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Abstract

We study the subleading structure of asymptotically-flat spacetimes and its relationship
to the w1+∞ loop algebra of higher spin charges. We do so using both the Bondi–Sachs
and the Newman–Penrose formalism, via a dictionary built from a preferred choice of
tetrad. This enables us to access properties of the so-called higher Bondi aspects, such as
their evolution equations, their transformation laws under asymptotic symmetries, and
their relationship to the Newman–Penrose and the higher spin charges. By studying the
recursive Einstein evolution equations defining these higher spin charges, we derive the
general form of their transformation behavior under BMSW symmetries. This leads to
an immediate proof that the spin 0,1 and spin s brackets reproduce upon linearization
the structure expected from the w1+∞ algebra. We then define renormalized higher spin
charges which are conserved in the radiative vacuum at quadratic order, and show that
they satisfy for all spins the w1+∞ algebra at linear order in the radiative data.
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1 Introduction

Asymptotically-flat spacetimes play a central role in the description of gravitational radia-
tion [1–8]. They are also the natural arena where one can unravel and study the interplay
between asymptotic symmetries [1–4], memory effects [9–13], and soft theorems for zero
rest mass fields [14, 15]. The connection between these seemingly unrelated aspects, made
explicit for the first time in [16–18], beautifully ties together non-perturbative observables
with infrared properties of the classical and quantum gravitational scattering. Research along
these lines has brought a wealth of new results, such as the discovery of new soft graviton
theorems [19–27], new memory effects [28–39], and new asymptotic symmetries [40–51].
These developments are particularly interesting in light of the prospects for the detection of
gravitational memories and their use in the improvement of waveforms [52–61]. They have
also culminated in the introduction of celestial and Carrollian holography [62–69], which are
proposals for a holographic description of asymptotically-flat spacetimes.
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There are strong indications that soft theorems, memories, and asymptotic symmetries
are organized in a tower of subs-leading tripartite relationships [70]. At leading order, the
Ward identities arising from BMS supertranslations are equivalent to the soft graviton theorem,
which can be written as the Fourrier transform of the displacement memory, which itself can be
understood as a radiation-induced transition between two vacua related by a supertranslation.
At subleading order, enlargements of the BMS group (first to include superrotations [40–44,
71] and then to allow for arbitrary smooth diffeomorphisms of the asymptotic sphere [46,47])
have enabled to establish a relationship between asymptotic symmetries, the subleading soft
graviton theorem [19, 20, 72] and the so-called spin memory [28]. Incidentally, it is also
this subleading structure which has pointed towards the existence of a dual two-dimensional
conformal field theory living on the celestial sphere [62,63,73–75], eventually leading to the
program of celestial holography. Going deeper down the tower, it has been shown that the
sub-subleading soft graviton theorem [20–26, 76] and its collinear contribution can also be
understood as the conservation law of a spin 2 charge generating a non-local symmetry [27],
and in turn related to so-called higher memories [33–36,61]. In light of these developments,
a natural question is therefore how to get a handle on this subleading structure, and what are
its organizing principles.

In the context of celestial holography, it was realized that an infinite tower of conformally
soft graviton symmetries is generated when the leading and subleading soft graviton sym-
metries are supplemented by the sub-subleading soft graviton [77, 78]. It was subsequently
shown in [79, 80] that this symmetry structure is that of the w1+∞ algebra [81, 82], which
can also be unravelled in twistor theory [83, 84] and is known to be a symmetry of self-dual
gravity [79, 85–88]. The representation of this w1+∞ symmetry algebra on the gravitational
phase space in Bondi gauge was then studied in terms of higher spin charges in [89], where
it was also shown that the soft part of the higher spin fluxes corresponds indeed to the tower
of subs-leading soft gravitons. The relationship with twistors and celestial/Carrollian holog-
raphy was further investigated in [69, 90–92]. In particular, it was shown in [92] that the
non-local action of the higher spin symmetries at null infinity becomes local in twistor space.
However, although the w1+∞ algebra can be extracted from the gravitational phase space of
asymptotically-flat spacetimes, the role of the self-dual and single helicity conditions in this
context are not clear, and it is therefore also not clear which sector of the gravitational dynam-
ics is captured by this symmetry. We comment on this point at the beginning of section 3.3.

In the present work, our aim is to clarify and tighten the relationship between the w1+∞
algebra of celestial symmetries and the subleading structure of asymptotically flat spacetimes.
When studying such spacetimes in Bondi coordinates, the solution space contains the shear,
whose time evolution is unconstrained, and an infinite tower of fields satisfying flux-balance
relations. This tower of fields features the mass at spin 0 (whose symmetry counterpart is
the supertranslation), the angular momentum at spin 1 (whose symmetry counterpart is the
superrotation), and then extends in terms of the so-called higher Bondi aspects, which are
the spin 2 fields parametrizing the radial expansion of the transverse metric. In [93–95] it
was shown that these higher Bondi aspects and the higher spin charges are related to the
canonical multipole moments of the linearized gravitational field. This suggests an interesting
tomographic approach to reconstruct the metric from the knowledge of the higher spin celestial
charges.

Here our goal is to explain in detail how the higher Bondi aspects are related to the gen-
erators of the w1+∞ algebra. In short, our starting point for this work is the line element (2)
for asymptotically-flat spacetimes in Bondi–Sachs gauge, and our end point is the bracket of
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the w1+∞ algebra

�

Qs1
(Z1),Qs2

(Z2)
	(1)
= −Q1

s1+s2−1

�

(s1 + 1)Z1ðZ2 − (s2 + 1)Z2ðZ1

�

, (1)

where Qs(Z) are the smeared conserved charges of spin s and (1) denotes the truncation to
linear order.1 Along the way, the construction exploits the Newman–Penrose formalism (NP
hereafter) [96–100] and requires in particular to define the conserved higher spin charges.
This contains many technicalities which we are now in position of working out building up
on [89].

The outline of this work and of the new results is as follows. We start in section 2 by study-
ing the asymptotic Einstein equations in Bondi–Sachs gauge (BS hereafter) at subs-leading
order. This enables to access the explicit metric expressions for the evolution equations of the
first few higher Bondi aspects, thereby recovering and extending the results of [35].

In section 3 we map these results in BS gauge to the NP formalism, and explain how
the higher Bondi aspects appear in the radial expansion of the Weyl scalar Ψ0. The flux-
balance laws for the higher Bondi aspects are contained in the radial expansion of the evolution
equation for Ψ0. In order to write these evolution equations in compact form, a preferred
choice of tetrad is required so that the spin coefficients satisfy κ = ε = π = 0. We show that
this is not satisfied by the “canonical” Bondi tetrad used e.g. in [49, 89, 101–103], but that it
can be achieved with two Lorentz transformations. At the end of this construction, we obtain
a NP representation of the solution space and the evolution equations in BS gauge. These
equations differ slightly from those appearing e.g. in [44,104–109] because these references
use the Newman–Unti gauge instead of the Bondi–Sachs one. We then explain how higher spin
charges can be identified in the radial expansion of Ψ0, and set out to study their evolution
equations.

The proof of the w1+∞ bracket of higher spin charges relies on the assumption that their
Einstein evolution equations are given by the recursion relation (49). We verify that this re-
cursion relation indeed holds for spins −1≤ s ≤ 3, but show that it develops unwanted contri-
butions starting at spin 4. We clarify the nature of these terms by deriving the spin 4 and spin
5 evolution equations, and show that the recursion relation (49) can be obtained if we allow
for non-local terms in the map (48) between the expansion of Ψ0 and the higher spin charges.
If we consider the positive and negative helicity shear σ2 and σ̄2 as independent (as it would
be the case in split signature), the constraint σ̄2 = 0 can be used as a self-dual condition. By
comparing our spin 4 evolution equation with that derived in [104,108] (they differ because
they are obtained from two different null tetrads), we give evidence that there is an improved
choice of tetrad for which the above non-local terms vanish in the self-dual theory. This hints
towards a potential proof of the integrability of self-dual gravity directly in the NP formalism,
but we keep this investigation for future work.

We continue in section 4 with a study of the action of BMS–Weyl (BMSW hereafter) trans-
formations on the asymptotic solution space, and in particular on the higher spin charges.
After writing the transformation laws of standard objects (i.e. shear, news, mass, angular mo-
mentum, . . . ) in metric and NP language, we study the action of BMSW transformations on the
expansion of Ψ0. We show that the transformation laws for spins −2≤ s ≤ 2 follow the recur-
sive pattern (82), but that the scalar Ψ1

0 fails to transform accordingly. The recursive pattern
is recovered when transforming instead the spin 3 charge defined as Ψ1

0 = −ðQ3. This leads
to one of the main results, which is formula (86) for the transformation law of all the higher

1This truncation means that only a linear (i.e. soft) part is appearing on the right-hand side. This is possible
because the defining bracket on the left-hand side contains only soft-soft and soft-hard contributions, but no hard-
hard contributions (see (138) below).
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spin charges under the action of spin 0 and spin 1 BMS transformations. We show that these
transformation laws are the ones which are compatible with the recursive evolution equation
(85). This proof is in the same spirit as the “gravity from symmetry” construction [110], since
it ties the evolution equations of the higher spin charges with their transformation behavior
under the BMSW group. From the result (86), one can already obtain the bracket (1) for
s1 = 0, 1 and s2 = s.

In section 5 we briefly study for completeness the relationship between the expansion of
Ψ0, the subleading BMS charges [101–103], and the Newman–Penrose charges [104,111]. We
also compute the BMS charge algebra in NP form (107) [108] and the algebra of the real BMS
fluxes (113) [112,113].

Finally, section 6 is devoted to the study of the algebra of higher spin charges. Following
[89], we first solve the recursion relation (85) to express the charges in terms of the news
and the shear, and then decompose them as a sum (119) of soft, quadratic hard, and higher
order contributions in the radiative data. We then study the action of the first higher spin
charges Q0,1,2,3 on the shear in order to guess the form of the renormalized charges which are
conserved in the radiative vacuum. This leads to the other main result of this work, which
is formula (134) for the conserved higher spin charges up to quadratic order in the radiative
data. This formula extends the proposal used in [89], which corresponds only to the first sum,
and the paragraph below (147) explains this mismatch. We then show that the conserved
higher spin charges (134) reproduce the correct action (151a) on the shear, and then use this
result to compute the charge bracket at linear order. This computation, which leads to the
w1+∞ bracket (1), is considerably shorter than the original proof given in [89] because we
work directly with the smeared charges. As in [89], this derivation uses the fall-off conditions
(117), which for arbitrary high spin implies in particular that the shear falls off faster than any
power law in u towards the corners of I+. Whether these (very restrictive) fall-off conditions
can be relaxed is an open question.

We give perspectives for future work in section 7. The main text is followed by appendices
in which we gather conventions and formulas to set up the NP formalism, various identities,
and details on many of the calculations.

2 Subleading structure of the Bondi–Sachs gauge

A natural starting point for this work is to recall how to solve the Einstein equations in Bondi
gauge near future null infinity using the metric formalism. While this is a standard calculation
[1,2,5,114,115], we want nonetheless to perform it at a quite subleading order so as to access
the evolution equations for the first few higher Bondi aspects. These metric expressions for the
evolution equations will then be mapped to the corresponding equations in the NP formalism
in section 3 as an important consistency check.

2.1 Solution space

Let us start by considering Bondi coordinates (u, r, xa) and the four-dimensional line element

ds2 =
V
r

e2Bdu2 − 2e2Bdu dr + γab(dxa − Uadu)(dx b − U bdu) , (2)

where the functions B(u, r, xa), V (u, r, xa), and Ua(u, r, xa) will be determined below by four
of the vacuum Einstein equations Eµν := Rµν = 0 subject to the boundary conditions

guu =O(1) , gur = −1+O(r−2) , gua =O(1) , gab =O(r2) . (3)
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The line element (2) satisfies the three Bondi gauge conditions gr r = 0 = gra, which we
supplement by the Bondi–Sachs (BS) determinant condition2

C := ∂r

� γ

r4

�

!
= 0 , (4)

where γ := det(γab). This differential condition will enable us to describe non-trivial Weyl
transformations, as desired since we want to work in the context of BMSW. Let us now consider
an expansion for the angular metric of the form3

γab = r2qab + rCab + Dab +
∞
∑

n=1

En
ab

rn
, En

ab =
1
2

qabEn + En
ab , (5)

where the tensors Dab and En
ab are determined by their trace En and trace-free parts En

ab
with respect to qab. The symmetric and trace-free tensors En

ab are the so-called higher Bondi
aspects whose dynamics we want to study. Now, when plugging (5) into (4), the determinant
condition translates into conditions on the traces.4 More precisely, at leading order it implies
that qabCab = 0, while for the first few subleading orders it fixes the traces in the following
manner:

D =
1
2
[CC] , (6a)

E1 = [C D] , (6b)

E2 = [C E1] +
1
2
[DD]−

1
16
[CC]2 , (6c)

E3 = [C E2] + [DE1]−
1
4
[CC][C D] , (6d)

E4 = [C E3] + [DE2] +
1
2
[E1E1]−

1
8
[CC]
�

2[C E1] + [DD]
�

−
1
4
[C D]2 +

1
64
[CC]3 . (6e)

Our compact notation for the contraction of tensors is [C D] = CabDab, and we recall that
symmetric trace-free tensors satisfy

Cad Cd
b =

1
2

qab[CC] . (7)

The determinant condition (4) implies that
p
γ = r2pq and therefore

p
−g = r2e2Bpq. It

also gives the identity DaV a = DaV a for any vector V a, where Da and Da are the covariant
derivatives with respect to γab and qab respectively. Note that we can also solve the determi-
nant condition in an elegant manner by writing directly the transverse metric in terms of the
trace-free tensors as [35]

γab = r2qab

√

√

1+
[CC]
2r2

+ rCab , rCab := rCab + Dab +
∞
∑

n=1

En
ab

rn
. (8)

While it is simpler at this stage to use this expansion instead of (the equivalent form) (5), we
will see that the latter is more convenient in order to derive the transformation laws of the
higher Bondi aspects.

2Note that we could have chosen to work with the Newman–Unti gauge condition B = 0 instead. This has
the advantage of simplifying slightly the map between the metric and NP formalism, however at the expense of a
departure from the standard known formulas for the solution space, the asymptotic symmetries, and the charges.

3We exclude terms in ln(r) from this expansion although they are allowed by the Einstein equations. For
discussions on polyhomogeneous terms and violations of peeling, please see [50,116–118].

4The Newman–Unti gauge also implies (different) conditions on the traces, which are obtained when inserting
the gauge condition B = 0 in the Einstein equation Er r = 0 given in (11) [50]. For example in the Newman–Unti
gauge (6a) is replaced by 4D = [CC].
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Let us now set once and for all Dab = 0 in order to remove the logarithmic terms which
would otherwise appear in the solution for Ua [50, 116–118]. Finally, we will also take the
leading boundary metric to be time-independent, i.e. set ∂uqab = 0.

Now that we have imposed the BS gauge and written the transverse metric satisfying the
determinant condition, we can solve the Einstein equations. In particular, we are interested
in the evolution equations for the higher Bondi aspects, which are the trace-free terms En

ab
appearing at order r−n in (5). These evolution equations are actually the ones appearing at
order r−(n+1) in the Einstein equations

ETF
ab := Rab −

1
2
γab(γ

cdRcd) = 0 , (9)

where Rab is the Ricci tensor and TF refers to the trace-free part in the metric γab. The first
question we need to answer is therefore at which order to expand the functions (B, Ua, V ) in
order to access these evolution equations. Then we can also ask at which order to solve the
other Einstein equations in order to determine these expansions. The answer is that to obtain
ETF

ab

�

�

O(r−(n+1)) we need to know (γn
ab, Bn+1, Ua

n+2, Vn−1), and these coefficients of the expansion
are obtained by solving respectively and in that order

C=O(r−(n+4)) , Er r =O(r−(n+4)) , Era =O(r−(n+3)) , Eru =O(r−(n+3)) . (10)

Let us now give explicitly the expansions which solve these equations up to n = 4. In (8) we
have already written the angular metric which solves the determinant condition. This metric
then enters the (r r) Einstein equation

Er r := Rr r =
4
r
∂r B +

2
r2
+

1
4

�

∂rγ
ab
��

∂rγab

�

= 0 , (11)

which can be solved for B. The solution is B = r−2B2+ r−3B3+ r−4B4+ r−5B5+O(r−6) with

B2 = −
1
32
[CC] , (12a)

B3 = 0 , (12b)

B4 = −
3
32
[C E1] +

1
128
[CC]2 , (12c)

B5 = −
1
10
[C E2] , (12d)

where the boundary conditions (3) have enforced B0 = 0. The next Einstein equation to solve
is then

Era := Rra =
1

2r2
∂r

�

r2e−2Bγab∂r U b
�

+
2
r
∂aB − ∂a∂r B −

1
2
γacDb∂rγ

bc = 0 . (13)

The solution is Ua = r−2Ua
2 + r−3Ua

3 + r−4Ua
4 + r−5Ua

5 + r−6Ua
6 +O(r−7) with

Ua
2 = −

1
2

DbCab , (14a)

Ua
3 = N a , (14b)

Ua
4 =

3
4

DbEab
1 −

3
4

CabNb −
1
16

Cab∂b[CC] +
1

64
[CC]DbCab , (14c)

Ua
5 =

2
5

DbEab
2 −

2
5

CabDc E1
bc−

1
10

C bc DaE1
bc+

1
16
∂ a[C E1]+

6
320
[CC]
�

6N a+∂ a[CC]
�

, (14d)
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Ua
6 =

5
18

DbEab
3 −

1
6

CabDc E2
bc −

1
12

C bc DaE2
bc +

1
20
∂ a[C E2]−

1
2

Eab
1 Nb

+
17
576

Eab
1 ∂b[CC]−

1
16

Ead
1 C cbDbCcd +

5
96

Cab
�

C cd DbE1
cd − 2∂b[C E1]
�

+
1
32
[CC]
�

7
9

DbEab
1 + CabNb +

1
4

Cab∂b[CC]−
3
32
[CC]DbCab
�

, (14e)

Ua
n≥4 =

(n− 1)
n(n− 3)

DbEab
n−3 + (NL) , (14f)

where N a(u, x b) is a radial integration constant, and where we have set Ua
0 = 0 as required by

the boundary conditions. Here (NL) denotes non-linear terms which we omit. The third and
last hypersurface equation is Eur := Rur = 0, which is equivalent to γabRab = 0 with

γabRab = R[γ] + e−2B
�

2
r2
∂r V +

4
r

DaUa + ∂r

�

DaUa
�

−
1
2

e−2Bγab

�

∂r Ua
��

∂r U b
�

�

− 2∂a

�

γab∂bB
�

− 2γab
�

∂aB
�

∂b

�

ln
p

q+ B
�

. (15)

The solution is V = rV+1 + V0 + r−1V1 + r−2V2 + r−3V3 +O(r−4) with

V+1 = −
R
2

, (16a)

V0 = 2M , (16b)

V1 =
1
2

DaN a +
1
8

�

DaCbc

��

DaC bc
�

−
1
2

�

DaCab
��

DcCcb

�

+
3
32

�

R− D2
�

[CC] , (16c)

V2 =
1
4

DaDbEab
1 +

1
2

Da

�

Cab∂bB2

�

−
1
2

CabUa
2 U b

2 −
3
2

NaUa
2 − B2DaUa

2 , (16d)

V3 =
1
10

DaDbEab
2 −

3
4

N aNa + (NL with Cab) , (16e)

Vn≥2 =
1

(n− 1)(n+ 2)
DaDbEab

n−1 + (NL) , (16f)

where M(u, xa) is a radial integration constant and where once again we have omitted non-
linear terms. Note that the Ricci scalar which appears here is R= R[q].

We have now determined the first few terms in the radial expansion of the line element
(2) by solving the four hypersurface equations contained in the Einstein equations. In the
linearized theory each term has an explicit known form as given above, while in the full non-
linear theory the non-linear terms must be computed at each subleading order. In summary,
the solution space contains infinitely-many functions of (u, xa), namely the two integration
constants (M , N a) and the symmetric trace-free tensors (Cab, En

ab) appearing in the expansion
(5). As is well-known, the shear Cab represents completely free data on I+ whose time depen-
dency is undetermined, while (M , N a, En

ab) satisfy evolution equations, or flux-balance laws.
We will now study these evolution equations.

2.2 Evolution equations

In order to write down the evolution equations in a compact form and map them easily to
the NP formalism, it is convenient to introduce some notations and field redefinitions. First,
we will denote the time derivative of the shear by Nab = ∂uCab, but keep in mind that this
is not strictly speaking the news since it does not contain the contribution from the Geroch
tensor [8,37,45]. Then, jumping a bit ahead of ourselves, let us consider the objects defined
in (40), which are often referred to as covariant functionals because of their behavior under

8
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BMSW transformations [110]. In terms of these quantities the first evolution equations are

definition (40e) ⇒ ∂uJ a = DbN ab , (17a)

definitions (40) ⇒ ∂u
ÝM= Da
eJ a +

1
2

Cab
eN ab , (17b)

Euu

�

�

O(r−2) ⇒ ∂uM= DaJ a +
1
2

CabN ab , (17c)

Eua

�

�

O(r−2) ⇒ ∂uPa = DbMab + 2CabJ b , (17d)

where we have introduced

Mab :=Mqab +ÝMϵab , eT a···an := ϵa
bT b···an , ϵab :=

p
q εab , (18)

and where εab is the Levi–Civita symbol. The first of these equations is the evolution of the
so-called energy current, and it follows tautologically from the definitions (40e) and (40f).
Similarly, the second equation, which is the evolution of the dual mass, also follows from its
definition. The last two equations, which are the flux-balance laws for the mass (i.e. the Bondi
mass loss) and the angular momentum, are the only non-trivial informations in the (uu) and
(ua) Einstein equations.

The rest of the evolution equations comes entirely from the remaining set (9) of Einstein
equations.5 Instead of writing these equations in terms of En

ab, we are going to write them
directly in terms of the quantities En

ab which we introduce below in (44). This will indeed
be more convenient when matching these tensorial evolution equations with the scalar NP
evolution equations in the next section. Note that all the objects En

ab are also rank 2 symmetric
trace-free tensors. With a slight abuse of language we will also refer to them as the higher
Bondi aspects. The first non-trivial equation is ETF

ab

�

�

O(r−2) = 0, which takes the form6

∂uE1
ab = D〈aPb〉 +

3
2
MacC

c
b . (19)

This is the spin 2 evolution equation already written and studied in [32,35,110]. Now, as the
subleading equations are going to involve some of the overleading ones, we use the equality
Ò= to denote that we iteratively go on-shell. From ETF

ab

�

�

O(r−3) = 0 we then find

∂uE2
ab Ò=−

1
2

�

D2 + R
�

E1
ab − 2Dc
�

P〈aCb〉c
�

= −Dc
�

D〈aE1
b〉c + 2P〈aCb〉c

�

, (20)

in agreement with [35], and where for the second line we have used (B.1). Then, from
ETF

ab

�

�

O(r−4) = 0 we get the evolution equation

∂uE3
ab Ò=−

1
4

�

D2 + 4R
�

E2
ab +

5
8
[NE1]Cab −

5
32
∂u[CC]E1

ab −
5
8
[CE1]Nab

− 5P〈aPb〉 +
1
4

D〈a
�

[CC]Pb〉
�

+
5
2
P〈aCb〉c Dd C cd

+
15
2
ME1

ab +
15
8

�

DaDbCab
�

E1
ab −

5
2
E1
〈ac Dc Dd Cb〉d +

5
4

C〈ac Dc DdE1
b〉d

+
1
4

C cd Dc D〈aE1
b〉d +

5
2

DcC
cd DdE1

ab − DcC
cd D〈aE1

b〉d . (21)

5Another interesting perspective on the flux-balance laws for the higher Bondi aspects comes from the work
[119], in which the evolution equations are derived from the flat limit of the AdS energy-momentum tensor.

6We denote 2D〈aPb〉 = 2D(aPb) − qab DcP c = DaPb + DbPa − qab DcP c .
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Since the equation ETF
ab

�

�

O(r−5) = 0 is very lengthy, we choose to display it without writing down
the shear terms explicitly. This will be sufficient for our purposes. The evolution equation for
the next higher Bondi aspect is then

∂uE4
ab Ò=−

1
6

�

D2 + 8R
�

E3
ab + 8ME2

ab + (NL with Cab) (22)

+
1
3

�

4DcP cE1
ab + 7P c DcE1

ab − 14E1
〈ac DcPb〉 + 18P〈aDcE1

b〉c − 4D〈a
�

E1
b〉cP

c
�

�

.

Finally, neglecting the non-linear terms, one can show that the general form of the evolution
equations contained in ETF

ab

�

�

O(r−(n+1)) is

∂uEn≥2
ab = −

n
2(n+ 2)(n− 1)

�

D2 +
1
2
(n2 + n− 4)R
�

En−1
ab + (NL) , (23a)

∂uEn≥2
ab = −

1
2(n− 1)

�

D2 +
1
2
(n2 + n− 4)R
�

En−1
ab + (NL′) =: DnEn−1

ab + (NL′) , (23b)

where the set of omitted non-linear terms is different. The first line is equation (2.23) of [35]
with the shift nhere = nthere+2, while the equivalent form on the second line has been obtained
using the relationship (44e) between En

ab and En
ab. On the second line we have also introduced

the differential operator Dn which controls the evolution of the higher Bondi aspect En
ab at the

linear level.

2.3 Conserved Bondi aspects

We are eventually interested in constructing charges which are conserved in the absence of
radiation (or “quasi-conserved” charges). In order to give a precise meaning to this, let us
consider the non-radiative vacuum conditions J a vac

= 0
vac
= N ab. From (17c) one can see that

∂uM
vac
= 0, while (17d) shows that Pa is not conserved in the vacuum. Similarly, the higher

Bondi aspects En
ab are not conserved in the vacuum either. Conserved quantities in the radiative

vacuum can be obtained instead by considering explicit time-dependent combinations of the
various data appearing in the solution space. For example, conserved spin 1 and spin 2 charges
can be defined as

qa,1 := Pa − uDbMab , (24a)

qab,2 := E1
ab − u
�

D〈aPb〉 +
3
2
MacC

c
b

�

+
u2

2

�

D〈aDcMb〉c +
3
2
MacN

c
b

�

. (24b)

Indeed, these charges have fluxes given by

∂uqa,1 = 2CabJ b − uDb∂uMab , (25a)

∂uqab,2 = −u
�

2D〈a
�

Cb〉cJ c
�

+
3
2
∂uMacC

c
b

�

+
u2

2

�

D〈aDc∂uMb〉c +
3
2
∂u

�

MacN
c

b

�

�

, (25b)

and these expressions are clearly vanishing in the radiative vacuum defined above since
∂uMab

vac
= 0. It is important to note however that the renormalized conserved charges (24) are

not uniquely defined, since one can add to them any term whose time evolution is proportional
to J a or N ab without spoiling the conservation property. One may for example consider the
alternative renormalized charges

qa,1 := Pa − u∂uPa , qab,s≥2 :=
s
∑

n=0

(−u)n

n!
∂ n

u E
s−1
ab , (26)
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which evolve as

∂uqa,1 = −u∂ 2
u Pa

vac
= 0 , ∂uqab,s =

(−u)s

s!
∂ s+1

u E s−1
ab

vac
= 0 , (27)

and are therefore indeed conserved in the non-radiative vacuum. However, one can see that
the definitions for qa,1 and qab,2 in (24) and (26) clearly differ.

Alternative proposals for such renormalized Bondi aspects satisfying conservation proper-
ties were also studied in [35, 95]. With these various prescriptions, the flux-balance laws for
the renormalized higher Bondi aspects are of the schematic form7

∂uqab,2 =
(−u)2

2!
D〈a
�

Db〉DcJ c + eDb〉Dc
eJ c
�

+F2
ab , (28a)

∂uqab,s≥3 =
(−u)s

s!
Ds−1 · · ·D2D〈a
�

Db〉DcJ c + eDb〉Dc
eJ c
�

+F s
ab , (28b)

where the first term is the soft piece involving the operators defined in (23), and F is the
hard flux (whose general schematic form can be found in [35]). The former can be derived
by combining the linear contributions to (27) with (23) and (17). This soft contribution to
the flux is related upon integration over u to the higher moments of the news, which are
themselves related to the so-called higher memories defined and studied in [33–36,61].

We are going to introduce and study yet another set of conserved charges (134) in section
6 in order to realize the w1+∞ higher spin symmetry algebra. However, since our proposal for
the conserved charges is only known in a truncation to quadratic hard order, it cannot fully
settle the above-mentioned ambiguities. The spin 1 charge (126b) which belongs to the w1+∞
algebra is the dressed angular momentum aspect (24) studied e.g. in [37,120]. However, the
spin 2 charge (126c) which we will consider differs from both (24b) and (26). We come back
to the precise definition of these conserved charges using the NP formalism in section 6. Up
to quadratic order in the radiative data, the flux-balance law for these conserved higher spin
charges in NP form is given by (136). In particular, the soft flux (140) agrees with the soft part
of (28) upon mapping the higher Bondi aspects qab,s to the renormalized higher spin charges
qs. The hard flux is only known exactly up to spin s = 3 in (131d).

3 Map to the Newman–Penrose formalism

In the previous section we have characterized the solution space in Bondi gauge using the
metric formalism, and worked out the first few evolution equations for the data (M,Pa,En

ab).
Our goal is now to obtain an equivalent description of this data and of the evolution equations
in the NP formalism [96–100], i.e. in terms of null frames, spin coefficients, and Weyl scalars,
as this will be the most convenient framework to study the w1+∞ higher spin charges.

The NP formalism has already been applied to the study of BMS asymptotic symmetries
and charges in [44, 105–109]. Here however, at the difference with these references, we
will not solve the NP evolution equations (i.e. the Einstein equations rewritten in first order
scalar form) from scratch. Indeed, this would be redundant since we have already solved
the Einstein equations and obtained the solution space in metric form. Instead, our goal is
to simply establish a dictionary with the NP formalism. This has not been studied in detail
previously because the NP and metric formalisms are usually considered on their own, as
standalone approaches to solve the Einstein equations and study the asymptotic symmetries.
Moreover, in the NP formalism it is customary to work in the Newman–Unti (NU) gauge (as

7The soft parts can be rewritten as in (5) of [95] using the identity Da Db Dc C
bc + eDa Db Dc
eC bc = 2Dc D〈a Db〉C

bc .
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in the references above), while the metric Einstein equations are usually solved in the Bondi–
Sachs (BS) gauge (with the notable exception of [50,51]). However, this does not prevent us
from taking the metric solution space in BS gauge and rewriting it in terms of NP quantities.
We simply have to be aware, as we will see, that this leads to NP expressions which differ from
those present e.g. in [44,105–109].

3.1 Choice of null tetrad

A first subtlety which we need to address is the choice of null frame. The NP formalism is
covariant under Lorentz transformations of the tetrad, meaning that these transformations
change the various expressions (for the tetrad itself, the Weyl scalars, the spin coefficients, . . . )
without altering the underlying physics. Since here we are especially interested in rewriting
the evolution equations for En

ab in NP language, we want to exploit this ambiguity in order to
find a choice of tetrad which leads to the simplest possible form of these equations. It turns
out that this happens when the spin coefficients κ, ε and π (whose definition is given below
in equations (31) and (30)) are vanishing.

In typical studies of BMS symmetries in the NP formalism (see e.g. [108]), the gauge choice
κ = ε = π = 0 is made from the onset, and the tetrad is then reconstructed by solving the
so-called metric equations (which form one of the three sets of NP equations). As mentioned
above, here we want to proceed the other way around, and instead start from a choice of
tetrad which describes the on-shell metric (2) before then using it to construct the NP data.
A natural choice is to consider the so-called Bondi tetrad ẽµi = (ℓ̃, ñ, m̃, ¯̃m) formed by the null
vectors

ℓ̃ := ∂r , ñ := e−2B
�

∂u +
V
2r
∂r + Ua∂a

�

, m̃ :=
√

√γθθ
2γ

�p
γ+ iγθφ
γθθ

∂θ − i∂φ

�

. (29)

This is for example the choice made in [49,89,101–103], and also often in numerical relativ-
ity [121,122]. This tetrad is such that ℓ̃µñµ = −1= −m̃µ ¯̃mµ with all the other contractions van-
ishing, or in other words gµν ẽµi ẽνj = ηi j with the double null internal metric η34 = 1 = −η12.

The spacetime metric is then given by gµν = ẽµi ẽνj η
i j = −2ℓ̃(µñν) + 2m̃(µ ¯̃mν). Starting from

this Bondi tetrad, let us now consider the associated spin coefficients

γ̃i jk := ẽµj ẽνk∇ν ẽiµ , (30)

and compute in particular

κ̃= γ̃131 = 0 , (31a)

ρ̃ = γ̃134 =
1
2
∂r ln
p
γ= ¯̃ρ , (31b)

ε̃=
1
2
(γ̃121 − γ̃341) =

1
8
∂rγab

�

m̃am̃b − ¯̃ma ¯̃mb
�

− ∂r B , (31c)

π̃= γ̃421 = −
�

1
2

e−2Bγab∂r U b + ∂aB
�

¯̃ma . (31d)

The fact that κ̃= 0 means that ℓ̃ describes a congruence of null geodesics, and Im(ρ̃) = 0 that
it is furthermore hypersurface-orthogonal (or rotation-free). We see however that with the
Bondi tetrad (29) we have ε̃ ̸= 0 ̸= π̃ (even if we had chosen the NU gauge condition B = 0
instead of the BS condition (4)). This means that the four basis vectors ẽµi are not parallelly-
transported along ℓ̃. Working with this tetrad will turn out to be rather inconvenient when
writing down the evolution equations in NP form, as we will illustrate below.
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There is however a way out of this inconvenience, as the complex spin coefficients ε̃ and
π̃ can be set to zero by fixing four conditions via two Lorentz transformations [98]. The first
one has two real parameters, and the second one a complex parameter. First, we perform a
rotation of class III, defined with two real functions θ1 and θ2 by

ℓ̃→ eθ1 ℓ̃ , ñ→ e−θ1 ñ , m̃→ eiθ2 m̃ . (32)

The effect of this rotation is to transform the spin coefficients of interest as

κ̃→ e2θ1+iθ2 κ̃ , ρ̃→ eθ1ρ̃ , ε̃→ eθ1 ε̃−
1
2

eθ1 ℓ̃µ∂µ
�

θ1 + iθ2

�

, π̃→ e−iθ2π̃ . (33)

Then, we perform a rotation of class I, defined with a complex function a by

ℓ̃→ ℓ̃ , ñ→ ñ+ aāℓ̃+ ām̃+ a ¯̃m , m̃→ m̃+ aℓ̃ , (34)

and transforming the spin coefficients as

κ̃→ κ̃ , ρ̃→ ρ̃ + āκ̃ , ε̃→ ε̃+ āκ̃ , π̃→ π̃+ 2āε̃+ ā2κ̃− ℓ̃µ∂µā . (35)

By combining these class I and class III transformations we obtain the new null vectors

ℓ := eθ1 ℓ̃ , n := e−θ1 ñ+ aāeθ1 ℓ̃+ āeiθ2 m̃+ ae−iθ2 ¯̃m , m := eiθ2 m̃+ aeθ1 ℓ̃ . (36)

Finally, by choosing the parameters of the Lorentz transformations to be given in terms of the
old spin coefficients by

θ1 = 2

∫ r

Re(ε̃) = −2B , θ2 = 2

∫ r

Im(ε̃) , ā =

∫ r

e−(θ1+iθ2)π̃ , (37)

we get that the new spin coefficients satisfy κ = ε = π = 0 and ρ = ρ̄, as desired. The
geometrical meaning of these conditions is that all the new null vectors are now constant
along ℓ, i.e. ℓµ∇µei = 0 for i ∈ {0,1, 2,3}. The 1/r expansion of the new tetrad (36) and of
the associated spin coefficients are given by appendix A, to an order relevant for the rest of our
calculations. One should note in particular that the new frames m are not purely tangential
to the celestial sphere anymore (at the difference with m̃), and have a non-vanishing radial
component mr .

In the above construction we have obtained the new tetrad (36) by first defining the Bondi
tetrad (29) and then using its non-vanishing coefficients ε̃ and π̃ to perform two Lorentz trans-
formations. This is very different from how one would normally proceed in the NP formalism
(see e.g. [108]), where the gauge conditions ε = 0 = π can be chosen from the onset, and
then a tetrad compatible with these conditions and defining the line element can be found by
solving part of the NP equations. This difference of approach is due once again to the fact that
we want to map the solution space of section 2 to the NP formalism, and not just solve the NP
equations in isolation. In particular, one should recall that here we are defining a NP version
of the BS gauge, so that B ̸= 0 even if we have achieved ε = 0 with our new tetrad. Because
other references usually consider the NP formalism in NU gauge, this means that many subtle
differences (for example in numerical factors) between our formulas and that of e.g. [108]will
be scattered around. This is also the reason for which one cannot blindly use these previous
results and why the dictionary between BS and NP must be reconstructed carefully. Let us
then go ahead with the construction of this dictionary and now consider the Weyl scalars.
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3.2 Expansion of the Weyl scalars

Having defined a null tetrad, we can now compute the Weyl scalars. Note that our convention
for the Riemann tensor is Rλσµν = ∂µΓλσν − ∂νΓ

λ
µσ + Γ

λ
µρΓ

ρ
σν − ΓλρνΓ

ρ
µσ, and that the rest of our

conventions for the NP formalism is given in appendix A. Projecting the components of the
Weyl tensor we find

Ψ0 := −Wℓmℓm =
1
r5

E1
abma

1mb
1 +O(r−6) , (38a)

Ψ1 := −Wℓnℓm =
1
r4

Pama
1 +O(r−5) , (38b)

Ψ2 := −Wℓmm̄n = −
1
2

�

Wℓnℓn −Wℓnmm̄

�

=
MC
r3
+O(r−4) , (38c)

Ψ3 := −Wnm̄nℓ =
2
r2

Jam̄a
1 +O(r−3) , (38d)

Ψ4 := −Wnm̄nm̄ =
2
r
Nabm̄a

1m̄b
1 +O(r−2) , (38e)

which exhibits the usual peeling behavior. Here

ma
1 =
√

√qθθ
2q

�p
q+ iqθφ

qθθ
δa
θ − iδa

φ

�

, (39)

is the first term in the expansion (A.7b) of the angular frame ma, and the factors of 2 in Ψ3 and
Ψ4 have been introduced for later convenience when studying the transformation laws. All the
terms in this expansion are contracted with the frames ma

1 and/or m̄a
1, thereby inheriting a NP

spin as listed in (A.4). Note also that at leading order these Weyl scalars do not depend on
whether we use the tetrad (29) or (36). The new quantities which appear in these expansions
of the Weyl scalars are the so-called covariant functionals [110]

E1
ab := 3E1

ab −
3

16
[CC]Cab , (40a)

Pa := −
3
2

Na +
3
32
∂a[CC] +

3
4

CabDcC
bc , (40b)

M := M +
1
16
∂u[CC] , (40c)

ÝM :=
1
8

�

2DaDb − Nab

�

eCab , (40d)

Ja :=
1
8

�

2DbNab + ∂aR
�

, (40e)

Nab :=
1
4
∂uNab , (40f)

where the complex mass is MC :=M+ iÝM and the dual shear is eCab := qacϵcd Cd b. Note that
this dual shear is still symmetric and trace-free.

We now want to study the subleading expansion of the Weyl scalars, and in particular of
Ψ0,1,2 since these are the quantities appearing in the time evolution of Ψ0. For this, following
the standard notation in the literature let us denote the expansion of the scalar Ψi as

Ψi =
Ψ0

i

r5−i
+
Ψ1

i

r6−i
+
Ψ2

i

r7−i
+O(r(i−8)) . (41)

In (38) we have therefore obtained the leading terms Ψ0
i . Let us next study the expansion of

Ψ0. This can be found either by expanding directly the definition (38a) or by using the NP
equation

Ψ0 =
�

ℓµ∂µ +ρ + ρ̄ + 3ε− ε̄
�

σ−
�

mµ∂µ +τ+ 3β − π̄+ ᾱ
�

κ , (42)
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which here with our choice of tetrad reduces simply to

Ψ0 =
�

e−2B∂r + 2ρ
�

σ =
1
2

e−2B
�

∂r + ∂r ln
p
γ
��

e−2B∂rγabmamb
�

. (43)

By expanding this expression we find

Ψ0
0 := E1

abma
1mb

1 =
�

3E1
ab −

3
16
[CC]Cab

�

ma
1mb

1 , (44a)

Ψ1
0 := E2

abma
1mb

1 = 6E2
abma

1mb
1 , (44b)

Ψ2
0 := E3

abma
1mb

1 =
�

10E3
ab +

5
16
[CC]E1

ab −
15
8
[C E1]Cab +

15
128
[CC]2Cab

�

ma
1mb

1 , (44c)

Ψ3
0 := E4

abma
1mb

1 =
�

15E4
ab +

3
4
[CC]E3

ab − 3[C E3]Cab

�

ma
1mb

1 , (44d)

Ψn
0 := En+1

ab ma
1mb

1 =
1
2
(n+ 2)(n+ 3)En+1

ab ma
1mb

1 + (NL) , (44e)

where we are now introducing the higher Bondi aspects En
ab in terms of which we have written

the evolution equations in section 2.2. All the terms Ψn
0 in the expansion of Ψ0 have NP spin 2.

Similarly, in order to expand Ψ1,2,3,4 we can directly use the definitions (38), or instead
expand the spin coefficients and the NP Bianchi identities

�

ℓµ∂µ + 4ρ + 2ε
�

Ψ1 =
�

m̄µ∂µ + 4α− 1π
�

Ψ0 + 3κΨ2 , (45a)
�

ℓµ∂µ + 3ρ + 0ε
�

Ψ2 =
�

m̄µ∂µ + 2α− 2π
�

Ψ1 + 2κΨ1 + 1λΨ0 , (45b)
�

ℓµ∂µ + 2ρ − 2ε
�

Ψ3 =
�

m̄µ∂µ + 0α− 3π
�

Ψ2 + 1κΨ0 + 2λΨ1 , (45c)
�

ℓµ∂µ + 1ρ − 4ε
�

Ψ4 =
�

m̄µ∂µ − 2α− 4π
�

Ψ3 + 3λΨ2 , (45d)

which can be simplified thanks to the fact that κ= ε= π= 0 because of our choice of tetrad.
Using this, the terms which are relevant for the rest of our calculations are found to be8

Ψ0
1= Pama

1 , (46a)

Ψ1
1= −ðΨ0

0 , (46b)

Ψ2
1= −

1
2

�

ðΨ1
0 + σ̄2ðΨ0

0 + 5ðσ̄2Ψ
0
0

�

, (46c)

Ψ3
1=

5
6

�

Ψ̄0
1 − 2σ̄2ðσ2 − ð

�

σ2σ̄2

�

�

Ψ0
0 −

1
3
σ̄2ðΨ1

0 − 2ðσ̄2Ψ
1
0 −

1
3

ðΨ2
0 , (46d)

Ψ0
2=MC , (46e)

Ψ1
2= −ðΨ0

1 , (46f)

Ψ2
2=

1
2

�

ð
2
Ψ0

0 − ∂uσ̄2Ψ
0
0 − σ̄2ðΨ0

1 − 4ðσ̄2Ψ
0
1

�

, (46g)

Ψ3
2=

2
3

�

Ψ̄0
1 − 2σ̄2ðσ2 − ð

�

σ2σ̄2

�

�

Ψ0
1 +

1
3
σ̄2ððΨ0

0 +
5
3

ðσ̄2ðΨ0
0 −

1
12
σ̄2RΨ0

0 −
1
3
∂uσ̄2Ψ

1
0 −

1
3

ðΨ2
1 , (46h)

Ψ0
3= 2Jam̄a

1 = −ðλ1 +
1
4

ðR , (46i)

Ψ1
3= −ðΨ0

2 , (46j)

Ψ0
4= 2Nabm̄a

1m̄b
1 = −∂uλ1 , (46k)

Ψ1
4= −ðΨ0

3 , (46l)

8Note thatσ2 here is traditionally calledσ0 in other references [104,108]. We have chosen however to label the
expansion of the spin coefficients as in (A.5) because this allows to keep track of the order at which various terms
appear. This notation also has the advantage of remaining consistent in case we change the tetrad and overleading
terms appear.
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where λ1 = ∂uσ̄2. Recall that in the metric formulation we have found in the previous section
that the solution space is entirely determined by the free data Cab and the data (M , Na, En

ab)
subject to evolution equations, or equivalently (M,Pa,En

ab). The same structure is of course
recovered in the NP formalism, where Cab is encoded in (Ψ0

3 ,Ψ0
4) via σ2, and (M,Pa,En

ab) are
encoded in (Ψ0

2 ,Ψ0
1 ,Ψn

0 ). This is the reason for which all the subleading terms in Ψ1,2,3,4 are
completely determined in terms of (σ2,Ψ0

4 ,Ψ0
3 ,Ψ0

2 ,Ψ0
1 ,Ψn

0 ).
Recall that our goal is to access the evolution equations for the higher Bondi aspects. These

are the equations for En
ab which we have started to list in section 2.2, and which in the NP for-

malism become evolution equations for Ψn
0 . We are now in position to explain more precisely

how En
ab and Ψn

0 are related to the higher spin charges. For this, one can first notice from (46)
that for i ≥ 1 the subleading Weyl scalars are all given by

Ψ1
i≥1 = −ðΨ0

i−1 . (47)

Such a relation is possible because ð is an operator with NP spin −1 and Ψi has spin (2− i), and
for all i ≥ 1 there exists an object of spin (3− i) in the solution space. For i = 0 however this
is a priori not the case since there is no object of spin 3. The idea of [89], inspired by [104],
is to extend this relationship to Ψ0 nevertheless by introducing higher spin charges by hand.
This can be done by rewriting the expansion of Ψ0 in the form

Ψ0 =
Ψ0

0

r5
+
∞
∑

n=1

Ψn
0

rn+5
=
Ψ0

0

r5
+
∞
∑

s=3

Ψs−2
0

rs+3
=
Ψ0

0

r5
+
∞
∑

s=3

1
rs+3

(−1)s

(s− 2)!

�

ð
s−2

Qs +Φ
s−2
0

�

. (48)

In the expansion of Ψ0 all the terms have NP spin 2, but the idea of this rewriting is to trade the

spin 2 data Ψs−2
0 for Φs−2

0 and ð
s−2

Qs, which now features implicitly-defined spin s quantities
Qs. These are precisely the higher spin charges whose properties we want to investigate.

Importantly, we have not directly identified Ψs−2
0 with ð

s−2
Qs, but allowed for possible terms

Φs−2
0 which may be required for the rewriting to be consistent with the evolution equations,

and which we will have to identify below. In particular, this turns out to depend on the choice
of tetrad, and we will see below that for the tetrad (36) the spin 3 is defined by −ðQ3 = Ψ1

0 ,
while when using the Bondi tetrad (29) one has instead −ðQ3 = Ψ1

0 − 4ε̃2Ψ
0
0 . Now that we

have introduced the higher spin charges, we can study their evolution equations.

3.3 Evolution equations

The proof that the higher spin charges Qs form a w1+∞ algebra at linear level relies on the
assumption that the evolution equations for these charges can be written as the recursion
relation

∂uQs = ðQs−1 − (s+ 1)σ2Qs−2 , (49)

for all s ≥ −1 [89]. Our goal is now to investigate these evolution equations and the hypothesis
under which they hold. We are going to see that they indeed genuinely take this form up to
s = 3, as already shown by Newman and Penrose [104], but that for s ≥ 4 a fine-tuned choice
of Φs−2

0 in (48) is required. More precisely, our analysis is going to show that for s ≥ 4 there
are a priori unwanted terms in the evolution equations, but that they can be reabsorbed by
a convenient choice of Φs−2

0 in (48) which involves anti-derivatives (i.e. non-local terms) in
time. By doing so, one is actually introducing the higher spin charges Qs so that they satisfy
the evolution equation (49) by definition. This is possible because the field redefinition (48)
trades Ψs−2

0 for Qs and Φs−2
0 , and the latter can always be chosen such that ∂uQs has the desired

form. The physical meaning of this redefinition is however unclear and will require a separate
investigation postponed to future work. Here we push the study of the evolution equations
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up to s = 5. The result for s = 4 is already present in [104,108], but differs slightly from our
equation (56) because these references use the NU gauge while here we are in BS gauge. The
equation (60) for s = 5 is new.

This analysis is of course intimately related to the question of whether the w1+∞ symmetry
algebra of higher spin charges exists in the full theory or only its self-dual truncation. Indeed,
the arguments for the existence of this symmetry come so far from self-dual gravity [69,78–80,
83,84,86,92]. However, here we will obtain the w1+∞ algebra as an immediate consequence
of the recursion relation (49) without the need to invoque a self-duality condition. There is
nonetheless a subtle point, as mentioned above, which is that the obtention of (49) requires
to introduce the non-local quantities Φs−2

0 . It is possible that these terms will simplify when
imposing a self-dual condition, but a systematic understanding of such a mechanism is still
missing from our analysis. Moreover, we should recall that the statements made about the
evolution equations and the identification of the higher spin charges depend subtly on the
choice of tetrad and the choice of gauge (e.g. BS, NU, or any other choice [50, 51]). This is
precisely the origin of the mismatch of numerical factors between our equation (56) and the
corresponding equations in [104,108]. For s = 4, we will see that even when setting σ̄2 = 0 as
a self-dual condition9 in order to simplify the evolution equation, there are terms quadratic in
the Weyl scalars which need to be reabsorbed with the choice of Φ2

0. However, these quadratic
terms come with different numerical factors than in [104,108] because of the different choice
of gauge and tetrad. This therefore leads us to the conjecture that there exists a preferred
choice of gauge and tetrad basis for which the terms Φs−2

0 in (48) become local in time or even
possibly vanish, at least in the self-dual theory. This should be checked already for s = 4 and
will be the subject of forthcoming work. Let us now make this discussion more explicit.

Spin −1 ≤ s ≤ 2 evolution. The evolution equations in NP form come from the Bianchi
identities

nµ∂µΨ3 = mµ∂µΨ4 + (1τ− 4β)Ψ4 + (4µ+ 2γ)Ψ3 − 3νΨ2 , (50a)

nµ∂µΨ2 = mµ∂µΨ3 + (2τ− 2β)Ψ3 + (3µ+ 0γ)Ψ2 − 2νΨ1 − 1σΨ4 , (50b)

nµ∂µΨ1 = mµ∂µΨ2 + (3τ− 0β)Ψ2 + (2µ− 2γ)Ψ1 − 1νΨ0 − 2σΨ3 , (50c)

nµ∂µΨ0 = mµ∂µΨ1 + (4τ+ 2β)Ψ1 + (1µ− 4γ)Ψ0 − 3σΨ2 , (50d)

which can be expanded using the formulas for the spin coefficients and the frames given in
appendix A. At leading order we find

∂uΨ
0
3 = ðΨ0

4 , (51a)

∂uΨ
0
2 = ðΨ0

3 − 1σ2Ψ
0
4 , (51b)

∂uΨ
0
1 = ðΨ0

2 − 2σ2Ψ
0
3 , (51c)

∂uΨ
0
0 = ðΨ0

1 − 3σ2Ψ
0
2 , (51d)

which are the evolution equations for (Ψ0
3 ,Ψ0

2 ,Ψ0
1 ,Ψ0

0) = (Q−1,Q0,Q1,Q2). Using the formu-
las given in appendix B, one can check for consistency that these equations are equivalent to
the contraction of (17) and (19) with the frames ma

1 (the first equation in (17) must be con-
tracted with m̄a

1). We can now expand (50d) further using (46) for the Weyl scalars. This will
give the evolution equations for Ψn≥1

0 , which we will translate into evolution equations for the
s ≥ 3 higher spin charges Qs.

9A further subtlety which needs to be clarified in future work is whether σ̄2 = 0, which is a single-helicity
condition on the radiation, can be used as a suitable or partial self-dual condition. This is a priori not clear, since
for example twistorial proofs of the w1+∞ algebra of self-dual gravity use a condition on the Weyl tensor written
in split signature, which a priori is unrelated the condition σ̄2 = 0. To impose a self-dual condition in the NP
formalism in Lorentzian signature (which is our setup), one must probably consider σ2 and σ̄2 as independent
variables. For preliminary work in this direction, see [123].
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Spin 3 evolution. At order r−6 equation (50d) leads to

∂uΨ
1
0 = −ð
�

ðΨ0
0 − 4σ2Ψ

0
1

�

. (52)

Using the relations given in appendix B, one can check that this evolution equation is equivalent
to the contraction of (20) with ma

1mb
1 . If, following (48), we now denote Ψ1

0 ≡ −ðQ3, the
evolution equation becomes

∂uQ3 = ðΨ0
0 − 4σ2Ψ

0
1 , (53)

which is the natural continuation of (51), or equivalently (49) for s = 3. If we identify a
genuine rank 3 tensor through the relations

E2
ab ≡ −DcE2

abc , Q3 ≡ E2
abcm

a
1ma

1ma
1 , Ψ1

0 = E2
abma

1mb
1 = −
�

DcE2
abc

�

ma
1mb

1 = −ðQ3 , (54)

the tensorial rewriting of the evolution equation for the spin 3 becomes

∂uE2
abc = D〈aE1

b〉c + 2P〈aCb〉c . (55)

The contraction of this equation with ma
1mb

1mc
1 returns as expected (53). One can see that the

spin 3 charge Q3 is in fact the potential for the Weyl scalar Ψ1
0 .

It is important to note that the form of (52) and its rewriting as (53) depends on the
choice of tetrad. In order to illustrate this point we give in appendix C a derivation of the spin
3 evolution equation using the Bondi tetrad (29). In this case the evolution equation can also
be written as (53), but the relationship between Ψ1

0 and Q3 is more complicated than above
and requires to use a non-vanishing Φ1

0 in (48). It is precisely the fact that these evolution
equations depend on the choice of tetrad which gives hope for finding another tetrad which
will simplify the terms Φs−2

0 for s ≥ 4 (at least in the self-dual theory).

Spin 4 evolution. At order r−7 equation (50d) leads to

∂uΨ
2
0 = −

1
2

ððΨ1
0 −

5
4

RΨ1
0 −

5
2

ð
2�
σ2Ψ

0
0

�

+
15
2
Ψ0

0Ψ
0
2 − 5
�

Ψ0
1

�2

+ 2
�

ð
�

σ2σ̄2

�

+σ2σ̄2ð+ 5σ2ðσ̄2

�

Ψ0
1 −

1
2

�

6ðσ̄2ð+ σ̄2ð2 + 5∂uσ̄2σ2

�

Ψ0
0 . (56)

Using the identities given in appendix B one can show that this equation is equivalent to the
contraction of (21) with ma

1mb
1 . This is an important consistency check as the evolution equa-

tions start to get more involved now. This evolution equation is also given in equation (4.13)
of [104] and at the end of appendix D of [108].10 One should note however the important
differences in the numerical factors due to the fact that these references use the NU gauge and
therefore a different tetrad than ours. Using the redefinition Ψ1

0 ≡ −ðQ3 introduced above and
the commutation relations (A.3), the first line on the right-hand side of (56) can be rewritten
as

−
1
2

ððΨ1
0 −

5
4

RΨ1
0 −

5
2

ð
2�
σ2Ψ

0
0

�

=
1
2

ð
2�

ðQ3 − 5σ2Ψ
0
0

�

−
3
4
Q3ðR . (57)

Following the Ansatz (48) we can then introduce the spin 4 charge via the redefinition

Ψ2
0 ≡

1
2

�

ð
2
Q4 +Φ

2
0

�

. (58)

10One should however take γ0 = 0 since this is implied by the condition ∂uqab = 0 which we are using here, and
also recall that here we have labeled the terms in the expansion of the spin coefficients according to their order in
1/r. For example σ2

�

�

here = σ
0
�

�

[108] and λ1

�

�

here = λ
0
�

�

[108].
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Using the operator (116) to introduce the non-local quantity

Φ2
0 :=2∂ −1

u

�

15
2
Ψ0

0Ψ
0
2 − 5
�

Ψ0
1

�2 −
3
4
Q3ðR+ 2
�

ð
�

σ2σ̄2

�

+σ2σ̄2ð+ 5σ2ðσ̄2

�

Ψ0
1

−
1
2

�

6ðσ̄2ð+ σ̄2ð2 + 5∂uσ̄2σ2

�

Ψ0
0

�

, (59)

we finally obtain the evolution equation (49) for s = 4.
This construction relies on the definition (59). While this is mathematically sound, the

physical meaning is less clear since the history of the shear and of certain Weyl scalars from
u′ = u to u′ = +∞ is involved. More precisely, (59) contains three types of terms. The terms
on the second line, which are both linear and quadratic in the shear, all involve σ̄2, and would
therefore vanish if we were to define the self-dual condition by σ̄2 = 0. The last term on the
first line contains the Ricci scalar of the celestial sphere, and would therefore vanish in the
case of a sphere metric qab = q◦ab since R[q◦] = 2. Finally, the first two terms quadratic in the
Weyl scalars seem to survive no matter what, and force us to consider a non-local Φ2

0 even in
the self-dual theory with a round sphere metric. However, we should recall at this stage that
it is precisely these terms which come with different numerical factors in [104, 108] because
of the different choice of gauge and tetrad. It is therefore reasonable to expect that there is
a preferred choice of gauge and tetrad for which these quadratic terms are absent from (56).
This is an important question which will be the subject of future work.

Spin 5 evolution. At order r−8 equation (50d) leads to

∂uΨ
3
0 = −

1
3

ððΨ2
0 −

3
2

RΨ2
0

+
25
3
Ψ0

1ðΨ0
0 + Ψ̄

0
1ðΨ0

0 −
10
3
Ψ0

0ðΨ0
1 + 8Ψ1

0Ψ
0
2

+ 4σ2

�

2σ̄2ðσ2 + ð
�

σ2σ̄2

�

− Ψ̄0
1

�

Ψ0
1

−
�

4σ2∂uσ̄2 + 3ð
2
σ2 − ð2σ̄2 + 3ðσ2ð+

7
3

ðσ̄2ð+
1
3
σ̄2ð2
�

Ψ1
0

−
5
6

�

ð
�

3σ̄2ðσ2 +σ2ðσ̄2

�

+ 18ðσ2ðσ̄2 +
28
5
σ̄2ðσ2ð+ ð
�

σ2σ̄2

�

ð

+ 12σ2ðσ̄2ð+ 3ð
�

σ2σ̄2

�

ð+
9
5
σ2σ̄2ðð−

3
2
σ2σ̄2R
�

Ψ0
0 . (60)

This is the NP version of the evolution equation (22), with all the non-linear terms involving
the shear appearing explicitly. As a consistency check, one can verify that the first two lines
are equivalent to the contraction of (22) (up to its implicit shear terms) with ma

1mb
1 . Using the

redefinition (58) and the commutation relations (A.3), the first line can be rewritten as

−
1
3

ððΨ2
0 −

3
2

RΨ2
0 = −

1
6

ð
3�

ðQ4 − 6σ2Q3

�

− ð
3�
σ2Q3

�

+
1
6

�

3
2

ðRðQ4 + 2ð
2
RQ4

�

−
1
6

ððΦ2
0 . (61)

Denoting

Ψ3
0 ≡ −

1
6

�

ð
3
Q5 +Φ

3
0

�

, (62)

one can then write Φ3
0 as a complicated integral over u which reabsorbs all the unwanted terms

and leads to the evolution equation ∂uQ5 = ðQ4 − 6σ2Q3.
While this construction enables to obtain the desired evolution equation for the spin 5

charge, it requires to introduce a complicated non-local function Ψ3
0 . This function contains

three types of terms, namely terms which vanish when σ̄2 = 0, terms which vanish when
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R = R[q◦] = 2, and terms which do not vanish in either case (coming e.g. from the second
line in (60)). As in the case of the spin 4 charge, one should investigate whether there exists
a preferred choice of gauge and tetrad for which some of these terms can simplify or possibly
vanish. This could allow to clarify the potential role played by the self-dual condition in the
study of these higher spin charges.

Spin s evolution at linear level. For the sake of completeness we can write the general form
of the evolution equations in the linearized theory. Using (23), (44e), and (A.3) we obtain

∂uΨ
n≥1
0 = −

1
n

ððΨn−1
0 −

1
4
(n+ 3)RΨn−1

0 + (NL)

=
(−1)n

n!
ðð

n
Qn+1 +

(−1)n

4
n+ 3
(n− 1)!

Rð
n−1

Qn+1 + (NL′)

=
(−1)n

n!
ð

n
ðQn+1 + (ðR terms) + (NL′) , (63)

where the contributions from the terms Φn−1
0 in (48) have been put in the non-linear terms,

as denoted by the change from (NL) to (NL′). Using (48) one last time we finally arrive at

ð
s−2
∂uQs = ð

s−2
ðQs−1 + (ðR terms) + (NL′′) . (64)

This closes the analysis of the evolution equations. We are going to use them in the next section
to infer the action of BMS symmetries on the higher spin charges.

4 BMSW symmetries and transformation laws

So far we have studied the subleading structure of the solution space and the evolution equa-
tions, with a particular emphasis on the map between the metric and the NP formalism. We
are now going to extend this dictionary to the study of the asymptotic symmetries and their
action on the solution space. For this, it will not be necessary to study the asymptotic symme-
tries of the first order tetrad formulation as done in [107, 108]. Instead, we will simply start
from the results in the metric formulation and then map them to the NP one. This will lead to
one of our main results, which is formula (86) for the transformation law of the higher spin
charges Qs under the action of BMSW transformations.

Let us recall that the BMSW vector field ξ= ξu∂u+ξr∂r+ξa∂a preserving the gauge choice
(which is the Bondi gauge supplemented by the differential determinant condition (4)) and
the boundary conditions (3) has components given by

ξu = f , (65a)

ξa = Y a + Ia = Y a −
∫ ∞

r
dr ′ e2Bγab∂b f = Y a +

Ia
1

r
+

Ia
2

r2
+O(r−3) , (65b)

ξr = −rW +
1
2

r
�

Ua∂a f − Da Ia
�

= −rW + ξr
0 +

ξr
1

r
+
ξr

2

r2
+O(r−3) , (65c)

with
∂r f = 0= ∂r Y a , ∂u f =W , ∂uW = 0 , ∂uY a = 0 . (66)

The sphere vector field Y a(x b) parametrizes the superrotations, and the temporal part can be
written as f = T +uW where T (xa) is a pure supertranslation and W (xa) a Weyl transforma-
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tion. The terms appearing in the angular and radial parts have expansions given by

Ia
1 = −∂

a f , (67)

Ia
2 =

1
2

Cab∂b f , (68)

Ia
3 = −

1
16
[CC]∂ a f , (69)

Ia
4 =

1
4

�

Eab
1 −

1
16
[CC]Cab
�

∂b f , (70)

Ia
5 =

1
5

Eab
2 ∂b f +

1
16

�

3
32
[CC]2 − [C E1]
�

∂ a f , (71)

ξr
0 =

1
2

D2 f , (72)

ξr
n>0 =

1
2

�

Ua
n+1∂a f − Da Ia

n+1

�

. (73)

With this information we can now compute the action of BMSW transformations on the various
fields of the solution space.

4.1 Transformation laws

We now study the transformation laws of the various quantities parametrizing the solution
space. In order to obtain these transformation laws, we will follow a simple approach which
consists in computing the Lie derivative δξgµν = Lξgµν of the on-shell spacetime metric under
the BMSW vector field ξ, and then reading off the various transformation laws. In particular,
this bypasses any reference to the so-called anomaly operator∆ξ defined in [124] and studied
in [49, 125–128]. It should also be noted that here we are not using a fixed background
structure nor a boundary Lagrangian, so there are no anomalies coming from these structures.

First, for the transformation of the full angular metric and its determinant we find by
computing Lξgab the results

δξγab =
�

f ∂u + LY + LI

�

γab + ξ
r∂rγab − 2γ(acU

c∂b) f , (74a)

δξ lnγ= f ∂u lnγ+
4
r
ξr + 2Daξ

a − 2Ua∂a f . (74b)

By expanding (74a) we can then extract the transformations of the various terms in the radial
expansion (5). For the first terms we find

δξqab =
�

f ∂u + LY − 2W
�

qab , (75a)

δξCab =
�

f ∂u + LY −W
�

Cab

+
�

LI1
+ 2ξr

0

�

qab , (75b)

δξDab =
�

f ∂u + LY

�

Dab − U2
(a∂b) f

+
�

LI2
+ 2ξr

1

�

qab +
�

LI1
+ ξr

0

�

Cab , (75c)

δξE
1
ab =
�

f ∂u + LY +W
�

E1
ab −
�

U3
(a + C(acU

c
2

�

∂b) f

+
�

LI3
+ 2ξr

2

�

qab +
�

LI2
+ ξr

1

�

Cab + LI1
Dab , (75d)

δξE
2
ab =
�

f ∂u + LY + 2W
�

E2
ab −
�

U4
(a + C(acU

c
3 + D(acU

c
2

�

∂b) f

+
�

LI4
+ 2ξr

3

�

qab +
�

LI3
+ ξr

2

�

Cab + LI2
Dab +
�

LI1
− ξr

0

�

E1
ab , (75e)

δξE
3
ab =
�

f ∂u + LY + 3W
�

E3
ab −
�

U5
(a + C(acU

c
4 + D(acU

c
3 + E1

(acU
c
2

�

∂b) f

+
�

LI5
+ 2ξr

4

�

qab +
�

LI4
+ ξr

3

�

Cab + LI3
Dab +
�

LI2
− ξr

1

�

E1
ab +
�

LI1
− 2ξr

0

�

E2
ab ,(75f)
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where LY Cab = Y c∂cCab + 2C(ac∂b)Y
c and LY Cab = Y c∂cC

ab − 2C (ac∂cY
b). The emerging

pattern can then easily be continued to write down the transformation law for an arbitrary
En

ab. We are actually interested in the transformation laws for the trace-free parts En
ab instead

of En
ab. These are given by

δξEn
ab = δξE

n
ab −

1
2

�

δξqabEn + qabδξE
n
�

. (76)

In particular, since Dab = 0 we have E1
ab = E1

ab and therefore δξE
1
ab = δξE1

ab. Next, we also
have the transformation laws

δξ ln
p

q = DaY a − 2W , (77a)

δξCab =
�

f ∂u + LY −W
�

Cab − 2D〈a∂b〉 f , (77b)

δξNab =
�

f ∂u + LY

�

Nab − 2D〈a∂b〉W , (77c)

δξM =
�

f ∂u + LY + 3W
�

M + 2J a∂a f +
1
4
∂u

�

CabDa∂b f
�

, (77d)

δξNa =
�

f ∂u+LY + 2W
�

Na+
1
8

�

[CN]−[CC]∂u−16M
�

∂a f +
1
2

�

DbDcCac−DaDcCbc

�

∂ b f

−
1
4
∂a

�

CabDa∂b f
�

− D〈a∂b〉 f DcC
bc −

1
2

Cab

�

R∂ b f + ∂ bD2 f
�

, (77e)

where LY Na = Y b∂bNa + Nb∂aY b. It is then convenient to rewrite these transformation
laws in terms of the covariant functionals introduced in (40). Recalling the definition
Mab =Mqab +ÝMϵab, we get11

δξN ab=
�

f ∂u + LY + 5W
�

N ab , (78a)

δξJ a=
�

f ∂u + LY + 4W
�

J a + 1N ab∂b f , (78b)

δξM=
�

f ∂u + LY + 3W
�

M + 2J a∂a f , (78c)

δξPa=
�

f ∂u + LY + 2W
�

Pa + 3Mab∂
b f , (78d)

δξE1
ab=
�

f ∂u + LY + 1W
�

E1
ab + 4P〈a∂b〉 f , (78e)

δξE2
ab=
�

f ∂u + LY + 2W
�

E2
ab + ∂

c f
�

4D〈aE1
b〉c − 5DcE1

ab

�

−
5
2

D2 f E1
ab + 2P c
�

C〈ac∂b〉 f − Cab∂c f
�

, (78f)

δξEn
ab=
�

f ∂u + LY + nW
�

En
ab + (inhomogeneous terms) . (78g)

The general form of these transformation laws is

δξFab··· =
�

f ∂u + LY + (∆− j)W
�

Fab··· + (inhomogeneous terms) , (79)

where j is the 2-dimensional spin (which is different from the NP spin s) and∆ the conformal
(or scale) weight [50,110]. These labels are given by

Ψ0
0 Ψ0

1 Ψ0
2 Ψ0

3 Ψ0
4 ∂u Da qab Cab Nab En

ab F
b1...bq
a1...ap

M Pa ma
1

j 0 0 0 0 0 0 1 2 2 2 2 p− q 0 1 −1
∆ 3 3 3 3 3 1 1 0 1 2 2+ n ? 3 3 0

(80)

We can see in (78) that the simple pattern for the transformation laws stops at E2
ab, whose

transformation contains many inhomogeneous terms. In the NP formalism it will be easy to
see that these terms are reabsorbed when trading E2

ab for the spin 3 charge Q3.

11Note the mismatch of numerical factor between (78c) and (43) of [110], which can be traced back to the two
factors of 2 which we have introduced in (38). We have chosen these factors in order to get the elegant numerical
pattern in (78).
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In order to obtain the transformation laws for the various NP scalars, we now introduce
the spin 1 quantity12 Y := Yama

1, its complex conjugate, and the notation ω := −W −ψ with
−2ψ := DaY a = ðȲ+ðY . With this we can compute that the leading angular frames transform
as

δξma
1 =
�

1
2

�

ðȲ − ðY
�

−ω
�

ma
1 − ðYm̄a

1 , δξm1
a =
�

1
2

�

ðȲ − ðY
�

+ω
�

m1
a + ðYm̄1

a . (81)

Using this together with (B.35), we then obtain

δξσ2 =
�

f ∂u +LY + 1W
�

σ2 + ð2 f , (82a)

δξλ̄1 =
�

f ∂u +LY + 2W
�

λ̄1 + ð2W , (82b)

δξΨ
0
4 =
�

f ∂u +LY + 3W
�

Ψ0
4 , (82c)

δξΨ
0
3 =
�

f ∂u +LY + 3W
�

Ψ0
3 + 1ð f Ψ0

4 , (82d)

δξΨ
0
2 =
�

f ∂u +LY + 3W
�

Ψ0
2 + 2ð f Ψ0

3 , (82e)

δξΨ
0
1 =
�

f ∂u +LY + 3W
�

Ψ0
1 + 3ð f Ψ0

2 , (82f)

δξΨ
0
0 =
�

f ∂u +LY + 3W
�

Ψ0
0 + 4ð f Ψ0

1 , (82g)

δξΨ
1
0 =
�

f ∂u +LY + 4W
�

Ψ1
0 − 5ð f ðΨ0

0 − 5Ψ0
0ðð f − ðΨ0

0ð f + 4σ2Ψ
0
1ð f , (82h)

δξΨ
n
0 =
�

f ∂u +LY + (n+ 3)W
�

Ψn
0 + (inhomogeneous terms) , (82i)

where we have introduced the spin-weighted Lie derivative acting on a generic functional Fs
of spin s as

LYFs :=
�

Yð+ Ȳð−
s
2

�

ð+ ð
��

Y − Ȳ
�

�

Fs . (83)

Note that this is not the same Lie derivative as the one appearing in the transformation laws
(78). As mentioned above, one can see that the apparent pattern in these NP transformation
laws stops at (82h). However, by using the commutation relations (E.7) and (E.9) along with
the definition Ψ1

0 ≡ −ðQ3 of the spin 3 charge, one can show from the transformation law
(82h) that Q3 transforms as

δξQ3 =
�

f ∂u +LY + 3W
�

Q3 + 5ð f Ψ0
0 . (84)

This is now a continuation of the pattern of transformation laws obtained in (82) for the
charges of spin −2 ≤ s ≤ 2, which strongly suggests that the higher spin charges Qs could all
transform in a similar fashion. We are now going to show that this is indeed the case, and that
this result follows from the form of the evolution equations.

4.2 Action on the higher spin charges

In the previous section we have introduced the higher spin charges Qs so that they satisfy the
evolution equation (49) by definition. This requires to introduce a specific Φs−2

0 at each order
in the expansion (48). The transformation law (82i), if known, can then in principle be used in
(48) to obtain the transformation law for the corresponding Qs. This is precisely how we have
obtained (84). However, since these calculations become extremely tedious (see for example
(4.25) of [108] for the transformation of Ψ2

0), a much more systematic and efficient way to
proceed is to use the fact that the transformation of a generic Qs must be compatible with the
evolution equation (49). This translates into the requirement that [∂u,δξ]Qs = 0. By studying

12Note that in [108] the spins of Y and Ȳ are opposite to ours, so Y
�

�

here = Ȳ
�

�

[108].
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the pattern in (82) and (84) one can easily find the Ansatz for the transformation law. This
leads us to consider

∂uQs = ðQs−1 − (s+ 1)σ2Qs−2 ,

δξQs =
�

f ∂u +LY + 3W
�

Qs + (s+ 2)ð f Qs−1 .

(85)

(86)

We are now going to show that these two operations intertwine each other. Such a proof is in
the spirit of the “gravity from symmetry” approach studied in [110], and it ties the dynamics of
the theory with its symmetry properties. Note that δξ only gives the action of supertranslations
(i.e. spin 0), superrotations (i.e. spin 1), and Weyl transformations on the higher spin charges
Qs. The action of the higher spin charges on themselves will be the subject of section 6.
Importantly, one should recall that (85) is, strictly speaking, only proven for −1 ≤ s ≤ 3.
As explained in section 3.3 above, for s ≥ 4 one can argue that quantities Qs≥4 satisfying
(85) should exist, but the definition of these quantities relies on redefinitions using non-local
objects Φs−2

0 as in (58) and (59). In the present section, we assume that there is an infinite set
of higher spin charges satisfying (85), and show that if that it the case then these quantities
transform under supertranslations ans superrotations as in (86).

The proof of the identity [∂u,δξ]Qs = 0 requires two steps. First, we show by a direct
computation detailed in appendix D that the commutator is given by

�

∂u,δξ
�

Qs =
�

LY , ð
�

Qs−1 −ψðQs−1 − (s− 1)ðψQs−1 , (87)

where −2ψ= DaY a = ðȲ+ðY . Then, we show in appendix E the identity (E.9), which in turn
implies the vanishing of the commutator and the announced result. Note that we prove (E.9)
in the special case of a boundary metric of the form qab = eφq◦ab for the sake of simplicity,
although the result can be shown to hold also for an arbitrary qab [129].

Anticipating the results of section 6, we can now already use the transformation law (86) to
obtain the linearized w1+∞ bracket (1) of the spin 0 and spin 1 charges acting on an arbitrary
Qs. For this let us freeze the Weyl transformations and set W =

�

ðȲ + ðY
�

/2. Following
section 2.3 we first need to construct charges which are conserved in the non-radiative vacuum.
In NP language the vacuum conditions J a vac

= 0
vac
= N ab translate to Q−1

vac
= 0

vac
= Q−2. The

conserved spin 0 and spin 1 charges are then given by q0 := Q0 itself and q1 := Q1 − uðQ0,
which is the contraction of (24a) with ma

1. Let us then use the equation of motion (85) to
write (86) explicitly as

δξQs =
�

f ∂u +LY + 3W
�

Qs + (s+ 2)ð f Qs−1

= (T + uW )
�

ðQs−1 − (s+ 1)σ2Qs−2

�

+LYQs + 3WQs+(s+2)(ðT+uðW )Qs−1 .(88)

Keeping only the linear terms, the action of a supertranslation is

�

δTQs

�(1)
= TðQs−1 + (s+ 2)ðTQs−1 , (89)

where the superscript is meant to denote the linearized action, as in (1). Using
W =
�

ðȲ + ðY
�

/2, the action of a superrotation with e.g. Ȳ ̸= 0 and Y = 0 is

�

δȲQs

�(1)
= LȲQs + 3WQs + u

�

δ(T=ðȲ/2)Qs

�(1)

=
�

Ȳð+
s+ 3

2
ðȲ
�

Qs + u
�

δ(T=ðȲ/2)Qs

�(1)
. (90)
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Next, let us consider the smeared charges

Q0(T ) :=

∮

T (z)q0(z) =Q0(T ) ,

Q1(Ȳ) :=

∮

Ȳ(z)q1(z) =

∮

�

Ȳ(z)Q1(z) + uðȲ(z)Q0(z)
�

=Q1(Ȳ) + uQ0(ðȲ) , (91a)

where the integral on the celestial sphere is defined as in (99) and has allowed us to perform
an integration by parts. Note the difference between the smeared charges Q1 and Q1: the
former is conserved in the vacuum while the latter is not. In section 6 we are going to show
that Q1(Ȳ) generates the superrotations 2δȲ (with an important factor of 2). Combining these
ingredients, when acting on a smeared charge

Qs(Z) :=

∮

Z(z)Qs(z) , (92)

we finally obtain after integrating by parts

�

Q0(T ),Qs(Z)
	(1)
=
�

δTQs(Z)
�(1)

=

∮

�

T ZðQs−1 + (s+ 2)ZðTQs−1

�

= −Qs−1

�

TðZ − (s+ 1)ZðT
�

, (93a)
�

Q1(Ȳ),Qs(Z)
	(1)
=
�

Q1(Ȳ),Qs(Z)
	(1) − u
�

Q0(ðȲ),Qs(Z)
	(1)

= 2
�

δȲQs(Z)
�(1) − u
�

δ(T=ðȲ)Qs(Z)
�(1)

=

∮

�

2ZȲðQs + (s+ 3)ZðȲQs

�

= −Qs

�

2ȲðZ − (s+ 1)ZðȲ
�

. (93b)

As announced, this reproduces the bracket (1) for s1 = 0,1 and s2 = s, which is the action of
the supertranslations and superrotations on the higher spin charges. Note however that here
we have obtained this bracket by considering the “bare” higher spin charges Qs which are
not conserved in the vacuum. In section 6 we will introduce charge aspects qs and smeared
charges Qs(Z) which are conserved in the vacuum to quadratic order, and give a proof of the
algebra (1) involving these renormalized charges.

5 Asymptotic charges

So far we have extensively used the terminology “charge” in a loose sense to refer to various
data in the solution space. In this section our aim is now to explain how the higher Bondi
aspects En

ab and the higher spin charges Qs are related to subleading asymptotic charges [101–
103] and to the so-called Newman–Penrose charges [104,111]. For the sake of simplicity and
clarity we are going to consider from now on that δqab = 0. The transformation laws (75a) and
(77a) then imply that Y a satisfies the conformal Killing equation13 DaYb + DbYa = (DcY

c)qab
and that W = DaY a/2. In NP form these conditions are ðY = 0= ðȲ and W =

�

ðȲ + ðY
�

/2.

13More precisely, one should recall that this conformal Killing equation holds globally and admits six independent
solutions, which correspond to the six Lorenz generators in SL(2,C). As in the so-called extended BMS setup [41],
one may also consider local solutions with poles, so as to still have δqab ̸= 0. Here we are not considering such
local solutions, and therefore the codimension-two sphere integrals do not pick up poles.
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5.1 Subleading BMS charges

We start by studying the leading and subleading asymptotic BMS charges. These can be found
using covariant phase space methods [130–134], and we are going to focus on the Iyer–Wald
prescription. In terms of the Komar aspect and the pre-symplectic potential given respectively
by

Kµν
ξ
= −
p

−g∇[µξν] , θµ =
p

−g
�

gαβδΓµ
αβ
− gµαδΓ β

αβ

�

, (94)

the Iyer–Wald charge aspect at a cut of I+ is given by the (ur) component of

/δHµνIW(ξ) = δKµν
ξ
− Kµν

δξ
+ ξ[µθν]

=
p

−g
�

ξ[µ
�

∇ν]δg −∇αδgν]α
�

+ ξα∇[µδgν]α +
�

1
2
δg g[µα −δg[µα

�

∇αξν]
�

, (95)

where δg := gµνδgµν. Our goal is to write the first terms in the expansion of the asymptotic
charges14

/δHur
IW(ξ) =

∞
∑

n=0

/δHn

rn
, /δHn =

p
q
�

δH i
n +H f

n +Hb
n

�

, (96)

where the contribution /δHn at every order is decomposed as the sum of an integrable part δH i
n,

a non-integrable flux term H f
n (which contains variations), and a boundary term Hb

n which
we will omit (since it plays no role when integrating the charge aspect against the celestial
sphere). Note that the decomposition between integrable and flux parts is partly arbitrary.
This expansion of the charges has already been studied in [101–103], but we give here a more
straightforward presentation along with the explicit dictionary between the metric expressions
and their NP counterpart. Up to sub-subleading order we find

/δH0











H i
0 = 2 f M+ Y a

�

Pa −
1
16
∂a[CC] +

1
2

CabU b
2

�

= f Ψ0
2 + Ȳ
�

Ψ0
1 −

1
2

ð(σ2σ̄2)−σ2ðσ̄2

�

+ (cc) ,

H f
0 = −

1
4

f CabδNab = − f σ2δλ1 + (cc) ,

/δH1







H i
1 = −

1
2

Y a
�

DbE1
ab −

1
16

Cab∂
b[CC] +

1
8
[CC]U2

a

�

= −
1
2
Ȳð
�

Ψ0
0 + σ̄2σ

2
2

�

+ (cc) ,

H f
1 = 0 ,

/δH2































































H i
2 = −

1
6

f
�

DaDbE1
ab + 4PaUa

2 −
3
32

CabDa∂b[CC] + 9CabUa
2 U b

2

�

−
1
6

Y a
�

DbE2
ab + 2E1

abU b
2 + CabDcE bc

1 −
1
2

C bc DaE1
bc −

1
4
∂a[CE1]
�

,

H f
2 =

1
2

f

�

Ua
2δ

�

4
3
Pa + 4CabU b

2 −
1
8
∂a[CC]
�

− Da

�

δCabCbcU
c
2

�

+
5

16
δ[CC]DaUa

2 −
1
32

DaDb
�

Cabδ[CC]
�

+
1
2
δCab
�

2
3

DaPb +
1
3
∂uE1

ab + Da

�

CbcU
c
2

�

+ U c
2 DcCab − 2Cac DcU2

b −
1
16

Da∂b[CC] +
1
8
[CC]Nab

�

−
1
4
Mδ[CC] +

1
6
δEab

1 Nab −
1
64
δ[CC]∂u[CC]

�

−
1
12

Y a∂a

�

C bcδE1
bc

�

,

/δHn







H i
n = −

1
n(n+ 1)

�

f DaDbEn−1
ab + Y aDbEn

ab

�

+ (NL) = −
1

n(n+ 1)

�

f ð
2
Ψn−2

0 + ȲðΨn−1
0

�

+ (NL) + (cc) ,

H f
n = (NL) ,

where for /δHn we have only given the linearized expressions.
The first contribution /δH0 is the usual BMS asymptotic charge. The second contribution

/δH1 has the particularity of vanishing identically once we integrate by parts and use the con-
formal Killing equation ðY = 0= ðȲ . We have still chosen to write it before the integration by

14We denote the asymptotic charges by H in order to avoid conflicting notation with the higher spin charges Q
and Q.
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parts to illustrate (part of) the contributions which would arise in the case of boundary condi-
tions with δqab ̸= 0. Similarly, the first term with Y a in H i

2 is also vanishing after integrating
by parts, but /δH2 still contains many non-vanishing terms. Finally, in the linearized theory
the (sub)n-leading contribution /δHn has a non-vanishing contribution from f while the term
Y aDbEn

ab is vanishing after integrating by parts. We explain in the next subsection how the
non-vanishing supertranslation contribution is related to the Newman–Penrose charges.

One should note that although the radial expansion of the charges (96) at order r−n in-
volves the charge aspects f DaDbEn−1

ab , the higher spin charges Qs do not appear in a “canon-
ical” manner, i.e. unless we force them to appear by using the rewriting (48). Since we
have computed the charges arising from the asymptotic Killing vector (65), the only symmetry
parameters are the supertranslations T and the superrotations Y a. Loosely speaking, in the
leading asymptotic charge T is paired with the mass M (i.e. the real part of the spin 0 charge
Q0) while Y a is paired with the momentum Pa. However, there is of course no independent
symmetric rank 2 tensor Zab which could be paired with the spin 2 charge E1

ab. By integrating
by parts, one could view DaDb f as the electric part of Zab, but this then lacks a magnetic part
and also does not come with an independent symmetry parameter. Based on the existence of
the tower of charges Qs and their properties, it is however tempting to conjecture that there
could be an associated tower of higher rank tensors (or scalars Za1...as m̄1

a1
. . . m̄1

as
of NP spin

−s) serving as independent symmetry parameters for the spin s ≥ 2 charges. This could po-
tentially arise from so-called hidden symmetries and the notion of asymptotic Killing–Stäckel
or Killing–Yano tensors [135,136] (see also [87,88] for Killing spinors and the hidden symme-
tries of the anti-self-dual Einstein equations). This is an interesting direction for future work,
which is related to the question of the physical role of the higher spin symmetries. The inter-
pretation of these symmetries given in [27,89,90] in terms of pseudo-vector fields could also
potentially be reinterpreted in terms of Killing tensors.

5.2 Map to the Newman–Penrose charges

Newman and Penrose have identified in [104,111] an infinite set of conserved quantities in the
linearized theory, and 10 real exactly conserved quantities in the full non-linear theory (even
in the presence of radiation). As suggested by the expansion of the Iyer–Wald charges (96)
obtained above, these NP charges are related to subleading asymptotic BMS charges. This was
already investigated in [101–103]. Here we simplify and rephrase these results since they fit
naturally in our discussion of the subleading structure of the Bondi gauge. We also point out
the relation to the higher spin charges Qs.

In order to proceed, let us consider the spin-weighted spherical harmonics Y s
ℓ,m with |m| ≤ ℓ

and |s| ≤ ℓ. These have the important property of being eigenfunctions of the operator ðð
since15

ðY s
ℓ,m =

1
p

2

Æ

(ℓ− s)(ℓ+ s+ 1)Y s+1
ℓ,m , (98a)

ðY s
ℓ,m = −

1
p

2

Æ

(ℓ+ s)(ℓ− s+ 1)Y s−1
ℓ,m , (98b)

ððY s
ℓ,m = −

1
2
(ℓ− s)(ℓ+ s+ 1)Y s

ℓ,m . (98c)

For simplicity, we will now denote the integrals on the celestial sphere by
∮

:=

∮

S

p
q dθ dφ , (99)

15Note that there are factors of
p

2 and 2 with respect to [104] due to a different normalization of the “edth”
operator ð.
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and therefore omit the measure factor. The NP charges are defined for n≥ 0 as

Gn,k
m :=

∮

Ȳ 2
n+k+2,mΨ

n+1
0 ∝
∮

Ȳn+k+2,mð
2
Ψn+1

0 =
1
2

∮

Ȳn+k+2,mDaDb
�

En+2
ab − i eEn+2

ab

�

, (100)

where for the second equality we have integrated by parts and dropped the numerical factors
entering the definition Ȳ s

ℓ,m∝ ð
s
Ȳℓ,m of the spin-weighted harmonics [104]. In the last equality

we have used (B.25) and (B.26) to rewrite the complex Weyl scalar Ψn
0 in terms of its real and

imaginary parts given respectively by En+1
ab and its dual eEn+1

ab . We can now show that in the
linearized theory the NP charges coincide with the higher spin charges. Indeed, using (48)
and neglecting the non-linear terms we find

Gn,k
m ≈

(−1)n+1

(n+ 1)!

∮

Ȳ 2
n+k+2,mð

n+1
Qn+3∝
∮

Ȳ n+3
n+k+2,mQn+3 , (101)

where the weak equality ≈ means that we have neglected non-linear terms, and∝ that we
have also dropped numerical factors.

We are now going to show that the charges Gn,0
m are conserved in the linearized theory,

while the charges G0,0
m are conserved even in the full non-linear theory [104,111]. Using the

linearized field equations (63), we find that the time evolution is

∂uGn,k
m ≈ −

1
n+ 1

∮

Ȳ 2
n+k+2,m

�

ðð+
1
2

n(n+ 5)
�

Ψn
0 =

k(k+ 2n+ 5)
2(n+ 1)

Gn−1,k+1
m , (102)

where we have neglected non-linear terms for the first equality. Taking k = 0, this shows that
the charges Gn,0

m are conserved in the linearized theory. If we now focus on

G0,k
m :=

∮

Ȳ 2
k+2,mΨ

1
0 , (103)

the evolution equation (52) can be used to find

∂uG0,k
m = −
∮

Ȳ 2
k+2,mð
�

ðΨ0
0 − 4σ2Ψ

0
1

�

=

√

√k(k+ 5)
2

∮

Ȳ 3
k+2,m

�

ðΨ0
0 − 4σ2Ψ

0
1

�

, (104)

which shows that the 5 complex charges G0,0
m are conserved even in the full non-linear theory.

One can furthermore show that G0,0
m is invariant under arbitrary supertranslations. Indeed,

using (52) and (82h) with f = T we find

δT G0,0
m =

∮

Ȳ 2
2,mδTΨ

1
0 = −
∮

Ȳ 2
2,mð
�

T
�

ðΨ0
0 − 4σ2Ψ

0
1

�

+ 5Ψ0
0ðT
�

, (105)

which vanishes after integrating by parts.

5.3 Algebra of charges and fluxes

Before moving on to the study of the w1+∞ algebra of higher spin charges, we conclude this
section with a review of the BMS algebra of charges and fluxes in NP form. Recall that because
we set δqab = 0 we have ðY = 0 = ðȲ and W =

�

ðȲ + ðY
�

/2, and also the commutation
property [δξ, ð] = 0. Let us consider the leading asymptotic charge /δQ0 and rename it

/δQξ = δQi
ξ +Ξξ[δ] = δ
�

f Ψ0
2 + Ȳ
�

Ψ0
1 −

1
2

ð(σ2σ̄2)−σ2ðσ̄2

��

− f σ2δλ1 + (cc) , (106)
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where we have chosen a split between integrable part δQi
ξ

and flux Ξξ[δ]. Using the evolution
equations (51) one can check that the integrable part satisfies the Wald–Zoupas conservation
criterion ∂uQi

ξ

vac
= 0 when ∂uσ2

vac
= 0. The algebra of these integrable charges can then be

obtained using the Barnich–Troessaert bracket [42]. Using the transformation laws (82), a
lengthy calculation16 leads to

�

Qi
ξ1

,Qi
ξ2

	

BT = δξ2
Qi
ξ1
+Ξξ2

[δξ1
]

=Qi
ξ12
+
�

( f1ð f2 − f2ð f1)Ψ
0
3 + (cc)
�

+ ð(. . . ) , (107)

where the right-hand side features the modified Lie bracket

[ξ1,ξ2]∗ = [ξ1,ξ2]−δξ1
ξ2 +δξ2

ξ1 = ξ12 ,

with

f12 := Y1ð f2 + Ȳ1ð f2 +
1
2

f1
�

ðȲ2 + ðY2

�

− (1↔ 2) , Ȳ12 := Ȳ1ðȲ2 − (1↔ 2) . (108)

As expected, the integrable charges represent the asymptotic symmetry algebra up to a field-
dependent 2-cocycle. The latter is however different from the cocycle appearing in [42, 108]
because we have chosen a different split (106) than in these reference, and because the
Barnich–Troessaert bracket is sensitive to this split. Here the cocycle involves Ψ0

3 and is there-
fore vanishing in the radiative vacuum. Alternatively, we could have considered another pre-
scription for the bracket, namely the Koszul bracket [137,138], which has the advantage of be-
ing independent from the split and of cancelling the field-dependency of the cocycle [51,139].

In the next section we are going to compute the higher spin w1+∞ algebra using the fluxes
instead of the charges. As a preliminary result, it is therefore useful to recall the computation
of the BMS flux algebra along the lines of [112, 113]. For this, we define the spin 0 and spin
1 complex flux aspects

F0 :=

∫ +∞

−∞
du∂uQ0 =Q0

�

�

�

I++

I+−
, F1 :=

∫ +∞

−∞
du∂u

�

Q1−uðQ0

�

=
�

Q1−uðQ0

�

�

�

�

I++

I+−
. (109)

Imposing the boundary conditions Q−1

�

�

I+±
= 0 = Q−2

�

�

I+±
, meaning that radiative vacua are

recovered at the corners I+± , one can show that these flux aspects transform as

δξF0=
�

LY + 3W
�

F0 =
�

Yð+ Ȳð+
3
2

�

ðȲ + ðY
�

�

F0 , (110a)

δξF1=
�

LY + 3W
�

F1 +
�

Tð+ 3ðT
�

F0 =
�

Yð+ Ȳð+ 2ðȲ + ðY
�

F1 +
�

Tð+ 3ðT
�

F0 . (110b)

Let us then integrate the flux aspects over the celestial 2-sphere to obtain the real-valued BMS
fluxes

F(ξ) :=

∮

�

TF0 + T F̄0 + ȲF1 +YF̄1

�

. (111)

Defining the bracket
�

F(ξ1), F(ξ2)
	

:= δξ1
F(ξ2) , (112)

we find after several integrations by parts on the sphere that

�

F(ξ1), F(ξ2)
	

= −F(ξ12) +

∮

�

F0 − F̄0

�

�

Ȳ2ð−Y2ð+
1
2

�

ðY2 − ðȲ2

�

�

T1 , (113)

16The calculation uses in particular the fact that (A− Ā)Ψ0
2 + (cc) = (A− Ā)(Ψ0

2 − Ψ̄
0
2 ) = A(Ψ0

2 − Ψ̄
0
2 ) + (cc) for an

arbitrary complex function A, and the rewriting of (Ψ0
2 − Ψ̄

0
2 ) as in (B.34c).
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with

T12 := Y1ðT2 + Ȳ1ðT2 +
1
2

T1

�

ðȲ2 + ðY2

�

− (1↔ 2) , Ȳ12 := Ȳ1ðȲ2 − (1↔ 2) . (114)

This means that the fluxes represent the BMS algebra when the contribution of the dual mass

F0 − F̄0 = 2iÝM
�

�

�

I++

I+−
, (115)

is vanishing at the corners of I. This is the so-called electricity condition on the shear [112,
113].

6 Higher spin charges and w1+∞ algebra

Now that we have introduced all the background material, notations and conventions, we
turn to the second main scope of this paper, which is the study of the higher spin charges and
their w1+∞ algebra. This will follow closely the construction and the proof presented in [89],
although with two important differences. First, and most importantly, our formula (134) for
the conserved charges at quadratic level corrects formula (48) of [89] by providing the non-
local terms required for conservation when s ≥ 2. Second, we will considerably shorten the
proof by working with the smeared charges instead of the local charge aspects.

6.1 Setup and idea of the proof

For the sake of compactness, let us denote the shear and the news by C := σ2 and
N̄ := λ1 = ∂uσ̄2, so that Q−2 = −∂uN̄ and Q−1 = −ðN̄ . With these notations, the master
evolution equation for the higher spin charges becomes ∂uQs = ðQs−1− (s+1)CQs−2. Follow-
ing [27], let us then introduce for any function F(u, z) the iterated antiderivative

�

∂ −n
u F
�

(u, z) =

∫ u

+∞
du1

∫ u1

+∞
du2 · · ·
∫ un−1

+∞
dun F(un, z) , (116)

where from now on we will also use z as a complex coordinate on the celestial 2-sphere. This
can be used to integrate and recursively combine the evolution equations, provided we use the
boundary conditions

N̄ =O
�

u−(1+s+ε)
�

, lim
u→+∞

Qs = 0 , (117)

where ε > 0. Integrating the first few equations of motion then leads to

Qs= ∂
−1
u ðQs−1 − (s+ 1)∂ −1

u

�

CQs−2

�

, (118a)

Q−2= −∂uN̄ , (118b)

Q−1= −ðN̄ , (118c)

Q0= −ð2∂ −1
u N̄ + ∂ −1

u

�

C∂uN̄
�

, (118d)

Q1= −ð3∂ −2
u N̄ + ∂ −2

u ð
�

C∂uN̄
�

+ 2∂ −1
u

�

CðN̄
�

, (118e)

Q2= −ð4∂ −3
u N̄ + ∂ −3

u ð2
�

C∂uN̄
�

+ 2∂ −2
u ð
�

CðN̄
�

+ 3∂ −1
u

�

C∂ −1
u ð2N̄
�

− 3∂ −1
u

�

C∂ −1
u (C∂uN̄)
�

. (118f)

For arbitrary spin s, this rewriting of the charges using the iterated equations of motion will
be of the form

Qs =
kmax
∑

k=1

Qk
s , kmax =
j s

2

k

+ 2 , (119)
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where each Qk
s features exactly (k − 1) contributions from C and 1 contribution from N̄ . We

can then solve (118a) recursively to obtain the soft, quadratic hard, and higher order contri-
butions17 [90]. They are given by18

Q1
s≥−2 = −
�

∂ −1
u ð
�s+2

∂uN̄ , (121a)

Q2
s≥0 =

s
∑

ℓ=0

(ℓ+ 1)∂ −1
u (∂

−1
u ð)s−ℓ
�

C(∂ −1
u ð)ℓ∂uN̄
�

, (121b)

Qk≥2
s≥2(k−2) = −

s
∑

ℓ=0

(ℓ+ 1)∂ −1
u (∂

−1
u ð)s−ℓ
�

CQk−1
ℓ−2

�

, (121c)

where we have indicated the spins at which the various orders start to appear.
With these ingredients in sight, the idea of the proof is the following. As shown by Ashtekar

and Streubel [140], future null infinity comes equipped with a symplectic structure in which
the shear C is conjugated to the news N̄ . The w1+∞ algebra at linear level will essentially
follow from the resulting Poisson bracket between the soft (121a) and quadratic hard charges
(121b). However, as noted above the charges (118) are not conserved for s ≥ 1. The brackets
will therefore not be computed directly with the charges Qs, but instead with renormalized
charges qs which are conserved (at quadratic level). In order to guess the general spin s
formula for these renormalized charges, it is informative to study the action of Q0,1,2,3 on the
shear.

6.2 Action of Q0,1,2,3 on the shear

The symplectic structure on I+ is

Ω=
1
4

∮ ∫ +∞

−∞
duδNabδCab =

∮ ∫ +∞

−∞
duδλ1δσ2+(cc)=

∮ ∫ +∞

−∞
duδN̄δC+(cc) . (122)

This leads to the fundamental Poisson brackets
�

N̄(u, z), C(u′, z′)
	

= δ(u− u′)δ(z − z′) , (123a)
�

Q−2(u, z), C(u′, z′)
	

= −∂uδ(u− u′)δ(z − z′) = ∂u′δ(u− u′)δ(z − z′) , (123b)
�

Q−1(u, z), C(u′, z′)
	

= −δ(u− u′)ðzδ(z − z′) . (123c)

17It is interesting to note that some of the higher order contributions can be interpreted as collinear corrections
to the soft theorem upon computing the Fourier transform of the action on the shear. This was studied for example
in section 5 of [27] in the case of the spin 2 charge and the sub-subleading soft graviton. We thank the anony-
mous referee for pointing this out. It would be interesting to obtain a systematic understanding of these collinear
contributions.

18Translating to the notations of [89] we have

C = σ2 = −
1
2

Cabma
1mb

1 = −
1
2

C [89] , ∂uN̄ = ∂ 2
u σ̄2 = −

1
2
N [89] , N̄ = N [89] , κ2

[89] = 8 . (120)
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Using these brackets, the integrated equations of motion (118), and the identities given in
appendix F, we can compute the action of the charges Q0,1,2,3 on the shear C . The full results
including the theta functions are given in appendix G. For u′ > u these brackets simplify to
�

Q0(u, z), C(u′, z′)
	

= ð2
zδ(z − z′) + N(u′, z)δ(z − z′) , (124a)

�

Q1(u, z), C(u′, z′)
	

= (u− u′)ðz

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

− ðz

�

C(u′, z)δ(z − z′)
�

− 2C(u′, z)ðzδ(z − z′) , (124b)
�

Q2(u, z), C(u′, z′)
	

=
1
2
(u− u′)2ð2

z

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

− (u− u′)ðz

�

ðz

�

C(u′, z)δ(z − z′)
�

+ 2C(u′, z)ðzδ(z − z′)
�

+ 3C(u′, z)2δ(z − z′)

+ 3H(u, u′, z)
�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

, (124c)
�

Q3(u, z), C(u′, z′)
	

=
1
6
(u− u′)3ð3

z

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

−
1
2
(u− u′)2ð2

z

�

ðz

�

C(u′, z)δ(z − z′)
�

+ 2C(u′, z)ðzδ(z − z′)
�

+ 3(u− u′)ðz

�

C(u′, z)2δ(z − z′)
�

+ 3ðz

�

�

∂ −2
u′ C(u′, z)− ∂ −2

u C(u, z)
��

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

�

+ 3(u− u′)ðz

�

∂ −1
u′ C(u′, z)
�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

�

− 4H(u, u′, z)
�

ðz

�

C(u′, z)δ(z − z′)
�

+ 2C(u′, z)ðzδ(z − z′)
�

− 4u′H(u, u′, z)ðz

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

+ 4

∫ u′

u
du′′ u′′C(u′′, z)ðz

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

, (124d)

where we have introduced the non-local history of the shear

H(u, u′, z) :=

∫ u′

u
du′′ C(u′′, z) . (125)

Such non-local terms start to appear in the action of the charges on the shear for s ≥ 2.
In order to continue, we should now note that there are two (related) issues with the

charges Qs≥1. The first one is that their action on C depends on u (and is therefore divergent
in the limit u→−∞), and the second is that they are not conserved when Q−1

vac
= 0

vac
= Q−2.

In order to solve these issues, one can consider the renormalized charge aspects

q̃0 :=Q0 , (126a)

q̃1 :=Q1 − uðQ0 , (126b)

q̃2 :=Q2 − uðQ1 +
u2

2
ð2Q0 + 3
�

∂ −1
u C
�

Q0 , (126c)

q̃3 :=Q3 − uðQ2 +
u2

2
ð2Q1 −

u3

6
ð3Q0 + 4
�

∂ −1
u C
�

Q1

− 4
�

∂ −2
u C
�

ðQ0 − 3ð
�

∂ −1
u (uC)Q0

�

, (126d)
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which are evaluated at (u, z), and where ∂ −1
u C(u, z) = H(+∞, u, z). Using (124) we can

compute that for u′ > u these quantities act on the shear as
�

q̃0(u, z), C(u′, z′)
	

= ð2
zδ(z − z′) + N(u′, z)δ(z − z′) , (127a)

�

q̃1(u, z), C(u′, z′)
	

= −u′ðz

�

q̃0(u, z), C(u′, z′)
	

− ðz

�

C(u′, z)δ(z − z′)
�

− 2C(u′, z)ðzδ(z − z′) , (127b)
�

q̃2(u, z), C(u′, z′)
	

= −
u′2

2
ð2

z

�

q̃0(u, z), C(u′, z′)
	

− u′ðz

�

q̃1(u, z), C(u′, z′)
	

+ 3∂ −1
u′ C(u′, z)
�

q̃0(u, z), C(u′, z′)
	

+ 3C(u′, z)2δ(z − z′) , (127c)
�

q̃3(u, z), C(u′, z′)
	

=
u′3

3
ð3

z

�

q̃0(u, z), C(u′, z′)
	

+
u′2

2
ð2

z

�

q̃1(u, z), C(u′, z′)
	

+
�

∂ −1
u′
�

u′C(u′, z)
�

ðz − 3∂ −1
u′ ðz

�

u′C(u′, z)
�

�

�

q̃0(u, z), C(u′, z′)
	

+ 4∂ −1
u′ C(u′, z)
�

q̃1(u, z), C(u′, z′)
	

− 3u′ðz

�

C(u′, z)2δ(z − z′)
�

, (127d)

where in the last bracket we have used

H(u, u′, z) = H(u,+∞, z) +H(+∞, u′, z) = −∂ −1
u C(u, z) + ∂u′C(u

′, z) ,

and the integral Leibniz rule

∂ −1
u

�

uC(u, z)
�

= u∂ −1
u C(u, z)− ∂ −2

u C(u, z) . (128)

The charge actions described by the brackets (127) are indeed u-independent and have more-
over been shown in [27] to lead for s = 0,1, 2 to the leading, subleading, and sub-subleading
soft graviton theorems. This therefore tells us that a prescription for the conserved charges
must reproduce in particular (126c) for s = 2.

In order to recast the action of the charges on the shear in a more familiar form, let us
introduce a function Z which has NP spin weight −2 and consider the smeared charges

Q0(T ; u) :=

∮

T (z)q̃0(u, z) , Q1(Ȳ; u) :=

∮

Ȳ(z)q̃1(u, z) , Q2(Z; u) :=

∮

Z(z)q̃2(u, z) . (129)

We then find that these charges act on the shear as

δ0
T C(u′, z′) =
�

Q0(T ; u), C(u′, z′)
	

= T N + ð2T , (130a)

δ1
ȲC(u′, z′) =
�

Q1(Ȳ; u), C(u′, z′)
	

=
�

3ðȲ + 2Ȳð
�

C + u′
�

ðȲN + ð3Ȳ
�

=
�

3ðȲ + 2Ȳð
�

C + u′δ0
ðȲC(u′, z′) , (130b)

δ2
Z C(u′, z′) =
�

Q2(Z; u), C(u′, z′)
	

= 3ZC2 + 3(N + ð2)
�

Z∂ −1
u′ C
�

+ u′
�

3ð2Z + 2ðZð
�

C +
u′2

2

�

ð2ZN + ð4Z
�

= 3ZC2 + 3(N + ð2)
�

Z∂ −1
u′ C
�

+ u′δ1
ðZ C −

u′2

2
δ0

ð2Z C , (130c)

where the results on the right-hand side are understood as evaluated at (u′, z′). This consis-
tently reproduces the transformation (82a) of the shear under supertranslations and superro-
tations, with f = T + uW and W =

�

ðȲ + ðY
�

/2, up to an overall factor of 1/2 for the super-
rotations. The action of Q2 can be understood in terms of spin 2 pseudo-vector fields [27,89].
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We can now also check that the charges (126) are conserved in the vacuum
Q−1

vac
= 0

vac
= Q−2, provided however that the shear satisfies limu→+∞ C = 0. Indeed, one

can compute their evolution to find

∂uq̃0 = ðQ−1 − CQ−2 , (131a)

∂uq̃1 = −uð∂uQ0 − 2CQ−1 , (131b)

∂uq̃2 =
u2

2
ð2∂uQ0 + 2uð(CQ−1) + 3

�

∂ −1
u C
�

∂uQ0 , (131c)

∂uq̃3 = −
u3

6
ð3∂uQ0 − u2ð2(CQ−1)− 8

�

∂ −1
u C
�

CQ−1 − 4
�

∂ −2
u C
�

ð∂uQ0

− 3ð
�

∂ −1
u (uC)∂uQ0

�

, (131d)

where the boundary condition on the shear was used to obtain

∂u∂
−1
u C(u, z) = ∂uH(+∞, u, z) = C(u, z) .

With the charges (126) we therefore obtain both finiteness as u → −∞ when acting on C
and conservation in the vacuum. The form of these charges will now help us find a general
expression for arbitrary spin s charges which are conserved at quadratic level.

6.3 Conserved charges at quadratic level

Let us start with the renormalized charges of [89], which are given by

q̂s :=
s
∑

n=0

(−u)n

n!
ðnQs−n . (132)

These charges evolve as

∂uq̂s =
(−u)s

s!
ðs+1Q−1 −

s
∑

ℓ=0

(−u)s−ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ�CQℓ−2

�

(133a)

=
(−u)s

s!
ðs∂uQ0 − 2

(−u)s−1

(s− 1)!
ðs−1(CQ−1)−

s
∑

ℓ=2

(−u)s−ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ(CQℓ−2) , (133b)

and therefore fail to be conserved in the vacuum Q−2
vac
= 0

vac
= Q−1 for s ≥ 2 because of the

last term on the second line. We therefore need an alternative definition for the conserved
charges. A first guess would be to consider renormalized charges defined as in (26) by a sum
over ∂ n

u Qs. While this can indeed be used to define conserved charges, one can check for s = 2
that this prescription differs from (126c), and is therefore not viable. Alternatively, one could
subtract from q̂s the anti-derivative ∂ −1

u of the last term in (133b). This would also lead to
conserved charges, but once again to the incorrect action on the shear for s = 2.

After studying the first few conserved charges (126), and also anticipating the consistency
results which we will obtain below (i.e. the general formula for the action on the shear),
it turns out that the correct expression for conserved charges of arbitrary spin s is given to
quadratic order by

q̃s :=
s
∑

n=0

(−u)n

n!
ðnQs−n +

s
∑

ℓ=2

ℓ−2
∑

n=0

(−1)n(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
�

∂ −(n+1)
u

�

(−u)s−ℓC
�

ðnQℓ−2−n

�

+O(F3)
�

�

s≥4 . (134)
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The first sum corresponds to q̂s, and O(F3) denotes cubic and higher order contributions in
the fields (C ,Q) (and therefore also in the fields (C , N̄)) which start to appear for spins s ≥ 4.
For example for s = 4 this contribution is

O(F3)
�

�

s=4 =
15
2
(∂ −1

u C)(∂ −1
u C)Q0 . (135)

The evolution of the charges (134) is given by

∂uq̃s =
(−u)s

s!
ðs
�

ðQ−1 − CQ−2

�

+
s
∑

ℓ=1

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
�

∂ 1−ℓ
u

�

(−u)s−ℓC
�

ðℓ−1Q−1

�

−
s
∑

ℓ=2

ℓ−2
∑

n=0

(−1)n(ℓ+ 1)
(s− ℓ)!

(ℓ− 1− n)ðs−ℓ
�

∂ −(n+1)
u

�

(−u)s−ℓC
�

ðn
�

CQℓ−4−n

�

�

+ ∂uO(F3)
�

�

s≥4 ,

(136)

where the whole second line is of order O(F3). This therefore shows that the proposal (134)
indeed defines charges which are conserved in the radiative vacuum at quadratic order, i.e. up
to corrections of order F3. We are now going to study the linear and quadratic components of
these conserved higher spin charges, and in particular rewrite their action on the shear. This
will then enable us to compute their bracket at linear level.

6.4 Higher spin brackets at linear level

Let us consider the renormalized higher spin charge aspects (134). Using (119), these charges
can also be decomposed into soft, quadratic hard and higher order contributions as

q̃s =
kmax
∑

k=1

q̃k
s . (137)

Using the soft and quadratic hard contributions obtained respectively from k = 1 and k = 2,
our goal is to prove the bracket (1). This is a smeared version of the bilocal Poisson bracket of
higher spin charges defined by the linearization

�

qs1
(z), qs2

(z′)
	(1)

:=
�

q2
s1
(z), q1

s2
(z′)
	

+
�

q1
s1
(z), q2

s2
(z′)
	

, (138)

where qs(z) := limu→−∞ q̃s(u, z). It is indeed clear from (121a) and (123) that the soft contri-
butions commute, so that the linearized bracket reduces to the two brackets between soft and
quadratic hard contributions. In order to compute this bracket, we will now study separately
the two main building blocks, which are the action of the soft and quadratic hard contributions
on the shear.

Interestingly, before delving into the details of the computation, let us mention that the
brackets (1) for Q0,1,2 can be checked in a very direct (yet heuristic) manner by computing the
linearized bracket of the smeared fluxes. This is explained in appendix H.

6.4.1 Soft higher spin charges

Using (121a) and (134), we find that the soft part of the renormalized higher spin charges is
given by

q̃1
s = q̂1

s =
s
∑

n=0

(−u)n

n!
ðnQ1

s−n = −
s
∑

n=0

(−u)n

n!
∂ n−s−1

u ðs+2N̄ . (139)
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This is therefore the same result as in [89] since there is no difference between the charges q̃s
and q̂s at the linear (i.e. soft) level. Taking the time derivative leads to

∂uq̃1
s = −

(−u)s

s!
ðs+2N̄ , (140)

which can be integrated again to obtain

q̃1
s (u, z) = −
∫ u

+∞
du′
(−u′)s

s!
ðs+2

z N̄(u′, z) . (141)

The steps leading to this result are equivalent to using the integral Leibniz rule (F.3). Finally,
we can take the limit in u to obtain

q1
s (z) := lim

u→−∞
q̃1

s (u, z) = ðs+2
z N̄s(z) , N̄s(z) :=

(−1)s

s!

∫ +∞

−∞
duusN̄(u, z) , (142)

where N̄s is the negative helicity (sub)s-leading soft graviton operator. In Fourrier modes,
this coincides with the leading, subleading, and sub-subleading soft charges for s = 0,1, 2
respectively [24–27,74].

Using the bracket (123a), we then find that the action of the soft higher spin charges on
the shear is given by

�

q1
s (z), C(u′, z′)
	

=
(−u′)s

s!
ðs+2

z δ(z − z′) . (143)

As a consistency check, one can verify that this action coincides for s = 0,1, 2,3 with the
field-independent order C0 terms appearing in the brackets (127). It should also be noted
that (142) is ill-defined for s = −1, and in particular does not correspond to the (purely soft)
charge Q−1. This is the reason why the bracket (1) excludes the case where s1 = 0= s2, which
explains why the spin interval in w1+∞ is s ∈ ⟦1,+∞⟦ and not just N.

6.4.2 Hard higher spin charges

Using (121a) and (121b), we find that the quadratic contribution in the conserved higher spin
charges (134) is given by

q̃2
s =

s
∑

n=0

(−u)n

n!
ðnQ2

s−n +
s
∑

ℓ=2

ℓ−2
∑

n=0

(−1)n(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
�

∂ −(n+1)
u

�

(−u)s−ℓC
�

ðnQ1
ℓ−2−n

�

=
s
∑

n=0

n
∑

ℓ=0

(−u)s−n(ℓ+ 1)
(s− n)!

∂ ℓ−n−1
u ðs−ℓ�C(∂ −1

u ð)ℓ∂uN̄
�

−
s
∑

ℓ=2

ℓ−2
∑

n=0

(−1)n(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
�

∂ −(n+1)
u

�

(−u)s−ℓC
�

∂ n−ℓ+1
u ðℓN̄
�

. (144)

In order to compute the action of this hard term on the shear, it turns out to be much more
convenient to act with the quadratic part of the evolution equation (136), which is

∂uq̃2
s =
(−u)s

s!
ðs
�

C∂uN̄
�

−
s
∑

ℓ=1

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
�

∂ 1−ℓ
u

�

(−u)s−ℓC
�

ðℓN̄
�

. (145)
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This enables us to obtain the key identity

�

q̃2
s (u, z), C(u′, z′)

	(1)
= ∂ −1

u

�

(−u)s

s!
ðs

z

�

C(u, z)∂uδ(u− u′)δ(z − z′)
�

�

− ∂ −1
u

� s
∑

ℓ=1

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
z

�

∂ 1−ℓ
u

�

(−u)s−ℓC(u, z)
�

δ(u− u′)ðℓzδ(z − z′)
�

�

(2)
= −∂ −1

u

�

(−u)s

s!
ðs

z

�

C(u, z)∂u′δ(u− u′)δ(z − z′)
�

�

− ∂ −1
u

� s
∑

ℓ=1

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
z

�

∂ 1−ℓ
u′
�

(−u′)s−ℓC(u′, z)
�

δ(u− u′)ðℓzδ(z − z′)
�

�

(3)
= −∂ −1

u ∂u′

�

(−u′)s

s!
ðs

z

�

C(u′, z)δ(u− u′)δ(z − z′)
�

�

− ∂ −1
u

� s
∑

ℓ=1

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
z

�

∂ 1−ℓ
u′
�

(−u′)s−ℓC(u′, z)
�

δ(u− u′)ðℓzδ(z − z′)
�

�

(4)
= ∂u′

�

(−u′)s

s!
ðs

z

�

C(u′, z)θ (u′ − u)δ(z − z′)
�

�

+
s
∑

ℓ=1

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
z

�

∂ 1−ℓ
u′
�

(−u′)s−ℓC(u′, z)
�

θ (u′ − u)ðℓzδ(z − z′)
�

. (146)

In step (1) we have used the fundamental Poisson brackets (123) and applied the operator
∂ −1

u to the whole bracket. In step (2) we have used the delta function identities (F.1b) and
(F.1c). In step (3) we have pulled out the derivative ∂u′ on the first line and then used (F.1c)
once again. Finally, in step (4) we have used (F.1d). In the final result the u-dependency is
only in the theta functions, which allows to easily take the limit u→ −∞ in order to obtain
the action of q2

s (z) := limu→−∞ q̃2
s (u, z). The two lines then recombine and we finally arrive at

�

q2
s (z), C(u′, z′)
	

=
s
∑

ℓ=0

(−1)ℓ(ℓ+ 1)
(s− ℓ)!

ðs−ℓ
z ∂ 1−ℓ

u′

�

(−u′)s−ℓC(u′, z)ðℓzδ(z − z′)
�

=
s
∑

ℓ=0

ℓ
∑

n=0

(−1)s−n(ℓ+ 1)
(s− ℓ)!

�

ℓ

n

�

∂ 1−ℓ
u′

�

(u′)s−ℓðn
z′C(u

′, z′)ðs−n
z δ(z − z′)
�

, (147)

where for the second equality we have used (F.1b) and (F.1c) repeatedly.
The result (147) is the same as equation (60) of [89], although in this reference the start-

ing point (56) corresponds only to the first term of our starting point (144). We therefore
arrive at the same (correct) result but from a different starting point. The explanation for this
apparent paradox is that after starting from the charges (56) which are not conserved (since
they correspond to q̂2

s and not q̃2
s ), reference [89] uses an identity on the first line of (58) which

does not hold in general19 (and this is indeed the only identity which we have not needed to
use in the above derivation). Astonishingly, the combination of this formula with the starting
point (56) conspire precisely in a way leading to the correct result (60), or here (147)! Note
that this does not invalidate any of the other results of [89].

Let us now go back to the bracket (147). In order to continue, we need to use identities
from pseudo-differential calculus which are derived in [89], and in particular the higher order
integral Leibniz rule

∂ 1−ℓ
u′
�

(u′)s−ℓC(u′, z′)
�

= (∆u′ − ℓ)s−ℓ∂ 1−s
u′ C(u′, z′) , (148)

19This identity would imply in particular that f (u)∂ −a
u δ(u−u′) = (−1)a f (u)∂ −a

u′ δ(u−u′), which is true for a ≤ 0
but not for a > 0.
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where ∆u := u∂u + 1 and (x)ℓ = x(x − 1) . . . (x − ℓ+ 1) is the falling factorial with (x)0 = 1.
Using this we obtain

�

q2
s (z), C(u′, z′)
	

=
s
∑

ℓ=0

ℓ
∑

n=0

(−1)s−n(ℓ+ 1)
(s− ℓ)!

�

ℓ

n

�

(∆u′ − ℓ)s−ℓ∂ 1−s
u′ ðn

z′C(u
′, z′)ðs−n

z δ(z − z′) . (149)

We can then switch the sums using
∑s
ℓ=0

∑ℓ
n=0 =
∑s

n=0

∑s
ℓ=n, and the sum over ℓ can be

computed with the identity
s
∑

ℓ=n

(ℓ+ 1)!
(ℓ− n)!(s− ℓ)!

(∆u′ − ℓ)s−ℓ =
(n+ 1)!
(s− n)!

(∆u′ + 2)s−n . (150)

This finally leads to the action of the quadratic charges on the shear and its complex conjugate
in the form
�

q2
s (z), C(u′, z′)
	

=
s
∑

n=0

(−1)s−n(n+ 1)
(s− n)!

(∆u′ + 2)s−n∂
1−s
u′ ðn

z′C(u
′, z′)ðs−n

z δ(z − z′) , (151a)

�

q2
s (z), C̄(u′, z′)
	

=
s
∑

n=0

(−1)s−n(n+ 1)
(s− n)!

(∆u′ − 2)s−n∂
1−s
u′ ðn

z′ C̄(u
′, z′)ðs−n

z δ(z − z′) . (151b)

We do not reproduce the detailed calculations leading to the second bracket, but they can be
found in [89]. As a consistency check for the general formula (151a) we can expand explicitly
the brackets for s = 0, 1,2, 3, which gives
�

q2
0(z), C(u′, z′)
	

= N(u′, z′)δ(z − z′) , (152a)
�

q2
1(z), C(u′, z′)
	

= −(u′∂u′ + 3)C(u′, z′)ðzδ(z − z′) + 2ðz′C(u
′, z′)δ(z − z′) , (152b)

�

q2
2(z), C(u′, z′)
	

=
u′2

2
N(u′, z′)ð2

zδ(z − z′) (152c)

+ u′
�

3C(u′, z′)ð2
zδ(z − z′)− 2ðz′C(u

′, z′)ðzδ(z − z′)
�

+ 3∂ −1
u′

�

ð2
z′C(u

′, z′)δ(z − z′)− 2ðz′C(u
′, z′)ðzδ(z − z′) + C(u′, z′)ð2

zδ(z − z′)
�

,

�

q2
3(z), C(u′, z′)
	

= −
u′3

6
N(u′, z′)ð3

zδ(z − z′)

+
u′2

2

�

2ðz′C(u
′, z′)ð2

zδ(z − z′)− 3C(u′, z′)ð3
zδ(z − z′)
�

+ u′∂ −1
u′

�

6ðz′C(u
′, z′)ð2

zδ(z − z′)− 3ð2
z′C(u

′, z′)ðzδ(z − z′)− 3C(u′, z′)ð3
zδ(z − z′)
�

+ ∂ −2
u′

�

6ðz′C(u
′, z′)ð2

zδ(z − z′)− 9ð2
z′C(u

′, z′)ðzδ(z − z′)

+ 4ð3
z′C(u

′, z′)δ(z − z′)− C(u′, z′)ð3
zδ(z − z′)
�

. (152d)

Using the formula

f (z)ðs
zδ(z − z′) =

s
∑

n=0

(−1)n
�

s
n

�

�

ðn
z′ f (z

′)
�

ðs−n
z δ(z − z′) , (153)

we can then check that these brackets agree with the linear part of the brackets (127), as they
should.

A final identity is now required in order to compute the charge algebra. This is the action
of the quadratic charges on the soft graviton operator N̄s. Using (151b) and the fact that
N̄(u, z) = ∂uC̄(u, z) in (142), one can show that

�

q2
s1
(z), N̄s2

(z′)
	

=
s1
∑

n=0

(n+ 1)
�

s1 + s2 − n
s2

�

ðn
z′ N̄s1+s2−1(z

′)ðs1−n
z δ(z − z′) . (154)

The proof of this relation is given in appendix B of [89] (see also [90] for a proof in the so-called
discrete basis) and relies on identities involving the operator ∆u.
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6.4.3 Charge algebra

We now have all the necessary ingredients to compute the two terms in the local bracket
(138), and then derive from this the smeared bracket (1). Starting from (154) and using
q1

s (z) = ðs+2
z N̄s(z) we obtain

�

q2
s1
(z), q1

s2
(z′)
	

=
s1
∑

n=0

(n+ 1)
�

s1 + s2 − n
s2

�

ðs2+2
z′

�

ðn
z′ N̄s1+s2−1(z

′)ðs1−n
z δ(z − z′)
�

. (155)

Let us now consider the smeared linear and quadratic charges

Q1
s (Z) :=

∮

Z(z)q1
s (z) , Q2

s (Z) :=

∮

Z(z)q2
s (z) , (156)

where Z has helicity −s. With this smearing, the bracket (155) can be integrated by parts and
integrated over δ(z − z′). As shown in appendix I, one can then derive the relation

�

Q2
s1
(Z1),Q

1
s2
(Z2)
	

= −(s1 + 1)Q1
s1+s2−1(Z1ðZ2) +

∮

/ðB1 , (157)

where the second term on the right-hand side is such that /ðB1 − /ðB2 = ðB, where /ðB2 is
obtained from /ðB1 by swapping (s1↔ s2, Z1↔ Z2). Note that Z1 and Z2 have respective spin
weights −s1 and −s2. Using this, it is then immediate to obtain

�

Qs1
(Z1),Qs2

(Z2)
	(1)
=
�

Q2
s1
(Z1),Q

1
s2
(Z2)
	

+
�

Q1
s1
(Z1),Q

2
s2
(Z2)
	

=
�

Q2
s1
(Z1),Q

1
s2
(Z2)
	

− (s1↔ s2, Z1↔ Z2)

= −Q1
s1+s2−1

�

(s1 + 1)Z1ðZ2 − (s2 + 1)Z2ðZ1

�

. (158)

This is indeed the announced result (1), which we have derived starting from the quasi-
conserved charges (134). The present proof is considerably shorter than that presented in [89]
because we have chosen to work with the smeared charges. This allows to integrate the delta
functions (which enables to bypass the use of many delta function identities) and to integrate
by parts freely.

An important question which remains open is that of the structure of the charge
bracket beyond the linear truncation. For the spin 0 and spin 1 charges, one can check
that the bracket closes as expected beyond linear order. This can be seen from the
heuristic calculations presented in appendix H (see (H.4)), or by checking explicitly the
�

quadratic, quadratic
	

= quadratic brackets
�

Q2
1(Ȳ),Q

2
0(T )
	

= −Q2
0

�

2ȲðT − TðȲ
�

and
�

Q2
1(Ȳ1),Q2

1(Ȳ2)
	

= −Q2
1

�

2Ȳ1ðȲ2−2Ȳ2ðȲ1

�

using the ingredients given above. Starting with
spin s = 2 however the bare (118) and renormalized (126) charges start to involve cubic
terms. This implies for example that the bracket between Q2 and Q0 cannot a priori close
to Q1 (unless a non-trivial cancelation happens) as in the linear truncation (1), since there
will be a contribution of the type

�

cubic, quadratic
	

= cubic while Q1 contains only linear and
quadratic terms. This cubic contribution beyond linear order can actually already be seen from
the transformation law (86), which implies that the bracket between Q0 and Q2 produces a
term σ2Q1, which does indeed contain a cubic contribution. The study of such higher order
contributions is deferred to future work. We note that the quadratic and cubic brackets were
studied in [90, 91], however using the non-conserved charges (132), so it will be useful to
generalize this work to the charges (134) and their cubic contributions.
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Finally, let us end with a brief discussion on the bracket of real charges.20 As established
and discussed in detail in [95], the real part Re(Qs) of the higher spin charges is related to the
non-radiative multipole moments of the spacetime. The algebra of these multipole moments

can therefore be obtained from the bracket of the real charges
�

Re(Qs1
), Re(Qs2

)
	(1)

, which
in turn can be rewritten partly in terms of the mixed bracket between Qs and its complex
conjugate Q̄s. This bracket is however missing from our analysis and that of [89]. In appendix
J we partly fill this gap by gathering the ingredients necessary for the computation. This

preliminary analysis shows that the mixed bracket
�

Qs1
(Z1), Q̄s2

(Z2)
	(1)

does not close for

spins s = 0, 1 unless we restrict the smearing functions to satisfy ðZ1 = 0= ðZ2. For arbitrary
higher spin charges, the bracket can only close if the structure of the algebra described by the
smearing functions on the right-hand side contains inverse operators ð−1. This can be seen for
example on the bracket (J.8). We will come back to a detailed study of this mixed bracket and
of the bracket of the real charges in future work.

7 Conclusion and perspectives

In this work we have studied the subleading structure of asymptotically-flat spacetimes, and
explained how the higher Bondi aspects appearing in the radial expansion of the transverse
metric can be traded for higher spin charges forming the w1+∞ algebra (1). In the spirit
of [27, 89, 91], this is a direct realization in the gravitational phase space of the symmetry
structure unraveled in celestial holography [79, 80] and twistor theory [69, 83, 84, 91, 92].
For this construction, we have mapped the metric formalism in Bondi–Sachs gauge to the
Newman–Penrose formalism, and then studied the expansion of Ψ0 along with its evolution
equation. In particular, we have shown that the recursive Einstein evolution equations (49)
can be obtained if we introduce non-local terms in the map (48) between Ψs−2

0 and the higher
spin charges Qs. We have then proved formula (86) for the transformation under BMSW
transformations of an arbitrary charge Qs of spin s. This formula reproduces immediately the
higher spin bracket (1) for s1 = 0,1 and s2 = s.

After having studied the map between the metric and the Newman–Penrose formalism,
and the definition of the higher spin charges, we have studied in section 6 the algebra of the
higher spin charges. The main new result to come out of this analysis is formula (134) for
the charges which are conserved in the radiative vacuum up to quadratic order. We have then
verified that this formula for the renormalized charges leads to the correct action (151a) on
the shear, and then used this result to compute the bracket (158). One of our goals, which
was achieved, was to shorten and streamline the proof of this bracket given in [89]. This was
made possible by the use of smeared generators (156) and the identity (157).

The upshot of this work and of the previous analysis [89] is rather surprising, since
it strongly suggests that one can realize the w1+∞ algebra (1) on the phase space of
asymptotically-flat spacetimes without the need to impose any self-dual condition or trun-
cation (other than the linearization of the bracket at this stage). In order to clarify the status
of this observation, several important open questions should be investigated.

• Relation with self-dual gravity. An important open question is whether a self-dual con-
dition should play a role in the construction of the higher spin charges and in the analysis
of their bracket. Indeed, no such condition has been required for our construction and
that of [89], which is in sharp contrast with the constructions given e.g. in [80, 84].
However, as mentioned in the beginning of section 3.3, from the point of view of our
construction this question is most likely related to the need of introducing the non-local

20I thank Geoffrey Compère for raising this question.
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quantities Ψs−2
0 in (48) in order to identify the higher spin charges Qs and obtain the

recursion relation (49). An interesting observation comes from comparing the non-local
term (59) required at spin 4 with its equivalent formula in [104,108]. This comparison
suggests that it should be possible to find a choice of tetrad for which the self-dual con-
dition σ̄2 = 0 sets Φ2

0 = 0. This would imply that the evolution equation (49) is exact at
spin 4 in the self-dual theory. We keep this important investigation for future work.

• Brackets beyond linear order. An obvious extension of the present construction is to
consider the bracket of renormalized higher spin charges beyond the linear truncation
defined by (138). In short, the question is whether the algebra of higher spin charges
closes beyond linear order. Using the discrete basis introduced in [90], it was shown
in [91] that the algebra of the global charges closes at quadratic order, while for the
local charges this was verified for the bracket of two spin 2 charges. As mentioned below
(158), beyond quadratic order the bracket of e.g. Q2 with Q0 contains a contribution of
the type
�

cubic, quadratic
	

= cubic, while Q1 contains only linear and quadratic terms.
This seems to suggest that the bracket cannot close in full generality in the same form
as (1). There is still a chance that the full bracket will close, but the resulting structure
is so far unknown. This point therefore deserves to be investigated.

• Mixed helicity and real brackets. Relatedly, the bracket between mixed helicity charges
Qs and Q̄s should also be investigated in detail. In particular, this bracket is required
in order to compute the bracket of the real charges Re(Qs) which are related to the
canonical multipole moments via the dictionary established in [95]. We have gathered
preliminary formulas for the computation of this bracket in appendix J, and shown that
already for the brackets (J.6) it is necessary to impose chiral conditions ðZ1 = 0 and
ðZ2 = 0 on the symmetry parameters. Furthermore, for the higher spin brackets the
example (J.8) suggests that operators ð−1 are needed in order for the mixed helicity
brackets to close. This is also an important question which will be studied in future
work.

• Relation with hidden symmetries. An intriguing question is that of the possible rela-
tionship between the higher spin symmetries and so-called hidden symmetries generated
by Killing–Yano or Killing–Stäckel tensors. Indeed, we have seen that the higher spin
charges and symmetries appear naturally as the continuation of the tower of relation-
ships between memories, soft gravitons, and asymptotic symmetries. At the level of the
asymptotic charges (94), the mass is paired with a spin 0 symmetry parameter, and the
angular momentum with a spin 1 vector. It therefore seems natural to try to interpret the
higher spin charges as being associated with higher rank tensors (or scalars with higher
Newman–Penrose spin weight). However, when studying the subleading BMS charges
as we did in section 5.1, there are of course no independent symmetry parameters asso-
ciated with the higher Bondi aspects En

ab or with Ψn−1
0 . More work is therefore required if

a relationship with hidden symmetries is to be uncovered. We note however that [87,88]
(see also references therein) establishes a relationship between the integrability of the
anti-self-dual Einstein equations and hidden symmetries. This could potentially be used
to reinterpret the w1+∞ symmetry in terms of hidden symmetries.

• Relaxation of the boundary conditions. A rather challenging task is to study whether
the higher spin charges and their w1+∞ algebra can be defined with more relaxed bound-
ary conditions, e.g. in the context of GBMS [41] or BMSW [49], for polyhomogeneous
expansions [50,116–118], or in the partial Bondi gauge [50,51] (which generically con-
tains ∂uqab ̸= 0 and a free boundary metric with B0 ̸= 0 and Ua

0 ̸= 0). Here we have
started our analysis with BMSW in order to derive the general transformation law (86).
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This is also why the rewriting of the evolution equations for spin 4 and 5 contain ðR (see
e.g. (59)). However, the entire analysis of section 6 has been done with the implicit
assumption that δqab = 0. Studying more relaxed boundary conditions or alternative
gauge choices would enable to probe the “robustness” of the w1+∞ structure.

• Higher spin symmetries at finite distance. Finally, it would be interesting to study if
subleading charges and symmetry algebras, possibly of the w1+∞ form, can appear on
any null surface, and in particular on black hole or cosmological horizons. This question
is in the spirit of attempts at finding the most general boundary charges and symmetries
in general relativity [126, 128, 141–159]. One can also wonder if w1+∞ should play
a role in topological theories such as three-dimensional gravity [160]. It was shown
in [161, 162] that the BMS3 and double Virasoro algebras can be obtained from the
Sugawara constructions based on the quadratic Casimirs of the isometry groups. This
begs the question of whether a w-algebra structure can be obtained by considering higher
order Casimirs [163,164].
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A Details on the Newman–Penrose formalism

Our choice of signature is (−,+,+,+). We convert p-covariant and q-contravariant tensors

F
b1...bq
a1...ap

into spin s = p − q scalars through the projection Fs = ma1
1 . . . m

ap

1 m̄1
b1

. . . m̄1
bq

F
b1...bq
a1...ap

onto the frames (39) and their complex conjugates of respective spin +1 and −1. The spin-
weighted derivatives, or GHP “edth” operators, are defined by [165]

ðFs :=
�

ma
1∂a + 2sβ1

�

Fs = ma1
1 · · ·m

ap

1 m̄1
b1
· · · m̄1

bq
mc

1Dc F
b1···bq
a1···ap

, (A.1a)

ðFs :=
�

m̄a
1∂a + 2sα1

�

Fs = ma1
1 · · ·m

ap

1 m̄1
b1
· · · m̄1

bq
m̄c

1Dc F
b1···bq
a1···ap

, (A.1b)

where 2β1 = −Dama
1 and 2α1 = Dam̄a

1. Their commutator is given by

�

ð,ð
�

Fs =
s
2

RFs , (A.2)

where R = R[q] is the Ricci scalar of the leading sphere metric qab. From this we get the
commutation relations

ðð
2
F3= ð

2
ðF3 −

5
2

R ðF3 −
3
2

ðRF3 , (A.3a)

ðð
3
F4= ð

3
ðF4 −

9
2

R ð
2
F4 −

3
2

ðR ðF4 − 2ð
2
RF4 , (A.3b)

ðð
n
Fs= ð

n
ðFs +

R
4

n(n− 2s− 1)ð
n−1

Fs +
n
∑

k=1

(n− k)
�

n− k− 1− s(k+ 2)
�

2(k+ 2)(k+ 1)

�

n
k

�

ð
k
R ð

n−k−1
Fs , (A.3c)

ððnFs= ðnðFs +
R
4

n(n+ 2s− 1)ðn−1Fs +
n
∑

k=1

(n− k)
�

n− k− 1+ s(k+ 2)
�

2(k+ 2)(k+ 1)

�

n
k

�

ðkR ðn−k−1Fs . (A.3d)
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The various NP spin weights of objects encountered in the main text are

Ψ4 Ψ3 Ψ2 Ψ1 Ψ0 ∂u ð α β σ λ C N̄ ma
1 m̄a

1 Y
s −2 −1 0 1 2 0 1 −1 1 2 2 2 −2 1 −1 1

(A.4)

and complex conjugation takes s→−s. Starting from a tetrad eµi = (ℓ, n, m, m̄), we define the
spin coefficients γi jk := eµj eνk∇νeiµ, and then choose to write the expansion of these coefficients
(for example in the case of α) as

α=
∞
∑

n=n0

αn

rn
, (A.5)

where n0 is specific to each coefficient. All the terms in such an expansion have the same NP
spin. For the tetrad (36) constructed in the main text we find

α= 1
2
(γ124 − γ344) =

1
2r

Dam̄a
1 −

σ̄2ᾱ1

r2
+
σ2σ̄2α1

2r3
+O(r−4) , (A.6a)

β = 1
2
(γ123 − γ343) = −

ᾱ1

r
+
σ2α1

r2
−

1
2r3

�

σ2σ̄2ᾱ1 +Ψ
0
1

�

+
1

6r4

�

2ðΨ0
0 −α1Ψ

0
0

�

+O(r−5) , (A.6b)

γ= 1
2
(γ122 − γ342) = −

Ψ0
2

2r2
+

1
6r3

�

2ðΨ0
1 + ᾱ1Ψ̄

0
1 −α1Ψ

0
1

�

+O(r−4) , (A.6c)

ε= 1
2
(γ121 − γ341) = 0 , (A.6d)

π= γ421 = 0 , (A.6e)

µ= γ423 =
R
4r
+

1
r2

�

∂uσ̄2σ2 −Ψ0
2

�

+
1

8r3

�

4ðΨ0
1 +σ2σ̄2R
�

+O(r−4) , (A.6f)

ν= γ422 = −
Ψ0

3

r
+O(r−2) , (A.6g)

λ= γ424 =
∂uσ̄2

r
+
σ̄2R
4r2

+O(r−3) , (A.6h)

κ= γ131 = 0 , (A.6i)

τ= γ132 = −
Ψ0

1

2r3
+

1
6r4

�

2ðΨ0
0 −σ2Ψ̄

0
1

�

+O(r−5) , (A.6j)

σ = γ133 =
1
2

e−2B∂rγabmamb

= −
Cabma

1mb
1

2r2
−
Ψ0

0

2r4
−
Ψ1

0

3r5
−

1
4r6

�

Ψ2
0 −

σ2σ̄2

2
Ψ0

0

�

−
1

5r7

�

Ψ3
0 −

σ2σ̄2

2
Ψ1

0

�

+O(r−8) , (A.6k)

ρ = γ134 =
1
2

e−2B∂r ln
p
γ

=
1
r
+
σ2σ̄2

2r3
−

1
8r5

�

σ2Ψ̄
0
0 + σ̄2Ψ

0
0 + (σ2σ̄2)

2
�

−
1

15r6

�

σ2Ψ̄
1
0 + σ̄2Ψ

1
0

�

+O(r−7) . (A.6l)

Similarly, we can also expand the tetrad vectors themselves. The vector ℓ = e−2B∂r can be
expanded using (12). The expansion of the null frames mµ = (0, mr , ma) and nµ = (1, nr , na)
is

mr =
mr

1

r
+

mr
2

r2
+

mr
3

r3
+O(r−4) , (A.7a)

ma =
ma

1

r
+

ma
2

r2
+

ma
3

r3
+

ma
4

r4
+O(r−5) , (A.7b)

nr = nr
0 +

nr
1

r
+

nr
2

r2
+O(r−3) , (A.7c)

na =
na

3

r3
+O(r−4) , (A.7d)

43

https://scipost.org
https://scipost.org/SciPostPhys.18.1.023


SciPost Phys. 18, 023 (2025)

with

mr
1 =

1
2

DbCabma
1 = −ðσ2 , (A.8a)

mr
2 =

1
2

�

Pa −
1
2

CabDcC
bc −

1
8
∂a[CC]
�

ma
1 =

1
2

�

Ψ0
1 − 2σ2ðσ̄2 − ð

�

σ2σ̄2

�

�

, (A.8b)

mr
3 =

1
6

�

6
16
[CC]DbCab +

3
16

Cab∂
b[CC]− CabP b − DbEab

�

ma
1

= σ2

�

1
3
Ψ̄0

1 − σ̄2ðσ2 −
1
2

ð
�

σ2σ̄2

�

�

−
1
6

ðΨ0
0 , (A.8c)

ma
1 =
√

√qθθ
2q

�p
q+ iqθφ

qθθ
δa
θ − iδa

φ

�

, (A.8d)

ma
2 = −

1
2

Cabm1
b = σ2m̄a

1 , (A.8e)

ma
3 =

1
16
[CC]ma

1 =
1
2
σ2σ̄2ma

1 , (A.8f)

ma
4 = −

1
6
Eab

1 m1
b = −

1
6
Ψ0

0 m̄a
1 , (A.8g)

nr
0 = −

R
4

, (A.8h)

nr
1 = M , (A.8i)

nr
2 =

1
2

�

V1 + U2
a Ua

2

�

= −
1
8

�

4
3

�

ðΨ0
1 + ðΨ̄0

1

�

+σ2σ̄2R
�

, (A.8j)

na
3 = −

1
6
Pa = −

1
6

�

Ψ0
1 m̄a

1 + Ψ̄
0
1 ma

1

�

. (A.8k)

From (A.6) and (A.8) we can then deduce
�

m̄a
2∂a + 2sα2

�

Fs = σ̄2ðFs , (A.9a)
�

ma
2∂a + 2sβ2

�

Fs = σ2ðFs , (A.9b)
�

m̄a
3∂a + 2sα3

�

Fs =
1
2
σ2σ̄2ðFs , (A.9c)

�

ma
3∂a + 2sβ3

�

Fs =
1
2
σ2σ̄2ðFs − sΨ0

1Fs , (A.9d)

�

ma
4∂a + 2sβ4

�

Fs =
2s
3

ðΨ0
0Fs −

1
6
Ψ0

0ðFs , (A.9e)

�

na
3∂a + 2sγ3

�

Fs =
2s
3

ðΨ0
1Fs −

1
6

�

Ψ0
1ð+ Ψ̄0

1ð
�

Fs . (A.9f)

The leading angular frames satisfy

m1
am̄1

b +m1
bm̄1

a = qab , (A.10a)

m1
am̄1

b −m1
bm̄1

a = iϵab , (A.10b)

Dam1
b − Dbm1

a = 2iβ1ϵab , (A.10c)

mb
1 Dbma

1 −ma
1Dbmb

1 = 0 , (A.10d)

mb
1 Dbm̄a

1 + m̄a
1Dbmb

1 = 0 , (A.10e)

ima
1 = −ϵabm1

b , (A.10f)

ðm̄a
1 = ðma

1 . (A.10g)
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B Various identities

Here we gather various useful identities and relations, involving in particular the contraction
of tensors with the angular frames. Given a symmetric and trace-free tensor Fab and a vector
Va we denote F := Fabma

1mb
1 and V := Vama

1, and we have the following identities:

D2Fab + RFab = 2Dc D〈aFb〉c , (B.1)

D2Fab − RFab = 2D〈aDc Fb〉c , (B.2)

[CC] = 8σ2σ̄2 , (B.3)

eCabma
1mb

1 = −2iσ2 , (B.4)

F abSab = FS̄ + F̄S , (B.5)

eF abSab = i(FS̄ − F̄S) , (B.6)

F abm̄1
a∂b f = F̄ð f , (B.7)

DaV a = ðV + ðV̄ , (B.8)

DaeV
a = i(ðV − ðV̄) , (B.9)
�

DaFbc

�

ma
1mb

1mc
1 = ðF , (B.10)

�

DbFab

�

ma
1 = ðF , (B.11)

�

V bFab

�

ma
1 = V̄F , (B.12)

�

Sbc DbFca

�

ma
1 = S̄ðF , (B.13)

�

ScaDbF bc
�

ma
1 = SðF̄ , (B.14)

�

Sbc DaF bc
�

ma
1 = SðF̄ + S̄ðF , (B.15)

�

DaVb

�

ma
1mb

1 = ðV , (B.16)
�

DaVb

�

m̄a
1mb

1 = ðV , (B.17)
�

V aDbFab

�

ma
1mb

1 = YðF̄ + ȲðF , (B.18)
�

V c Dc Fab

�

ma
1mb

1 = V̄ðF +VðF , (B.19)
�

V c DaFbc

�

ma
1mb

1 = V̄ðF , (B.20)
�

Fac DcVb

�

ma
1mb

1 = FðV , (B.21)
�

Fac DbV c
�

ma
1mb

1 = FðV̄ , (B.22)

Dc
�

VaFbc

�

ma
1mb

1 = ð(VF) , (B.23)

V aDbFab = VðF̄ + V̄ðF , (B.24)

DaDbFab = ð2F̄ + ð
2
F , (B.25)

iDaDb
eFab = ð2F̄ − ð

2
F , (B.26)

�

D2Fab

�

ma
1mb

1 = 2ððF + RF = 2ððF − RF , (B.27)
�

Sac Dc Dd Fbd

�

ma
1mb

1 = Sð
2
F , (B.28)

�

Scd Dc DaFbd

�

ma
1mb

1 = S̄ð2F , (B.29)
�

Scd DaDbFcd

�

ma
1mb

1 = S̄ð2F +Sð2F̄ , (B.30)
�

Scd Dc Dd Fab

�

ma
1mb

1 = S̄ð2F +Sð
2
F , (B.31)

�

DcS
cd DaFbd

�

ma
1mb

1 = ðS̄ðF , (B.32)
�

DcS
cd Dd Fab

�

ma
1mb

1 = ðS̄ðF + ðSðF . (B.33)
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The mass and the dual mass are related to Ψ0
2 by

2M = Ψ0
2 + Ψ̄

0
2 − ∂u

�

σ2σ̄2

�

= 2Ψ0
2 + ð2σ̄2 − ð

2
σ2 − 2σ2∂uσ̄2 , (B.34a)

2M= Ψ0
2 + Ψ̄

0
2 = 2Ψ0

2 + ð2σ̄2 − ð
2
σ2 + σ̄2∂uσ2 −σ2∂uσ̄2 , (B.34b)

2iÝM= Ψ0
2 − Ψ̄

0
2 = ð

2
σ2 − ð2σ̄2 − σ̄2∂uσ2 +σ2∂uσ̄2 . (B.34c)

We also have the following expressions for the contractions of the Lie derivative:

(LY Fab)m
a
1mb

1 = YðF + ȲðF + 2ðȲF , (B.35a)

(LY F ab)m1
am1

b = YðF + ȲðF − 2ðYF , (B.35b)

(LY Va)m
a
1 = YðV + ȲðV + ðȲV + ðYV̄ , (B.35c)

(LY V a)m1
a = YðV + ȲðV − ðYV − ðYV̄ , (B.35d)

together with their complex conjugate. This can then be converted into the spin-weighted Lie
derivative LY using (83).

C Spin 3 evolution with Bondi tetrad

In this appendix we study the evolution equation for Ψ1
0 and the identification of the spin 3

functional Q3 using the Bondi tetrad (29). In order to lighten the notations, we drop the tilde
used for the spin coefficients and Weyl scalars built from (29). With this tetrad, the expansions
of the Weyl scalars and of the spin coefficients change drastically from the expressions we have
used throughout the text and obtained with the tetrad (36).

The leading frame ma
1 is again given by (39). For the spin coefficients however, we find

that the quantities of interest for what follows have the new expansion

α=
1
2r

Dam̄a
1 +O(r−2) , (C.1a)

β = −
ᾱ1

r
+

1
2r2

�

2α1σ2 − ᾱ1σ̄2 − 3ᾱ1σ2 − 2ðε2

�

+O(r−3) , (C.1b)

γ= −
∂uε2

r
+O(r−2) , (C.1c)

ε=
1

4r2
(σ2 − σ̄2) +O(r−3) , (C.1d)

π=
ðσ̄2

r2
+O(r−3) , (C.1e)

µ=
R
4r
+O(r−2) , (C.1f)

τ=
ðσ2

r2
+O(r−3) , (C.1g)

σ = −
Cabma

1mb
1

2r2
+

4ε2σ2

r3
+O(r−4) . (C.1h)

We should note in particular the appearance of ε2 since now ε ̸= 0. The effect of this term is
seen on the expansion of the frame and of the Weyl scalars, which gives

ma
2 = 2ε2ma

1 +σ2m̄a
1 , Ψ1

1 = −ðΨ0
0 + 2ε2Ψ

0
1 , Ψ1

2 = −ðΨ0
1 . (C.2)

With this, expanding (50d) leads to the evolution equation

∂uΨ
1
0 = −ð
�

ðΨ0
0 − 4σ2Ψ

0
1

�

+ 4ε2

�

ðΨ0
1 − 3σ2Ψ

0
2

�

− 4γ1Ψ
0
0 . (C.3)
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Since γ1 = −∂uε2 we can then use the spin 2 evolution equation (51d) to finally arrive at

∂u

�

Ψ1
0 − 4ε2Ψ

0
0

�

= −ð
�

ðΨ0
0 − 4σ2Ψ

0
1

�

. (C.4)

This shows that, when using the tetrad (29), the identification of the spin 3 functional Q3
from the subleading term in Ψ0 is through the non-linear shift −ðQ3 = Ψ1

0 − 4ε2Ψ
0
0 . The

computation of Ψ1
0 using (42) also reveals that Ψ1

0 = 6E2
abma

1mb
1 + 4ε2Ψ

0
0 , so that at the end

of the day, in terms of the data of the Bondi solution space, we still have −ðQ3 = 6E2
abma

1mb
1 .

This illustrates the subtleties which arise when mapping the metric formalism in BS gauge to
the NP one.

D Commutator between ∂u and δξ

In this appendix we evaluate the commutator of the action of ∂u and δξ on Qs. For this, we
first compute the time evolution of the transformation law to obtain

∂uδξQs =
�

f ∂u +LY + 4W
�

ðQs−1 − (s+ 1)
�

f ∂u +LY + 4W
��

σ2Qs−2

�

+ (s+ 2)ðWQs−1 + (s+ 2)ð f
�

ðQs−2 − sσ2Qs−3

�

. (D.1)

Then, we use the commutation relation (E.7) to compute the transformation of the time-
evolved higher spin charges, which gives

δξ∂uQs = δξðQs−1− (s+ 1)δξ
�

σ2Qs−2

�

= ðδξQs−1−ωðQs−1 − (s− 1)ðωQs−1− (s+ 1)δξ
�

σ2Qs−2

�

= ð
�

�

f ∂u +LY + 3W
�

Qs−1 + (s+ 1)ð f Qs−2

�

−ωðQs−1 − (s− 1)ðωQs−1

− (s+ 1)
�

f ∂u +LY + 4W
��

σ2Qs−2

�

− (s+ 1)ð2 f Qs−2 − s(s+ 1)ð f σ2Qs−3

= ð f ∂uQs−1 + f ∂uðQs−1 + ð(LYQs−1) + 3ðWQs−1 + 3WðQs−1 +((((((((
(s+ 1)ð2 f Qs−2 + (s+ 1)ð f ðQs−2

−ωðQs−1 − (s− 1)ðωQs−1

− (s+ 1)
�

f ∂u +LY + 4W
��

σ2Qs−2

�

−((((((((
(s+ 1)ð2 f Qs−2 − s(s+ 1)ð f σ2Qs−3

= ð f ðQs−2 − sð f σ2Qs−3 + f ∂uðQs−1 + ð(LYQs−1) + 3ðWQs−1 + 3WðQs−1 + (s+ 1)ð f ðQs−2

−ωðQs−1 − (s− 1)ðωQs−1

− (s+ 1)
�

f ∂u +LY + 4W
��

σ2Qs−2

�

− s(s+ 1)ð f σ2Qs−3

= f ∂uðQs−1 + ð(LYQs−1) + 3ðWQs−1 + 3WðQs−1 + (s+ 2)ð f ðQs−2

−ωðQs−1 − (s− 1)ðωQs−1

− (s+ 1)
�

f ∂u +LY + 4W
��

σ2Qs−2

�

− s(s+ 2)ð f σ2Qs−3 . (D.2)

We have introduced the coloring to keep track of the various contributions. Subtracting these
two results, we finally find that the commutator reduces to
�

∂u,δξ
�

Qs = [LY , ð]Qs−1 +WðQs−1 + (s− 1)ðWQs−1 +ωðQs−1 + (s− 1)ðωQs−1

= [LY , ð]Qs−1 −ψðQs−1 − (s− 1)ðψQs−1 , (D.3)

where we have used the fact that ω= −W −ψ.

E Identities in conformal gauge

In this appendix we prove two useful relations which hold in conformal gauge qab = eφq◦ab,
and which we have used in order to prove the result

�

∂u,δξ
�

Qs = 0 of section 4.2. First, let
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us recall the definitions

Y := Yama
1 , ω := −W −ψ , ψ := −

1
2

DaY a = −
1
2

�

ðȲ + ðY
�

. (E.1)

From the transformations laws (77a) and (75a), we deduce that when qab = eφq◦ab we have

δξ ln
p

q = δξφ = 2ω , DaYb + DbYa = (DcY
c)qab , (E.2)

meaning in particular that Y a satisfies the conformal Killing equation. Projecting the latter
onto ma

1 and m̄a
1 then leads to the conditions ðY = 0 = ðȲ , which in turn implies from (81)

that
δξma

1 = −ωma
1 , δξm1

a =ωm1
a . (E.3)

Let us now consider the commutation relations
�

δ, ð
�

Qs =
�

δma
1∂a + 2sδβ1

�

Qs ,
�

δ, ð
�

Qs =
�

δm̄a
1∂a + 2sδα1

�

Qs . (E.4)

Using the variations

δβ1 = −
1
2

�

Daδma
1 +δΓ

b
ab[q]m

a
1

�

, δα1 = +
1
2

�

Daδm̄a
1 +δΓ

b
ab[q]m̄

a
1

�

, (E.5)

and the fact that Γ b
ab[q] = ∂a ln

p
q, we then find

δξβ1 = −ωβ1 −
1
2

ðω , δξα1 = −ωα1 +
1
2

ðω , (E.6)

which therefore leads to the commutation relations
�

δξ, ð
�

Qs = −ωðQs − sðωQs ,
�

δξ, ð
�

Qs = −ωðQs + sðωQs . (E.7)

Using the definition (83) and the conditions ðY = 0= ðȲ , we can also compute

LY
�

ðQs

�

= YððQs + Ȳð2Qs −
s+ 1

2

�

ðY − ðȲ
�

ðQs , (E.8a)

ð
�

LYQs

�

= ðYðQs +YððQs + ðȲðQs + Ȳð2Qs −
s
2

�

ððY − ð2Ȳ
�

Qs −
s
2

�

ðY − ðȲ
�

ðQs , (E.8b)

which upon using (A.2) leads to the commutation relations
�

LY , ð
�

Qs =ψðQs + sðψQs ,
�

LY , ð
�

Qs =ψðQs − sðψQs . (E.9)

One should recall that these expressions have been obtained in the conformal gauge for sim-
plicity. They can however easily be extended to the case of an arbitrary qab.

48

https://scipost.org
https://scipost.org/SciPostPhys.18.1.023


SciPost Phys. 18, 023 (2025)

F Pseudo-differential, delta, and theta function identities

We make use of the identities

δ(−u− u′) = δ(u+ u′) , (F.1a)

∂ n
u δ(u− u′) = (−1)n∂ n

u′δ(u− u′) , for n≥ 0 , (F.1b)

f (u)δ(u− u′) = f (u′)δ(u− u′) , (F.1c)

∂ −1
u δ(u− u′) =

∫ u

+∞
du′′δ(u′′ − u′) = −

∫ −u

−∞
du′′δ(u′′ + u′) = −θ (u′ − u) , (F.1d)

∂ −1
u θ (u′ − u) =

∫ u

+∞
du′′ θ (u′ − u′′) = −(u′ − u)θ (u′ − u) , (F.1e)

∂ −1
u

�

f (u)δ(u− u′)
�

=

∫ u

+∞
du′′ f (u′′)δ(u′′ − u′) = − f (u′)θ (u′ − u) , (F.1f)

∂ −n
u

�

f (u)δ(u− u′)
�

= −
(u− u′)n−1

(n− 1)!
f (u′)θ (u′ − u) , for n≥ 1 , (F.1g)

∂ −1
u

�

f (u)θ (u′ − u)
�

=

∫ u

+∞
du′′ f (u′′)θ (u′ − u′′) = −

�

F(u′)− F(u)
�

θ (u′ − u) , (F.1h)

where F is the antiderivative of f . The identity (128) comes from the general integral Leibniz
rule

∂ −1
u ( f g) =

∞
∑

n=0

(−1)n
�

∂ n
u f
��

∂ −(n+1)
u g
�

, (F.2)

which can also be used to obtain

∂ −1
u

�

(−u)s

s!
f (u)
�

=
s
∑

n=0

(−u)n

n!
∂ s−n−1

u f (u) . (F.3)

G Action of Q0,1,2,3 on C

We give here the brackets of the charges Q0,1,2,3 with C in the case where we keep the theta
function θ (u′−u). These brackets are computed using the fundamental Poisson brackets (123)
and the identities of appendix F. They are given by
�

Q0(u, z), N̄(u′, z′)
	

= ∂u′ N̄(u
′, z)δ(z − z′)θ (u′ − u) , (G.1a)

�

Q0(u, z), C(u′, z′)
	

=
�

Q1
0(u, z), C(u′, z′)

	

+
�

Q2
0(u, z), C(u′, z′)

	

(G.1b)

=
�

∂ −1
u ðzQ−1(u, z), C(u′, z′)

	

−
�

∂ −1
u (CQ−2)(u, z), C(u′, z′)

	

= ð2
zδ(z − z′)θ (u′ − u) + ∂u′

�

C(u′, z)θ (u′ − u)
�

δ(z − z′) ,
�

Q1(u, z), C(u′, z′)
	

=
�

∂ −1
u ðzQ0(u, z), C(u′, z′)

	

−2
�

∂ −1
u (CQ−1)(u, z), C(u′, z′)

	

(G.1c)

= (u− u′)ð3
zδ(z − z′)θ (u′ − u) + ∂u′ðz

�

(u− u′)C(u′, z)δ(z − z′)θ (u′ − u)
�

−2C(u′, z)ðzδ(z − z′)θ (u′ − u) ,
�

Q2(u, z), C(u′, z′)
	

=
�

∂ −1
u ðzQ1(u, z), C(u′, z′)

	

−3
�

∂ −1
u (CQ0)(u, z), C(u′, z′)

	

(G.1d)

=
1
2
(u− u′)2ð4

zδ(z − z′)θ (u′ − u) +
1
2
∂u′ð

2
z

�

(u− u′)2C(u′, z)δ(z − z′)θ (u′ − u)
�

−2(u− u′)ðz

�

C(u′, z)ðzδ(z − z′)
�

θ (u′ − u)

+3H(u, u′, z)ð2
zδ(z − z′)θ (u′ − u) + 3∂u′

�

C(u′, z)H(u, u′, z)θ (u′ − u)
�

δ(z − z′) ,
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�

Q3(u, z), C(u′, z′)
	

=
�

∂ −1
u ðzQ2(u, z), C(u′, z′)

	

−4
�

∂ −1
u (CQ1)(u, z), C(u′, z′)

	

(G.2a)

=
1
6
(u− u′)3ð5

zδ(z − z′)θ (u′ − u) +
1
6
∂u′ð

3
z

�

(u− u′)3C(u′, z)δ(z − z′)θ (u′ − u)
�

− (u− u′)2ð2
z

�

C(u′, z)ðzδ(z − z′)
�

θ (u′ − u)

+3(u− u′)ðz

�

C(u′, z)2δ(z − z′)
�

θ (u′ − u)

+3ðz

�

�

∂ −2
u′ C(u′, z)− ∂ −2

u C(u, z)
��

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

�

θ (u′ − u)

+3(u− u′)ðz

�

∂ −1
u′ C(u′, z)
�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

�

θ (u′ − u)

−4H(u, u′, z)
�

ðz

�

C(u′, z)δ(z − z′)
�

+ 2C(u′, z)ðzδ(z − z′)
�

θ (u′ − u)

−4u′H(u, u′, z)ðz

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

θ (u′ − u)

+4

∫ u′

u
du′′ u′′C(u′′, z)ðz

�

ð2
zδ(z − z′) + N(u′, z)δ(z − z′)

�

θ (u′ − u) ,

where we have used the colors to distinguish the origin of the various terms.

H Alternative proof of some brackets

In this appendix we give a rather straightforward proof of the bracket (1) for Q0,1,2. We will
deliberately keep this proof heuristic by dropping the various coordinate labels and delta func-
tions, but the readers familiar with Poisson brackets in the Hamiltonian analysis of constrained
systems will recognize standard (and innocent) notational shortcuts. In particular we will de-
note the fundamental Poisson bracket simply by

�

N̄ , C
	

= 1. Let us then consider the notation

∫

:=

∫

I+
d3 x =

∮ ∫ +∞

−∞
du , (H.1)

and the boundary conditions N̄
�

�

I+±
= 0 = N
�

�

I+±
. We then define the smeared fluxes by com-

puting the integral over I+ of the time evolution of the charges (126), with time-independent
test functions. Integrating by parts over ð and ∂u subject to the above boundary conditions,
this gives

Q0(T ) = −
∫

T∂uQ0

=

∫

�

T N + ð2T
�

N̄ , (H.2a)

Q1(Ȳ) = −
∫

Ȳ∂u

�

Q1 − uðuQ1

�

=

∫

�

�

3ðȲ + 2Ȳð
�

C + u
�

ðȲN + ð3Ȳ
�

�

N̄ , (H.2b)

Q2(Z) = −
∫

Z∂u

�

Q2 − uðQ1 +
u2

2
ð2Q0 + 3∂ −1

u CQ0

�

=

∫

−3Z∂ −1
u CC∂uN̄−3ZCð2C̄ +

�

2uð(ðZC) +
u2

2
ð4Z + uð2ZC+

u2

2
ð2ZN

�

N̄ , (H.2c)
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where for the spin 2 we have assumed the extra boundary condition C
�

�

I+±
= 0. Using the

bracket
�

N̄ , C
	

= 1, we find that the action of the spin 0 and spin 1 fluxes on the shear is

�

Q0(T ), C
	

= T N + ð2T , (H.3a)
�

Q1(Ȳ), C
	

=
�

3ðȲ + 2Ȳð
�

C + u
�

ðȲN + ð3Ȳ
�

=
�

3ðȲ + 2Ȳð
�

C + u
�

Q0(ðȲ), C
	

, (H.3b)

consistently reproducing (130). Similarly, we can compute the Poisson brackets of the spin 0
and spin 1 fluxes directly to find

�

Q1(Ȳ),Q0(T )
	

= −Q0

�

2ȲðT − TðȲ
�

, (H.4a)
�

Q1(Ȳ1),Q1(Ȳ2)
	

= −Q1

�

2Ȳ1ðȲ2 − 2Ȳ2ðȲ1

�

, (H.4b)

where no linearization is actually required.
In order to compute the brackets involving the flux of the spin 2 charge, we now need

to consider the linear truncation. Just like in (119), one can note that (H.2) contains soft,
quadratic hard, and cubic contributions. The soft contributions involve only N̄ and therefore
commute among each other. For the linearized bracket between the spin 2 and spin 0 fluxes
we then find

�

Q2(Z),Q0(T )
	(1)
=
�

Q1
2(Z),Q

2
0(T )
	

+
�

Q2
2(Z),Q

1
0(T )
	

=

∫

uð3
�

TðZ − 3ZðT
�

N̄

= −Q1
1

�

3ZðT − TðZ
�

, (H.5)

where we have used the boundary condition C
�

�

I+±
= 0 in order to trade C̄ for −uN̄ by integra-

tion by parts. Similarly, for the spin 2 and spin 1 fluxes we get

�

Q2(Z),Q1(Ȳ)
	(1)
=
�

Q1
2(Z),Q

2
1(Ȳ)
	

+
�

Q2
2(Z),Q

1
1(Ȳ)
	

=

∫

u2

2
ð4
�

2ȲðZ − 3ZðȲ
�

N̄

= −Q1
2

�

3ZðȲ − 2ȲðZ
�

, (H.6)

while for the two spin 2 fluxes we find

�

Q2(Z1),Q2(Z2)
	(1)
=
�

Q1
2(Z1),Q

2
2(Z2)
	

+
�

Q2
2(Z1),Q

1
2(Z2)
	

=

∫

u3

6
ð5
�

3Z2ðZ1 − 3Z1ðZ2

�

N̄

= −Q1
3

�

3Z1ðZ2 − 3Z2ðZ1

�

. (H.7)

Finally, we can also use these short-hand proofs to compute the bracket of the charges with
their complex conjugates, and recover the results of appendix J. Imposing the conditions

ðT
!
= 0 and ðY !

= 0 which are necessary for the brackets to close, we find
�

Q2
0(T ), Q̄

1
1(Y)
	

= −Q̄1
0

�

TðY
�

, (H.8a)
�

Q1
0(T ), Q̄

2
1(Y)
	

= −Q1
0

�

TðY
�

, (H.8b)

consistently with the brackets (J.6a) and (J.7) found from the more detailed calculations of
appendix J.
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I Proof of the bracket between soft and hard charges

In this appendix we give a proof of the bracket (157) between the quadratic hard and the soft
charges. Starting from (155), we first derive the bracket of the smeared charges (156). This
is done by integrating by parts over ðz′ and ðz , before then integrating over z′ using the delta
function δ(z − z′). This leads to the bracket of smeared charges

B :=
�

Q2
s1
(Z1),Q

1
s2
(Z2)
	

=

∮ s1
∑

n=0

(−1)s1+s2−n(n+ 1)
�

s1 + s2 − n
s2

�

ðs1−nZ1ðs2+2Z2ðnN̄s1+s2−1 , (I.1)

where the right-hand side should be understood as evaluated at z. Using the generalized
integration by parts formula

f ðn+1 g = (−1)n+1ðn+1 f g + ð

� n
∑

k=0

(−1)kðk f ðn−k g

�

, (I.2)

we can then free Z1 and write the bracket as

B =
∮ s1
∑

n=0

(−1)s2(n+ 1)
�

s1 + s2 − n
s2

�

Z1ðs1−n
�

ðs2+2Z2ðnN̄s1+s2−1

�

+

∮

ðB′1 , (I.3)

where the boundary terms is

B′1 =
s1
∑

n=0

s1−n−1
∑

k=0

(−1)s1+s2−n+k(n+ 1)
�

s1 + s2 − n
s2

�

�

ðs1−n−1−kZ1

�

ðk
�

ðs2+2Z2ðnN̄s1+s2−1

�

. (I.4)

Let us now drop this boundary term since it does not contribute to the bracket. Using the
general Leibniz rule, we can then write

B =
∮ s1
∑

n=0

s1−n
∑

k=0

(−1)s2(n+ 1)
�

s1 + s2 − n
s2

��

s1 − n
k

�

Z1ðs2+2+kZ2ðs1−kN̄s1+s2−1 . (I.5)

Now, the sum over k can be extended to run from k = 0 to k = s1 because of the vanishing
binomial coefficients, and the sum over n can be performed using

s1
∑

n=0

(n+ 1)
�

s1 + s2 − n
s2

��

s1 − n
k

�

=
(s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

�

, (I.6)

where (x)n is the falling factorial. This leads to

B =
∮ s1
∑

k=0

(−1)s2
(s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

�

Z1ðs2+2+kZ2ðs1−kN̄s1+s2−1 . (I.7)

Using once again (I.2), we can now remove all but one derivative of Z2 to obtain

B =
∮ s1
∑

k=0

(−1)k+1 (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

�

ðZ2ðs2+k+1
�

Z1ðs1−kN̄s1+s2−1

�

+

∮

ðB′′1 , (I.8)

where the new boundary terms is

B′′1 =
s1
∑

k=0

s2+k
∑

ℓ=0

(−1)s2+ℓ
(s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

�

�

ðs2+k−ℓðZ2

�

ðℓ
�

Z1ðs1−kN̄s1+s2−1

�

. (I.9)
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Let us now drop this boundary term as well. The general Leibniz rule then leads to

B =
∮ s1
∑

k=0

s2+k+1
∑

p=0

(−1)k+1 (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

�

ðZ2ðpZ1ðs1+s2+1−pN̄s1+s2−1 . (I.10)

Now, one can use the formula

s1
∑

k=0

(−1)k+1 (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

�

= −(s1 + 1) , (I.11)

to isolate the term p = 0 in the sum and obtain

B = −(s1 + 1)

∮

Z1ðZ2ðs1+s2+1N̄s1+s2−1 +

∮

/ðB1 , (I.12)

where

/ðB1 =
s1
∑

k=0

s2+k+1
∑

p=1

(−1)k+1 (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

�

ðZ2ðpZ1ðs1+s2+1−pN̄s1+s2−1 . (I.13)

This is the bracket announced in (157), namely

�

Q2
s1
(Z1),Q

1
s2
(Z2)
	

= −(s1 + 1)Q1
s1+s2−1(Z1ðZ2) +

∮

/ðB1 . (I.14)

The notation is used to indicate that the extra term on the right-hand side is not a total deriva-
tive.

The rest of the proof relies on showing that when anti-symmetrizing this term in (1, 2) we
obtain a total derivative. For this, let us integrate by parts over (p − 1) derivatives of Z1 in
(I.13) in order to obtain

/ðB1 = ðB +
s1
∑

k=0

s2+k+1
∑

p=1

(−1)k+p (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

�

ðZ1ðp−1
�

ðZ2ðs1+s2+1−pN̄s1+s2−1

�

,

(I.15)
where

B =
s1
∑

k=0

s2+k+1
∑

p=1

p−2
∑

i=0

(−1)k+i+1 (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

�

ðp−1−i Z1ði
�

ðZ2ðs1+s2+1−pN̄s1+s2−1

�

.

(I.16)
Let us now consider /ðB2, which is obtained from /ðB1 by swapping (s1↔ s2, Z1↔ Z2). Writing
/ðB1 in the form (I.15) and /ðB2 in the form (I.13), we obtain

/ðB1 − /ðB2 = ðB

+
s1
∑

k=0

s2+k+1
∑

p=1

(−1)k+p (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

�

ðZ1ðp−1
�

ðZ2ðs1+s2+1−pN̄s1+s2−1

�

−
s2
∑

k=0

s1+k+1
∑

p=1

(−1)k+1 (s1 + s2 + 2)2
(k+ s1 + 2)2

�

s1 + s2

s1

��

s2

k

��

s1 + k+ 1
p

�

ðZ1ðpZ2ðs1+s2+1−pN̄s1+s2−1 .(I.17)
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Now, we can check that the second and third lines cancel exactly. For this, we rewrite the
second line as

s1
∑

k=0

s2+k+1
∑

p=1

(−1)k+p (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

�

ðZ1ðp−1
�

ðZ2ðs1+s2+1−pN̄s1+s2−1

�

(I.18)

=
s1
∑

k=0

s2+k+1
∑

p=1

p−1
∑

i=0

(−1)k+p (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

��

p− 1
i

�

ðZ1ðp−i Z2ðs1+s2+1−p+i N̄s1+s2−1

=
s1
∑

k=0

s2+k+1
∑

p=1

p
∑

j=1

(−1)k+p (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
p

��

p− 1
p− j

�

ðZ1ð j Z2ðs1+s2+1− j N̄s1+s2−1

=
s1
∑

k=0

s2+k+1
∑

j=1

j
∑

p=1

(−1)k+ j (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
j

��

j − 1
j − p

�

ðZ1ðpZ2ðs1+s2+1−pN̄s1+s2−1 ,

and then notice that for a fixed p we have

s1
∑

k=0

s2+k+1
∑

j=1

(−1)k+ j (s1 + s2 + 2)2
(k+ s2 + 2)2

�

s1 + s2

s2

��

s1

k

��

s2 + k+ 1
j

��

j − 1
j − p

�

=
s2
∑

k=0

(−1)k+1 (s1 + s2 + 2)2
(k+ s1 + 2)2

�

s1 + s2

s1

��

s2

k

��

s1 + k+ 1
p

�

. (I.19)

At the end of the day we finally arrive at

/ðB1 − /ðB2 = ðB , (I.20)

as announced.

J Bracket between Q and Q̄

In this appendix we study the bracket between the smeared renormalized charges Q and their
complex conjugate Q̄. For this computation, we need the action of the quadratic renormalized
charges on the positive helicity soft graviton operator, which is given by [89]

�

q2
s1
(z), Ns2

(z′)
	

=
s1
∑

n=0

(n+ 1)
�

s1 + s2 − n− 4
s2 − 4

�

ðn
z′Ns1+s2−1(z

′)ðs1−n
z δ(z − z′) , (J.1)

and where we should recall that N̄here = N [89]. Using the fact that q̄1
s (z) = ð

s+2
z Ns(z), we then

obtain

�

q2
s1
(z), q̄1

s2
(z′)
	

=
s1
∑

n=0

(n+ 1)
�

s1 + s2 − n− 4
s2 − 4

�

ð
s2+2
z′

�

ðn
z′Ns1+s2−1(z

′)ðs1−n
z δ(z − z′)
�

, (J.2a)

�

q̄2
s2
(z′), q1

s1
(z)
	

=
s2
∑

n=0

(n+ 1)
�

s1 + s2 − n− 4
s1 − 4

�

ðs1+2
z

�

ð
n
z N̄s1+s2−1(z)ð

s2−n
z′ δ(z − z′)
�

, (J.2b)

which are the two terms entering the bracket

�

qs1
(z), q̄s2

(z′)
	(1)

:=
�

q2
s1
(z), q̄1

s2
(z′)
	

+
�

q1
s1
(z), q̄2

s2
(z′)
	

. (J.3)
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Using smearing functions Z1 and Z2 of respective helicity −s1 and +s2, we can introduce
smeared charges as in (156). After integrating by parts over ðz′ and ðz , and then integrat-
ing over z′ using the delta function δ(z − z′), we obtain

�

Q2
s1
(Z1), Q̄

1
s2
(Z2)
	

=

∮ s1
∑

n=0

(−1)s1+s2(n+ 1)
�

s1 + s2 − n− 4
s2 − 4

�

ðn
�

ðs1−nZ1ð
s2+2

Z2

�

Ns1+s2−1 , (J.4a)

�

Q̄2
s2
(Z2),Q

1
s1
(Z1)
	

=

∮ s2
∑

n=0

(−1)s1+s2(n+ 1)
�

s1 + s2 − n− 4
s1 − 4

�

ð
n�

ð
s2−n

Z2ðs1+2Z1

�

N̄s1+s2−1 , (J.4b)

where the binomial coefficients should be written in terms of Γ functions in order to be well-
defined for all spins.

This calculation shows that the bracket (J.3) cannot close without an additional input or
manipulation. Indeed, since (J.4a) and (J.4b) feature respectively Ns1+s2−1 and N̄s1+s2−1, these
brackets can only close to Q̄1

s1+s2−1 and Q1
s1+s2−1. For this to be the case however, (J.4a) must

be written as a smearing of ð
s1+s2+1

Ns1+s2−1, while (J.4b) must be written as a smearing of
ðs1+s2+1N̄s1+s2−1. For s1 = 0 and s2 = s in (J.4a) this can be achieved by writing

�

Q2
0(Z1), Q̄

1
s (Z2)
	

= −
∮

ðZ2ð
s+1�

Z1Ns−1

�

= −
s+1
∑

k=0

(−1)k
�

s+ 1
k

�

∮

ð
−k�

ðZ2ð
k
Z1

�

ð
s+1

Ns−1 , (J.5)

which therefore requires to invert ð in the smearing function. Since we do not expect such
terms to enter the bracket of e.g. the spin 0 and spin 1 charges, we can consider the restriction

ðZ1
!
= 0 on the smearing functions. With this extra condition we find the brackets

�

Q2
0(Z1), Q̄

1
s (Z2)
	

= −Q̄1
s−1

�

Z1ðZ2

�

, (J.6a)
�

Q2
1(Z1), Q̄

1
s (Z2)
	

= −Q̄1
s

�

2Z1ðZ2 + (s− 1)Z2ðZ1

�

. (J.6b)

Similarly, in order for the bracket (J.4b) to close we must impose the condition ðZ2
!
= 0. We

then find for example
�

Q1
s (Z1), Q̄

2
1(Z2)
	

= (s− 1)Q1
s

�

Z1ðZ2

�

. (J.7)

For the bracket of two spin 2 contributions however, we now find

�

Q2
2(Z1), Q̄

1
2(Z2)
	

=

∮

ð2Z1ð
4
Z2N3 + 3Z1ð2ð

4
Z2N3 + 4ðZ1ðð

4
Z2N3 . (J.8)

The above conditions on Z1 and Z2 are now not sufficient in order for this bracket to close

because the presence of N3 requires to have ð
5

in order to arrive at Q̄1
3. It therefore seems

that for the higher spin charges it is necessary to invert ð in the smearing functions in order to
obtain a closed bracket (J.3).
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