identify the gapless phase-A as m6 x m6 phase with Aj,-condensation (see (H.5))
or m6 x m6 phase with 45-condensation (see (H.4)). The two phases for the self-dual S
symmetric model have the following modular invariant partition function

i _ JKRIK, JK,RIK, JK,RIK, JK,RIK, JK,RIK,
Z=(Z,As,) =714 +2Z3; +Z,4 +Z,; +ZZq,q

— mé6xmé6 m6xmé6 m6xmé6 m6xmé6 m6xmé6 mé6xmé6
= 2(?(1,0;1,0 T 25310 TXg290-2 T X10200-2 T X1,05-3 T X5,3;5-3
»5,1U,7 5 5551U,— 5
6xm6 méxmé m6xm6 m6xmé
F s e 2y, 20 1)- (80)
6,5:6,—5 10,5;6,—% 3,5:3—35 8,15:8—15

Since the conformal character for the identity operator )({“g,xl’gé appears twice, the m6 x m6

phase with A, or A5 condensation has 2-fold degenerate ground states on a ring, as one can
see from Fig. 10(Right). In fact, such phases spontaneously breaks the Z, symmetry, due to
the e or e condensation, which leads to the 2-fold degenerate ground states. Let us note here
that such phases were termed “gapless SSB” phases in Ref. [110].

We see that the gapless phase-A has a Z, SSB while the gapless phase-B has no symmetry
breaking, despite both phases being described by m6 x m6 CFT. The phase transition between
phase-A and phase-B is a Z, symmetry breaking transition. Thus the critical point of the
transition is described by m4 x m4 Ising CFT on top of m6 x m6 CFT, which is one of the four
gapless critical states: m4 x m6 x m4 x %i, i=1,2,3,4, listed above.

5 Discussion

Let us recap and give a detailed discussion of the main lessons from Secs. 2 and 3. We collect
our key results under three directions. Sec. 5.1 reviews the web of dualities we have obtained
by gauging various subgroups of S,. In Sec. 5.2, we describe symmetry-breaking patterns
in terms of patch operators, and compute their expectation values in the gapped fixed-point
ground states. We argue that these can be used to detect ordered and disordered phases of
models with general fusion category symmetries. Finally, in Sec. 5.3 we study a Hamiltonian
of spin-1/2 degrees of freedom that is exactly solvable, has an exact non-invertible self-duality
symmetry in a certain parameter regime, and supports a gapless incommensurate phase in its
phase diagram. We use this model to draw analogies with the gapless regions in the phase
diagrams of S,- and Rep(S,)-symmetric models and better understand the latter two.

5.1 Gauging-induced dualities

In Secs. 2 and 3, we presented several dualities that are induced by gauging subgroups of
S, symmetry. In Fig. 11, we summarize the corresponding web of dualities. The corners of
the diagram label the symmetry categories of the dual bond algebras while the each arrow
implies a duality map induced by gauging. It has been shown in Ref. [24], distinct gaugings
of a symmetry category C are in one-to-one correspondence with the left (or right) module
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Vecg Vecgy
S <
g" =
Rep (Z,)
Rep (S3> Rep (Z)) Rep (Si;/)

Figure 11: The web of dualities obtained induced by gauging. The four categories
Vecg,, Vecssv, Rep(S,), and Rep(S;/ ) at the corners of the diagram denote the fusion
category symmetry of the bond algebras (7), (11), (32), and (41), respectively. Each
directed arrow between these fusion categories denote a duality induced by gauging.
The label on each arrow denotes the corresponding module category over the cate-
gory at the source of the arrow.

categories over C. Accordingly, we label each arrow in Fig. 11 by the choice of the correspond-
ing module category.®® Alternatively, each left (or right) module category over C is equivalent
to the category of right (or left) A-modules over C where A € C is some algebra object (see
Appendix A of Ref. [38]). This correspondence forms the connection between the module
categories over C and the perspective on gauging as summing over symmetry defect inser-
tions in two-dimensional spacetime. In the context of fusion category symmetries, gauging
can then be understood as summing over all insertions of A-defects in the partition function in
two-dimensional spacetime.

In Fig. 11, for the fusion category VecSB,39 the module categories label the symmetry cate-
gory of the subgroups that are not gauged. Note that the module categories are in one-to-one
correspondence with (conjugacy classes) of subgroups of S,. In particular, the module cate-
gories Vecg and Vecy of Vecg correspond to gauging by the algebra objects e (the trivial
algebra object, implementing trivial gauging) and e ® r & r2, respectively. These gauging maps
give back the same symmetry category VecSS. The latter, in particular, is what we would or-
dinarily describe as the Z, Kramers-Wannier duality. We provided a recipe for implementing
this gauging map in Sec. 2.2. On the other hand, the module categories VecZ3 and Vecy_,
where 7Z; is the trivial group, correspond to gauging VecS3 by the algebra objects e ® s and

e®r@r’®s®sr @sr2, respectively. These gauging maps lead to the dual Rep(S;) symmetry
category. The first of these is exactly the gauging map we used to construct the Rep(S,) spin
chain in Sec. 3, starting from the S, spin chain of Sec. 2. The second one of these can be
implemented by first gauging Z, in S, and then gauging the Z, subgroup of the dual Sj, as
discussed in Sec. 3.2.

38Module categories over Vec, (Rep(G)) are given by the categories Vec, (Rep(H)) where H < G, i.e., Hisa
subgroup of G [111].

39For any group G, the fusion category Vec, consists of simple objects that can be thought of as G-graded vector
spaces, which fuse according to group multiplication law. The morphisms of this category are graded G-graded
linear maps. In this subsection, we will refer to S; symmetry as Vecs3 to emphasize the general language of fusion
category symmetry.
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Table 3: Expectation values of S, order and disorder operators defined in Eq. (81) in
the fixed point ground state wavefunctions defined in Egs. (23), (24), (25), and (26),
respectively. The non-zero (zero) expectation values of order (disorder) operators
detect the spontaneous symmetry breaking and long-range order in the ground states.

GS Cp,(:0) UG, 0)  Cp (G,0) Uy, 6)
IGSs) 0 +3 0 +2
1GSz,) +1 0 0 +2
1GS3, ) 0 +1 +2 0
IGSZO‘) +1 0 +2 0

For the fusion category Rep(S,), we find that the algebra objects corresponding to three
distinct gaugings of Rep(S,) labeled by module categories Rep(Z,), Rep(Z,), and Rep(Z,) to
be1®1,102,and 1® 1’ ® 22, respectively.** Gauging by certain algebra objects can give
back the same symmetry category. For other algebra objects, one gets a new (dual) symmetry
category. This is a generalization of Kramers-Wannier duality to arbitrary fusion category sym-
metries. In our example with Rep(S,) symmetry, we find that gauging by either of the algebra
objects 1® 1" or 1® 1" @22 (i.e., the regular representation object) of Rep(S,) gives rise to S,
symmetry. On the other hand, gauging by either the trivial algebra object 1 (i.e., implementing
trivial gauging) or the algebra object 1 & 2 gives back a “dual” Rep(Sg/ ) symmetry. Like the
familiar KW duality associated with gauging Abelian groups, the gauging by 1® 2 implements
a duality transformation that exchanges pairs of gapped phases of the system. In our analysis,
we did not provide an explicit description of how gauging by algebra objects, via the insertion
of defects approach put forward in Ref. [24], works at the level of microscopic Hamiltonians.
However, we note that gauging by the 1® 1’ algebra object should proceed very identically to
gauging of an ordinary Z, symmetry since Wi indeed generates a Z, sub-symmetry of Rep(S,),
and gauging by the regular representation algebra object should be identical to first gauging
by 1@ 1’ and then gauging the Z, subgroup of the resulting S, symmetry. Finally, we identify
a sequential quantum circuit (45), that implements a duality transformation of our Rep(S,)
spin chain, which therefore must correspond to the remaining option of gauging by the 1® 2
algebra object.

5.2 SSB patterns and order/disorder operators

Ordered phases in which symmetries are spontaneously broken can be detected by non-zero
values of appropriate correlation functions of order operators. In contrast, disordered phases
can be detected by non-zero values of appropriate correlation functions of disorder operators.
The expectation values of correlation functions of order and disorder operators, considered
together, have been found to be a tool that can detect gaplessness Ref. [112]. The idea of
order and disorder operators can be generalized to non-invertible symmetries in the form of
patch operators [29, 53,107]. Depending on which gapped phase the system is in, different
patch operators will get a non-zero expectation value in the ground state(s). This gives a way
to detect symmetry-breaking even if we restrict to the symmetric sub-Hilbert space so that
ground state degeneracy is no longer a reliable tool.

“0These were derived using the internal Hom construction outlined in Appendix A.3 of Ref. [38].

41


https://scipost.org
https://scipost.org/SciPostPhys.17.4.115

e SciPost Phys. 17, 115 (2024)

Table 4: Expectation values of Rep(S,) order and disorder operators defined in Eq.
(82) in the fixed point ground state wavefunctions defined in Egs. (54), (57), (60),
(63a), and (63b), respectively. The non-zero (zero) expectation values of order (dis-
order) operators detect the spontaneous symmetry breaking and long-range order in
the ground states.

GS C.G,0) WG, 0) CG,0) W,(j,¢)
|G5Rep(53)> 0 +1 0 +2
|GSY,) 0 +1 +2 0
IGS5) +3 0 0 +2
IGST) +1 0 +2 0
|GS3) +1 0 +2 0

For the S, symmetry, we have the patch operators*!

N
2 GO =2,Z], +Z Z;,,, (81a)

that are associated with Z, and Z, order operators, respectively, and the patch operators

2 j+ j+e j+e
0,10, ):=Z(:)k 6745 CKE, T0.0) = ﬂxk+ﬂx', (81b)
a=0 k=j =j =j

that are associated with Z, and Z, disorder operators, respectively. We note that both of these
classes of patch operators are symmetric under the entire S, group, i.e., they are constructed
out of the generators of S,-symmetric bond algebra (7), while the disorder operators are closed
under the action of S,. Both order and disorder operators can be thought of as transparent
patch operators [53] in the sense that they commute all the terms in the S, Hamiltonian (22)
that are supported between sites j+1 and j+/—1. On the Hamiltonian their nontrivial actions
only appear at their boundaries.

The expectation values attained by the patch operators in the gapped fixed-point ground
states (23), (24), (25), and (26) are given in Table 3. In the fixed-point ground states, non-zero
expectation values of order operators accompany the vanishing expectation values of disorder
operators and detect spontaneous symmetry breaking in the ground states. We note that when
the S, symmetry is broken down to Z,, each of the threefold degenerate ground states preserve
a different Z,, subgroup which reflected in the non-vanishing expectation value of Z,, disorder
operators on only one of the degenerate ground states. Away from the fixed-points the zero
expectation values are expected to be replaced by an exponential decay o< eV ~//€ with a
finite non-zero correlation length & (with gapped fixed-points corresponding to £ — 0 limit).

For the Rep(S,) symmetry, we can apply the Z, gauging map, derived in Sec. 3, to obtain
the Rep(S,) patch operators. Since we are gauging Z, subgroup of S,, we expect the Z, order
and disorder operators to be mapped to disorder and order operators of the dual Z, symmetry

“IWe choose, without loss of generality, 6}? 6}? . to be the Z,, order operator. Alternatively, we could have chosen
(7}. %j " %j. 6; ¢» OF %j‘. %;’. ¢ as well. Any of these choices for the order operators produce the same expectation
values in the ground states of gapped fixed-points of the Hamiltonian (22).
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generated by VV\I, operator. Accordingly, we identify the patch operators

2 j+L
C.0,0 =4 Z(]_[X “) 0 (82a)

a=0 \ k=j
j+e
w,G,0:= ] i, (82b)

k=j+1

that correspond to W\l, order and disorder operators, respectively. In contrast to this, under
gauging Z.,, subgroup of S, symmetry, the Z, order and disorder operators are mapped to

l—[]+l ﬂ l—[)+[ Ax

C( 0 =2, 2] w7 T "ZM, (82¢)
)+Z k ]+l

W,(j,£) —l_[X a=ir1 g +l_[X - =y (82d)
k=j k=j

which are the order and disorder operators, respectively, associated with the non-invertible
symmetry operator VV\z We note that for Rep(S,) symmetry, order operators are non-local
string-like objects, as opposed to the case of S, symmetry for which order operators are bilo-
cal, i.e., products of two local operators. In other words, the spontaneous breaking of non-
invertible Rep(S,) is detected by non-local string order parameters. The expectation values at-
tained by the patch operators in the gapped fixed-point ground states (54), (57), (60), and (63)
are given in Table 4. We see that the expectation values of operators (82) in these ground states
are consistent with interpreting the corresponding phases as Rep(S,)-symmetric, Rep(S,)/Z,
SSB, Z, SSB, and Rep(S,) SSB phases, respectively.

5.3 Incommensurate phase in a self-dual spin-1/2 chain

In the phase diagram of the S;-symmetric model shown in Fig. 4, we observed an extended
gapless phase that is centered around the self-dual line. We have argued that such a gapless
phase is an incommensurate phase. We define an incommensurate state as a gapless state
that has gapless excitations carrying quasi-momentum that is incommensurate with the size
of the Brillouin zone. As a result, an incommensurate state contain gapless excitations whose
quasi-momenta form a dense set that covers the whole Brillouin zone. To better understand
such an incommensurate phase, we will first consider the following spin-1/2 chain

L
ﬁ:z—Z{JaZ“j+1+ha +A(6) 6%, — 6267, )}, 83)

which also has an incommensurate phase. Hamiltonian (83) describes the transverse field
Ising model perturbed by a Dzyaloshinskii-Moriya-type interaction. The latter is one of the
simplest two-body interactions that is symmetric under the (non-invertible) Z, KW self-duality
symmetry of the critical point of the Ising model (h = J,A = 0). The Hamiltonian (83) then
has the self-duality symmetry when h = J.

Unlike the S,-symmetric Hamiltonian (4), this Hamiltonian is exactly solvable by apply-
ing Jordan-Wigner transformation. This maps the Hamiltonian to a fermionic one with only
quadratic interactions [113]. Closely related results have also been obtained with other self-
dual deformations of the critical Ising model [114-116]. After the JW transformation, one can
diagonalize the fermionic Hamiltonian via a Bogoliubov transformation which yields

H= Z E i, +Ey, (84)

—n<k<m
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Figure 12: The fermion dispersion (85) for A = 2—h—J and (a) h = 0.9, J = 0.9 (the
c= % self-dual critical point), (b) h = 0.8, J = 0.8 (the z = 3 self-dual multi-critical
point), (c) h=0.7, J = 0.7 (the ¢ = 1 self-dual gapless phase), (d) h=0.8, J =0.7
(the ¢ =1 gapless phase).

where

Ek=47Lsink+2\/]231n2k+(h—Jcosk)2. (85)

In the ground state of this Hamiltonian, the k modes with negative energy are filled in the
ground state. The excitations are hole-like/particle-like for the negative/positive E; modes.

The fermion dispersion (85) is plotted in Fig. 12 for some values of h,J,A. From this
spectrum, we can identify the low-energy degrees of freedom and whether the ground state
is gapped or not. Along the self-dual line, the central charge computed from DMRG evaluates
to c =1/2 for A # 0. On the other hand, in the large |A| limit, we find ¢ = 1. In fact there are
extended gapless phases with ¢ = 1 even away from the self-dual line in the large |A| limit.
The full phase diagram is shown in Fig. 13, with the gapped phases in white and two gapless
phases shaded in red. The critical point corresponding to the Ising CFT lies at the J =h, A =0
point.

The extended gapless regions labeled ¢ = 1 have gapless linearly dispersing modes near a
“Fermi momentum” that smoothly varies throughout the regions. This behavior is seen only
when A is larger than 0.4 or smaller than —0.66. Moreover, we see that the value of ¢ = 1/2
is stable to a finite non-zero value of A. In other words, the ¢ = 1/2 critical point becomes
a stable gapless phase in the presence of the self-duality symmetry on the h = J line. This
is consistent with the fact that the A term in (83) corresponds to an exactly marginal chiral
operator o< T — T in the Ising CFT [117].

0 0:.8 :1433 é

Figure 13: Phase diagram of Hamiltonian (83) in the (h,J) plane with A =2—J —h
at each point. The unshaded regions are gapped. The h = J line has the self-duality

symmetry.
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Let us make a few comments:

(i) Time reversal and reflection symmetries are explicitly broken by the A term in (83).

(ii) The self-duality symmetry pins the right-moving particle- and hole-like excitations at the
k = 0 point.

(iii) In each ¢ = 1 gapless region, there is a chiral complex fermion mode that has non-zero
Fermi momentum k. This k; varies smoothly throughout the region, hence we refer to
it as an incommensurate gapless phase.

(iv) Without the self-duality symmetry, there are both left- and right-moving complex fermion
modes with non-zero Fermi momenta k.

(v) The fermion dispersion has a singular change as we go across the h = J line in the gapless
incommensurate phase. This suggests that this is a continuous phase transition within
the incommensurate phase.

In the incommensurate gapless phase for large A, a low-energy chiral (complex) fermion
mode near Fermi momentum kj furnishes a representation of a U(1) symmetry. This U(1)
symmetry emanates from the lattice translation symmetry. For instance when A > 0.4, there
are left-moving fermion modes satisfying

e~ e o
TlatwL,quJ;t = 61 Felq/lpL!q ’ (86)

while the right-moving fermion modes satisfy
T ¥R = €T, - (87)

So this chiral U(1) symmetry acts as e’k N where N, 1 is the number operator in the left-moving
sector of the IR theory. When kj is not a rational multiple of 7, the set {e'krNtINL.€220} i5 dense
in U(1). However when kz = 27tp/q, with ged(p,q) = 1, the emanent symmetry becomes
a finite cyclic group of order q. We still refer to the emanant symmetry as U(1) since the
finite-order case happens only for a measure 0 subset of values of k; € (—x, 7].

The presence of U(1) symmetries emanating from lattice translation may be a general
feature of the low energy effective field theory of an incommensurate gapless state. Note that
the right-moving particles and holes (for A > 0.4) carry zero U(1) charge (see Fig. 12c). The
emanant chiral U(1) symmetry is anomalous. This anomaly is reflected in the UV by the fact

that the ground state carries momentum

L—>o0 kz
ko= . kO(-E) ~ ?F (88)

ke(—mn,n]

So the UV translation symmetry acts projectively on the low-energy states. This has close par-
allels with the examples discussed in Ref. [90]. In addition to the appearance of anomalous
chiral U(1) symmetry, the notion of incommensurate state also allows us to make the following
conjecture. Some continuous transitions, e.g., Mott insulator to superfluid transition, involve
the introduction of gapless modes. If such gapless modes are incommensurate, i.e., if the tran-
sition is between commensurate and incommensurate phases, then the dynamical exponent
must satisfy z > 1. The transition along the self-dual h = J line at h =J = 0.8 in Fig. 13 is an
example of such a transition, with z = 3.
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D

Figure 14: (Middle) Central charge ¢ computed via tensor network numerical ap-
proach as a function of h € [0,2] (horizontal) and J € [0,2] (vertical) with
A = 2—J —h, for the Ising chain (83) of sizes L = 256 (blue), L = 128 (green),
L = 64 (red). The range of the color intensity [0,1] corresponds to the range of the
central charge ¢ € [0,2]. The stripe pattern in the gapless ¢ # 0 area comes from
incommensurate nature of the gapless phase. (Left) A plot of vc for the same range
of h and J. (Right) A plot of ¢ /v for the same range of h and J. Here v is the velocity

of the gapless mode.

Figure 15: (Middle) Central charge ¢ computed via tensor network numerical ap-
proach as a function of J; € [0.4,0.6] (horizontal) and J, € [0.4,0,6] (vertical) for
the S3-symmetric model (22) of sizes L = 256 (blue), L = 128 (green), L = 64 (red).
We have chosen J, =1—J,,J,=1—J;and 6 = 0.7 ~ %”. The J; = J, = 0.5 line
is the self-dual line. The range of the color intensity [0,1] corresponds to the range
of the central charge ¢ € [0,2]. The stripe pattern in the gapless ¢ # 0 area comes
from incommensurate nature of the gapless phase. (Left) A plot of vc for the same
range of h and J. (Right) A plot of ¢/v for the same range of h and J. Here v is the
velocity of the gapless mode.

In the ¢ = 1 incommensurate phase, away from the h = J line, there are two chiral complex
fermion modes, carrying different non-zero U(1) charges (i.e., quasi-momenta). On the h =J
line, the U(1) charge of one set of chiral complex fermion modes vanishes, and the associated
particle and hole branches acquire unequal velocities. This causes a singularity in the single-
particle fermion spectrum, signaling a possible continuous phase transition. This is an unusual
kind of phase transition, since it does not have more gapless modes compared to the phases
on the two sides of the transition.

In Fig. 14, we present a tensor network calculation of the central charge for the Hamilto-
nian (83). In the gapless incommensurate phase we find a stripe pattern in central charge c.
To understand the appearance of stripes, we note that the central charge is contained in the
1/L term in the ground state energy:

E =eL—32—n+0(i). (89)
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By computing the ground state energy at size L and L/2, we can extract the 1/L and obtain
the value of vc. In particular, we note that

L 1
47 [Egma(L) —2Egma(L/2)] = cv + O(Z)’ (90)

so that in the large L limit, the quantity on the Lh.s. approaches cv. By doing a similar cal-
culation with space and time exchanged, we can compute ¢/v. Then the central charge is the
geometric mean of vc and ¢/v. Certainly, this approach works only when all the gapless modes
have the same velocity v. This is how we obtained the Fig. 14. We see that vc is small at the
boundary of the incommensurate phase, while ¢ /v is large at the boundary. This is consistent
with our exact result, which implies that v = 0 at the boundary. As we change parameters, the
U(1) charge (i.e., the quasi-momentum) of the ground state may jump, which cause a change
of ground state energy of order 1/L. This leads to the stripe pattern in the calculated central
charge in the incommensurate phase. We contrast this with the case when € is L-independent,
for which the analysis in (90) gives a constant L-independent vc.

Armed with this understanding, we compute the central charge c, as well as vc and c/v, for
the S, symmetric Hamiltonians (see Fig. 15). The similarity between Figs. 15 and 14 suggests
that the gapless phase in Fig. 15 is also incommensurate. The continuous transition between
commensurate and incommensurate phases has a dynamical exponent z > 1. Also, the gapless
incommensurate phase of our S;-symmetric model has a local low energy effective field theory
with internal U(1) symmetry (coming from the lattice translation symmetry). Since S; and
Rep(S;) symmetries are Morita equivalent as fusion categories, the same results also apply to
our Rep(S,)-symmetric model.

The parameter 6 in our S, and Rep(S,) symmetric models, (22) and (52), plays a very
similar role to that of A in Hamiltonian (83). For small 6 and A along the self-dual line, the
(multi-)critical point remains gapless and behaves like stable gapless phase protected by the
non-invertible self-duality symmetry. At large enough values of 6 and A in respective models,
this gapless phase turns into an incommensurate phase via a z > 1 continuous transition.

6 Conclusion

In this paper, we have studied the consequences of non-invertible symmetries that are re-
alized as genuine UV symmetries (i.e., not emergent IR symmetries) of 1+1d Hamiltonian
lattice models defined on Hilbert spaces having tensor product decompositions with finite-
dimensional on-site Hilbert spaces; we refer to them as spin chains in short. We constructed a
spin chains with Rep(S,) symmetry by gauging the non-normal Z, subgroup symmetry of an
S,-symmetric spin chain. This provides an explicit microscopic verification of an instance of
the fact that gauging non-normal subgroups in a theory with an ordinary group-like symmetry
leads to a dual theory with a non-invertible symmetry, which was known using more abstract
methods in the literature. [24,118 ] We explored SSB phases of the non-invertible Rep(S,) sym-
metry as well as continuous phase transitions between them. Both the S, and Rep(S,) spin
chains demonstrate intrinsically non-invertible self-duality symmetries in special subspaces of
the full parameter space. We identify the SymTO description of this enhanced symmetry and
use it to obtain model-independent constraints on the phase diagrams with this symmetry.
There are various directions for future work. It would be interesting to study how gauging
by algebra objects may be implemented at the lattice level. This requires a deeper understand-
ing of how symmetry twists of non-invertible symmetries are implemented in the context of
spin chain Hamiltonians. Such an understanding would also be extremely useful in making
statements about the gauging-related dualities in the context of non-invertible symmetries, in-
cluding those discussed in this paper, more precise. We note that similar questions have been
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addressed in the context of lattice models built on Hilbert spaces that do not necessarily have
a tensor product decomposition, such as in Refs. [66,78,79]. We believe that our treatment
of these questions is complementary to these previous works. In fact, it is not clear that all
fusion category symmetries can be realized in spin chain Hamiltonians as strictly internal sym-
metries (cf. footnote 32 of Ref. [76]). Using our lattice model, we also explored KW-symmetric
perturbations to the analytically tractable limit of the S, spin chain and uncovered a stable
gapless phase. We find evidence that the numerically computed central charge vanishes at the
phase boundaries of this gapless region, which is consistent with a dynamical critical exponent
z > 1. It would be interesting to characterize this gapless phase and transitions out of it, on
or away from the KW-symmetric line, from a low-energy field theory perspective. Lastly, it
is possible to gauge the Z, sub-symmetry of the S, symmetric spin chain using fermionic Z,
variables instead of bosonic ones. This leads to a theory of fermions coupled to spin variables
with a fermionic SRep(S,) symmetry. We discuss this in Appendix G as a straightforward gen-
eralization of the story presented in Sec. 3.1 to fermionic lattice models with non-invertible
symmetries. The fermion parity symmetry Zg becomes a part of the symmetry category in the
gauged model. We leave a discussion of more non- trivial examples for future work.
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A Group S,

The group S, has cardinality |S;| = 6 and generated by two elements s and r such that
s2 =13 =e, sr = r?s, where e is the identity element of the group. It has four non-trivial
proper subgroups that we denote by

Zy = {e, r, r2} , Zy = {e, s}, Zy ={e,sr}, Zszr2 = {e, srz} , (A1)

respectively. From now on, we will choose Z; as the Z, subgroup and drop the superscripts r
and s when referring to the Z, and Z, subgroups of S,.

There are 3 irreducible representations (irreps) of the group S,. The trivial one, with all
group elements represented by the number 1, is denoted 1,

Ui(g)=1, Vg eSs. (A.2)
There is a second one-dimensional irrep, denoted 1/, with

Ul/(e) = Ul/(r) = le(rz) =1 , Ul/(S) = Ul/(Sr) = Ull(Srz) =—1. (AB)
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The third irrep is a two-dimensional one, denoted 2, with

s 2T s 27
10 e's 0 9 e's 0
UZ(e) - (O 1) ) UZ(r) - ( 0 e_i%f) ) UZ(r )_ ( 0 ej%) 5
0=, wen=( % ). wen=( % ¢
2\8) = 1 0]/’ o\ST) = eizTn 0 B o\ST7) = e_iZTn 0 .

The irrep 2 is the only faithful irrep of S;. The tensor product of the irreps forms a so-called
fusion ring with 1 as the identity of the ring. The product operation (or, fusion) is commutative
with the following non-trivial fusion rules:

191 =1, 1®2=2, 202=101 2. (A.4)
The group S, has three conjugacy classes
[eli={e}, [s]={ssnsr?},  [rl={rr}, (A.50)

labeled by a representative element. For each of these conjugacy classes, the centralizer of the
representative are

Css(e) =S,, CSB(s) =17, CSB(r) =Zy, (A.5b)

respectively. These centralizers have the irreps

n,=1,1,2, (A.5¢)
no=1,1, (A.5d)
w.oi=1,1,, 1., (A.5e)

respectively. Here, all irreps are one-dimensional except 2. 1’ denotes the non-trivial one-
dimensional irrep of Z,, while 1,, and 1, are the non-trivial one-dimensional irreps of Z7
where w = exp{i2n/3}.

B Brief review of SymTO

The wide variety of (finite) generalized symmetries considered in the context of quantum field
theories and quantum many body physics can be provided a unified description in the language
of topological order in one higher dimension. This general philosophy was put forward and
discussed in Refs. [8,28-30,32,42,53,119,120], while a related connection with noninvert-
ible gravitational anomaly was explored in Ref. [26,27]. The correspondence between finite
symmetries in d spacetime dimensions and topological order in d + 1 spacetime dimensions
was referred to as Symmetry/Topological Order correspondence in older work of two of the
present authors [45]. Closely related constructions have been referred to by various other
names in the generalized symmetries literature — SymTFT, topological holography, categorical
symmetry, topological symmetry etc. Similar ideas were discussed for specialized situations,
including for 141d systems, for rational conformal field theories, or in the context of dual-
ity and gauging in Refs. [1,2,10,39-41,109,121-127]. In this appendix, we summarize the
aspects of the Sym/TO correspondence that are relevant for the present paper.
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B.1 Algebra of local symmetric operators

The most general way to define generalized symmetry is to start with a subset of local oper-
ators, that is closed under addition and multiplication, i.e., to start with a sub-algebra of the
local operator algebra. We define the operators in sub-algebra as the symmetric operators of a
yet-to-be-determined symmetry. The symmetry transformations are defined as the commutant
of the algebra of the local symmetric operators. The symmetry defined this way is very gen-
eral, which include anomalous, higher-form, higher-group, and/or non-invertible symmetries.
What is the mathematical frame work that can describe and classify the generalized symmetry
defined this way?

To reveal the underlying mathematical structure of the algebra of the local symmetric op-
erators, Refs. [29, 53] introduced the notion of transparent patch operators to capture the
essence of isomorphic algebras of the local symmetric operators. Even though the algebra is
generated by local symmetric operators, the algebra must contain extended operators. Patch
operators are a type of extended operators, that have an extended spatial support and are cre-
ated by a combination of a large number of so-called local symmetric operators.*> A patch
operator has the transparent property if it commutes with all local symmetric operators far
away from the patch boundary.

So the bulk of the transparent patch operators is invisible, and can be ignored physically.
The boundaries of the transparent patch operators correspond to fractionalized topological
excitations, or the super selection sectors of the corresponding generalized symmetry. With
this understanding, now it is easy to see that operator algebra of transparent patch operators is
equivalent to the braiding and fusion of topological excitations (which is encoded in the alge-
bra of transparent string, membrane, etc. operators). This gives a correspondence between the
boundaries of transparent patch operators in d dimensional quantum systems and topological
excitations of the d + 1 dimensional topological order.

Through such a consideration, Refs. [29,53] reveals a close connection between isomorphic
algebras of the local symmetric operators and topological orders in one higher dimension. Such
a topological order in one higher dimension is called symmetry topological order (SymTO).**

Note that different set of local symmetric operators may generate isomorphic operator
algebras. In this case, the corresponding symmetries are called holo-equivalent [8]. The holo-
equivalent symmetries give rise to the same local low energy properties and have the same
SymTO. The holo-equivalent symmetries are known in the math literature as Morita equivalent
symmetries. Many examples of holo-equivalent symmetries are given in Ref. [53].

The algebra of local symmetric operators and their description by transparent patch opera-
tors give rise to derivation [ 53] of the topological holographic principle: boundary determines
bulk [26,27], but bulk does not determine boundary. The algebra of local symmetric operators
correspond to the “boundary”, and the obtained topological order in one higher dimension is
the “bulk”.

B.2 Phases and phase transitions from SymTO

Through the Sym/TO correspondence, the gapped boundaries of the SymTO can be mapped
to gapped phases of the symmetric systems. The gapped boundaries of topological orders were
classified by Lagrangian condensible algebras in Ref. [19], and thus the gapped phases of the
symmetric systems can be classified by Lagrangian condensible algebras of the corresponding
SymTO.

“The italicized terms can be made more precise. For a system with linear size L, the patch operators have a
support on a number of sites that is somewhere between (1) and O(L), say O(+/L).

“3In Refs. [8,29,53] SymTO was referred to as “categorical symmetry”. The name is motivated by the following
consideration: “categorical symmetry” contains conservation of both symmetry charges and symmetry defects, plus
the additional braiding structure of the those symmetry objects. Conservation corresponds to “symmetry” and the
additional braiding structure corresponds to “categorical” in the name.
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More generally, Ref. [44] argued that the non-Lagrangian condensable algebras correspond
to gapless phases or critical points of the system — see also Ref. [48], for a closely-related discus-
sion. Each non-Lagrangian algebra, in turn, has an associated reduced SymTO which constrains
the CFT that can describe the corresponding gapless state. In more concrete terms, gapped
phases described by Lagrangian condensable algebras .4; and .4, have a phase transition cor-
responding to the non-Lagrangian algebra A;, = A; N A,. Anyon permutation symmetries
that preserve A, are associated with emergent symmetries of the IR theory that describes
the corresponding phase transition. In Ref. [44], the algebraic structure of the condensable
algebras did not play any explicit role. There is a suggestion that the algebraic properties of
the order parameters for various gapped phases allowed by the SymTO may be encoded in
the algebra product of the corresponding Lagrangian algebra. This connection has not been
explored in the literature yet.

B.3 Holo-equivalence and gauging

Symmetries whose SymTOs are identical were referred to as “holo-equivalent” in previous
literature [8]. This is a much more general statement than the Morita equivalence of sym-
metry (fusion) categories in 1+1d, but they coincide in the latter case [128]. In 1+1d, for
instance, the symmetry categories Vec; and Rep(G) are related under gauging. More specif-
ically, gauging the entire group G in Vecg, which can be achieved by gauging by the algebra
object A; = Zg ag € Vecg, gives the dual symmetry category Rep(G). Here, by a, we refer
to the simple object of Vec; labeled by the group element g € G. On the other hand, gaug-
ing by the regular representation algebra object A, = Y rdrag € Rep(G), where dy is the
dimension of the irreducible representation R, gives the dual symmetry category Vec;. For
more details on gauging by algebra objects, the reader is encouraged to refer to Ref. [24].

Following the discussion in Sec. B.2, we conclude that the phases of systems with Morita
equivalent symmetries should have a one-to-one correspondence in their local, low energy
properties. One way to see this is that since these Morita equivalent symmetries are related to
each other by gauging, only certain global features of the corresponding phase diagrams should
be altered. In particular, we expect the same CFTs (up to global modifications, e.g., orbifolding)
to describe the phase transitions related under this correspondence.

C Details of duality transformations

C.1 Z, Kramers-Wannier duality

The duality transformation of the model H. s, s implemented by the operator

BKW = JEZZ PU=tW (51 C/1‘2]21) (5%; C/“2]32) o '(51—1 E\Z]‘L-,L—l) > (C.D

as discussed in the main text. As written in Eq. (C.1), it has the form of a sequential circuit
where each operator can be thought of as a unitary quantum gate acting on ket states se-
quentially starting from the rightmost operator. The unitary operators in D, are defined as
follows:

(i) We denote by cAzj ; the controlled-Z operator
. 2
C/IZ:J = Z Zj_"‘ ﬁf:wa , (C.2a)
a=0
where ?l.z =% is the projector onto the 21. = w? subspace.
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(ii) We denote by ST the Hadamard operator

2
& 1 Sa—B ~7—
bl=— > WP REP I (C.2b)

— ~ o ~opT 5 _
W= Z aphz=ot, (C.20)
a=0
where P%14.=9" is the projector onto Z I Z ; = w® subspace. This unitary acts non-trivially

only at sites 1 and L.

(iv) We denote by PUr=1 the projector

pU.=1 1 T va
pU=1 = gznxi , (C.2d)

which projects onto the U = l—[i}?l. =1 subspace.

(v) Finally, we denote by ’EZ the unitary operator
2

-1
P o= 1+0,-7 1+7,:0,,1+0,,,- 7, (C.2¢)
Z, 2 1 2 2 ’ '

which implements a “half-translation” of qubits. We note that as written ‘EZ also has the
2
form of a sequential quantum circuit.
In what follows, we list the non-trivial action of the Z, KW duality operator (C.1) on generators
of the bond algebra (7) at each step of the sequential circuit.

T

() Step 1: The only non-trivial action of the operator CZ; ; ,

by conjugation is
X, —=Z_

r—)XL_

-~

X,
t (C.3)
X1 121
Note that the controlled-Z operators commute with all Zi operators.
(ii) Step 2: The only non-trivial action of the operator 5;_1 by conjugation is
Z X=X X,

S Al A Al
X2y =22,

S (C4
22y = X2
Zy 27 1 =7 3X -
(iii) Step 3: The only non-trivial action of the operator cAz;_l ;o by conjugation is
XXy~ Z] XXy,
122, %0 2,
L-17L L=241-171 (C.5)

Zy o X 1= X1,

XL—Z —> XL_zzL_l .
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(iv) Step 4: The only non-trivial action of the operator 5}[_2 by conjugation is given by

ZT X\L IX\L'_)X\L ZX\L lX\L:
! l l
ZL ZXL 1ZL'_’XL ZXL 1ZL’ (C.6)
X, 2Z '—’ZL ZZL 13

ZL 3Z 2’—’ZL 3XL 2.

Following this pattern for L — 1 steps maps )/(\j to ijjﬂ forje{1,2,...,L—1}, and ZJ»Z].TH to
Xjn for j € {1,2,...,L — 2}. This matches the Kramers-Wannier transformation that we set

out to achieve but only for all but a few terms around the sites j = 1 and j = L. These terms
are

-~

X\L — )?15(\2 PR, § AN
Z, 17 - XIX3. X Z], (C.7)
/Z\L Zl — ZLX]_ .
We now conjugate by the operator W, which acts non-trivially on X; and X;, and trivially on
all other X;. Its action on X, and X delivers
X\l e ,Z\J'-X\l 5
s (C.8)
XL — ZLXL ZLZ]'- .

Given this, we find that the three operators on the right hand side of Eq. (C.7) becomes

j=1

abdl ToTt T gyt A - Sl B% €9
YOS VAR S e aivAEd il [l bell ey
j=1
/Z\LX\]_ '_)X\l .
In summary, up to the projector PY-=1, conjugation by the unitary operators produce
R, 7,2 2,2] X
1 149> 149 2>
XL 2'_>ZL ZZL 1° ZL ZZL 1'_)XL—1:
- 5 ot s o L ot o (C.10)
X124, Zy a2y = l_[Xj X1,
j=1
L
X; X; |Z,z], ALY
j=1

Our sequential circuit achieves what one expects from the Kramers-Wannier transformation
s . . . . AP .
on the qutrits if if we restrict ourselves to the Z, symmetric sector, in which [ | j=1X; = 1. This

achieved by the inclusion of the projector PU-=! in operator (C.1). Notice that this transfor-
mation is not yet a symmetry of the Hamiltonian (4) when J; = J, and J;, = J, # 0. This is
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because so far all the operators we considered act on the qutrits, which leads to a relative half-
translation of Z, and Z,. We correct for this by the final unitary operator ’EZ which implements
2

the transformation

L (87 & 6 6 = (6%, 6h, ). (€11
This completes our proof that the operator (C.1) is indeed the correct Kramers-Wannier duality
operator. This operator, as written in Eq. (C.1), represents a sequential quantum circuit of
depth 4L — 2.** We note that this can be straightforwardly generalized to any finite Abelian
group. Our sequential circuit is closely related to one that is given in App. A of Ref. [86] for
general finite groups. One important difference is that our circuit involves gates (operators)
that are not all Z,-symmetric, while the full circuit is so.

Algebra of ﬁKW and other symmetry operators:

Let us note a few more algebraic properties of the duality operator above. First, we find that
the Hermitian conjugate gives

1
5t & ¢ |wrs pu=t
D=\ [ ] Curs%; |W'E, P
j=L-1
1 -1 ) ¥
~ — P -~ == At Py — = 4 =T
=Pt ] €28, |W'E, =PU=" g, W] [BICZ,,; | (C.12)
j=L—1 j=1

which is also a sequential circuit. The Z, symmetric local operators are mapped by the unitary
part of lA)ILW in exactly the inverse manner as by that of ﬁKW’ ie.,

2,2y — Xy, Xy 2,2,,
5 5t . . 5 ot
Zy 92 12X o, X422 52,
o o _ R U (C.13)
Zy 42— X 4, X, = l_[X] Zy42p,
=1
L
- >T v | v CACA
Z,z~[]% |%. X, 7,7
j=1

Now applying the projector PUr=! and the half-translation operator @Z simply produces the
2

transformation
Iy _ 7  SIRT
DywX; = Zj1Z Dy »
i 7T _ v N
DKWZij+1 = XDy » (C.19)
A A AN A A =
Dgy (27 %7 6F 67)=(67 67 *5, *L,)Dgw
from which we observe the relation
~t min
Dy = T'Dyyy - (C.15)

“We note that one can also apply each unitary operator in @Z after applying one cycle of controlled-Z and
2
Hadamard operators rendering the sequential circuit of depth 2L — 1.
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Here, the operator T implements the single lattice site translation of both qubits and qutrits,
ie.,

T (X\i Zi A (AT?) T'= (X\i+1 2i+1 T T Gin @-?+1)' (C.16)
Combining the above results, we obtain the fusion rules
D} Dy = PV 71, (C.17a)
and
ol ¢ =5KW=( )@)BKW. (C.17b)
J J

C.2 Rep(S,) self-duality

We found that our S, symmetric Hamiltonian (4a) has a self-duality symmetry in some sub-
manifold in the parameter space. We discussed a sequential circuit that performs this trans-
formation above. Recall that gauging a Z, subgroup of S, led us to the Hamiltonian (40) with
Rep(S;) symmetry. We now want to know what symmetry, if any, the above self-duality sym-
metry gets mapped to. To that end, we would like to follow how each operator in ISKW (recall
Eq. (C.1)) change under the gauging map.

(i) We note that acting by Z, on half of the system, i.e., on all degrees of freedom to the
right of particular site, say i, will leave every CZ operator except cAzi +1,; unaffected. This
particular operator gets transformed as

2 2
CZiy1,i= Z ZiaPZi+1=w“ = Z ZiaPZi“:w_a
= a=0 (C.18)

_ s =5t
= E :Zi 7 =we = CLiyy ;-

Therefore, if we consider arbitrary Z., gauge field configurations, we obtain the minimally
coupled CZ operators as

2

— =0, Sapf, ~

CZipr; — CZY = E Z Py, s (C.19)
a=0

where we shifted the subscript of the link degrees of freedom by 1/2, as done in the main
text. This minimally coupled operator is the image of CZ,_, ; under duality map as it is
unchanged after the unitary transformation (31) and the projection in Eq. (34a).

(ii) The Hadamard operator commutes with the charge conjugation operator

= A Sh—a 3z=wF
C.H,Cl = w*PXPTOpE=e
0

1 o g =
=5 2, WPRITIRI =5,
3a,ﬁ:0

(C.20)

=
R
) TMN

S

Hence, the Hadamard operators in EKW are gauge invariant. Similarly, the Hadamard
operator commutes with the unitary transformation (31) and is mapped to itself under
Z., gauging.
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(iii) As it was the case for controlled-Z operator CZ.

the unitary W is not gauge invariant.

i+1,i°
We find its minimally coupled version
2 T 2 4y
W= ZePUb=e" s Wy = > Z8P% 4", (C.21)
a=0 a=0

which is the image of the operator W under Z, gauging. Note that similar to the dis-
cussion of the minimally coupled CZ operators above, W,,,. is unchanged by the unitary
transformation (31) and the projection in Eq. (34a).

(iv) The projector PUr=1 in the definition of BKW (C.1), under minimal coupling takes the
following form:*°

Jle

2 L 1 2 L
Ta, - 7 ¢l = 1“k+1
2] 85 o= 2] 57
a=0 j=1 a=0 j=1
The unitary transformation, (31) leaves the operator ﬁmc unchanged,
2 L
D 1 501 n] 1ﬂk+1
R ks

L4607\ P oallen, |, 1o (1200 omaniies
PRy ISR 01 a k1“k+1
(S (S5

pU=1 —

W=

Here we used the periodic boundary condition on the &* degrees of freedom,
ie., 65 =067.

(v) Finally, the qubit “half-translation” operator ‘ALZ after the whole gauging procedure takes
2
the following form:

L—1
tRep(s) =A; | |Bidiss
i=1
1+4% 1-—7%%
- i L~z nz (C.ZZ)
Ai T 2 + 2 Ci‘u'l ul 1°
1+’?Z[lx 1—’?2,12"
[~ i+1 L7+l Ax Ax A NZ AZ
i 5 T 5 i ir1 Civn B s -

“Note that the choice to start the string of Uisq/o’s AL k = 1 is completely arbitrary and unphysical. We could
just as well put this “branch cut” anywhere else in the periodic chain.
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The action of this operator on the generators of the Rep(S,)-symmetric bond algebra
(32) can be deduced from the action of £, on the generators of S,-symmetric bond
2

algebra (7). Namely, we find the transformation rules,

~Z AZ NX
( ti \ ( T M \
AZ NX N
T Ui )
AZAX A NI AXx
gy T Gl 1;
LA X A A = A
72 z x z
. i B Vi1 Civa Biyo
: v dl — s, ot .
tRep(SB) Xl +X1 X. +X3 > (C 23)
/\ﬂx St
i+1 Miv1 Z7
Z."Z, ,+Hec Z i+ Z! , +Hec.
—~ _ /\T I\Z —~ /\—’-
Xi X ( X))

i ziions)] \#02me

on the generators of Rep(S,)-symmetric bond algebra (32).

Since we gauged the original Z, symmetry with periodic boundary conditions, we will
end up in the symmetric sector of the dual Z, symmetry, generated by I1 j a; . Therefore, we

must include a projector to this symmetric sector in the gauged duality operator.*® So the full
gauged operator has the form*’

Drep(s;) = tRep(s,)
2 -1 .

=~ Z Sa b sl

Dy = (a—o Zy szl Zy =0 | ﬁj CZj+1,1'

We can further simplify 5Rep(53) since

i"'l_[j.a}c 5 i+l_[].a;( i+W\2

1 1
2 me — 2 3 :8(1+Wl/)(1+W2)—E(W1+W1/+2W2)

Hence, we have DRep(Sg) = é(Wl + le + ZWZ)DO, which we denote in short as
DRep(Sg) = PregDO7 where Preg = %Wreg is the projector to the Rep(S;)-symmetric sector, as
discussed in the main text.

Under the action of D, by conjugation, going through calculations similar to those in
Sec. C.1, we find the following operator maps:

A_ﬂx ~ ST
2
7,7, ~X],

‘uLl ”Ll
X0 Zy o2, Z)Z - X,

Xp - ZL—1ZL_“L ; ZL_MIZ1 - X7,

461n fact, without this additional projector, the gauged duality operator would not actually commute with the
Hamiltonian (40) on the self-dual manifold of parameters described by J; = J,,J5 = Jg.

47 2
Note that tRep(S3)

. . 1+, I
commutes with the projector ——=.
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h

J

—1 ~X
Z_HL ZL I—[ ( X\ i_]l 'uk+1> ZL ,

h\.‘
,_.,_.

Lle

X, -7, -4 (l_[X = k“) 7,8, 2,2,

— —~ o~ o~ A_"X
In the above, we used Wchlw‘ = XTZ“1 and W, CXLanlc =27;X,2,Z, "1 The last two
transformations can be re-written as

I
7.7, - l‘[ g (ﬂxnk o k“) 7, (C.24)

e L1 - o I1;65
X -z, ][R e 7,8, 2,2, (C.25)
j=1

Next, note that /ﬁreg commutes with the first set of operators above, but for the last two we

have
e \IVE
M ~
reg L l_[X k=0 ""k+1 ZL
(l_[Xnk oﬂk+1)

]IAX J=1 ~x

1+||.a’.‘ 1 Gt ar
_ j 2 Zl—[ 0 l—[ Sy HM-AT
_Tg | J ll 0+1 X k=0 ""k+1 JJXL

AX L .
— —1 1 1 Z l‘[f(am’{)l—lﬁi B gt
3 L

J

and

L—-1

1—[ nx ~x l_[j Mj A~
/ﬁreg /Z\L ik (l_[ Xl_[k 0”k+1) 7%, 7, Zl—ul

j=1

L-1
~ Anf o [0y & ~—px
=Preq (| |X]. e x Yz z,
j=1

J
(0 2 L Nz ~
_ ]. + l_[] ‘LL] 1 (l_lx\( +M1)l_[[ 1M[+1/2) ’Z\ ’Z\—.LLJI(

5 50
=717, Preg.

Finally, we act with the unitary { whose action on the Rep(S;)-symmetric bond

Rep(S,)’
algebra is outlined in Eq. (C.23). In all, we ﬁave the following transformations of the operators

appearing in the Rep(S3)-symmetric Hamiltonian (40):
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(i) For operators X j+Hec,

DRep(s,) (X; +He) = 7.7 +z Z. ’”)PregDo

Rep(S )( J7j+1

£ j+1 _ j+1 =
= frencs,) (z Mzl +He )PregDO - (z Mz H.c.)DRep(SB).
(ii) For operators 2;”12].11 +H.c.,
DRep(sy) (z Mz H.c.) = trep(s,) (Xjr1 +H.c.) Prg Do = (K41 + H.c.) Dreps,) -

(iii) For operators X j—H.c,

D v _% 05 si5hin =
DRep(s) (Xj - H.C.) - tRep(S3) (ZJZ]+IJ —Z; Zﬂj-l )PregDO

_7 N +1 57 +1 D N
_tRep(S3)‘u’j'c+1(ZJ zJ+1 Z K ZJJrl)PregDO

Cenx (a5t -
= ’L'?‘U,;_H (Zj J Zj+1 — H.C.) DRep(S3) .
(iv) For operators 1% ‘“1+1 (ZM“’1 Z' H.c.),

i T 1 ~AZ AX %
Dep(s;) “1+1( " Z, _H'Q) = tReps,) ¥ 0 (Xf+1 XJ+1)PregD0

=X _Xj+1) DRep(s) -

(v) TheJ; and J, terms in the Hamiltonian (40) are left invariant, even though some indices
get shuffled.

D Details about numerical methods

Let us briefly comment on how the TEFR algorithm works. We Trotter-ize the imaginary time
path integral (or, partition function) associated with the Hamiltonian to obtain a rank-4 tensor
T. Since the lattice models have discrete space but continuous time, we implement a renor-
malization transformation along the time direction to obtain an “isotropic” partition function
tensor T,,. The full partition function can then be expressed as a network of these tensors
Ti,- Applying the TEFR algorithm [97, 98] entails multiple iterations of singular value de-
composition and tensor contractions; finally, we reach a fixed point tensor T,} , whose largest
eigenvalue has the form

21V 1
A*=GSD- T|—Ey+ — — D.1
- exp {1 (- + 2 cv0( L))} o)

where T is the total length of the compactified imaginary time direction, GSD is the ground
state degeneracy, E; is the ground state energy, and c is the central charge which is only non-
zero when the system is in a gapless phase described by a CFT at low energies and v is the
“velocity” of the linear-dispersing mode of this CFT. Since v in general depends on details of
the microscopic Hamiltonian, the precise numerical value of the central charge is difficult to
extract. However, we should note that the algorithm is quite efficient at distinguishing gapless
regions of the phase diagram, which have non-zero c, from gapped regions where ¢ = 0 (within
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0.895 _
——c = 0.82873
0.890
0.885
0.880 ® °

0.875 - L

0.870 L]

log(d(£))

(a) Jl = 05, J3 = 06

0.650

0.645

0.640

0.635

—c = 0.49911

'.’

log(d(£))

(b) J1 = 0.6, J3 =0.5.

——c= 13123
L]

log(d(£))

(¢) J, =0.5,J;=0.5.

Figure 16: Central charges extracted from fits to the Calabrese-Cardy function, as
discussed in the main text. Figure (a) is consistent with Potts criticality, Figure (b) is
consistent with Ising criticality, and Figure (c) is consistent with a stacking of these
two CFTs. The departures from exact values of ¢ = 0.8,0.5, 1.3, respectively, are due
to the effects of finite system size. For these plots, we set the system size as L = 100
and performed the central charge fits on the bulk sites by removing 30 sites from
each boundary.

pre-set limits of precision). By benchmarking various known limits, we also find that relative
values of ¢ extracted using this approach are in practice reflective of the true central charges
of the corresponding CFTs.

In order to extract numerically precise central charges, we used the density matrix renor-
malization group (DMRG) algorithm from the iTensor library [99,100]. Specifically, we used
the Calabrese-Cardy formula [129] for the entanglement entropy of 1+1d CFTs,

2L . nﬁ)
n— |+¢cq,
L

—si (D.2)
Ta

c

S() = 5 log(
where £ is the size of the subsystem, L is the size of the full system, S(¢) is the entanglement
entropy of the bipartition of the full system into two pieces of size £ and L — ¢, a is the lattice
constant of the lattice model described by a CFT at low energies, and c is its central charge.
By computing S(£) in the ground state for £ =1,...L —1 and fitting it to the above functional
form, we can quite reliably extract the central charge. We show examples of this method for
two points in the phase diagram Fig. 3 of our S spin chain (22) in Fig. 16, to demonstrate the
quality of the fits.
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E Gapless boundaries of S3 SymTO

E.1 3-state Potts CFT boundary

The 3-state Potts CFT is a (6,5) minimal model. This CFT can be realized as a so-called 1-
condensed gapless boundary of the 2+1d S, topological order. Using the SymTO point of
view, this gives us a way to identify operators of the CFT that carry various symmetry charges
and symmetry twists. The vacuum sector Z; contains contributions from local operators that
are uncharged under the full S, symmetry. The 1 sector contains local operators that carry the
sign representation of S, and hence are charged under the Z, subgroups of S, but uncharged
under the Z; subgroup. The 2 sector contains local operators that carry the 2d irrep of S,.
The sectors labeled by b and ¢ contain (uncharged) operators that live on the boundaries of
symmetry defects, whereas the sectors labeled by r;,r,,s; contain charged operators of the
corresponding symmetry-twisted sectors.

From modular bootstrap calculations, we find the following as the only 1-condensed
boundary of D(S3) constructed out of the conformal characters of the Potts minimal model:

D(S3) _ , m6xmé méxm6 mé6xmé6 mé6xmé6
2y T X000 TXsasst Aoz 2 VX700 70
D(S3) _ . m6xmb m6xmé m6xmé mé6xmé
“v T = Xos—a T As30 s z0-7 T X0 262
D(S3) mé6xmé méxme
Zy = 1
2 3,5:3,—3 8,158~ 15
D(S3) _ ,, m6xm6 m6xmé
Zr 52) _/’(3 2.3_2 +X8 l.g_ 1>
2329 3 >15°%> 15 (E 1)
D(S3) _ ., mbxmb mé6xmé mé6xmé mé6xmb )
7P53) = + +
n X103-2 " X532 T o 2ig Lk T X107:8 -
D(S3) _ ., mbxmb mé6xmé mé6xmé mé6xmé
7P0s) = + + +
r2 Y3200 T X323 Ke -2 T Xs k010
D(S3) __ ., m6xmb méxmé méxmé méxmé
2o =y o T X s, 1T X 1 T X, 2
S 2,852—3 4,543 7,365/ 7% 9,%5:9—%5
D(S3) _ ., mbxmb mé6xmé mé6xmb6 mé6xmb6
Z 3= X 1 13 + X 13 1 + X 1 21 + X 21 1
51 2,54—% 4,%5:2—3 7,3059— %% 9,%657 %0
The various terms in each component of the partition function are conformal characters of
the (6,5) minimal model. The expression x;”}?f’gf’_hb is a short-hand notation for the product
tas Mo

of the left moving chiral conformal character associated with the primary operator labeled a
(set by an arbitrary indexing convention) with conformal weight (h,, 0), and the right moving
chiral conformal character associated with the primary operator labeled b with conformal
weight (0, h;). The superscript m6 x m6 indicates that both the left and right moving chiral
conformal characters are picked from the same (6,5) minimal model.

Note that in the above multi-component “SymTO-resolved” partition function, the 1’ sector
contains the primary operators with odd charge under the Z, subgroups of S,. All of these
operators have non-zero conformal spin since h # h for all of them. However, we can construct
descendents with zero conformal spin. All such descendents have scaling dimension greater
than 2 and hence must be irrelevant perturbations of the CFT.

E.2 3-state Potts ® Ising CFT boundary

Similar to the previous subsection, we can perform a modular bootstrap numerical calcula-
tion to identify gapless boundaries of the 24+1d S5 topological order, considered as a SymTO.
The following multi-component partition function shows the various symmetry charge and
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symmetry twist sectors for the S; symmetry:

ZD(Ss)_ m4xm6xmxm_6+ m4xm6xﬂx%+ maxm6xmaxme6 maxm6xmaxmé6
1 =

Xl,O;l,O;l,O;l,O 1,0;5,3;1,0;5,—3 1,0;6,%;1,0;6,—% 1,0;10’%;1’0;10,_%
m4xm6xmaxmé maxm6xmaxmeé maxm6xmaxmeé maxm6xmaxmeé
L A L o A e 1629 102 T Xy 11070 1.6 2
2,76:1,0;2,—7¢;5,—3 2,7¢:5,3;2,—15:1,0 2,76:6,5;2,— 15,10, 3 2,76510,5;2,— 1¢:;6,— 5
+ m4xm6xmaxmé m4xm6xmaxmé6 maxm6xmaxmeé maxm6xmaxmeé
Xalogm_ 1. locan_loc_ 12 1o 2T Xo10070 100 75
3,551,0;3,—3;1,0 3,7:5,3;3,—5;5—3 3,5;6,5;3,—3;6,—% 3,5,10,5;3,—35;10,—3
ZD(Ss) _ m4><m6xﬂxm_6+ m4xm6xmxm_6+ maxm6xmaxme6 maxm6xma4xmé6
1 = 21,0;1,0;1,0;5-3 1,0;5,3;1,0;1,0 1,0;6,%;1,0;10,—Z 1,0;10,%;1,0;6,—2
m4xm6xmaxmé maxm6xmaxmé maxm6xmaxmeé m4xmé6xmaxmeé
T X 0 T X ean 1 T X1 2 1 2 e
2,75:1,0;2,—7%;1,0 2,7535,3;2,— 75393 2,76:6,5;2,— 1g:6,— 3% 2,76:10,5;2,—75;10,— 5
m4xm6xmaxmé m4xm6xmaxmé6 m4xm6xm4xmé6 m4xm6xmaxmé

+
X331.08-35-3 " #3.1583-110 © X3.3i623-4:10-7 © 43,4110.73,-4:6,-3

D(S3) _ ., m4xmbxmixm6 maxm6xmaxmé6 m4xm6xmaxmé6 m4xm6xmaxmé
Zy U =X 0320082 X008t T Xy 1a20 14 2T X1 g1, 1o 1
»U59,3,1,U59,—3 »U50, 75,5 4,U,0,— 15 376522354 16905 3 516951554 16> 15
+ m4xm6xmaxmé m4xm6xmaxmé
Xg lg249 14 2 3lgl.g_lg_ 12
59595359, 559,73 5559,7559,7 5,0, 15
D(S3) _ ., mAxmbxmadxm6 m4xm6xmaxmé6 m4xm6xm4xmé6 m4xm6xmaxmé
Zr ’ _Xlo.g 2.10.3_2 XlO'S L.lo.g_i-i_xz 1.3 2'2—i'3—2+x2 L.S L.Z_L.S_L
»U59,3;1,U59,—3 »U306, 155 4,U50,— 135 516525354 16523 516951554 165915
m4xm6xmaxmé maxm6xmaxmé
+X3 l.g2.g_ 1. 2 +X3 lgl.g_lg_ 15
5959,359,7 359,73 »959,75597 350,715
7D(83) — m4xm6xmx%+ m4xmé6xmaxmé mAxm6xmaxmé6 maxm6xmaxmé
r =Xina0q102_2 TX0caq0a. 2 2100 L 107108 L
1 1,0;1,0;1,0;3,—5 1,0;5,3;1,0;3,—5 1,0;6,%;1,0;8,— 15 1,0;10,5;1,0;8,— 35
m4xm6xmaxmé m4xm6xmaxmé maxm6xmaxmé maxm6xmaxmeé
T Xy 100 tm 2T Xy Lcan 10 2T X1 00 10 1T X1 107, 1o 1
51601054 16505 3 516595054 16505 3 5165905541659 15 »1621Y:554, 71659 15
maxm6xmaxmé maxm6xmaxmeé maxm6xmaxmeé maxmé6xmaxmeé
+x st X st X 1t

1. . 1. 1. . 1. l.g2. 1. 1. 7. 1. 1>
3,5;1,0;3,—3;3,—3% 3,5:5,3;3,—3;3,—% 3,5;6,5;3,—5;8,— 1% 3,5;10,5;3,—3;8,— 15

7D(83) — maxm6xmadxmé maxm6xmaxmé6 maxm6xmaxmé6 maxm6xmaxmé
rp o %1,0;3.2,1,0:1,0 1,0:3,2:1,0:5-3  £1,0:8,5:1,06-2  %£1,0;8,1:1,0:10,~7
»Y59,3,1L,Us L »Y5,9,3,1,U,9, »Y,0,75,4,Y,0,— 1% »Y,6,75,4,YU,1U,—7%
m4xm6xmaxmé maxm6xm4xmé6 m4xmé6xm4xmé m4xm6xmaxmé
HEZ R PRy S5 B PR 218 S B VS g 08 I P W
576905354 1694 376902354 169 57691554 162975 »16:9575:% 16°+Y 5
4xm6xma4xmé m4xmé6xmaxmé6 m4xmé6xmaxmé6 m4xmé6xmaxmb6
+ 4" + +
X33328-010 © 43,1323, 35,3 " A3l kb2 43,18, %:3-310-]
D(S3) _ ., maxmbxmadxm6 m4xm6xm4xmé6 m4xm6xmaxmé maxm6xm4xmé6
Y A e T o A T SO i B At S W b N SN S
1,0;2,5;3,—5;4,—3 1,0;4,%:3,—3:2,—3 1,0,7,55:3,—5:9—% 1,0;9,%5:3,—3:7— 35
4xm6xm4xmb m4xm6xm4xmé6 m4xm6xm4xmé m4xm6xm4xmé
+xm1 1 1 1+X 1 13 1 13+X 1 1 1 1+X 1 21 1 21
2,162,552 1652—§ 2,164 %2143 2,16:7:3052— 165770 2,16:9:3052— 16930
+ m4xm6xmaxmé m4xmé6xm4xmé6 m4xm6xm4xmé6 m4xm6xmaxmé
Xoliolq0a_13 1.013.1 091 1o 1log. 20 TXo1.g21.0 00 15
3,5;2,5:1,0:4,—3 3,5;4,%:1,0:2,—3 3,537,35:1,0:9,— %% 3,339,%5:1,0;7,— 35
D(S3) _ ., maxmb6xmé4xmé6 m4xm6xmadxmb m4xm6xmaxmé m4xm6xmaxmé
Z =y +x +x +x

olig 1. 1 18,0 1., 13 rlug 1.0 1 02l.q 1. 21
1 1,0;2,5;3,—5;2,—3 1,0;4,%:3,—5;4—% 1,0,7,55:3,—3:7— 35 1,0;9,%5:3,—3:9—55

4xm6xm4xmb m4xm6xm4xmé6 m4xm6xm4xmé6 maxm6xmaxmeé
+ 1 st X1, s 1 1 TX 1.1 1 at X 1,2 1 1
2,162,521~ % 2,76:4%:2 716525 2,16:7:3052— 165930 2,16:93052— 165770
m4xmé6xm4xm6 m4xmé6xmaxmé6 m4xmé6xmaxmé + xm4xm6xmx%
1

t X101 1t X1, 13 st X1, 1 1.g21 21
3,3:2,5:1,0,2,—35 3,7:4,%:1,0;4—% 3,5:7,35:1,07,— 35 3,5:9,55:1,0,9— 35
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This multi-component, SymTO-resolved, partition function is constructed out of the con-
formal characters of the primary operators of the Ising (labeled as m4 indicating it is the (4,3)

minimal model) and the Potts (labeled as m6 indicating it is t}£(6,5) minimal model) CFTs.

m4xm6xm4xmbé
@hg,0.hq; b=y, 8,k

tion for the product of the left moving chiral conformal characters associated with the primary
operators of the Ising and Potts CFTs with conformal weights (h,,0) and (h,,0) respectively,
with the right moving chiral conformal characters associated with the primary operators of the
Ising and Potts CFTs with conformal weights (0, h;) and (0, hpg) respectively.

The only sector relevant for the purposes of this paper is the “vacuum” sector Z;, which
contains the S; symmetric operators constructed out of the primary operators of Ising and
Potts CFTs. Note that there are 3 relevant operators that have zero conformal spin. These
have scaling dimensions %, 1, and g. They correspond to the three relevant perturbations
explored by the couplings J; —J5,J3 —J4, and J | in Sec. 2.3. Only J; —J, is unchanged by the
action of the Z; KW duality.

Similar to the convention in Eq. (E.1), the expression y is a short-hand nota-

F Spin chain with G symmetry and its gauged partner with Rep(G)
symmetry

In this appendix, we present a simple manifestation of the fact that upon gauging G symmetry
of a spin chain, with on-site Hilbert space identical to the regular representation of G, one
obtains a dual spin chain, also with on-site Hilbert space identical to the regular representation
of G, that has Rep(G) symmetry.

We consider a tensor product Hilbert space in one spatial dimension, where the on-site
Hilbert spaces are |G| dimensional, and spanned by orthonormal basis vectors labeled by group
elements, i.e.,

H=e&;H;, H;=span{lg)|g €G}. (E1)

Then, we can construct a spin chain symmetric under G (0-form) symmetry, using two families
of local symmetric operators.

= Ai A~’~ , '\
Ho= > (Li+J6i1) (E2)

iesites

where I; = D hec L and LP; acts on a basis vector at site i by left multiplication, i.e.,

ZHi |g;) == |hg;) , (E3)
and )
Biin1 =D 8, eI (B4)

{g}

It is straightforward to check that this Hamiltonian has a G symmetry that acts by left multi-
plication on the basis vectors,*®
U= [ 1%, (E5)

iE€sites
where h is any element of G. The G symmetry is reflected in the fact that H; commutes with
all Uh'

481t also has another independent G symmetry that acts by right-multiplication. We will ignore this symmetry in
the present discussion. To be concrete, one can include additional terms in the Hamiltonian that explicitly break
this symmetry, while preserving the G symmetry acting by left-multiplications.
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A dual model can be defined in terms of degrees of freedom on links instead of sites. The
local Hilbert space on each link is isomorphic to the one described in Eq. (E1),

H = ®clinks Hi > H; =span{|g) | § € G}. (E6)

The Hamiltonian for this dual model is defined as

HRep(a) = Z (Qi +7hi41)) » (E7)

i€sites

where Q; = D hec Q. with Q; acting as

QM | e &(i=1,)> 8(i,i+1)s - - > = { s 8imroh g ity - - > , (E8)

and E(i’iﬂ) defined as
Ry = D 0g,me HENUEMH, (®9)
{g}
where e is the identity element in G. In the equations above, we have parametrized the links
with pairs of successive site indices (i,i + 1).
Let us show that the model (E7) can be obtained from the model (E2) by gauging the

symmetry G. To that end, we introduce link degrees of freedom and enlarge the Hilbert space
to

rHlarge — Hsites ® rHlinks , (F10)

where HI" = @, . H,, with H; = span{|g) |g € G}. Next, we minimally couple our gauge
field degrees of freedom (on the links) to the site degrees of freedom by modifying the second
term of (E2) to

I8 = D I8 e HE BN Y E11)
{g.8}

where by {g,g}, we refer to the basis vectors of 7{!2¢¢, labeled by G-variables on both sites
and links. Next, we impose the Gauss law constraints to project down to the smaller physical
Hilbert space 1P, We define the Gauss law operators via its action on the enlarged Hilbert
space basis vectors,

—

~ ~ _ ~ _1 ~
G |-y BG-1,1) &> 8Gij+1) -+ ) = |- > Bmph ™~ hEgj A8 1)+ ) - (E12)

We can compactly express (G? in terms of the operators ﬁj and (/z\h j introduced in Eq. (E3)

and Eq. (E8), Gh i= ﬁj éﬂ j- The physical Hilbert space is given by

thys o~ Hlarge/{G}}:1 Vi v - (E].?))

On this reduced Hilbert space, Gh j acts as the identity operator, by definition. So as far as

— — —1 —_—
states in HP™S are concerned, L" j acts as (Qh j) = Q"";. Let us now gauge-fix using the
unitary operators,
U,y = G,
Uy =[] &7 (E14)
Jj€Esites

In other words, we start with an arbitrary state

---,§(j—1,j),gj,§(j,j+1),--->GHlarge, (E15)
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and gauge-fix by applying (AJ{Y],} with y; = g;, to end up with

). v gj—lg(j—l’j)gj_l, e, gjg(],]'i'l)g]_-i}l’ Cee > . (F16)
Thus our gauge-fixed states ’ e g(/j—l i»8 J/ ) g{j 1) > are given in terms of the original site
and index labels by
~/ _ —~ _1 7/ _
8¢j+1) = 8i8G.i+D8jr1s & =€ (E17)

i.e., the gauge-fixed states all have the site degrees of freedom labeled by the identity element
of the group G. On these states, our minimal coupling term (E11) becomes JA ; ;;1) so that
the full gauge-fixed gauged Hamiltonian takes the form

H\Rep(G) = Z Qi +J N i+1),

iEsites

thereby deriving Eq. (E7). We note that the gauge-fixed Hilbert space does have a tensor
product structure, unlike HPhYS | Therefore, it makes sense to refer to this model as a “spin
chain”.

Turns out, the Hamiltonian (E7) has the non-invertible O-form symmetry described by the
fusion category Rep(G).** The associated symmetry transformations are implemented by the

operators
W;=ZTrR( 1 gz)ugz}x{gm, (F18)

{g1} [€links

where R takes values in the set of irreducible representations of G, namely the simple ob-
jects of Rep(G). The first term in Hamiltonian (F7) commutes with VV\R due to the fact that
R(h"HR(h) = R(h*h) = R(e) = 1, on account of R being a representation of G. The second
term commutes as well since both V/\7R and this term are diagonal in the product basis of the
link degrees of freedom.

G Fermionic SRep(S,) symmetry

In Sec. 3, we constructed the Rep(S,)-symmetric Hamiltonian (40) form S,-symmetric Hamil-
tonian (4) by gauging the Z, subgroup of S,. An alternative way to gauging this Z, symmetry
is to introduce Z, link degrees of freedom that obeys fermionic statistics, which implements
the so-called Jordan-Wigner (JW) transformation [23,130,131]. Such a JW transformation is
viable also for gauging the Z, subgroup of S,-symmetry and delivers a super fusion category
symmetry SRep(S,) (see Ref. [132] for a discussion from topological quantum field theory
perspective, and Refs. [133,134] for SymTO perspective).

G.1 Jordan-Wigner duality and constructing SRep(S,) symmetry

We follow the strategy employed in Ref. [135] and introduce two Majorana degrees of freedom
{ﬁi +1/27 é i1 /2} on each link, which satisfy the fermionic anticommutation relations

A

{ﬁi+1/2’ éj+1/2} =0, {ﬁi+1/2’ ﬁj+1/2} = {€i+1/2’ éj+1/2} = 251']'- G.D

“This explains the subscript on the dual Hamiltonian (E7).
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Without loss of generality, we impose anti-periodic boundary conditions on the fermionic de-
grees of freedom,”° i.e., 771+L+1/2 = T’1+1/2 and §1+L+1/2 = §1+1/2 and for simplicity we
assume L is even. To gauge the Z, subgroup of S,, we define the pairwise commuting Gauss

operators

Gl =iy 078 Clyer [ET =1, (G.2)
where, as opposed to the Gauss operator in Eq. (29) the local representative of ﬁs symmetry is
sandwiched between fermionic operators. Just as it was the case before, we define the gauge
invariant subspace to be the one for which the Gauss operators are set to identity.

In a similar fashion to Sec. 3, by minimally coupling the bond algebra (7) we can construct
a gauge invariant bond algebra. To this end, we define the pairwise commuting local operators

A N A A A _ A2 4
i1 = 184172 Mivaya |:pi+1/2’ pj+1/2:| =0, Piap=1, (G.3)

which are local at the links i + 1/2. The minimally coupled bond algebra is then

mc .__ Z AZ AZ A Ax ot i+1/2 5T
By = <‘7i 5 4 Piva2 0t 015 1 (X +X; ) (Zl Zin

1+1/2
+Z, Zl+1),

i+1

A AZ A i+1/2 5t b, 1/2 5 SF .
6% (X, —X), # l+1/2(z* AR A Zl.H)‘Gi—l, i€A), (GA)

where the local operator p, jpactsasa Z,-valued bosonic gauge field. Physically, this operator

measures the local fermion parity at link i + 1/2. We implement an analogue of the unitary
transformation (31) such that

AAxA'i'_-A N = 7T AZTIT _ AZ
UG U =i¢; 1,67 % CiMyyryoo Uo;U =0y,
Ut it =47, U0 =167,
S 68 e 5E (G.5)
UX,0'=X%", 0z,0"=2",
~ ~ 2 =, Ot = %0
u gi+1/2 U' <L;1+1/2 i+1° Uli1/2:U T’1+1/2 >

which simplifies the Gauss operator to U @f U= G7. Setting 67 = 1 and shifting the fermionic
link degrees of freedom to sites by i + 1/2 — i + 1 delivers the dual bond algebra

A -~

: t $2 i€ ) g1 nl 151 T)l
B = <T?’ A8 Ny, 16,87 Gy £ (X +XT) (Z +1 i Z' L+ Z +1 M1 Zz+1)
—~ o~ ; fli ~ ,\_iéi ﬁi - )
(X, —X7), 27, iy ( Tz Zi+1) ' L€ A> . (G.6)

By comparing with the bond algebra (32) of Rep(S,)-symmetric operators, we conclude that
the generators of the bond algebra (G.6) commute with the operators

w, =1,
L L
w,=| i€ =] [
=L lea=ln 67
1 L L l—[l é N l—[i é N
—— Ao Sl i e oI Lieai&i
W2::§(1+l_[15ini){ﬂxi S S k].
i=1 i=1

0This choice corresponds to the fermion parity untwisted (in space direction) sector in the continuum limit. In
contrast, the twisted sector is given by choosing periodic boundary conditions.
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These operator satisfy the fusion rules

WW =W, W W,=W,, W,W,=W,+W +W,. (G.7b)

Note that the operator W implements the Zg fermion parity symmetry, which is special in the
sense that it cannot be broken explicitly or spontaneously and is a symmetry of any fermionic
model. We call the symmetry generated by operators (G.7) the super fusion category SRep(S,),
where the adjective super signifies the non-trivial inclusion of fermion parity symmetry into
the fusion category.

On the one hand, one verifies that the image of the gauged Z,, symmetry [A]s is

L
[ 17
i=1

where we used the facts that L is even and we imposed antiperiodic boundary conditions on the
fermionic degrees of freedom. On the other hand, imposing antiperiodic boundary conditions

on fermions and periodic ones on bosons implies that image of 1 =[], 6% 6% , is

171 i+l
L

Therefore, we conclude that the duality between the bond algebras (7) and (G.6) holds in the
subalgebras

|
—1-
—
uns

(G.8)
i=1

(G.9)

z%F‘A . (G.10)

G.2 Hamiltonian and its phase diagram

Using this duality, we can construct the image of the Hamiltonian (4) as

L L
o — 161 nl Cal 16, Tll o ST
HSRep(SS) =—J; E (Z +1 i1 AN +Z 1741 ZH—]_) 2 :(Xl +Xi)
i i=1

L
—Jy Z(%T + 17 lg1+1 771+1) Jy Z(igi t Ai Nipr + %f)
(G.11D)

_ s AZ P N 1801 N1 5t _ lgzﬂ Nip1 5
Jg Z”'i 1811 Miga (Zl Zi Zi Zig

which is symmetric under the SRep(S,) symmetry generated by operators (G.7). By dual-
ity, the phase diagram of this Hamiltonian has the same shape as that of Hamiltonian (22).
Without loss of generality, we set J; = J, = 0 and identify the following ground states corre-
sponding to four fixed-point gapped phases.

(i) When J, =J 4+=0, Hamiltonian (G.11) becomes

—

L L
HSRep(SS);Z,S: JzZ X +X —J3 (T +147 1€z+1 771+1) (G.12)
i=1 =1

]
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(i)

(iii)

There is a single nondegenerate gapped ground state

Spriy) = ®IT =1,in, =1,X,=1), (G.13)

which is symmetric under the entire SRep(S,) symmetry. This ground state carries even
fermion parity and is a trivial invertible fermionic topological state. For that reason we
call the phase trivial SRep(S,)-symmetric phase.

When J, =J 4 =0, Hamiltonian (G.11) becomes

L
7 151 7; —i&,, ; A Az f A
HRep(S)13 J Z( +1 +1zl +Z +1 +1Zl+1)—J32(7?4—’[?151-_}_17’1'4_1)-
i=

i=1
(G.14)
There are three degenerate ground states

L
IGSTr1V = ® |Tf =1, 151 n, = 1, Z, = w) . (G.15)
i=

These ground states preserve the Zg fermion parity symmetry generated by Wp while they

break the non-invertible 17\/\2 symmetry. Under the latter each ground state is mapped to
equal superposition of the the other two, i.e.,

I 1\ 2 3

W, |GS]) = |GS2) +|GS) ,

T 2\ __ 3 1

W, |GS%) = |GS3) +|GS}) , (G.16)
mwr 3\ 1 2

W, [GS3) = |GS)) +GS?) .

Each ground state realize a trivial invertible fermionic state. We call this the trivial
SRep(S,;)/Z} SSB phase.

When J, = J,; =0, the Hamiltonian (G.11) becomes

L L
HsRep(s,24 = 72 Z (%, +X) Z (i8; 7 Gy + 1) - (G.17)
i=1 i=1
There is a single nondegenerate ground state
L
|GSKitaev> = ® lT =1 15 N1 = L, X = 1) (G.18)

i=1

As opposed to the ground state (G.13), the fermions in this ground state realize a non-
trivial invertible phase of matter, i.e., the ground state of the Kitaev chain [136]. When
open boundary conditions are imposed, the ground states become twofold degenerate
with unpaired Majorana degrees of freedom at each end of the chain.

Ground state is invariant under SRep(S,) symmetry as it transforms by

W, IGS =+|GS W, |GS =2|GS (G.19)

I(itaev> I(itaev> 4 Kitaev> Kitaev> .

Therefore, we call this the Kitaev SRep(S,)-symmetric phase.
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(iv) When J, =J; = 0, the Hamiltonian (G.11) becomes

L
= 151 N —i,, B oAx A A A
HSRep(S)14 —J; Z( o HZ' +Z - +1Zz+1) Jy Z(lgiffcini+1+ff

i=1 i=1

(G.20)
There are two degenerate ground states. First, there is a ground state obtained by setting
Z; =1 for all sites that is given by

[€SE (X)]r =1in,,,=1,2,=1). (G.21a)

The second ground state is°*

|GST™) = — 2L/2 Z (®|T =110, =s;5,_,,Z; = & >) (G.21b)

{s;j==%1} i=1

Fermionic degrees of freedom in the former ground state (G.21a) realize the Kitaev
phase, while they are in the trivial phase for the latter ground state (G.21b). These
two ground states transform under SRep(S,) symmetry as

W\p |GSK> |GSK> |GSTr1V> ’GSTr1V>
— (G.22)
W, ost)=2[cst), W, [os}™) =~ [as}).

Since fermionic degrees of freedom realize trivial and non-trivial invertible fermionic
states, we call this phase mixed SRep(S,)/ Zg SSB phase.

We identified four gapped fixed-points and constructed the corresponding ground states.
We can deduce the shape of the phase diagram using the duality between Hamiltonians (4)
and (G.11). In Fig. 17a, we show the phase diagram of (G.11) when J; = J, = 0. We deduce
the continuous phase transitions also using the fact that the duality transformation does not
change the central charge. We replace the Ising CFT with Majorana CFT which are known to
be dual to each other under JW transformation we implemented.

We note that since fermion parity symmetry Zg cannot be spontaneously broken, in all
gapped phase the only possible symmetry that can be broken is SRep(S,)/ Zg. We observe this
in two of the four gapped phases. In each of the these two gapped phases, there is a distinct
SRep(S,)/ Zg SSB pattern showcasing a rich possibility of phase diagrams when non-invertible
symmetries are spontaneously broken. We distinguish these symmetry breaking patterns by
ground state degeneracy and whether the degenerate states realize trivial state or Kitaev state
(see Fig. 17a).

G.3 Alternative Jordan-Wigner duality

There is a second way to gauge the Z, subgroup of S, symmetry using fermionic gauge fields,
which also delivers an SRep(S,). This alternative way differs from the discussion in Sec. G.1
by the choice of Gauss operator. Namely, we can define

G =671C, &' =1 G.23
i =09 17’1+1/2€l+1/2’ [ ] =4 (G.23)

IMuch like the ground state (63b), it is not obvious that |GS¥“V> is shotrange en-
tangled. However, there exists a finite depth local wunitary circuit that prepares this
L X — EoA 1 — — *
state from the product state X, ; [|Tl. =1,ig; M, = 1> ® 7 (|Zi = w>+ |Zl. =w >):| Namely,
|GsT) = ]_[]L.zl EJF o [|Tj‘ =17, =1)® = (|2 =w)+|z,= w*))} where 6; is a kind of CZ oper-
ator that acts as the identity operator if Z=w and as iij_lﬁj if Z; = w*.
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Trivial SRep(S;) Kitaev SRep(S;)
J4 symmetric J4 symmetric

GSD =1 GSD =1

’ —c = 1/2 ’ i c=1/2
Multi-criticality Multi-criticality

] Mixed ] Mixed
§ SRep(S;)/Z} ssB § SRep(S;)/Zf ssB
GSD =2 GSD=2
Ji1, Ji1,
(@ (b)

Figure 17: (a) The phase diagram of Hamiltonian (G.11). Since the fermion parity
symmetry SRep(S,) cannot be broken (explicitly or spontaneously), in each gapped
phase SRep(S,)/ Zg is broken if SSB takes place. There are three distinct SSB patterns
that are distinguished by ground state degeneracies and whether if the fermionic de-
grees of freedom are in trivial or Kitaev phase. The corresponding fixed-point ground
states are given in Egs. (G.13), (G.15), (G.18), and (G.21). (b) The phase diagram
of Hamiltonian (G.28) that is equivalent to Hamiltonian (G.11) by half translation
(G.24). Because of the unitary equivalence the phase diagram of the two Hamil-
tonians and corresponding SSB patterns are the same. Half-translation (G.24) cor-
responds to stacking each ground state with the Kitaev state, which results in an
exchange of labels trivial and Kitaev.

which, as opposed to the Gauss operator (G.2) acts on only a single link. The two ways of
gauging are related by a half-translation on Majorana operators

(éi+1/2’ ﬁi+1/2) - (ﬁi+3/2’ éi+1/2) ) (G.24)

which can also be interpreted as “stacking” the resulting fermionic theory with Kitaev chain
[74,132,135]. Alternatively, this half-translation corresponds to first gauging Z., subgroup
using bosonic gauge fields, as we have done in Sec. 3, and then gauging the Z, subgroup of
resulting Rep(S,) symmetry.

Under this second way of implementing JW duality, the Rep(S,) symmetric bond algebra
is

L az opzif A AX AP A Ax (¥ 4 wF 518 Ny 51 SHE s 5
By = <Ti’ BHE Mg 8 Gy iy, £, (X + X)), (Zi Ziat2Z Zi)

7 SHE 0 iy ’Z

v %l AZ s E A iéi+ N2 5t i
(X, =X, 2181 Moy (Zi 22 z+1) | L& A>' (G.25)

Since half-translation operator anticommutes with the fermion parity, we find the symmetries
of this bond algebra to be generated by

=
[

)

L L
w =] |ié. 7 = D,
’ l_[ i Up’ (G.26a)
1 L L MM, iA,. & T, in.. ¢
W — 2 A Sl l=a1n 51 =2 17
w, '_5(1*'1_[15:'”1')[1_[&' k=2 "1 k+Xi k=2 e Sk |
i=1 i=1
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which satisfy the fusion rules

WW, =W, W W,=W,, W,W,=W,+W +W,. (G.26b)

The duality between bond algebras (7) and (G.25) holds in the subalgebras

By - ~ %, o (G.27)
Under the half-translation (G.24), the Hamiltonian (G.11) becomes
L P s L
EISRep(sa) =—J Z (Zi_lgi+1 e 2111 + Znim e 2i+1) —Jy ()?i ‘H?l,)
1L=1 ) i=1
—J3 Z (25 +1F iy, él+z) —J4 Z (47 Gl g1+1 +47)
lil o i=1 o
+Js Zi%? iéi+1 Mita (Zi_lgiﬂ e 2111 - Z;ngm e 2i+1)
1?1
—Jg > i(X,-X]). (G.28)

Being unitarily equivalent to Hamiltonian (G.11), this Hamiltonian shares the same phase
diagram, which is shown in Fig. 17b when J; = J, = 0. The only difference between the two
Hamiltonians is that the labels trivial and Kitaev that denote the fermionic sector of the ground
states are exchanged. This is expected since half-translation (G.24) effectively stacks a Kitaev
chain on top of each ground state. Since this is a unitary transformation the SSB patterns do
not change. The two Hamiltonians are no longer unitarily equivalent when open boundary
conditions are imposed, since the unitary equivalence under half-translation (G.24) relies on
the translation invariance which is broken by open boundary conditions. This inequivalence
is reflected by the differing ground state degeneracies of the two Hamiltonians with open
boundary conditions.

H The gapless states for the self-dual S;-symmetric model

To obtain the potential gapless states for the self-dual S;3-symmetric model, we ask, for ex-
ample, do we have gapless states described by m4 x m4 minimal model CFT? To answer this
question, we use the holographic modular bootstrap [29, 44, 109], i.e., try to use the confor-
mal characters of m4 x m4 model CFT to construct the 25-component partition functions that
transform covariantly under the modular transformation generated by the S, T-matrices of the
JK, ® JK, SymTO. We obtain the following solution

JK4RIKs _  maxma ma4xmé4
Z14 =2X1010 T X3ls 1o
ZJIf4&]_K4 — , mixm4

Le 2765215
ZJK4®R4 _ ,, mdxm4

&1 2,726

JKRIK, _  mAxm4 | . mAxm4
Zos = 21,010 TX31.5_1>

595957 3

JK,RIK, _  maxma

M - 1., 1
m;m 2,7652— 15
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JK4RIKy | maxm4 + maxm4
m;m - a1 T X1, 5
>t 1,0;3, 3 3,2,1,0
JK4RIKy _  m4xma + ma4xmé4
mq;m - . 1 X 1. )
1 1,0;3-1 3,410
JK4RIK 4 — , mixm4
my;iy 2,732 %
JK4RIKy _  m4xma ma4xm4 maxm4
2 TH010 THlo o Tt 1
others =0. (H.1)
JK4RIK 4 . . . . . .
From Z7 { , we see that there is one symmetric relevant perturbation of scaling dimension

(h,h) = (%, %). From the position of xfg;xlfg“, we see that the above gapless state is induced by
condensation 4; = 1®eé ® qq.

In the following, we list the gapless phases (i.e., the gapless states with no symmetric
relevant operators) of self-dual S; symmetric model that we find using the above method. The
self-dual Rep(S;) symmetric model have the same gapless phases. The SymTO JK,RJK, may
be spontaneously broken in those gapless phases. We also list the correspond condensation A
that reduces the SymTO JK, ®JK 4 to a smaller one M JA-

JK4RIK, _  m6xm6 m6xmé
Z1a = X1,0,1,0 X10,§;10,—§ ’
JK4IZJ_K4 _ ., mbxmé mé6xmé
1;¢ 41,053 X10,§;6,—§ ’
JK_4EJ_K4 _ ,,m6xmb Xm(jx%
1;m 532—3 76%9-%’
JK4IZJ_K4 _ ., mb6xm6 + mé6xmé
1:m - 413 X 2.7 _ 1>
smy 53:4—% 6,57~ 7
JK4RIK, _ . m6xm6 méxmé6
214 = X032 X075 1>
54 1,0;3, 3 10,5,8, 15
ZJK4&W4 _ ., mbxmé mé6xmé
e;1 T 453;1,0 6,2;10,—%’
JK4RIK 4 _ ., m6xmé + mé6xmé
e = X5355-3T Xg2.6_2>
b550,7F
JK4RIKy . m6xm6 + mé6xmb6
e =X100-1 T Xg7.9_ 2>
; 1,0;2,—3 10,5;9,— %5
JK,RIK, m6xm6 m6xmé6
e =Xi0a-13TX 577 1>
sy 1,0;4,—% 10,37, 70
JK4RIKy _ _ m6xmb T méxm6
e:d — a2 X 2. 1
3q 5,3;3,—% 6,%;8,— 15
JK4RIK 6Xxm6 mé6xmé
VA 4 4 — ,m +
m;1 21537 Xo2lig 2
JK4IXJ_K4 _ m6x%+ mé6xmé6
m;e T 42100 9,2:10~-2"
) 140>+ 5
JK,RIK, m6xm6 + Xm6xm_6
o = 13. 13 1. 1
m;m 4,5:4—% 7,4_0,7:_4_0
JKixJ_K4 _ ., m6xm6 + Xmsx%
m;iy 4,851 7,39 %
JK4RIKs _  m6xmb + mé6xmé
ms TXg1a_ 2T Xg21g_ 15
5 7850 3 240°%> 15
JK,RIK, m6xm6 mé6xmé
Zol Ao gt X1 oo
15 4,%;5—3 7,36:6—%
JKRIK; _  m6xm6 méxmé6
myse 4,%8:1,0  *7,55:10-%

72


https://scipost.org
https://scipost.org/SciPostPhys.17.4.115

SciPost Phys. 17, 115 (2024)

JK,RIK, _  m6xmb + me,x%

o = 1., 13 R
my;m 2,54—% 9,357~ %0
JK4®IK, _  m6xm6 n mé6xmé6
my;my XZ,%;Z,—% X9,%;9,—i—(1) ’
JK,RIK, _ . m6xmb mé6xmé
myg X4,1§;3,—§ + X7,4i0;8,—% ’
JK4RIKy _ . m6xm6 mé6xmé

Zg1 ~ %3210 " X8 Li0-7°
JK4RIKy _ . m6xm6 mé6xmb6
q;e - Xs,%;s,—a + Xs,%;@—% ?
JK,RIK, _ . m6xmb mé6xmé
gm _X3§-2—%+X8%‘9—%’
JK,RIK, mé6xmé mé6xmé
o =Xa2., T Xo1 . 15
q;m 3,5:4—% 8,15:7:— 75
JK,RIK, mé6xmé mé6xmé
.= =X.2. 27X, 1. 1
q’q 3,5,3,—5 8,3,8,_3
A=1.
JK,RIK, _ . m6xmb mé6xmé
Zl;l - Xl,O;l,O + xlO,é;lO,—é ’
JK,RIK, _  m6xm6 mé6xmé
1;¢ =X105-37T Xlo,é;@—% ’
ZJK4IZR4 _  m6xmb mé6xmé
1;m = X1,o;z,—§ 10,2;9-%"
JK4RIKy _ . m6xm6 mé6xmé
Zym =X L04-2 T %1027~ 4
JK4IZJ_K4 _ . m6xmb6 m6xmé
214 - Xl,O;S,—% + Xlo,g;s,—% ’
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In the following, we list the gapless critical states with only one symmetric relevant oper-
ators of self-dual S3 symmetric model or the self-dual Rep(S;) symmetric model.
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JK,RIK, _ .,m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
Z1 TXgio 1T Xp1e 2t X . s T X, 2, 1 26510 T 6565
5724 7 57505 7 7 90 7 5y 7 T 7
JK,RIK. Txm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
Zo 4500 = T + + + + +
1;m skt Fe k2T Koz s T Moz 2T Xm0 T X2 s
JK,RIK, m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
= + + + + +
Lty 7310 " X765 Ko g5 T Mo g2 T Kot T A s -2
JK4RIK, m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
.- = +
1,g 13,4;1,0 Xls,g;e,—s 114,%;2,—% xl&%;&—% Xls,%;&—% 115,21—1;4,—§ ’
JK4RIKy _  m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
Zo =X1,01,0 TX106-5 T X354 5 T X35, 12T Xemy 1T X 2>
5759577 » 75Ty 57 34T 7 577 905 7
JK,RIK, m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
; = - - + + -
e 2323 T o5 2 T Xy s Ty 2 T Xesn0 T Xese s
JK4RIK, m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
o = + + + + +
e;m Ko dio—t " Hodis—2 " X083 -3 " 10,242 T X12,200 T X12,2565
JK4,RIK, m7xm7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
= + + + + +
e;my 7,3;1,0 X7,§;6,—5 x9,55—6;3 -2 X9,%;4,—% Xll,%;Z,—% Xll,%;s,—g ’
JK4RIK m7xmy7 m7xm7 m7xm7 m7xm7 m7xm7 m7xm7
e;d 13,4;1,0 Xl3,%‘;6,—5 114,%;2,—% 114,%;5,—¥ Xls,%;s,—é 115,%;4,—¥ ’
JK,RIK,
Zm;l =0,
JK,RIK,
Zm;é =0,
JK,RIK,
Zm;rﬁ =0,
JK,RIK, 0
m;m; Y
JK,RIK,
Zm;(’l =0,
JK,BIK,
Zml;l =0,
JK,RIK, 0
m;;é -
JK,RIK,
Zml;ﬁl =0,
JK,RIK, 0
mymy T 0
JK,RIK, 0
my;q -
JK,RIK 7xm7 m7xm7 m7xm7
Z =2 +2 +2
g1 Xl,o;13,—§ Xa,;;ls,—;—l XS%;M—% ’
JK4RIKy _ o m7xm7 m7xm7 m7xm7
Zys =2X, 1, 020, e e 20 e
q; 2,114, 4,2:15 L 6,5:13,— 4
JK,RIK, m7xm7 m7xm7 m7xm7
Zom =20g 14 102X s e 1 20 s
q; 8,z¢;14,— 57 10,2¢;15,— 37 12,%513,—3

83


https://scipost.org
https://scipost.org/SciPostPhys.17.4.115

e SciPost Phys. 17, 115 (2024)

JK,RIK. 7xm7 m7xm7 m7xm7
Z AT =2 +2y +2y
: . 4 5 . 1 85 . 10 »
q;my 7,3,13,—§ 9,%,15,—ﬁ 11,%,14,—5
JKRIKy _ o m7xm7 m7xm7 m7xm7
Zq;c'l =2 13,3;13,-4 +2Xl4 10,9410 +2X15 315,51
53519, 3 221>+ 21 221> 21
A=1de. (H.13)
ZJK4|Z|J_K4 _ . m4xmbxm4xm6 m4xm6xm4xmé6 m4xm6xmadxmé + m4xm6xmédxmé
11 ~ 41,0,1,0;1,0;1,0 1,0:10,2;,0:10-2 " X2, 1532110 ' X2, 1622 1:10-7
»J,1U,5,1,U51U,75 576220254 1601 51629554 16215
4xm6Xxm4xm6 m4xm6xm4xmé6
+ 1 T X107 1 75
3,5;1,0;3,—3:1,0 3,5;10,%;3,—5;10,—%
ZJK4'Z|JK4 _ . m4xmbxm4xm6 + m4xm6xmaxmb + Xm4xm6xmx% + Xm4xm6xmx%
5 = 101 05 — an 7.1 0. 2 1.cq. 1. 1,02, 1., 2
Le 1,0:1,0:1,0:5,=3 1,0:10,£;1,06-%  %2,56:5.3:2— 3653 72,75:6,5;2,—15:6,—%
maxm6xmaxmé maxmé6xmaxmeé
X3 1003-15-3 T X31007,3-16-2°
53 54,Y59,7 3,9, »3,1Y,5,9,73,0,73F
ZJK4|ZU_K4 _ . m4xm6xmixmb maxm6xmaxmé6 + m4xm6xmaxmb + m4xm6xm4xmé6
1Lm T X10100,02-1 T £1,0110,2:1,00-20 T Xg Lisgo Lo 1T Xy lig2y 1o 2
;U5 1,U51,054,—3 ,U3 10, 55L,U59,— 2% 516595054 1654 8 5165055541657 20
+ m4xm6xmaxmé maxm6xmaxmé
X31.903-12-1 3,3:10,Z;3,—1;9,-21
»5,4,Y59,735,4,73 »354Y, 559,735,730
JK,RIK, _ m4xm6xmx%+ m4xm6xmaxmb + m4xm6xmadxmb + m4xm6xmadxmb
L, 101010423 " X10102107 -4 " X9 Lisgg_ 1.4 137Xyl 1. 1
»U5 L,Us 1L,Us4,—3 ,U 19,55 L,YUs /=30 516225054, 16> g 5160554 1627/> 40
4xm6xmaxm6 maxm6xmaxme6
+ 4" +
X3 1008-34-2 " X350 73-37,-4
JK4RIK, _ m4xm6xmx%+ m4xm6xmaxmé + m4xm6xmédxmb + m4xm6xméxmé
1,3 T X101,01,08-2 ' £1,010,2:1,08—% " Ao Lisgo L 2T Xy lig2g 1o 1
»J,1,U51L,U59,7—3 »Y,1U,5,1,U,6,7 735 516225054 1697 3 1y 162955547 176997 15
4xm6xmaxm6 m4xm6xm4xmé
+ 4" +
X31:1,08,-1:3-2 © %3,1:10,73,-1:8,- &
ZJK4'Z|R4 _ m4xm6xmx%+ Xm4><m6xﬂ><% Xm4xm6xmx% + Xm4xm6xﬂx%
5 - ; ; ; G 2. . 7 1. . 1. 1. 7. 1. 7
el 1,0:5,3;1,0:1,0 1,0:6,;1,0,10~%  %2,56:1,0.2,—36;1,0  %2,5;10,5;2,— 75510~ %
+ m4xm6xmaxmé m4xmé6xmaxmeé
X31533-110 3,1:6,%;3,—1;10,-2"
593 5959,9,7 3,4, »3,9,5,9,73,1U,—3
JK4RIK, _ xm4xm6xﬂx% + m4xm6xm4xmé6 Xm4xm6><ﬂxm_6 + Xm4xm6xmx%
5 - .5 3.1 05 — 2.4 . 2 1.10. 1. 1.10Z. 1, 2
e;e 1,0;5,3;1,0;5,—3 1,0;6,2;1,0;6,— % 2,7¢:1,0;2,— 1353 2,76:10,5;2,— 15:6,— %
+ maxm6xmaxmé maxmé6xmaxmeé
Xg lg533_1lg5_ 3 31lg2.9_ 1lg_ 2
59595959, 5,9, »959,5,9,73550,7F
JK4RIKy _ . m4xm6xmadxm6 m4xm6xméxmé + maxm6xmaxmé + maxm6xmaxmé
»Y59,9,1,U,4,— 3 »Y0,551,U,7,7 70 160 1Ys4 T 169407 8 16215547 165757 40
+ maxm6xmaxmé m4xm6xmaxmé
X3liga3 1o 1 3,3:6,2;3,—1;9-2L°
5959,9;9,7 554,73 »550,559,73557,7 70
JK4RIK, _ . maxm6xmaxmb m4xm6xm4xmé6 + m4xm6xm4xmé + m4xm6xm4xmé
e;m = wc3104-18 "X 0621071 "Xy 1109 L1 18T X1 0070 1., 1
>y 1,0;5,3;1,0;4,—3 1,0;6,%;1,0;7,— 35 2,76:1,0;2,—15;4,— % 2,76510,552,— 15730
m4xm6xmaxmé6 maxm6xmaxmeé
23153, —3:4-2 31625 —3:7—
53 59,9,9,7 3,7, g 5959559735/, 70
JK4RIK, _ | m4xm6xmédxm6 m4xm6xmaxmé + m4xm6xmadxmb + m4xm6xmadxmb
esq =X, 051092 62108-L T X5 1000 14 27X 1 1070 1.0 1
4 1,0;5,3;1,0;3,—3 1,0;6,%;1,0;8,— 135 2,75:1,0;2,—15;3,— % 2,76,10,5;2,—76:8,— 15
+ m4xm6xmaxmé6 m4xm6xmaxmé
X353 13 2 3,1:6,2;3,—1:8—=
5359,9,9,7 5,9, 3 »559,559, 73,0, 15
ZJK4®J74_ maxm6xmadxmé maxm6xmaxme6 maxm6xmaxmo6 maxm6xmaxmé
m;1 T X023 100 " X107,43-110-2 Ao lolo 1a0T Ay Ligai, 1gg 7
’ SV, g 59,551 5575205935175 516249854 1671 »1627:40°% 16+ 5
m4xm6xmaxmé6 m4xm6xmaxmeé
T X314 30000 X317 1i1000-2°
53T g 4, L, »95/530,1,Y 14U, 5
JK4RIK, _ | m4xm6xmadxm6 + mAxm6xmaxmbé + m4xm6xmadxmé + m4xm6xmadxmb
m;e T 10435315 3 X7l le 2 Xy Lol 1 g T Ay Lo, 1 2
’ S5 59,7559 ’Y5/52059,7 35975 516245824 1622 516272400 1622 5
+ m4xm6xmaxmé m4xm6xm4xmé6
Xg 1.413.99.5_3 3171.106-2"
555T g 5 1,U59, 33:75230,4,Y,0,75
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JK4RIK 4
m;m

JK4RIK,
m;m,

JK,RIK,
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VA

JK4RIK 4
my;1

JK,RIK,
my;e

JK,BIK,

my;m

JK,RIK,
my;my

JK,RIK,
my;q

JK,RIK,

Zq;l

JK,RIK,
q;e

JK,RIK,
q;m

JK,RIK,
q;my

JK4RIK 4
q:9
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_ ., m4xmbxmixmé6 m4xm6xmaxmeé maxm6xmaxmé maxm6xmaxmeé
T X041, 1o 1 T 0;7,72533,—5:9,— 2 Ty inio 1o 11X, 39,20 ~Lo 2
ST 595547 g s /570997325757 30 5y 16245825 1624 8 516272404 16°7° 40
m4xm6xmaxmé m4xm6xmaxmé
+ Xg 1.4 E.]_ 0:2 _1 + Xg 1.7 i'] 0.9_& 4
5957 g 5 1,Y4,73g 595/523051:Y7,7 30
m4xm6xmaxmé6 m4xm6xm4xmé6 m4xm6xm4xmé m4xm6xmaxmé
:x 4 13, 1. 13+X . 1., 1, 1 X 1.1, 1., 13+x 1.0 21, 1., 1
1,0;4,%:3,—5:4—% 1,0,7,%5:3,—3:7—% 2,7652,5:2 " 15:%— % 2,76:9,%552— 1670
m4xm6xmaxmé maxm6xmaxmeé
2 14,821,042 t 2 137, 25:1,0,7,— %’
53T g LYUT g 595/523051:Y5/57 30
_ ., m4xmbxmixmé6 m4xm6xmaxmeé m4xm6xmaxmé maxm6xmaxmeé
=Xigat3g 1o 2T X 0010 10 1 X101, 1 2T Xy g, 1g 1
ST g 59,7559, 3 5Y5 /52059735915 5162482 1620 3 516272404 16°°° 15
4xm6xmixm6 maxm6xmadxmé
+Xm1 13 2 X 1 1 1 »
3,5:4,%:1,0;3,—3% 3,3:7,30:1,0;8,— 15
_ ., m4xm6xmixmé6 maxm6xmaxmeé m4xmé6xmaxmé + maxmé6xmaxmeé
= X10:2,1:3-1:1,0 1,0;9,2L:3, 1107 o k4l3n Lo Ay Lol 1gg 7
»V54,859,7 3,54, sY57,2059 73,1975 » 16T 8 24 1601 716272304 1621V §
maxm6xmaxmé maxmé6xmaxmeé
+Xs 1.21:10:1,0 +XB 19,211 0;10-2"
554,854, L, 395753051,V 1U, ™5
_ . m4xm6xmixm6 + maxm6xmaxme6 + maxm6xmadxmé + maxm6xmadxmé
- 1.0:2 1.3_1.5_3 1,0:9 2'3—1'6—2 XZ L.4 E.Z_L.S_g XZ L.7 L.Z_L.6_2
5VU54,859,7559; 357520597 32597F 57601 8 24T 1600 »1627230°% 16> 75
+ m4xm6xmaxmé6 m4xm6xmaxmeé
X31.91.05-3 3,1:9,21.1.0,6,—2"
5354, 854,Y59, »957530:1,Y50,7 5
_ ., m4xmbxmixmé6 m4xm6xmaxmé maxm6xmaxmé maxm6xmaxmeé
~ 10213121 + X10:0,21:3 1.9 21 + X143 1o 1 + Xydliglo 1o 2
’U54,859,7 554,78 »Y57,2059:7 3575730 5y 16T 8 24y 162407 8 516272204 16272 40
+ m4xm6xmxm_6+ maxm6xmaxmé6
3,4;2,1:1,0;2,—2 3,1:9,21:1.0,9 21"
5954,851,Y54,73g »357,30->4,Y:7,7 20
_ ., m4xm6xmixmé6 + maxm6xmaxmé m4xm6xmaxmé + m4xm6xmaxmé6
T X102l -1a 13 T X g9 1o 1 o L4 B Ly BT Xy1 o1, 1, 1
»V54,859,7 3,77 g 59575205235/ 30 b 1601 8 24 16T 8 v 1627530 162/ 30
+ maxm6xmaxmeé maxm6xmaxmé
X310 190,412 3,1;9,21,0;7,- %"
554,85, LT g 593575300 1:Y/57 30
_ . m4xmbxmixm6 m4xm6xmadxmé maxm6xmaxmé6 maxm6xmaxmé6
- Xl 0:2 1.3 _1.3 _2 + Xl 0:9 2.3 _l.g_L + XZ L.4 E.Z _L.g _2 + XZ L.7 L.z _L.g _1
5V54,859,7 559,73 »Y575,20527 350,775 51601 8 24 16000 3 5762722041629 15
4xm6xmaxm6 m4xm6xm4xmé6
+ 4" +
X312,0103-2 " X310, 21 0581
_ m4><m6xmx%+ maxmé6xmaxmé + maxm6xmaxmeé maxm6xmaxmeé
= X10:3.2:1,0:1,0 X10:8L:1,010-2 X2 Li320_ 1., 2,%:8,%;2,—+;10,—1
»Y59,3,51,Us 1, »Y,0,75,4,U;1U,—5 162253547 1601 5762957554 1621V §
+ Xm4xm6><ﬂx% maxm6xmaxme6
lig2.q_1. 1o 1l.q 1. 75
3,%;3,5:3,—7;1,0 3,5;8,75:3,—75;10,—5
_ Xm4xm6xﬂ><m_6 Xm4xm6xm><m_6 Xm4xm6><ﬂxm_6 Xm4xm6xmxm_6
- 22.90- 2 1l.10. 2 1.2, 1. 1.0 1. 1. 2
1,0;3,%;1,0;5,—3 1,0;8,75;1,0;6,—% 2,76:3,5:2,—1g55,—3 2,76:8,15:2— 16,6~ %
+ maxm6xmaxmeé maxm6xmaxmé
X31323 L 3 3,%:8,7;3,—1:6-2"
59595359, 559 »559,75,2,73,0,75
_ Xm4><m6><mx% + Xm4><m6><ﬂ><m_6 maxm6xmaxme6 + Xm4xm6xﬂx%
- Q2. . 1 q 1. . 21 1.9 2, 1. 1 1. 1. 1. 21
1,0;3,5;1,0;2,— 35 1,0;8,75;1,0;9,— 35 2,76:3,5:2,—1:2—35 2,76:8, 15521693
maxm6xmaxmé m4xmé6xmaxmeé
T A31525 10 1T X318 —1:9,—27
5959,3597 354,78 »259,75597 35757 30
_ ., m4xm6xmixmb6 maxm6xmaxme6 + maxm6xmaxmé + m4xm6xmaxmé
- 10.3 2-1 0.4_E 10-8 l~1 O.7_L Zi-g g-z_i-4_£ Xz l-g i-z_i~7_i
»Y59,3,L,U4,— g »U50,75,14,Y5/,7 75 576202354 16T 8 5162957554 16>/ 20
4xm6xmaxm6 m4xm6xmaxmb6
+xm1 2 1 13 +x 1 1 1 1
3,5:3,3:3,—5:4—% 3,3:8,15:3—3:7— %
_ m4><m6><mx%+ maxm6xmaxmeé maxm6xmaxmeé m4xm6xmaxmé
T X103.2,03-2 " X108 11,008+ 2,433,220 -1.3 -2 2,738, %;2,— ;8 — %
»Y,9,3,1,U;9,—3 »Y,0,75,4,Y,0,7 15 576225354 162057 3 » 16295754 16097 15
4xm6xmaxm6 m4xm6xm4xmé6
+Xm1 2 1 2 + x 1 1 1 1 9
3,5;3,§;3,—§;3,—§ 3,5;8,ﬁ;3,_§;87_ﬁ
=1. (H.14)
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JK,RIK,

Zl;l

JK,RIK,
Z 1;e

JK4RIK,
Zl;ﬁl

JK,RIK,
1,my

JK,RIK,
z 19

JK,RIK,

Ze;l

JK,RIK,
e;e

JK,RIK,
e;m

JK,RIK,
e;m,

JK,RIK,
e;q

JK,RIK,
Zm;l

JK,RIK,
m;e

JK4RIK,
m;m
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— ,m4xmb6xmaxm6 m4xm6xmaxmeé +Xm4xm6xﬂx% Xm4xm6xﬂx%
1,0;1,0;1,0;1,0 1,0:10,£;1,0:10~% 72,5532 15310 2,536,312 155105
+)(m4><m6><ﬁl><% + xm4xm6xm><m_6
1. . 1, 1, 7. 1, 7
3,5;1,0;3,—3;1,0 3,5;10,5;3,—35;10,—5
_ ., m4xm6xm4xm6 maxm6xmaxmeé maxmé6xmaxmeé
- :1,0;1,0;5,— 10721 0- 2 1.caq. 1.
1,0;1,0:1,0;5,—3 1,0;10,£;1,06,-%  *2,7635,3,2,—735;5.—3
4xm6xm4xm6 maxm6xmaxmé m4xm6xmaxmé6
+ 2T 1 st X 1 T Xo1q 7 1 25
2,76:60,552,—16:6,—5 3,3:1,0;3,—355,—3 3,3510,5;3,—3:6,—§
_ , m4xm6xméxmé Xm4><m6xmx% +Xm4xm6xmx% +Xm4xm6xm><%
1,0;5,3;1,0;2,—3 1,0;6,3;1,009—%  72,75:1,0:2,—15:2—3  72,15:10,5;2,—75:9— %
+ m4xm6xmaxmé6 m4xm6xmaxmé
X3lsss 1o 1T X31623 1o 21>
59359,9,9,7 5,4, 3 »9259,559,7 3577 30
_ ., m4xmb6xméxmb maxmé6xmaxmeé +Xm4xm6xﬂx% +Xm4xm6xﬁx%
1,053;1,04—5 710631073 2510245 2161052175
4xm6xm4xm6 m4xm6xm4xmé6
+ Xml 1 13 + X 1 2 1 1
3,555,3;3,—3:4—%F 3,5:6,5:3,—3:7,— %5
_ ., m4xm6xm4xmb m4xm6xmaxmeé m4xm6xmaxmé m4xmé6xmaxmé
= omam2 TX e 1 T a1 2T X1 2 1o 1
1,0;1,0;1,0;3,—3 1,0;10,5;1,0;8,— 135 2,7639,3;2,—15:3,—3 2,76:6,5;2,— 16:8— 15
m4xm6xmaxmé m4xm6xm4xmé
+ Xg l403-13_2 + Xg 1.0 2.3_1.8 _1>
55,4,Y59,73559,—3 5551Y,559,75,0,7 15
_ m4xm6xmx%+ maxmé6xmaxmeé + maxmé6xmaxmeé + maxmé6xmaxmeé
= 21,0;5,3;1,0;1,0 10621010-2 " X5 L.q092_L. X9 1.902:9_1.90_1
1,0;6,%;1,0;,10,—3 2,76:1,0;2,—75:1,0 2,76:10,5;2,—75;10,— 5
+ Xm4xm6xmx% m4xm6xmaxmé
3,3;533,—3:1,0  73,3;6,4;3,—3;10-%’
— m4xm6xﬂxm_6+ Xm4><m6xmxm_6 m4xm6xm4xmé + Xm4><m6xm><m_6
1,0;5,3;1,0;5,—3 1,0;6,2;1,0;6,—2 2,1551,0;2,— 35,3 2,7310,2;2,—1:6,~ 2
+ Xm4xm6xmx% m4xm6xmaxmé
1. . 1. 1.2, 1. 2
3,53;5,3;3,—3:5,—3 3,%;6,5;3,—7:6,—%
_ ., m4xm6xm4xmb maxm6xmaxmeé + m4xm6xmaxmé6 + m4xmé6xmaxmeé
= 10109 _1 1021002 T Xy Lcan_ 1.0 1T Xo1 2., _1.9_21
1,0;1,0;1,0;2,—5 1,0;10,5;1,0;9,— 35 2,7639,3;2,— 1552, 3 2,76:6,5:2,—16:9— 55
+ maxm6xmaxmeé maxm6xmaxmé
X31.903-1i1 3,1;10,%;3,—1;0 -2
»3,4,Y59,75,4,73 »354U,559,7357,7 30
_ ., m4xm6xmixmb m4xm6xm4xmé6 + m4xm6xmaxmé + m4xm6xm4xmé
= 21010104-23 "X 0102707-L "Xy Lieag_ 1., 13T Xyl g2 1. 1
1,0;1,0;1,0;4,—3 1,0;10,5;1,0;7,— 35 2,76:5,3;2,—1:4— 3% 2,76:6,5:2,—16:7— 30
4xm6xmaxm6 m4xm6xm4xmé
+ 4" +
X311.08-3-2 T X3 10008474
_ ., m4xmb6xmédxm6 maxm6xmaxmeé +Xm4xm6xmx% +Xm4xm6xmx%

. . . 2 A 2. . 1 1. . 1. 2
1,0;5,3;1,0;3,— 3 1,0;6,5;1,0;8,— 13 2,16:1,0;2,—1¢;3,—3
m4xm6xmaxmb

1,200 1l 17
3,5;6,5:3,—%:8,— 15

Xm4xm6><ﬂx%
3,5:5,3;3,—3;3,—%

1. 7. 1. 1
2,76:10,5;2,—75:8,— 135

_ . m4xm6xm4xmb + m4xm6xm4xmé6 + m4xm6xm4xmé + m4xm6xmaxmé
X048 15 3 X g7 lg 1o 27 Xgloly 1o o Xylg2lg 1. 2
SU5, g 59,7559 5575255973595 576249894 1627 7762724004 162975
4xm6xmaxm6 m4xm6xm4xmé6
+ 4" +
X3,1:4251,05-3 " X3,1:7,1:1,056-2
_ ., m4xm6xm4xm6 maxm6xmaxmeé maxmé6xmaxmeé maxm6xmaxmé
T 41,0483 -110 + X107, 1531107 + Xylolo 1, T Xgl.g2lg_1.40_7
PSP M P P ) sY5/52059,7 351U, 5 )64 854 1601 5162753000 162+ 5
+ m4xm6xmaxmé maxm6xmaxmé6
X3,1:413.1,0,10 3,2:7,25:1,0;10,—2’
555T g UL, »95/523051,Y51U,— 5
_ . m4xm6xmixmb Xm4xm6xﬂxm_6 + Xm4><m6><m><m—6 + Xm4xm6xmx%
= o lig_ 1., 13 02la 1.5 1 1.,13. 1., 13 1.5 1.0 1.
1,0;2,5:3,—5;4—% 1,0:9,%5:3—3:7— 35 2,764 52— 154~ % 2,76:7>30:2— 1657
m4xm6xmaxmé maxm6xmaxmé
+ X310 19,0412 + X3 19207 17
554,85, UM g »9357530°1:Y/57 30
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_ ., m4xmbxmixmé6 maxm6xmaxmé maxm6xmaxmé6 maxm6xmaxmeé
= X102,13-1a-1 + %1002 1.9 21 + Ko 14230 1o 1 + Xyliglo 1o 21
554,859, 7554,7 8 5Y57,205°27 32575720 51651 8 2% 1624 8 516722041627 40
+ m4xm6xmaxmé maxmé6xmaxmé
Xg lo1l40990_1 3.1.92L.1 9.9 21"
5954,854,U54,73 »957,3054,Y57,7 20
— xm4xm6xmx% + Xm4xm6xﬂxm_6 xm4xm6xﬂxm_6 maxm6xmaxme6
= 41830 1o 2 5 1.a 1. 1 1., 1. 1.q 2 1.6 21. 1. 1
1,0;4,%;3,—5:3,—3 1,0,7,75:3,—3:8,— 13 2,7652,5:2,7163,—3 2,76:9,3052 16815
m4xm6xmaxmé maxm6xmaxmé
+ X3 1413032 + X317 1408 17
5557 g 51,509,773 595/53054,Y:0, 715
_ ., m4xm6xmixmb6 maxm6xmaxmé m4xm6xmaxmé m4xm6xmaxmé
=X 9913 ls 3t X092 1o 2T Xy 1 q130 1.6 T X 101, 10 2
sU54,859,7 3559, »Y57,20597 350,75 51657 g 24 165 »165/230°% 16595
+ maxm6xmadxmé maxm6xmaxmo6
Xg 1919053 31g92l.90.6_27
5954585 4,U59, 595753051,Y:0,75
_ ., m4xmbxmixmé6 maxm6xmaxmeé m4xmé6xmaxmé + maxmé6xmaxmeé
=X la_1. 92l.a_1l.0_7 1,180 1. Xolol.o_1.16_7
1,0;2,5;3,—35;1,0 1,0;9,%5:3,—3:10,—3 2,754,752, 7g:1,0 2,737,352~ 16510, 3
maxm6xmaxmé maxmé6xmaxmeé
+Xs 1.2,1:1,0;1,0 +XB 19,211 0;10-2"
595485 4,U5 L, »957>3054,Y51U,— 5
maxm6xmadxmé maxm6xmaxme6 maxm6xmaxme6 maxm6xmadxmé
= +x +x X
4130 1., 13 5 1. 1. 1 1.5 1. 1., 13 1. 2L. 1. 1
1,0:4,%:3,—3:4—% 1,0,7,35:3,—357— 3 2,7652,5:2 1555 2,76:9:3552" 16570
+ m4xm6xmaxmé6 maxm6xmaxmeé
X314, 0,413 T X315 10, 15
5557 g s LU g 5957/5230>4Y5/57 70
_ ., m4xmbxmixmé6 m4xm6xmaxmeé + m4xm6xmaxmé maxm6xmaxmeé
T X104,8;3 10 1 1,057,310~ T Xy a1 1.9 1 2,%:9,2.0 1.9 2L
SU59,3 59,7954, g sY5/53059:7 3257520 57694854 1624 8 »16°7240°%16°7° 40
+ m4xm6xmaxmé m4xm6xm4xmé
X3 14800217 31710092
555 g 5 4,U54,—3 »955/53054.Y:757 20
_ ., m4xm6xmixmé6 m4xm6xmaxmé6 m4xmé6xmaxmé maxm6xmaxmeé
T Xi00213-13-2 + %1002 181 + Xplygldg 1. 2 + Xyl lo lg 1
5V54,859,7 559,73 557,302,359, 75 5165 8 24 16905 3 51672204169 15
+ maxm6xmaxmeé maxmé6xmaxmeé
X319 190,32 3,2;9,2:10;8 1"
59 54,8514,Y59,73 »9575305>1,Y50,7 15
_ . m4xmbxmixm6 maxm6xmaxmé m4xm6xmadxmé maxm6xmaxmé6
=X 04210 X o8 laoio 2 T Xy Loz 10T X o1 o 1.0 7
1,0;3,%;1,0;1,0 1,0;8,5,1,0;10,—% 2,7653,552,—1¢:1,0 2,7¢:8,15:2,—1¢;10,—3
maxm6xmaxmeé maxmé6xmaxmé
+ 31325 199 + X31g 13 199 7>
5959,359, 7351, »959,7559 351U, 5
m4xmé6xmaxmé m4xm6xmaxmeé m4xm6xmaxmé6 m4xm6xmaxmé
11,0;3%;1,0;5,—3 X1,0;8,%;1,0;6,—% XZ,f—é;B,é;Z,—%;S,—S XZ,%;S,f—S;Z,—%;G,—é
+ m4xm6xmadxmé m4xm6xmadxmé
Xg lg3245_ lig_4q 3lglg_ lg_ 27
5959,359,7 5595 5550,7559, 350,75
_ ., m4xmbxmixmé6 maxmé6xmaxmeé maxm6xmaxmeé m4xm6xmaxmeé
= X1,0:3,2:1,0:2,-1 + X105, 41,0592 + Xy li320 1o 1 + Xyl L. 21
»Y59,3,1,U,4,7—3 »U50,75,4,U,7,7 25 576922354 1624 8 316951554 1627 40
+ m4xm6xmaxmé m4xm6xmaxmé6
xg lg24 1,5 1 3.1l.g L.3_l.9_2’
5959,359,7 554,78 3930,7559 357,720
_ Xm4xm6xmx% + xm4xm6xm><m_6 maxm6xmaxmé6 + Xm4><m6><m><m—6
= 2290413 ol gy 1 1920 1., 13 lgluy 1.5 1
1,0;3,5;1,0;4,—% 1,0;8,15;1,0;7,— 35 2,16:3,5:2,— 154~ % 2,76:8,15:2— 165730
m4xm6xmaxmé m4xm6xmaxmé
t23152, —1:4-2 23110 —3:7—"
5959,359 25T g »959,7559 735/ 70
_ ., m4xmbxmixmb6 maxm6xmaxme6 + maxm6xmaxme6 + m4xm6xmaxmé6
=X032103-2 108 L108-L " Xglg2o_ 1.4 2T Xyl gl 1.g 1
»U59,351,U59,—3 ,U50,7554,U50,— 75 516522354 16525 3 3165951554165 15
maxm6xmaxmé maxmé6xmaxmeé
tX31525 15 2T X161 15 15
5959,359,7 959,73 3550,7559,7 5,50, 15
=1. (H.15)
— Xm4xm6><m><m_6 maxm6xmaxmé6 + Xm4><m6xm><m_6 Xm4><m6xm><m_6
1,0;1,0;1,0;1,0 1,0;10,;,1,0,10,~¢ 2,151,022 15:5-3  72,75;10,§;2,— 7656,
m4xm6xm4xmé6 maxmé6xmaxmé
+ X31.003-1:10 + X3190,7:3-1;10-2°
»554,U59,73554, »351Y,559,735,1U,— 5
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m4xm6xmaxmé maxm6xmaxmeé maxmé6xmaxmeé maxm6xmaxmeé
= N A, + + +
21,0;1,0,1,0;5,-3 11,0;10,5;1,0;6,% Xz,f—G;l,o;z,—ll—é;l,o Xz,%;lo,g;z,—%;lo,—é
+ xm4xm6xmx% maxm6xmaxmo6
3,3;1,0:3,-3:5—3  73,3;10,£;3,—3;6-3
_ ., m4xmbxmixmb6 m4xm6xmaxmé6 m4xm6xmaxmeé m4xm6xmaxmé
=X gena da 3t X T a1, X e, 1o s
1,0;5,3;3,—5:;4,— % 1,056,%;3,—5;7,— 30 2,76:5,3;2,— 7523 2,76:6,5:2,716:9— 55
xm4xm6xm><% xm4xm6xmx%
3,3;5,3;1,004,— 2 73,1:6,2;1,07,— 5
_ ., m4xmbxmixmé6 maxm6xmaxmeé + m4xm6xmaxmé + maxm6xmaxmé
=X, gcaqq_ 1o 1 e2ma 1o 20 T X0 1 cog_ 1., 137 X51 c2.0_ 1.5, 1
1,0;5,3;3,—3:2,—3 1,056,%;3,—7:9,— %% 2,76:9,3;2,—16:4— 3% 2,76:6,5:2,—15:7— 5
m4xm6xmaxmé maxmé6xmaxmé
+ X3153.1 001 + X31:62:1,00-2"
»359,9;14,U54,73 »359,5,L,UY,—75
— Xm4xm6xﬂx% m4xm6xm4xmé6 xm4xm6xm><% + Xm4xm6xﬂx%
10:1,0:1,0:3-F  71,0:10.51.08 15 “25:10:2-56:3-F  “23:10.5:2 1855
+ maxm6xmaxmé m4xm6xmaxmé
Xg 1.1 0.3_1.3_2 31.10 2.3_1.8_l’
»551,U59,73559,73 5551U,559,7 350,715
— Xm4xm6xﬁx% maxm6xmaxmeé m4xmé6xmaxmeé + Xm4xm6xﬂx%
1,0:5,3;1,0,1,0 1,0:6,3:1,0:10,~5  “2,46:5.32—15:5-3  “2,7536,5:2— 1536, %
xm4xm6xm><% m4xm6xm4xmé6
3,3;533,—-3;1,0  73,3;6,4;3,-3;10,—-1’
— Xm4xm6xmx% m4xm6xmx%+xm4xm6xﬂx% m4xm6xmaxmé
1,0;5,3;1,0;5,—3 1,056,2;1,0;6,—2 2,1535,3;2,— 31,0 2,736,2;2,— ;10,2
+ m4xm6xmaxmé6 m4xmé6xmaxmeé
X3 1533 15 3 3,1:6,%;3,-1:6-2"
55595959, 5 59, »559,5,9,73,50,7 5§
— Xm4xm6xﬂx% + Xm4><m6xmx% Xm4xm6xmx% xm4xm6xmx%
L0103, ~3:4—%  “L01053-57~3 “21L02-1:2-3  “2110,52-1:9-5
m4xm6xmaxmé m4xmé6xmaxmeé
T3 1001042 T 310021074
55,4,V L,Ua,—g »3,1Y,55L,Y/,— 75
_ ., m4xmbxmixmé6 maxm6xmaxmé maxmé6xmaxmé maxméxmaxmé6
= X10103-1o-1 T X 000231920 T X1 100 1.4 13T Xy 1 1070 1.0 1
1,0;1,0;3,—3;2,—3 1,0;10,%;3,—5;9,— 35 2,76:1,0;2,—15:4,— % 2,76:10,5;2,—75:7,— 35
m4xm6xmadxmé m4xm6xmaxmé6
X31:1.0:1,02—1 3,1;10,Z;1,0;9,—2L ’
»551,U51,U54,—3 >951U,55L,U59,7 26
_ ., m4xm6xmixmé6 maxm6xmaxmeé + m4xm6xmaxmé + m4xm6xmaxmé6
=X 0c2.1072_2 62108 L T Xo 1l cag 1, 2TXo1 2., 1. 1
1,0;5,3;1,0;3,—3 1,0;6,%;1,0;8,— 15 2,76:5,3;2,—15:3,—3 2,766,552, 1:8,— 15
4xm6xmixm6 maxm6xmaxmé
+ 4" +
X31533-33-2 " 431628584
_ ., m4xmbxmixmb6 maxmé6xmaxmeé m4xm6xmaxmé + maxmé6xmaxmé
=X,0601.10c_ 02l.1 0.6 2 gl 1. Xol.g2lg_1.10_7
1,0;2,5;1,0;5,—3 1,0;9,%5:1,0;6,—% 2,732,552, 7g:1,0 2,76:9,%5:2— 16510, 5
+ m4xm6xmadxmé m4xm6xmaxmé
Xg lo9lg_ lig_g 3lg2l3_ 1l 27
5954585955595 555753052 325975
_ ., m4xm6xmixmé6 maxm6xmaxmeé m4xm6xmaxmé6 m4xmé6xmaxmé
=2, 09110 9219 0902 " Xg Lgly 1. 1.2l 1., 2
1,0;2,5:1,0;1,0 1,0;9,%5:1,0;10,—3 2,76:2,352,—1g:5—3 2,76:9,50:2— 16,6~ %
+ maxm6xmaxmeé maxmé6xmaxmeé
X3 1013 1o 3,4;9,2:3-1:10-2"
59545859 951, 395753059 351U, 5
_ . m4xm6xmixmb6 maxm6xmaxmé m4xm6xmaxmé m4xm6xmaxmé
- Xl 0:4 B.g_ 1l 1 + xl 0:7 L.q _l.g _ 21 + XZ L.4 3.9 _L,4_E + XZ L,7 1.9 _L-7_L
SU34, 78 59,7954, g sV5/52059:7 3575730 51657 8 2% 165 8 »16°7>30°4 16>/ 30
4xm6xmaxm6 m4xm6xmaxmé
+ 4" +
X314 25102-1 " X317 110027
_ ., m4xmbxmixmé6 maxmé6xmaxmeé maxm6xmaxmeé m4xm6xmaxmé
T X104, 14,13 T 0;7,25:3,—%:7,— 25 t2, =420 Lo 1 +2, 37 32— 139, — 2
V50,359, g 557520597325/ 730 5765 8 24 162478 »16572230°% 167> 40
m4xm6xmaxmé maxm6xmaxmé

+X 13

1.,13.7 0.
3,5:4,%:1,0;4,—3

+x

1 1 10
3,557,35:1,0;7,— 35
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_ ., m4xmbxmixmé6 maxmé6xmaxmeé maxm6xmaxmeé m4xm6xmaxmé
= X1,0:2,1:1,0:3,-2 + X1,00,2:1,0,8— L + Xodliplo Ll 2 + Xy lig2lo L. 1
»YU54,38,1,U,9,73 »Y57,20,1,Y:0,7 15 576949854 1620 3 »16°7240°% 16> 15
m4xm6xmaxmé maxm6xmaxmé6
+ Xg lolg 15 2 + Xg 1.9 2lg_l.g_ 102
5954859, 559,73 395753052 259715
_ xm4><m6xmx%+ Xm4xm6xmx% Xm4xm6xmxm_6 xm4xm6xmx%
- .4 13. . R . 2 1.4 13, 1. 1.5 1. 1. 7
1,0;4,%:1,0;5,—3 1,0;7,7551,0;6,—% 2,743 :2,—15:1,0 2,757,302 16510,—5
m4xm6xmaxmé maxm6xmaxmeé
2 1483153 t 2 17, 25:3,—3:6,—2"
59578 3957559, 5957530593595
_ ., m4xmbxmixmé6 maxmé6xmaxmeé m4xm6xmaxmé m4xm6xmaxmé
=X 0413 0. X0l 7 T Xy L1801 T X 1 1 o
1,0;4,%:1,0;1,0 1,0;7,2551,0;10,—% 2,764,752, 7553 2,76:7,30:2—16:6:—%
4xm6xmixm6 maxm6xmadxmé
+Xm1 13 1 X 1 1 1 70
3,3:4,%:3,—3;1,0 3,3:7,3533,—3;10,—%
_ ., m4xmbxmixmé6 m4xm6xmaxmé m4xmé6xmaxmé maxm6xmaxmeé
= X02,13-12-1 + %1002 1.9 21 + Xopdiolo Ly 13 + Xodio2lo Lo 1
sV54,859,7 554,73 5957530527257 20 51694854 16> 8 »16°7220°%16°/> 20
maxm6xmaxmé maxmé6xmaxmeé
+ X319 1001 + X3 192100 217
5954, 854,U54,7 3 »957,3054,Y57,7 20
maxm6xmadxmé maxm6xmaxmé maxm6xmadxmé maxm6xmaxme6
= t+x +x tx
0l 1., 13 02l 1. 1 1.5 1. 1.5 1 1.6 21, 1.9 21
1,0;2,5:3,—5;4—% 1,0:9,%5:3—3:7— 35 2,752,552 76525 2,76:9,50:2— 1693
m4xm6xmaxmé6 m4xm6xmaxmé6
+ X31:91. 01412 + X31.9210 0.7 1>
5554,85L,U T g 5957530>4:Y/57 730
_ ., m4xmbxmixmé6 + maxm6xmaxmeé maxm6xmaxmeé + m4xm6xmaxmé
=Xi0418B000.2 X107 1000 1 1,180 1.0 2TXo 1 01,0 1.q 1
1,0;4,%:1,0;3,—3 1,0;,7,5:1,0;8,— 135 2,764 552, 1g:3—3 2,757,352 1¢:8— 135
m4xm6xmaxmé m4xm6xmaxmé
THg1a185 14 2T X310 1.0 10 15
5950 g 595559, 3 555/53059>7 35915
_ ., m4xm6xmixmé6 m4xm6xmaxmeé m4xm6xmaxmé6 m4xmé6xmaxmé
= X10:3.2,1,0:1,0 + X1,0:8,L:1,0,10~2 + Xylig2o 1.5 g + Xyliglo Ll 2
»U59,3,1,U5 1, ,U50,75,1,U;1U,—35 57605354 1622 516°95 1554 1659 5
+ m4xm6xmadxmé m4xm6xmaxmé6
Xg lg24_ 149 31.8 L.g_lqg_7°
5959,359, 7551, »930,7559, 351U, 5
_ m4><m6xmx%+ maxmé6xmaxmeé m4xm6xmaxmé + maxmé6xmaxmé
T X103.2:1,05-3  %1,058,L;1,06—2 21322 L0 Xy Llig Lo 1. 7
»Y59,3,51,U50, »U;0,75,4,U,0,—5 576905354 1694 »16:9:755% 165+Y 5
+ m4xm6xmaxmé6 m4xm6xmaxmé6
X31323 1 3 3,2:8,-:3,—1:6-2"
55595359, 559 5959,7559,73,0,7F
_ . m4xm6xmixmb6 + maxm6xmaxmé m4xm6xmaxmé maxm6xmaxmé6
=X103253-14 13T X ggla 1o 1 TXg1o020 1. 17 Xy1g1. 1.4 21
5U39,359,7 5593 sU36,7559,7 35/ 30 576525354 1654 8 516°9:155% 16772 40
4xm6xmaxm6 m4xm6xmaxmé
+ 4" +
x 3,3:3,5;1,0;4— % Xs,%;s,%;l,o;z—%o ’
_ ., m4xmbxmixmé6 maxm6xmaxmeé maxm6xmaxmé6 maxm6xmaxmeé
T 1032311 + X108, L:3—1:0,-21 + Xopdiz2o Ly 13 + Xylglo 1. 1
»U59,359,7 354,738 »YU50,7559,7 357,720 316922354 16> 8 5169, 155%16>/> 20
+ m4xm6xmaxmé m4xm6xmaxmé6
X31.32.90:0-1 3,1:8,-;1,0;9,—21°
»559,3514,U54,—3 »9:9,7554,Y57,7 25
_ Xm4xm6xmx% + Xm4><m6><m><m_6 maxm6xmaxme6 + Xm4xm6xﬂx%
- Q2. . 2 q 1. . 1 1.9 2, 1. 2 1.9 1. 1. 1
1,0;3,5;1,0;3,— 5 1,0;8,75:1,0;8,— 135 2,76:3,5:2,—15:3,—5 2,768, 75:2—16:8— 1%
m4xm6xmaxmé m4xm6xm4xmé6
+ Xg lg24_ 15 2 + Xg 1.8 Ll.g _1.8 _1>
5959,339,7559,73 3930,75597 550,715
=1. (H.16)
_ ., m4xmbxmixmé6 maxm6xmaxmeé + maxm6xmaxmeé + maxmé6xmaxmeé
= X1,0;1,0;1,0;1,0 10.21010~2 T X9 Lgga—Ls_3 T Xy LigZg_L.g_2
2T 1,0,10,5,1,0,10, 5 2, 16,1,0,2, 16’5’ 3 2, 16’10’5’2’ 16:6, 5
m4xm6xmaxmb m4xmé6xmaxmeé
T X5 1005100 T 31002531102
»354,U59,7 551, »3,1Y,5,9,73,1U,7 5
_ . m4xm6xmixmb6 maxm6xmaxmé6 +Xm4><m6xm><m_6 Xm4><m6xm><m_6
= 10105 — 107102 1.10.9_1. 1.109Z. 1, 7
1,0;1,0:1,0:5,—3 1,0:10,£;1,06,-%  %2,36;1,0.2,36;1,0  %2,75;10,5;2,—75;10,—%
+ m4xm6xmaxmeé maxmé6xmaxmeé
X31.903-1:5-3 3,4;10,Z;3,-1;6-2"
5554,U59,73559, »551Y,559,73,0,75
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Self-dual S; symmetric model also has the gapless states described by m5 x m5 CFT. But

those gapless states have two
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