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Abstract

We consider the probability distributions of the subsystem (staggered) magnetization
in ordered and disordered models of quantum magnets in D dimensions. We focus on
Heisenberg antiferromagnets and long-range transverse-field Ising models as particular
examples. By employing a range of self-consistent time-dependent mean-field approx-
imations in conjunction with Holstein-Primakoff, Dyson-Maleev, Schwinger boson and
modified spin-wave theory representations we obtain results in thermal equilibrium as
well as during non-equilibrium evolution after quantum quenches. To extract probabil-
ity distributions we derive a simple formula for the characteristic function of generic

quadratic observables in any Gaussian theory of bosons.
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1 Introduction

A fundamental tenet of quantum theory is that measuring an observable O in a given state
|¥) generally leads to different measurement outcomes that are described by a probability dis-
tribution P(O, |¥)). In the context of many-particle systems quantum mechanical probability
distribution functions (PDFs) known as “Full Counting Statistics” (FCS) have had important
applications in mesoscopic devices [1, 2], where shot noise experiments can determine the
charge and statistics of the quasiparticles relevant for transport. More recently they became
accessible in ultra-cold atomic gases [3-9], where it is possible to measure the PDFs of various
observables defined on subsystems. These experiments in turn motivated theoretical efforts to
compute PDFs both in [10-23] and out of [ 7,24-31] equilibrium, as well as in non-equilibrium
steady states, see e.g. [32-34] and references therein. From a theoretical point of view calcu-
lating the FCS for a given subsystem observable in an interacting many-particle system poses a
formidable problem. Consequently there are relatively few known results, in particular in two
and three spatial dimensions. Here we consider PDFs of subsystem observables in models of
quantum magnets, focusing mainly on the case D > 1. We employ a range of representations
of quantum spins in terms of canonical boson operators and focus on physical regimes domi-
nated by Gaussian fluctuations of these bosons. This allows us to obtain efficient determinant
representations for the characteristic functions of the PDFs of interest, both in and out of equi-
librium. The prototypical example of spin systems where representations in terms of bosons
and Gaussian approximations can be successfully employed are those possessing long-range
magnetic order. Here Gaussian quantum fluctuations are the dominant contribution beyond
the classical mean-field solution. Gaussian approximations can be also employed in absence
of long-range magnetic order, as we will briefly review later in this work. Beyond spin models,
the techniques developed in the following can be straightforwardly applied to any model of
bosons in a regime dominated by Gaussian fluctuations.
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The paper is organized as follows. In Section 1.1 we introduce probability distribution
functions (PDFs) of quantum observables and their characteristic functions in many-body
quantum systems. In Section 1.2 we report a simple formula for the characteristic function
of any observable expressible as at most a quadratic polynomial in bosonic variables, in any
Gaussian state of said bosons. A derivation of the formula is presented in Appendix C.

We then turn to applications of this formula to extract PDFs in models of quantum mag-
nets both in and out of equilibrium. In Section 2 we focus on systems possessing long-range
magnetic order and employ spin-wave theory to reduce the problem to the study of Gaussian
theories of bosons. In Section 2.1 we discuss the 2D and 3D Heisenberg antiferromagnet and
derive the PDF of the subsystem staggered magnetization in thermal equilibrium and during
time evolutions after quantum quenches. In Section 2.2 we study the out-of-equilibrium dy-
namics of the long-range transverse field Ising chain (LRTFIC) in cases where the direction of
magnetic order doesn’t significantly change over time. To overcome this limitation, we review
and extend in Section 2.3 a recently proposed method to implement spin-wave theory around
a time-dependent direction, in a large class of models. This allows us to consider a more gen-
eral class of quantum quenches in the LRTFIC, for which we derive the out-of-equilibrium PDF
of the subsystem magnetization.

In Section 3 we consider disordered phases of magnets by studying the 2D Heisenberg
antiferromagnet at low but finite temperatures and its dynamics after quantum quenches. In
Section 3.1 we employ a Schwinger boson mean-field theory, which however turns out to be
a poor approximation. We improve on this in Section 3.2 by means of a modified spin-wave
theory originally proposed by Takahashi, which we genaralize to the out-of-equilibrium case.

Section 4 contains a summary of the results and our conclusions. Four appendices follow
discussing details of the approximations employed and some mathematical derivations.

1.1 Characteristic function and probability distribution

Consider a generic system defined on a discrete lattice of dimension d and focus on a subsystem
A with total number of sites |4| = {. Given any Hermitian operator R, with support only in
A, we want to determine the probability distribution function (PDF) P,(r) of R, in a state of
the system characterized by the reduced density matrix (RDM) p,

PA(T) = TrA [pA5(T‘ _RA)] > Pa = Tl’z [P] > (1)

where A is the complement of A. P,(r) can be rewritten in terms of the characteristic function
xa(A) [16,27]

™ d

2ﬂe‘i’m(k), 2)

XA =Tralpsexp(iAR)], P(r) :f

—0Q0

for which the properties y,(—A) = x;(4) and | x,(A)| < 1 hold. The latter follows by resolving
the trace in (2) over the eigenvectors of p, and applying Schwarz inequality to bound the
contribution of the unitary operator exp (iAR,).

We note that for the very specific class of operators R, having discrete spectrum composed
only of equispaced eigenvalues

R,m) =r,|m), I'm =To+mR, ro,RER, meZz, 3)
the second formula in Eq. (2) is greatly simplified thanks to the periodicity

xu(A+2mn/R) = 2™ 0/Ry (1), nez. 4)
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Indeed, using (4), we can rewrite P,(r) as

n/R
dA — nn/R)r i2nnr, D
P()=)] f e I2m/RY y (2) 2™ /R =B, (r) > 6(r—ry—mR),  (5)
nez

—n/R 2n meZ
where
y R /R . R n/R .
P(r)= Z_J dAe "y, (A) = =Re U dle—’“m(l)] , (6)
n —n/R n 0

is normalized to sum to 1 when viewed as a discrete PDF over the eigenvalues (3). The finite
interval of integration in A is the main advantage of (6) over the original (2) when numerical
integrations are required.

1.2 Full counting statistics in Gaussian theories of bosons

We now present our key result for computing the characteristic function of a quantum observ-
able expressed as at most a quadratic polynomial in bosonic variables, when the system state
can be expressed as a Gaussian function of said variables. Concretely, let {ai}fj be canoni-
cal annihilation operators for £ bosonic harmonic oscillators. These can be assembled into a
2{-component vector with commutation relations given by

an:{aI,...,az,al,...,ae}, [ai,a}r]szj. (7

Here we have defined

0 I 0 —I I 0
X {xt y . {x( z {xt
x (HEXZ 0 ) ’ 2 l(H[Xg 0 ) ? 2 ( 0 —foe) ’ (8)

Let p denote the bosonic Gaussian state

1 1 . ,
pzzexp[garWa+wT-a], C)]

where W is an Hermitian 2¢ x 2 negative-definite matrix and w a vector of length 2{ such
that w' = wT£*. The redundancy in the definition of a in (7) always allows us to choose W
such that

Pwrr=w’. (10)

As a consequence of Wick’s theorem the state p is fully characterised by the one and two-point
functions of bosons

w=Tr[pa], A:Tr[p (a—w)(a"'—w'i')]—%zz. (1D

Our main result can be stated as follows.
Result: Consider a Hermitian operator of the form

1 . N
R:Ea“Ga+g“ ‘a, Det(G) #0, ¥ G =GT. (12)

The last relation is equivalent to (10), which we are always free to enforce. The characteristic
function of the associated quantum mechanical probability distribution for the operator R in
the state p can be represented in terms of the one- and two-point functions as

exp[—4 (o — 0f) (A+26) (0 a)]

VDet(A+ Ag) ’

x(A)="Tr [peim] =Z;

(13)
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where

1 1
w;=—G g, Ag(A) = —3 coth (iAE ¥F G) DI

-1/2
Zs(A) =exp [—il%gTG_lg]Det [ZZZ sinh (—il%ZZG)] . (14)

A derivation of (13) based on coherent states methods is presented in Appendix C. There we
also discuss how the formula is modified in presence of a singular G. In Appendix D we briefly
mention how the formula can be obtained by purely algebraic methods.

2 Magnetically ordered systems

2.1 2D and 3D Heisenberg antiferromagnet

The d-dimensional antiferromagnetic Heisenberg model is described by the SU(2) invariant
Hamiltonian

H=JY8S;, J>0, (15)

(i.j)

where Siy are spin-s operators respecting the SU(2) algebra [SQ’,Sf ] = 16;j€yp.,S;" on a d-
dimensional hypercubic lattice with N = L¢ sites, the interactions are limited to neighbouring
sites and periodic boundary conditions (PBC) are assumed. The ground-state of this model is a
non-degenerate SU(2) singlet [35,36] with a gap to the first excited states that vanishes in the
thermodynamic limit [37,38]. This leads to the spontaneous breaking of the spin rotational
SU(2) symmetry in 2D at T = 0 [39]. The order parameter is the staggered magnetization

=) s - 5, (16)
i€A

jeB

where A and B are the “even” and “odd” sublattices respectively. In 3D the antiferromagnetic
order persists also at 0 < T < T, with T./J ~ 1 [40-44]. We are interested in calculating the
PDF of the staggered magnetization in the presence of long-range order for a local subsystem
A with total number of sites |A| = £. We will focus both on the system at equilibrium for
a given temperature T < T, and on the non-equilibrium time evolution following a global
quantum quench. For the latter, we will start both from the classical Néel state or the ground
state of the XXZ model, and time-evolve according to (15).

To analytically study the model specified by (15), in the presence of long-range order,
we employ the Holstein-Primakoff (HP) representation [45,46] of the spin operators Sl?/, by
introducing two families of bosons a and b respectively associated with sublattices A and B

1 . \1/2
S?=s—a a;, St=v2s|1——da; a;,
1 it i 25 it 1
1 1/2 a7
z _ T, —— ./ —__—pip. .
Sj— s+bjb], S]. =425 (1 25bjb]) bj,

where we have §2 = s(s + 1) with s > 1/2, S* = $* £iS”. Taylor expanding the square-
root and using the obtained representation in the Hamiltonian (15) results in an expansion
in inverse powers of s, and spin-wave theory is based on truncating this series [39, 46-51].
In the following we will truncate the Hamiltonian at O(s~2) and consider

H:JZ[_SZH(a;ai+bJTbj+aibj+agb]!)—ajaib;bj—Z(ajafbj+aib;b§+h.c.)]. (18)
(@)
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Given the presence of quartic interactions we will refer to this truncation as HP4, while the
truncation at O(s™!) is the standard linear spin-wave theory (LSW). Alternative approaches,
based on normal ordering the string of bosonic operators arising after the Taylor expansion of
the square-root in (17), can generate exact truncation schemes [46,52]. However, as pointed
out already by Kubo in [46], these representations lead to unphysical results when combined
with mean-field approximations of the interacting terms, so that we do not consider them here.

2.1.1 Self-consistent mean-field approximation in thermal equilibrium

Decoupling the quartic terms in (18) in a mean-field approximation gives
ABCD — ({AB)CD +AB(CD) — (AB)(CD)) + (B <> C) + (B < D), (19)

where (.) denotes a thermal average. The resulting theory is Gaussian, and self-consistency is
imposed by determining the thermal average within the mean-field theory

Tr[exp (—BHyr)AB
) = Te® CBH)AB]
Tr[exp (—fHyy)]
where f3 is the inverse temperature and Hy is the Hamiltonian after decoupling according
to (19). The thermal Gaussian state obtained in this way is the one that minimizes the free

energy associated with the interacting Hamiltonian in the subspace of all Gaussian states. We
pass to Fourier space in the bosons by

5. =\ 2 —ik-x; o=\ 2 —ik-x;
ar = N;e a;, bk= NZe ij, 21D

jeB

(20)

from which we get the self-consistently decoupled Hamiltonian

Hye=2dJ ) [Re(P) (@}ay + by by) + y(k)(P* axb_y + Pajb’ )] +C, (22)
k

where C is a constant, P =s— f — g and

f= (ajai) = (b}'bj) €ER, g =(a;b;) i,j nearest-neighbours,
1 ik-5. 23
(OEP DN ()l <1, y(k) €R. (23)

i

In the previous equation & ; runs over the vectors connecting a site to its nearest neighbours.
In mean-field decoupling the interaction we have used the symmetries of the original Hamilto-
nian (18), i.e. we have set {(a'b), (aa) and (bb) to zero because of the global U(1) symmetry
a—e®a, b — e ?b. Furthermore, (a'a) = (b'b) because of the exchange symmetry a — b.
Note that setting the mean-fields f and g to zero brings us from the mean-field HP4 to LSW. We
will assume that in equilibrium g € R and check it self-consistently at the end. With this addi-
tional assumption we can diagonalize (22) by a simple canonical Bogoliubov transformation
to a new set of bosons @y, fi;

d, =cosh 6 & —sinh 6, f',, by =cosh6 fr—sinh 6 a’, (24)
with the angle 6, defined by tanh 26, = y(k). We arrive in this way to the diagonal form

Hyp ZZSk(&;ﬁdk+/§Zﬁk)+E: e =2dJPy1—7(k)?, (25)
Kk
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where E is a constant equal to the ground-state energy. Given that &, — 0 for k — 0, the spec-
trum is gapless, as required by the presence of Goldstone modes associated with the sponta-
neous symmetry breaking of the SU(2) symmetry. It can be easily checked that below the tran-
sition temperature, solutions to the self-consistent equations f = 1/Z Tr [exp (—BHyr) ajai]
andg=1/ZTr [exp (—BHyg) a;b j] exist and that g is indeed real. The thermal Gaussian state
can be fully characterized by the set of all non-zero 2-point functions, i.e. A" = (d;;dk) and
Azb = (dy B_k). Given the simplicity of (25), the expectation values of the A; functions in the
Gibbs ensemble, with inverse temperature f3, are easily found to be

g 1OMBAD 1
= S BEESOES Ol DR D

where n,(8) = [exp(Ber) — 1] is the Bose occupation for the mode of momentum k.

2.1.2 Self-consistent mean-field approximation out of equilibrium I

The formalism in terms of HP bosons just introduced can be easily extended to the out-of-
equilibrium scenario. If we start from an initial state that breaks the SU(2) symmetry along
the z direction, i.e. (S¥) =(S) =0, (S¥) # 0 Vi, and time evolve according to (15), we find
(87) = (Sf’ ) = 0 during the whole time evolution. Thus the HP representation (17) is suitable
also out-of-equilibrium, as long as order doesn’t melt. The more general case in which during
a time evolution the vectorial order parameter (S;) changes both in direction and magnitude
will be discussed in Section 2.3.

To study quench dynamics using the HP representation we apply the self-consistent time-
dependent mean-field theory (SCTDMFT) [30, 53-65], reviewed in Appendix A, to the HP4
Hamiltonian (18). The initial states are by construction Gaussian and include the classical Néel
state or the ground state of the XXZ Hamiltonian as determined by self-consistent mean-field
theory in equilibrium. The time-dependent mean-field Hamiltonian Hy(t) obtained apply-
ing the normal-ordering procedure of Appendix A is formally identical to (22), with the only
difference in that the mean-field P acquires an explicit time dependence following the gener-
alization of (19),(20) to

(AB)(t) = (1/)|U1:;1F(f)(AB) Unp(t)Y) , Unmp(t) = T[exp (_iJ dt/HMF(t/))] . @27
0

We remark that even if there is no small parameter in front of the quartic interaction in (18)
to justify the applicability of the SCTDMFT approximation, as long as the number of bosons
per site is small interactions among them are effectively suppressed, and the approximation
is expected to be good on short and intermediate time scales. The Heisenberg equations of
motions (EOMs) for the Heisenberg picture operators O(t) = U&F(t) O Upyp(t) are

d

) =—i2dJ [Re(P(0)) @ () + P(6) y(k)bT (1)],

d
dt

(28)
b(t) =—i2dJ [Re(P(t)) br(t) + P(t) y(K)d  (t)].

From these we find

%Ai“ =—4dJy(k)Im(P* A%P), %Aib =—i4dJ [Re(P)Aib +Py(k) (Ai“ + %)] . (29)
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Given that HP4 doesn’t possess local conservation law other than the energy, it is expected to
locally relax towards a Gibbs ensemble [66-68], whose effective temperature 1/ is fixed by
the post-quench energy E, by requiring Ey = (Hyps) p- In the spirit of assessing the SCTDMFT
of HP4 as an approximation to the time evolution of the non-integrable interacting Heisenberg
Hamiltonian (15), we will compare its late time behaviour with the mean-field HP4 Gibbs
ensemble at the appropriate effective temperatures. Even if the SCTDMFT is by construction
not expected to yield good results at late times [59, 60], in models where local observables
relax quickly, i.e. over short time scales where the SCTDMFT is expected to work well, it is
possible to describe approximate thermalization by this simple mean-field approach [64, 65].

2.1.3 PDF of the staggered magnetization in thermal equilibrium

Thanks to (26) and (29) we have complete knowledge of the Gaussian state |1) describing the
system both in equilibrium and during a non-equilibrium time evolution. Given the restriction
to the local subset A of £ total sites, the knowledge of the full state p = |¢) (3| is redundant
and we therefore work with the RDM p,. As the partial trace of a Gaussian state is another
Gaussian state [69], p, has the form of (9) but without linear terms

1 1 .
=—exp|-a'Wa]l, 30
Pa 7 P|: 2 :| (30)
where a defined as in (7) is a 2¢ vector that accommodates all a;, a;r, b, b]' operators. To
compute the PDF of the staggered magnetization %, in A, which we denote simply as P,, we
start by expressing %, in terms of the HP bosons

S, =U0s— Z a;ral-— Z b;._bj. (3D

i€cAn A j€EBNA

It is evident that aside for the constant we can cast the previous quadratic observable in the
general form (12). The PDF P, is thus obtained by direct application of (6) and (13).

From now on we focus on the specific case s = 1/2, for which the effect of quantum fluctu-
ations is the strongest in differentiating the quantum ground state from the classical (s — 00)
Néel state. All the subsequent results are expected to become more accurate for higher val-
ues of s. As noted in Ref. [27], as a consequence of the cluster decomposition principle and
the central limit theorem, in states with a finite correlation length & and for large values of
(V> ¢k, P, approaches a Gaussian PDF with standard deviation that scales as the square root
of the subsystem volume {. In states with power-law correlations the asymptotic PDF can be
non-Gaussian if the decay is slow enough, see e.g. Refs [11,17,25].

In Fig. 1 we report P, for a square subsystem A in the ground-state of the s = 1/2 2D
Heisenberg antiferromagnet, where LSW and mean-field HP4 give the same result, given that
the different scaling of ¢ is irrelevant at T/J = 0. Both the probabilities shown yield an
average of the staggered magnetization that exactly matches the value of (%,)/¢ ~ 0.303
reported in literature. As shown in Fig. 1, for intermediate values of { the distribution P, is
well described by the extreme value statistics (EVS) Gumbel distribution

G(xla,b)=%exp[%—exp(xga)]. (32)

We note that Gumbel distributions have previously appeared in the description of PDFs of
fringe visibilities in interference experiments with 1D Bose liquids [25]. In the current context
it is a phenomenological fit. Indeed, while in [25] the appearance of EVS distributions can be
analytically understood as arising in the standard way from the distribution of the maximum
among a large number of independent variables, we have not been able to obtain EVS distri-
butions in our context from similar arguments. Furthermore, a proper identification of P, with

8


https://scipost.org
https://scipost.org/SciPostPhys.17.5.139

e SciPost Phys. 17, 139 (2024)

6 a
1
1
Al Vi=6 —EVS Fit |
3 «Vl =12 —EVS Fit !
~— 1
Q, 1
=, :
\
0 L L L L
0.1 0 01 02 03 04 05
/0

Figure 1: PDF of the staggered magnetization at T /J = O for the s = 1/2 2D Heisen-
berg antiferromagnet in a square local subsystem .4 with ¢ total sites, for £ = 36, 144.
Phenomenological fits to extreme value statistics (EVS) Gumbel distributions are also
shown. The vertical dashed line indicates the physical threshold of 1/2 for the stag-
gered magnetization per site.

; ‘ ‘ 12
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Figure 2: a) LSW PDFs of the staggered magnetization at T/J =0 and T /J = 0.5 for
the s = 1/2 3D Heisenberg antiferromagnet in a cubic .4 with ¢ = 64,216, together
with phenomenological extreme value statistics (EVS) Gumbel fits. Being at T = 0,
these are also the curves for mean-field HP4. b) Differences between LSW and HP4
for T/J = 0.5. The vertical dashed lines indicates the physical threshold of 1/2 for
the staggered magnetization per site.

the Gumbel distribution would require an analysis of the extreme tails of the curve, which is
not possible due to the finite range of values of the staggered magnetization associated with
each £. The fact that our P, is exactly zero beyond the physical threshold %, /¢ = 1/2 is a di-
rect consequence of the HP representation for the operator S*, which doesn’t allow eigenvalues
larger than 1/2. In contrast, the lower bound of %, /¢ = —1/2 is violated as the constraint of
the boson occupancy being at most one is not strictly enforced. However, in ordered systems
this effect is greatly reduced by the condition of having a small number of bosons per site
and indeed both curves in Fig. 1 are appreciable only within the physical region. Finally, an
even/odd effect in the values of %, is evident, in particular for £ = 36, where the even and
odd eigenvalues of the staggered magnetization follow two different smooth curves. Note that
such an effect, already reported in PDFs of magnetic models in [17,27], would have been dif-
ficult to infer from the sole knowledge of the first few moments of the distributions. As we will
see below, the even/odd effect is usually associated with small temperatures and is suppressed
by going to large values of £.


https://scipost.org
https://scipost.org/SciPostPhys.17.5.139

e SciPost Phys. 17, 139 (2024)

8 .
1

o3 x3x4

6F =1 x6x6

— 41 x3x12

Di( 1x1x36 !
~—4 (]
Ay |
D 1
2! o E
// I
1
- 1
L 1

\

0 1 1
0.25 0.3 0.35 0.45 0.5

0.4
Figure 3: Probability distribution at T /J = 0 for the 3D s = 1/2 case with different
shapes of the subsystem .4 having a total of { = 36 sites.

In Fig. 2 we show the s = 1/2 3D Heisenberg antiferromagnet P, in a cubic subsystem .4
both in the ground-state and for T/J = 0.5, as calculated using LSW and the mean-field
HP4 for { = 64,216. The probabilities associated with the ground-state give an average
(24)/€ ~ 0.422, exactly matching the known value reported in literature. We see how for
T/J = 0.5 the temperature fluctuations reduce the order possessed by the ground-state. Fur-
thermore, the fact that for the mean-field of HP4 at T/J = 0.5 the term P that rescales the
dispersion ¢, (with respect to LSW) takes a value slightly larger than 1/2 is translated in a
lower presence of excitations, which then results in the little right-shift of the mean-field HP4
curves with respect to the LSW ones in Fig. 2b. By comparing the two curves at T/J = 0 in
Fig. 2a, it is evident the beginning of the transition from a Gumbel-like shape towards a Gaus-
sian one, given that for £ = 216 the fit is not as good as for £ = 64. The plot for £ = 64 and
T /J = 0.5 also proves that the even/odd effect is not only suppressed by increasing ¢, but also
from increasing the temperature. In Fig.3 we compare P, in four different shapes of a sub-
system A with { = 36 sites. In low-dimensional shapes longer distances, i.e. less correlated
regions, are involved within the subsystem. This causes a shift towards Gaussianity similar
to the one obtained by increasing the total number of sites in a fixed shape, like in Fig. 2a.
We observe that also the even/odd effect is greatly reduced by this reduction of dimensional-
ity of the subsystem. The results for 0 < T < 0.5 are very similar to Fig. 3 so that we do not
report them explicitly.

2.1.4 PDF of the staggered magnetization after quantum quenches

We perform out-of-equilibrium time evolution following a global quantum quench starting
from ground-states |GS, ) of the XXZ model with anisotropy parameter 0 <1 <1

Hyxz(n) = Y [n(srs¥+sYs))+s257], (33)
(@)

and then quenching to the XXX Hamiltonian (15) corresponding to n = 1. In Fig. 4 we plot
the early instants of the time-evolution starting from the classical Néel state |GS, 0) for the 3D
case with cubic subsystem A of £ = 64 total sites and s = 1/2. The full order present at t =0
is quickly destroyed by the energy injected in the system by the quench, whose associated
effective temperature is of the order of 0.9J both for 1/f; s and 1/Byp4, i-e. very close to the
transition temperature. Given that states too close to the transition, and more generally any
state where the order is greatly reduced, lie beyond the limit of validity of our approximation,
there is no reason to believe our theory to be any good at later times in this specific case.
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«tJ = 0.15, LSW -=-tJ = 0.15, IP4 MFT
otJ =025, LSW -u-tJ = 0.25, HP4 MFT
tJ =0.35, LSW -a-tJ = 0.35, HP4 MFT

O — L L
0.2 025 03 035 04 045 05
oW

Figure 4: Early instants of the out-of-equilibrium evolution of P, in a 3D cubic sub-
system A with £ = 64 total site and s = 1/2, following a quench from the classical
Néel state according to LSW theory and the SCTDMFT of HP4.

We note that already at the short times considered small differences between LSW and the
SCTDMFT of HP4 arise. Furthermore, the very strong even/odd effect that is present for times
t < 0.20/J dies out at times t > 0.35/J.

In order to reduce the energy injected in the system by the quench, in the hope to ob-
tain a time-evolution that is accessible to our approximation up to later times, we reduce the
parameter jump, i.e. we start from |GS,n) with n = 1/2, 3/4 and 9/10. These quenches
have, respectively, effective temperatures 1/(JfB;gw) =~ 0.64,0.50,0.37 in LSW theory and
1/(J Bups) >~ 0.69,0.54,0.40 in mean-field HP4. Note that in order to compare LSW and the
SCTDMFT of HP4 we need to start from exactly the same Gaussian state at initial time, which
we take to be the ground-state of the XXZ model according to LSW theory. In Fig. 5 we show
the intensity plots for the time evolution of P, for the quenches from 1 = 1/2 and 3/4, both in
LSW theory and the SCTDMFT of HP4 for the 3D cubic subsystem .A with £ =64 and s = 1/2.
In all cases the system starts out at t = 0 being strongly ordered, with P, having a strong peak
very close to X, /¢ ~ 1/2, while already at time scales of tJ ~ 1 the order is partially sup-
pressed. Given that the effective temperature of the quench for n = 1/2 is larger than the one
for n = 3/4, as expected we find that stationary state reached at late times to be less ordered in
the former. Fig. 5 also shows how LSW requires more time to relax than the SCTDMFT of HP4,
with (slowly decaying) oscillations in P, going on up to times Jt = 8. This is a consequence
of the fact that LSW out-of-equilibrium represents a free time evolution, while the SCTDMFT
of HP4 takes approximately into account interactions, which favour relaxation.

In Fig. 6 we plot P, from the SCTDMFT of HP4 with again s = 1/2 and 3D cubic A with
{ = 64 sites, at initial, intermediate and late times of the quench dynamics from n =1/2,3/4,
9/10, and compare it with the thermal state at the appropriate effective temperature. The
1 = 3/4 quench is also produced for £ = 216. The deep quench n = 1/2, characterized as
seen by an effective temperature which is beyond half of the transition one, presents a strong
difference between the initial PDF and the late-time stationary one. It is thus surprising that
even for such a high energy injected through the quench the agreement between the late-
time P, and the thermal one is reasonable. In the case n = 9/10 the match between late
time behaviour and Gibbs ensemble is essentially exact on the scale of Fig. 6¢, which includes
the initial probability. The even/odd effect present in every initial state of Fig. 6 is seen to
disappear in the late time dynamics, except for the shallow quench ) = 9/10, where a slightly
suppressed even/odd effect is still visible at times Jt ~ 5. Finally, by comparing the two
quenches for n = 3/4 of size { = 64 in Fig. 6b and £ = 216 in 6d, we note that the agreement
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a) LSW (7 = 1/2)

b) HP4 MFT (1 = 1/2)

Time

0 : ‘ o .
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Staggered Magnetization Per Site Staggered Magnetization Per Site

) LSW (1 = 3/4) d) HP4 MFT (1 = 3/4)

Time

0 — 0 ‘
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Figure 5: Intensity plots for the time evolution of P, in the cubic subsystem A with
{ =64 and s = 1/2, for the quenches from 1 = 1/2: a) LSW and b) SCTDMFT of
HP4; n =3/4: ¢) LSW and d) SCTDMFT of HP4.

thermal state/stationary state in the latter is slightly worse. Given that in producing the PDFs
all that matters are the 2-point functions in real space within the subsystem A, this effect is
consequence of the fact that the match in the 2-point functions between thermal and stationary
state is slightly better for shorter distances, like the ones involved in the £ = 64 plot.

2.2 Long-range transverse field Ising chain

So far we have considered the non-equilibrium evolution after quantum quenches from initial
states that are magnetically ordered along the same direction as the stationary state reached at
late times. We will now consider situations where the initial state is magnetically ordered along
a different direction than the stationary state. In order to make contact with previous results
in the literature we focus on the one-dimensional Ising model with long-range interactions

N N
— 1 XgX P4
H _—Z—Si;JUsi s: —h;:Si, 34

where h is the transverse field that contrasts the alignment along the X direction and Sl?’ are
spin s degrees of freedom. In presence of open boundary conditions the long-range spin inter-
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Figure 6: Initial, intermediate and late time P, in the s-1/2 3D cubic subsystem with
{ = 64 for quenches from the ground-state of the XXZ model with a) n = 1/2,
b) n = 3/4, ¢) n = 9/10. d) Same plot with £ = 216 and n = 3/4. The late
time probability distributions are compared with the equilibrium ones at appropriate
effective temperature Pypg.

action J;; is given by

[ I
I Q@ (N—1)2 2]~ "

, (35)

where a is a non-negative real parameter, the self-interaction J;; is set to zero for every i and
Q(a) is a normalization factor needed to ensure intensive scaling of the energy density for
a < 1 in the thermodynamic limit. Translational invariance can be recovered by modifying
the coupling to be explicitly periodic on the lattice [70]

—a
N—oo J

N
Jij EJ‘—sin[ (36)
7

i—jle’
but retaining the original form in the thermodynamic limit for |i — j| finite. At @ = oo the
Hamiltonian (34) possesses only nearest neighbours interactions and the model is exactly solv-
able by a Jordan-Wigner transformation [71] that maps the interacting spin model into a model
of free fermions [35]. At a = 0 the model reduces to the fully connected transverse field Ising
model and the Hamiltonian (34) is expressible in terms of rescaled total spin operators

1 N
s NZSZ, r=x5%,
i=1

(37)
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whose algebra, in the thermodynamic limit, reduces to the one of classical spins

o 1 5
[sl,s]]=iﬁeijksk =%, o, (38)

For 0 < a < oo the model is non-integrable and is therefore expected to thermalize. In equi-
librium and for sufficiently long-ranged interactions a < 2, ferromagnetic long-range order
exists below a critical temperature T < T, for |h| < h, [72]. Out-of-equilibrium, the long-
range model has been extensively studied in the literature and shown to exhibit a number of
interesting phenomena [70, 73-79]. Given the existence of magnetic order at finite temper-
atures, we expect quantum quench dynamics from initial states with sufficiently low energy
density above the ground state (which correspond to effective temperatures T < T.) to result
in relaxation to thermal states with ferromagnetic order. The presence of magnetic order dur-
ing the entire time evolution in such cases has been verified for @ = 0 [79-81] and is observed
numerically for a > 0 [28,76].

2.2.1 Self-consistent mean-field approximation out of equilibrium II

For the sake of simplicity we now constrain our discussion to translationally invariant situa-
tions. The classical ground state of (34) is a ferromagnetic state where the spins are ordered
along the direction

sin 6 cos ¢
n=| sinfsing |, (39)
cos 9
where 1
¢ =0, 6 = arccos(h/T), = NZJU' (40)

]
Here the spin-rotational symmetry by an angle 7 around the z-axis is broken spontaneously
and we have, without loss of generality, chosen the ground state with ¢¢ = 0. The dynamical
properties of this model can be analysed by spin-wave theory. In particular, we expect that
quench-dynamics is amenable to a spin-wave analysis as long as the initial state belongs to
the low-energy part of the Hilbert space of states that is described by spin-wave theory. As an
example we consider a quench from a saturated ferromagnetic state |3»(0)) along the direction

sin 0, cos ¢,
o= sinfysin¢, |, |60 —0pl,|Pp —Ppol < 1. (41)
cos 6,

We introduce the matrix

cosfcos¢p —sing sinfcos¢
R(6,9)= [cosOsing cos¢ sinOsing |, (42)
—sinf 0 cos 6

and proceed by rotating the spin-quantization axis to be along 71, which amounts to defining
new spin operators through

S]a :Rgﬁ(fjﬁ , RO ER(eo, ¢0). (43)

We then employ a Holstein-Primakoff representation for (7;."

2 o AT + A
o =s—a;a;, 0].—\/25 a;a; a;. (44)
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This generates a 1/s-expansion of the Hamiltonian

H=shy+/shy+sChy+s 2 hy+..., (45)

where h is a constant and
hy=> Aa;+hec.,
J

h2 = Z [tl]al a] + (Aijaiaj +hC):| ,
i

hs :ZVUala]a] +h.c. (46)
i,j
Here we have defined
A:_isz__(Rxx_iny)sz
1/5 0 ‘/5 0 0 4

J:
Aj=aj == [(RY) —2iRyRY = (RY)" ],
J:
— LIRS +(RY) 1+ 65, R + T (RE)'],

J k4fl/_RZX + %(R“ +iRy )RY [Ty + = 5]-,,(]. (47)

Importantly we have by virtue of (41) that

tik =tj—k =

Vik =Vj =

Al<1, (48)

which makes the O(4/s) term in the Hamiltonian parametrically small and precludes the gener-
ation of a large bosonic occupation n; = (a}.‘aj) over time. We now take into account the inter-
action terms h5 in the framework of the SCTDMFT of Appendix A. Denoting by X O % normal or-
dering with respect to the Gaussian mean-field state |¢\(t)) and (O), = (Yyp()| O Y \p(t)),

we have for example

"a; =*a’d'q; +ma a "+ m* a 'a; +m*“'+aT(fjj—2|m|2)+aj.4(fij—2|m|2)

+a; (g —2m*m ) mgl]—m " fij—m"fj; + 4m*|m|?, (49)
where we have defined
m(t) = (a;), fij(0)=fij(0) = (ajaj>t) gij(t) = gi_j(t) = (a;a;). - (50)

In the SCTDMFT we drop the cubic normal ordered term. We then ought to proceed analo-
gously with the infinitely many interaction terms in the 1/s-expansion (45) of the Hamiltonian,
which is a difficult problem. In practice we instead truncate the 1/s-expansion by discarding
all contributions beyond hs. This leads to the self-consistent mean-field Hamiltonian of the
form

Hye(t) = > [Ay(t)aja; + By() qya; + he)]+ > (At)a; +he) +C(0), (51)
J

i,j
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where C(t) is a constant and

—= D [Vt 2m(e)P)
14

A(t) = V252 +

+ V5 (fue () = 2Im(O)) + Vs (g7, (0 — 2m* () m* ()],

1 1
Ajk(t) =t t \/—2_5 (V]km*(t) + C.C.) + ‘/—2_S5Jk(m*(t); Vo + C.C.) B

1 * %
B]k(t)=A1k+EV]km (t) (52)

The self-consistency conditions follow straightforwardly from the EOMs

m=—i) (Ajgm+2B},m*)—iA",
1

fjk = l; (Ajfffk _Akffjf + 2Bj€g[k — ZBzfg;kf) +1 (Am — A*m*) y

gk = _iZ(Ajlglk +Ake&j0 + 2B fox + 2B, (8 + fyj)) — 2iA*m. (53)
7

These EOMs conserve energy, as proved in full generality in Appendix A.

In order to benchmark this approximation we focus on the a = 0 case for finite sizes of the
system, where quantum effects are important even though the problem is equivalent to the
time evolution of the single large spin (37). Choosing as initial configuration a fully ordered
state restricts us to the sector of maximum total angular momentum s2 = s(s + 1/N), which
is conserved by the fully connected Hamiltonian.! Thus, the dimension of the part of the
Hilbert space involved in the time evolution is simply 2W + 1 where W = Ns and we are
able to obtain exact results from diagonalization of the Hamiltonian in the restricted sector.
In the fully connected case the formalism of the previous section can also be expressed in
terms of a single boson a introduced by the HP transformation whose z-component reads
Zj aj.' = W —a'a. From this is clear that the large parameter s from last section is here
replaced by W, i.e. the total number of lattice sites contribute to the main variable that controls
our truncation scheme. Fig. 7 shows the exact time evolution for quenches starting from
cos Oy = & - h/T for several values of 6 and compares to the results from our truncated spin-
wave theory. As expected the approximation becomes worse as we increase the angle between
the initial direction and the stationary one. Fig. 7c shows how for small values of 6 the
approximation remains reasonable up to fairly large times. Comparison of Fig. 7a and 7c
shows that the goodness of the approximation primarily depends on the value of 6 and is not
strongly influenced by the large parameter W.

2.3 Spin-wave theory around a time-dependent direction

As we have seen in the previous subsection, if the magnetic order in the initial state is oriented
along a different direction compared to the order in the stationary state reached at late times,
a self-consistent spin-wave approximation in a fixed frame is quantitatively accurate only if the
angle between the two orders is small. A possible path around this limitation was proposed in
Refs [78,79] for the example of an infinite-range transverse-field Ising chain (TFIC) with addi-
tional finite-range perturbations, by considering spin-wave theory in a self-consistently deter-
mined rotating frame. The method has been further developed in the infinite-range case [82]

IFor spin variables with s > 1 this is true only if in the fully connected TFIC we re-insert the self-interactions
J;; # 0, which introduces minor changes to the equations derived in this section.
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Figure 7: Exact time evolution of ),(S¥) in the fully connected TFIC with h = 0.8,
I'=2J, cosBy=0- h/T and comparison with the SCTDMFT of the cubic spin-wave
approximation. a) W = 1000 and 6 = 1.2; b) W = 1000 and 6 = 1.4; ¢c) W = 100
and 6 =1.2.

and extended to generic models with spatially decaying long-range interactions in [73]. How-
ever, it still possesses a number of serious complications that arise when one tries to implement
a SCTDMFT scheme in a rotating frame — for example it generally does not conserve energy.?

We will now revisit the approach of Refs [78,79] and show that a more accurate approxima-
tion can be obtained by employing a systematic 1/s-expansion. This will in particular expose
fundamental differences with spin-wave theory in equilibrium, such as the necessity of s being
large when the interactions are sufficiently short-ranged.

We consider a generic translationally invariant spin-s Hamiltonian in d dimensions of the

form
H=— 35 sfsisl =3 st (54)

i,j a<p i

B

where the self-interaction J l.olf is set to zero and

aff _ aff _ ;ap . .
J=aPri—ry, I =0 A (55)

Here r; is the position of site i on the d-dimensional lattice. The basic idea of Ref. [79] is to
introduce a rotating reference frame, in which the z-axis is aligned with the direction specified
by the time-evolving expectation value of the spin operators (S;). This amounts to defining
new spin operators UZ’ ; fulfilling SU(2) commutation relations by

ol; =S RY(O)=V()'SV(D), (56)

2In practice there can of course be situations where the change in energy is extremely small on short and
intermediate time scales, and the method will provide a good approximation.
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where R(t) =R(6(t), ¢(t)) is the matrix (42) and

V(t):exp(i@(t)ZSJ}.')exp(iqﬁ(t)ZSj). (57)
j J

In the approach of [78,79] the rotation matrix R(t) is to be determined self-consistently by
requiring

(ilof (1) =0, Vi, B=x,y, (58)

where |1);) is the known initial state at time ¢t = 0 and O'ﬁ ()= etH taf’ l.e_iH t, In the follow-
ing we will relax the condition (58) for convenience and require the expectation value to be
merely small instead of zero. However, we stress that our conclusions remain unchanged if
we impose (58) strictly. Using the definition (56) it is straightforward to show that the new
spin operators fulfil equations of motion

d e
ol (=i [A(0), 0] (0], (59)
where
A(t)=— 2% > ngf"RW(t)RﬁV(t) ot (ol ()= D > R*R¥(t) ot (1)
i,j a<p UV i au
—6() D07 (D=0 D, D R (D)ol (0. (60)
i i u

As in the rotating frame the spins are approximately aligned along the z-axis, ¢f (58), it is
natural to employ a HP representation of the new spin-operators

of (D=s—a/(a(t), of()=1/2s—a]()a;(t)a(t). 61)

The ability to define bosonic variables a;(t) whose occupation number is small is the main ra-
tionale behind the rotating frame approach. Combining the equations of motion (59) with (61)
results in a BBGKY hierarchy for the equal time expectation values of products of HP boson
operators. In order to exhibit this structure we find it convenient to express the spin operators
az,l.(t) as

o (=00l ,0(t),  of,;=SIR7(0). (62)

Here the unitary operator U(t) combines the effects of the rotating frame and the time evolu-
tion, and is given by

(63)

r Y
0.,(t) = oy

U(t)=T[exp (—if dt’fz(t’))] , h(t)=H(¢)
0

i

Defining a state )
() =T i), (64)

which is different from the standard time-evolved state |y(t)) = exp(—iHt)|y);), the require-
ment (58) becomes

W@Ooh 1)y =0, Vi, p=x,y, (65)

with now ({(t)| 05, |4p(t)) being close to s. This leads us to employ the time-independent

HP representation
i gt + — fos—ata a
Og; =$—a; a;, Og; =1 2s—0a;a;q;. (66)
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In the following we will determine the time evolution of the spins o i using spin-wave meth-

ods. Equal time expectation values of the physical spins are then obtained by

(WIS} .S (0) =RYP(0)... R () (p(0log) ..o (). (©67)

The formalism just presented can be easily generalized to non-translationally invariant cases
by introducing a site-dependence on the rotation angles.

2.3.1 Holstein-Primakoff representation and 1/s-expansion

When expressed using Holstein-Primakoff bosons the Hamiltonian A(t) takes the form
h(t) =sho(t) +s72hy(0) + s ho(t) +s V2 Rs(0) +...., (68)

where in close similarity with (46) we have

fll(t)ZZl(t)aj+h.c.,
hy(t) = Z[ ti(t)alag+(A(0)q; a;+he)],

ha(t) = Z (talaja, +he. (69)

By defining 2 M f: /;’ = RWRPY + R¥RPM and TP = D Jli,ﬂ , the coefficients appearing in the
previous two equations read

fo(t) = —— Z T M (¢) — NZ (h* + 6% ¢ (1)) R“(1),

a<ﬁ
sz t)— My t a az .
x(t)=—gﬁjr°"’ () ol Zh £ ¢(t)[R“’f(t)—iRC‘Y(t)]+%é(t),
Ap(0)=—3 J“ﬁ[MXX(t) 20 M3 () - M2 (0)],
a<p
7l
tie(t) = §; ZF“ﬁMZZ(t)+2(h“+5°‘z¢(t))Raz(t)] S 5 (M) + M2 ()],
a<p as<p
a ap Xz z
Vie(t) = [;[ 5T /5+Jﬂ](M (0)+iM2 (D))
1 a az f. ax s pa - N
+m5m[za:(h + 6% (1)) (R™(£) + iR (1)) +16(0) . (70)

We note that (70) reduce to (47) if we set = ¢ = 0 and choose the J;ﬂ , h* associated with
the long-range TFIC of (34).

2.3.2 Gaussian approximation and energy non-conservation

The next step after going to the rotating frame and expressing the spins in terms of boson
operators is to approximate [y(t)) by a SCTDMFT Gaussian bosonic state

IPue(t)) = T[CXP (_if dt/ilMF(t/))] 1 (0)), (71)
0
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where the quadratic fiy(t) is obtained starting with A(t) and applying the normal ordering
procedure of Appendix A at every order in the infinite 1/s expansion.> An important issue that
arises in this step is whether energy is conserved. From (67) we have

E = (YO H(6)) = (P(e) h(e) =hOP () 14 (0)), (72)

where

WO () =—0(0) > o), — () D > RH(t)ob,. (73)
i i
In the SCTDMFT we replace [)(t)) by |{yr(t)) and the mean-field energy then is

Enp(8) = (Pup(OIA(E) — RO (6) W ye(t)) - (74)

By construction we take our initial state to be Gaussian, so that Eyz(0) = E. Making use of
the underlying normal ordering in the definition of any self-consistent mean-field decoupled
term, the time derivative gives

Enp(t) = —i(¢ppp(OI[RO?(8) — ilf/[d;(f), h(t) — Ayp() 1P ve(6)) - (75)

In contrast to the general proof of conservation of energy in any “fixed-frame” formalism (Ap-
pendix A), the previous term will generally not vanish. Hence we either need to adjust the
rotation R(t) to ensure that Eyg(t) = 0, or restrict the application of the SCTDMFT to a time
window in which the change in energy is very small. We have investigated the former for the
example of the long-range TFIM but found that the resulting approximation becomes poor
after a relatively short time. We therefore restrict our discussion to the latter in the following.

2.3.3 Cubic SCTDMFT (“Cubic I”)

In practice it is necessary to truncate the 1/s-expansion expansion and we now consider an
approximation in which we drop all terms fln24(t). All higher truncations can be treated in
the same way. We start by fixing the rotation matrices R*?(t) such that A(t) = 0 in (69). The
corresponding matrix is denoted by Ry(t) and 0,(t), ¢o(t) coincide with the classical rotation
angles. It is convenient to choose 6,(0) and ¢,(0) such to align the z-axis of the rotating
frame with the direction of magnetic order in the initial state. We then treat the cubic term
hs(t) in the same way as in the fixed-frame approach of Section 2.2 to arrive at a mean-field
Hamiltonian

he(t) = > [Ay(O) afa; + (By(D) aga; +he) ]+ D (Al a; +h.c) + C(t). (76)
i,j J

Here C(t) is a constant and
1 X *
A(t) = Tz;[vfj(r)(fﬂ(t)—2|m(t)|2) + V() (fee(6) = 2m(0)]?)

+ Vg (0(g5 () —2m* () m* (1) ],

1 * * 1 *

A() = ti(6) + E(ij(t)m (0)+ V5 (D)m()) + 1/Zéjk(m () % Vie(t) +ec.),
1 *

Bjk(t)ZAjk(t)-i_\/_z—stk(t)m (). (77)

3As already mentioned before, in practice the mean-field decoupling of this infinite series is a difficult problem
and one usually starts by truncating the original Hamiltonian. However, our conclusions on the non-conservation
of energy clearly also hold in truncated versions of the theory.
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The mean fields m(t), fjx(t) and g;«(t) are defined in the same way as in the fixed-frame
approach (50), and the equations of motion arising from (76) are identical to (53). The
leading contribution to the expectation values of the spin operators in the original frame is
obtained from (67)

(SJ‘?‘(t)) ~ sRY*(t) + @[Rg"(t) Re (m(t)) +R,” (t)Im (m(t))] —Rg*(t) fi;(t). (78)

We note that the second term on the rh.s. of (78) is in fact O(s®) because the mean field
m(t) = O(s"Y/2) as a consequence of A(t) = 0 and our choice of 6,(0), ¢o(0). As ex-
pected, the approximation constructed in this way does not conserve energy and we find
Eyp(t) = O(s~'/2). This remains true if we impose (y(t)] O-(_{i |)(t)) = 0 as in Refs [78,79]
rather than setting A(t) = 0 in (69), thus introducing rotation angles that slightly deviate from
the classical ones.

2.3.4 A different cubic TDMFT (“Cubic II”)

The cubic SCTDMFT discussed above is based on normal ordering with respect to the time
evolving Gaussian state |g(t)) and dropping normal-ordered terms that are cubic (or higher
order) in bosons. By construction this results in time-dependent mean-fields that include terms
of all orders in 1/s. As we will see for the example of the long-range transverse field Ising
model below this will generate an approximation that becomes poor at finite times. It turns
out that a better approximation is obtained by avoiding resummations to all orders in 1/s.
This can be done in the case of cubic interactions by choosing the rotation angles such that
(WP(0)| O'S:i |)(t)) = 0 up to a certain order in 1/s. To do so we expand 0(t), ¢(t) as

9(t)=90(t)+%62(t)+..., ¢(t)=¢0(t)+%¢2(t)+..., (79)

from which analogous expansions of R*(t) and M 5 /;) (t) follow. We then consider the following
Gaussian approximation

1Y) ~ (1)) = T[GXP (—if ds hy(6y(s), ¢0(5)))i| 1} (0)), (80)
0

where the corrections to the classical angles are generated by the presence of h5(t) through
the equations of motion

6a(0) == D TPns > > I [M3501m (] +pi+)+Moyz/§|oRe(Qi_j +7)]

asp Joasp

+ > (h*+ 8% o) [-R +REIm (P} ) + Rg"Re (P) ]+ 6o Re (P7) ,
a

0= e~ S S o e ) (47

a<p j a<p
+ > (" + 5% o) [—RE* +R%*Re (P) — R Im ()] — 6, Im (P)") } . (8D

Here we have defined

- ; . 1, - ) -
Q5 = Wo(Olda; +aja kaiglfo(t)), P = (We(02ala xaiaiio(e). (82
The expectation values of spin operators are approximated by
(%), ~ sRE () + [ RE(6) —RE(D (W (Dla]ajlips(t)) ] - (83)
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If we fix 6(0), ¢ (0) so that the z-axis in rotating-frame z-axis points along the initial direction
of magnetic order one can show that (80) and (81) reproduce the leading orders in a “bare”
1/s expansion of the exact EOMs for the one and two point functions.* This implies that (83)
coincides with the exact result for (S;?‘) . up to O(s°) and doesn’t possess any term beyond this
order. Clearly an equivalent result for (S]‘?‘)t can be obtained also starting from fully classical
angles which set A(t) = 0.

2.3.5 Full counting statistics of the subsystem magnetization

For the quench setup considered above there are at least two magnetizations of interest in a
subsystem A with £ total sites. The first are the magnetizations in the rotating frame. The
associated characteristic functions are

20 = <¢(r)|exp(i$ Zog) [ (0)) & (Pie(2)] exp(is% Zag,i) ur(6) . (84)

ieA ieA

If we impose ({(t)] oy |4)(t)) = 0 in our SCTDMFT the rotating frame follows the average

magnetization and xl(l, t) are then the characteristic functions of the subsystem magnetiza-
tions in this frame. For simplicity we focus on

2000~ (Dl exp (iﬁ S (s )) s, 5)

ieA

which is obtained by direct application of (13). The associated PDF then follows from (6).
The other magnetizations of interest are the ones associated with original spins Sl?’. Us-
ing (67) their characteristic functions are given by

(A, t) = (3(t)]exp (lﬁ ZSI) P (1))

ieA

~ A -
~ <¢MF(t)|exp(i57 ZZRV“(t)ogﬁi)l Pue(0)) - (86)

icdA U

Here application of (13) is less straightforward, given that the observables contain terms be-
yond quadratic order in the bosons. One way of proceeding is to truncate the spin operators
at second order in 1/s

% D> RMob — R+ \/Lz_s [(RI* —iR )a; +h.c.]+ % (R —RFdla;), (87)
w

where R, (t) is the first order beyond the classical rotation when we set (1) (t) | oyl P(6)) =0.

The characteristic function HX’T obtained in this way possesses a periodicity of 27s{ /R(Y)Z(t),
reflecting the fact that the truncated observable (87) and the original one don’t share the
same eigenvalues. However, for the specific case of the long-range TFIM we will see in the
next section that it is still a very good approximation to calculate the PDF over the truncated
observable’s spectrum using HI’T inside (6) and then interpolate the values of the probability
over the exact eigenvalues.

“4In particular, they generate the exact 1-point functions up to @(s™'/?), which vanish, and the exact 2-point
functions up to O(s°).
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Figure 8: Time evolution of (D j S;‘) /W and (a'a) in the fully connected transverse
field Ising model for h = 0.6 and W values of 400 in (a) and (b), 3000 in (c) and (d).
The plots compare exact results with cubic I and II time evolutions.

2.3.6 Long-range transverse field Ising chain

We now apply the rotating-frame formalism to the long-range transverse field Ising chain (34).
As in Section 2.2.1 we benchmark the method by comparing it with the exact time-evolution
of the @ = 0 case in a finite-size system, where the large control parameter of the the-
ory is W = Ns and quantum fluctuations arise from a global bosonic variable a defined by
> i og,j =W —a'a. As we are no longer restricted to initial states with magnetic order along
a direction close to (39), we start from the fully polarized state along the x direction and
retain a finite value of h. In Fig.8 we compare the exact time evolution of (). j S]’.‘ )/W and

I iSil=w-— (a'a) in the two cubic SCTDMFTs of subsections 2.3.3 (with rotation angles
chosen to impose (1)(t)] 08’ ; [)(t)) = 0) and 2.3.4. We refer to these as “cubic I” and “cubic

II” respectively. The results of cubic II are very good up to fairly large times t ~ W'/2. In
contrast, cubic I is accurate only on significantly shorter times.> We expect Cubic I and Cubic
IT to retain comparable levels of accuracy in the entire range 0 < a < 1, where in the thermo-
dynamic limit the model is still expected to yield a classical time evolution whenever starting
from a fully polarized state [75].

In the region a > 1 the cubic SCTDMFTs formally require s > 1 in order to possess a
small expansion parameter. However, one might wonder whether the theory provides a fair
approximation even for small values of s, analogously to what happens in the spin-wave theory
of the Heisenberg AFM. To check this we have compared predictions from cubic I and II with
the TDVP numerics of [76] in the case of s = 1/2 in a chain with open-boundary conditions.
All methods turn out to be poor after a very short time scale, thus highlighting some intrinsic
limitations of the approach.

SWe have verified that the variant of cubic I that sets to zero the linear part of i(t) is equally poor.
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Figure 9: PDFs in the subsystem A4 for s = 1/2 at different times of

(a) the x-magnetization Y. 1S and (b) the rotated-frame z-magnetization
DA 0% = DiieaS; R¥(t). Here h = 0.6, N = 400 and £ = 40. The plots com-
pare the exact PDFs with the ones obtained by combining the cubic II Gaussian state
with the method described in Section 2.3.5.

In the large-s limit another well-known approach to the problem is to truncate the BBGKY
hierarchy of the original spin variables. For the sake of completeness we summarize the sim-
plest variant of this approach in Appendix B. This method has comparable accuracy to cubic
II at a = 0 (¢frr Appendix B) but still fails at very early times when a > 1.

The exact diagonalization of the a = 0 Hamiltonian in the relevant symmetry sector and
associated time evolution provide us directly with the weights that form the probability distri-
bution of any observable involving the total spin s. Consider the a = 0 system with s = 1/2
spin variables and N total sites, i.e. W = N /2. Given the probability distribution Py of any s”
total spin over the time-evolving state, the probability distribution P, of >, A Sl?/ over a subset
A with £ total sites is given by

pew=3()mo (L) () @

i=1

where P, (i), Py (i) indicate the probability of the configuration possessing i spin-flips compared
to the fully ordered state in the direction y. In Fig.9 we compare the exact PDFs of > . S
and >, 4 o= Dica St R¥(t), with the ones obtained combining the cubic II time evolution
with the Gaussian method described in the previous section, for a quench governed by the
fully connected Hamiltonian with h = 0.6 and N = 400 (i.e. W = 200). We find very good
agreement at the level of probability distributions in the time window for which the expectation
value of the magnetization computed in spin-wave theory agrees with the exact result, see
Fig. 8.

3 2D disordered Heisenberg antiferromagnet

So far our discussion focused on cases where our quantum state was characterized by well-
formed long-range magnetic order. We now turn to situations where the quantum state of
interest is disordered. We focus on the full counting statistics of the staggered magnetization
in the isotropic 2-dimensional spin-1/2 Heisenberg antiferromagnet in thermal equilibrium
and after quantum quenches from disordered initial states.
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3.1 Schwinger boson mean-field theory (SBMFT)

We begin by considering the spin—1/2 Heisenberg antiferromagnet in two dimensions at
T > 0, i.e. in the disordered phase. The simplest approach to this problem is by means of
the Schwinger bosons mean-field theory developed by Arovas and Auerbach in [83], which
we briefly review below. The spin correlation length & predicted by this theory is

& o<cy/T exp(cy/T), (89)

where cq, ¢, are O(1) positive constants [84]. This functional dependence dependence matches
the one-loop renormalization group result for the nonlinear o model, but the 1/T pre-factor
disagrees with the two-loop RG calculation [85] and Monte Carlo results [39]. Our goal is
to assess the ability of this theory to produce a satisfactory approximation for the PDF of the
staggered subsystem magnetization, both in and out of equilibrium. We introduce Schwinger
bosons (SB) on the “even” (A) and “odd” (B) sublattices by

1,4 + o .
S?ZE(uiui—di,di), S{F:uidi, 1€A,
: | (90)
z T +_ _ gt .
si=5(dfdj~uw), sf=-dlu, jeB.
The single occupancy constraint for physical states |v)) reads
Gl) =),  Ci=uuy+dd. oD

The operators C; are integrals of motion for any spin Hamiltonian, giving rise to a local U(1)
gauge symmetry. The isotropic Heisenberg Hamiltonian is expressed in Schwinger bosons as

HZJZSi-Sj———Z(A'A ——), (92)
(&)

where A;; = u;u;+d;d; and in the last equality the exact constraint C; = 1 on the Hilbert space
of physical states has been used. The mean-field approximation assumes that

A= (A = (A'l'?j) #0, i, j nearest neighbours, (93)

which explicitly breaks the gauge invariance and involves unphysical boson states with site
occupation different from one. To approximately recover (91) one imposes the constraint
only on average (C;) = 1. The unbroken SU(2)-invariance implies

(W'd;) = (wd;) =0, i,j EAUB,

(wju) =(did) =0,  {uw;)=(dd),  icAjeB, 94)

(uiuj)=<didj>:O’ (ul’uj):( i ])) i:jEA) or l,]EB

Combining the last equation in (94) with (C;) = 1 leads to (ug'ui) = (djdi) = 1/2 for any
i € AU B. The resulting mean-field Hamiltonian reads

Hyp = QZ(uiuj + didj +h.C.) +u Z (ujui + djdl) + (§Q2 _.U‘) 12 ) (95)
<l,]> i€AUB

where the Lagrange multiplier u imposes the constraint on average and Q = —JA/2. The
mean-field Hamiltonian is diagonalized by going to momentum space and carrying out a Bo-
goliubov transformation

il = cosh 0, @; + sinh 6, dik , dy = cosh 6. B + sinh 6 ﬁlk ,
k 1
tanh 26, = _R r(k) , y(k) = > (cos k, + cos ky) . (96)
U
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Figure 10: a) PDF of the constraint ¢; = u/u; + d; d; in SBMFT and comparison with
the exact constraint. b) PDF from mean-field MSWT (Section 3.2) of the occupation
number #i; = a l."ai and comparison with the exact distribution of the disordered phase.

This gives

e 4 k 2
HMF:ZSk(&;(dk+ﬁZ/5k)+EO, Sk:M\Jl_( Q;( )) ) u>0, (97)

k

with the requirement u > 4Q. Imposing self-consistency of the expectation values (93) fixes
u and Q via

_ 2/ ¢ Qr(K) _po (@42
Q—ng o (+2m), 1—2L2; — 98)

where n; is the Bose occupation factor associated with the mode of energy ¢, and inverse
temperature f3. Very similar equations are obtained when dropping the assumption that A is
real. For T > 0.91J the only solution to the self-consistent equations is the trivial one Q = 0
[86]. This reflects the inability of the theory to describe the high-temperature disordered phase
of the 2D Heisenberg antiferromagnet, where nearest neighbours correlations are strongly
suppressed. At finite temperatures 0 < T < 0.91J non-trivial solutions to (98) exist.

3.1.1 PDFs in equilibrium

We are now in a position to determine the probability distributions of some observables in
SBMFT. It is instructive to consider the PDF of the constraint operator C; = u;.'hui + dl.Tdi. Using
the identities (94) and the imposition of the constraint on average, the one-site reduced density
matrix p; in SBMFT takes the simple temperature-indepedent form

P = g exp [—10g(3) él] . (99)

Using (2) and (6) we then obtain the PDF for é‘l

— " @ —ick#
Pcl(c) = J_n 2T[e Gy . (100)

The probability distribution of C; in SBMFT is shown in Fig. 10a. We see that satisfying the
constraint only on average introduces a large number of unphysical states in the theory, with
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Figure 11: PDF for the staggered magnetization %, in a disc-shape subsystem A of
¢ = 80 sites as computed in SBMFT ata) 8 = 1.59/J and b) 5 = 2.22/J. Comparison
with the exact Monte Carlo results from [20] are shown. The black dashed lines
represent the physical thresholds on the eigenvalues of %, .

the unphysical vacuum of bosons being the most probable state. This already suggests that
SBMFT generally cannot be a quantitatively accurate approximation for physical observables.
In Fig. 11 we show the PDF of the staggered magnetization %, on a disc-shape sub-system
A of £ = 80 total sites computed in SBMFT for JB = 1.59,2.22. The PDF is obtained by
expressing X, in terms of bosons by the SB mapping (90) and applying the general formula
(13) for the characteristic function. The geometry of the subsystem is chosen in order to
facilitate comparisons with previous numerical and experimental works [9,20]. The Monte-
Carlo results of [20] were obtained for a disc-shape subsystem in a total system of linear size
L = 32, but for the temperatures and subsystem sizes considered here finite-size effects are
expected to be small. For the higher temperature (8 = 1.59/J) shown in Fig.?? the Monte
Carlo results are well described by a Gaussian PDE, which as noted in Section 2.1 is expected to
arise asymptotically when the linear subsystem size becomes much larger than the correlation
length. At the lower temperature (3 = 2.22/J) shown in Fig. ?? the correlation length is larger
and the Monte-Carlo results are no longer well described by a Gaussian. The PDF obtained
from SBMFT is seen to be a poor approximation to the Monte-Carlo data. In particular, the
tails of the SBMFT distributions decay much slower than the Monte Carlo results and extend
beyond the physical thresholds 3, /¢ = +£1/2. The disagreement is especially pronounced at
lower temperatures where the exact distribution is broader. We remark that given the presence
of unphysical states, the eigenvalues of the staggered magnetization over 80 sites expressed
using the SB representation (90) include both integer and half-integer numbers. In Fig. 11
we have excluded the unphysical half-integer eigenvalues and renormalized the distribution
accordingly. The spirit of this is exactly the same discussed in Section 2.3 for the probability
distribution of the S* magnetization.

3.1.2 Non-equilibrium dynamics in SBMFT

We now turn to non-equilibrium dynamics in the SBMFT. More precisely, we aim to generalize
SBMFT to study quantum quenches in the SU(2) invariant Heisenberg model starting in initial
states |¢);) that exhibit no magnetic order. We are particularly interested in situations where
|4;) is characterized by a short correlation length and low energy density relative to the ground
state. We then expect the correlation length to grow under time evolution and the PDF of the
staggered subsystem magnetization (along any direction) to become broader and flatter. In
order to generalize SBMFT to out-of-equilibrium settings we
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1. Introduce a complex time-dependent mean field which is determined self-consistently

Q(t)= —J(z,bilU;;[F(t)ujuh U&F(t)lwi) , j,h nearest neighbour sites

=L S WOl i b)), (101)
k

where Uyp(t) is defined as in (27) and |y (t)) = Uyp(t)|y;).

2. Drop the Lagrange multiplier term that imposes the constraint on average. This is possi-
ble because when starting from an initial state that satisfies (C;) = 1, time evolution with
a time-dependent SBMFT Hamiltonian automatically ensures that the average constraint
is fulfilled at all times.

The resulting time-dependent SBMFT Hamiltonian takes the form
* ~ 33 4L2 2
Hyi(£) =2Q4(6) > y(k) iy + dpd_ ]+ hoe. + -l (102)
k

The equation of motion for the constraint operator C; is

d oy _ . A A . o

E(Ci) =i ([Hye(t), C;1) = lz <Q*(t)(uiuj +d;d;) —Q(t)(ugu} + d;rd;)> =0, (103)
j

where the primed sum is restricted to the nearest neighbours of site i and the last equality

follows from the self-consistent nature of Q(t) and the spatial symmetries of the problem.

This justifies point 2. above. It is important to note that the above time-dependent SBMFT is

consistent in the sense that the time evolution of physical observables is unaffected if we add

a term to Hy(t) that is proportional to the constraint
> (i +ddy) . (104)
k

This can be seen by considering the equations of motion

< (i) = =8y () Tm [Q"(e) iyti)] (105)
& i) =417 00Q(0) (2} +1) ~ 20 i), (106)

and similarly for d-bosons by replacing u — d. Using (101) we see that the only effect of T is
to change (ii;ii_,) by a phase factor exp(—2iT t), which however does not affect expectation
values of spin operators. Hence we are free to set I' = 0. We note that (105) and (106) imply
that |Q(t)| is constant in time, which ensures conservation of energy. The equation of motion
for its phase ¢ (t) is derived from

Law=wwém=ia® [‘L‘—ZZ (r00* (1 + 2 (@ ))) | - (107)

k

To solve the Heisenberg equations of motion we still need to specify an initial Gaussian state.
We choose the latter to be of the form

1 P .
i) =Cexp | >y (wful+dfd)) | o), (108)

i€A,jeB
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Figure 12: SBMFT time evolution from an initial state of the form (108) with
11 = 0.35, 1y = M3 ~ 0.024, n, ~ 0.012, n5 = 0, ng ~ 0.008, n; ~ 0.015 (&; ~ 15,
E¢(B,u) ~ 200). a) Spin-spin correlation functions —(S; - S;) (on different sublat-
tices) and comparison with the values obtained by a Gibbs ensemble with values of
p and u set by the initial state (horizontal lines). b) Initial and late time PDF for the
staggered magnetization %, in a rectangular subsystem A of size { = 4 x 40. The
black dashed line represent the physical thresholds on the eigenvalues of %, /¢.

where |0) is the vacuum of bosons and 7;; := 1(|x; —x;|) imposes spatial symmetries. Given

1
j
that S/, for y = x, y,z commutes with ulTuj. +dl.Td].T and that every spin-operator annihilates the
vacuum of bosons, [1);) is annhilated by all S|, which ensures invariance under SU(2). We
choose the parameters 7);; such that the constraint is satisfied on average and that the initial
state is normalizable and possesses a finite correlation length &; for spin-spin correlations. We
stress that by satisfying the constraint only on average the Gaussian state (108) is not a physical
state, but it is expected to generate a dynamics with features similar to those obtained starting
from physical singlet states or SU(2)-invariant density matrices with correlation length close to
;. Atlate times the system will thermalize at an effective temperature set by the energy density
in the initial state. Spin correlations in this thermal state can approximately be described by
SBMFT and will exhibit a finite correlation length £¢. To clearly exhibit the growth of the
spin correlation length under time evolution we adjust the parameters 7);; in order to achieve
&s > &;. In practice, we consider non vanishing 7;; for the first seven consecutive classes
of nearest-neighbours (n); for i =1,...,7) and tune them to maximize the correlation length
growth.

Expectation values of operators that do not conserve total boson number exhibit persistent
oscillations at a frequency which is determined by the thermal value of ¢(t) in (107). In
contrast, physical spin observables relax at late times, ¢f (104)-(106). In Fig. 12a we show
results for the time evolution of the (equal-time) spin-spin correlation function (S;-S;) in time-
dependent SBMFT, where i and j are taken to belong to different sub-lattices. As expected we
observe a light-cone effect [87,88], and at late times relaxation towards approximately thermal
values. It is well-understood that while a simple self-consistent time-dependent mean-field
approximation like the one employed here cannot correctly describe thermalization [59, 60,
62, 63,89], it can describe relaxation to a steady state that is approximately thermal, see e.g.
Ref. [64].

In Fig. 12b we show the initial and late time PDF of the staggered magnetization in a
rectangular subsystem A with £ = 4 x 40 total sites obtained by employing our FCS formula
(13) together with (6). This correctly shows the expected broadening arising from the increase
in correlation length over time. However, by comparison with the equilibrium Monte Carlo
results of Fig. 11, the shape of the distribution is seen to be still poor due to the heavy tails.

29


https://scipost.org
https://scipost.org/SciPostPhys.17.5.139

e SciPost Phys. 17, 139 (2024)

3.2 Takahashi’s modified spin-wave theory (MSWT)

A different approach to the problem of determining equilibrium properties of the 2D Heisen-
berg antiferromagnet in the disordered phase was proposed by Takahashi [90, 91]. This
method yields the same functional form (89) for the temperature dependence of the corre-
lation length. However, as we highlight below, it improves over the SBMFT results by giving
less weight to unphysical states. The first step is to employ a Dyson-Maleev (DM) representa-
tion of spin operators [92,93]

Sz =s—a;."ai, ST = aiT, SH= (25—ajai)ai, i€A,

(109)
z _ Ty - — 1. + g _ 1Ty .
Sj = s+bjbj, S]. =bj, Sj —b].(23 b].bj), jE€B,

where q; and b; are bosonic annihilation operators and [a;, b;] = [a;, b;'f] = 0. This gives the
following expression for the s = 1/2 Heisenberg Hamiltonian

H=J)8;-§;= %Z (afa;+blb; +a;b; +abl —al(a; +b))b; ) - éLz. (110)
(i.j) (i.j)

Note that by construction the DM representation is non-Hermitian with respect to the standard
inner product and a constraint on the boson occupation is implicit. Alternatively, one can use
a Holstein-Primakoff representation of spin operators and retain only terms involving at most
2n bosons in H, as done up to n = 2 in Section 2.1. This results in an approximation that we
refer to as “MSWT/HP2n” in the following.

The next step is to mean-field decouple the quartic interaction in (110) while ensuring a
disordered state with (S;) =0 VYy. To obtain (S}Z.) = 0 Takahashi introduces a chemical poten-

tial term in the Hamiltonian that fixes the average occupation numbers (a?ai) = (b; b;)=1/2,
while the z-rotational invariance® ensures (S JX ) = (S}y ) = 0, together with

(a'b;) = (a;ay) = (bjb;) =0, Vii'€A j,j€B. (111)

Imposing (a;rai+q) = (bJT b;q) given the physical equivalence between the two sublattices and
(a;b j) € R to obtain an Hermitian theory results in the MSWT/DM Hamiltonian

Hyp = —JAZ (a%’hai + b;.kbj +a;b; + al.TbD —u Z (ag'al- + b}.kbj) + Eyp
(i,j) ieA, jeB (112)
=—(4JA+w) > (afa+blb)—4JA > y(k) (@b g +a b’ )+ Eye,
p P

where A = (a;b;) € R for i, j nearest neighbours, Ey is a constant and y(k) is defined as in
(23). We note that MSWT/HP4 results formally in the same mean-field Hamiltonian (112) for
A €R, ¢f (22). We diagonalize (112) by a Bogoliubov transformation

d =cosh 6 & —sinh 6, B, by =cosh 6 fr—sinh 6, a' ,,
4J A (113)
tanh 26, = ny(k), =—
anh 26, = ny(k) by
thus obtaining
Huyr :Z‘?k(&}i&k +BB)+Ey,  e=—(4JA+p)y 1—n2y(k)2. (114)

k

%In terms of bosons, a rotation around the z-axis is obtained by a — ae'®, b — be™%.
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Here we have |n| < 1 and (4JA + u) < 0. In equilibrium at inverse temperature f3 the self-
consistency equations for A and u read

1 ny(k)? 1 (1+2n;)
A=——> — 12 (1+2n), 1==) ——< (115)
DN T 2 i

where n; is a Bose occupation number for a mode of energy ¢, at inverse temperature 3. Equa-
tions (115) have the same form of (98) and the same considerations regarding the existence
of non-trivial solutions and the possibility of promoting A to a complex variable apply.

The mean-field theory derived in this way violates spin rotational symmetry as a result of
the particular choice of quantization axis. In order to address this issue Takahashi introduces
an explicit rotational averaging [91]. This involves the replacement of expectation values of
(products of) spin operators by explicitly spin rotationally invariant ones

T 2n 2n
(U|0O1¥) - (¥|O|Y) = #J de sin@f dqsf dy (¥|UTOU|¥), (116)
0 0 0
where U is a general global SO(3) rotation

U6, $,1)) = exp (i@ Zs{) exp (id) Zsf) exp (iw A Zsi) , (117)

and 11 is the direction specified by the 6 and ¢ angles. This prescription ensures that for any
SO(3) rotation V

(P|VTOVIE) = (¥|0|w), (118)
and for SU(2) singlet states |¥;)

(Wo|O¥g) = (Wp|OFy) . (119)

Some examples of this rotational averaging are

- )
(WIsFw) =0,  (PIsFSIw) = —"(]S;-5,1T),

(WI(S]SIs{s ) = 11—5(q/| (S:-8;)(Sk-S)+(S:-SK)(S;-S¢) +(S:-S)(S; - Si) ). (120)

3.2.1 PDFs in equilibrium

We start by considering the PDF for the occupation number n; = al.Tai (the same will be true for
b;) in a thermal state at inverse temperature [ as this provides a useful diagnostic for the role
of unphysical boson states that have been introduced by not treating the constraint exactly.
As for the case of the constraint in SBMFT, it is possible to obtain an analytical temperature-
independent expression

A o, 2
Pni(n):f %e mlm. (121)
T

In Fig. 10b we plot P, (n) as a function of n. While there are significant deviations from the
exact PDE the agreement is significantly better than for SBMFT. This is a first indication that
MSWT is a better approximation than SBMFT.

When considering PDFs of the staggered magnetization %, (without loss of generality
along the Z direction) in a subsystem .4 we encounter a drawback of modified spin-wave
theory: the rotational averaging precludes us from applying our FCS formula (13). This is
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Table 1: 2nd cumulant per site of the staggered magnetization %, in the disc-shape
subsystem A with £ = 80 sites in the various mean-field approximations and Monte

Carlo results from [20].

Ko/l
I§; Monte Carlo | MSWT/HP6 | MSWT/DM | SBMFT
1.59 1.32 1.56 1.59 2.38
2.22 2.19 2.51 2.71 3.89

Table 2: 4th cumulant per site of the staggered magnetization >, in the disc-shape

subsystem A of ¢ = 80 sites.

R/l
B Monte Carlo | MSWT/DM | MSWT/HP4 | SBMFT

1.59 —51.5 —42.0 243.0 748.2

2.22 —240.2 —427.7 —60.8 2059.9

because (exp(iA%,)) is not given by the expectation value of a Gaussian bosonic operator.
We therefore proceed by computing the first few cumulants of the PDF by brute force, i.e.
employing Wick’s theorem. The first and third cumulants vanish identically as a result of the
rotational averaging. The second cumulant is given by

(2,4%):% Z Vi (Si+S;),

ijeA

3 (122)

where v;; is equal to 1 if i, j are both in the same sublattice and —1 otherwise. Expressing

the spin operators by the DM representation (109) and using (112) with the condition A € R

gives
— 1 ~ 1 Z A
Ky = 5[2 E ((a:ai/)2+§5i’i/)+2 (aibj>2], l,l/,_] eA.

i,I'€eA i€A, jEB

(123)

The same result is obtained by expressing the spins in terms of HP bosons and discarding
terms beyond quartic interactions. Thus k, is the same in MSWT/DM and MSWT/HP4. We
explicitly computed «k, for the disc-shape subsystem A of { = 80 sites and the two temperatures
JB = 1.59,2.22 already considered above. In Table 1 we report values from MSWT/DM as
well as the next order in the HP expansion (MSWT/HP6), obtained by including and mean-
field decoupling sextic interactions in the Hamiltonian and taking into account sextic terms
arising in (122). We further report the results of Monte-Carlo simulations [20] and the SBMFT
approach considered above. We see that the MSWT results are in fair agreement with Monte-
Carlo simulations, in contrast to SBMFT.

The 4th cumulant of %, is given by

k4= (2 —3%2, (124)

and its evaluation requires Wick decompising a fairly large number of terms, as evident from
(120). We thus limit the evaluation of k4 to the cases of MSWT/DM and MSWT/HP4, for
which we obtain the two different results reported in Table 2, together with the corresponding
4th cumulants from the Monte Carlo simulations and SBMFT. We see that MSWT /DM is better
than MSWT/HP4 in this case, and that both are better than SBMFT.

The cumulants x, are related to the characteristic function by

(e)

_ @a)n

n=1

(125)
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Figure 13: MSWT/DM approximate characteristic functions from (126) in the disc-
shape subsystem .A with ¢ = 80 sites and comparison with y,(A) extracted from the
full Monte Carlo PDFs. a) # = 1.59. b)  =2.22.

In order to compare with the Monte Carlo simulations of [20] we construct approximate PDFs
using our results for the first 4 cumulants and neglecting all k,,-.4 by

14(A) ~ exp [—%fzkz + 2%@;\4] ) (126)
As shown in Fig. 13 the MSWT/DM approximation is in fairly good agreement with the Monte-
Carlo results. The approximate PDFs’ generated by integrating (126) are shown in Fig. 14,
with k4, K4 from MSWT/DM or extracted directly from the Monte Carlo results. The agreement
with the full Monte Carlo PDFs is significantly better than in the SBMFT case. We note that
the approximate construction of PDFs just presented works only under the condition k4 < 0
and thus cannot be applied to MSWT/HP4 at § = 1.59, ¢f. Table 2.

3.2.2 Non-equilibrium dynamics in MSWT

We now generalize MSWT to non-equilibrium dynamics. We consider the same class of quan-
tum quenches as in Section 3.1.2 above. Given that the DM Hamiltonian (110) is non-
Hermitian we define the Heisenberg-picture time evolution from an initial state |v;) follow-
ing [94]

(ile™ O™ y). (127)

Applying the normal ordering prescription of Appendix A to (127) leads to the following time-
dependent mean-field Hamiltonian

Hyp(t) = —4JZ (A(®) aja, +A() b by) —4JZy(k) (A ab_ +A(D)a) 5", )+ Eye(t).
k k

(128)
Here we have defined two complex mean fields by
(0)¢ == (W |Upp(0) O Upgp (D) Uwmr(t) = T[e_fo dSHMF(S)] ,
A =(ab;);, A= (al.Tb;.r)t , 1, J nearest neighbours. (129)

In deriving the expression (128) we have already made use of (a}l—ai)t = (bjbi)t =1/2 Vt.
Indeed, like in the time-dependent SBMFT, there is no need to introduce a Lagrange multiplier

"The PDFs obtained assuming x,, = O for n > 4 contain in general some negative values and are not properly
normalized, but these effects are negligible in the examples considered.
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Figure 14: Staggered magnetization PDFs in the disc-shape subsystem .A with £ = 80
sites as reconstructed from 2nd and 4th cumulants using (126), and comparison with
full Monte Carlo PDFs. a) f = 1.59 with k,, x4 extracted from full Monte Carlo PDFs.
b) B = 1.59 with k,, k4 from MSWT/DM. c) 8 = 2.22 with k,, K, extracted from
full Monte Carlo PDFs. d) f8 = 2.22 with k5, k¥, from MSWT/DM.

to impose the average constraint at all times, as it is automatically satisfied if we start from
an initial state in which it holds. The EOMs for the momentum space space 2-point functions
derived from (128), (129) are

d .5 , NIEH . ity
a(akb—kh =i4J [(A+ A)(apb_y), + Ay(k) ((akak>t + (b1 b)) + 1)],
d i3t ~ yAtET K ot t oy
a(akb'—kh =—14J [(A + A)(ak '_k>t + AY(k) ((a;(ak)t + (b kb—k)t + 1)] >
d .+ . o — d -y -
E(a;(ak>t = i4Jy(k) [A<a;<b_k>t - A<akb—k>t:| = a(b'_kb—k>t . (130)

The structure of (130) ensures that the initial conditions A(0) = A(0)*, (&kB_k)Z‘) = (&Z Eik)o
and (d;i&k)o, (E}ZE,{)O € R remain valid at all times. Thus at the level of 2-point functions,®
the non-Hermitian time evolution defined by (129) preserves the relations expected from an
Hermitian theory. Indeed, one can verify that by starting from the Hermitian HP4 Hamiltonian
and performing the usual SCTDMFT decoupling of Appendix A, one arrives exactly at the EOMs
(130) with the identification A(t) = A*(t).

From (130) we easily derive that |A| is a conserved quantity, and this ensures conservation
of energy. The equation of motion for the phase ¢ of A is

d 1 A Tt o3
d—‘f =8J [Re(A) + 13 Zk: y(k)* ((@)ay) + (b' by) + 1)] . (131)

8This is in contrast to the EOMs for 1-point functions, which expose the non-unitary nature of Uy(t) in (129).
However, all 1-point functions vanish due to the z-rotational invariance of the DM and HP4 Hamiltonian.
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Figure 15: Time evolution of 2-point spin correlation functions in MSWT/DM-HP4
starting from the initial state (132) with n; = 0.35, 7, = 13 ~ 0.024, 14 ~ 0.012,
ns = 0, ng ~ 0.008, n; ~ 0.015 (§; ~ 20, £(f,u) ~ 200), and comparison with
thermal values at appropriate 3 and u. a) Same sublattice. b) Different sublattices.

The initial state is determined similarly to the SBMFT case. By requiring it to respect the
rotational invariance and the spatial symmetries of the Hamiltonian, we are constrained to the
functional form

1 -
;) = Cexp 3 Z nija; b; | 10), (132)
i€A,jEB
where |0) is the vacuum of bosons and 7;; := 1(|x; — x;|) in order to enforce the spatial

symmetries. We note that even though (132) breaks SU(2) invariance, the latter is recovered
after applying the averaging procedure (116). The 7);; are chosen by requiring the state to
be normalizable, to possess an average bosonic occupation on a site equal to 1/2 and to have
initial energy density low enough to ensure §; < ¢, where &;, £, are respectively the initial
and final correlations lengths. As before, we have considered as non-vanishing only the first
seven consecutive classes of nearest neighbours n; i =1,...,7.

An important difference compared to the time-evolution in SBMFT is that here all bosonic
operators relax at late times, as can be seen e.g. in the inset in Fig. 16, which shows relaxation
of the imaginary part of the anomalous correlator A = (a;b;) with i, j nearest-neighbours. This
is expected because (a;b;) represents the leading order in the 1/s-expansion of the two-point
function of spins (S:FS]._), which must relax at late times. In Fig. 15 we plot the time evolu-
tion, starting from (132), of SU(2)-invariant 2-point functions of spins and their approximate
thermalization. Note that expressing the operators S; - S; in terms of bosons and using Wick’s
contractions to compute their expectation value in the SCTDMFT yields identical results for the
DM and HP representations. The same is not true for 2n-point spin-functions with n > 2. As
expected, correlators between spins on different sublattices possess antiferromagnetic nature,
as opposed to those within the same sublattice. Fig.16 proves that the time evolution for the
2-point spin functions agrees in functional form with the Lieb-Robinson bound for correlation
functions [87, 88].

3.2.3 Non-equilibrium FCS in MSWT

In Fig. 17 we show the DM time evolution, starting in two different initial states, of the 2nd and
4th cumulant of the staggered magnetization in a square subsystem .4 with £ = 30 x 30 sites.
We compare the late time values with the DM thermal values at appropriate 3 and u. The DM
time evolution of the 2nd cumulant coincides with the HP4 result, but this is not true for the
4th cumulant. We have determined the HP4 time evolution of the 4th cumulant and noticed
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Figure 16: Light cone effect in MSWT/DM-HP4 time-evolution as seen from the spin-
spin correlation functions and exponential fit a - exp (—(L — 2vt)/b) predicted by the
Lieb-Robinson bound. Inset: relaxation of Im(A) at late times. Same initial state of
Fig. 15.
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Figure 17: Time evolution of DM cumulants starting from the state |v;) specified by
the 7); of Fig. 15 and the state |1,) specified by n; ~ 0.386, 115, ~ 0.017, n5 ~ 0.012,
M4 ~ 0.007, ns ~ 0.001, ng ~ 0.0, n; ~ 0.025 (§; ~ 10, E¢(B,u) ~ 45). The
subsystem A is a square with £ = 30 x 30 sites. Comparison with thermal values is
shown. a) 2nd cumulant x,(t). b) 4th cumulant x4(t).

that it results in a poorer agreement between stationary values and thermal ones. This is
perhaps not surprising given that HP4 represents a truncation of the exact HP mapping, while
the DM mapping requires no truncation. One may expect that considering higher truncations
HP2n with n > 3 would lead to results closer to DM. As seen in Fig. 17 both the 2nd and 4th
cumulants increase in absolute value after the quench. This is a consequence of the fact that
the final correlation length is larger than the initial one and thus antiferromagnetic correlations
grow in strength. We also notice that the agreement between stationary values and thermal
ones is better for the quench possessing a larger final correlation length. This is expected as
by construction MSWT works better at low energy densities.

Given that k4 < 0 during the whole time evolution, we can generate approximate PDFs
obtained from the knowledge of k, and x4 as discussed before. Results are shown in Fig. 18.
As expected the PDFs broaden in time and eventually approach the appropriate thermal values.
The agreement with the latter is better the smaller the energy density is. Moreover, the shapes
of the approximate PDFs are closer to what one might expect after a quench in which the
correlation length strongly increases than those obtained in SBMFT.

36


https://scipost.org
https://scipost.org/SciPostPhys.17.5.139

e SciPost Phys. 17, 139 (2024)

—tJ =0.0
--tJ =20
3 — =70
—tJ = 40.0
Q Thermal
L2
Q
0
1 .
0 A | | | o
-0.5 -0.25 0 0.25 0.5

./

Figure 18: Approximate PDFs of %, constructed from the DM 2nd and 4th cumu-
lants at different times, in the time evolution from initial state specified by the 7; of
Fig. 15. The subsystem A is the 30 x 30 square of Fig. 17. Comparison with the PDF
constructed from the DM thermal k, and x4 is shown.

4 Summary and conclusions

In this work we have considered the problem of computing the quantum mechanical PDFs of
observables defined on subsystems in lattice models of quantum spins both in thermal equilib-
rium and after global quantum quenches. We have focused on situations in which the physi-
cal properties are well described by Gaussian fluctuations around some appropriately defined
mean fields. In situations characterised by the presence of magnetic order we have employed
the Holstein-Primakoff representation of spin operators in conjunction with a self-consistent
time-dependent mean-field approximation. In absence of magnetic order we have instead used
non-equilibrium versions of Schwinger-boson mean field theory and Takahashi’s modified spin-
wave theory based on the Dyson-Maleev representation, to obtain Gaussian approximations of
the spin dynamics. We then determined the PDFs of the subsystem (staggered) magnetizations
in the framework of these Gaussian theories. This was achieved by means of the determinant
representation (13) for the corresponding characteristic functions, which provides an efficient
way for computing the PDFs numerically. Our main findings are as follows. (i) In the ordered
phase in equilibrium of the antiferromagnetic Heisenberg model (T =0ind =2and T < T, in
d = 3) the PDF of the subsystem order parameter at intermediate subsystem sizes is strongly
skewed and can be reasonably well fitted to extreme value distributions. The time evolution of
the subsystem order parameter in the 3D Heisenberg model after a quench from a Néel-ordered
state at an energy density below the one corresponding to T, relaxes to the thermal value in an
oscillating fashion, as shown in e.g. Fig. 5a, 5b. A characteristic feature of these quenches is
that the direction of the order parameter is fixed throughout the time evolution. (ii) In order to
investigate situations where the direction of the order parameter changes during the thermal-
ization process after a quantum quench we have considered the transverse-field spin-s Ising
chain with long-range interactions, which ensure the existence of long-range magnetic order
at low energy densities even though the model is one dimensional. We have shown that the
dynamics after quenches from initial states characterised by order parameters at small angles
(69, o) relative to the order parameter in the stationary states reached at late times can be
obtained by a standard self-consistent time-dependent mean field (Gaussian) approximation,
even if s is small. In order to address the case of large (6, ¢,) we have considered spin-
wave expansions in a time-dependent frame along the lines of Refs [78,79]. We have shown
that these are quantitatively accurate only for large s and sufficiently short times, and under
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these restrictions we have computed the time evolution of the subsystem order parameter af-
ter a quantum quench. (iii) Finally, we have considered the case of the 2D antiferromagnetic
Heisenberg model at finite temperature and after quantum quenches. As long-range magnetic
order is absent in these cases we have resorted to Schwinger-boson mean field theory and
Takahashi’s modified spin-wave theory in order to obtain Gaussian approximations in terms of
lattice bosons. We found that modified spin-wave theory appears to provide a more accurate
approximation both in thermal equilibrium and after quantum quenches. In the quenches we
consider, the correlation length grows in time and the PDF of the staggered magnetization
becomes flatter.

Our results raise a number of interesting questions that should be addressed in future work.
The full counting statistics (of globally conserved quantities on subsystems) in 1D integrable
models has recently attracted considerable attention [13,17,21,22,27,31]. While excitations
in integrable models are typically best described in terms of interacting fermions, our bosonic
formalism could be applied in the description of integrable ferromagnetic spin chains at low
energy densities, i.e. low temperatures or after small quantum quenches. In Ref. [91] Taka-
hashi observed that the modified spin-wave theory provides a low temperature expansion of
the free energy in the 1D XXX Heisenberg ferromagnet that is in good agreement with the
exact results obtained from Bethe-ansatz. This raises the question whether MSWT could pro-
vide similarly accurate approximations for the first few moments of the PDFs of subsystem
observables, both in equilibrium and after quantum quenches.

Our investigation of the long-range TFIC was restricted to the non-equilibrium evolution
after quantum quenches. One straightforward generalization would be to compute the equi-
librium PDFs of the magnetization in the ordered phase using (13). It is known that the
long-range TFIC possesses an order-disorder phase transition at finite temperatures T < T,,
h < h, for any a < 2, while a Kosterlitz-Thouless floating phase appears in the special case of
a=2/[72,95,96].

Perhaps most importantly, the PDFs of subsystem (staggered) magnetizations in the Heisen-
berg and Ising models we analyzed exhibit rich behaviours after quantum quenches and it
would be interesting to investigate these experimentally.
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A Self-consistent time-dependent mean-field theory (SCTDMFT)

Consider a generic many-body Hamiltonian H written in terms of bosonic creation and annihi-
lation operators a' = (a]{, e, al, a,...,a,). We are interested in studying the time evolution
of a Gaussian bosonic state |1(0)) under H. In general, the presence of interacting terms in
the Hamiltonian turn |v)(t)) into an entangled non-Gaussian state at any t > 0, and no exact
solution for the dynamics can be determined. To approximately derive the time evolution we
employ a self-consistent time-dependent mean-field theory (SCTDMFT) approach [30,53-65],
where H is replaced with a quadratic time-dependent Hamiltonian Hy(t) that preserves the
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Gaussianity of the state

t

[Yme(t)) = Unp(0)[2(0)) = T[exp (_if dt/HMF(t/)):| 14(0)) . (A.1)

0

Given the Gaussian nature of |¢)(t))yp it can be written in the form

1 .
Yar() =QI0), Q) =Cexp| sa'Aa+A(0) a), (*.2)
where |0) is the boson vacuum. This shows that |yy(t)) is a “vacuum” for the operators

di(t)=Q(t)a; Q(e) . (A.3)

Given the form of Q(t), d;(t) is a linear combination of operators a, a’, plus a constant. This
also implies [d;(t),d;(t)] =0, [d;(t), d]T(t)] € C. Inverting (A.3) we get

a; = M;;(t) d;(t) + Ny;(¢t) d;(f) + (Ymr(B)l a; [Yup(t)), (A.4)

where M, N are matrices. We can now express H as a function of the d(t) bosons and apply
Wick’s theorem to efficiently write H only in terms of normal ordered operators with respect
to |y yr(t)). We split the result of this operation in the two contributions

where H3(t) indicates terms in H that contain 3 or more d(t), d'(t) and N is the normal
ordering operator. Equations (A.1) and (A.5) self-consistently define Hys(t), which generally
takes a simple form when re-expressed back in terms of a, a* and their 1 and 2-point functions.
Using normal ordering arguments, it is easy to see from (A.5) that

1. Energy is conserved in the sense that
d
E(wMF(t)”—I [Yme(t)) = i(Yme(E) [HMp(8), H] Iypp(t)) = 0. (A.6)

2. The equations of motion (EOMs) of 1 and 2-point functions of bosons, from which every
expectation value can be obtained by Wick’s contractions, are given by

%<¢MF(t)|O [Yae()) = i{(Ppp(OI[Hyp(t), O11Ymp(t)) = i{ymp(OILH, Ol yp(t)) , (A7)

where O contains one or two a, a’ operators. The last equality makes apparent that the
SCTDMFT truncates the infinite BBGKY hierarchy of EOMs [56,59,60] by considering the
expectation value of the exact term [H, O] over a Gaussian state. This allows to express
the result only in terms of Wick’s contractions, thus closing the otherwise infinite set of
coupled differential equations in the hierarchy.

Importantly, there always is an early time window in which the SCTDMEFT is expected to be
quantitatively accurate. This follows from the fact that the EOMs in (A.7) neglect the contri-
bution of connected n-point functions of bosons for n > 2, which however vanish at t = 0
because |4(0)) is Gaussian. In many cases of interest, for example when interaction strengths
are small, the growth of the connected n-point functions is expected to be slow and the SCT-
DMEFT is quantitatively accurate up to parametrically large times.
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B Truncation of the equations of motion hierarchy in the rotating
frame

In Section 2.3 the truncation of the BBGKY hierarchy of EOMs in a large class of spin-models
was performed in terms of bosonic HP variables by employing the SCTDMFT. In Section 2.3.6
we have explicitly applied this method to the case of the long-range transverse field Ising
chain (LRTFIC). In this appendix we describe an alternative approximate description of the
time-evolution in the LRTFIC, which can can be straightforwardly generalized to the whole
class of models of Section 2.3. The basic requirement is to consider only initial states that
exhibit vanishing or very small connected correlations functions of spins.

Our starting point is the rotating-frame formalism of Section 2.3 based on the Hamiltonian
h(t) of (63) and the requirement (65) which defines the rotation angles (¢t) and ¢ (t). Here
we discuss directly the more general non-translationally invariant case and thus write the
LRTFIC A(t) as

h(t)=—— ZZJU RM(ORY (D) oh oy
by (B.1)

=S 3 i+ di(O]RF (Dol = > 6oy,
i W :

where J;; have been defined in (35). The site-dependence of the angles 6, ¢ and of the matrix
Ris absent in presence of translational invariance. In the following we use notations such that
(0) denotes the expectation value of an operator O in the state |[{(t)) = U(¢t)|y;) defined
in (64). The equation of motion for the one- and two-point functions of spins are

<‘701> ZZ Tw(a)<00100] + 00]001> ZPY(OL) <O‘0 > (B.2)

% <0'8"iag’j> = i<08"i [fl(t), Ug,jD +1 <[71(t), og’i]og’,) R (B.3)
where

T () = JUZR"“R” euar,  PI(@)=(hi+¢)D Ry +66,0,. (B4
u

The right-hand side of (B.3) involves 3-point spin correlation functions. In order to obtain a
closed system of equations we assume that the connected part of 3-point functions vanishes at
all times, so that

(06:90,900) = (05,000,000 )c + (00,805, ).

J 14
+(o ge)(gglffgﬁc +<Ug,i><ao,j><og,e>’ (B.5)

where (.), denotes a connected correlator. We then impose (o'¥) = (07) = 0 by appropriately
choosing the rotation angles 6; and ¢; and thus remain with a closed system of coupled ODEs
for the variables 6;, ¢;, (o7) and all the 2-point functions (aaaﬁ ). The main advantage of trun-
cating the BBGKY hierarchy in the rotating frame lies in the fact that the only non-vanishing
1-point function is {(o¥) and this greatly simplifies the decomposition on the right-hand side of
(B.5). Furthermore, numerical tests using exact diagonalization in the fully connected TFIC
suggest that connected correlation functions of the rotated-frame variables o, overall grow

slower in time than the connected functions in the fixed-frame spin variables S7.
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Figure 19: Fully connected TFIC time-evolution: comparison of exact results (Sec-
tion 2.3.6) with the Cubic II (Section 2.3.6) and EOMSs truncation in spin-space (this
Appendix) approaches. a) Time evolution of (>’ ;S JX )/W. b) Time evolution of {a'a).

In the specific case of the fully-connected TFIC the approximation just derived naturally
acquires a control parameter,” namely the total number of sites, due to the fact that in the
thermodynamic limit the model results in a classical evolution whenever starting from a fully
ordered state. In Fig. 19 we plot the result of this method applied to the case of the fully-
connected TFIC with finite sizes. Comparison with the exact result and the Cubic II approach
from Fig. 8 of Section 2.3.6 show that the EOMs truncation in spin-space yields results which
are even slightly better than Cubic II.

C Derivation of the characteristic function formula

In this appendix we derive equation (13) for the characteristic function
xQ)=Tr[pexp(iAR)], (C.1)

where p is a Gaussian density matrix
1 1 t 4 O
pzzexp 5aWa+w -al, w=w', w'=w'X". (C.2)

Here the normalization Z enforces Tr{p] =1 and W is restricted to be negative definite. The
definition (7) of the vector a always allows to choose W such that

wwer=wT, (C.3)
The 1-point functions and the correlation matrix A in this Gaussian state are [69,97]
w=Tr[pa]l=-Wlw,

A=Tr[p(a—w)(a —o")]- % ¥ = —% coth (% ¥ W) ¥, (C.4)

where A = AT is positive definite. For the quadratic observable R we consider the general
class

1 . .
Rzaa'Ga+gr-a, G=G', gh=gTs~, Det(G) # 0. (C.5)

Similarly to (C.3) we choose without loss of generality XGZ* = G'. We will consider the
special case Det(G) = 0 at the end of this appendix.

°Even for small values of s.
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We start by defining displacement operators Dy associated with vectors of complex con-
stants f3

Dg=exp[a’>*p], D' =Dj, (C.6)

which have the following properties
1 .
nglaiDﬁ =a;+p;, DgD; :D,3+Texp|:—§[j'2z’c] . (C.7)

The displacement operators are a complete orthogonal set on the space of bounded opera-
tors [69]. For operators O such that Tr [O Dﬂ] is well defined this translates into

1
O:ﬁfdzﬁ“[o’)ﬁ]% Tr[D. Dp]=n'6% (v + ), C.8)

where d?f8 = ]_[le dRe(f3;) dIm(3;). We can use this to express the characteristic function in
the form

1) = (i)zf a2p f d% Tr| p Dy | Tr| exp (iAR) D; | Tr[ D} DI |

ot
1 .
= d?p Tr[p D,;]Tr[ exp (iAR) D_ﬁ]. (C.9)
The first factor is known, see e.g. [69],

Tr[pDg] = exp[—%/ﬁzmzﬂa +w'i'2215], (C.10)

where A and w are defined in (C.4). This reduces the problem to determining the second
factor, which is of the form

f(ﬂ,H, h) — Trl:ei(%a*Ha+h"”.a) Dﬁ] , (C.11)

where H, h have absorbed the A factor in front of G, g. Shifting the boson operators by a
constant s = —H 'h gives

1. . -
f(B,H,h)=exp (—iih’ H'h—h' H_lzz[i)f([i,H, 0). (C.12)
We can now use a splitting formula derived in Appendix D to write the second factor as

f(B,H,0)= Tr[ei(%dr HHAT'“)] exp (iB) ,
A" =(—p"x%)[exp (i ¥*H) — 1] (Z°H),

B= % (A"H™Y)[H — 57 sin (2°H)] (H'A) . (C.13)

Noting that A retains the symmetry A" = AT%* of B we can perform a final shift to a new set
of canonical bosons b

Tr[ei(%aTHaJrAT'a)] = ¢ 2AHT'A Tr[e%b*m’] . (C.14)
Putting everything together we obtain

FBH, ) = Zgexp| 3 BT AT + 0B | €15
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where

1 1
w;=—-G g, Ag(A) = —3 coth (iAEZ}ZG) 7,
— il i irsb",Gb
Zs(A) =exp Mzg G g |Tr| e 2 . (C.16)

The first complication in evaluating the trace in Zg(A) is that in general b" Gb cannot be
diagonalized by a transformation to canonical bosons. In Appendix D we review how to diag-
onalize these generic quadratic forms by introducing a set of “almost canonical” bosons, which
provide us with a generic formula to calculate the trace needed. The second complication is
that the trace in Z;(A) is in general not well defined. However, we know from Section 1.1 that
x (A) is bounded and well-defined for any R, given the presence of the physical density matrix
p. This allows one to introduce an infinitesimal regularization when evaluating Z;(1). The
result follows directly from the trace formula of Appendix D and is given by

1. 1 —1/2
Zs(A)=exp (—i?tig' G_lg) Det [2 >* sinh (_MEZZGH . (C.17)

Substituting (C.10) and the expression (C.15) for f(—f,AG,Ag) back into (C.9) we obtain

1 ]. 4 -+ +
X)) =Zg— J d*p exp [—Eﬁ'zz (A+2,)TB + (0 — ) 2215]

T

(C.18)
- % e [_1 (0 — ) (A +2¢) (w0 wG)]
VDet (A + Ag) 2 ¢

which is the result (13) stated in the main text. The last equality follows from standard Gaus-
sian integrals [69] when we transform the integration from complex to real variables z by

V2 \Iixe —1lpxg

The convergence of the integral for any choice of the Hermitian matrix G in (C.5) is a conse-
quence of the fact that ST (A + A;) S is a complex symmetric matrix with positive-definite real
part.'©

So far we have assumed that G is invertible. If G is singular we introduce a regulator &
such that det(G,) # 0. We then replace

p=Sz, SEL(HM iHM):(s*)‘l. (C.19)

(A+Ag ) =—iAG, + G, Mg G, (C.20)

where M_ is non-singular in the limit ¢ — 0. Given that
. S R .
>*sinh —l?ti ¥*G, | =G, Lg,, L, non-singular for ¢ — 0, (C.21)

one can easily verify that all terms formally ill-defined in (C.18) for ¢ — 0 exactly cancel.
Some comments are in order:

1. Equation (C.18) generalizes the analogous formula for the trace of the product of two
physical Gaussian density matrices p; and p, specified by Hermitian negative-definite
matrices [69,99-101].

10The positive-definiteness of the real part ensures convergence and the formula can be proved for complex
matrices by analytic continuation from the real matrices formula [98].
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2. A result similar to (C.18) has been derived in [102] for the specific case R = Zi a;rai,
by employing coherent states to replace the evaluation of the trace in (C.1) with two
Gaussian integrals. In order to handle the general case with the method of [102] one
needs to first work out the decomposition

exp (iAR) = exp (a;'LAija}?) exp (a/B;;a;) exp(a;C;ja;) exp (D;a; + f)ja;.') . (C.22)
This can be done with the algebraic methods presented in Appendix D.

3. A result similar to (C.18) in the case of specific observables relevant for the Gaussian
boson sampling problem has been derived in [103].

D Diagonalisation of quadratic forms of bosons and splitting for-
mulas

We recall the notations

0 Ty 0 Iy Igxe O
= * =i s ¥ = . (D.1)
(Hzxz 0 ) (]Iexz 0 0 —Iyu
Arranging the boson operators in a vector a’ = {ai, e, a;, a,...,a;} we have
Tl sz
[ai, aj] = Z!i,j. (D.2)

Consider now a quadratic form
aWa, Ywisx=w, Y*W diagonalizable, (D.3)

where the second identity can be enforced without loss of generality due to the definition of
a. As the bilinear form (D.3) generally cannot be diagonalized by a canonical transformation
we follow [104] and consider left and right eigenvectors of ¥*W such that

20
WR,=ER,, LISW=EL, L -R,=6,,, W= ERL. (D4

a=1

By virtue of the second identity in (D.3) the complex eigenvalues come in pairs (E,, —E,) and
we can choose without loss of generality

E,.j=—E;, D=diag(E,...,E,—E,...,—E). (D.5)
We now define operators
ri=Uar,  Tj=alT (RS, (D.6)

where the arrangement of eigenvalues in (D.5) implies

?j=7’j+€ :z?jJ ?j+€=‘rj =Yj> ]=1,,Z (D.7)

It is easy to check that they fulfil bosonic commutation relations

[ro7;]=2%;, (D.8)
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and that they bring (D.3) to a very convenient normal form

{
1
"Wa =yDx? :z§ E|viv:i+=]. D.
a'Wa=yD%"r 2. l(rm 2) (D.9)

If W = W' and all eigenvalues of $*W are real one can choose y; = 7;!! [104]. A sufficient
condition for this is requiring a positive or negative definite W [105]. The transformation
(D.6) can alternatively be expressed in the form

-1 _ _ id'A —%A (T
Fa;F'=v7;, F =204 (e )j,k_(L})k' (D.10)

Given the bosonic Fock states
1

In) = ———(a)™...(a))"|0), (D.11)
nylny!...ny!

we now construct left and right Fock states as follows

1

In)g = Fln) = ——————=O1)" ... (¥)"|0)&,
nyiny!...ny!
_ 1
Ll = @F = 01(r)" ... (7)) ——. (D.12)
nylny!...ny!
Here the left and right vacua respectively fulfil
and by construction we have
¢
sim)g =] [6nm.  Tumlnde=ngln)z. (D.14)

j=1
The left and right Fock states can be used to compute traces as follows

Tr[0]=Te[F'OF]= > (n|F ' OF [n) = > (n|O [n)x. (D.15)

n n

Combining (D.9) with (D.15) and (D.14) we have

1o (Jawa) | = Sstlens| 25 (7 £ | mi = Sewn| 235 (n+3) |- 010

n
Assuming Re(E;) < 0 Vi the sum over the n;’s converges to

¢
Tr [exp( a Wa)] 1_1[ m = Det[zZ (e—%zzw _e§2zw)]—1/2 . (D.17)
i=

In the above discussion we have implicitly assumed that the states |0)z and |0); are well-
defined in the sense that they have a regular expansion in the original basis states |n). We
have

0)g = F|0) = Crexp (MR ajal) [0), 0y, = (F1)"10) = C exp(MLalal)(0), (D.18)

1o achieve this the additional freedom in choosing the overall sign within a pair =(|E,|, —|E,|) must be used.
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where MR and M’ are matrices derived from the A in (D.10) and CR, C! € C. These states are
well-defined and normalizable only if all singular values af, oiL of MR and M* are bounded
by af <1, Ul.L < 1 [106]. We note that in many cases these inequalities can be satisfied by
using the freedom in the arrangement of the eigenvalues in (D.5), namely the signs in the
definitions of the pairs (+|E,|, F|E,|). The trace formula (D.16) is only valid when a choice of
the pairs signs exists such to satisfy O'?’L <1lVi=1,...,¢.

The diagonalization just introduced allows us to easily prove a splitting formula which is
used in Appendix C. Given a matrix H that satisfies'> H = “XHT %~ and a generic vector h the

following decompositions hold

1 . 4 1 .
exp[ia’Ha +ht. a] = exp[CL]eXp[h£ .a] exp[za‘Ha]

1 . .
=exp|:§a'Ha] exp[h;-a]exp[CR] , (D.19)

where
hi, =+h' (Z°H) ™" [exp(+X°H) 1],
Ch=C, = —%hTH_l(H — ¥* sinh (Z°H) )(H—lz’f(h'*‘)T) . (D.20)

To prove this we start by diagonalizing the quadratic form that appears on the right-hand side
of (D.19) by the transformation to y, ¥ operators. By calling Q the matrix whose columns are
the right-eigenvectors R, of (D.4) we obtain

= ]_[eXp(%)eXP (E7iri)exp (givi + £i71) » (D.21)
i=1

where E; = &; = Eiypive = Eipy, & = (h;Q)i, fi = (h};Q)(iH) fori=1,...,f. We now aim

to apply the Baker-Campbell-Hausdorff (BCH) formula to the individual factors on the r.h.s.

in (D.21). We do this by employing a faithful 3 x 3 matrix representation of the bosonic algebra

generated by y; and y; [107]. Denoting by e;; the 3 x 3 matrix with entries eiajﬁ =06;,0;p we

use the identifications

Yi¥i = e, Yi ™ €3, Yi = €12, 1—e3. (D.22)
Using the explicit matrix representation and the BCH formula we find
1 & 1/2fig

exp[E;ey;]exp[gies + fieas] = | O expE; fiexpk;
0 0 1 (D.23)

gk o _ fiEi _I_lfigiEi_Sinh(Ei)e]
exp(E)—1 2 exp(—E)—1 = ' 4’"°'sinh(E;/2)2 |

Substituting the e;; for y and ¥ and using Q (¥* ) Q! = ¥* H we obtain (D.20).

=exp [Eiezz +

Another splitting formula concerns purely quadratic forms. Given two matrices W; i =1,2
respecting W; = ©¥ WiT ¥, the following identity holds

1 . 1 . 1 .
exp[ia'Wg a] = exp[ia'Wla] exp[aa’WZ a] , (D.24)

exp[2* Wyl =exp[Z* W lexp [ W] . (D.25)

12without loss of generality, see Appendix C.
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Here also W5 respects the property Wy = ¥ W3TZ]". To prove this, we use the matrix S of
(C.19) to pass to vectors of real bosons z = STa with commutation relations [z, zT] = -3
and notice that the BCH structure of nested commutators appearing implicitly in (D.24) at the
bosonic operators level is automatically transferred to the matrix level.

We remark that the two splitting formulas just discussed and the trace formula (D.17)
are sufficient to derive in a purely algebraic way our characteristic function formula (13), as
opposed to the method of Appendix C. This follows in the obvious way by identifying W; and
W, respectively with W and iAG of Appendix C, while the first splitting formula takes care of
the linear parts.
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