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Abstract

In [1], we initiated a program for the quantitative investigation of dynamical chiral sym-
metry breaking and resonant bound states in QCD with the functional renormalisation
group, concentrating on the full infrared dynamics of four-quark scatterings. In the
present work we extend this study and take into account a three-momentum channel
approximation (s, t, u-channel) for the Fierz-complete four-quark vertices. We find that
the four-quark vertex in this approximation is quantitatively reliable. In particular, we
have computed the pion pole mass, pion decay constant, Bethe-Salpeter amplitudes, the
quark mass function and wave function. Our results confirm previous findings that low
energy effective theories only reproduce QCD quantitatively, if initiated with a relatively
low ultraviolet cutoff scale of the order of 500 MeV. The quantitative description set up
here paves the way for reliable quantitative access to the resonance structure in QCD
within the fRG approach to QCD.
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1 Introduction

The description of the formation process of hadron resonances and scattering processes as
well as general timelike processes such as transport properties are intricate open problems in
QCD. Recent years have seen significant progress in studies of first-principles QCD and hadron
structure within both functional QCD and lattice QCD, for respective reviews see e.g. [2, 3]
(functional QCD) and [4,5] (lattice QCD).

Notably, functional QCD provides simple and direct computational access to the chiral limit
and in particular, to timelike observables, see e.g. [6-9]. The latter observables are specifically
relevant e.g., for scattering processes, a reliable description of the formation of resonances, as
well as transport properties of QCD. These advantageous properties come with the price that
the full system of coupled diagrammatic equations for correlation functions has to be truncated
for numerical applications. This calls for systematic truncation schemes, whose systematic
error can be measured and minimised with an apparent convergence of higher orders of the
truncation scheme.

The present work is the second in a series of works, initiated in [1], where such a system-
atic expansion scheme within the functional renormalisation group (fRG) approach in QCD is
developed, aiming at a quantitative description of hadron resonances and in particular their
formation and scattering processes. This builds on and is complementary to previous fRG
work in QCD [10-16]. In these works the focus was directed more toward studies of the
phase structure of QCD and the respective vacuum works were embedded in this endeavor, for
recent reviews see [3,17].

In the present work we concentrate more on the comprehensive, Fierz-complete, descrip-
tion of the four-quark scattering vertices, including also timelike momenta. Specifically, this
extends the Fierz-complete two-flavour [11,13] to timelike momenta. Moreover, these works
use emergent composites or dynamical hadronisation for the scalar-pseudoscalar channel,
see[11,15,16,18-21]: The fRG approach with emergent composites in the scalar-pseudoscalar
channel includes the dynamics and multi-scattering processes of pions, which are the backbone
of chiral perturbation theory (yPT). Accordingly, emergent composites will be included in the
present approach at a later stage.

In the first paper in the series, [1], a single momentum channel dependence for all tensor
structures of the four-quark vertex has been used in an NJL-type low energy effective the-
ory (LEFT) [22-26]. The results indicated that quantitative access to the infrared dynamics
of QCD requires at least a complete s, t,u-channel approximation, where s, t,u are the Man-
delstam variables. This step is done in the present work, where we aim for a quantitative
description of the scattering physics of quarks and hadrons at low energies, both at spacelike
and timelike momenta. While still working in an NJL-type LEFT, we also include part of the
ultraviolet dynamics of QCD in terms of a QCD-assisted low energy effective theory [3,17].
This systematic improvement allows an in-detailed study of the mechanisms at work and the
evaluation of minimal approximation orders required for quantitative precision.
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This work is organised as follows: In Section 2 we discuss the set-up of the QCD-assisted
LEFT, including symmetric and antisymmetric four-quark dressings of different tensor struc-
tures, three-momentum-channel truncation for the four-quark vertices, etc. In Section 3, the
physical scales of the LEFT are determined by the ratios of the physical pion mass with the
pion decay constant in the chiral limit and at the physical point. Then, we compute the quark
wave function and the mass function as well as the dressings of the Fierz-complete four-quark
tensors and that of their crossing-symmetric partners. The results are used to compute observ-
ables such as the pion decay constant as a function of the pion mass, and the Bethe-Salpeter
amplitudes of pion and o-mode. We conclude in Section 4. The Appendices contain some
technical details, plots and further comparisons.

2 QCD-assisted low energy effective theories

In [1] we have set up the quark-sector of low energy QCD with the Fierz complete four-
quark scattering vertex. The Fierz completeness refers to a complete basis of momentum-
independent tensor structures that should dominate the infrared dynamics in terms of a low
momentum expansion. The momentum-dependent dressings were evaluated in a t-channel
approximation. In the present work we improve on this approximation in two ways, that al-
ready prepare the stage for the full functional computation in first principles QCD that will be
presented in [27].

We consider the purely fermionic effective action of low energy two-flavour QCD with a
given infrared cutoff scale k,

Fk[CL Q] = I_‘kin,k[q:v Cﬂ +F4q,k[¢1: C_l]: (1)

with the kinetic term
Tiin ke = J Zq(p)Q(—p)[ipi + Mq(p)] qa(p), (2)
p

with p = y,p,. The quark wave function Z; and quark mass M, are k-dependent, and we
have suppressed the respective argument. With (2), the full quark propagator is given by

1 —ip [1 + rq(Z—z)] + M, (p)

Gy(p) = ; (3)
q V4 2 2
a(P) p? [1 + rq(%)] +M2(p)
with the shape function r, of the quark regulator function,
¢
In the limit of k — 0 the propagator (3) reduces to
1 —ip+M(p)
Gy(p) = i (5)

Zy(p) p*+MZ(p)

d4p
= . (6)
fp J (2n)4

The second term in the effective action (1) is the full four-quark term in the effective action,
d4p 1 d 4P4

Mok =7 ) o 2o
x 2a(P) T (P i(P1)4;(p2)81 (P3)dm(Pa) 7

In (2) we have used the notation

(2m)*6(py + po + p3 +P4)
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with

P = (P1,P2,P3,P4) - (8)

In (7), a sum over a is implied, and the full set of tensors 7’(0‘)(p) is comprised of 512 tensors,
see e.g. [9]. The indices i, j, I, m include Lorentz, Dirac, flavour and color indices. The tensors
7 can be ordered according to their momentum dependences in powers of p;. A basis of
the lowest momentum-independent order includes ten elements 7%, and we choose the set of
tensors . _
ae{o,m,a,n, (V£4), V-ad, (s£P)Y, (s+P)V}, )

see e.g. [11,13,28-32]. The parametrisation (7) and the set (9) have been already discussed
and used in [1], for more details we refer the reader to this work.

A basis of the momentum-independent Fierz complete tensors with full crossing symmetry
can be obtained as the symmetric component of the 10 tensors 7:5?21 listed in Appendix A,

o) _ 1@ e
Tiin' = E(ﬁglm B ﬁim)’ (10)
where the minus sign reflects the antisymmetry of the attached quark and anti-quark fields.
The respective dressings A;(p) are positive under the commutation of momenta. The

momentum-independent Fierz-complete basis {7(* )} in (10) can be accompanied by the an-
tisymmetric part of 7T,
o) _ 1( 0 4 TD)
7;§'lm ) 7;§lm+7?§'im ’ (an
for more details see Appendix A. Seemingly, this is yet another set of momentum-independent
tensor structures. However, their dressings are antisymmetric in p; <= p; and hence define
tensor elements in the pl.z-order basis. We emphasise that while the momentum-independent

basis {ﬁ?;)} in (10) is complete, the set {7?5'(11;)} does not define an invariant sub-space in the
pl.2 tensor structures. Still, together with the momentum-independent tensors (10) they carry
the crossing symmetry of the tensors 7.

In [1] we have computed the dressings A} of the Fierz complete tensors {71} in the
t-channel approximation, starting at a UV cutoff A ~ 1 GeV. In the present work we improve
the approximation used in [1] significantly in two directions:

Firstly, we include all Mandelstam channels t,s,u, (19), in our flows. Moreover, we ac-
company the momentum-independent tensor structures in (10) with the p2-tensor structures
in (11), as they are related by crossing symmetry. This improved approximation allows us to
extend the computation deep into the chiral limit as well as largely reducing the systematic
error.

Secondly, we use an initial condition at the UV cutoff scale in the spirit of QCD-assisted low
energy effective theories: The current low energy effective theory emerges from first princi-
ples QCD due to a successive decoupling of the fundamental high energy degrees of freedom,
specifically the gluon. This is discussed in detail in [3,17]. As a consequence the quark two-
point function and the four-quark vertex at the initial cutoff scale are given by the result of the
ultraviolet fRG flow of QCD, in contradistinction to the classical input in an NJL-type model,
This is discussed in Section 2.3.

2.1 Four-quark scattering vertex

The four-quark scattering vertex is given by four quark-anti-quark derivatives of the effective
action,

5T [q,q
@ (p)= [a,q]

g:d.:a - = a ’ (12)
4i4;19m 63;(p1)69;(p2)8q1(p3)6qm(p4)

4
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pr=-p—P/2 ps=—p'+P/2 (4)

= (P1,P2,P3,P4)

pr=p- P2 pa=p + P2 qquqlqm

Figure 1: Diagrammatic representation of the quark four-point function. All mo-
menta are counted as incoming and i, j, [, m carry the Dirac, flavour and color indices.
The notation for general 1PI n-point functions is depicted in Figure 15 in Appendix B.

with p = (py, ..., p4) defined in (8). Applying (12) to (7), we are led to

1 (0) = —2@r)0(p1 22 2y 2) % 3| APV o7 | 19

a

with p’ = (p3, P2, P1,P4)- The combination in the last line encodes the crossing symmetry of
the vertex. Equation (13) is depicted in Figure 1, where all momenta pq, ..., p4 are counted
as incoming. Note that the blobs in our diagrams stand for the one-particle-irreducible (1PI)
vertices, see Figure 15. This includes the 1PI two-point function or inverse propagator, see
e.g. Figure 14. The full propagators are denoted by (inner) lines.

We expect that the contributions of the higher order tensors are suppressed in the flow
due to the efficient momentum ordering in terms of g% /k? < 1. Here, q is the loop momentum
which is cut off at g ~ k2. This suppression is very well tested by now: the fundamental
diagrams that generate the four-quark vertex in the first place, carry the external momentum
dependence in terms of propagators with a mass scale 2 k, so higher order momentum de-
pendences are suppressed. At its root this structure is also behind the great successes of the
derivative expansion in the fRG approach, see [3]. However, in the present system with reso-
nant interaction channels the derivative expansion is not only done in p?/k? but also in terms
of p2/ mres This has to be contrasted with QCD computations with dynamical hadronisation
or emergent composites, as done in [11, 13] in two-flavour QCD. There, also the resonant
channels are regularised.

Accordingly, the present approach requires a better momentum resolution of the resonant
channels Tgfmn) as p2/ mres can be large and even diverges in the chiral limit for non-vanishing
momentum.

In summary, we consider the influence of the higher order scattering terms with six or
more quarks and anti-quarks as subleading. Indeed, they are strongly suppressed by phase
space arguments: In short the suppression arguments rest upon the fact, that the form factor
of such a scattering decays rapidly with the distance, and hence higher order scatterings are
statistically suppressed. This suppression can only be violated in the presence of resonant
interaction channels and diverging interactions, see e.g. the reviews [3,17] for a more detailed
discussion.

The dressings Ai(p) of the tensor structures (10) and (11) are derived from the dressings
A@ and the details are deferred to Appendix A. We are led to

et aian (P) = —4(27)*8(py + Py + s +Pg) Z[mp)m +A;(p)7*ﬂm]’ (14)

where Af; (p) have the properties shown in (A.9) and (A.11) in Appendix A under permutations
of momenta.

Finally, we remark that the dressings A(p) in (14) are not renormalisation group (RG)
invariant and hence cannot be related directly to observables. Their RG-invariant counterparts
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——00000000——

Figure 2: Schematic form of the quark-gluon box diagrams that contribute to the flow
of the four-quark vertex in QCD, see e.g. [15]. The notation for general 1PI n-point
functions is depicted in Figure 15 in Appendix B. The lines stand for full momentum-
dependent propagators. Moreover, for the sake of simplicity we have dropped the
cutoff insertion.

are given by

- A
AMp) = % (15)

l_[llq()

which are the dressings of the RG-invariant vertex I'*) defined by

™ 1720 VF@
Taaiaian ()= l_[Z (P i9;81m (p), (16)

and analogously for ™. An expansion of the effective action in terms of the RG-invariant
vertices '™ and the RG-invariant propagators is more rapidly converging in a given expansion
scheme. This originates in the milder momentum dependence of the RG-invariant vertices,
for a discussion see e.g. [13] in QCD and [33] in gravity. Note that the RG-invariant quark
propagator Gq (p) follows from (2) with a multiplication Z,(p),

— a
o= [1+rq(2kz)2]+Mq(p>’ .
p> [1 + rq(%)] +Mq2(p)

and the RG invariance of (17) is manifest. In the limit of k — 0 the RG-invariant propagator
reduces to

, (18)

with the RG-invariant mass function M,(p).

2.2 s,t,u-channel truncation

In this work we use a s, t,u-channel approximation for the four-quark vertices as we have
discussed in the introduction of the present Section. The Mandelstam variables read

s={p+p), t=P* u=(p-p)>, (19)

where the convention for momentum labels of the four-quark vertex is provided in Figure 1,

and

P =—(p,+ps), p=’%, P = p42p3 20)
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In the s, t,u-channel approximation for the four-quark vertices, the full momentum depen-
dence of the four-quark dressings in (14) is approximated by

A:(Pl,P2>P3,P4) A A‘i(sn t,u). (21)

Put differently, we use the representation

A'Z:(plzp22p35p4) = )'i(sz t, ll) + Al:(plﬁp2>p35p4)z (22)

and assume
AAZ(p1, P2, P3,P4) A 0. (23)

The self-consistency of this approximation can be checked by computing A?L: on the results.
In Appendix D we show that the size of Aki does not exceed 1.5% for the large range of
configurations.

This approximation is qualitatively better than the single channel approximation, and we
expect significantly improved results in comparison to [1]. In particular, we expect that the
chiral limit is better accessible. This improvement comes at the price, that the numerical
costs are higher. However, the s, t, u-channel approximation is far less costly than taking into
account the full momentum dependence as shown in the left side of (21).

The configuration of four-momenta P, p, and p’ are chosen such that their four components
in a Euclidean frame are given by

p,=vP2(1,0,0,0),
Bu=/p?(1,0.0,0),
p; = \/?(cos 0, sin, 0, 0), (24)

with 6 € [0, r]. Evidently, momenta p and P are in the same direction, and p’ has the same
magnitude as p and the angle between them is given by 6. Substituting (24) into (19), one
arrives at

s =2p?(1+cosh), t=P?, u=2p%(1—cosh). (25)

It is readily verified that the subspace of the full momentum of four-quark vertices chosen
here, {+/P2, \/?, cos 6}, is in one-by-one correspondence to the subspace {s, t,u}. Note that
this choice of the subspace is convenient for the investigation of properties of bound states
in the following but not unique. Consequently, the split (22) depends on the choice of the
configuration. We show in Appendix D, that the respective A)\i, that accounts for the deviation
from the choice (24), is very small even in comparison to AA for configurations with all channel
momenta t,s,u # 0.

We conclude that A?L: accounts for subleading effects. Moreover, these effects are even
averaged out when fed back to the diagrams. Hence, we consider our approximation trust-
worthy. A complete check of the systematics will be published elsewhere.

2.3 QCD-assisted initial conditions

It is left to discuss the initial condition for the effective action. For the effective action (1) this
amounts to fixing the dressing functions

Z,(p),  Myp), {A.(p)}, (26)

at the initial scale k = A ~ 1 GeV. Naively one would put the initial values to ‘classical’ ones:
the wave function of the quark is put to unity, and the (constituent) quark mass function is put
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to the current quark value. Moreover, all vertex dressings of the four-quark tensor structures
are set to zero, except the leading scalar-pseudo-scalar one, A, , = A, , = A. This amounts
to setting up an NJL-type model and solving it in an elaborate approximation.

In the present work we take a first but significant step towards first principles QCD. There,
the quark-gluon box diagrams dominate the flow of the four-quark scattering vertex for mo-
menta p2 2 1GeV, and this class of diagrams is depicted schematically in Figure 2. The re-
spective flow generates in particular symmetric scalar and pseudoscalar four-quark couplings
71:; and 71; with a non-vanishing momentum-dependence at the initial scale k = A, the latter
being of the order of 1GeV. Qualitatively, we can approximate these momentum-dependent
initial conditions by

A5 (B) =A%, (F) = An%exp —i(é)z @7
o,A A 2a \ A 2

with the dimensionless parameter A and

VPi+pi+pi+p:  Jfstritu
2 2

p= (28)
while all other four-quark couplings are set to zero. The two parameters in (27) can either be
taken from the results in functional QCD, or they are fixed from phenomenological constraints.

3 Numerical results

With the set-up described in Section 2, we compute several low energy observables in QCD
such as the the quark mass function and quark wave function, the pion mass, decay constant
and Bethe-Salpeter amplitudes of the pion.

3.1 Determination of the physics scales

Any functional and lattice approach, both effective field theory ones and first principles ones,
is defined on the level of the initial effective action or classical lattice action, and the scales
are measured naturally in the respective momentum cutoff scale k = A or 1/a, where a is the
lattice spacing. Then the physics at hand or rather the mass scale has to be determined by
fixing the input parameters with non-vanishing mass dimension.

In QCD these are the current quark masses while the strong coupling is not adjusted. The
current masses of light u and d quarks are fixed by the value of the pole mass of the pion,
m, ~ 138 MeV. As the current quark masses are the only explicit scale in QCD, m,, has to be
measured in a dynamical scale of QCD and typically the pion decay constant f, ~ 93 MeV is
taken. Hence we adjust m,/f, ~ 138/93. This requires the computation of the pole mass m
from the pole position and the pion decay constant from the Bethe-Salpeter (BS) amplitude
h, on the pole.

Both can be read off from the four-quark coupling A, in the pseudoscalar channel: The
pole mass is conveniently determined from the zero of the inverse four-quark coupling A, (t)
in the t-channel as the coupling diverges on the pion pole. As in [1] the extrapolation of
momenta from the Euclidean to Minkowski regime is done using Padé approximants: While
Padé approximants are not a good basis for reconstructions, they (and any other method) work
well for the reconstruction of the location of the first singularity in the complex frequency
plane. The relevant results of this extrapolation are shown in Figure 3 in physical units.


https://scipost.org
https://scipost.org/SciPostPhys.17.5.148

e SciPost Phys. 17, 148 (2024)

10 1 — T T
I 1
I A m,; =100MeV :
8 | m, =140MeV || 1 po .
— + ]
N | m, =180MeV || 1
! o =220MeV | o a2
O 6 Ut r 1
X [ Padé[4, 4] I 2
* ! 4 |
! 4
247 o 7 . ]
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T 2 F IWZ S B
~< | X
[ ‘& s=u=0
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. 1
1 I . L
—0.05 0.00 0.05 0.10
t[GeV?]

Figure 3: Inverse four-quark coupling in the 7 channel, 1/A,(t), as a function of
the Mandelstam variable ¢t = P? with vanishing s and u. Results for several different
values of m, are compared. Data points denote the results calculated in the flow
equation in the Euclidean t > 0 region. The solid lines stand for results of analytic
continuation from t > 0 to t < 0 based on the fit of the Padé[4,4] approximants.

The pion decay constant can be computed from the BS amplitude h,, which is the amplitude
of the t-channel pole part of the RG invariant four-quark scattering couplings A,

_ ht
Aot =P%* > —m?)= it finite. (29)

Resolving the above relation for h,(p) with @ = o, « for the u-channel momentum p leads us

to
- _ _ 1/2
ho(p)= lim [2,(s=0,t,u=4p*)G; (0] ",

—m?2
t— mg

(30)

with the RG-invariant normalised propagator of bound states G,(t) = 1/(t + mi). We note
that in the QCD approach with emergent composites as used in [13, 15] the BS amplitude is
nothing but the (RG-invariant) Yukawa coupling.

In Figure 4 we plot the BS amplitude as a function of the u-channel momentum p on the
pole t = —mi. Finally, the pion decay constant is defined as

(01J¢,(x)Im?) = iP, f5°, (31)
where the left hand side reads
a b dq apA 7 b A
(0J35, () |m°) = (2n)4Tr TuYsT* Ge(q+P)hn (@) rsT" Gy(q) |, (32)

with the RG-invariant propagator Gq in (17) and the BSE amplitude h, in (30). Accordingly,
(32) is manifestly RG-invariant. Finally, T* in (32) denotes the generators of the flavor SU(N¢)
group with normalisation

1
tr T°T? = 5 0ab- (33)
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a=m, m,=138MeV
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)
)
1
)
\)

\J
\§
L

. ——a . —maaaaal . —maaaaal . —
10-3 10-2 1071 109 10!
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Figure 4: Bethe-Salpeter amplitudes }_la of the pion (red line) and o-mode (blue line)
as functions of the momentum.

Equation (32) is computed on the pole of pion with P? = —mi which is the smallest mass scale

in QCD. Thus, one can expand (32) in powers of P and the leading term provides us with the
leading-order expression of the pion decay constant,

¢ o d*q  h.(@)My(q)

, 34
c (27—5)4 [qz + qu(q)]Z ( )
where N, = 3 is the number of colors. Equation (34) is manifestly RG-invariant.

Adjusting the ratio m,/f, ~ 138/93 fixes the physical point and further observables, in-
cluding those for other values of current quark masses, that are predictions. An example of
the latter is the ratio of the pion decay constant in the chiral limit, f,¥, and that at the physical
point, i.e., f¥/f,. = 86/93. However, in a low energy effective theory this is not a prediction
and only holds true if the low energy dynamics of QCD are emulated well. This entails that
one has to fix effective low energy couplings that in QCD are generated from the fundamental
quark-gluon dynamics.

The coupling parameters in the present low energy effective theory approach are the light
current quark mass m; = m, = my in the isospin-symmetric limit, the strength of the four-
quark coupling A in the scalar-pseudoscalar tensor channel at the initial scale, and the pa-
rameter a governing its momentum dependence as shown in (27). The strength parameter
A and the momentum shape parameter a are adjusted with a physics observable and hence
accommodate the missing gluonic fluctuations with cutoff scales k < A as well as truncation
artifacts in the effective action.

This suggests the following procedure for determining the input parameters my, A and a
at the initial cutoff scale k = A: We use the ratios of pion pole mass m, with the pion decay
constant f,; at the physical point and with the pion decay constant f, in the chiral limit, i.e.,

m, 138 m, 138

o M 22 35
[ TR S o)

10
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Figure 5: Ratio of the pion mass and the pion decay constant, m,/f,, as a function
of the ratio of the pion mass and the pion decay constant in the chiral limit, m,/f7.
Several sets of values of parameters A and a for the four-quark coupling at the initial
cutoff in (27) are utilised. The physical values m%hys / f}r)hys and ml,)thys /fF are depicted
as horizontal and vertical dashed lines respectively. The physical curve is obtained
with A =16.7 and a = 1.

where the latter can also be written as f,/f7 ~ 93/86. Roughly speaking, the first ratio
is used to adjust the current quark mass m;, and in first principles QCD the second would
be a prediction. In the low energy effective theory the second one is used to calibrate the
interaction of the low energy dynamics described by A and a in (27). In Figure 5 we plot
m,/f, as a function of m,/f7, and the two physical values are given by the horizontal and
vertical dashed line, respectively. The curve depends on the parameters A and a, and we
select that which includes the physical point. This procedure fixes the parameters in the input
coupling (27),

A=16.7, a=1. (36)
We use the pion decay constant in the chiral limit, for fixing the absolute momentum scale as
(34) works best there. We set f% ~ 86 MeV and the ratios (35) then fix the physics scales at
the physical point. In particular this fixes the physics scale of the initial cutoff scale A and the
initial light current quark mass,

A =850MeV, m; = 19.5MeV. @37)

At lower cutoff scales in effective theories without gluon dynamics, the initial current quark
mass here is larger than the current quark mass in QCD calculations. Furthermore, at the
physical point we find the o meson mass m, = 570 MeV.

3.2 Observables

A first prediction in the present approach is the pion mass dependence of the pion decay
constant for all m, depicted in Figure 6 in physical units in comparison to the result of chiral
perturbation theory (yPT) at the order of O(p*) [34], see also [35,36]. Our results are in
excellent agreement with yPT for m, $ 170 MeV. For larger pion masses, y PT starts deviating
from our results.
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Figure 6: Pion decay constant as a function of the pion mass (tuned by the current
quark mass) for the physical four-quark coupling for the initial condition (36) and
A = 850MeV, see (37). We also show the result of chiral perturbation theory at the
order of O(p*) [34]. The gray dashed lines correspond to the physical point.

In Figure 7 we show the light constituent quark mass function at the physical pion mass
in comparison to lattice results, [37], and the functional QCD results from [13] (fRG), see
also [38-41] (DSE). For the ultraviolet cutoff scale of 850 MeV in (37), the decay of the quark
mass function (solid red line) is far weaker than in QCD. This was to be expected, as LEFTs only
describe the full dynamics of QCD for far lower momentum scales, see in particular [14,42].
In a forthcoming paper, [27], we have embedded the quark sector in full QCD and the results
there confirm that in [14,42] in the present set-up.

Alternatively, we can lower the ultraviolet cutoff scale A in (37) such, that the LEFT accom-
modates the full QCD dynamics for momenta below A. Such a case is also shown in Figure 7
(dashed blue lines) for the initial condition

A=500MeV, m;=19.5MeV, A=204, a=1. (38)

As expected, the quark mass function shows a reasonable agreement with the QCD results. This
entails both, a non-trivial reliability check of the current approximation as well as emphasising
the relevance of gluon degrees of freedom in the momentum regime 500 - 1000 MeV. As also
discussed in [14, 42], this relatively low quantitative UV cutoff scale limits the quantitative
predictivity of LEFTs for larger external parameters such as temperature and quark chemical
potential.

We proceed with the discussion of the results of the four-quark dressings A,. As discussed
in [1] and in Section 2, we consider a set of twenty tensors derived from the set of tensors
7(® in (A.1): the Fierz-complete ten momentum-independent tensors 7(* ) defined in (10)
that follow with crossing symmetry from the tensors in (A.1) and its symmetric part (11) with
an antisymmetric dressing, that also follows from (A.1). We emphasise again that this part
implicitly depends on the extension of the given 7(* ) with a symmetric part, and the set
T(® implies a specific choice. Their dressings are obtained in terms of their symmetric and
antisymmetric parts,

Ao(P) =25 (P)+ A (P), (39)
with )\j defined in (A.8). While A; are the dressings of a Fierz complete basis, the )L; reflect
our choice (A.1).
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Figure 7: Light constituent quark mass M,(p) as a function of the momentum for
a pion mass of m,; = 138 MeV. It is shown for two different values of the initial
cutoff scale A = 850 MeV (red solid line) and A = 500 MeV (blue dashed line), in
comparison to results in Ny = 2 flavour QCD: [13] (fRG, m, = 140 MeV) and [37]
(lattice, m, = 280 MeV).

Note that we have re-iterated the discussion in Section 2 here, as A; -(p) turns out to
be relevant, see Figure 8. There we show the full quark mass function in comparison to that
computed with only the scalar-pseudoscalar dressings A, (p). Finally, the importance of the
p?-tensor structures is visualised by the comparison to the quark mass function, obtained by
only considering A*(p) or only A;’ -(p). While the difference between considering all A* or
only QL:;’ » is negligible, evidently A;  is relevant. In summary, all tensor structures but the
scalar-pseudoscalar ones are negligible, as is also visible from Figure 9. In turn, the symmetric
scalar-pseudoscalar momentum-squared tensor structure related to )\;’ -(p)isrelevant. For the
t-channel this is also illustrated in Figure 10, where the sizable contribution of A is clearly
visible.

The result for the quark mass function is readily understood in terms of the ten RG-
invariant dressings A, of 79, that include the full dynamics of the present approximation,
see Figure 9. There we have collected all four-quark dressings (39) as functions of the mo-
mentum in the t-channel with s = u = 0. Obviously, the scalar and pseudoscalar dressings are
far larger than the other dressings. While the relative size of a dressing indicates its relative
importance for the dynamics of the system, a reliable statement can only be made by switch-
ing off specific channels and computing the impact of such a procedure as discussed above for
the quark mass function depicted in Figure 8. Evidently, only the couplings of the (V —A)*Y,
(S+ P)a_dj and (V —A) channels can play a subleading role, see the right panel of Figure 9. Fig-
ure 8 confirms that even these tensor structures are negligible. Moreover, the further channels
are completely negligible. This finding is consistent with the relevant results in [1], where a
momentum-independent truncation for the four-quark vertices is used.

So far we have only shown results for t-channel momenta with s = u = 0. This channel
carries the dominant momentum dependence as the mesons are defined as resonant t-channel
degrees of freedom. The most important channel is the mw-channel and we now evaluate the
momentum dependence of the four-quark dressings A, in all channels. The respective results
are shown in Figures 10 to 12. The symmetry relations (A.9) and (A.11) for the Ai imply for
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Figure 8: Comparison of the full quark mass function with that obtained only with the
dressings A, .. We also compare that obtained with and without the antisymmetric
four-quark dressings. All cases use the the same initial parameters.

the t,s,u-dependent four-quark dressings,

A5(s, t,u) = Al (s,u,t),
A G, t,u)=—A(s,u,t). (40)

Consequently, we infer A;(pz, 0,0) = 0 as shown in Figure 11 and

2 ) — 2
2'Z(O’p 30) _A;(O) O,P ))
- 2 0y — - 2
ka(();p 30) - _A'a(O) O:P ): (41)
which are also confirmed by comparing Figures 10 and 12.

We close our analysis with the discussion of the Bethe-Salpeter (BS) amplitude of the pion.
It is defined as

. 2 2 2412
h.(p,cosf8)= lim [kﬁ(P ,p,cos8)(P* + mn)] , (42)
P2——m2
with the momentum configuration
p,=vP2(1,0,0,0),

Py = \/?(COSQ, sing, 0, 0),
p;z—\/?(cose,sine,o, 0), (43)

instead of (24). This necessitates the evaluation of the pion channel away from t, s, u momenta.
Now we use, that even in the present s, t, u-channel approximation (21) we still can access
general momentum configurations in the following simple way: we use the self-consistent
solution of the quark propagator and the s, t,u-channel vertices in the flow diagrams and
simply evaluate the later or rather the integrated flow at the momentum configuration of
interest.
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Figure 9: Left panel: RG-invariant four-quark dressings A, = A%+ defined in (13),
(15) and (39) of the tensors (A.1) as functions of t-channel momentum ats = u = 0.
These are the combined dressings of the Fierz-complete momentum independent ten-
sor structures and their crossing-symmetric partners, see the discussion around (39).
Right panel: Zoomed-in view of the left plot without the o and 7 dressings.

The respective numerical results are presented in Figure 13 which shows the BS ampli-
tude as a function of p and cos 8 defined in (43). The BS amplitude only shows a very mild
dependence on the angle between the quark and meson momenta, which is consistent with
the results in [43]. This in turn also corroborates the s, tu-channel approximation for the
four-quark vertices used in this work.

4 Conclusions and outlook

In this work we have further developed the bound state approach within the functional renor-
malisation group initiated in [1]. In comparison to that work we have computed the four quark
dressings A, (s, t,u) in a s, t,u-channel approximation instead only in the t-channel. This qual-
itative improvement is visible in all results, and in particular it leads to a qualitatively improved
convergence in the chiral limit. Deep in the chiral limit the current approximation still fails,
though it fails for considerably smaller pion masses in comparison to [1]. This problem relates
to the non-trivial momentum transfer in the loops inherent to the current setup. This intricacy
arises from the emergence of the soft pion mode [44] below the chiral symmetry breaking scale
and is easily remedied with the inclusion of emergent composites as done in [10,11,13,15].
The purpose of the present work and that of [1] was complementary, concentrating on the
quantitative resolution of the momentum dependence of the Fierz-complete four-quark ver-
tex. We have also investigated the quantitative reliability of the s, t,u-channel approximation
for the four-quark vertices. Notably, our results are in excellent agreement with the yPT at
the order of O(p*) in the regime of m, < 170 MeV.

We have also discussed in detail the determination of the absolute physics scale with the
ratios of the pion decay constants in the chiral limit and at the physical point with the phys-
ical pion mass. Moreover, the light constituent quark mass function has been compared with
functional QCD and lattice QCD results. We find, that the momentum dependence does not
match that in QCD for an ultraviolet cutoff scale A = 850 MeV. For a UV cutoff of A = 500 MeV;
the mass function agrees reasonably well with the QCD mass function, see Figure 7. These
findings indicate that the glue dynamics is still relevant in the momentum regime between
1 GeV and 500 MeV, which corroborated similar findings in [14,42]. The respective analysis
will be furthered in [27] within functional QCD.
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Figure 10: Symmetric, antisymmetric and total four-quark couplings in the 7 chan-
nel, i.e., A;, A, A, respectively, as functions of the t-channel momentum at
s =u = 0. The s,u-channel results are depicted in Figures 11 and 12.

The current work paves the way for the final step towards quantitative predictions of the
QCD resonance structure and general timelike correlation functions in first-principles func-
tional QCD with the fRG. In this step we will add the pure glue sector and the quark-gluon
vertex as the interface between the matter sector discussed here and the pure glue sector, for
quantitative vacuum results see [45-47]. A final improvement of the momentum dependence
is provided by the inclusion of a symmetric point part of the momentum structure: While
the s, t, u-channel approximation is well adapted to resonances, the symmetric point approx-
imation deals well with resonance-free dressings. In summary, the present advances in the
four-quark sector of QCD, together with the fRG with emergent composites allow for a full
systematic resolution of the infrared dynamics of QCD including the resonance structure and
we hope to report on respective results in the near future.
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A Fierz-complete basis and symmetry relations of the four-quark
vertex

In this appendix we summarise the tensor structures of the Fierz-complete basis we use in the
current work as well as discuss symmetry relations. This basis, within minor modifications,
has also been used in our previous work [1] and in related fRG works [11,13,32], see also the
review [28].
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Figure 11: Symmetric, antisymmetric and total four-quark couplings in the 7 chan-
nel, i.e., A;, A, A, respectively, as functions of the s-channel momentum with
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t =u = 0. The t,u-channel results are depicted in Figures 10 and 12.

The Fierz-complete basis of momentum-independent tensor structures is built from the ten

tensors

(2

ijlm = (T (T »
i;'Tlm = —(rsTDii(rsTDim»

a

ijlm — (Ta)ij(Ta)lm 5

7;?1,“ = —(YsTo)ij(Ys To)lm,

V-A . .
7;51,,1 ) = (Yp,TO)ij(YuTO)lm — (lYuYSTO)ij(lYuYS T »
T = (T T + Gy s T s Tt

T = (1, T (T = (7,75 T (075 T i
f;fntp)idj = (Tofa)ij(TOfa)lm +(rs TOfa)ij(YsTofa)lm
- (Tatb)ij(Tatb)lm - (YsTatb)ij(YsTafb)lm ,
TEP= (Tofa)ij(TOfa)lm—(YsTota)ij(YsTOfa)lm
- (Tatb)ij(Tafb)lm + (YsTafb)ij(YsTafb)lm ,
T-(»SJrP)idj = (T2 (Tt + (rs T2t (s T2t
+ (T) (T ) + (rs TP (s T

The part of the full four-quark term derived from these tensor structures reads,

with

4
d"p,
ijlm

acF

F={o,m a,n, (v=4), V-4, £y, (s+P)I},
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Figure 12: Symmetric, antisymmetric and total four-quark couplings in the 7 chan-
nel, i.e., A;, A, An, respectively, as functions of the u-channel momentum, /u at
s =t =0. The s, t-channel results are depicted in Figures 10 and 11.

and the momentum-dependent dressings A,(p) with p = (py, ..., P4), see (8). Crossing sym-
metry (13) entails

) _ )
7?5'(11m _7;(n(11ij’

Aa(p1>p27p31p4):Aa(p3>p4:p1:p2)~ (A4)

The ten tensors 7 in (A.1) can be split into their symmetric and antisymmetric components,

T 7l )

ijim = Yijtm tVijm >
Thim = %(714]?31 £750) (A.5)
with
T =T = =7
Tt = =T = —To ) =T (A.6)

In (A.2) they come with the respective dressings A(“i),

1
Ao (P1,P2,P3,P4) Eg[la(pbpz,pg,m) + Aa(P3, P2 P1,04) |, (A7)
_ 1
Aoc(Pth,Pg,PAf) EE[Aa(PbPz,Pg,PO - Aoz(Ps,Pz,P17P4)] > (A.8)

whose symmetry under momentum permutations, (A.9) and (A.11), follows from that of the
respective tensors.

In particular, upon contraction with the quarks and antiquarks only the antisymmetric com-
ponents 7 ) of the above tensors survive for vanishing momenta, and {7(* )} constitutes a
Fierz-complete basis of the momentum-independent tensor structures. Due to the antisymme-
try of the 7(®7), their dressings A; of the tensors are positive under commutation of momenta,

AL(P1,DP2,P3,P4) = AL(D3, P2, P1,P4) = A (P1, P4, P35 P2) = At (P3, P4, P1,P2) (A.9)
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Figure 13: Bethe-Salpeter amplitude of the pion as a function of the magnitude of
the quark momentum and the angle between the quark and meson momenta.

which completes the construction of the four-quark scattering term with momentum-
independent tensor structures. The respective four-quark term in the effective action is ob-
tained by simply substituting

7(@) (@) _, (a7 y(a®) , (A.10)

in (A.2). A natural extension of the above Fierz-complete basis of momentum independent
tensor structures is given by the symmetric parts of 7 with the dressings

A, (P1,P2,P3,P4) = —A_(P3, P2, P1,P4) = —A,(P1,P4,P3,P2) = A, (P3, P4, P1,P2),  (A.11)

that vanish at p = 0. Accordingly, the part 7@ () comprises a part of the four-quark term
built from momentum-dependent tensor structures. It is required for maintaining the crossing
symmetry of (A.2) for p # 0. We emphasise that it is neither complete nor unique and depends
on the choice of the basis tensors in (A.1), while the momentum-independent part is complete.

B Flows of the four-quark vertices

The flow equations for the quark self-energy and the four-quark vertices are shown in Fig-
ure 14. First of all, we focus on the flows of four-quark vertices. The flows of the symmetric
and antisymmetric four-quark dressings in (A.7) and (A.8) can be obtained by projecting the
flows of vertices onto the tensors (10) and (11), respectively. Since Fierz-complete basis of ten-
sor structures is employed, there is no ambiguity for the projections, see [1] for more details.
The flows of four-quark dressings can be decomposed into a sum of s, t, u-channel diagrams,

atki(plzp21p3>p4) = Z Flowggi)(pl>p2’p31p4)z (B]-)

i=s,t,u
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Figure 14: Flow equations for the two- and four-point quark correlation functions,
see also [1]. The blobs stand for 1PI n-point functions, see Figure 15, the derivative J,
only hits the k-dependence of the regulators, while the tilde-derivative of the n-point
functions vanishes, 3, = 0. The inner lines depict full momentum-dependent
propagators.

H
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p
F(n) by (plz ,Pn)=

Figure 15: Diagrammatic representation of general 1PI n-point functions or vertices.
All momenta are counted incoming and the fields ®;, label the field of the respective
leg.

see also Figures 14 and 16. The flow of t-channel reads

Flowg))( p— P/2p P/2,—p' +P/2,5' +P/2)

_—P/Z,f)—P/Z,—q,q-i-P)

a/ a// (2 )4
><7Lau( q—Pgq,—p’'+P/2,p +P/2) da'a
—ZJ o )47La/(t O DYV CURTUR O Vg (B.2)
with
s'=(q+p+P/2)*, t' = P2, W =(q—p+P/2)?, (B.3)
and ) )
=(q+p +P/2)", '=pP2, u'=(q-p'+P/2), (B.4)

where we have relabelled the notation {A,} = {)\j} and used the three-momentum-channel
approximation for the four-quark vertices in (21) in the last line of (B.2). The coefficients
F (5 ‘g 3S well as F7, oy and F, aa in what follows are momentum-dependent functions of
the quark propagators and regulators The momentum routing for the t-channel flow diagram
of the four-quark vertex is shown in Figure 16, together with those for the other u and s

channels. The loop momentum in (B.2) reads
qu= V> (cos 6,, sin 6, cos 6,, sin 6, sin 6, cos ¢, sin 6 sin O, sin ap) , (B.5)

where 6, 0, € [0, ] and ¢ €[0,2n]. The integral measure is given by

o5} T s 27
jd“q =f dquJ d 6, sin® Olf d@zsin92f de. (B.6)
0 0 0 0
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Figure 16: Momentum routing of the flow diagrams of four-quark vertices for the t-,
u-, and s-momentum channels, respectively.

For the sake of brevity, we adopt the shorthand notations
t1 =((q+p+P/2)% P*, (g—p+P/2)?),
t,=((g+p'+P/2)% P*, (g—p'+P/2)*). (B.7)
In the same way, for the flow diagrams of the u and s channels in Figure 16, we define
u; =((q+p" —P/2)%, (5 —5')%, (a—p+P/2)),
u, =((q+p +P/2)% (5—5)% (q—p—P/2)), (B.8)
and
s1=((p+p")% (q—p' +P/2)*, (q—p—P/2)*),
s;=((0+0'), (q—p —P/2)*, (q—p+P/2)*). (B.9)

Consequently, the flow of four-quark dressings for the u-channel in (B.1) reads

Flowg)a)( p—P/2.p—P/2,—F' +P/2,p' +P/2)= Y. (2 )4/1 (W) A () Fe o, (B.10)
a/a//

and that of the s-channel reads

Flow') |(=p—P/2.5—P/2,~' +P/2,p' +P/2)= > (2 )4/1 (5 (8)F g - (B.11)

(1/ a’

The explicit expressions of the four-quark flows in (B.1) are very lengthy and we refrain
from presenting them here. Instead, we provide the flows that follow from only including
the o and 7 tensor structures. It has been discussed in Section 3.2, that these flows already
provide quantitatively reliable results.

The flow of t-channel for the symmetric dressing of the o tensor structure is given by

Flow(,\(~p—P/2.p—P/2,—p' + P/2,p' +P/2)

dq i@ 2 ¢
(Zn)4m@(%){ [1 +r (kz)] Mq(q)Mq(qt)AEA)g)(tl’tZ) (B.12)

q-q; : > @
+ s [1+ (kz)] [qu(q)—q [1+r (kz)] ]B(}H)(tl,tz)},

with g, = ¢+ P denoting the loop momentum of one of the inner quark propagators as shown
in the first diagram of Figure 16. Here the scalar part of the RG invariant propagator G, is
given by

) 1
Gi(q) = , (B.13)

q> [1 + rq(Z—i)]Z + qu(q)
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and the RG-invariant part of the single-scale propagator reads

_ 2
fs(q)=Gs(q)[(a n(@)rg ( )] Gy(q). (B.14)

with the shape function rq(q2 /k?) of the regulator R4(q) defined in (4) and the anomalous
dimension 7,

ath(CI)
Z(q)

ng(q) =— (B.15)

The functions A and B in (B.12) are given by

A1, 6) = 2520 ()2 (1) + 321 (8D (1) + 32 (84 (1) = 3AL(0)A ()

+ 2547 (t1)A () + 3AL(6)AT () = 3AZ(t1)A(t5) + 341 (t)A (1)
— 325 ()4 (t) + 254 ()AL (t5) + 34, ()AL (t5) + 2147 (81) A7 (t)
— 32 (t)A(t) —3A_(t1)A5 (tp) + 3A_(t1)A1(t5) —3A_(t1)AL(t,), (B.16)

and
Bt ) = 31225 (814, (85) + 3745 (82 (82) + 372, (81)A% () + 241 (441 (85)

+288A7 (t1)A (o) + 3547 (£)AL () — 3747 ()4, (t) — 241 ()4 (t5)

— 357 ()4 () + 22, (1) (t5) — 374 (1A, () — 224 ()4} (t5)

—35A_(t)A7(t5) + 28847 (1A, (t5) + 3547 (8)AL(t) + 26447 (8)A%(t,).
(B.17)

The flow of u-channel can be directly obtained from that of t one with the interchange of the
momenta of two quarks or two antiquarks. Thus, one is led to

, (B.18)

qr—qy, ty U, th—uy

Flow(;(—p—P/2,p—P/2,—p' +P/2,p' +P/2) = Flow(;,

with ¢, = ¢ —p + p’. The flow of s-channel for the A} reads

Flowg)g)( p—P/2,p—P/2,—p +P/2,5' +P/2)

d4q t;(q) G.( ){_2 [1+r ( 2)]M( WL )(37L+(s YA (sy) + A (s)AT(s )) (B.19)
@n) Zg(@)Z,(g0) * & T 1@ | [ Ma(@Mg(g)(3A7(s1)A%(52) + A5 ()25 (s :

4L, qz M2(q)—q?| 1+7, )T’ (225 (5121 (55) = A5 (51)A % (52) = A2 (s1)25(s5))
12 k2 q kz 01492 o\01 N (S2 a\S1AGS2))
with g, = p + p’ —q. The flow of t-channel for A} is given by

Flow(f)( —p—P/2,p—P/2,—p'+P/2,' +P/2)

d4 s(q) ~ 2 t
@n) m@(qt) {—2q [1 +r (kZ)] Mq(q)Mq(qt)AEx);)(tli t3) (B.20)

. 2\ 72
+q2;1t [1+ (Z;)] [qu(q)—qz[urq(%)] ]B&);)(tl,tz)},

AG (1, 8) = T1AZ()A7(8) + 124 (0)A(6) = A5 (82, () + 122 (825 (85)
— g (E)DA7 () + 1347 (647 (82) + A7 (8)AL(6) + A7 (6)A(L,),  (B.21)

with
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and

By, ) = B10A%(8)A5 () — 1341 (1A, (1) — 134, ()4 1(85) + 1325 (82)21(8)
=112 (t)A,(t) + 29047 (£)A_(t5) + 1147 ()4 (t5) + 134T (£)A(t,)
+262A(t)A_(t5) —11A_(t1)A, (t3) + 29024 (t)A(t,) + 111;(t1)7tg(t2), (B.22)

Similar with (B.18), one has

Flow(s),(—p—P/2,p—P/2,—p' +P/2,p’ +P/2) = Flow';

(A1) (5 (B.23)

qe—qu, t1 Uy, Uy

The flow of s-channel for A} reads

Flow's), (—p—P/2,p—P/2,—' + P/2,p' + P/2)

d4q Es(q) ~ 2 + + + +
Gy Tz @ @20 | 147 3 ) | Ma@My@)(A1Gs0A L) + 235025 (s)  (B.24)
q q\is
q-q a T
+ 125 [1+ (kz)] |:qu(q)—q |:1+r (kz)] i| (Ag(sl)k;(sz)+A;(sl)kg(sz)—le(sl)k;(sz))} .

It is left to present the flows of the antisymmetric four-quark dressings. We begin with the
flow of t-channel for the A_, that reads

Flowgg);)( p—P/2,p—P/2,—p'+P/2,5'+P/2)

d'q L@ - q;
sz [ ) Promta o

q-9q; q; 2\7? B
7 [1+ (kzﬂ [qu(q)—q [1+r (kz)} ] e )(tl,tz)} (B.25)

AG(t1, £5) = 2725 (04, (1) + 3AL(E)A, (1) + 32, (£)AL (1) + 321 (125 (8)
+23A7(t)A, (65) + BAL(6)AL(t5) — 3A(t)A(t5) — 3AL(t)A(t5)
— 325 ()4 (t5) + 2324 ()AL (t5) + 34, (81) AL (85) + 2347 (81) A% (¢5)
+ 34 (t)A_ (o) —3A_(t)A, (t5) —3A_(t)A () —3A_ ()AL (L), (B.26)

with

and

B“) )(tl, ty) = 3122 (t)A, (ty) +37AL(£)A, (t5) + 37A,(£)A () + 247 (£)AL(¢,)
+288A7 (t1)A (o) + 3517 (£)AL(t,) — 3747 (t)A () — 2471 ()4 (t)
- 351;(t1 WA (t) + 224 (t)A_(ty) —37A_(t1)A_(t2) — Zlg(tl)A;(tz)
—35A_(t)A](t5) +288A (1A (t5) + 3547 ()4 (t,)
+264247 (t)A](t5). (B.27)

This result also allows us to obtain the flow of u-channel for A_, i.e.,

) ()
Flowu;)( p—P/2,p—P/2,—p +P/2,5' +P[2)= Flow(; |

, (B.28)

qr—qy, t Uy, Uy
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where the minus sign on the right side arises from the symmetry relation for the antisymmetric
four-quark dressings in (A.11). The flow of s-channel for the Ag is given by

Flowg{)( —p—P/2,p—P/2,—p'+P/2, +P/2)

dq (e - 2 e N
Wm@(qs){—&] [14"” (kz)]Mq(Q)Mq(%)(37tn(s1)/1ﬂ(sz)+KU(S1)7LU(32)) (B.29)

. 2 2
+q1§s [1 +r (Zz)] [M;(q)—q [1 +r (kz)] ] (x;(sl)A;(sz)+A;(sl)x;(sz)—2/1;(s1)z;(s2))} :

The flow of t-channel for the A; reads

Flow&);)( —p—P/2,p—P/2,—p' +P/2,p' + P/z)

d*q (@ ¢ t
= 2n) 72, (qt)Gs(qt) {—2q2 |:1 +r (kz )] Mq(q)Mq(qt)AEA);)(tl, ty)

q-q; 1+ qt Mz( 1 2 2 B(t) 550
24 kZ q q)_q +T kz )(tlrtZ) (B.30)

AGL (81, 8) = 1BAEEDAT(8) = A5 (0D (1) + 1227 (8125 () + A3 (02 (1)
+11IA_(t)A(82) — A_(tA, () + 124 (8)A L (8) + A (8)AL (L), (B.31)

with

and

B(t) )(tl,tz)—31OA+(t1)l+(t2)—137L+(t1)7L (t5) — 134 (t)AL(t) + 1325 ()AL (¢)

— 112 (t)A-(t5) + 2907 (84 (t) + 1147 ()4 (t2) + 134T (£)A7(t5)
+262A_(t))A(ty) — 114 (t1)A- (t5) +290A_ ()AL (t,)
+ 112 ()AL (t,). (B.32)

Similar with (B.28), one arrives at

Flowg);)( p—P/2,p—P/2,—p'+P/2,p +P/2) :—Flow&);) 4t Gyt (B.33)
The flow of s-channel for the A reads
Flowg);)( p—P/2,p—P/2,—p'+P/2,5'+P/2)
d*q  &(@ 2
(27-[)4 Zq(q)Zq(qs)Gs(qs){_zq |:1 +7 (kz):| Mq(Q)Mq(QS)
2 2 2
x (A7 (5127 (s2) + A5 (515 (52)) + ;1 [1+ (iz)] [Mz(q) q [1+r (kz)] ]
x (227 (s)A5(52) — A5 (51)A5(55) — A;(sl)A;(sz))} : (B.34)

C Flow equations of the quark propagator

We flow equations for the quark mass function and quark wave function is readily computed
from that of the quark self-energy shown in Figure 14. The flow of the quark mass function
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Figure 17: Quark wave function as a function of the momentum at pion mass
m, = 138 MeV with the initial cutoff scale A = 850 MeV.

is obtained by tracing the flow of the self-energy, d F(?)(p) in Dirac and flavour space, also

using the isospin symmetry: tr & F(z)(p) With an appropriate normalisation this leads us to

ts(q) 2 16
8M = M _— 1 —3AT—23At 30— AT — =" )
o(P)= mg(PIM(p)+ J @) Z,0)2,@) q(‘”[ o (kz R I Sl
16 32
Pt T o - -_ — — V9= el _
A(S+P)adj+s/x(v+m R R T PR SA(VM)}- (C.1)

The momenta of the four-quark dressings, which are not shown explicitly in (C.1), are given
by
2a(=p,0, =4, ) = Ao (s = (p+ @)% t =0,u=(p—q)?), (C.2)

where the three-momentum-channel truncation for the four-quark vertices in (21) has been
employed. The flow equation of the quark wave function is given by

dq t(@)p-qf, . A\T13,. L 3., 1., N _
3qu(p)=J(2n)4%p—2 MA@ —q*|1+7, k2 zkn+ A Aa 2An l(s Py 102y _y

3
+ +
— 1440, BA”,Mm S

—122%

i) An——k + 7L + )L + 3 —122, 0t % Saz } (C.3)

37 (s-p) 37 (V=Apd

In Figure 17 we show the quark wave function, which only deviates slightly from unity in the
regime of small momentum. The complete calculation of quark wave functions will be done
in QCD.

D Error estimate for s, t, u-channel approximation

In Section 2.2 we have discussed the s, t, u-channel approximation summarised in (22), which
we repeat here for the sake of convenience:

A:(P1:P2>p3’p4) = )’j(sz t, ll) + Akj(plap2>p35p4): (D]-a)
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Figure 18: Relative error of the s, t, u-channel approximation of the four-quark dress-

ing in the 7t channel, S;’H(s, 8), (D.6), as functions of 4/s for different values of cos 6

in the momentum configuration II, (D.3).

where the s, t, u-channel parts Aj(s, t,u) are computed from

P,=vP2(1,0,0,0), p,=+p?(1,0,0,0), B, =+/p?(cos6,sin6,0,0), (D.1b)

which defines a three-dimensional subspace of momentum configurations, that are in one-to-
one correspondence with the Mandelstam momenta

s =2p?(1+cosh), t = P2, u=2p%(1—cosh). (D.1¢)

Finally we approximate
AN (P1, P2, P35 P4) X O, (D.1d)

which reduces the six momentum and angular variables in the dressings Aj(pl, D2, P3,P4) tO
three variables.

Equation (D.1d) allows for the following self-consistency check: We assume A?Lj ~ 0 on
the right hand side of the flow equation. Then, A)Li can readily be obtained from its integrated
flow, computed within the approximation (D.1). A measure of its importance is the relative
contribution in comparison to the s, t, u-channel part,

Aj(p) — A:(s, t,u)
Az(p)

where we finally dropped terms of the order AA: on the right hand side.
For the evaluation of (D.2) we define another three-dimensional subspace of momentum
variables that differs from (D.1b),

P,=vP2(1,0,0,0), p,=+/p?(cos6,sind,0,0), 5|, =+/p?(—sind,cos6,0,0), (D.3)

with 6 € [0, ] and the Mandelstam variables

ALL(p)
AE(s, t,u)

J

&E:(p)= , (D.2)

s=u=2p2, t = P2, (D.4)

Evidently, the three-dimensional subspace (D.3) picks out a two-dimensional subspace in
{s,t,u}.
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We compute the relative error (D.2) for the largest (and only relevant) four-quark dressing,
the pseudo-scalar dressing A ;. It can be computed in two distinct ways: First we can evaluate
the radial momentum dependence for a fixed relative size of s, t,u-channel momenta. Here
we choose

s=t=u, —>P12=2p12, cosf; =0, and PIZIZZpIZI, (D.5)

obtained from either the momentum configuration (D.1b) (I) or (D.3) (II). While the cosine
cos 0; = 0 is fixed, the cosine cos 6;; can take any value in [-1,1]. The respective dressings are
Az(s) and )\In(s, 6) and hence the relative error (D.2) is a function of /s and cos 6,

AL (s)— A7 (s, 0)
1A% ()l

£;(s,0) = (D.6)

In Figure 18 we show the relative error (D.6) as functions of 4/s for different values of cos 6.
This provides us with an error estimate for the approximation (D.1d), which is smaller than
1.5%. This indicates that the three-momentum-channel approximation of the four-quark ver-
tices discussed in Section 2.2 is of quantitative reliability.

Moreover, we replace momentum configuration II in (D.3) with another one, denoted by
IIT as follows

P, = \/5(1, 0,0, o), b= \/F(cose, sin, 0, 0), Bl = \/?(cose, sin6), 0, o), (D.7)
with 8 € [0, ], and compute

AL ()= AT (s, 0)|
1A% ()l ’

with t = 0 and u = 0. The relevant results are shown in Figure 19. The error of the configu-
ration choice is more than one order of magnitude smaller than that depicted in Figure 18.

(5,0 = (D.8)

6x107* —— ——
5% 104 L cosf=1 )
cos=0.75
4x10™* | cosf=0.5 .
= cos6=0.25
= 3x107 | i
o cosf=0 \
SN~—
S s2x107t | .
w ‘\
1074 F i
KN
0 —— h"'\-
—1074 — A | L
0.01 0.1 1 5

Vs|GeV]
Figure 19: Relative error of the s, t, u-channel approximation of the four-quark dress-

ing in the 7t channel, S/I{IH(S, 0), (D.8), as functions of /s for different values of cos 6
in the momentum configuration III, (D.7).
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