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Abstract

The ultrafast conversion of coherent excitons into incoherent excitons, as well as the
subsequent exciton diffusion and thermalization, are central topics in current scientific
research due to their relevance in optoelectronics, photovoltaics and photocatalysis.
Current approaches to the exciton dynamics rely on model Hamiltonians that depend
on already screened electron-electron and electron-phonon couplings. In this work, we
subject the state-of-the-art methods to scrutiny using the ab initio Hamiltonian for elec-
trons and phonons. We offer a rigorous and intuitive proof demonstrating that the ex-
citon dynamics governed by model Hamiltonians is affected by an overscreening of the
electron-phonon interaction. The introduction of an auxiliary exciton species, termed
the irreducible exciton, enables us to formulate a theory free from overscreening and
derive the excitonic Bloch equations. These equations describe the time-evolution of co-
herent, irreducible, and incoherent excitons during and after the optical excitation. They
are applicable beyond the linear regime, and predict that the total number of excitons is
preserved when the external fields are switched off.
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1 Introduction

Transition-metal dichalcogenides, layered heterostructures, and other two-dimensional ma-
terials hold great promise for next-generation optoelectronic devices due to their rich exci-
tonic landscape [1–5]. The weak dielectric screening favors the existence (and coexistence)
of well defined optically bright zero-momentum singlet excitons [6–8] as well as dark inter-
valley and triplet excitons [9–12]. Understanding the fundamental laws governing the for-
mation and scattering of excitons is crucial for guiding researchers and accelerating progress.
The momentum-resolved exciton dynamics can be monitored using time-resolved photoemis-
sion techniques [13–26]. Laser pulses with subgap frequencies excite particle-hole pairs and
transfer the light’s coherence to them. During and shortly after the optical excitation, the
nonequilibrium state features coherent (or virtual) particle-hole pairs bound by the Coulomb
attraction, i.e., bright coherent excitons. For not too large excitation densities, this super-
fluid phase [27–31] is stable only at clamped nuclei [32]. The charge imbalance created
by the laser pulse sets the nuclear lattice in motion, and the macroscopic number of lattice
modes (or phonons) is responsible for destroying exciton coherence [33–38] and diffusing ex-
citons [39–41]. Bright coherent excitons are then converted into bright and dark incoherent
excitons, whose energy and momentum can be inferred from the measured time-resolved and
angle-resolved photocurrent.

The complex dynamics of coherent and incoherent excitons coupled to phonons has be-
come a central focus in current scientific research. A straightforward strategy to deal with
the problem consists of using model bosonic Hamiltonians for excitons and phonons. Built
on the pioneering works by Toyozawa and Hopfield [42–44], this approach dates back to
the early sixties [45–47]. Nonetheless, it faces important conceptual issues that remain to
be addressed [48–50]. The major issue pertains with the fact that model Hamiltonians are
written in terms of screened electron-electron (e-e) and electron-phonon (e-ph) interactions.
This leads to double counting and overscreening already at the leading order in perturbation
theory. Techniques based on the cluster expansion [51–55] suffer from the same conceptual
drawbacks, as the underlying Hamiltonian is affected by the same problems, i.e., a screened
e-e and e-ph coupling. The equivalence between the two approaches becomes evident when
expanding the e-ph interaction in terms of an interaction between (multiple) particle-holes
and phonons [56,57], which, to the lowest order, is equivalent to a bosonization.

Despite the conceptual issues, the equations of motion for the coupled dynamics of coher-
ent and incoherent excitons [52–54, 58, 59] have a great appeal, and have been extensively
used in the literature. The fundamental question we address in this work is: Can these equa-
tions be derived from the ab initio Hamiltonian of electrons and phonons [60]? In this study,
we provide a conclusive negative answer, pinpointing the issue as rooted in the overscreen-
ing of the e-ph interaction, and derive the correct result. Our derivation is based on Green’s
function many-body theory, where screening, quasi-particle renormalization, and phonon fre-
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quencies emerge naturally from the diagrammatic treatment of the ab initio Hamiltonian of
electrons and phonons. The developed theory contains correlation effects up to second-order
in the excitation density and treats excitons and particle-hole pairs (plasma) on equal footing.

The paper is organized as follows. In Section 2 we introduce the connection between ex-
citons and two-particle Green’s function, and briefly go through the ab initio Hamiltonian for
electrons and phonons. We also present key properties of the Bethe-Salpeter equation for sys-
tems with e-e and e-ph interactions. In Sections 3 and 4 we discuss the minimal approximation
to the self-energy and exchange-correlation kernel leading to a coupled dynamics of coherent
and incoherent excitons. The inclusion of the inelastic exciton-phonon scattering is elaborated
in Section 5. The final outcome, summarized in Section 6, is the excitonic Bloch equations –
a comprehensive set of coupled equations for coherent, irreducible and incoherent excitons.
Finally, in Section 7 we provide a summary of our main findings and outline future avenues
for research and development.

2 Preliminaries

2.1 Excitons and two-particle Green’s function

We consider a semiconductor with quasiparticle energies εck for conduction electrons in band
c with momentum k, and εvk for valence electrons in band v with momentum k. The band
indices c, v are spin-orbital indices. If the system Hamiltonian is invariant under spin rotations
then c = (a,σ), v = (b,σ) can be written as pairs of indices, the first describing the orbital
part and the second describing the spin-projection onto, say, the z axis. In the quasi-particle
basis the Coulomb amplitude for the scattering process (µk+Q ,ν′k′)→ (µ′k′ +Q ,νk) reads

vµk+Qν′k′ νk µ′k′+Q = 〈µk+Qν′k′|
1
|r̂− r̂′|

|νk µ′k′ +Q〉 . (1)

We normalize the quasiparticle wavefunctions to unity so that the Coulomb amplitude scales
like 1/N k, N k being the number of k-points in the first Brillouin zone. The exciton is a bound
electron-hole pair of the crystal with clamped nuclei, whose energy and eigenfunction satisfy
the eigenvalue equation

EQ
cvkAλQ

cvk −
∑

c′v′k′
KHSEX,Q

cvk,c′v′k′A
λQ
c′v′k′ = EλQAλQ

cvk , (2)

where EQ
cvk = εck+Q − εvk and

KHSEX,Q
cvk,c′v′k′ =Wck+Q v′k′ vk c′k′+Q − vck+Q v′k′ c′k′+Q vk =W Q

cvk,c′v′k′ − vck+Q v′k′ c′k′+Q vk , (3)

is the irreducible Hartree plus screened exchange (HSEX) kernel, W being the statically
screened interaction [61,62]. At any fixed Q the exciton wavefunctions are chosen orthonor-
mal, i.e.,

∑

cvk AλQ∗
cvk Aλ

′Q
cvk = δλλ′ . Henceforth we use the word excitons for all solutions (bound

and unbound) of Eq. (2). Thus, excitons and particle-hole pairs (plasma) are treated on equal
footing.

We define the exciton creation operator

X̂ †
λQ =

∑

cvk

AλQ
cvk d̂†

ck+Qd̂vk , (4)

where the operators d̂µk annihilate an electron of momentum k in band µ, and satisfy the
anticommutation relations {d̂µk, d̂†

µ′k′}= δµµ′δk,k′ . The number operator for excitons of type λ
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and momentum Q is then

N̂λQ = X̂ †
λQX̂λQ . (5)

Looking at Eq. (2) it is tempting to construct an effective boson Hamiltonian for excitons, i.e.,
Ĥx =

∑

λQ EλQX̂ †
λQX̂λQ. However, the eigenvalues EλQ depend on the irreducible HSEX kernel

which, in turn, is the difference between screened and bare scattering amplitudes, see Eq. (3).
As we see below, avoiding the double counting of the (already incorporated) screening in
a perturbative theory of bosonized excitons and phonons is a complex and delicate task. We
therefore stick to the Green’s function many-body theory, from which Eq. (2) naturally emerges
when solving the Bethe-Salpeter equation in the HSEX approximation [62,63].

The time-dependent average of N̂λQ can be calculated from the 2-particle Green’s func-
tion [64]

G2(izi , jz j; mzm, nzn)≡− 〈T
�

d̂i(zi)d̂ j(z j)d̂
†
n(zn)d̂

†
m(zm)

	

〉 , (6)

where the z’s are times on the Keldysh contour C = C− ∪ C+ = (0,∞)∪ (∞, 0) and T is the
contour ordering operator. The indices i, j, m, n carried by the electronic operators in Eq. (6)
specify band and momentum. Consider the two-time propagator

NQ
cvk,c′v′k′(z, z′)≡ −G2(ck+Qz, v′k′z′; vkz+, c′k′ +Qz′+)

= 〈T
�

d̂†
vk(z)d̂ck+Q(z)d̂

†
c′k′+Q(z

′)d̂v′k′(z
′)
	

〉 . (7)

Rotating this quantity in the excitonic basis we obtain the exciton Green’s function

NλQ(z, z′) =
∑

cvk
c′v′k′

AλQ∗
cvk NQ

cvk,c′v′k′(z, z′)AλQ
c′v′k′ = 〈T

�

X̂λQ(z)X̂
†
λ′Q(z

′)
	

〉 . (8)

For any real time t we use the notation z = t± if z ∈ C±. The average number of excitons is
simply given by

NλQ(t) = NλQ(t−, t+) = N<λQ(t, t) . (9)

It is useful to write the two-particle Green’s function according to

G2(izi , jz j; mzm, nzn) = Gim(zi , zm)G jn(z j , zn)− L(izi , jz j; mzm, nzn) , (10)

where Gim(zi , zm) = −i〈T {d̂i(zi)d̂†
m(zm)

	

〉 is the one-particle Green’s function and L is the
so called exchange-correlation (xc) function [64], which can be determined diagrammatically
from the solution of the Bethe-Salpeter equation. Inserting this expression in Eq. (7) we obtain

NQ
cvk,c′v′k′(z, z′) = δQ,0ρcvk(t)ρv′c′k′(t

′) + N inc,Q
cvk,c′v′k′(z, z′) , (11)

where

ρµνk(t)≡ −iGµνk(z, z+) = 〈d̂†
νk(z)d̂µk(z)〉 , (12)

is the one-particle density matrix, and hence

N inc,Q
cvk,c′v′k′(z, z′) = LQ

cvk,c′v′k′(z, z′; z+, z′+)≡ L(ck+Qz, v′k′z′; vkz+, c′k′ +Qz′+) . (13)

Inserting Eq. (11) into Eq. (8), the exciton Green’s function reads

NλQ(z, z′) = δQ,0ρλ(t)ρ
∗
λ(t
′) + N inc

λQ(z, z′) , (14)
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where the exciton polarization is defined according to

ρλ(t)≡
∑

cvk

Aλ0∗
cvkρcvk(t) = 〈X̂λ0(t)〉 , (15)

and the incoherent exciton Green’s function N inc
λQ(z, z′) is defined as in Eq. (8) with

N → N inc. As the exciton wavefunction is normalized to unity, the exciton polarization scales
like

p

N k, as it should be. Equation (14) shows that the number of excitons, see Eq. (9), is
naturally written as the sum of the number of coherent excitons δQ,0|ρλ(t)|2 and the number
of incoherent excitons N inc

λQ(t)≡ N inc,<
λQ (t, t), i.e.,

NλQ(t) = δQ,0|ρλ(t)|2 + N inc
λQ(t) . (16)

Coherent excitons are generated by optical excitations and therefore have zero momentum.

2.2 Ab initio Hamiltonian

The dynamics of any quasiparticle in a crystal, including the exciton, is governed by the first
principles Hamiltonian for electrons and phonons

Ĥ(t) = Ĥcrystal + Ĥdrive(t) . (17)

The unperturbed crystal Hamiltonian is written in terms of normal mode displacement ÛαQ
and momentum P̂αQ operators of the nuclear lattice, satisfying the commutation relations
[ÛαQ, P̂†

α′Q′] = δQ,Q′δαα′ , as well as electronic field operators d̂µk. We have [60]

Ĥcrystal = Ĥ0,e + Ĥ0,ph + Ĥe−e + Ĥe−ph , (18)

where

Ĥ0,e =
∑

kµµ′
hµµ′(k)d̂

†
µkd̂µ′k , (19a)

Ĥ0,ph =
1
2

∑

Qαα′

�

Û†
αQ, P̂†

αQ

�

�

καα′(Q) 0
0 δαα′

��

Ûα′Q
P̂α′Q

�

−
∑

kµµ′

∑

α

ρ
eq
µ′µkgµµ

′

α0 (k) Ûα0 , (19b)

Ĥe−e =
1
2

∑

kk′Q
µµ′νν′

vµk+Qν′k′−Qνk′ µ′kd̂†
µk+Qd̂†

ν′k′−Qd̂νk′ d̂µ′k , (19c)

Ĥe−ph =
∑

kµµ′

∑

Qα

d̂†
µkd̂µ′k−Qgµµ

′

α−Q(k) ÛαQ . (19d)

In Eq. (19a), hµµ′(k) = 〈µk| p̂
2

2 + V (r̂)|µ′k〉 is the matrix element of the one-electron Hamil-
tonian, V (r) being the potential generated by the nuclei in their equilibrium positions. Equa-
tion (19b) is the Hamiltonian of the bare phonons, with καα′(Q) the elastic tensor,
ρ

eq
µ′µk = 〈d̂

†
µkd̂µ′k〉 the equilibrium density matrix, and

gµµ
′

α−Q(k) = 〈µk|
∂ V (r̂)
∂ UαQ

�

�

�

�

UαQ=0

|µ′k−Q〉= gµ
′µ∗
αQ (k−Q) , (20)

the bare e-ph couplings. Notice that Eq. (20) scales like 1/
p

N k since the commutation re-
lation between ÛαQ and P̂†

α′Q′ has been normalized to a Kronecker delta. The second term
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in Eq. (19b) guarantees that the time-derivatives of the nuclear momenta vanish in equilib-
rium [60]. The elastic tensor satisfies the exact identity (in the basis of the Born-Oppenheimer
normal modes) [60,65,66]

καα′(Q) +Π
ph
Qαα′(ω= 0) = δαα′ω

2
αQ , (21)

where Πph
αQ(ω) is the equilibrium phononic self-energy in the clamped-nuclei approximation,

andω2
αQ are the eigenvalues of the Hessian of the Born-Oppenheimer energy. The e-e and e-ph

interactions are described by Eqs. (19c) and (19d) respectively. The full ab initio Hamiltonian
can alternatively be written in terms of the Born-Oppenheimer phononic operators b̂αQ using
the relations

ÛαQ =
1

p

2ωαQ
(b̂αQ + b̂†

α−Q) , P̂αQ = −i

√

√ωαQ

2
(b̂αQ − b̂†

α−Q) . (22)

The driving Hamiltonian accounts for the light-matter interaction and reads

Ĥdrive =
∑

µνk

Ωµνk(t)d̂
†
µkd̂νk , (23)

where

Ωµνk(t)≡
1
2c
〈µk|p̂ ·A(r̂, t) +A(r̂, t) · p̂+

1
c

A2(r̂, t)|νk〉 , (24)

can be thought of as a time-dependent Rabi frequency, A being the vector potential.

2.3 The exchange-correlation function

In this section we introduce the basic mathematical tools for the development of the theory.
The exact xc function LQ

µνk,µ′ν′k′ , see Eq. (10), satisfies the Bethe-Salpeter equation [60]

L = eL − ieL(v + gD0 g)L , (25)

which can be represented diagrammatically as

<latexit sha1_base64="aI5+Bch/WNBGkgRbrt99G3QSvXM="></latexit>=
<latexit sha1_base64="Vell/zCWD3yMyrQ+hm/I8L0k0mY="></latexit>

+
<latexit sha1_base64="Vell/zCWD3yMyrQ+hm/I8L0k0mY="></latexit>

+
<latexit sha1_base64="jCHWGx/BqJz7jZvr0WMZwId7Z+4="></latexit>

[
<latexit sha1_base64="jCHWGx/BqJz7jZvr0WMZwId7Z+4="></latexit>

[

<latexit sha1_base64="MytNuqjGWWY7lY7+k+Q7sJuV2S8="></latexit>

µk + Q
<latexit sha1_base64="UmlQRKFE3+gXil46cTU/eatErlY="></latexit>

µ0k0 + Q

<latexit sha1_base64="UD/9UqWWWL7FrgwajdhO/Pt4uAk="></latexit>

⌫0k0

<latexit sha1_base64="5tCQgH35i3bO9cVVw8YMsztqG08="></latexit>�<latexit sha1_base64="5tCQgH35i3bO9cVVw8YMsztqG08="></latexit>�~~
<latexit sha1_base64="u4DcHFVvT7NO1PkpRji5C+uK5aU="></latexit>

⌫k

(26)

In Eq. (25) we have the bare e-e coupling v (wiggly line), the bare e-ph coupling g (circle)
and the noninteracting phonon Green’s function D0 (spring). We recall that D0 does not have
poles at the physical phonon frequencies [60]. The latter emerge when dressing the phonons
with electrons, see again Eq. (21). The correlator eL is irreducible with respect to a cut of an
e-e interaction line and/or a phonon line.

Let us introduce the v-reducible and D-irreducible correlator

L(v) ≡ eL − ieLvL(v) . (27)

Iterating Eq. (25), and grouping terms with the same power of g, we get the exact identity

L = (eL − ieLveL + . . .)− i(eL − ieLveL + . . .)gD0 g(eL − ieLveL + . . .)

− i(eL − ieLveL + . . .)gD0 g(−i)(eL − ieLveL + . . .)gD0 g(eL − ieLveL + . . .) + . . .

= L(v) − ieLgsD0 gs
eL − ieLgsD0 g(−i)eLgsD0 gs

eL + . . .

= L(v) − ieLgs
�

D0 + D0(−i)geLgsD0 + . . .)gs
eL

= L(v) − ieLgsDgs
eL . (28)
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In the second equality we have recognized the screened e-ph coupling
gs = (1− ivL(v))g = (1− iWeL)g, defined diagrammatically by the equation below [60,65]:

<latexit sha1_base64="1IM+pHJy7no7XxlKZlSn86oPGnc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CwIsnScA8IFnC7KQ3GTM7u8zMCiHkC7x4UMSrn+TNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpNr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL3LcqVeKVXvszjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOTV4zW</latexit>=
<latexit sha1_base64="aBPQLam4f2Z4akxNAW3QkutVarM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/oFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVIT3vgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LsndVrtQrpep9FkceTuAUzsGDa6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwB4D4zE</latexit>

+
<latexit sha1_base64="e6yUGpPeqeTCa/QKtSXDJn3Y6n0="></latexit>⌦ <latexit sha1_base64="5tCQgH35i3bO9cVVw8YMsztqG08="></latexit>�

<latexit sha1_base64="5tCQgH35i3bO9cVVw8YMsztqG08="></latexit>�~ (29)

where the circle is g, the crossed circle is gs and the double wiggly line is the screened Coulomb
interaction W = v− iveLW . In the third equality we have recognized the phononic self-energy
Πph = −i geLgs [60,65], which, in the forth equality, has been used to dress the phonon Green’s
function D = D0+ D0Π

phD. Taking into account that gs L̃ = g L(v), the xc function can alterna-
tively be written as

L = L(v) − i L(v)gDg L(v) = L(v) − ieLgsDg L(v) = L(v) − i L(v)gDgs
eL . (30)

Henceforth we refer to the two-time functions

eNQ
cvk,c′v′k′(z, z′) = eLQ

cvk,c′v′k′(z, z′; z+, z′+) , (31)

as the irreducible exciton propagator,

N (v)Qcvk,c′v′k′(z, z′) = L(v)Qcvk,c′v′k′(z, z′; z+, z′+) , (32)

as the v-reducible exciton propagator, and

eN (D)Qcvk,c′v′k′(z, z′) = −i[eLgsDgs
eL]Qcvk,c′v′k′(z, z′; z+, z′+) , (33)

as the D-reducible exciton propagator.
Excitonic effects in photoabsorption spectra are captured by the following approximation:

eL ≃ eLSEX = ℓ+ iℓK(r),SEX ℓ , (34)

which can be represented diagrammatically as

<latexit sha1_base64="Vell/zCWD3yMyrQ+hm/I8L0k0mY="></latexit>

+

<latexit sha1_base64="MytNuqjGWWY7lY7+k+Q7sJuV2S8="></latexit>

µk + Q
<latexit sha1_base64="UmlQRKFE3+gXil46cTU/eatErlY="></latexit>

µ0k0 + Q

<latexit sha1_base64="UD/9UqWWWL7FrgwajdhO/Pt4uAk="></latexit>

⌫0k0

~ <latexit sha1_base64="RC3HOEJXDTSEXX/p1aCx6iCW3HY="></latexit>

K(r),SEX<latexit sha1_base64="DiWcBrwrXMXh5QVFR42LHtZz0ro="></latexit>'
<latexit sha1_base64="u4DcHFVvT7NO1PkpRji5C+uK5aU="></latexit>

⌫k

(35)

In this equation ℓ= GG is the free electron-hole propagator, whereas K(r),SEX is the ℓ-reducible
SEX kernel. The latter solves the T -matrix equation

K(r),SEX =W + iWℓK(r),SEX , (36)

or, diagrammatically,

<latexit sha1_base64="aI5+Bch/WNBGkgRbrt99G3QSvXM="></latexit>=
<latexit sha1_base64="Vell/zCWD3yMyrQ+hm/I8L0k0mY="></latexit>

+

<latexit sha1_base64="MytNuqjGWWY7lY7+k+Q7sJuV2S8="></latexit>

µk + Q
<latexit sha1_base64="UmlQRKFE3+gXil46cTU/eatErlY="></latexit>

µ0k0 + Q

<latexit sha1_base64="UD/9UqWWWL7FrgwajdhO/Pt4uAk="></latexit>

⌫0k0

<latexit sha1_base64="RC3HOEJXDTSEXX/p1aCx6iCW3HY="></latexit>

K(r),SEX
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<latexit sha1_base64="u4DcHFVvT7NO1PkpRji5C+uK5aU="></latexit>

⌫k

(37)

where W is the statically screened Coulomb interaction. Inserting Eq. (36) into Eq. (34) we
can write eLSEX = ℓ+ iℓWeLSEX, which corresponds to approximate L(v) in Eq. (27) as

L(v) ≃ LHSEX = ℓ+ iℓKHSEX LHSEX = ℓ+ iℓK(r),HSEXℓ , (38)
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with K(r),HSEX = KHSEX+ iKHSEXℓK(r),HSEX the ℓ-reducible HSEX kernel, and KHSEX =W − v the
ℓ-irreducible HSEX kernel defined in Eq. (3). The diagrammatic representation of K(r)HSEX is
given by the equation below

<latexit sha1_base64="aI5+Bch/WNBGkgRbrt99G3QSvXM="></latexit>=
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+
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µk + Q
<latexit sha1_base64="UmlQRKFE3+gXil46cTU/eatErlY="></latexit>

µ0k0 + Q

<latexit sha1_base64="UD/9UqWWWL7FrgwajdhO/Pt4uAk="></latexit>

⌫0k0

, with <latexit sha1_base64="BU4ByoGJtoMv++/BXb2f5pI7f8g="></latexit>

+<latexit sha1_base64="aI5+Bch/WNBGkgRbrt99G3QSvXM="></latexit>=
<latexit sha1_base64="6CDypn/VDMKSm/0Q6sAI6zTfqlE="></latexit>

K(r),HSEX
<latexit sha1_base64="GQEfXNa/6+7idK4DzAm6j4b1ZTg="></latexit>

KHSEX
<latexit sha1_base64="GQEfXNa/6+7idK4DzAm6j4b1ZTg="></latexit>

KHSEX
<latexit sha1_base64="6CDypn/VDMKSm/0Q6sAI6zTfqlE="></latexit>

K(r),HSEX
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KHSEX

<latexit sha1_base64="u4DcHFVvT7NO1PkpRji5C+uK5aU="></latexit>

⌫k

(39)

In LHSEX the particle-hole scatters through the direct (with bare v) and exchange (with
screened W ) channels. Solving Eq. (38) in equilibrium is equivalent to solving Eq. (2). In
fact, the so called Bethe-Salpeter Hamiltonian is nothing but the “pole” of (the retarded) LHSEX.
Generally speaking, elevating the pole of a quasiparticle correlator (in our case, the exciton)
to the status of a Hamiltonian is not recommended when the quasiparticles interact with other
degrees of freedom (such as the phonons in our case).

Let us denote by NHSEX the two-time propagator in Eq. (13) evaluated with L = LHSEX.
Taking into account that the free electron-hole propagator

ℓ
Q
cvk,c′v′k′(z, z′) = δkk′δcc′δvv′ gck+Q(z, z′)gvk(z

′, z) ,

with gik the quasi-particle Green’s function, the equations of motion for the HSEX propagator
read

�

i
d
dz
− EQ

cvk

�

NHSEX,Q
cvk,c′v′k′(z, z′) + ( f el

vk − f el
ck+Q)

∑

c1v1k1

KHSEX,Q
cvk,c1v1k1

NHSEX,Q
c1v1k1,c′v′k′(z, z′)

= iδkk′δcc′δvv′δ(z, z′)( f el
vk − f el

ck+Q) , (40a)
�

− i
d

dz′
− EQ

c′v′k′

�

NHSEX,Q
cvk,c′v′k′(z, z′) + ( f el

v′k′ − f el
c′k′+Q)

∑

c1v1k1

NHSEX,Q
cvk,c1v1k1

(z, z′)KHSEX,Q
c1v1k1,c′v′k′

= iδkk′δcc′δvv′δ(z, z′)( f el
vk − f el

ck+Q) , (40b)

where f el
µk the electronic occupation of band µ at momentum k. For small excitation densities,

the Pauli blocking factors ( f el
v′k′ − f el

c′k′+Q) multiplying the kernel are approximated as unity.
These factors are responsible for the renormalization of the exciton energies and wavefunc-
tions. Rotating Eqs. (40) in the excitonic basis, that is

NHSEX,Q
cvk,c′v′k′(z, z′) =

∑

λ

AλQ
cvk NHSEX

λQ (z, z′)AλQ∗
c′v′k′ , (41)

we obtain
�

i
d
dz
− EλQ

�

NHSEX
λQ (z, z′) = iδ(z, z′)

∑

cvk

|AλQ
cvk|

2( f el
vk − f el

ck+Q) , (42a)

�

− i
d

dz′
− EλQ

�

NHSEX
λQ (z, z′) = iδ(z, z′)

∑

cvk

|AλQ
cvk|

2( f el
vk − f el

ck+Q) . (42b)

Accordingly, the propagator NHSEX(z, z′) does not contribute to the number of incoherent
excitons since

d
d t

NHSEX,<
λQ (t, t) = 0 . (43)

In the following sections we focus on small excitation densities, considering contributions
beyond the linear regime. Some second-order effects must be discarded to achieve a closed set
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of equations. These include the aforementioned renormalization of the exciton energies and
wavefunctions due to Pauli blocking factors as well as the update of the screened Coulomb in-
teraction W during the time evolution. We also assume that the Tamm-Dancoff approximation
for the solution of the Bethe-Salpeter equation remains accurate. Although these approxima-
tions are ubiquitous in the literature, it would be interesting to investigate their impact in the
future.

3 Coherent excitons

The equation of motion for the exciton polarization ρλ(t) follows from the equation of motion
of ρcvk(t) [67]:

d
d t
ρcvk + i

�

εck − εvk − iΓ pol
cvk

�

ρcvk − i
∑

c′v′k′
KHSEX,0

cvk,c′v′k′ρc′v′k′ = −iΩcvk . (44)

This equation reduces to the time-dependent HSEX equation for Γ pol
cvk = 0 [29, 31, 68]. In

the linear response regime, the time-dependent HSEX equations are equivalent to solving the
Bethe-Salpeter equation [64, 69, 70]. In fact, the exciton polarization is proportional to the
induced field, and therefore its Fourier transform is connected to the absorption spectrum.

The polarization rates Γ pol
cvk can be calculated by different means [44,71,72], although they

are often treated as fitting parameters. For small excitation densities Γ pol
cvk is dominated by e-ph

scattering mechanisms [32,38]. The polarization rates in the Fan-Migdal approximation can be
obtained using the mirrored form of the Generalized Kadanoff-Baym Ansatz (MGKBA) [67,73]
(the MGKBA corrects the standard GKBA which leads to unphysical polarization rates).

The treatment of Ref. [67] must be improved for semiconductors hosting excitons. The
origin of the term Γ pol

cvkρcvk stems from the collision integral

Γ
pol
cvk(t)ρcvk(t) = Scvk(t) =

∫

dz̄
�

Σ(z, z̄)G(z̄, z+)− G(z, z̄)Σ(z̄, z+)
�

cvk , (45)

where Σ is the electronic correlation energy. In the presence of excitons, the Fan-Migdal self-
energy alone (see the first diagram in Fig. 1) is not sufficient because electrons and holes
cannot form bound states. A suitable approximation for Σ can be deduced from those ap-
proaches that treat excitons as composite bosonic particles [72]. In these approaches the
coherent-exciton self-energy has the structure Πex(z, z′) = iGD(z, z′)NHSEX(z, z′)G, where the
exciton-phonon coupling [42,53,74–77],

Gλλ′α−Q′(Q)≡
∑

c1c2v1k1

AλQ∗
c1v1k1

gs,c1c2
α−Q′ (k1 +Q)Aλ

′Q−Q′

c2v1k1
−

∑

c1v1v2k1

AλQ∗
c1v1k1

gs,v2v1
α−Q′ (k1 +Q′)Aλ

′Q−Q′

c1v2k1+Q′ , (46)

depends on the screened e-ph coupling gs and the exciton wavefunctions defined in Eq. (2).
In the ab initio formulation, the polarization rates generated by the modelΠex are produced

by the electronic self-energy in Fig. 1(a), see below for the proof of this statement. However,
the screened e-ph coupling in Fig. 1(a) leads to an overscreening. Consider, for instance, the
second diagram Σ(1). Taking into account that W = v − iveLSEXW , and using the explicit form
of gs for the e-ph coupling at the top of the diagram (with eL ≃ eLSEX), we get the diagrammatic
structure

gsℓK(r),HSEX = gℓK(r),HSEX − i geLSEXWℓK(r),HSEX

= gℓK(r),HSEX − i geLSEX(v − iveLSEXv + . . .)ℓ(KHSEX + iKHSEXℓKHSEX + . . .)

= gℓK(r),HSEX − i geLSEX(v − iveLSEXv + . . .)LHSEXKHSEX

= gℓK(r),HSEX − i geLSEX(v − iveLSEXv + . . .)(eLSEX − ieLSEXveLSEX + . . .)KHSEX , (47)
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Figure 1: Electronic self-energy with excitonic effects in terms of electronic Green’s
functions G (solid lines), phononic Green’s functions D (double springs), and
screened e-ph couplings gs (circled crosses). Panel (a) shows Σ affected by over-
screening. Panel (b) shows Σ with no overscreening.

from which the overscreening of the e-ph coupling is evident.
To solve the overscreening problem and simultaneously develop a theory in terms of

screened e-ph couplings, it is sufficient to examine the exact form of the electronic self-
energy [60, 65]. The closest approximation to Fig. 1(a) which is free of overscreen-
ing is the one in Fig. 1(b), where K(r),HSEX → K(r),SEX. The crucial difference between
the self-energies in Fig. 1 is that ΣG ∝ gsDgs LHSEX for panel (a), see Eq. (38), while
ΣG ∝ gsDgs

eLSEX = gsDg LHSEX for panel (b), see Eq. (34). To evaluate the collision inte-
gral, see Eq. (45), with the self-energy of panel (b) we make the following Ansatz for the
off-diagonal elements of the electronic Green’s function [78]

Gcvk(z, z′) = −Gcck(z, z′)ρcvk(t
′) +ρcvk(t)Gvvk(z, z′) , (48a)

Gvck(z, z′) = −ρvck(t)Gcck(z, z′) + Gvvk(z, z′)ρvck(t
′) . (48b)

This Ansatz is exact at the mean-field level. Equation (48) allows for expressing all matrix
elements of the irreducible xc function eLSEX in terms of the irreducible exciton propagator
[compare with Eq. (13)]

eNSEX,Q
cvk,c′v′k′(z, z′) = eLSEX,Q

cvk,c′v′k′(z, z′; z+, z′+) , (49)

see Appendix A for details. The irreducible exciton propagator takes a particularly simple
form in the irreducible excitonic basis. Let us consider the eigenvalue equation [compare with
Eq. (2)]

EQ
cvk
eA
eλQ
cvk −

∑

c′v′k′
W Q

cvk,c′v′k′
eA
eλQ
c′v′k′ = eEeλQ

eA
eλQ
cvk . (50)

The irreducible exciton wavefunctions eA are chosen orthonormal for every Q. Proceeding along
the same lines leading to Eq. (41) we obtain

eNSEX,Q
cvk,c′v′k′(z, z′) =

∑

eλ

eA
eλQ
cvk

eNSEX
eλQ
(z, z′) eA

eλQ∗
c′v′k′ . (51)

The equations of motion for eNSEX
eλQ
(z, z′) are identical to Eqs. (42) with EλQ → eE

eλQ and

AλQ→ eAeλQ. In particular, for systems in equilibrium,

eNSEX
eλQ
(z, z′) = θ (z, z′)e−ieE

eλQ(t−t ′) . (52)
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These results can be used to rewrite the collision integral in the excitonic basis according
to

Sλ(z)≡
∑

cvk

Aλ0∗
cvkScvk(z) = i

∑

λ1λ2

∑

αQ

∫

dz̄ eG
eλ1λ∗
α (Q)eNSEX

eλ1Q
(z, z̄)eG

eλ1λ2

α (Q)ρλ2
( t̄)Dα−Q(z, z̄) , (53)

where we define the irreducible exciton-phonon coupling

eG
eλλ′

α (Q)≡
∑

c1c2v1k1

eA
eλQ∗
c1v1k1

gs,c1c2
α−Q (k1 +Q)Aλ

′0
c2v1k1
−

∑

c1v1v2k1

eA
eλQ∗
c1v1k1

gs,v2v1
α−Q (k1 +Q)Aλ

′0
c1v2k1+Q . (54)

Equation (54) does not reduce to Eq. (46) with Q′ = Q as the e-ph coupling is contracted with
the product of an exciton wavefunction A and an irreducible exciton wavefunction eA. Assuming
that the dominant contribution in Eq. (53) comes from the terms with λ2 = λ, we show in
Appendix A that the Markov approximation enables us to express Eq. (44) in the excitonic
basis as follows

d
d t
ρλ(t) = −iEλ0ρλ(t)− iΩλ(t)−

1
2

∑

eλ′Q

eΓ
pol

λeλ′Q
ρλ(t) , (55)

with Ωλ ≡
∑

cvk Aλ0∗
cvkΩcvk. The polarization rates depend on the phononic populations

f ph
αQ ≡ 〈b̂

†
αQ b̂αQ〉 according to

eΓ
pol

λeλ′Q
= 2π

∑

α

|eG
eλ′λ

α (Q)|
2

2ωαQ

�

δ(eE
eλ′Q − Eλ0 +ωαQ)(1+ f ph

α−Q) +δ(eEeλ′Q − Eλ0 −ωαQ) f
ph
αQ

�

. (56)

We remark that eΓ pol involves the difference between an exciton energy E and an irreducible
exciton energy eE. The necessity of introducing irreducible excitons in a theory of excitons and
phonons has also been recognized by Paleari and Marini [50]. They investigated a scatter-
ing channel different from the one considered here. Nevertheless, their study also led to the
emergence of the irreducible exciton-phonon coupling in Eq. (54).

The equation of motion Eq. (55) for the exciton polarization agrees with cluster expansion
results [12, 53, 54] provided that we replace eG with G and eE

eλ′Q with Eλ′Q. Such replacement
is equivalent to evaluate the electronic self-energy with the diagrams of Fig. 1(a) instead of
Fig. 1(b). As previously discussed, this introduces an overscreening of the e-ph coupling.
The overscreening issue is common to all methods that do not rely on the first principles
Hamiltonian [60], but rather on model Hamiltonians where both the e-e and e-ph interactions
are already screened. Our treatment highlights the advantages of the first-principles Green’s
function formulation, where screening naturally emerges from the diagrammatic expansion
and is therefore counted only once. Another important feature of Eq. (55) is that it reduces to
the equation of motion in Ref. [67] if we neglect the last two diagrams in Fig. 1.

As a technical note, we highlight that there exists a generalization of Eq. (55) which agrees
with more sophisticated treatments of the bosonic Hamiltonian for excitons and phonons [72],
see Appendix A. The main difference with these models is again the occurrence of eG and eE.
By retaining all terms with λ2 ̸= λ in Eq. (53) we show that Sλ =

∑

eλ1λ2Q
eΓ

pol

λλ2
eλ1Q
ρλ2

where

eΓ
pol

λλ2
eλ1Q

can be obtained from Eq. (56) by replacing |eG
eλ1λ

α (Q)|
2 → eG

eλ1λ∗
α (Q)eG

eλ1λ2∗
α (Q) and

Eλ0→ Eλ20. It should be stressed, however, that the matrix
∑

eλ1Q
eΓ

pol

λλ2
eλ1Q

is not guaranteed to

be positive definite.
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Figure 2: Exchange correlation function L underlying the equation of motion of the
number of incoherent excitons. In panel (a) we show L from model Hamiltonians
whereas in panel (b) we show the exact result from the ab initio Hamiltonian.

4 Incoherent excitons

In this section we show how optically generated coherent excitons are converted into inco-
herent excitons via the e-ph scattering. The cluster expansion technique applied to model
Hamiltonians with already screened e-e and e-ph couplings has been used to derive the equa-
tion of motion for incoherent excitons [12,53,54]. This equation can alternatively be derived
using many-body Green’s function methods. It is sufficient to approximate the xc function L as
in Fig. 2(a), see below. Using the same arguments as in the previous section, it is straightfor-
ward to realize that L in Fig. 2(a) suffers from overscreening. To highlight the shortcomings
of Fig. 2(a), we show in Fig. 2(b) the exact result from Eq. (28).

We approximate again eL ≃ eLSEX and hence L(v) ≃ LHSEX. The propagator
NHSEX(z, z′) = LHSEX(z, z′; z, z′) does not contribute to the number of incoherent excitons,
see Eq. (43) and discussion below it. We then focus on the second term of Eq. (28), i.e., the
D-reducible exciton propagator

N (D) ≃ −ieLSEX gsDgs
eLSEX . (57)

As we see later, phonons are responsible for converting all coherent excitons into D-reducible
excitons. We observe that N (D) involves “off-diagonal” elements of eLSEX. Suppose that the left
e-ph coupling has conduction indices. Then the left part of the diagram is eLSEX,Q

cvk,c1c2k1
(z, z′; z, z′).

On the other hand, if the left e-ph coupling has valence indices then the left part of the dia-
gram is eLSEX,Q

cvk,v2v1k1
(z, z′; z, z′). Analogous considerations apply to the right part of the diagram.

Through the Ansatz in Eqs. (48) we can express all matrix elements of eLSEX in terms of eNSEX,
see Appendix A. Expanding eNSEX in the irreducible excitonic basis, see Eq. (51), and ρ in the
excitonic basis, see Eqs. (15), we get

N (D)
eλQ
(z, z′) = −

∫

dz̄dz̄′
∑

λ1λ2α

eG
eλλ1

α (Q)eG
eλλ2∗
α (Q)eNSEX

eλQ
(z, z̄)ρλ1

( t̄)iDαQ(z̄, z̄′)ρ∗λ2
( t̄ ′)eNSEX

eλQ
(z̄′, z′) . (58)
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In the following we assume that the dominant term comes from λ1 = λ2. For small excitation
densities we can evaluate eNSEX

eλQ
in equilibrium, see Eq. (52), and find

�

i
d
dz
− eE

eλQ

�

N (D)
eλQ
(z, z′) =

∫

dz̄Π(D)
eλQ
(z, z̄)eNSEX

eλQ
(z̄, z′) , (59a)

�

− i
d

dz′
− eE

eλQ

�

N (D)
eλQ
(z, z′) =

∫

dz̄ eNSEX
eλQ
(z, z̄)Π(D)

eλQ
(z̄, z′) , (59b)

where the self-energy for the D-reducible excitons reads

Π
(D)
eλQ
(z, z′) =

∑

λ′α

|eG
eλλ′

α (Q)|
2ρλ′(t)DαQ(z, z′)ρ∗λ′(t

′) . (60)

We extract the time-derivative of the number of D-reducible excitons

N (D)(t)≡ N (D),<(t, t) , (61)

by taking z = t− and z′ = t ′+, subtracting Eq. (59b) from Eq. (59a) and then setting t = t ′:

d
d t

N (D)
eλQ
(t) = i

∫ t

d t̄
�

Π
(D),<
eλQ
(t, t̄) eNSEX,>

eλQ
( t̄, t)−Π(D),>

eλQ
(t, t̄) eNSEX,<

eλQ
( t̄, t)

�

+ h.c. , (62)

where eNSEX,≷(t, t ′) can be deduced from Eq. (52). To evaluate the collision integral in Eq. (62)
we implement again the Markov approximation and find

d
d t

N (D)
eλQ
(t) =

∑

λ′

eΓ
pol

λ′eλQ
|ρλ′(t)|2 , (63)

where the polarization rates are defined in Eqs. (56).
By definition, see Eq. (13), the number of incoherent exciton with quantum number λ and

momentum Q produced by our approximation is

N inc
λQ(t) =

∑

eλ′

|SQ

λeλ′
|2N (D)

eλ′Q
(t) , (64)

where

SQ

λeλ′
=
∑

cvk

AλQ∗
cvk

eA
eλ′Q
cvk , (65)

is the overlap matrix between excitons and irreducible excitons. Therefore, the equation of
motion for the number of incoherent excitons reads

d
d t

N inc
λQ(t) =

∑

λ′eλ′

|SQ

λeλ′
|2eΓ pol

λ′eλ′Q
|ρλ′(t)|2 . (66)

From the equations of motion Eqs. (55) and (66) we can easily deduce the equation of
motion for the total number of excitons, see Eq. (16),

N =
∑

λQ

NλQ =
∑

λQ

�

δQ,0|ρλ|2 + N inc
λQ

�

. (67)

Since
∑

λ |S
Q

λeλ′
|2 = 1 for all eλ′ we have

∑

λ N inc
λQ(t) =

∑

eλ N (D)
eλQ
(t), and therefore

d
d t

N = 2
∑

λ

Im
�

Ωλρ
∗
λ

�

. (68)

The first principles formulation confirms an important result from model Hamiltonians, which
states that the total number of excitons remains constant after the optical field is applied.
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5 Inelastic exciton-phonon scattering

The approximations to Σ and L discussed in Sections 3 and 4 do not include the inelastic
exciton-phonon scattering, responsible for exciton diffusion and thermalization. The inclusion
of this fundamental process in the exciton dynamics requires an improvement of the xc function
L(v). The exact L(v) satisfies the Bethe-Salpeter equation

L(v) = LHSEX + i LHSEXKc L(v) , (69)

where the correlation kernel Kc is irreducible with respect to a cut of a v-, D- and ℓ-line. To
second-order in the screened e-ph coupling we approximate

Kc,Q
c1v1k1,c2v2k2

(z1, z2; z3, z4) = −δ(z1, z3)δ(z2, z4)
∑

αQ′
DαQ′(z1, z2) (70)

×
�∑

c′1c′2

g
s,c1c′1
α−Q′ (k1 +Q)g

s,c′2c2

αQ′ (k2 +Q−Q′)LQ−Q′

c′1v1k1,c′2v2k2
(z1, z2; z1, z2)

−
∑

c′1v′2

g
s,c1c′1
α−Q′ (k1 +Q)g

s,v2v′2
αQ′ (k2)L

Q−Q′

c′1v1k1,c2v′2k2+Q′
(z1, z2; z1, z2)

−
∑

v′1c′2

g
s,v′1v1

α−Q′ (k1 +Q′)g
s,c′2c2

αQ′ (k2 +Q−Q′)LQ−Q′

c1v′1k1+Q′,c′2v2k2
(z1, z2; z1, z2)

+
∑

v′1v′2

g
s,v′1v1

α−Q′ (k1 +Q′)g
s,v2v′2
αQ′ (k2)L

Q−Q′

c1v′1k1+Q′,c′2v2k2+Q′
(z1, z2; z1, z2)

�

,

which is represented diagrammatically in Fig. 3. The assumption of small excitation density is
equivalent to approximate the internal Green’s functions as

Gcck(z, z′)≃ −iθ (z, z′)e−iεck(t−t ′) , (71a)

Gvvk(z, z′)≃ iθ (z′, z)e−iεvk(t−t ′) . (71b)

Consider the first diagram of the kernel. The structure GGKc,Q involves the calculation of
∫

dz1dz3Gc1k1+Q(z, z1)Gc′1k1+Q−Q′(z1, z′)δ(z3, z1)Gv1k1
(z′, z3)Gv1k1

(z3, z)

= iGv1k1
(z′, z)

∫

dz1Gc1k1+Q(z, z1)Gc′1k1+Q−Q′(z1, z′) , (72)

where we use Eqs. (71). The gluing of two Green’s functions allows us to recover the Feynman
rules for the two-particle Green’s function [64]. It is straightforward to verify that the gluing
argument applies to all four diagrams of the kernel. We emphasize that no overscreening issue
arises if we use the screened e-ph coupling in Kc. In fact, the Green’s functions entering an
e-ph vertex come from different xc functions, ensuring that screening is counted only once.
The diagrams of Fig. 3 have been discussed in Refs. [76,77,79] for the stationary case and for
L = LHSEX.

Since Kc is already of second order in gs we approximate [see Eq. (28)]

Kc L(v) = Kc
�

L + ieLgsDgs
eL
�

≃ Kc L , (73)

which implies

L ≃ LHSEX + i LHSEXKc[L]L − ieLgsDgs
eL . (74)

In the following we derive the equations of motion for all kind of excitons and show how they
are coupled.
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Kc

Figure 3: Diagrammatic representation of the irreducible kernel to second order in
the e-ph interaction.

5.1 D-reducible excitons

The approximation in Eq. (69) implies that, see Eq. (27),

eL = eLSEX + eLSEXKc[L]eL . (75)

The last term in Eq. (74) with eL from Eq. (75) provides an improved approximation to the D-
reducible exciton propagator N (D), compare with Eq. (57). The equation of motion for N (D),<

in the irreducible exciton basis is identical to Eq. (62) provided that we replace eNSEX→ eN . To
calculate the collision integral we extend the MGKBA to eN≶ along the lines outlined Ref. [80]
[compare with Eq. (52)]

eN≶
eλQ
(t, t ′) =

�

θ (t − t ′) eN≶
eλQ
(t, t) + θ (t ′ − t)eN≶

eλQ
(t ′, t ′)

�

e−ieE
eλQ(t−t ′) , (76)

where eN<
eλQ
(t, t) = eN

eλQ(t) is the number of irreducible excitons, and eN>
eλQ
(t, t) = 1+ eN

eλQ(t).
Then, the improved version of the equation of motion Eq. (63) reads

d
d t

N (D)
eλQ
(t) =

∑

λ′

�

eΓ
pol

λ′eλQ
+eΓλ′eλQ

eN
eλQ(t)

�

|ρλ′(t)|2, (77)

where the rates,

eΓλeλ′Q = 2π
∑

α

|eG
eλ′λ

α (Q)|
2

2ωαQ

�

δ(eE
eλ′Q − Eλ0 +ωαQ)−δ(eEeλ′Q − Eλ0 −ωαQ)

�

, (78)

depend on the irreducible exciton-phonon coupling defined in Eq. (54). Equation (77) couples
the D-reducible excitons to the irreducible excitons eN and the coherent excitons |ρ|2.

5.2 Irreducible excitons

The equation of motion for eN
eλQ can be derived from Eq. (75). As the kernel is proportional

to δ(z1, z3)δ(z2, z4) we infer that this equation can be closed on eN(z, z′) = eL(z, z′; z, z′) and
N inc(z, z′) = L(z, z′; z, z′) [see Eqs. (13) and (32)], thus becoming an integral equation for
two-time functions on the Keldysh contour. Considering only the diagonal elements of eN in
the irreducible exciton basis and the diagonal elements of N inc in the exciton basis we find

�

i
d
dz
− eE

eλQ

�

eN
eλQ(z, z′) = iδ(z, z′) +

∫

dz̄ eΠ
eλQ(z, z̄)eN

eλQ(z̄, z′) , (79a)

�

− i
d

dz′
− eE

eλQ

�

eN
eλQ(z, z′) = iδ(z, z′) +

∫

dz̄ eN
eλQ(z, z̄)eΠ

eλQ(z̄, z′) , (79b)
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where we use Eq. (52) and introduce the irreducible exciton self-energy

eΠ
eλQ(z, z̄)≡

∑

λ′

∑

Q′α

|eG
eλλ′

α−Q′(Q)|
2 N inc
λ′Q−Q′(z, z̄)DαQ′(z, z̄) . (80)

The irreducible exciton-phonon coupling in eΠ generalizes the one in Eq. (54) to finite momen-
tum transfer:

eG
eλλ′

α−Q′(Q)≡
∑

c1c2v1k1

eA
eλQ∗
c1v1k1

gs,c1c2
α−Q′ (k1 +Q)Aλ

′Q−Q′

c2v1k1
−

∑

c1v1v2k1

eA
eλQ∗
c1v1k1

gs,v2v1
α−Q′ (k1 +Q′)Aλ

′Q−Q′

c1v2k1+Q′ . (81)

The Matsubara component of the irreducible exciton self-energy agrees with the result in
Ref. [77] if we replace N inc with NHSEX and eG with G. As we see below, having a self-energy
which is a functional of N inc is essential to derive a Boltzmann-like equation.

To extract the equation of motion for the number of irreducible excitons we subtract
Eq. (79b) from Eq. (79a) and then set z = t− and z′ = t+. Extending the MGKBA in Eq. (76)
to the propagator N inc, i.e.,

N inc,≶
λQ (t, t ′) =

�

θ (t − t ′) N inc,≶
λQ (t, t) + θ (t ′ − t)N inc,≶

λQ (t ′, t ′)
�

e−iEλQ(t−t ′) , (82)

and implementing the Markov approximation we obtain

d
d t
eN
eλQ(t) = −eΓ

out
eλQ
(t)eN

eλQ(t) +eΓ
in
eλQ
(t)
�

1+ eN
eλQ(t)

�

, (83)

where the irreducible excitonic rates are given by

eΓ out
eλQ
= 2π

∑

λ′αQ′

�

�
eG
eλλ′

α−Q′(Q)
�

�

2

2ωαQ′

�

1+ N inc
λ′Q−Q′

�

×
�

δ
�

Eλ′Q−Q′ − eEeλQ +ωαQ′
�

(1+ f ph
αQ′) +δ

�

Eλ′Q−Q′ − eEeλQ −ωαQ′
�

f ph
α−Q′

�

, (84a)

eΓ in
eλQ
= 2π

∑

λ′

∑

Q′α

�

�
eG
eλλ′

α−Q′(Q)
�

�

2

2ωαQ′
N inc
λ′Q−Q′

×
�

δ
�

Eλ′Q−Q′ − eEeλQ +ωαQ′
�

f ph
αQ′ +δ

�

Eλ′Q−Q′ − eEeλQ −ωαQ′
�

(1+ f ph
α−Q′)

�

. (84b)

Notice that this is not a Boltzmann equation for eN since the rates depend on the occupa-
tions N inc.

5.3 Incoherent excitons

The number of incoherent excitons is given by the sum of v-reducible and D-reducible excitons,
see Eq. (13) and (28):

N inc = N (v) + N (D) . (85)

According to the approximation in Eq. (74):

L(v) = LHSEX + i LHSEXKc[L]L . (86)

The equation of motion for N (v)(t) can be derived from Eq. (86), by following the same
logic as for eN . Considering only the diagonal elements of N inc in the excitonic basis we find

d
d t

N (v)
λQ (t) = −Γ

out
λQ (t)N

inc
λQ(t) + Γ

in
λQ(t)

�

1+ N inc
λQ(t)

�

, (87)
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Table 1: Excitonic Bloch equations.

Definition Equations

Exciton polarization d
d tρλ = −iEλ0ρλ − iΩλ −

1
2

∑

eλ′Q

�

eΓ
pol

λeλ′Q
+eΓλeλ′Q eNeλ′Q

�

ρλ

Irreducible excitons d
d t
eN
eλQ = −eΓ

out
eλQ
[N inc] eN

eλQ +eΓ
in
eλQ
[N inc]

�

1+ eN
eλQ

�

Incoherent excitons d
d t N inc

λQ = −Γ
out
λQ [N

inc]N inc
λQ + Γ

in
λQ[N

inc]
�

1+ N inc
λQ

�

+
∑

λ′eλ |S
Q

λeλ
|2
�

eΓ
pol

λ′eλQ
+eΓλ′eλQ

eN
eλQ

�

|ρλ′ |2

where the excitonic rates

Γ out
λQ = 2π

∑

λ′αQ′

�

�Gλλ′α−Q′(Q)
�

�

2

2ωαQ′

�

1+ N inc
λ′Q−Q′

�

×
�

δ
�

Eλ′Q−Q′ − EλQ +ωαQ′
�

(1+ f ph
αQ′) +δ

�

Eλ′Q−Q′ − EλQ −ωαQ′
�

f ph
α−Q′

�

, (88a)

Γ in
λQ = 2π

∑

λ′

∑

Q′α

�

�Gλλ′α−Q′(Q)
�

�

2

2ωαQ′
N inc
λ′Q−Q′

×
�

δ
�

Eλ′Q−Q′ − EλQ +ωαQ′
�

f ph
αQ′ +δ

�

Eλ′Q−Q′ − EλQ −ωαQ′
�

(1+ f ph
α−Q′)

�

, (88b)

have the same mathematical form as the irreducible excitonic rates in Eq. (84), the difference
being that the irreducible exciton energies and wavefunctions are replaced by the exciton ones.
Notice the emergence of the original exciton-phonon coupling defined in Eq. (46).

5.4 Coherent excitons

The improved approximation to eL leads to an improved equation of motion for the exciton
polarization as well. In fact, the collision integral Sλ must now be evaluated with eN , whose
lesser component is, in general, nonzero. Using the MGKBA in Eq. (76) it is straightforward
to derive

d
d t
ρλ(t) = −iEλ0ρλ(t)− iΩλ(t)−

1
2

∑

eλ′Q

�

eΓ
pol

λeλ′Q
+eΓλeλ′Q eNeλ′Q(t)

�

ρλ(t) , (89)

which should be compared with Eq. (55).

6 Excitonic Bloch equations

In Table 1, we summarize the main results from Section 5, highlighting the types of excitons
on which the various rates depend. We refer to the equations in Table 1 as the excitonic Bloch
equations (XBE). It is noteworthy that the irreducible exciton-phonon coupling eG governs the
dynamics of coherent excitons, while the reducible exciton-phonon coupling G governs the
dynamics of incoherent excitons. The XBE reconciles previous works that advocate for either
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eG [50] or G [53, 74–77], by clarifying that both are essential, though relevant in different
regimes (or equivalently at different timescales).

Choosing the time origin earlier than the switch-on time of the external driving fields
(hence Ωλ(t < 0) = 0), the XBE must be solved with initial conditions
ρλ(0) = eN

eλQ(0) = N inc
λQ(0) = 0. The first line contains the equation of motion of the exci-

ton polarization, see Eq. (89). The quantity,

γλ ≡
∑

eλ′Q

�

eΓ
pol

λeλ′Q
+eΓλeλ′Q eNeλ′Q

�

, (90)

gives the exciton linewidth of a photoabsorption spectrum, and agrees with Ref. [50] for in-
finitesimally small excitation densities (i.e., eN = 0). An increasing number of irreducible
excitons accelerates the transition toward the incoherent regime, in agreement with the fact
that the polarization lifetime decreases with the excitation density [38, 81]. The equation of
motion for the number of irreducible excitons, see Eq. (83), is shown in the second line. The
third line contains the equation of motion for the number of incoherent excitons, obtained
by adding Eqs. (77) and (87). Coherent excitons are first converted into D-reducible exci-
tons N (D), see Eq. (77), which then diffuse and becomes incoherent excitons. Aside from
the overscreening issue, the equation of motion for N inc agrees with findings from the cluster
expansion [12,53,54] in the limit of infinitesimally small excitation densities. This limit corre-
sponds to setting eN = 0 and retaining only terms linear in N inc. In the incoherent regime, i.e.,
ρλ = 0, the equation of motion for N inc also agrees with findings from Ref. [82]. We observe,
however, that setting ρλ = 0 from the outset yields a homogeneous equation, meaning that
the initial value of the incoherent exciton population must be determined by other means.
The many-body diagrammatic treatment of the first principles Hamiltonian not only provides
a many-body justification of the work in Ref. [82], but also extends it to the coherent regime.
This extension allows for monitoring the exciton dynamics from the moment the optical field
drives the system out of equilibrium.

As limt→∞ρλ(t) = 0, the number of incoherent excitons approaches a Bose-Einstein dis-
tribution with the same temperature as the phonon bath – it is straightforward to show that
the right hand side of the third XBE in Table 1 vanishes in this scenario. This implies that
limt→∞ eN(t) follows a Bose-Einstein distribution as well. Indeed, the right hand side of the
second XBE in Table 1 vanishes if f ph, N inc and eN are all described by a Bose-Einstein distri-
bution at the same temperature.

To summarize, the XBE have the merits of being overscreening free and applicable to
nonequilibrium systems beyond the linear response regime. Furthermore, they preserve
Eq. (68), according to which the total number of excitons remains constant when the driv-
ing field is off.

7 Conclusions

Starting from the ab initio Hamiltonian for electrons and phonons [60] and using the many-
body diagrammatic Green’s function theory [64] we have derived a first principles scheme
for material specific predictions of nonequilibrium excitons. The XBE are a system of nonlin-
ear differential equations for the coupled dynamics of coherent excitons, irreducible excitons
and incoherent excitons. They encompass the initial transient regime, driven by external op-
tical fields, as well as the evolution from the coherent to the incoherent regime, governed by
exciton-phonon scatterings. Importantly, the XBE are free of overscreening issues. It is worth
remarking that the first-principles formulation presented in this work involves only screened
e-ph couplings. In Appendix B we outline an alternative first-principles formulation that elim-
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inates the need for introducing irreducible excitons but involves the bare e-ph coupling. In
the ab initio theory of electrons and phonons the bare g appears in the exact formula of the
phonon self-energy [65, 83, 84] as well as in the coupling to coherent phonons [60, 67, 85].
However, in the present context the use of a bare g complicates the formulation since both
intraband and interband e-ph coupling must be accounted for. In fact, the dressing of g cc′ and
g vv′ is mainly due to g cv and g vc .

The XBE form a minimal set of equations for describing exciton formation, diffusion and
thermalization for not too high excitation densities. They can be improved along several direc-
tions that we wish to discuss here. First, the lifting of the Markov approximation through the
introduction of higher order correlators. This idea has been already implemented in nonequi-
librium systems of electrons [32, 80, 86–88] and bosons [38, 89–91] for several many-body
approximations, and it is also possible to implement it in this context. Second, the extension
to nonequilibrium phonons. In this work, we have assumed that phonons remain in thermal
equilibrium. However, at sufficiently high excitation densities, this assumption becomes un-
realistic. The equation of motion for the phonon occupations can be derived following the
approach outlined in Ref. [67]. However, the phononic self-energy must be refined to account
for excitonic effects in the polarization. Third, at large enough excitation density the Coulomb
mediated exciton-exciton scattering can no longer be ignored. This interaction has been in-
vestigated in Refs. [92–94], and it gives rise to additional rates in the equations of motion.
Fourth, excitons can strongly couple to coherent optical phonons. This interaction is governed
by the bare e-ph coupling [60, 85] and is responsible for a time-dependent shift of the exci-
ton energies. Given the long timescale of optical nuclear displacements, we expect that an
adiabatic approximation of the XBE, i.e., EλQ → EλQ(t), is reasonably accurate. Fifth, the
inclusion of exciton recombination through the quantized treatment of photons. This aspect
has been already covered in, e.g., Ref. [53], and does not present criticalities as the ab initio
Hamiltonian for electrons and photons has long been well established.

We hope that our contribution can clarify the pitfalls inherent in model Hamiltonians,
serve as a solid ground for the development of a rigorous theory of nonequilibrium excitons,
phonons and photons, and inspire parameter-free numerical schemes for real-time simulations
of excitonic materials.
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A On the polarization rates

For the evaluation of Eq. (45) we assume that the Green’s function Gµµ′k with band indices
µ,µ′ either both conduction or both valence is diagonal. Let us analyze

�

ΣFM(z, z̄)G(z̄, z+)
�

cvk.
Focusing solely on the dependence on the electronic band indices, this term contains either
gs,cc1 Gc1c1

(z, z̄)gs,c1c2 Gc2v(z̄, z+) or gs,cc1 Gc1v1
(z, z̄)gs,v1vGvv(z̄, z+). The second diagram in Fig. 1
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contributes as
�

Σ(1)(z, z̄)G(z̄, z+)
�

cvk. We have the following possible structures

gs,cc1 Gc1c1
(z, z̄)Gc2c2

(z̄′, z̄′′)gs,c2c3 Gc3v1
(z̄′′, z̄′)Gvv(z̄, z) , (A.1a)

gs,cc1 Gc1v1
(z, z̄)Gv2c2

(z̄′, z̄′′)gs,c2c3 Gc3c3
(z̄′′, z̄′)Gc4v(z̄, z) , (A.1b)

gs,cc1 Gc1c1
(z, z̄)Gc2v1

(z̄′, z̄′′)gs,v1v2 Gv2v2
(z̄′′, z̄′)Gvv(z̄, z) , (A.1c)

gs,cc1 Gc1v1
(z, z̄)Gv2v2

(z̄′, z̄′′)gs,v2v3 Gv3c2
(z̄′′, z̄′)Gc3v(z̄, z) . (A.1d)

We see that the first and third combinations are linear in the off-diagonal G whereas the
second and third combinations are cubic, and can therefore be ignored. We finally consider
�

Σ(2)(z, z̄)G(z̄, z+)
�

cvk. We have the following possible structure

Gc1c1
(z̄′, z̄′′)g c1c2 Gc2v2

(z̄′′, z̄′)Gv3c3
(z, z̄)g c3c4 Gc4v(z̄, z) , (A.2a)

Gc1c1
(z̄′, z̄′′)g c1c2 Gc2v2

(z̄′′, z̄′)Gv3v3
(z, z̄)g v3vGvv(z̄, z) , (A.2b)

Gc1v1
(z̄′, z̄′′)g v1v2 Gv2v2

(z̄′′, z̄′)Gv3c3
(z, z̄)g c3c4 Gc4v(z̄, z) , (A.2c)

Gc1v1
(z̄′, z̄′′)g v1v2 Gv2v2

(z̄′′, z̄′)Gv3v3
(z, z̄)g v3vGvv(z̄, z) . (A.2d)

The first and third combinations are cubic in the off-diagonal G, and we discard them. The
second and fourth combinations contain Gv3v3

(z, z̄)Gvv(z̄, z) which scales linearly with the ex-
citation density, and we therefore discard these combinations as well. We can use the Ansatz
in Eqs. (48) to express the off-diagonal elements of eL in terms of the irreducible exciton prop-
agator:

eLQ
cvk,c1c2k1

(z, z̄; z, z̄) =
∑

v1

eNQ
cvk,c1v1k1

(z, z̄)ρc2v1k1
( t̄) , (A.3a)

eLQ
cvk,v2v1k1

(z, z̄; z, z̄) = −
∑

c1

eNQ
cvk,c1v1k1

(z, z̄)ρc1v2k1+Q( t̄) . (A.3b)

After some algebra we find
�

Σ(z, z̄)G(z̄, z+)
�

cvk = i
∑

c1c2c3v1,αQ

gs,cc1
α−Q(k)eN

−Q
c1vk,c2v1k1

(z, z̄)ρc3v1k1
( t̄)gs,c2c3

αQ (k1 −Q)DαQ(z, z̄) (A.4)

− i
∑

c1c2v1v2,αQ

gs,cc1
α−Q(k)eN

−Q
c1vk,c2v2k1

(z, z̄)ρc2v1k1−Q( t̄)g
s,v1v2
αQ (k1 −Q)DαQ(z, z̄) .

We now contract the left hand side with the exciton wave functions, and expand eN in the
irreducible excitonic basis and ρ in the excitonic basis

∑

cvk

Aλ0∗
cvk

�

Σ(z, z̄)G(z̄, z+)
�

cvk = i
∑

eλ1λ2αQ

 

∑

cc1vk

Aλ0∗
cvk gs,cc1

α−Q(k)eA
eλ1−Q
c1vk

!

eN
eλ1−Q(z, z̄)ρλ2

( t̄)DαQ(z, z̄)

×

 

∑

c2c3v2k1

eA
eλ1−Q∗
c2v1k1

gs,c2c3
αQ (k1 −Q)Aλ20

c3v1k1

!

− i
∑

eλ1λ2αQ

 

∑

cc1vk

Aλ0∗
cvk gs,cc1

α−Q(k)eA
eλ1−Q
c1vk

!

eN
eλ1−Q(z, z̄)ρλ2

( t̄)DαQ(z, z̄)

×

 

∑

c2v2v3k1

eA
eλ1−Q∗
c2v2k1

gs,v3v2
αQ (k1 −Q)Aλ20

c2v3k1−Q

!

. (A.5)
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It is useful to define the following quantities
∑

c1c2v1k1

eA
eλQ∗
c1v1k1

gs,c1c2
α−Q′ (k1 +Q)Aλ

′Q−Q′

c2v1k1
≡ eg(c)

eλλ′

α−Q′ (Q) , (A.6a)

∑

c1c2v1k1

AλQ−Q′∗
c1v1k1

gs,c1c2
αQ′ (k1 +Q−Q′)eA

eλ′Q
c2v1k1

= eg(c)
eλ′λ∗

α−Q′ (Q) , (A.6b)

∑

c1v1v2k1

eA
eλQ∗
c1v1k1

gs,v2v1
α−Q′ (k1 +Q′)Aλ

′Q−Q′

c1v2k1+Q′ ≡ eg
(v)eλλ′

α−Q′ (Q) , (A.6c)

∑

c1v1v2k1

AλQ−Q′∗
c1v1k1+Q′ g

s,v2v1
αQ′ (k1)eA

eλ′Q
c1v2k1

= eg(v)
eλ′λ∗

α−Q′ (Q) , (A.6d)

where we use the property gµνα−Q(k) = gνµ∗αQ (k−Q), see Eq. (20). Then we can rewrite Eq. (A.5)
as

∑

cvk

Aλ0∗
cvk

�

Σ(z, z̄)G(z̄, z+)
�

cvk = i
∑

eλ1λ2

∑

αQ

eg(c)
eλ1λ∗

αQ (−Q)eN
eλ1−Q(z, z̄)

×
�

eg(c)
eλ1λ2

αQ (−Q)− eg(v)
eλ1λ2

αQ (−Q)
�

ρλ2
( t̄)DαQ(z, z̄) . (A.7)

Proceeding along the same lines we can show that
∑

cvk

Aλ0∗
cvk

�

G(z, z̄)Σ(z̄, z+)
�

cvk = i
∑

eλ1λ2

∑

αQ

eg(v)
eλ1λ∗

αQ (−Q)eN
eλ1−Q(z, z̄)

×
�

eg(c)
eλ1λ2

αQ (−Q)− eg(v)
eλ1λ2

αQ (−Q)
�

ρλ2
( t̄)DαQ(z, z̄) . (A.8)

The collision integral Sλ is the difference between Eqs. (A.7) and (A.8). Using the definition
of the irreducible exciton-phonon coupling in Eq. (54) we conclude that

Sλ(t) = i
∑

eλ1λ2

∑

αQ

∫

dz̄ eG
eλ1λ∗
α (Q)eN

eλ1Q(z, z̄)eG
eλ1λ2

α (Q)ρλ2
( t̄)Dα−Q(z, z̄) , (A.9)

where we rename Q→−Q.
We now observe that for any Keldysh function k(z, z′)

∫

dz̄ k(z, z̄) =

∫

d t̄ kR(t, t̄) . (A.10)

Taking into account that for the product of functions [64]

[eN D]R(t, t̄) = eNR(t, t̄)D>(t, t̄) + eN<(t, t̄)DR(t, t̄) , (A.11)

we can rewrite Eq. (A.9) as

Sλ(t) = i
∑

eλ1λ2

∑

αQ

eG
eλ1λ∗
α (Q)eG

eλ1λ2

α (Q)

×
∫ t

d t̄
�

eNR
eλ1Q
(t, t̄)D<α−Q(t, t̄) + eN<

eλ1Q
(t, t̄)DR

α−Q(t, t̄)
�

ρλ2
( t̄) . (A.12)

To evaluate this quantity we use the MGKBA in Eq. (76) for eN , the dressed D of the Born-
Oppenheimer approximation [67]

D≶αQ(t, t ′) =
θ (t − t ′)
2iωαQ

�

n≶αQ(t)e
−iωαQ(t−t ′) + n≷α−Q(t)e

iωαQ(t−t ′)
�

+
θ (t ′ − t)
2iωαQ

�

n≶αQ(t
′)e−iωαQ(t−t ′) + n≷α−Q(t

′)eiωαQ(t−t ′)
�

, (A.13)
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Figure 4: Overscreening-free approximation of the phononic self-energy leading to a
formulation in terms of bare e-ph couplings.

where n<αQ = f ph
αQ and n>Qα(t) = f ph

αQ + 1, and approximate

ρλ(t
′) = e−iEλ0(t ′−t)ρλ(t) , (A.14)

see Eq. (55). A technical remark. The self-energy in Fig. 1 is not positive definite in the sense
of Ref. [95], and it gives rise to complex rates for nonvanishing phononic coherences ΘαQ =
Θα−Q(t) = 〈b̂αQ b̂α−Q〉. We therefore discard phononic coherence in our treatment. Taking the
Markovian limit we find

Sλ(t) =
1
2

∑

eλ′λ′′Q

�

eΓ
pol

λeλ′λ′′Q
(t) +eΓλeλ′λ′′Q(t)eNeλ′Q(t)

�

ρλ′′(t) , (A.15)

where

eΓ
pol

λeλ′λ′′Q
= 2π

∑

α

eG
eλ′λ∗
α (Q)eG

eλ′λ′′∗
α (Q)

2ωαQ

�

δ(eE
eλ′Q − Eλ′′0 +ωαQ)n

>
α−Q +δ(eEeλ′Q − Eλ′′0 −ωαQ)n

<
αQ

�

,

(A.16a)

eΓλeλ′λ′′Q = 2π
∑

α

eG
eλ′λ∗
α (Q)eG

eλ′λ′′∗
α (Q)

2ωαQ

�

δ(eE
eλ′Q − Eλ′′0 +ωαQ)−δ(eEeλ′Q − Eλ′′0 −ωαQ)

�

.

(A.16b)

The result reduces to Eqs. (56) and (78) when retaining only the contribution λ′′ = λ.

B Irreducible excitons or bare e-ph coupling?

The challenge in formulating the theory using excitons instead of irreducible excitons lies in the
appearance of the product of bare and screened e-ph couplings in ΣG = gsDg LHSEX, see dis-
cussion below Eq. (47). Since dynamical effects in the dressing of g are typically disregarded,
the Markov limit would result in non-positive rates. One possible strategy to formulate the
theory exclusively in terms of excitons is to work with bare e-ph couplings.

In Appendix A we have shown that for small excitation densities onlyΣFM+Σ(1) contributes
to [ΣG]cvk, and only ΣFM+Σ(2) contributes to [GΣ]cvk. Let us slightly modify the self-energy.
For [ΣG]cvk we use Σ′ = i gDGgs, instead of ΣFM = i gsDGgs, and evaluate Σ(1) with a bare g
on the left (keeping the screened gs at the top), see Fig. 4(a). Then

ΣG = i gDℓgs + i gD(eLSEX − ℓ)gs = i gDeLSEX(1− ivLHSEX)g = i gDLHSEX g , (B.1)
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where in the last equality we use Eq. (27). Similarly, for [GΣ]cvk we useΣ′′ = i gsGDg, instead
of ΣFM = i gsDGgs, and evaluate Σ(2) with a bare g on the right (keeping the screened gs at
the top). We then find

GΣ= i gsGℓDg + i gs(eLSEX − ℓ)Dg = g(1− LHSEXv)eLSEX g = i gDLHSEX g . (B.2)

Following the same steps as in Section 3 the equation of motion for the exciton polarization
becomes

d
d t
ρλ = −iEλ0ρλ − iΩλ −

1
2

∑

λ′Q

eΓ
pol
λλ′Q(t)ρλ(t) , (B.3)

where the polarization rates are expressed in terms of excitonic energies and wavefunctions

eΓ
pol
λλ′Q = 2π

∑

α

|G b,λ′λ
α (Q)|2

2ωαQ

�

δ(Eλ′Q − Eλ0 +ωαQ)(1+ f ph
α−Q) +δ(Eλ′Q − Eλ0 −ωαQ) f

ph
αQ

�

, (B.4)

and G b is the bare exciton-phonon couplings

G b,λλ′
α (Q)≡

∑

c1c2v1k1

AλQ∗
c1v1k1

g c1c2
α−Q(k1 +Q)Aλ

′0
c2v1k1
−

∑

c1v1v2k1

AλQ∗
c1v1k1

g v2v1
α−Q(k1 +Q)Aλ

′0
c1v2k1+Q . (B.5)

The equation of motion Eq. (66) for the incoherent exciton numbers can also be refor-
mulated in terms of only excitons and bare e-ph couplings. According to Eq. (30) we have
L = L(v) − i L(v)gDg L(v). Using this expression and following the same steps as in Section 4
we find

d
d t

N inc
λQ =

∑

λ′

eΓ
pol
λ′λQ(t) |ρλ′(t)|

2 . (B.6)

It is straightforward to verify that also in in this alternative formulation the total number of
excitons satisfies Eq. (68).

The above formulation overlooks an important detail. For a semiconductor in equilibrium
at low temperature it is reasonable to set to zero all matrix elements of L except for Lcv,c′v′

and Lvc,v′c′ . From Eq. (29) we have (omitting the dependence on momenta and times)

gs,cc′ = g cc′ − i
∑

αᾱββ̄

vcᾱαc′ Lαᾱ,ββ̄ gββ̄ . (B.7)

We see that the dressing of g cc is due to the interband bare e-ph couplings g cv and g vc . The
same holds true for the dressing of g vv′ . Since the interband couplings are not negligible, they
must be included. This complicates the whole theory as the equations of motion can no longer
be closed solely on exciton numbers.
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