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Abstract

We study conformal field theories at finite temperature in the presence of a temporal
conformal line defect, wrapping the thermal circle, akin to a Polyakov loop in gauge
theories. Although several symmetries of the conformal group are broken, the model
can still be highly constrained from its features at zero temperature. In this work we
show that the defect and bulk one and two-point correlators can be written as functions
of zero-temperature data and thermal one-point functions (defect and bulk). The defect
one-point functions are new data and they are induced by thermal effects of the bulk.
For this new set of data we derive novel sum rules and establish a bootstrap problem
for the thermal defect one-point functions from the KMS condition. We also comment
on the behaviour of operators with large scaling dimensions. Additionally, we relate
the free energy and entropy density to the OPE data through the one-point function of
the stress-energy tensor. Our formalism is validated through analytical computations in
generalized free scalar field theory, and we present new predictions for the O(N) model
with a magnetic impurity in the ¢-expansion and the large N limit.
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1 Introduction

Conformal Field Theory (CFT) finds applications across various areas of physics, ranging from
condensed-matter systems at the critical point to quantum gravity via the AdS/CFT correspon-
dence. The study of defects within CFTs is also fundamental since these describe a wide range
of physical phenomena, such as magnetic impurities in materials with emergent Lorentz sym-
metry (see, e.g., [1,2] and references therein), or the radiation of moving quarks in high-energy
physics [3-5]. A notable class of defects, called conformal defects, breaks the conformal sym-
metry in a controlled manner, with the residual symmetry imposing significant constraints on
observables. This has led to the development of the defect bootstrap program [6-10]. How-
ever, much less is known about these models at finite temperature. In this case, a scale (the
inverse temperature f3) is introduced by considering the defect CFT on the geometry Sflj xRIL,
This paper focuses on the scenario of a temporal line defect, wrapping the thermal circle 8113 , in-
spired by its relevance to the confinement problem and the AdS/CFT correspondence. Indeed,
in gauge theories, the thermal analogue of the Wilson loop, known as the Polyakov loop, acts
as an order parameter for the confinement/deconfinement phase transition [11]. Although
confinement does not occur in a CFT, studying this setup provides a context endowed with
analytical tools. Additionally, thermal CFTs are holographically dual to black holes in AdS,
making the study of defects in this framework both fascinating and crucial [12]. In condensed-
matter physics, line defects wrapping the thermal circle describe point-like impurities, which
can be experimentally probed [13,14].
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Although the conformality of the bulk theory is broken by both thermal effects and the
presence of the defect, many local properties of the zero temperature CFT remain useful for
characterizing the system. Thermal correlation functions (without a defect) can be analyzed
using the Operator Product Expansion (OPE), albeit with a finite radius of convergence and
additional OPE data in the form of thermal one-point functions. At zero temperature, the asso-
ciativity of the OPE leads to highly constraining consistency conditions. At finite temperature,
an equivalent condition was identified as the Kubo-Martin-Schwinger (KMS) condition [15,16].
This approach is central to the bootstrap methods for thermal CFTs, initiated in the seminal
work [16] and further developed in subsequent studies [17-21]. Similarly, the bootstrap ap-
proach to defect CFTs at zero temperature introduces new defect OPE data. Specifically, the
presence of a conformal line defect results in a one-dimensional CFT living on the defect. Such
setups have received significant attention recently, with bootstrap methods yielding a wealth
of novel results [22-33].

This work aims to construct a bootstrap framework for a thermal defect CFT, specifically
focusing on a line defect wrapping the thermal circle. We find that the minimal set of OPE
data required to fully characterize a specific model is:

1. Zero temperature CFT data: the scaling dimensions A and the structure constants
of the bulk CFT.

2. Finite temperature data: the thermal one-point functions of bulk operators by (in the
absence of the defect).

3. Zero temperature defect data: the scaling dimensions /A\@\ and the structure constants U
of the defect CFT, as well as the bulk-to-defect coefficients A ,5.

4. Thermal + defect data: the new data consists of the one-point functions of defect opera-
tors bg.

The CFT and defect data are inherited from the zero temperature theory and remain unaltered
by thermal effects. Thermal one-point functions of bulk operators are known only for a few
specific cases, but they are the subject of the currently developing finite temperature bootstrap
program. In our approach, these three classes of data will be considered as input. In this work,
the one-point functions of the one-dimensional theory on the defect are the new data we are
interested to study. As we shall explain, these defect one-point functions are a consequence of
the thermal excitations of the bulk. Therefore the 1d theory living on the defect is more than
just a thermal CFT.
The paper is structured as follows:

* in Section 2, we start with an analysis of the symmetries of the system, and in particular
we show how correlation functions are constrained by the OPE data listed above. We
provide an explicit expansion for one-point functions of bulk operators and present an
inversion formula to extract the defect one-point functions,

* in Section 3, we set up a bootstrap problem for the new data 35, by deriving explicit
sum rules from the KMS condition imposed on a two-point function of identical bulk
operators in the presence of the defect. We discuss some implications and how the
behaviour of heavy operators can be predicted,

* in Section 4, we study the thermodynamics of the system in d > 2. In particular, we
relate the free energy and the entropy density of the system to the defect OPE of the
stress-energy tensor. We also comment on the defect entropy and the free energy of a
moving quark in gauge theories,
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= in Section 5, we present applications to specific models. We test our equations in the
case of Generalized Free (scalar) Field (GFF) theory, and we obtain new results for the
case of the d-dimensional O(N) model, both in the contexts of the e-expansion and at
large N.

Finally, in Section 6, we conclude with a discussion of our results and a presentation of
potential future prospects. In Appendix A, we present the (broken) Ward identities for the
conformal group in an explicit form, while in Appendix B, we comment on the real-time for-
malism, which could provide a different approach to the same problem. In Appendix C we
review the defect thermodynamics of two-dimensional CFTs and finally in Appendix D we
present a technical aspect regarding the bulk to defect OPE of the stress-energy tensor which
is important for the finiteness of the entropy in the zero temperature limit.

2 Defect CFT at finite temperature

In this section, we discuss the symmetries of a CFT with a defect at finite temperature. We
present possible configurations and analyze which symmetries are broken or preserved when
the defect wraps the thermal circle. We then examine the correlation functions associated with
the thermal defect CFT and identify the OPE data required for a complete characterization.
We conclude by presenting an inversion formula for the defect one-point functions.

2.1 Line defects on the thermal manifold
2.1.1 Configurations

Our starting point is a Euclidean CFT at zero temperature, i.e. a CFT on the flat manifold R¢.
We label the representations of the conformal group by the scaling dimensions A and the spin
J. A defect CFT can be defined by inserting an extended operator of codimension g (called
a conformal defect) that preserves part of the original symmetry. Specifically, for a conformal
line defect, the codimension is ¢ = d — 1 and the symmetry is broken in the following way

SO(d +1,1) — SO(2,1) x SO(d —1). 1

The SO(2, 1) group can be interpreted as the one-dimensional conformal symmetry preserved
along the defect, while SO(d — 1) corresponds to the unbroken rotations around the defect.
From the 1d perspective, the latter can be viewed as a global symmetry [34,35]. Defect repre-
sentations are then labeled by the quantum numbers A, the 1d scaling dimension, and s, the
transverse spin, associated to the group SO(d — 1).
Our goal is to study this system at finite temperature. More precisely, we consider the
defect CFT not on flat space, but on the thermal manifold
Mg =Sp xR, (2)
where the original time direction is compactified along a circle of length f = 1/T, with T
being the temperature. In the absence of a defect, this compactification explicitly breaks the
conformal symmetry of the bulk theory [16,20]. Contrary to the zero temperature case, the
orientation of the line defect plays a significant role in how the symmetries are broken or
preserved. We can consider three different systems:

(a) The line defect wraps the thermal circle.

(b) The line defect is placed along one of the (not compactified) space directions.

4
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Figure 1: The left figure shows a temporal line defect wrapping the thermal circle
at the spatial position X = 0. This configuration corresponds to case (a) in the main
text, and is the focus of this paper. On the right side, the setup (b) is illustrated, for
which the spatial line defect is placed at T = 0 and extends in a spatial direction.

(c) The line defect is placed in a direction that includes both a component in time and space.
In two dimensions, this defect can for instance take the shape of a spiral wrapping the
thermal cylinder.

Graphical representations of cases (a) and (b) are shown in Fig. 1. At zero temperature, all
configurations are equivalent in Euclidean space. However, at finite temperature, these dif-
ferent setups describe distinct physical systems. For instance, in setup (a), the defect preserves
translations along the time direction and preserves a symmetry group SO(d — 1). In contrast,
in setup (b), only rotations orthogonal to the defect remain unbroken, reducing the symmetry
group to SO(d —2).

Although all configurations have significant physical applications, this paper focuses on
type (a) which maximizes the residual conformal symmetry of the defect CFT. Importantly, in
the context of gauge theories, this configuration corresponds to Polyakov loops, whose one-
point function acts as the order parameter for the confinement/deconfinement transition.

2.1.2 Broken and unbroken symmetries

Let us summarize the effect of turning on the temperature on the symmetries of the conformal
group for the case where the defect wraps the thermal circle. Building upon the discussion of
the previous Section, we have:

» Translations: Time translations around the thermal circle are unbroken, while spatial
translations are broken by the presence of the defect.

» Rotations: Spatial rotations are unbroken, while boosts are broken by both the defect
and finite temperature effects.

» Dilatations and SCTs: Dilatations and special conformal transformations (SCTs) are
broken only by finite temperature effects.

* Global symmetries: Any global symmetry is preserved at finite temperature, but can
be broken by the defect. The potential breaking of external symmetries by the defect
depends on the details of the theory.

This set of symmetries defines the thermal defect CFT that we study in the rest of this work. It
is possible to derive (broken) Ward identities in the spirit of [20]. This results in non-trivial
constraints on the correlation functions of the theory. These (broken) Ward identities are
derived and presented in Appendix A.
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2.2 Correlation functions

We now turn our attention to the implications of these symmetries: our aim is to provide the
OPE data necessary to (in principle) fully solve the system through repeated use of the bulk
and defect OPEs.

2.2.1 Bulk and defect OPEs

One crucial aspect of this setup is that the thermal geometry described by (2) is conformally
flat.! This implies that local properties of the zero temperature theory are preserved when
the time dimension is compactified. In other words, the scaling dimensions of the operators
remain unaffected, and products of two (or more) operators can be expanded using the same
OPE as at zero temperature. For instance, the bulk OPE for two identical scalar operators ¢ of
dimension A is given by

1 _
¢ (x)p(xp) = “3a, Z .Uq5¢(9|xlz|A Jxlzul X9, OFH (x,), (3)
X153 Ocpx¢

where the conformal data (i.e., the scaling dimensions A and the structure constants tg¢ )
appearing in this equation are zero temperature data. Before proceeding let us notice that
the OPE convergence, discussed in similar CFT contexts in [36-38], is now limited to a finite
region. Concretely, the convergent region of the bulk OPE (3) in the presence of the defect is
given by

7%2 +J?fz < min {ﬁz, %112, |5c’2|2} , 4

with |X;| the transverse position of the two operators with respect to the defect.

In defect CFT, it is well-known that bulk operators can be expanded in terms of the defect
operators introduced in Section 2.1.1, by bringing the bulk operator close to the defect. For a
scalar operator ¢, this results in the defect OPE

- 1 A P,
¢(T,X) - WZAd)@lxlA Sxil .. 'Xl'SOll lS(T), (5)
o

where |X| is the transverse distance between the operator and the defect. The OPE written
above is expected to be convergent in the region |X¥| < 3, unless other operators are closer
to the defect. Once again, the OPE data appearing in this equation corresponds to the zero
temperature case. Here, the coefficients A 60 describe bulk-defect two-point functions, which
are fixed kinematically at T =0 [7].

2.2.2 Bulk and defect one-point functions

Non-local properties of the theory can however be affected by the compactification of the time
dimension. Since dilatations are not preserved, one-point functions of local operators (without
defects) can in general be non-zero. Translational invariance along the thermal circle fixes
them to be constant and depend on a single coefficient [16, 20]

(O, D0 (g ..ot —traces) | (6)

Ba
where e" is non-zero only when placed in the time direction. We refer to these correlators as
bulk thermal one-point functions.

A manifold is conformally flat if for each point there is a neighborhood that can be map to an open subset of
the flat space via a conformal transformation. This does not imply the existence of a conformal map between the
full thermal manifold and the flat space: this only happens in d = 2.

6
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In order to understand the OPE data needed to characterize the thermal CFT in the pres-
ence of the defect, we study the first kinematically non-trivial correlator, i.e. the one-point
function of a bulk operator in presence of the defect, that we denote by 7. At zero tempera-
ture, it is kinematically fixed, but since translations orthogonal to the defect are broken, the
correlator is now given by

F,(2)
= ¢
T,X)P)g = , 7
for a scalar operator ¢, with z a dimensionless variable defined as
o=l ®
B
Using the defect OPE (5), we can rewrite (7) as
> 1 A A
(p(t,X)P)p = |)?|—A¢Z)L¢6|X|A xi, o x (OVTS(T)P) g, )
@)

which is convergent for |X| < . As mentioned in Section 2.1.1, the defect operators O are

described by their quantum numbers A and s, corresponding respectively to the symmetry

groups SO(2,1) and SO(d — 1). Note that, at zero temperature, the correlator on the right-

hand side vanishes for all operators except for the identity 1. From the invariance under time
translations, we find that the defect one-point functions are given by

Al ba i

(Oi S)ﬂ = —=TI"""%, (10)

BA

with 1% a SO(d —1)-invariant tensor structure,? similarly to the bulk case. We refer to these

correlators as defect one-point functions @(5
It should be emphasized at this point that these correlators do not correspond to one-
dimensional thermal one-point functions. To appreciate this fact let us consider a 1d CFT

compactified on 8/15. In that case, the existence of a conformal map between the infinite line R

and the circle 5/15 and the absence of conformal anomalies immediately imply that the thermal
one-point functions vanish. Naively, this seems to be in contradiction with (10) being non-
trivial. However, thermal effects in the bulk induce additional one-point functions to the one
dimensional defect theory living on S}, as we will now explain.

As an intermediate step, we contract the SO(d — 1) tensor structure [T with x; L X

AIRER _
X, o x (O™ )p = b@ﬁ—x, (11)
then (7) can be expressed as N
F¢(Z)=Zl¢6b62A. (12)
o

As a side comment, notice that operators with the same conformal dimension but different
transverse spin appear with the same power of the dimensionless ratio z. In interacting the-
ories, degeneracies are effectively rare, and considering several one-point functions of bulk
operators can be used to lift the degeneracy.

2There is a normalization to choose in the definition of the tensor structure. In order to simplify some of the
following expression we choose x;, ---x; '™ = [X[*.
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Table 1: Summary of the OPE data needed to characterize the thermal defect CFT,
and how the coefficients are related to correlation functions at zero and finite tem-
perature. Notice that the only two new sets of coefficients appearing at T # 0 are
the thermal bulk one-point functions by, and the defect one-point functions 35

bulk data bulk-defect data defect data

o Ao ~(00) Aog ~(00) Az ~(00)
Wijke ~ <Oioj0k> .aijk ~ (é\l@@k)

T=1/  bo ~{O)p bg ~(0)

If now we consider the one-point function in the presence of a line defect(7), the function
F4(2) necessarily obeys two special limits

Fo@) R Agp,  Fy(@) %7 bz, (13)

The first limit corresponds to the zero temperature case. Zero temperature one-point functions

of the defect operators are zero apart from the identity.> The second limit instead corresponds
to the high-temperature case. by generically is non-zero: by looking at the equation (13), we

deduce that the defect one-point functions /155 can be non-zero in general. Notice that the only
physically meaningful quantity is the ratio z, hence the two limits can also be seen respectively
as short and large distance from the line.

Keeping all the above in mind, any correlation function of this thermal defect CFT can (in
principle) be decomposed by using the bulk and defect OPEs, and be expressed in terms of zero
temperature data, namely the scaling dimensions and structure constants, to which we need to
add the thermal one-point functions (without defect) and the defect one-point functions. For
instance, two-point functions of defect operators ¢)1 and qbz can be expressed in terms of the
coefficients U+ 5.8,0 and bo- This set of elementary OPE data is summarized in Table 1.* Let
us comment that in principle the zero temperature CFT data suffices to compute any thermal
correlation function since those are defined as correlators computed in the state defined by
the density matrix p = e PH (we review this formalism in Appendix B). Nonetheless, using
this fact explicitly is very hard, even when the defect is not present [16]. On the contrary, we
show in Section 3 that a bootstrap problem for the new data /56 is very similar to the case of
the thermal CFT without defect.

2.2.3 An inversion formula for defect one-point functions

We have seen in the previous Section that defect one-point functions are the fundamental
quantities to know, but also that they are induced by the bulk theory as thermal excitations.
We now show how these coefficients can be determined through a computation in the bulk.
Indeed, it is possible to write the OPE expansion of F P (2) (defined in (7)) as

—£+i00
Fylz) = J an 982, (14)

£—100 2mi

3We implicitly use the normalization (1) = (1) p =1

“At zero temperature, certain physical observables are related to the normalization of the two-point functions
of defect operators. This is for instance the case of the Bremsstrahlung function, which is related to the two-point
function of the displacement operator. This normalization can be thought of as a function of the bulk-to-defect
OPE coefficients, and for this reason, we choose not to insert them in the table.
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where the function a(A) has poles at the scaling dimensions of the physical operators, i.e. the
residue is fixed to be

A ~bs
a(A) ~——22 2 (15)
A—A

where, as a technical requirement, a(A) is required not to grow exponentially in the positive
A half (complex) plane. Here, ¢ parametrizes the contour in the complex plane, which can be
chosen arbitrarily as far as the integral converges. It is possible to perform a Mellin transform
on (14) in order to obtain the function a(A)

1
a(A) = J dz z7471 Fy(2). (16)
0

From the expression (15), we obtain the inversion formula for the OPE coefficients

1
7&4)536 = ResA_)EJ dz z7271 Fy(2). (17
0

This equation provides a way to extract defect one-point functions given a scalar bulk one-point
function and the zero temperature structure constants A 4.

To conclude, note that the operators are identified by their scaling dimensions in (17). As
mentioned in the previous Section, degeneracy in the transverse spin cannot be resolved using
bulk one-point functions. It is however possible that two degenerate operators appear in two
different bulk computations, i.e., with different zero temperature coefficients, and in this case
the degeneracy can in principle be resolved.

3 Setting up a bootstrap problem

This Section is dedicated to formulating a bootstrap problem for the defect one-point functions
at finite temperature. We present novel sum rules derived from the KMS condition, that impose
strong constraints on the coefficients B@ With this in mind, we will also discuss the behaviour
of heavy operators.

3.1 From the KMS condition to sum rules

Our starting point is the KMS condition for two identical scalar operators ¢ (7,X). In order
to write an equation in which both sides can be expanded in OPEs we can additionally use
T — —1.° Concretely,

0={((B/2+7,%)9(0,X2)P)p —(P(B/2—7,%1)9(0,X2)P ) . (18)

We describe in the following how to use the bulk and defect OPEs in order to derive sum rules
for the one-point function coefficients 35

The first step is to use the bulk OPE given in (3) on the two terms in (18). Note
that, for this expansion to be convergent, we need to place the operators such that
|x15] < min(|X,],]X5]) < B. We obtain the following equation

Z Uppo{ O (R)P)glve 2220 vy, vy
Ocpx¢

= Z o OM T (R)P)plv_ 222 v, -ov (19)
Ocpxop

SFor parity invariant theories T — —7 is a symmetry. In general we can compose with parity action on one of
the spatial direction to preserve the same Z, symmetry [16].

9


https://scipost.org
https://scipost.org/SciPostPhys.18.1.018

e SciPost Phys. 18, 018 (2025)

Figure 2: The configuration for the KMS condition in the collinear limit is depicted on
the left. Here, the two local operators are located at a distance |X| from the Polyakov
loop, and separated in the time direction by 7. The figure on the right shows the
order in which the OPEs must be taken in order to obtain the sum rules: (1) the bulk
OPE ¢ x ¢ — >0, (2) the defect OPE O x P — >_ O. The dotted circle is here to
emphasize the condition T < |X| < f3, necessary to be in the appropriate OPE regime.

where the vectors v, are defined through
vj:L = (/5/2:&1’-)5612)) (20)

which describe the distance between the two local operators. The expression simplifies con-
siderably if the local operators are placed on the same thermal circle:®

vizSO“(gif). 2n

The corresponding configuration is represented in Fig. 2. The resulting equation can then be
expanded in T, and each term must vanish individually. This yields

. ArA—2A

with n € 2N + 1, as the terms with even powers cancel exactly.

The next step is to perform the defect OPE given in (5) for the operators O%0(¥). Note
that the choice of placing the two operators at the same distance from the defect, namely the
choice in equation (21), introduces two main simplifications: the operators effectively behave
like scalars in this limit, and (5) can be used (see also (7)) without entering the problem of
computing spinning blocks. Furthermore only primary operators contribute in the equation
(22) because of translational invariance along the time direction.” Using the notation defined
in Table 1 for the OPE coefficients, the following sum rules are obtained

NN

~ (A—2A
O=ZM¢¢O%61’6( o ¢) Y (23)
0,0

where gz is the cross-ratio defined in (8). This can be recast as

~ [(A—2A 2:A -~
_ 7 ¢ |12 N
0= E:Hwoxoobo( n )2A’ A=A-A. 24)
AA

%In the conventions of, e.g. [8], this collinear limit can be understood as setting the cross-ratios equal to one
another, i.e. z = . Equivalently, it corresponds to cos ¢ = 0 in the notation of [7].

7Observe that in the OPE between ¢ x ¢ (Equation (19)) not only bulk primary operators contribute. Never-
theless, once the two operators ¢ are located on the same thermal circle, all the descendants are built by acting
with time derivatives. Therefore, in this configuration, only bulk primary operators contribute to the OPE because
of time translational invariance.

10
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A summary of the order in which the OPEs have been applied is shown in Fig. 2. These sum
rules impose strong constraints on the coefficients 35, which can be studied using a variety
of bootstrap techniques. For thermal bulk CFTs, analogous equations have been presented
in [21]. Observe that in [21] a generalization of these sum rules, in the case where the two
operators are not placed at the same spatial coordinates, is also given. In the current case, the
presence of the defect complicates the spin structure, making the problem more difficult to
handle. However the equations (24) are labeled by two parameters A and n, while in the case
with no defect the analogous equations are labeled by only one parameter, n. Therefore the
set of equations (24) is expected to be more constraining. Furthermore, numerical techniques
have been proposed to obtain predictions for the bulk one-point functions of the 3d Ising
model [19].8

A few comments, concerning the sum rules (24), are in order before we conclude this
Section. First, it is important to notice that they correspond to a restricted set of constraints,
since we have used the KMS condition (18) in the collinear limit (21). In Section 5, the set of
equations (24) is checked explicitly in the case of GFE Second, there is a priori no positivity
condition on the OPE coefficients of (24). Note in particular that the binomial coefficients take
negative values for specific parameters.

3.2 Heavy operators

The sum rules derived in the previous Section are a consequence of the KMS condition, and
relate an infinite number of operators in different channels. In particular, (18) relates light
operators to heavy ones. At zero temperature, this results into a relation between the lightest
operator, the defect identity, and the heavy operators [39-41]. Similar relations also exist at
finite temperature without defects [21]. In this Section, we show how to extend these relations
to our setup with a line defect wrapping the thermal circle.

Let us consider again the collinear limit, in which the two scalar fields in the bulk are
placed on the same thermal circle. In this case, we have

A28,

(p(7,2)9(0,2)P)5 = %umx@@@@wzﬂ . (25)

Notice that the defect identity certainly contributes to the bulk OPE, as the two scalars are
identical and the projection of the bulk identity to the defect is simply 1 — 1. Therefore, we
can select the operators O (exchanged in the bulk channel) and ) (exchanged in the defect
channel) such that A = A by picking the zeroth order in |¥| in the two-point function. This
results in

A28,
£p(2)= ($(5. IS0 Yglio = 2 Hoss oo g
A=A
The KMS condition (including parity T — —7) now reads
fp(r)=fp(B—7). (26)
We can define an OPE density specific to this problem
p(R)=>ar6(A—n), (27)

A

®In this case, predictions are made by using the zero temperature CFT data as input. It would be interesting to
understand if the converse is also true, i.e., whether finite temperature sum rules impose new constraints on the
zero temperature data [15,21].
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where ay = Upg¢Apa- In the limit 7 — B, the KMS equation for fz(7) becomes
A-2A, 1

* T
fo AP g~ g

with the right-hand side of the equation being the projection to the identity contribution. From
the inverse Laplace transform, one concludes that

Asoo AZAe71 1
o5 22 o4 @
Note that this result can also be obtained by using a suitable Ansatz p(A) =AA® for the OPE
density.

Derivations of this type are common throughout the physics literature, as a consequence
of the channel duality (see e.g. [40-42]). It should be pointed out that it is not per se math-
ematically precise, as it can happen that the OPE density oscillates between two polynomial
functions for high scaling dimensions (see Fig. 1 in [39]). In practice, this can only happen in
case of a fine tuning between the parameters a,.’ This issue can be circumvented by either
proving or assuming the positivity of the coefficients a, at large A. In this case, (29) follows
as a consequence of Tauberian theorems, which were introduced in physics in [43], and found
applications in various branches of theoretical physics [36,44-48]. It would be interesting to
make the derivation of (29) rigorous by proving the positivity of a, at large A.

Finally, (29) should formally be understood as an average, since, for instance, the OPE den-
sity cannot grow continuously in the case of a discrete spectrum. In fact, the correct statement

is rather A
- el Ao 284
f dA p(A)A~°°A—[1+O(1)]. (30)
. T(2A, + 1) A

(28)

4 Defect thermodynamics

We now discuss the thermodynamics of defects at finite temperature. We determine the free
energy and the entropy density of the system in terms of OPE data, starting from the one-point
function of the stress-energy tensor in the presence of a line defect. To conclude, we discuss
the free energy of moving quarks in gauge theories.

4.1 Free energy density and entropy

Among all bulk operators, a special role is played by the stress-energy tensor. It can be related
to standard thermodynamic quantities, such as the free energy and the entropy of the system.
As a starting point, let us consider the generic constraints arising from the preserved symme-
try under spatial rotations. At zero temperature, its one-point function in the presence of a
conformal line defect is fixed up to a single function of the marginal couplings [34]. At finite
temperature, the one-point function is fixed in terms of two functions of the dimensionless
ratio z defined in (8) and the marginal couplings. Employing SO(d — 1)-invariance together
with the tracelessness condition we can write the Ansatz for d > 2

e fi(2) ;i xixd
(TY(1,%)P)p = |;c|d 8V — 2z fa®), (31)
(TO(7,%)P)p = _d= 1)f1|§?z|1—2f2(z) , (T, ®)P)s =0. (32)

°The most standard example in the mathematical literature is discussed in (3.12) in [21]. We refer to this paper
for more technical details.

12


https://scipost.org
https://scipost.org/SciPostPhys.18.1.018

e SciPost Phys. 18, 018 (2025)

The case d = 2 is discussed in Appendix C. There is no additional constraint arising from
symmetry. However, expanding the stress-energy tensor in the OPE regime is possible. For
instance, the time-time component yields the equation

—~(d—DfIE) +2fE) = Y 250550 (33)
o
It is important to notice that f;(z) and f,(z) are not independent functions. The (broken)
Ward identities associated with spatial translations can be expressed as'’
8,(TH (7, %)P)p = 6" D(X)D/(1), 34)
which can be used for |X| # O to relate f;(z) and f5(2) via the differential equation (for z > 0)
—d f1(2) + 4f(2) +2(f{ (2) = 2f,(2)) = 0. (35)
This leads to the following analytical solution for f,(z):

fz(z)=c122+22J dy —d fi(y)+yfi(y) ,
0 2y?

(36)

where ¢, is an integration constant.
Combining the equation (35) with the OPE expansion (33) gives two equations for fi, f,
in terms of the data A5 bg and A

Z—Z ZZ
(d—2)(A—1)

fol) =3 21000 (1+ ‘Hﬂ)zﬁ.

)

f(z) = Z A5 b5
© (37)

-~ 2 d—2A—
5 A—-1

Asymptotic for f; and f, are given by

—0 2 -0 d/2
f1(z)z"' dTZATi’ fz(z)z"' —m

Z2— 00 bT d

Args fi(z) "~ PR £&)X%0, (38

where A, is the defect one-point function of the stress-energy tensor (at zero temperature),
while by is the thermal one-point function of the defect (in absence of the defect). The first
two equations in (38) correspond to the zero temperature limit, while the other two should
be understood as the limit in which the defect is far away from the operators or equivalently
the high temperature limit, thus reproducing the bulk thermal CFT.

The main motivation for studying the stress-energy tensor is its direct relation to the energy

density of the system'!

E(X) = 5523 =—(T%(t,X)P)g. (39)
%]

Since the system that we are considering is at finite temperature, it is possible to consider the
thermodynamic equation

dF(X)

F(X)=E(X)—TS(X)=E(X)+T T

(40)

195ee Appendix A for a derivation.
"The minus sign is conventional (see [16,217]). It is there to ensure that the energy density is exactly equal to
the stress-energy tensor one-point function after the appropriate Wick rotation.
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which can be used to derive the free energy density F(X) and the entropy density S(X). We
define the dimensionless quantity f(z) through F(X) = |%|~4 f(2), and (40) can be recast as

§f(z) = £(2) +2f'(2). (41)
This is solved by
Z dy
(@) = oy —zJ = e, 42)
1Y

where ¢, is an integration constant. The entropy density can be calculated by applying a
derivative with respect to the temperature

s=-L -1 (Cz —f Y e)- @) . 43)
1Y z

dT |x[d-1

In terms of CFT data,

1 ~ 1 N
F(X =——| c3z+ A "b",\—ZA , (44
(X) |x|d(3 Z@: 16°0 X )

where c3 is a function of CFT data to be determined below. The entropy density is

. 1 ~ AN x
S(X):_W (C3 +ZAT(’9‘b(’§EzA 1) . (45)
o

To fix c3 we need to know the defect entropy at zero temperature. We notice that this limit re-
quires that there are no defect operators (other than the identity) with A < 1 and AT(;Ab@ #0,
since otherwise the zero temperature limit is diverging. This condition can be explicitly veri-
fied: we perform this analysis in Appendix D. Finally, when the zero temperature limit of the
entropy vanishes, then c5 can be set to zero.

4.2 The free energy of a quark

When considering a Polyakov loop in gauge theory, its expectation value is known to be an
order parameter for the confinement/deconfinement transition [49]. Although this transition
is not the subject of this paper, it is important to note that the content of this paper can be
easily adapted to the case of a Polyakov loop. In the following, we provide a definition and
normalization of the loop that agrees with the literature, and show how to relate the free
energy of an interacting quark to the OPE data.

Let us consider a non-Abelian gauge theory and define the operator

B
P = lTrPexp (J dt AO(T)) , (46)
N 0

where P represents the path ordering. Correlation functions involving the operator above are
naturally divergent, and therefore the expression (46) needs to be regularized. The most com-
mon regularization employed for conformal defects is to normalize any correlation function
with the expectation value of the defect itself:

_ (Ol(xl)' o On(xn)P>

(Ol(xl)"'on(xn)p> - <P> . (47)
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In this convention, the finite-temperature expectation value (7P ) p is identically equal to the
zero-temperature vacuum expectation value (P)) = 1.'2 This is in contrast with the require-
ment that the expectation value of Polyakov loops should be sensitive to the free energy Fqyark
of the quark [11,50,51]:

<7)>[5 — e_/j(Fquark_Ffree quark) s (48)

where Ffee quark denotes the free energy of a free quark. To compensate for this discrepancy it
is possible to define
> TrP exp (foﬁ dt AO(T))
N (Pfree>ﬁ

where the denominator is the expectation value of the Polyakov loop (46) at zero coupling.
The definition above matches the expectation value (48) by construction and makes it a well-
defined order parameter for the confinement/deconfinement transition: In fact, in the non-
confining phase, Fquark — Firee quark 1S €xpected to be finite and therefore (P)g is expected to
be finite, while in the confining phase Fyark — Free quark 1S €xpected to be infinite, leading
to (P)g = 0. The limitation of this regularization is that a notion of Pg is needed, i.e. a
Lagrangian description is required. In this paper, we are interested in the most general setup
and we will therefore use P for the regularized defect insertion. It should be noticed that in
our work we are always considering the infinite-volume CFT at finite temperature where only
the deconfining phase can be probed. To study the phase transition, we should either break
conformality at zero temperature or place the theory on a spatial sphere at large N. In the
latter case the Polyakov loop can still be considered a good order parameter provided that a
more sophisticated analysis is conducted [52].

The expectation value of the Polyakov loop is given by the partition function of the full
theory, divided by the partition function in the absence of the defect. In terms of free energies,
this leads to

) (49)

_ R .. b
Fquark _Ffree quark = J dd 1X [F(X) - Ffree(x) - FT] ) (50)

where by is the thermal one-point function of the stress-energy tensor and represents the finite
temperature contribution to the free energy. Note that F(X) can be related to defect one-point
functions through Equation (44). Although we will not pursue this direction here, this analysis
highlights the importance of further investigating temporal line defects from a bootstrap point
of view as a tool to probe the confinement/deconfinement phase transition.

5 Applications

We present here applications of the concepts developed in the previous Sections for simple
models, in which the computations can be carried out analytically. The first example is the
case of generalized free fields, while the second one is the (interacting) O(N) model in the
g-expansion and at large N.

5.1 Magnetic lines in generalized free field theory

To begin, we study the simple case of a magnetic line in Generalized Free Field (GFF) theory,
in any spacetime dimension d. The thermal defect CFT is defined via the action
ﬁ -
S:SGFF+hf dT ¢(T,O), (51)
0

120bserve that divergences at finite temperature coincide with those at zero temperature, thus the expectation
value of the defect defined in (46) is finite by construction.
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where we denote as ¢ the fundamental field of the GFF theory and as h the coupling constant
of the defect. The defect in (51) is conformal if A, = 1, which corresponds to non-local
theories in 2 < d < 4 and a free scalar field theory in d = 4. Since the theory is free, it
is possible to write the exact scalar propagator at finite temperature by using the method of
images. We represent it as a Feynman diagrams using a solid black line

o——o =(¢(7,%)¢(0,0))

~ 2/;7}' [coth(%uﬂ —iT)) + coth(%(lic’I + iT))] . (52)
Finally, the defect itself is defined as
1 P .
P= ﬁ/j exp [—hJO dr ¢(r, O)] . (53)

In Feynman diagrams, we represent the defect with a red line. The corresponding Feynman

rule is defined as 5
O_ — J de. (59
0

5.1.1 One-point functions of bulk operators

We now compute the one-point functions of the bulk operators ¢ and ¢2. This can be done
straightforwardly by considering the Feynman diagrams of free theory.

One-point function of ¢. The one-point function of ¢ consists of a single diagram'®

($(7,X)P)p = O—o (55)

The empty circle on the right depicts the insertion of the operator ¢(7,X) in the bulk. By
inserting (52), it is easy to show that the diagram (55) exactly corresponds to the zero tem-
perature one-point function of ¢, in the presence of the magnetic line

B
O—o:—hJ dz (¢(¢,f)¢(%))ﬁ=—%. (56)
0

By using the inversion formula (17) (or by simply comparing (56) to (9)), we find that only the
defect identity T contributes to the defect OPE in this correlator. In fact, by using the equation
of motion of ¢ in the free scalar theory in 4d, it is possible to show that the only operators
appearing in the defect expansion of ¢ are of the type 63 =9h...95 a)\(r) (e. A=s+1).
Since operators on the defect are, in the free case, restrictions of operators in the bulk, it is
expected that (9% --- 9% $ (T)P) p = 0, in agreement with the result in equation (56). In the
case of a GFF the most general form of the operators appearing in the bulk to defect also
includes for instance 8 ---3%0%¢. Those operators share conformal dimensions with the
operators discussed above, but they have different transverse spin: the conclusion in the GFF
is that the sum over one-point functions of operators with the same conformal dimensions is
zero.

3There is in principle an additional disconnected term, corresponding to the thermal one-point function of ¢.
However, this term vanishes due to the Z, symmetry of GFF in absence of the defect.
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One-point function of ¢2. It is also straightforward to calculate the one-point function of
¢2. However, in this case there is a second diagram corresponding to the thermal one-point

function (¢2)g
(¢*(1,IP)p =O @>+O>> (57)

This expression can be made finite by considering the appropriate normal ordering. The value
of the thermal one-point function can be found in Appendix C in [20] or in the discussion on
GFF in [16]. This leads to

2

(9*(1,2)P)p = (P*(1,2)P) + (9*)p = é (hzn2 + %zz) , (58)
where the first term can be calculated in the same way as (56). The expectation value indepen-
dent from f indicates the zero temperature correlator. We conclude that the defect operators
contributing to the one-point function of ¢ are the defect identity 1 and a defect operator of
dimension A = 2. In GFE since we choose Ay =1, the only two defect operators of dimen-
sion A = 2 are (}5\ 2 and the displacement operator D! = d'¢. SO(d — 1) symmetry prevents
the latter from gaining a non-zero one-point function, and therefore we identify the second
contribution in (58) as the one-point function of $ 2 with defect one-point function

<$2>[5:(¢2)/j:_ (59)
as expected.

5.1.2 The two-point function (¢ ¢P)g

The two-point function of two elementary scalar fields ¢ in presence of the magnetic line reads

<¢(T1)21)¢(T2)£2)P>[5 :O i+o
= (P (71,X1)P(72,%2))p + ((71, X1)P)p (P (T2, X)P)p . (60)

It can be seen from equations (55) and (56) that the second term is independent of 3, and thus
all the thermal effects are contained in the disconnected term, corresponding to the two-point
function without defect.

We now consider the collinear limit discussed in Section 3.1. In this case, the disconnected
term can be deduced from 52 to be

N N 2 T 2 7\%k2
($(5,209(0.3)); = G esc (F) = 3 22k 1C (ﬁ) , (61)
where {5 is the Riemann {-function evaluated at 2k. This leads to the expression
1 & 7\ 2k—2
($(. D90 DP)s = ($(2.PO.RP)+ 75> a(5) (62)
k=1

where the first term is the zero temperature expression, while ¢, = 2(2k —1){ ;. This should
be compared to the OPE expansion (5)

TA_Z
BAIx|A-5

($(T,B)p(0, )P ) = ($(7,2)p(0,)P) + D > typ0ropbs

O#1 x>0

(63)
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The interpretation is that, from the operators appearing in this OPE, only the ones satisfying
A = A receive a finite temperature correction. More explicitly,

CA > if A=7A # 0 and even,
Hop0roobo = | Beporor, A=0, (64)
0, otherwise.

It is straightforward to check analytically that these explicit results satisfy (23) for all odd
n, providing a nice consistency check. This boils down to the fact that all odd derivatives of
csc?(x) at x = /2 vanish.

We notice that in the two-point functions above, in the case of the free scalar theory
in 4d, the non-vanishing and f-dependent terms appear corresponding to the operators
$ l...9% (2; , which naturally appear in the bulk-to-defect OPEs of the bulk operators in the
OPE a; X a; . In the case of a GFF we have to add also the operators which vanish in the free
theory because of equations of motions which are for instance $ dh...9 iSDka; . As commented
above, all those operators are degenerate in the conformal dimensions and differ for the value
of the transverse spin. Therefore in the limit in which the two operators are at the same dis-
tance from the defect, since we are not sensitive to the transverse spin, the f-dependence is
due to sum over operators of the same conformal dimensions.

5.1.3 Free energy and entropy

The one-point function of the stress-energy tensor can also be computed explicitly when the
theory has a well-defined stress-energy tensor: this is again the case of the free scalar theory
ind = 4.

The result for the free scalar theory is

(TH"P)g =(TH"P)+(T"" ). (65)
Specializing to the case u = v =0, we have

(1P} ==

(66)

b4
2 15

2,2 2
hen= 2n° ,
FE +— .

X

The value of the thermal one-point function of the stress-energy tensor for the free scalar
theory in four dimensions is given, e.g., in [20] and [16]. As explained in Section 4.1, the
one-point function of the stress-energy tensor is related to the energy density, the free energy
density and the entropy density of the theory. By using (42) and (43), we find

2
F(%)= é(azﬁ T (1—2)(45k% + 42(1 +z+zz))). (67)
| %|4 90

Differentiating with respect to the temperature, we obtain the entropy density of the system

2) 72 (45h% + 1623 —4) —90c
s =20 - —4) =50 (68)
| X3 90|x|3

The limit 2 — 0 produces

20 T2 (45h% —4) —90c,
~ 90

s(z) , (69)
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14

which is expected to be zero when we require the entropy to vanish at zero temperature.
This condition fixes c,, and we end up with

2 (45h2 — 424)
S(X)=———. (70)

F(X)= )
(%) 90| 3|4 45

Observe that, in the free theory, the entropy density does not depend on the defect. We do not
expect this to carry on to the more general case of interacting theories, where terms involving
the temperature and the defect coupling should mix. Moreover we observe that the free energy
blows up at |¥| — 0, as expected. Furthermore, it is a monotonic function of z and its limit
when z — 00 reproduces the free energy of the theory in the absence of the defect.

5.2 The magnetic line in the O(N) model

We now turn our attention to the O(N) model, to provide an example in which interactions are
turned on, while computations can still be carried out analytically. At zero temperature, this
theory was extensively studied without defect insertions [53-57], and the theory coupled to
a localized magnetic line has been studied extensively [26,31,32,58]. At finite temperature,
the O(N') model without defects is one of the most studied thermal CFTs [16-18,59]. In this
Section, we present two different but complementary approaches: the g-expansion and the
large N analysis.!”

5.2.1 e¢-expansion

The Wilson-Fisher fixed point. The O(N) model in d dimensions, at finite temperature and
in the presence of a magnetic line, is described by the action

’ a-1, |1 2, A 2 d—1(=
—J dr fd x [—(8H¢>l-) + —(¢;¢;)*+ho (x)qbl(r)]. (71)
. 2 41

The action corresponds to a conformal defect for specific values of the coupling constants A
and h. The idea of the g-expansion is to set d = 4—¢ and find the fixed point perturbatively as
a function of ¢. This fixed point is called the Wilson-Fisher fixed point, for which the coupling
constants are known to take the following form [32,58]

A, 3 9(3N + 14) 22 5
— +0 72
(4m)? N+8  (N+8) (£, 72)
4N? + 45N + 170
h>=N 2 3
N + 8+ SN 116 £+(9(8 ), (73)

such that the defect is conformal. Note that, at leading order, A, ~ € and h, ~ 1. The Feynman
rule associated to the quartic interaction in the bulk simply reads

\/ _)Lf dffdd 1 (74)

while the thermal bulk propagator in arbitrary dimensions is

r(d/2—1) 1
- _ . (75)
4md/2 mZZ (12 + |7 + mp[2)dr21

14The standard zero-temperature definition of entropy is proportional to the logarithm of the number of ground
states and therefore zero in free theory by uniqueness of the ground state.
15We are grateful to Simone Giombi for interesting discussions regarding this Section.
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One-point function of ¢;. At order O(¢), the one-point function of ¢, is given by the fol-
lowing Feynman diagrams

(¢1(7,3)P)g =O—o+oi>—o+o>—o+@(82). (76)

To compute these diagrams, we borrow the conventions for the normalization of the vertices
and of the propagators from [32] and we make use of the master integrals

f ) - - L) (77)
oo X2+ 72)1-¢/2 T(1—e/2)|X[1~¢’
41y, _ r(4k=e)r (k) r(ab=d) -2 -
EePREAL F(%)F(%)F(Z(d—lz)—a—b) |, |atbtl—d
The first diagram is similar to (56)
O—O=—%hﬂ:§F(1;£)lx_,|%. (79)

The second diagram in (76) does not appear at zero temperature (as massless tadpoles vanish),
and can be viewed as a manifestation of the thermal mass. At order O(¢), the thermal mass is
given by [60-63]

9 eN

_ 2
mth - 2[52(N+8) +O(8 ): (80)

and the diagram is equal to
S ) 1 o 1+
O :—Ehmtzhﬂ'Tgr(_ 9 8)|5E|1+8. (81)

The third diagram also appears at zero temperature, and does not receive any thermal correc-
tion

1 wes IP(5) 1
>, o=—— KA 12 2 . 82
(:'> 768" T T e(1—3e) [R[% (82)

This expression (82) is divergent in the £ — O limit and requires renormalization. We follow
the procedure as explained in [32,58].
Putting everything together, we obtain

($1(DP)g __\/N+8[1+(NZ—BN—22+2(N+8)2log(2|?c|) N 2)
V($1(00)p, () 20X 4(N +8)2 4(N +8)
+O(82)], (83)

where (¢,(00)¢1(0)) on the left-hand side refers to the normalization of the two-point func-
tion, and z is as usual the temperature-dependent cross-ratio defined in (8).

OPE data. The first and second terms in (83) correspond to the zero temperature result, with
log |X| coming from the expansion of A at order ¢ and the it matches the results of [32,58].
The z-dependent (hence, 3-dependent) terms are induced by the thermal mass. The powers
of z indicate the presence, at this order, of one defect operator of bare 1d scaling dimension
A = 2. Since the only two operators with the latter bare dimension are t 2, the square of
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the tilt operator t, = aa#, and the displacement operator D;, we have that only the first one
contributes since the displacement operator one-point function vanishes because of SO(d — 1)
symmetry. Following the notation of (12), we extract the OPE data

7L¢1?2 /B?z = e+ 0O (82) . (84)

N
8+/N +8

This is a new prediction which we will also use in the subsequent Section, after having per-
formed the large N analysis.

5.2.2 Large N analysis

We now consider the same system, but in the limit N — oo. In this regime, it is possible to
normalize the coupling constants, such that the action (71) can be expressed as

/5 ~
S :J dr Jdd_lx [%(@qui)z + %(@qbi)z ++vNh 5d—1()?)¢1(f)] . (85)
0

Note that, in these conventions, we have A, ~ O(1) and h, ~ O(1) [58]. The Hubbard-
Stratonovich transformation of the action gives

B
s=f dr Jdd_lx [%(3H¢i)2+%o¢i¢i+\/ﬁﬁ6d_l(5c’)¢l(7)]. (86)
0

Integrating out the fields ¢;, we obtain the effective action for o

T2
S.lo] = %Trlog(—l:l—ka)—hTNf ddx f ddy 5‘1—1()?)( )(x— 1)54LF). (87)
Mg Mg

—O+o

In principle, the extremization of (87) yields the one-point function (o (X)P ). In absence
of the defect (h = 0), this procedure is easy to apply, and results in the thermal mass at
large N [16,64]. In the presence of the defect, this computation is more involved, even at
zero temperature [2], but a combination of the equations of motion and the constraints from
conformal symmetry can be used to derive (o (X)P)g [58].

A similar approach can be followed in the finite temperature case. From the action (87),
we obtain, as a consequence of the equations of motion, the following differential equation:

32 +d—2 d
alxl> - Ix| alx|

—(0(55)73)/5)(%(55)73)/3:0, (88)

for |X| # 0. In the large N limit, the scaling dimensions of ¢; and o are known to be [58]

d—2 1 1
By =2 +0(N), Aa=2+(9(ﬁ). (89)

The defect spectrum in the bulk-defect OPE of the operators ¢, ..., ¢ is known to all orders
in ¢ at large N, while the one for ¢, is not known to the best of our knowledge. Nonethe-
less, it is possible to use the known defect spectrum [58] to write the first few terms in the
OPE, corresponding to a low-temperature expansion of the correlator. The thermal one-point
function of ¢, in the presence of the defect is then

1
(91(D)P)p = T [Co+Clz+0221+’/+c322+(’)(22+6)], (90)
x|z
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at least in 3 < d < 4, where the first operator corresponds to the identity 1, the second
is the contribution of the tilt operator t,, the third term is due to 35\1 and the fourth to the
composite operator constructed out of the tilt operator T 2. A = 2+ ¢, with € > 0, corresponds
to the conformal dimension of the next lightest operator in the spectrum of the defect CFT.
In the OPE (90), v is the anomalous dimensions of al, which in d = 3 is y33 = 0.541728..
[58]; the coefficients c; are the OPE coefficients defined as in the equation (12). It should be
noted that there are other operators in the spectrum, for instance, 9" ¢1 however, one-point
functions of operators with odd transverse spin vanish due to SO(d — 1) symmetry, so they do
not contribute. Furthermore ¢; = 0 since the tilt operator is an O(N — 1) vector and its one-
point function vanishes for symmetry reasons. It is still instructive to keep this term which will
not appear in any case in the following. The value of the identity contribution is fixed by the
zero temperature behaviour of the correlator to be ¢ = A, j: in d = 3, its numerical value is
(c34,0)*> =N x 0.558113... [58].

Plugging the OPE (90) in the equation of motion (88), we obtain an expansion for the
one-point function of the Hubbard-Stratonovich field:

1 [(d 2)4-d)

[%[2

(c(X)P)p = 2y (1+7)zM7 +2 322+o(z )] (91)

4 cO Co

The first term in (91) corresponds to the zero temperature result [58], while the second term
is the first non-trivial thermal correction, triggered by the defect operator (73\1. We see that
the operator of dimension A = 2 contributes to the one-point functions of o, too. The latter
corresponds also to the tree level contribution to (¢;¢;P)g, i.e. order 0 in epsilon.

To fully fix the two one-point functions (90) and (91) at the order O(z2) we only need to fix
¢, and c5. These coefficients are generically hard to compute, even at large N. In principle they
can be obtained from minimizing the effective action (87). We will not pursue this direction
here, and instead we give an estimation of the coefficients using the results obtained in the
previous Section using the e-expansion. By comparing (90) with (83), we find

- VN
=4, ¢ =0(?), c3 = Ay 72 bpa = —5 ¢ +0 (52) . (92)
Let us also comment that the equations of motion relate OPE coefficients in (oc’P) g with OPE
coefficients in (¢, P) p- Comparing the two expressions we are also able to extract relations
between zero temperature bulk to defect coefficients, in particular A & = y(1+7)A 615 /Ay 3

(this equation only holds if 551 #0) and Ay72 = 244, 72/A 4 1. Those relations are not simple
to see at zero temperature since the one-point functions of local defect operators are zero
(apart from the identity).

6 Conclusions and outlook

In this paper, we initiated the study of defect CFT at finite temperature from a bootstrap per-
spective. We specialized our analysis to the case of a temporal conformal line defect wrapping
the thermal circle, for which one important example is the Polyakov loop in gauge theories.
We use the symmetries of the theory to identify the OPE data necessary to determine the cor-
relation functions of local operators in the presence of the defect, which consist of (1) the
zero temperature data, (2) the thermal one-point functions of bulk operators, and (3) the new
defect one-point functions. As we emphasised in Section 2.2.2, one essential aspect is that the
defect one-point functions should not be viewed as the one-point functions of a thermal CFT;
rather, they are induced by thermal effects in the bulk.
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Local properties of the theory at zero temperature are preserved at finite temperature for
a finite radius of convergence. This allows us to use the bulk and defect OPEs to derive an
inversion formula for the defect one-point functions in terms of the bulk one-point function.
The KMS condition imposes non-trivial consistency constraints on the two-point functions of
identical bulk operators, which we use to obtain sum rules involving the new defect one-point
functions coefficients. These relations are very similar to the sum rules that involve the thermal
one-point functions in the absence of a defect [16]. Moreover, we make use of the channel
duality given by the KMS condition to estimate the asymptotic behaviour of those coefficients.
We also relate the free energy and the entropy density of the system to the one-point function
of the stress-energy tensor and discuss the free energy of a moving quark.

The formalism described above is tested in two concrete examples, where calculations can
be performed explicitly. The first one is the case of generalized free scalar field theory, for which
we computed analytically the one-point functions of ¢ and ¢? through Wick contractions. The
diagrams can be interpreted as zero temperature results, to which we add (at most) products
of shorter correlators involving the thermal one-point functions. We also provide the two-
point function of elementary scalars as a check of the sum rules. The second example is the
O(N) model, which is an interacting CFT, both in the context of the ¢-expansion and in the
large N limit. In the first case, we calculate the one-point function of ¢; and notice that, at
first order in €, only one diagram (corresponding to the contribution of the thermal mass)
is temperature-dependent. This allows us to extract the relevant OPE data. At large N, the
system can be studied using the Hubbard-Stratonovich formulation of the O(N) model. In
this case, we find the form of the one-point function of o, up to a few coefficients that can
be estimated numerically for d ~ 4 using the results of the g-expansion. These results can, in
principle, be tested and complemented using diverse methods, such as lattice and Monte-Carlo
simulations. It would also be interesting to compare the kinematical structure of the OPE with
a suitable generalization of the work of [65,66].

There are many interesting directions that can be further explored:

* The similarities of the bootstrap problem discussed in this paper with the one of [16]
suggest that analogous techniques can be used to solve for the unknown coefficients.
These were used to obtain thermal one-point functions of the 3d Ising model [19], and
the results are in good agreement with the lattice estimations. We believe that this ap-
proach can be extended to the KMS consistency conditions arising in the defect setup,
and we are currently exploring this direction for the case of N’ = 4 SYM with a supersym-
metric Wilson line, where the bootstrap program provides a rich set of zero temperature
data both numerically [22,29,67-71] and analytically [27,72-77]. We hope to report
soon on new results [78].

* In holographic theories, studied in the bulk recently in, e.g., [79-84], a phase transition
is expected to occur at large N in the geometry 5/15 X Sg_l for a certain critical value of
the ratio 3/R. In the gravitational dual, this corresponds to a phase transition between
thermal excitations of the bulk theory in the presence of a black hole, and for which
the Polyakov loop is the order parameter [12,85]. It is important for this reason to
extend the tools developed in this paper to the finite volume case. In particular, the free
energy should play an important role, since it can also be used as a probe for the phase
transition.

= In this work, we considered line defects wrapping the thermal circle. A natural exten-
sion would be to consider line defects extending in one of the spatial directions (see
Fig. 1). Even though these setups do not have a direct connection to confinement, they
are still very interesting. This study could also be generalized to defects with a lower
codimension, such as surfaces and boundaries.
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» In this paper, we limited our analysis to correlation functions of local operators. An
interesting extension is to consider correlation functions of defects themselves. The
most accessible setup might be the case in which two parallel defects of the type studied
in this paper are placed at a distance L from one another. When the system is probed at
a large distance (with respect to the two defects), we expect the defects to fuse in an OPE
for extended operators. This is a largely unexplored area of research, although recent
progress has taken place at zero temperature [86-90]. For the case of two Polyakov
loops, the expectation is that the correlator of two defects reproduces the exponential
behavior between two quarks

(POYPL))g=e PP 1+0(e 4], (93)

with £ the energy difference between the potential and the first excited state. Setting
up an OPE both at short and long (as for instance in [91]) distances for this type of
observables would be of great interest, and would allow to extend our analysis to this
type of system.

» Recently, many interesting features of thermal CFTs were studied by using an effective
field theory (EFT) approach [90,92-95]. It might be possible to extend this approach
to setups which involve a defect operator. Furthermore, bootstrap and EFT approaches
have also been recently proposed for the study of moduli spaces of CFTs [38,96]. The 1d
theory living on the defect in our setup is in a similar phase, and it could be an interesting
target for future work in this direction. In the case of (generalized) free theories, it would
be interesting to see whether a connection with zero temperature conformal graphs (as
in [97,98]) persists for the one-point functions of defect operators introduced in this

paper.
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A Broken Ward identities

We derive (broken) Ward identities for broken and un-broken generators following the pro-
cedure of [20], where many details are given. The main idea is that, since the conformal
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symmetry is expected to be non-anomalous, the action of the theory has to be non-invariant
under the broken generators. Making use of the path integral formulation, it is possible to
derive how a symmetry generator acts on a correlation function and relate it to the variation
of the action.

More concretely, we can consider the following formal action as a starting point

B
S:Sbulk+hf dt ¢(7,0), (A1)
0

where we included a term describing a line wrapping the thermal circle located at the spatial
origin.'® The action Sy is simply the action in absence of the defect.We have that, for any
non-anomalous, infinitesimal symmetry transformation 60 = iw®G,O, the following formal
Ward identity holds

6{01(x1) - Op(xp)P) g = (8Spuik O1(x1) "+ On(x,)P) s - (A.2)
Isolating the variation of the Polyakov loop we obtain
(6 (O1(x1) -+ On(x ) Php +(O1(x1) - Op(x,)6P) g = (8Spuik O1(x1) -+ On(x,)P) g - (A3)
We can expand the defect using the definition (A.1)

B

(6 (01(x1) - On(x,)) P)g —h5f d7(01(x1) - Op(x)¢(7,0)P)g
0

= (6Spuik O1(x1) - On(x)P)g . (AD)

Following the procedure in [20], we obtain the following result

iZ<Ol(x1) U GaOi(xi) U On(xn)P>ﬁ = j dd_l}’ (Ff,ﬁ (}7)01(X1) Tt On(xn)P>/5 , (A.5)

1

where we introduced a new breaking term I“f P , defined as a defect-induced correction to the
thermal breaking term Ff

B
7F(3)=1P(3)+h6(37) G, f dr ¢(7,¥). (A.6)
0

Broken translations. Let us focus on the broken Ward identity associated with translations.
We know that the purely thermal breaking term is trivially Ff = 0, hence the breaking is
triggered only by the defect

B
rPP(5)=h&(7) J a7 (3,6)(z. ). (A7)
0

If we assume the field ¢ to be periodic over the thermal circle, the breaking term simplifies

B
=0, 1PG)=hs) J dv Di(,7), (A.8)
0

16The field ¢ is not necessarily a fundamental field of the theory, but an operator of conformal dimension one.
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where D; is the displacement operator. We conclude that, as expected, translations along the
thermal circle are preserved, but spatial translations are broken and their Ward identity is

B
D {01(x1) -+ 3O (x) -+ Op(x,)P) = f dz (D;(7,0)01(x1) - On(x,)P) . (A9)
0

1

The unintegrated broken Ward identity can be rewritten operatorially as
8,T"(7,7) = 8(3)Dy(7,7), (A.10)

which is well known from the first studies of defects in CFT [7]. Finite temperature effects do
not bring any contribution to the breaking term.

Broken dilatations. We now study broken dilatations as an example of a symmetry which
is broken both by thermal effects and by the introduction of a defect. The purely thermal
breaking term is T? = T, so

B

Fp’ﬁ(f/)=/5T°°(O,J7)+h5(37)Df d7 ¢(7,¥). (A.11)
0

The action of the dilatation operator is

B B
Df dT(j)(T,j/'):J dr (T8T+yi8i+A¢)¢(T,)7)
0 0

B B
=(A¢—1)J dT¢(T,J7)+yif drDi(7,y)+B¢(0,y),  (A12)
0 0

and the broken Ward identity reads

D(O;(x1)- - Op(x,)P)p = B J a7y ((1°°00,7) +h 8(3)¢(0,7)) O1(x1) - Op(x,)P),

§
+h(a,— 1)J d7 (p(7,7)01(x1) -+ On(x,)P)ps - (A.13)
0

Interestingly, when the defect is conformal Ay =1 we witness a simplification

D(0;(x1) - On(x,)P)g =ﬁJdd_ly((TOO(OJ')+h5(?)¢(0,5/))01(3<1)'"On(xn)P)ﬂ :

(A.14)
This broken Ward identity can be rewritten operatorially as
D=—p(H+Ey+he), (A.15)
where we introduced the thermal Hamiltonian and the thermal ground state [20]
—1b
H=—fdd_1}’(T00(T,J7)+E0), Ey= dTﬁ—Z (A.16)

In the case of the dilatations, defect and thermal effect combine to produce a correction to the
Hamiltonian. It should be noted that the equation (A.15) is strictly valid for conformal defects
that admit a Lagrangian realization as in (A.1).

The definition (A.1) is not the most general definition of conformal line defect, for instance
the case of disorder-type defect is usually defined via boundary conditions. Nonetheless the
equations which are only based on the symmetries (e.g. (A.9)) at zero temperature are ex-
pected to remain valid.
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B A comment on the real time formalism

In this Appendix, we explain why, although the zero temperature data is in principle sufficient
to compute all the thermal correlation functions, a bootstrap approach is still favourable.
Let us start by considering one-point functions on the geometry R x Sg_l and in absence
of the defect. Radial quantization fixes the Hamiltonian of the theory to be
D
H=—, (B.1)
R
where D is the generator of dilatations. Since thermal effects can be considered by introducing
the density matrix p = e PH one-point functions and the partition function can be written as

O)pr=2 > e k20 (01007), 2= koo (8.2
(o4 o’

Schematically, the above equation implies that [15]

B
1 , Coypoppe RO/
(O)p ~ lim 20 Cooo (B.3)

R— o0 ﬂAO Z(’)/ e—ng/

where the limit decompactifies the spatial sphere and reproduces the thermal one-point func-

tion on the thermal geometry 5/13 x R971. The equation above can even be expressed in terms

of conformal blocks by summing only over primaries [99,100]. From that expression, one can

try to take the limit, and in two dimensions some results are available in Appendix B of [16].
A similar procedure can be followed when a defect is introduced. In fact,

— 1 —éA / / / _ —EA / / /
<o7>>ﬁ,R_Z—P;e rlo (O |OP|O), zp_;e rAo (O|P|O). (B.4)

In principle, one can trade the thermal one-point function in the presence of the defect on
the thermal manifold with an infinite sum over zero temperature three-point functions in the
presence of the defect. Since conformal symmetry is broken, the three-point functions are
generally difficult to compute and even their kinematical structure can be intricate. For this
reason, in particular, in the presence of the defect, the bootstrap approach established in this
paper is expected to be more efficient in practical situations: one-point functions of the defect
operators are now seen as new data and they are the object of a bootstrap problem. Nonethe-
less, if one is interested in the geometry Sflj X Sg_l, the real-time formalism provides an efficient

expansion in the variable e #/R in which light operators dominate. In this situation, it would

be interesting to compare the approach of this paper with the real time formalism and maybe
gain new insights from combining them. We leave this interesting direction for future study.

C Defect thermodynamics in d = 2

We discuss here the defect thermodynamics in d = 2 since there are important differences
between this case and d > 2. In particular the Ansatz (31) and (32) simplifies drastically since
there is only one possible symmetric and invariant tensor structure in d = 2

_f)

TIDY, — —(TOOPY . — )
(TP)y =—~(T"P)y =7 55

(1% =(T")5 =0. (C.1)
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Furthermore the conservation of the stress-energy tensor, 3, (T !P) p = 0, implies

z2f'(z)—2f(2) =0, (C.2)

which is solved by f(z) = c;22, with ¢; being an integration constant. Thus, in d = 2, the
energy density is position independent. On the other hand, comparing with the discussion
in Section 2.2, we interpret this result as the fact that only defect operators of conformal
dimensions A = 2 contribute to the one-point function of the stress-energy tensor. It is possible
to integrate the energy density and use basic thermodynamic relations to compute the entropy
of the system

S = —Z%VOI(R) + const. (C.3)

This is consistent with the expected result in two dimensions: in fact, modular invariance fixes
the entropy to be [13,101,102]

S= EVol(]R) + const., (C4
3p
where c is the central charge of the bulk theory, while the constant encodes the logarithm
of the overlap between the boundary state and the vacuum. Comparing equation (C.3) and
(C.4) it is possible to fix the free energy contribution from operators of dimension A =2tobe
proportional to the central charge
mc

=D Apgbs= -5 (C.5)
A=2

The above constant corresponds to the thermal one-point functions of the stress-energy ten-
sor in d = 2 (see equation B.7 in [20] or [103]) and it is therefore natural to associate this
contribution to the projection of the bulk stress-energy tensor onto the defect. In fact, thermal
one-point functions on the cylinder can only be associated with the vacuum module, made by
{1, T, TT,...}. Therefore only one operator contributes to the sum in equation (C.5).

D Stress-energy tensor and relevant operators on the defect

In this appendix, we show that, even if in general a one-dimensional defect theory can contain
relevant operators in the spectrum, those do not appear in the bulk to defect OPE of the bulk
stress-energy tensor, and therefore the zero-temperature limit of the entropy density derived
in Section 4 is convergent. We focus on scalars since, by unitarity, if such a relevant operator
appears it has to be a scalar. We want to argue that the only scalar operator that can appear
in the bulk-to-defect OPE of the stress-energy tensor is the identity. We start from the bulk to
defect OPE term corresponding to a scalar operator
d xix’

Tij(T,)_f)P 5 |)-(:|Z—d (Sij _ 2 2 )AT(?@\(T)‘ (D.1)

The conservation of the stress-energy tensor implies that 3,T(t,¥) = 0 since the derivative
in the time direction produces conformal descendents which have zero one-point functions
because of time translation invariance. The conservation of the stress-energy tensor implies

ZAT@\/B@‘: 0, (D.2)

which is solved either by A = 0 or AT@R? = 0, implying that the only scalar operator con-
tributing to the stress-energy tensor bulk to defect OPE is the defect identity operator 1.
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In conclusion, if the defect theory contains a relevant scalar operator this will not appear
in the bulk to defect OPE of the bulk stress-energy tensor.

Let us comment that the above equation is correct because in the setup we are considering
spatial translations are preserved. If we considered a similar setup on the geometry 8/15 X Sg_l
the conservation of the stress-energy tensor would be modified and the argument presented
in this appendix might not hold anymore.
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