
SciPost Phys. 17, 121 (2024)
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Abstract

In this work, we present a comprehensive analysis of the structure of six-derivative
bosonic couplings in heterotic string theory. First, we determine the maximal covari-
ant and Yang-Mills gauge invariant basis, which consists of 801 independent coupling
constants. By imposing T-duality constraints on the circular reduction of these terms,
we obtain 468 relations between the coupling constants at the six-derivative order and
the known couplings at lower derivative orders. Through the use of field redefinitions,
we are able to eliminate the remaining 333 coupling constants. Remarkably, we find
that the Yang-Mills field strength only appears through the trace of two field strengths or
their derivatives. Finally, we perform further field redefinition to rewrite the remaining
couplings in a canonical form characterized by 85 independent couplings.
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1 Introduction

Classical string theory is known to exhibit T-duality to all orders in derivatives, as demonstrated
in previous studies [1–3]. This powerful T-duality symmetry has been recently leveraged to
establish that all covariant and Yang-Mills (YM) gauge invariant couplings involving an odd
number of derivatives in heterotic string theory vanish [4]. Furthermore, this symmetry has
been used in [5] to include the YM couplings at the four-derivative order in the covariant
Metsaev-Tseytlin and Meissner actions. The four-derivative couplings in heterotic string the-
ory have also been determined within the frame-like Double Field Theory approach [6, 7],
which reproduces the couplings found in the non-covariant Bergshoeff-de Roo action. Build-
ing upon these previous insights, in this work we utilize the T-duality symmetry to determine
the complete set of six-derivative order covariant couplings in heterotic string theory.

To construct higher-derivative couplings by T-duality, one should first find the appropriate
basis for the covariant couplings with unknown coupling constants, and then fix the coupling
constants by imposing the non-geometric O(1, 1,Z) symmetry on their circular reduction [8].
The basis may be a minimal basis, in which redundancy due to field redefinitions, integration
by parts, and various Bianchi identities are removed [9], or the maximal basis, in which the
redundancy due only to integration by parts and various Bianchi identities are removed. In
the absence of YM fields, one can impose T-duality on either basis. If one imposes it on the
minimal basis, then T-duality fixes all coupling constants, and the results are consistent with S-
matrix elements [8,10–12]. If one imposes it on the maximal basis, then T-duality produces the
same number of constraints between the coupling constants as in the minimal basis [8, 13].1

However, in this case, there remain some unfixed parameters indicating there are some extra T-
duality invariant couplings in addition to the T-duality invariant couplings in the minimal basis.
These extra T-duality invariant couplings can be removed by appropriate field redefinitions.
In fact, any set of Neveu-Schwarz-Neveu-Schwarz (NS-NS) couplings which are removable by
field redefinitions are invariant under T-duality.

In the presence of YM fields, however, the number of constraints that T-duality imposes
on the maximal basis at 5-derivative order and higher is greater than the number of couplings
in the minimal basis. This reflects the fact that any set of couplings involving the YM and
NS-NS fields which can be removed by field redefinition may not be invariant under T-duality.
Previous work has identified examples of such couplings at the 5-derivative order [4]. We
expect there to be similar couplings at all higher orders as well.

In other words, the NS-NS couplings in any scheme are invariant under T-duality with
appropriate higher-derivative corrections to the Buscher rules [8]. In contrast, the combination
of the NS-NS and YM couplings in any arbitrary scheme may not be invariant under T-duality.
Therefore, in the presence of YM fields in more than four-derivative couplings, one should
impose T-duality on the maximal basis to establish relations between the coupling constants,
and then remove the remaining parameters by field redefinitions [4]. After removing the
remaining parameters, the action may not be in a suitable form. However, it will be invariant
under T-duality with appropriate corrections to the Buscher rules. One may then use further
field redefinitions on the resulting couplings to rewrite them in various other schemes. The
final result may not be invariant under T-duality with any specific correction to the Buscher
rules. However, it will be physically equivalent to the T-duality invariant couplings and should
be consistent with the S-matrix elements.

1Note that the number of relations between the couplings in the maximal basis in [8] is 8, which is one relation
more than those in the minimal basis. This is a consequence of the fact that the most general correction to the
Buscher rule was not considered for ∆H̄. If one considers all possible corrections to the Buscher rules, then one
would find 7 relations between the couplings, as in the minimal basis.
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At the four-derivative order and in the presence of YM fields, the number of constraints
that T-duality produces on the maximal basis is the same as the number of constraints in the
minimal basis. In both cases, there are 24 constraints [5]. However, in that case, if one im-
poses the T-duality constraints on the maximal basis, which has 42 couplings, and on the HΩ
coupling resulting from the Green-Schwarz mechanism [14], one finds there are 18 unfixed
parameters. These parameters are not all removable by field redefinitions. One should impose
an additional constraint that the remaining parameters must be removable by field redefini-
tions. This produces one extra relation between the coupling constants. Hence, even at the
4-derivative order, there are 24 relations in the minimal basis, whereas there are 25 relations
in the maximal basis. Imposing these 25 relations on the maximal basis, one finds the effective
action which has 17 arbitrary parameters that are removable by field redefinitions [5]. In this
paper, we are going to extend the above calculations to the six-derivative order.

The paper is structured as follows: In Section 2, we find the maximal basis that incor-
porates the NS-NS and YM field strengths at 6-derivative order, and remove the redundancy
due to integration by parts and Bianchi identities. This basis has 801 terms with unfixed
coupling constants. In Section 3, we employ the T-duality technique to explicitly determine
the coupling constants in the basis. We find that T-duality produces 468 relations between
these coupling constants, and the fixed numbers resulting from the 2-derivative corrections
to the Buscher rules that have been found in [5], and from fixed couplings resulting from the
Green-Schwarz mechanism [14] that replaces H → H − (3α′/2)Ω into the 2- and 4-derivative
couplings. We choose the 4-derivative coupling to be the Meissner action in which the YM
fields are included [5]. We find that the remaining 333 parameters can be removed by using
field redefinitions. The result is 260 couplings with fixed coupling constants that are invariant
under T-duality. The YM field strength F appears in the couplings only as the trace of two F ’s
or their derivatives. These couplings are in a non-standard form, which includes derivatives
of the dilaton, derivatives of the Riemann curvature, and the second derivative of the H-field
and F -field. They also have Ricci and scalar curvatures, as well as two-field and three-field
couplings. In Section 4, we use a basis with 468 couplings which have no Ricci and scalar
curvatures, no couplings with derivatives of the Riemann curvature, and no second deriva-
tives of the H-field and F -field. We impose T-duality on this basis to fix its coupling constants.
In this case, we found 107 non-zero couplings. We observe that they are the same as the
260 couplings, up to some field redefinition. These couplings are also not in a standard form
because they have three-field couplings. In Section 5, we use field redefinitions on 260 or
107 couplings to rewrite them in a canonical form, in which the dilaton appears only as the
overall factor e−2Φ, and the derivatives of the Riemann curvature, the second derivative of the
H-field and F -field, and the Ricci tensor and Ricci scalar as well as three-field couplings are
removed. We could write the couplings in terms of 85 couplings. The couplings with the struc-
ture Tr(F F)R2 are the same as the couplings resulting from (Tr(F F)−R2)2 that were found by
the S-matrix method long ago [15,16]. Section 6 provides a concise discussion of our findings
and their implications. Throughout our calculations, we utilize the “xAct” package [17] for
computational purposes.

2 Maximal basis

To construct the maximal basis, one should first consider all contractions of the NS-NS and
YM field strengths and their derivatives at six-derivative order. This results in a total of 2980
such couplings. However, there is redundancy in these couplings due to integration by parts
and the use of Bianchi identities. To remove the redundancy due to integration by parts,
following [18], one should include all 6-derivative total derivative terms constructed from the
YM and NS-NS field strengths with arbitrary coefficients to the 2980 couplings.
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To remove the redundancy due to the Bianchi identities, we use the covariance and gauge
invariance of the couplings to employ local frames: In the external space, a local frame can be
used in which the Levi-Civita connection is zero, but its derivatives are not [18]. In the internal
space, a local frame can be used in which the YM connection is zero, but its derivatives are
not [4].

In the internal space local frame, the derivatives on the YM field strength become ordinary
covariant derivatives [4], and the YM field strength becomes:

Fµν
i j = ∂µAν

i j − ∂νAµ i j . (1)

Here, the YM gauge field is defined as Aµ
i j = Aµ

I(λI)i j , where the antisymmetric matrices
(λI)i j represent the adjoint representation of the gauge group SO(32) or E8 × E8 with the
normalization (λI)i j(λJ )i j = δI J . It satisfies the following Bianchi identity:

∂[αFβµ]
i j = 0 . (2)

In order to impose the above Bianchi identity into the 2980 couplings, one can write those
couplings that have a derivative of F , in terms of the YM field A.

The H-field strength without its Lorentz Chern-Simons contribution is [15,19]:

Hµνρ = 3∂[µBνρ] −
3
2

A[µ
i j Fνρ] i j , (3)

which satisfies the following Bianchi identity:

∂[αHβµν] +
3
4

F[αβ
i j Fµν] i j = 0 . (4)

To impose this Bianchi identity, one can define the terms on the left-hand side of the above
equation as a 4-form, and then make all contractions of this 4-form and its derivatives with
H, F , R, ∇Φ and their derivatives to make six-derivative couplings. They are then added with
arbitrary coefficients to the 2980 couplings.

To impose the Bianchi identities corresponding to the Riemann curvatures and the co-
variant derivatives, one writes all the couplings in the external local frame and writes the
derivatives of the Levi-Civita connection in terms of derivatives of the metric. Then, following
the same steps as in [18], one finds there are 801 independent couplings. These couplings, in
a particular scheme which has no second derivative of Riemann, Ricci or scalar curvatures, no
third derivative of H and F , and no fourth derivative of the dilaton, is:

S1
(2) = −

2α′2

κ2

∫

d10 x
p
−Ge−2Φ
�

c1Fα
γkl Fαβ i j Fβ

δmnFγ
ε

mnFδ
ϵ

kl Fεϵi j

+ c2Fα
γkl Fαβ i j Fβ

δ
k

mFγ
ε

m
nFδ

ϵ
lnFεϵi j + c3Fα

γkl Fαβ i j Fβ
δ

kl Fγ
εmnFδ

ϵ
mnFεϵi j + · · ·

+ c798Hαβ
δHαβγ∇ϵHδεµ∇µHγ

εϵ + c799Hαβ
δHαβγ∇µHδεϵ∇µHγ

εϵ

+ c800HαβγH
αβγ∇ϵHδεµ∇µHδεϵ + c801HαβγH

αβγ∇µHδεϵ∇µHδεϵ
�

. (5)

The expression above represents a subset of the 801 independent couplings, with the ellipsis
symbolizing an additional 794 terms that are not explicitly listed.
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If we had removed the redundancy of field redefinitions as well, which would require
including the following terms to the original 2980 terms [5]:

K1 ≡
�

1
2
∇γHαβγ −Hαβγ∇γΦ

�

δBαβ

−
�

∇β Fαβ
i j − 2Fαβ

i j∇βΦ−
1
2

Fβµi jHαβµ

�

δAα i j

−
�

Rαβ −
1
4

HαγδHβγδ + 2∇β∇αΦ−
1
2

Fαµi j Fβµi j

�

δGαβ

− 2
�

R−
1
12

HαβγH
αβγ+4∇α∇αΦ− 4∇αΦ∇αΦ−

1
4

Fαβ i j F
αβ i j
��

δΦ−
1
4
δGµµ

�

, (6)

where the perturbations δGµν,δBµν,δΦ,δAa
i j are constructed from the NS-NS and YM fields

at the four-derivative order with arbitrary coefficients, then one would find the independent
couplings in the minimal basis, which has 435 couplings. However, we are not interested in
the minimal basis because, as we will see, T-duality produces more than 435 relations between
the coupling constants in the maximal basis.2

One may use field redefinitions to study which couplings in (5) are unambiguous, that is,
they are invariant under the field redefinitions. We find there are 83 couplings in (5) that
are unambiguous, and all others are ambiguous and are changed under the field redefinitions.
The T-duality should fix the unambiguous couplings uniquely and should fix the ambiguous
couplings up to some parameters that are removable by field redefinition. So it is more conve-
nient to write the couplings in the maximal basis (5) as unambiguous and ambiguous terms.
That is:

S1
(2) = −

2α′2

κ2

∫

d10 x
p
−Ge−2Φ
�

c2Fα
γkl Fαβ i j Fβ

δ
k

mFγ
ε

m
nFδ

ϵ
lnFεϵi j

+ c6Fα
γ

i
kFαβ i j Fβ

δlmFγ
ε

l
nFδ

ϵ
knFεϵ jm + c7Fα

γkl Fαβ i j Fβ
δ

k
mFγ

ε
i
nFδ

ϵ
lnFεϵ jm

+ c8Fα
γ

i
kFαβ i j Fβ

δlmFγ
ε

l
nFδ

ϵ
kmFεϵ jn + c10Fα

γ
i
kFαβ i j Fβ

δ
k

l Fγ
εmnFδ

ϵ
lmFεϵ jn

+ c11Fαβ
kl Fαβ i j Fγ

ε
kmFγδ i

mFδ
ϵ

l
nFεϵ jn + c12Fα

γ
i
kFαβ i j Fβ

δ
k

l Fγ
ε

l
mFδ

ϵ
m

nFεϵ jn

+ c18Fα
γ

i
kFαβ i j Fβ

δlmFγ
ε

l
nFδ

ϵ
jnFεϵkm + c20Fα

γ
i
kFαβ i j Fβ

δ
j
l Fγ

ε
l
mFδ

ϵ
m

nFεϵkn

+ c21Fαβ i
kFαβ i j Fγ

ε
l
mFγδ j

l Fδ
ϵ

m
nFεϵkn + c22Fα

γkl Fαβ i j Fβ
δ

k
mFγ

ε
i
nFδ

ϵ
jnFεϵlm

+ c23Fαβ
kl Fαβ i j Fγ

ε
j
nFγδ i

mFδ
ϵ

knFεϵlm + c25Fα
γ

i
kFαβ i j Fβ

δ
k

l Fγ
εmnFδ

ϵ
jmFεϵln

+ c27Fαβ
kl Fαβ i j Fγ

ε
j
nFγδ i

mFδ
ϵ

kmFεϵln + c28Fαβ
kl Fαβ i j Fγ

ε
jmFγδ i

mFδ
ϵ

k
nFεϵln

+ c29Fα
γ

i
kFαβ i j Fβ

δ
k

l Fγ
ε

j
mFδ

ϵ
m

nFεϵln + c30Fα
γ

i
kFαβ i j Fβ

δ
j
l Fγ

ε
k

mFδ
ϵ

m
nFεϵln

+ c33Fαβ
kl Fαβ i j Fγ

ε
j
mFγδ ikFδ

ϵ
m

nFεϵln + c34Fαβ i
kFαβ i j Fγ

ε
k

mFγδ j
l Fδ

ϵ
m

nFεϵln
+ c36Fα

γkl Fαβ i j Fβγ
mnFδ

ϵ
jmFδε ikFεϵln + c37Fα

γ
i
kFαβ i j Fβ

δlmFγ
ε

l
nFδ

ϵ
jkFεϵmn

+ c39Fα
γ

i
kFαβ i j Fβ

δ
j
l Fγ

ε
l
mFδ

ϵ
k

nFεϵmn + c40Fα
γ

i
kFαβ i j Fβ

δ
j
l Fγ

ε
k

mFδ
ϵ

l
nFεϵmn

+ c42Fα
γ

i
kFαβ i j Fβ

δ
jkFγ

εlmFδ
ϵ

l
nFεϵmn + c44Fαβ

kl Fαβ i j Fγ
ε

j
mFγδ ikFδ

ϵ
l
nFεϵmn

+ c45Fαβ i
kFαβ i j Fγ

ε
k

mFγδ j
l Fδ

ϵ
l
nFεϵmn + c53Fα

γ
i
kFαβ i j Fβγ

lmFδ
ϵ

l
nFδε jkFεϵmn

+ c54Fα
γ

i
kFαβ i j Fβγ

lmFδ
ϵ

k
nFδε jl Fεϵmn + c55Fα

γ
i
kFαβ i j Fβγ j

l Fδ
ϵ

l
nFδεk

mFεϵmn

+ c56Fα
γ

i
kFαβ i j Fβγ jkFδ

ϵ
l
nFδεlmFεϵmn + c57Fαβ

kl Fαβ i j Fγδ
mnFγδ ikFεϵlnFεϵ jm

2In fact, we first found the couplings in the minimal basis and observed that they are not fully consistent with
T-duality. This indicates that T-duality should impose more than the 435 relations that hold in the minimal basis.
Consequently, it is more legitimate to consider a basis that includes a larger set of independent couplings. The
maximal basis, which has the greatest number of independent couplings, is therefore a more appropriate starting
point for the analysis.
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+ c58Fαβ
kl Fαβ i j Fγδk

nFγδ i
mFεϵlnFεϵ jm + c59Fαβ

kl Fαβ i j Fγδk
nFγδ i

mFεϵlmFεϵ jn

+ c63Fαβ i
kFαβ i j Fγδ

mnFγδ j
l FεϵlnFεϵkm + c65Fαβ i

kFαβ i j Fγδl
mFγδ j

l FεϵmnFεϵk
n

+ c66Fαβ i
kFαβ i j Fγδk

mFγδ j
l FεϵmnFεϵ l

n + c71Fα
γkl Fαβ i j Fδε ikFϵµ jl HβδϵHγεµ

+ c73Fα
γ

i
kFαβ i j Fδε j

l Fϵµkl HβδϵHγεµ + c75Fα
γkl Fαβ i j Fδ

ϵ
kl F

δε
i jHβϵ

µHγεµ
+ c76Fα

γ
i
kFαβ i j Fδ

ϵ
kl F

δε
j
l Hβϵ

µHγεµ + c82Fα
γkl Fαβ i j Fδ

ϵ
jl F

δε
ikHβε

µHγϵµ
+ c83Fα

γ
i
kFαβ i j Fδ

ϵ
kl F

δε
j
l Hβε

µHγϵµ + c86Fα
γ

i
kFαβ i j Fβ

δ
k

l Fεϵ jl Hγε
µHδϵµ

+ c87Fαβ
kl Fαβ i j Fγδ ikFεϵ jl Hγε

µHδϵµ + c88Fα
γ

i
kFαβ i j Fβ

δ
j
l Fεϵkl Hγε

µHδϵµ
+ c91Fαβ i

kFαβ i j Fγδ j
l Fεϵkl Hγε

µHδϵµ + c94Fαβ i j Fγδ i jHα
εϵHβε

µHγϵ
ζHδµζ

+ c97Fα
γkl Fαβ i j Fδ

ϵ
kl F

δε
i jHβγ

µHεϵµ + c98Fα
γ

i
kFαβ i j Fδ

ϵ
kl F

δε
j
l Hβγ

µHεϵµ
+ c117Fαβ i j Fγδ i jHαγ

εHβ
ϵµHδϵ

ζHεµζ + c135Hα
δεHαβγHβδ

ϵHγ
µζHεµ

ηHϵζη
+ c196Fα

γkl Fαβ i j Fδ
ϵ

kl F
δε

i jRβγεϵ + c197Fα
γ

i
kFαβ i j Fδ

ϵ
kl F

δε
j
lRβγεϵ

+ c200Fα
γkl Fαβ i j Fδ

ϵ
kl F

δε
i jRβεγϵ + c201Fα

γkl Fαβ i j Fδ
ϵ

jl F
δε

ikRβεγϵ
+ c202Fα

γ
i
kFαβ i j Fδ

ϵ
kl F

δε
j
lRβεγϵ + c205Rα

ε
γ
ϵRαβγδRβϵδε

+ c207Fαβ
kl Fαβ i j Fγδ ikFεϵ jlRγδεϵ + c208Fαβ i

kFαβ i j Fγδ j
l FεϵklRγδεϵ

+ c210Fα
γ

i
kFαβ i j Fβ

δ
k

l Fεϵ jlRγεδϵ + c211Fα
γ

i
kFαβ i j Fβ

δ
j
l FεϵklRγεδϵ

+ c213Rαβ
εϵRαβγδRγεδϵ + c259Fα

β i j Fγ
ε

k
l Fγδ i

kFε
ϵ

jl Hβδϵ∇αΦ

+ c262Fα
β i j Fγ

ε
j
l Fγδ i

kFδ
ϵ

kl Hβεϵ∇αΦ+ c266Fα
β i j Fβ

γ
i
kFδ

ϵ
kl F

δε
j
l Hγεϵ∇αΦ

+ c327Fα
γkl Fαβ i j Fδε ikHγεϵ∇β Fδ

ϵ
jl + c356Fα

γkl Fαβ i j Fδε i j∇β∇εFγδkl

+ c357Fα
γ

i
kFαβ i j Fδε j

l∇β∇εFγδkl + c363Fα
γi j Fβ

δkl Fγ
ε

kl Fδεi j∇αΦ∇βΦ

+ c364Fα
γi j Fβ

δkl Fγ
ε

ikFδε jl∇αΦ∇βΦ+ c365Fα
γi j Fβ

δ
i
kFγ

ε
k

l Fδε jl∇αΦ∇βΦ

+ c367Fα
γi j Fβ

δ
i
kFγ

ε
j
l Fδεkl∇αΦ∇βΦ+ c369Fα

γi j Fβγ
kl Fδε jl F

δε
ik∇αΦ∇βΦ

+ c370Fα
γi j Fβγi

kFδεkl F
δε

j
l∇αΦ∇βΦ+ c380Hα

γδHβ
εϵHγε

µHδϵµ∇αΦ∇βΦ

+ c455Fα
γkl Fαβ i j∇β Fδε ik∇γFδε jl + c456Fα

γ
i
kFαβ i j∇β Fδε j

l∇γFδεkl

+ c460Fα
γkl Fαβ i j∇β Fδεkl∇γFδε i j + c462Fα

γ
i
kFαβ i j∇β Fδεkl∇γFδε j

l

+ c495Fα
γkl Fαβ i j Fδε ik∇γ∇εFβδ jl + c723Fαβ i j Fγδkl∇δFβε jl∇εFαγik

+ c724Fαβ i j Fγδ i
k∇β Fδεkl∇εFαγ j

l + c766Hα
δεHαβγHβδ

ϵHγ
µζ∇ϵHεµζ + · · ·

�

, (7)

where dots represent 718 ambiguous couplings. The above basis includes the YM field strength
and its derivatives, such as Tr(F F), Tr(F F F), Tr(F F F F), and Tr(F F F F F F). In the above equa-
tion, c1, c2, · · · , c801 are 801 background-independent coupling constants that will be found in
the next section using T-duality. We will find that T-duality fixes all unambiguous couplings
which have traces of more than two F ’s and their derivatives to be zero. In other words, the
unambiguous couplings involving Tr(F F F), Tr(F F F F), Tr(F F F F F F), and their derivatives,
are set to zero by the T-duality constraint.

There are two other sets of couplings at 6-derivative order with fixed coupling constants
that result from replacing H → H−(3α′/2)Ω into the 2- and 4-derivative orders. This replace-
ment into the 2-derivative order (see eq.(15)) produces the following coupling at 6-derivative
order:

S2
(2) = −

2α′2

κ2

∫

d10 x
p
−G e−2Φ
�

−
3

16
ΩµναΩ

µνα
�

. (8)
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The Chern-Simons three-form is given by:

Ωµνα =ω[µµ1
ν1∂νωα]ν1

µ1 +
2
3
ω[µµ1

ν1ωνν1
α1ωα]α1

µ1 , ωµµ1
ν1 = eνµ1

∇µeν
ν1 , (9)

where eµ
µ1 eν

ν1ηµ1ν1
= Gµν. The covariant derivative in the definition of the spin connection

applies only on the curved indices of the frame eµ
µ1 . Our index convention is that µ,ν, . . . are

the indices of the curved spacetime, and µ1,ν1, . . . are the indices of the flat tangent space.
The action at the 4-derivative order depends on the scheme. We consider the 4-derivative

couplings in the Meissner scheme, in which the YM couplings are added [5] (see eq.(17)).
The nice property of this action is that these couplings do not change the propagators that
are produced by the couplings at the 2-derivative order. This action also manifestly satis-
fies the T-duality constraint at the 4-derivative order [5]. The Green-Schwarz replacement
H → H− (3α′/2)Ω into this action produces the following couplings at the 6-derivative order:

S3
(2) = −

2α′2

κ2

∫

d10 x
p
−G e−2Φ
� 3

32
Hγδ

εRαβγδΩαβε −
3
32

Fαβ i j Fγδ i jHαγ
εΩβδε

−
3

16
Hγ
δεRαβα

γΩβδε +
3

64
Fαβ i j Fγδ i jHαβ

εΩγδε +
1

16
HγδεRαβαβΩγδε

−
3

16
Hβ

δεRαβα
γΩγδε +

3
32

Hαβ
εRαβγδΩγδε −

1
32

Hα
δεHαβγHβδ

ϵΩγεϵ

+
3

32
Hαβ

δHαβγHγ
εϵΩδεϵ −

1
192

HαβγH
αβγHδεϵΩδεϵ +

1
4

HβγδΩβγδ∇α∇αΦ

−
1
4

HβγδΩβγδ∇αΦ∇αΦ−
3
4

Hα
γδΩβγδ∇β∇αΦ
�

. (10)

The effective action at the 6-derivative order then is:

S(2) = S1
(2) + S2

(2) + S3
(2) . (11)

In the next section, we impose T-duality on this action to find the couplings in the maximal
basis S1

(2).

3 T-duality constraint on the maximal basis

Having found the maximal basis, we now impose the T-duality on the circular reduction of the
couplings to find the corresponding coupling constants. The circular reduction of the couplings
and the corresponding T-duality transformations involve the scalar component of the YM fields
nonlinearly [21]. It has been proposed in [5] that the imposition of the truncated T-duality
transformations on the truncated reduction of the couplings has enough information to fix the
coupling constants. This constraint is the following [5]:

∞
∑

n=0

α′n

�

SL(n)(ψ)−
∞
∑

m=0

α′m[S(n,m)(ψL
0)]

L −
∫

d9 x ∂ a
�

e−2φ̄J L(n+1/2)
a (ψ)
�

�

= 0 , (12)

where the superscript L in each term indicates that only the zeroth and first order terms of
the scalar should be retained. We refer the interested readers to [5] for details of each term
above. It has been observed in [4] that the odd-derivative couplings in the effective action and
in the corrections to the Buscher rules are zero, hence, m and n in the above equation take
only integer values.

The Taylor expansion of the α′n-order action Sn at order α′m has the following contribu-
tions:

S(n,m) =
∑

p={m}

S(n,m)
(p) , (13)
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where {m} is the number of partitions of m, e.g., {2} = {(1,1), (2)}. (1,1) represents two
first-order corrections to the Buscher rules, and (2) represents one second-order correction to
the Buscher rules. Using this relation, one may write (12) as:

∞
∑

n=0

α′n

�

−
∞
∑

m=1

α′m[S(n,m)
(m) (ψ

L
0)]

L −
∫

d9 x ∂ a
�

e−2φ̄J L(n+1/2)
a (ψ)
�

�

=
∞
∑

n=0

α′n



SL(n)(ψL
0)− SL(n)(ψ) +

∞
∑

m=1

∑

p′={m′}

α′m[S(n,m)
(p′) (ψ

L
0)]

L



 , (14)

where {m′} is the number of partitions of m that do not use m, e.g., {2′}= {(1, 1)}.
At a given order of α′, the terms on the left-hand side of (14) have arbitrary parameters in

the total derivative terms and in the correction to the Buscher rules at that order of α′, whereas
the terms on the right-hand side have arbitrary coupling constants at that order of α′ and all
other terms from the Taylor expansion in the last term are fixed at the lower orders of α′.
This equation then has a homogeneous solution which satisfies the homogeneous part of the
equation (14) where the right-hand side is zero. We are not interested in this homogeneous
solution. Instead, we are interested in the particular parameters that satisfy the inhomoge-
neous equation, where the right-hand side is not zero. The particular solution should fix the
parameters in terms of the coupling constants in the maximal basis and the fixed numbers on
the right-hand side of (14). It should also fix some relations between the coupling constants
and the fixed numbers.

To determine the appropriate constraints on the effective actions, terms at every order of
α′ must be equated on the two sides of (14). Using the reduction scheme for the NS-NS and
YM fields [20, 21], the above constraint at order α′0 has been used to fix the effective action
to be [5]

S(0) = −
2
κ2

∫

d10 x
p
−Ge−2Φ
�

R−
1

12
HαβγH

αβγ + 4∇αΦ∇αΦ−
1
4

Fµνi j F
µνi j
�

, (15)

which is the bosonic part of the standard effective action of heterotic theory [15, 19]. The
corresponding truncated Buscher rules ψL

0 have been found to be

ϕL = −ϕ , g L
a = ba , bL

a = ga , ḡ L
ab = ḡab ,

H̄ L
abc = H̄abc , φ̄L = φ̄ , (ĀL

a)
i j = Āa

i j , (αL)i j = −αi j ,
(16)

where the base space fields are defined in the reduction of the NS-NS and YM fields with the
notation that has been used in [5].

This constraint (14) at order α′ has been used in [5] to find both the effective action at 4-
derivative order and the corrections to the truncated Buscher rules (16) at 2-derivative order.
The couplings in the Meissner scheme are found to be the following [5]:

S(1) = −
2α′

8κ2

∫

d10 x
p
−Ge−2Φ
�1

4
Fα
γkl Fαβ i j Fβ

δ
kl Fγδi j +

1
2

Fα
γ

i j F
αβ i j Fβ

δkl Fγδkl

−
1
8

Fαβ
kl Fαβ i j Fγδkl F

γδ
i j −

1
16

Fαβ i j F
αβ i j Fγδkl F

γδkl +
1
4

Fαβ i j Fγδ i jHαγ
εHβδε

−
1
8

Fαβ i j Fγδ i jHαβ
εHγδε +

1
24

Hα
δεHαβγHβδ

ϵHγεϵ −
1
8

Hαβ
δHαβγHγ

εϵHδεϵ

+
1

144
HαβγH

αβγHδεϵH
δεϵ +Hα

γδHβγδRαβ − 4RαβRαβ −
1
6

HαβγH
αβγR+ R2

+ RαβγδRαβγδ −
1
2

Hα
δεHαβγRβγδε −

2
3

HβγδHβγδ∇α∇αΦ+
2
3

HβγδHβγδ∇αΦ∇αΦ
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+ 8R∇αΦ∇αΦ− 16Rαβ∇αΦ∇βΦ+ 16∇αΦ∇αΦ∇βΦ∇βΦ− 32∇αΦ∇β∇αΦ∇βΦ

+ 2Hα
γδHβγδ∇β∇αΦ+ 2HαβγΩαβγ

�

. (17)

The corresponding 2-derivative corrections to the truncated Buscher rules (16) are [5]:

−8∆φ̄(1)= −
1
2

eϕ/2 F̄abi jV
abαi j −

1
2

e−ϕ/2 F̄abi jW
abαi j , (18)

−8∆ ḡ(1)ab = −4eϕ/2 F̄{b
ci jVa}cαi j − 4e−ϕ/2 F̄{b

ci jWa}cαi j ,

−8∆α(1)i j = −eϕVcd V cdαi j + e−ϕWcdW cdαi j + 2αi j∂c∂
cϕ − 4αi j∂cϕ∂

cφ̄ ,

−8∆Ā(1)a i j= 0 ,

−8∆B(1)ab = 4V[b
cWa]c + 2eϕ/2 F̄[b

ci jVa]cαi j + 2e−ϕ/2 F̄[b
ci jWa]cαi j ,

−8∆ϕ(1)= −eϕVabV ab − e−ϕWabW ab − 2∂aϕ∂
aϕ + 2V abWab ,

−8∆g(1)a = −eϕ/2H̄abcV
bc − 2e−ϕ/2Wab∂

bϕ +
1
2

e−ϕ/2H̄abcW
bc − eϕ/2Vab∂

bϕ −
1
2

H̄abc F̄ bci jαi j ,

and ∆b(1)a (ψ) = −∆g(1)a (ψ
L
0). They are added to the truncated Buscher rules (16) as:

ϕL = −ϕ +α′∆ϕ(1) , g L
a = ba +α

′eϕ/2∆g(1)a ,

bL
a = ga +α

′e−ϕ/2∆b(1)a , ḡ L
ab = ḡab +α

′∆ ḡ(1)ab ,

H̄ L
abc = H̄abc +α

′∆H̄(1)abc , φ̄L = φ̄ +α′∆φ̄(1) ,

(ĀL
a)

i j = Āa
i j +α′∆Ā(1)a

i j , (αL)i j = −αi j +α′∆α(1) i j .

(19)

The correction ∆H̄(1) is related to the corrections ∆B(1), ∆g(1), ∆b(1) and ∆Ā(1)i j as:

∆H̄(1)abc = 3∂[a∆B(1)bc] − 3eϕ/2V[ab∆g(1)c] − 3e−ϕ/2W[ab∆b(1)c] − 3F̄[ab
i j∆Ā(1)c]i j , (20)

which results from the transformation of the H̄-Bianchi identity in the base space under the
T-duality transformation at order α′.

3.1 T-duality at 6-derivative order

The constraint in (14) at order α′2 is:

−[S(0,2)
(2) (ψ

L
0)]

L−
∫

d9 x ∂ a
�

e−2φ̄J L(5/2)
a (ψ)
�

=SL(2)(ψL
0)−S

L(2)(ψ)+[S(1,1)
(1) (ψ

L
0)]

L+[S(0,2)
(1,1)(ψ

L
0)]

L .

(21)
To solve the above equation, one must assume that the total derivative term J L(5/2)

a (ψ) in-
cludes all contractions of the base space fields ∂ ϕ, ∂ φ̄, eϕ/2V , e−ϕ/2W , H̄, and F̄ab

i j at the
5-derivative order, with arbitrary coefficients. Moreover, one needs to include all 4-derivative
corrections to the Buscher rules given in (19)

ϕL = −ϕ +α′∆ϕ(1) +
α′2

2
∆ϕ(2) , g L

a = ba +α
′eϕ/2∆g(1)a +

α′2

2
eϕ/2∆g(2)a ,

bL
a = ga +α

′e−ϕ/2∆b(1)a +
α′2

2
e−ϕ/2∆b(2)a , ḡ L

ab = ḡab +α
′∆ ḡ(1)ab +

α′2

2
∆ ḡ(2)ab , (22)

H̄ L
abc = H̄abc +α

′∆H̄(1)abc +
α′2

2
∆H̄(2)abc , φ̄L = φ̄ +α′∆φ̄(1) +

α′2

2
∆φ̄(2) ,

(ĀL
a)

i j = Āa
i j +α′∆Ā(1)a

i j +
α′2

2
∆Ā(2)a

i j , (αL)i j = −αi j +α′∆α(1) i j +
α′2

2
∆α(2) i j .
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The relation between∆H̄(2) and the corrections∆B(2),∆g(2),∆b(2),∆Ā(2)i j ,∆g(1),∆b(1), and

∆Ā(1)i j results from the transformation of the H̄-Bianchi identity under the T-duality transfor-

mation at order α′2, as:

∆H̄(2)abc = 3∂[a∆B(2)bc] − 3eϕ/2V[ab∆g(2)c] − 3e−ϕ/2W[ab∆b(2)c] − 3F̄[ab
i j∆Ā(2)c]i j (23)

− 6∆Ā(1)[a
i j∂b∆Ā(1)c]i j − 6∆ ḡ(1)[a ∂b∆b̄(1)c] − 6∆b̄(1)[a ∂b∆ ḡ(1)c] + 6∆b̄(1)[a ∂bϕ∆ ḡ(1)c] .

The corrections ∆B(2)ab , ∆ϕ(2), ∆g(2)a , ∆b(2)a , ∆ ḡ(2)ab , ∆φ̄(2), ∆Ā(2)a
i j , ∆α(2) i j can be written as

all contractions of the base space fields at the four-derivative order with arbitrary parameters
for each contraction.

The circular reduction of the frame eµ
µ1 is given by:

eµ
µ1 =

�

ēa
a1 0

eϕ/2 ga eϕ/2

�

, (24)

where ēa
a1 ēb

b1ηa1 b1
= ḡab. Using this reduction and the other NS-NS and YM reductions, it is

a straightforward calculation to determine the circular reduction of the 6-derivative couplings
in (11) to calculate SL(2)(ψ), and its transformation under the leading order T-duality (16) to
calculate SL(2)(ψL

0).
To calculate [S(1,1)

(1) (ψ
L
0)]

L , one first needs to calculate the reduction of the 4-derivative
couplings in (17) for curved base space, because the T-duality corrections at order α′ in (18)
have a non-zero ∆ ḡ(1)ab . Using the reduction (24) and the other NS-NS and YM reductions,
one can calculate S(1). Since the correction ∆α(1) i j in (18) is proportional to the scalar αi j ,
one truncates S(1) to produce SL(1)(ψ). This reduced action includes, among other things, the
spin connection ω̄abc of the base space, which results from the reduction of the last term in
(17). In the Taylor expansion of SL(1)(ψ), the correction ∆ω̄(1)abc then appears. This correction
is related to the metric correction as:

∆ω̄
(1)
abc =

1
2
∂c∆ ḡ(1)ab −

1
2
∂b∆ ḡ(1)ac , (25)

where∆ ḡ(1)ab is given in (18). The above relation has been found from perturbing the following
relation for the spin connection around flat space:

ω̄abc =
1
2
∂c gab −

1
2
∂b gac +

1
2
∂a ēb

a1 ēca1
−

1
2
∂a ēc

a1 ēba1
, (26)

and used the fact that 2∆ēa
a1 ēba1

=∆gab. Note that ω̄abc is antisymmetric with respect to its
last two indices. Then, using the correction (25) and the corrections in (18), one can Taylor
expand SL(1)(ψ) around ψL

0 to calculate [S(1,1)(ψL
0)]

L in flat base space.

To calculate [S(0,2)
(1,1)(ψ

L
0)]

L , we use the truncated reduction of the leading-order action SL(0),

because the first-order correction ∆α(1) i j in (18) is proportional to the scalar αi j . Otherwise,
one should consider the terms in S(0) that have second order of the scalar field as well. We
then Taylor expand SL(0) and keep the terms that have two first-order corrections. There is also
another contribution to [S(0,2)

(1,1)(ψ
L
0)]

L from the second-order correction∆H̄(2)abc that is replaced

by the relation (23). In this way, one can calculate [S(0,2)
(1,1)(ψ

L
0)]

L .

The calculation of [S(0,2)
(2) (ψ

L
0)]

L in terms of the second-order corrections is similar to the

calculation of [S(0,1)(ψL
0)]

L in terms of the first-order correction that has been found in [5].
The only difference is that one should replace the first-order corrections in [5]with the second-
order corrections.
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The final step for solving the equation (21) is to impose the Bianchi identities associated
with the field strengths H̄, F̄ , V , and W . We impose the H̄-Bianchi identity in its gauge-
invariant form, while for the other Bianchi identities, we impose them in a non-gauge-invariant
form [22]. The solution of the resulting system of linear algebraic equations provides an ex-
pression for the parameters of the second-order corrections to the Buscher rules. These pa-
rameters are expressed in terms of the coupling constants c1, c2, . . . , c801 and the fixed numbers
resulting from the couplings at 2- and 4-derivative orders. This solution also establishes 468
relationships between the coupling constants and the fixed numbers. Replacing these 468 re-
lations into the maximal basis (7), one finds that all unambiguous couplings in (7) become
zero except 3 of them. That is,

S1
(2) = −

2α′2

κ2

∫

d10 x
p
−Ge−2Φ
�

−
1
64

Fαβ i j Fγδ i jHαγ
εHβ

ϵµHδϵ
ζHεµζ

−
1

768
Hα

δεHαβγHβδ
ϵHγ

µζHεµ
ηHϵζη −

1
128

Hα
δεHαβγHβδ

ϵHγ
µζ∇ϵHεµζ + · · ·

�

, (27)

where the dots represent 717 ambiguous couplings. The coupling constants of these couplings
have fixed numbers as well as 333 unfixed parameters. We have found that these parameters
are removable by the freedom due to the field redefinitions, integration by parts, and the
Bianchi identities. Hence, these parameters can be fixed to any arbitrary values. We have
found that for no specific values for these parameters, the first derivatives of the Riemann,
Ricci and scalar curvature, the second derivatives of the H-field and F -field, and the third
derivatives of the dilaton become zero. For the case that all 333 parameters are zero, the
ambiguous couplings in the above equation have 257 non-zero coupling constants.

Since the T-duality constraint produces 468 relations between the coupling constants in
the maximal basis, and the minimal basis has only 435 couplings, the T-duality constraint (21)
has no solution if one considers the effective action in this equation to be the minimal basis.
In other words, the 468 relations imposed by T-duality are in general incompatible with the
435 couplings present in the minimal basis. This means that the effective action described
by the minimal basis cannot satisfy the T-duality constraint (21). The T-duality requirements
introduce more constraints than there are free parameters in the minimal basis, resulting in
an overconstrained system with no solution. To resolve this issue, one must work within a
larger basis that has enough free parameters to accommodate the 468 T-duality relations. The
maximal basis, which contains more couplings, provides the necessary degrees of freedom to
find a consistent solution to the T-duality constraint.

The couplings in (27) are invariant under T-duality, with corresponding corrections at the
4-derivative order to the truncated Buscher rules. Since these corrections are very lengthy ex-
pressions, we do not write them here. We observed that for the case where all 333 parameters
are zero, the correction ∆α(2)i j has terms at the zeroth and the first orders of αi j .

4 T-duality on a basis with 468 couplings

In the previous section, we found that T-duality imposes 468 relations between the 801 cou-
plings in the maximal basis. On the other hand, the minimal basis has 435 couplings, which is
33 less than the number of couplings required to be consistent with T-duality. Moreover, the
T-duality constraints may fix some of the ambiguous coupling constants to be zero. Indeed, it
is possible to find particular schemes where the minimal basis becomes fully consistent with
T-duality. In such schemes, the T-duality constraints would fix the 33 ambiguous couplings
absent in the minimal basis to vanish. However, finding such schemes is a nontrivial task.
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As an alternative approach, we consider a basis that is neither the maximal nor the min-
imal one, but has 436 independent couplings. Starting from the original 2980 couplings in
constructing the maximal basis, we add the field redefinition terms to them and remove the
couplings with terms involving more than two derivatives, Ricci curvature, or scalar curvature.
This constraint and some other constraints reduce the number of relations between the cou-
pling constants to 468. Then, we choose a specific scheme among the remaining couplings,
which can be described as follows:

S1
(2) = −

2α′2

κ2

∫

d10 x
p
−Ge−2Φ
�

c1Fα
γkl Fαβ i j Fβ

δmnFγ
ε

mnFδ
ϵ

kl Fεϵi j

+ c2Fα
γkl Fαβ i j Fβ

δ
k

mFγ
ε

m
nFδ

ϵ
lnFεϵi j + c3Fα

γkl Fαβ i j Fβ
δ

kl Fγ
εmnFδ

ϵ
mnFεϵi j + · · ·

+ c465Hαβ
δHαβγ∇ϵHδεµ∇µHγ

εϵ + c466Hαβ
δHαβγ∇µHδεϵ∇µHγ

εϵ

+ c467HαβγH
αβγ∇ϵHδεµ∇µHδεϵ + c468HαβγH

αβγ∇µHδεϵ∇µHδεϵ
�

. (28)

The expression above represents a subset of the 468 independent couplings, with the ellipsis
symbolizing an additional 461 terms that are not explicitly listed.

The T-duality constraint (21) for the above couplings may not fix all the 468 couplings
because some of the ambiguous couplings that T-duality fixes to zero may not be included in
the above basis. However, the above basis must be consistent with the T-duality. We have
found that the T-duality constraint (21) produces 416 relations between the 468 coupling
constants and the fixed numbers of the lower-order action. This means the T-duality fixes 52
ambiguous coupling constants, which are not included in the above basis, to be zero. We have
also observed that the remaining 52 coupling constants in the resulting T-duality invariant
action can be removed by field redefinitions. So we are free to choose any values for these
parameters. When all these parameters are set to zero, we find the following 107 non-zero
couplings:

S1
(2) = −

2α′2

82κ2

∫

d10 x
p
−Ge−2Φ
�

−
1
8

Fαβ i j F
αβ i j Fγ

ε
kl F

γδkl Fδ
ϵmnFεϵmn

− 2Fα
γ

i j F
αβ i j Fβ

δkl Fεϵkl Hγε
µHδϵµ +

1
8

Fαβ i j F
αβ i j Fγδkl Fεϵkl Hγε

µHδϵµ

+
1
2

Fα
γ

i j F
αβ i j Fβ

δkl Fεϵkl Hγδ
µHεϵµ +

1
2

Fα
γ

i j F
αβ i j Fβ

δkl Fγ
ε

kl Hδ
ϵµHεϵµ

− Fαβ i j Fγδ i jHαγ
εHβ

ϵµHδϵ
ζHεµζ +

1
2

Fαβ i j Fγδ i jHαβ
εHγ

ϵµHδϵ
ζHεµζ

+
1
48

Fαβ i j F
αβ i jHγ

ϵµHγδεHδϵ
ζHεµζ +

1
24

Fα
γ

i j F
αβ i j Fβ

δkl Fγδkl HεϵµHεϵµ

−
1
12

Hα
δεHαβγHβδ

ϵHγ
µζHεµ

ηHϵζη +
1
4

Hαβ
δHαβγHγ

εϵHδ
µζHεµ

ηHϵζη

+
19
8

Fα
γ

i j F
αβ i jHβ

δεHγδ
ϵHε

µζHϵµζ +
1
32

Fαβ i j F
αβ i jHγδ

ϵHγδεHε
µζHϵµζ

+
1
48

Fαβ i j Fγδ i jHαβ
εHγδεHϵµζH

ϵµζ +
15
16

Hαβ
δHαβγHγ

εϵHδε
µHϵ

ζηHµζη

−
1
96

HαβγH
αβγHδε

µHδεϵHϵ
ζηHµζη −

1
24

Fαβ i j Fγδ i jHεϵµHεϵµRαβγδ

+ 2Fαβ i j Fγδ i jHα
εϵHγε

µRβδϵµ −
1
8

Fαβ i j F
αβ i j Fγδkl FεϵklRγδεϵ

− 4Fα
γ

i j F
αβ i jRβ

δεϵRγδεϵ − Fαβ i j Fγδ i jHα
εϵHβε

µRγδϵµ + 2Fα
γ

i j F
αβ i j Fβ

δkl FεϵklRγεδϵ
− 2Fα

γ
i j F

αβ i jHβ
δεHδ

ϵµRγεϵµ + 2Hα
δεHαβγHβ

ϵµHδϵ
ζRγεµζ − 2Hα

δεHαβγRβδ
ϵµRγϵεµ

− 8Hα
δεHαβγRβ

ϵ
δ
µRγϵεµ −

1
8

Hαβ
δHαβγHεϵ

ζHεϵµRγµδζ +
1
2

Fαβ i j F
αβ i jRγδεϵR

γδεϵ

12
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+ 2Fαβ i j Fγδ i jHαγ
εHβ

ϵµRδεϵµ + Fα
γ

i j F
αβ i jHβ

δεHγ
ϵµRδεϵµ −

5
8

Fαβ i j F
αβ i jHγ

ϵµHγδεRδεϵµ

− 2Fαβ i j Fγδ i jHαβ
εHγ

ϵµRδϵεµ + 6Hα
δεHαβγRβ

ϵ
γ
µRδϵεµ −

13
2

Hα
δεHαβγHβδ

ϵHγ
µζRεϵµζ

−
11
8

Hαβ
δHαβγHγ

εϵHδ
µζRεϵµζ +

1
24

HαβγH
αβγHδ

µζHδεϵRεϵµζ

−
1
12

Fαβ i jHβγδHεϵµHεϵµ∇αFγδ i j + 6Fαβ i jHγ
εϵRβδεϵ∇αFγδ i j

+ 3Fαβ i jHβ
εϵRγδεϵ∇αFγδ i j − 4Fα

γkl Fαβ i j Fδε i jHγεϵ∇β Fδ
ϵ

kl

− 2Fα
γ

i j F
αβ i j Fδεkl Hγεϵ∇β Fδ

ϵ
kl − Fαβ i j Fγδ i j F

εϵkl Hβδϵ∇γFαεkl

− 2Fαβ i j Fγδkl∇β Fδεkl∇γFα
ε

i j + 2Fα
γkl Fαβ i j∇β Fδε i j∇γFδεkl

− 2Fα
γ

i j F
αβ i j∇β Fδεkl∇γFδεkl + Fα

γkl Fαβ i j∇β Fδεkl∇γFδε i j

− 2Fα
γkl Fαβ i j Fβ

δ
kl Hδεϵ∇γFεϵ i j + 2Fα

γ
i j F

αβ i j Fβ
δkl Hδεϵ∇γFεϵkl

+ Fαβ
kl Fαβ i j Fγδ i jHδεϵ∇γFεϵkl −

1
4

Fαβ i j F
αβ i j Fγδkl Hδεϵ∇γFεϵkl (29)

− 2Hα
δεHαβγRδεϵµ∇γHβϵµ −

1
2

Fα
γ

i j F
αβ i j Fβ

δkl Fεϵkl∇γHδεϵ

−
2
3

Fα
γ

i j F
αβ i j∇βHδεϵ∇γHδεϵ +

1
12

HδεϵH
δεϵ∇β Fαγi j∇γFαβ i j

+ 4Fα
γkl Fαβ i j Fδε i jHγεϵ∇δFβ

ϵ
kl + Fα

γ
i j F

αβ i j Fδεkl Hγεϵ∇δFβ
ϵ

kl

− 2Fαβ i j Fγδkl∇β Fα
ε

kl∇δFγεi j − 3Fαβ i j Fγδkl∇β Fα
ε

i j∇δFγεkl

− Fα
γkl Fαβ i j Fδε i jHβεϵ∇δFγ

ϵ
kl − 2HαβγHδεϵRγεϵµ∇δHαβ

µ

+
1
4

HαβγHδεϵ∇γHεϵµ∇δHαβ
µ +

9
4

Fαβ i j Fγδ i jHαγ
εHε

ϵµ∇δHβϵµ

+Hα
δεHαβγ∇γHεϵµ∇δHβ

ϵµ3
2

Fα
γ

i j F
αβ i j Fβ

δkl Fεϵkl∇δHγεϵ

−
9
8

Fαβ i j Fγδ i jHαβ
εHε

ϵµ∇δHγϵµ +
7
4

Fαβ i j Fγδ i jHαγ
εHβ

ϵµ∇δHεϵµ

−
7
8

Fαβ i j Fγδ i jHαβ
εHγ

ϵµ∇δHεϵµ +
1

12
Fαβ i j Fγδ i jHαβγH

εϵµ∇δHεϵµ

− 6Fαβ i jHδ
εϵRβγεϵ∇δFα

γ
i j + 8Rαδ

εϵRβεγϵ∇δHαβγ

+ 3Rβγεϵ∇αHδ
εϵ∇δHαβγ − Rβγεϵ∇δHα

εϵ∇δHαβγ − 4Fα
γkl Fαβ i j Fδε i jHβγϵ∇εFδϵkl

−
13
2

Hα
δεHαβγ∇δHβ

ϵµ∇εHγϵµ − 2Fαβ i j Fγδkl∇β Fδεkl∇εFαγi j

+ 4Fαβ i j Fγδkl∇δFβεkl∇εFαγi j + 2Fα
γkl Fαβ i j∇δFγεi j∇εFβδkl

+ 2Fα
γ

i j F
αβ i j∇δFγεkl∇εFβδkl +

1
2

Fαβ i jHαγεHβ
ϵµHδϵµ∇εFγδ i j

+
1
4

Fαβ i jHαβγHδ
ϵµHεϵµ∇εFγδ i j + 4Fαβ i jHγε

ϵRαβδϵ∇εFγδ i j

− 8Fαβ i jHαγ
ϵRβδεϵ∇εFγδ i j + 2Fαβ i jHαβ

ϵRγδεϵ∇εFγδ i j − Fαβ
kl Fαβ i j∇δFγεkl∇εFγδ i j

+
1
4

Fαβ i j F
αβ i j∇δFγεkl∇εFγδkl − 3Fαβ i j Fγδ i j F

εϵkl Hβγδ∇ϵFαεkl

− 2HαβγHδεϵ∇βHαδ
µ∇ϵHγεµ +

15
2

HαβγHδεϵ∇δHαβ
µ∇ϵHγεµ

−
3
8

HαβγHδεϵ∇γHαβµ∇ϵHδεµ +
1
2

Hαβ
δHαβγHγ

εϵHε
µζ∇ϵHδµζ

−
1
2

Hα
δεHαβγHβδ

ϵHγ
µζ∇ϵHεµζ − 2Rγδεϵ∇δHαβγ∇ϵHαβε + 2∇δHαβγ∇εHγδϵ∇ϵHαβε

13
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− 4∇δHαβγ∇ϵHγδε∇ϵHαβε + 4Rβγεϵ∇δHαβγ∇ϵHαδε − 4∇γHβεϵ∇δHαβγ∇ϵHαδε

+ 4Fα
γ

i j F
αβ i jRγδεϵ∇ϵHβδε + 2Fα

γ
i j F

αβ i j∇εHγδϵ∇ϵHβδε +
3
8

Fαβ i j F
αβ i j∇εHγδϵ∇ϵHγδε

−
7
2

Hα
δεHαβγ∇εHδϵµ∇µHβγ

ϵ +Hα
δεHαβγ∇µHγεϵ∇µHβδ

ϵ − 2Hαβ
δHαβγRδεϵµ∇µHγ

εϵ

+
1
8

Hαβ
δHαβγ∇δHεϵµ∇µHγ

εϵ +
17
4

Hαβ
δHαβγ∇ϵHδεµ∇µHγ

εϵ

−
1
4

Hαβ
δHαβγ∇µHδεϵ∇µHγ

εϵ −
1
8

HαβγH
αβγ∇ϵHδεµ∇µHδεϵ

+
1
36

HαβγH
αβγ∇µHδεϵ∇µHδεϵ

�

.

Note that there are three-field couplings in the above action. We have checked that the above
couplings and the couplings in (27) are the same up to appropriate field redefinitions. The
above couplings are manifestly invariant under T-duality, with some lengthy expressions for
the 4-derivative corrections to the truncated Buscher rules. For example, the correction term
∆α

(2)
i j has 292 non-zero terms, which include the zeroth and first order contributions in the

scalar αi j . We do not write these expressions explicitly, as they are quite lengthy. These 4-
derivative corrections are needed if one would like to find 8-derivative couplings by applying
T-duality, which is not the focus of our current interest.

5 Couplings in canonical form

Having found the T-duality invariant couplings with fixed coupling constants in (27) or in
(29), one may use field redefinition to rewrite them in a canonical form where the dilaton
appears only as the overall factor e−2Φ, and the couplings have no Ricci or scalar curvature,
no first derivative of Riemann curvature, no second derivative of the H-field and F -field, and
no three-field couplings.

To find the couplings in this form, we add the total derivative terms, field redefinition
terms, and the terms from the H-field Bianchi identities to the most general coupling, which
has 2980 couplings. We then equate them with the 260 couplings in (27) or 107 couplings
in (29) that the T-duality produces. We go to the local frames in both external and internal
spaces to impose the remaining Bianchi identities.

If one sets to zero some of the 2980 couplings in the resulting equation and the equation
has a solution, then that choice is allowed. In this way, we can write the couplings in the
canonical form. Imposing the canonical form for the 2980 couplings, one finds the equation
has a solution, and there are still some unfixed parameters. We choose them to write the
couplings in the following 85 couplings:

S1
(2)=−

2α′2

82κ2

∫

d10 x
p
−Ge−2Φ
�

[NS−NS]10 + [F
4H2]12 + [F

2H4]6 + [F
2H2R]9 + [F

3H∇F]15

+ [F4R]4 + [F
2H2∇H]8 + [F

2R∇H]3 + [F
2(∇F)2]9 + [F

2(∇H)2]5 + [F
2R2]4
�

. (30)
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The NS-NS couplings mentioned are those that have been found in [11] by studying the T-
duality of only NS-NS fields, and written in canonical form in [23]. We have also used an
identity to write the 11 terms reported in [23] in terms of the following 10 terms:

[NS−NS]10= 2HαβγHδεϵRαβδ
µRγµεϵ −

1
12

Hα
δεHαβγHβδ

ϵHγ
µζHεµ

ηHϵζη − 2Hα
δεHαβγRβδ

ϵµRγϵεµ

−2Hα
δεHαβγRβ

ϵ
γ
µRδϵεµ +Hα

δεHαβγHβδ
ϵHγ

µζRεϵµζ − 4HαβγHδεϵRγεϵµ∇βHαδ
µ

−Hα
δεHαβγRδεϵµ∇γHβϵµ −

1
2

HαβγHδεϵ∇βHαδ
µ∇ϵHγεµ

−
1
2

Hα
δεHαβγHβδ

ϵHγ
µζ∇ϵHεµζ +

1
4

Hα
δεHαβγ∇εHδϵµ∇µHβγ

ϵ . (31)

By expressing the 11 terms from the previous work in this more compact set of 10 terms, we
have simplified the representation of the NS-NS couplings in the canonical form. The other
couplings that involve YM fields are:

[F4H2]12 =
1
8

Fα
γkl Fαβ i j Fδε i j F

ϵµ
kl HβϵµHγδε +

3
2

Fα
γkl Fαβ i j Fδε i j F

ϵµ
kl HβδϵHγεµ

−
3
2

Fα
γ

i j F
αβ i j Fδεkl Fϵµkl HβδϵHγεµ −

1
2

Fα
γkl Fαβ i j Fδε i j F

ϵµ
kl HβδεHγϵµ

−
1
4

Fα
γ

i j F
αβ i j Fδεkl Fϵµkl HβδεHγϵµ − Fα

γkl Fαβ i j Fδ
ϵ

kl F
δε

i jHβε
µHγϵµ

− 2Fα
γ

i j F
αβ i j Fδ

ϵ
kl F

δεkl Hβε
µHγϵµ − 2Fα

γ
i j F

αβ i j Fβ
δkl Fεϵkl Hγε

µHδϵµ

+
1
8

Fαβ i j F
αβ i j Fγδkl Fεϵkl Hγε

µHδϵµ −
1
16

Fαβ i j F
αβ i j Fγδkl Fεϵkl Hγδ

µHεϵµ

+
1
2

Fα
γ

i j F
αβ i j Fβ

δkl Fγ
ε

kl Hδ
ϵµHεϵµ +

1
8

Fαβ i j F
αβ i j Fγ

ε
kl F

γδkl Hδ
ϵµHεϵµ ,

[F2H4]6 = −Fαβ i j Fγδ i jHαγ
εHβ

ϵµHδϵ
ζHεµζ +

1
2

Fαβ i j Fγδ i jHαβ
εHγ

ϵµHδϵ
ζHεµζ

−
1
2

Fα
γ

i j F
αβ i jHβ

δεHγ
ϵµHδϵ

ζHεµζ +
1
48

Fαβ i j F
αβ i jHγ

ϵµHγδεHδϵ
ζHεµζ

−
1
2

Fα
γ

i j F
αβ i jHβ

δεHγδ
ϵHε

µζHϵµζ +
1
16

Fαβ i j F
αβ i jHγδ

ϵHγδεHε
µζHϵµζ ,

[F2H2R]9 = 2Fαβ i j Fγδ i jHα
εϵHγε

µRβδϵµ + Fαβ i j Fγδ i jHαγ
εHε

ϵµRβδϵµ

− Fαβ i j Fγδ i jHα
εϵHβε

µRγδϵµ −
1
2

Fαβ i j Fγδ i jHαβ
εHε

ϵµRγδϵµ

− 6Fα
γ

i j F
αβ i jHβ

δεHδ
ϵµRγεϵµ + 2Fαβ i j Fγδ i jHαγ

εHβ
ϵµRδεϵµ

+ 2Fα
γ

i j F
αβ i jHβ

δεHγ
ϵµRδεϵµ −

3
4

Fαβ i j F
αβ i jHγ

ϵµHγδεRδεϵµ

− 2Fαβ i j Fγδ i jHαβ
εHγ

ϵµRδϵεµ ,

[F4R]4 = 2Fα
γkl Fαβ i j Fδ

ϵ
kl F

δε
i jRβεγϵ + 2Fα

γ
i j F

αβ i j Fδ
ϵ

kl F
δεklRβεγϵ

−
1
4

Fαβ i j F
αβ i j Fγδkl FεϵklRγδεϵ − 2Fα

γkl Fαβ i j Fβ
δ

kl F
εϵ

i jRγεδϵ ,

[F2H2∇H]8 = −2Fαβ i j Fγδ i jHα
εϵHγε

µ∇δHβϵµ −
3
4

Fαβ i j Fγδ i jHαγ
εHε

ϵµ∇δHβϵµ

+ Fαβ i j Fγδ i jHα
εϵHβε

µ∇δHγϵµ +
3
8

Fαβ i j Fγδ i jHαβ
εHε

ϵµ∇δHγϵµ

+
1
2

Fαβ i j Fγδ i jHαγ
εHβ

ϵµ∇δHεϵµ + 2Fα
γ

i j F
αβ i jHβ

δεHδ
ϵµ∇εHγϵµ

−
1
2

Fαβ i j Fγδ i jHαγ
εHβ

ϵµ∇εHδϵµ −
1
2

Fαβ i j Fγδ i jHαβ
εHγ

ϵµ∇µHδεϵ ,
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[F3H∇F]15 = −Fαβ i j Fγδ i j F
εϵkl Hδεϵ∇β Fαγkl − Fαβ i j Fγδ i j F

εϵkl Hγδϵ∇β Fαεkl

− 2Fα
γkl Fαβ i j Fδε i jHγεϵ∇β Fδ

ϵ
kl + 4Fα

γ
i j F

αβ i j Fδεkl Hγεϵ∇β Fδ
ϵ

kl

+ 6Fαβ i j Fγδ i j F
εϵkl Hβδϵ∇γFαεkl + 2Fα

γ
i j F

αβ i j Fδεkl Hδεϵ∇γFβ
ϵ

kl

− 2Fα
γkl Fαβ i j Fδε i jHβεϵ∇γFδ

ϵ
kl − Fα

γkl Fαβ i j Fβ
δ

kl Hδεϵ∇γFεϵ i j

+ 3Fα
γ

i j F
αβ i j Fβ

δkl Hδεϵ∇γFεϵkl −
1
4

Fαβ i j F
αβ i j Fγδkl Hδεϵ∇γFεϵkl

− 6Fα
γ

i j F
αβ i j Fδεkl Hγεϵ∇δFβ

ϵ
kl + 2Fα

γkl Fαβ i j Fδε i jHβεϵ∇δFγ
ϵ

kl

+ Fα
γ

i j F
αβ i j Fβ

δkl Hγεϵ∇δFεϵkl − 2Fα
γkl Fαβ i j Fδε i jHβγϵ∇εFδϵkl

− 4Fαβ i j Fγδ i j F
εϵkl Hβγδ∇ϵFαεkl ,

[F2R∇H]3 = −2Fαβ i j Fγδ i jRγδεϵ∇βHα
εϵ + 4Fαβ i j Fγδ i jRβδεϵ∇γHαεϵ

− 8Fα
γ

i j F
αβ i jRγδεϵ∇ϵHβδε ,

[F2(∇F)2]9 = −2Fα
γ

i j F
αβ i j∇β Fδεkl∇γFδεkl +

1
2

Fαβ i j Fγδ i j∇εFγδkl∇εFαβ kl

+ 4Fαβ i j Fγδkl∇β Fδεkl∇εFαγi j + 4Fαβ i j Fγδkl∇εFβδkl∇εFαγi j

− Fαβ i j Fγδ i j∇εFβδkl∇εFαγkl − 4Fα
γkl Fαβ i j∇δFγεkl∇εFβδ i j

+ 4Fα
γkl Fαβ i j∇εFγδkl∇εFβδ i j + 2Fα

γ
i j F

αβ i j∇εFγδkl∇εFβδkl

+
1
4

Fαβ i j F
αβ i j∇εFγδkl∇εFγδkl ,

[F2(∇H)2]5 = −
2
3

Fα
γ

i j F
αβ i j∇βHδεϵ∇γHδεϵ + Fαβ i j Fγδ i j∇βHα

εϵ∇δHγεϵ

+ 2Fαβ i j Fγδ i j∇δHβεϵ∇ϵHαγε − 2Fα
γ

i j F
αβ i j∇εHγδϵ∇ϵHβδε

+
1
2

Fαβ i j F
αβ i j∇εHγδϵ∇ϵHγδε ,

[F2R2]4 = −2Fαβ i j Fγδ i jRαγ
εϵRβδεϵ + Fαβ i j Fγδ i jRαβ

εϵRγδεϵ

− 4Fα
γ

i j F
αβ i jRβ

δεϵRγδεϵ +
1
2

Fαβ i j F
αβ i jRγδεϵR

γδεϵ . (32)

The couplings in (30) are related to the couplings in (27) or (29) by some field redefinitions,
Bianchi identities, and integration by parts. However, the couplings in (30) are not manifestly
invariant under T-duality, unlike the couplings in (27) or (29). The above couplings should be
consistent with the S-matrix elements.

Using the tensor t8 which is defined such that the contraction of t8 with four arbitrary
antisymmetric tensors M1, · · · , M4 is given by [24]:

tαβγδµνρσM1
αβM2

γδM3
µνM4

ρσ = 8(trM1M2M3M4 + trM1M3M2M4 + trM1M3M4M2) (33)

− 2(trM1M2trM3M4 + trM1M3trM2M4 + trM1M4trM2M3) ,

one can write the couplings [F2R2]4 as

α′

8
[F2R2]4 = −

α′

32
tαβγδµνρλTr(Fαβ Fγδ)Tr(RµνRρλ) . (34)

Here, the trace on the Riemann curvature is over the last two indices of the Riemann curvature.
The four YM couplings in the 4-derivative couplings (17) and the four Riemann couplings that
the T-duality produces [25] can be written as:

[F4]4 =
1
32

tαβγδµνρλTr(Fαβ Fγδ)Tr(FµνFρλ) , (35)

α′2[R4]4 =
α′2

128
tαβγδµνρλTr(RαβRγδ)Tr(RµνRρλ) .
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The above four-field couplings can be written as

−
2α′

8κ2

∫

d10 x
p
−Ge−2Φ 1

32
tαβγδµνρλ
�

Tr(Fαβ Fγδ)−
α′

2
Tr(RαβRγδ)
��

Tr(FµνFρλ)−
α′

2
Tr(RµνRρλ)
�

.

This expression has been determined in [15] through the study of the four-point S-matrix
element.

6 Discussion

In this paper, we determine the covariant and Yang-Mills gauge invariant couplings in the clas-
sical effective action of heterotic string theory at the six-derivative order. We begin by finding
the minimal basis, which consists of 435 couplings, and then impose T-duality constraints on
this set. However, we find that the 435 couplings do not satisfy the T-duality constraints, indi-
cating that the number of constraints produced by T-duality is greater than 435. We then con-
sider the maximal basis, which contains 801 couplings, and impose the T-duality constraints on
this larger set. In this case, we find that the T-duality constraints give rise to 468 relations be-
tween the coupling constants. The remaining 333 unconstrained parameters in this T-duality
invariant basis can be eliminated through field redefinitions. Motivated by the observation that
the T-duality constraints yield 468 relations, we also consider a basis that is neither minimal
nor maximal, consisting of 468 couplings, and impose the T-duality constraints on this set. We
find that all 468 T-duality constraints are satisfied by this basis, and we identify 107 non-zero
couplings. Finally, we perform field redefinitions on the T-duality invariant couplings with
fixed coupling constants to rewrite them in a canonical form. This results in only 85 non-zero
couplings. We show that the couplings of two Riemann curvatures and two Yang-Mills field
strengths are fully consistent with the results obtained from the S-matrix method [15].

To arrive at the final result in (30), we have utilized the covariance and Yang-Mills gauge
invariance of the couplings in the basis. In particular, we have worked in local frames in both
the external and internal spaces. In the internal space local frame, the Yang-Mills connection
Ai j is zero, while its derivatives are non-zero [4]. In this frame, the Yang-Mills field strength
is given by (1), and its derivatives are ordinary covariant derivatives involving only the Levi-
Civita connection. After obtaining the final result in (30), the gauge field strength should be
replaced with the full expression:

Fµν
i j = ∂µAν

i j − ∂νAµ i j +
1
p
α′
[Aµ

ik, Aνk
j] , (36)

and its derivatives should be replaced with derivatives that involve both the Levi-Civita and
Yang-Mills connections. It is worth noting that the final result in (30) does not contain any
couplings with two antisymmetric derivatives on the Yang-Mills field strength that satisfy the
identity [∇,∇]F ∼ F F . This implies that there is no ambiguity in the couplings presented in
(30).

We have observed that T-duality excludes all couplings that contain the traces Tr(F F F),
Tr(F F F F), Tr(F F F F F), and their derivatives. We conjecture that this observation should be
extended to the traces of all higher orders of the Yang-Mills field strength. This conjecture
is consistent with the recent observation that all odd-derivative Yang-Mills gauge invariant
couplings in the heterotic theory are zero [4], as such couplings involve traces of more than two
F ’s. This conjecture can be used to simplify the study of 8-derivative couplings by excluding
all such couplings from the 8-derivative basis. By eliminating these terms a priori, the analysis
can be streamlined and focused on the remaining, non-excluded couplings.
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We have shown that the couplings in (30) with the structure [F2R2]4 are consistent with
the 4-point sphere-level S-matrix element. Moreover, the 4-field NS-NS couplings in (31) have
been demonstrated in [23] to be consistent with the corresponding S-matrix elements. These
results provide confidence that the aforementioned couplings have been correctly captured.
However, it is important to note that all the other couplings present in (30) should also be re-
produced by the appropriate 4-point, 5-point, and 6-point functions in string theory. Perform-
ing a thorough comparison between the couplings in (30) and the corresponding higher-point
string theory amplitudes would be a valuable next step. Such a detailed comparison would
help to further validate the completeness and accuracy of the couplings presented in (30).
It would be interesting to carry out this analysis in full detail to ensure that the final result
accurately captures all the relevant contributions from string theory.

Another method for confirming the couplings in (30) is to study their cosmological reduc-
tion and validate that they satisfy the O(d, d) symmetry. For the case of a vanishing Yang-Mills
field, it has been shown in [23, 26–28] that the 6-derivative couplings do indeed satisfy this
symmetry. It would be valuable to extend this analysis to include the Yang-Mills fields and
confirm that the couplings in (30) are consistent with the O(d, d) symmetry in the cosmolog-
ical setting. This would provide an additional, independent check on the completeness and
correctness of the couplings presented in (30).

We have found that by using covariant field redefinitions, the manifestly T-duality invariant
actions (27) or (29) can be expressed in the covariant canonical form (30). If the covariance
of the couplings is not enforced, one may employ non-covariant field redefinitions on the
covariant actions (27) or (29) to rewrite them in a non-covariant canonical form. A compact
representation for the non-covariant couplings at orders α′ and α′2 has been proposed in [29,
30] by supersymmetrizing the Lorentz-Chern-Simons form. It would be intriguing to identify
non-covariant field redefinitions that transform the covariant couplings (30) into the non-
covariant couplings described in [29, 30]. Such a transformation for the NS-NS couplings at
the four-derivative order has been carried out in [31].
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