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Abstract

In this paper we compute the overlaps of the ground states for the open spin chains after
a change of one of the boundary magnetic fields. It can be considered as the first step
toward the study of the boundary quench problem: behaviour of an open spin chain
after an abrupt change of one boundary magnetic field.

Copyright C. Abetian et al.
This work is licensed under the Creative Commons
Attribution 4.0 International License.
Published by the SciPost Foundation.

Received
Accepted
Published

2024-10-02
2024-12-04
2025-01-21

Check for
updates

doi:10.21468/SciPostPhys.18.1.026

Contents

1 Introduction 2

2 The open XXZ spin chain with longitudinal boundary fields 3
2.1 Solution of the model by algebraic Bethe Ansatz 3
2.2 Scalar products of Bethe states 6
2.3 Description of the ground state 6
2.4 Changing the boundary field h− 9

3 Cauchy determinant representation for the overlap 9
3.1 Determinant representation 9
3.2 Gaudin extraction 10
3.3 Product formula for the overlap 13

4 Taking the thermodynamic limit 14
4.1 The case of real Bethe roots 14

4.1.1 General strategy 14
4.1.2 Computation of the overlap 16

4.2 Cases with presence of a boundary root 18
4.2.1 Presence of two boundary roots λσ1

BR and µσ2
BR 18

4.2.2 Presence of only one boundary root λσ1
BR 20

5 The overlap in the thermodynamic limit: Summary of the results 22
5.1 The overlap for a chain with an odd number of sites 22
5.2 The overlap for a chain with an even number of sites 24

1

https://scipost.org
https://scipost.org/SciPostPhys.18.1.026
mailto:Nikolai.Kitanine@u-bourgogne.fr
http://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21468/SciPostPhys.18.1.026&amp;domain=pdf&amp;date_stamp=2025-01-21
https://doi.org/10.21468/SciPostPhys.18.1.026


SciPost Phys. 18, 026 (2025)

6 Conclusion 26

A Convergence of numerical results 26

References 29

1 Introduction

Spin chains with open boundaries [1] are interesting example of integrable systems interacting
with their environment: the interaction is in that case implemented through the boundary
magnetic fields acting on the first and the last site of the chain. It is therefore important to
understand what happens if we change one of these boundary magnetic fields. In particular, it
can be interesting to study the dynamics after an abrupt change of the magnetic field (boundary
quench), or to consider a time-dependent magnetic field (boundary driven system). Although
it is a priori only a local perturbation, it was observed that a change of the boundary magnetic
field can induce a macroscopic change of the ground state [2] or a phase transition [3].

Integrability gives a unique possibility to study such systems in details. However, a nec-
essary condition to deal with such kind of quench problems in the framework of quantum in-
tegrability is the possibility to compute overlaps [4] between the eigenstates before and after
the quench. In this paper, we propose the first step in this direction: we compute the overlaps
between the ground states of the chain for different values of one the boundary magnetic field.

Typically, being able to exactly calculate the relevant overlaps is crucial to making the
study of quench dynamics possible [5–7]. This is often a complicated problem, and the main
difficulty comes in general from the fact that the eigenstates before and after the quench are
constructed using different algebras: this is for instance the case if the quench comes from a
change of the coupling constant. For a boundary quench in which only one boundary mag-
netic field is modified, however, we can use the same reflection algebra [8] to describe the
eigenstates before and after the quench. This gives a possibility to express overlaps by means
of the open chain version of Slavnov formula for the scalar products [9–12].

We consider in this paper the XXZ spin chain in the massive antiferromagnetic regime with
diagonal boundary terms (i.e. boundary magnetic fields parallel to the z-anisotropy direction).
It was shown [2, 13] that low energy properties of the model in this case are determined by
two boundary magnetic fields and changing one of them can change the ground state in a
macroscopic way. In the diagonal boundary terms case, the eigenstates can be obtained from
the boundary version of the Algebraic Bethe Ansatz (ABA) [1], and the Slavnov formula for
the overlaps leads to a determinant expression in which the size of the matrix is proportional
to the length L of the spin chain [12].

To compute the thermodynamic limit of this determinant representation for the overlaps,
we use the method first introduced in [14] which we call Gaudin extraction: it permits to
express the ratio of Slavnov and Gaudin determinants as a Cauchy determinant (up to an
exponentially small correction in L). The resulting Cauchy determinant can be easily computed
as a product over the ground state Bethe roots.

Using the ground state configuration of the Bethe roots [2,15], we obtain in the thermody-
namic limit a very simple expression for the overlap in terms of the anisotropy parameter and
of the two values of the boundary magnetic field. We consider here two possible configurations
of Bethe roots: (1) the ground state Bethe roots are all real or (2) there is one complex Bethe
root (boundary string). In both configurations there are no real holes, the solutions with holes
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(corresponding to excited states) will be treated elsewhere. Our final result is valid in the half-
infinite chain limit, however we are able to control the finite size corrections to this result, and
to show that all corrections are exponentially small in L. We also observe numerically a very
rapid convergence towards our analytic result (see appendix A).

We would like to mention that similar results [16,17] in the massive case can be obtained
from the q-vertex operator approach [18–20]. It is noteworthy that, in general, the Gaudin
extraction method introduced in [14] permits to reproduce in the ABA framework the results
for the form factors obtained from the q-vertex operator approach. In particular, it permits to
relate two possible descriptions for the excited states.

The paper is organised as follows. In section 2, we give a brief technical introduction to
the computation of boundary overlaps in the ABA framework: we remind the construction of
eigenstates, the structure of the ground state Bethe roots according to the different values of
the boundary magnetic fields, and the Slavnov determinant formula for the scalar products. In
section 3, we express the overlap as a ratio of determinants and show how to apply to this ratio
the Gaudin extraction technique leading to a Cauchy determinant representation. Section 4 is
devoted to the computation of the overlaps in the thermodynamic limit: we study separately
the case where all Bethe roots are real and the case of a presence of a boundary complex root.
Our final result, concerning the thermodynamic limit of the overlap between ground states
before and after a boundary quench, is presented in section 5. In the Appendix A we illustrate
the rapid convergence of numerical results to our analytic formula for the overlap.

2 The open XXZ spin chain with longitudinal boundary fields

We consider here the open XXZ spin-1/2 chain with longitudinal boundary fields. The Hamil-
tonian of this model is

H≡ Hh−,h+ =
L−1
∑

i=1

�

σx
i σ

x
i+1 +σ

y
i σ

y
i+1 +∆(σ

z
iσ

z
i+1 − 1)

�

+ h−σz
1 + h+σz

N , (1)

in which σαi , α= x , y, z, denote the Pauli matrices at site i,∆ is the anisotropy of the coupling
along the z-direction, and h−, h+ are the values of the boundary fields. We restrict our study
to the case in which these boundary fields are oriented along the direction z of the anisotropy,
and to the antiferromagnetic regime for which ∆ > 1. In the following, we shall parametrize
the anisotropy parameter ∆ as

∆=
q+ q−1

2
= coshζ , q = e−ζ , ζ > 0 , (2)

and the boundary fields h± as
h± = − sinhζ cothξ± . (3)

2.1 Solution of the model by algebraic Bethe Ansatz

This model is integrable. It can be solved by a boundary version of the algebraic Bethe Ansatz
[1], from the construction of a boundary monodromy matrix U(λ). The latter is a 2×2 matrix
of quantum operators depending on a spectral parameter λ:

U(λ) =

 

A(λ) B(λ)
C(λ) D(λ)

!

, A(λ), B(λ), C(λ), D(λ) ∈ EndH , (4)
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where H = ⊗L
n=1Hn, Hn = C2, is the 2L-dimensional quantum space of states of the model. It

satisfies, with the 6-vertex R-matrix,

R(λ) =













sin(λ− iζ) 0 0 0

0 sin(λ) sin(−iζ) 0

0 sin(−iζ) sin(λ) 0

0 0 0 sin(λ− iζ)













, (5)

the reflection equation introduced in [21]:

R(λ−µ) (U t(−λ)⊗ Id2)R(λ+µ+ iζ) (Id2 ⊗U t(−µ))
= (Id2 ⊗U t(−µ))R(λ+µ+ iζ) (U t(−λ)⊗ Id2)R(λ−µ) . (6)

Here, Id2 stands for the 2× 2 identity matrix, and U t should be understood as the transposed
of U as a 2 × 2 matrix. The reflection equation (6) gives the commutation relations for the
operators A(λ), B(λ), C(λ), D(λ) elements of the matrix (4).

The boundary monodromy matrix U(λ) can be constructed from simpler scalar solutions
of (6), the boundary K-matrices. Let us introduce the following diagonal scalar solution of (6),

K(λ;ξ) =

 

sin(λ+ iζ/2+ iξ) 0

0 sin(iξ−λ− iζ/2)

!

, (7)

and define
K−(λ) = K(λ;ξ−) , K+(λ) = K(λ− iζ;ξ+) , (8)

where ξ± parametrize the boundary fields at both ends of the chain, see (3). Let us also
introduce the bulk monodromy matrix as the following product of R-matrices along the chain:

T (λ)≡ T0(λ) = R0L(λ− ζL) . . . R01(λ− ζ1) . (9)

Here, the notation R0n, for 1≤ n≤ L, means that the corresponding R-matrix acts on V0⊗Hn,
where Hn is the quantum space at site n, whereas V0 = C2 is a 2-dimensional auxiliary space,
so that T (λ) can be considered as 2× 2 matrix (on the auxiliary space V0) of quantum oper-
ators. The parameters ζ1, . . . ,ζL are inhomogeneity parameters which may be introduced for
convenience. Then the boundary monodromy matrix can be constructed from K+ and T as

U t(λ)≡ U t0
0 (λ) = (−1)L T t0

0 (λ)
�

K+0
�t0 (λ)

�

σ
y
0 T t0

0 (−λ)σ
y
0

�t0 . (10)

Taking the trace, on the auxiliary space V0, of the product of this monodromy matrix with
the other boundary matrix K−, one obtains a one-parameter family of commuting transfer
matrices, which are generating functions of the commuting conserved charges of the model:

T (λ) = tr0

�

K−0 (λ)U0(λ)
�

. (11)

The Hamiltonian (1) of the open spin-1/2 chain can then be expressed in terms of this transfer
matrix in the homogeneous limit ζℓ = −iζ/2, ℓ= 1, . . . , L, as

H=
−i sinhζ
T (λ)

d
dλ

T (λ)
λ=−iζ/2

+
1

coshζ
− 2L coshζ . (12)

In this algebraic framework, the common eigenstates of the transfer matrices (and of the
Hamiltonian in the homogeneous limit) can be constructed as Bethe states, i.e. by using the
operators B(λ) and C(λ) of (4) as generalised creation and annihilation operators when acting
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on a reference state. Let us define |0〉 (respectively 〈0|) to be the reference state (respectively
the dual reference state) corresponding to the ferromagnetic state where all spins are up, and
let us consider, for a given set of spectral parameters {λ} ≡ {λ1, . . . ,λN}, Bethe states of the
form

|{λ}〉=
N
∏

j=1

B(λ j) |0〉 , 〈{λ}|= 〈0|
N
∏

j=1

C(λ j) . (13)

Then, the Bethe states (13) are eigenstates of the transfer matrix T (ν) (11), with eigenvalue

τ(ν, {λ}) = a(ν)
sin(2ν− iζ)

sin(2ν)

N
∏

i=1

s(ν+ iζ,λi)
s(ν,λi)

+ a(−ν)
sin(2ν+ iζ)

sin(2ν)

N
∏

i=1

s(ν− iζ,λi)
s(ν,λi)

, (14)

if the corresponding set of parameters {λ} satisfies the system of Bethe equations

a(λ j)
sin(2λ j − iζ)

sin(2λ j)

N
∏

k=1

s(λ j + iζ,λk) + a(−λ j)
sin(2λ j + iζ)

sin(2λ j)

N
∏

k=1

s(λ j − iζ,λk) = 0 , (15)

for j = 1, . . . , N . Here we have used the shortcut notation

s(λ,µ) = sin(λ+µ) sin(λ−µ) = sin2λ− sin2µ , (16)

and defined

a(λ) = (−1)L a(λ) d(−λ) sin(λ+ iξ+ + iζ/2) sin(λ+ iξ− + iζ/2) , (17)

with

a(λ) =
L
∏

ℓ=1

sin(λ− ζℓ − iζ) , d(λ) =
L
∏

ℓ=1

sin(λ− ζℓ) . (18)

Bethe states of the form (13) are called on-shell Bethe states if the corresponding set of pa-
rameters {λ} satisfies the Bethe equations (15), and off-shell Bethe states otherwise. On-shell
Bethe states are therefore eigenstates of the transfer matrix (11). They are also eigenstates of
the Hamiltonian (1) in the homogeneous limit ζℓ = −iζ/2, ℓ = 1, . . . , L. The corresponding
energy is

E({λ}) = h+ + h− −
N
∑

j=1

4 sinh2 ζ

coshζ− cos(2λ j)
. (19)

In the following, it will be convenient to rewrite the Bethe equations (15) as1

a(λ j|{λ}) = 1 , 1≤ j ≤ N , (20)

by introducing the exponential counting function

a(ν|{λ}) =
a(ν)

a(−ν)
sin (iζ− 2ν)
sin (iζ+ 2ν)

N
∏

ℓ=1

s(ν+ iζ,λℓ)
s(ν− iζ,λℓ)

. (21)

In terms of this exponential counting function, the eigenvalue (14) of the transfer matrix can
be expressed as

τ(ν, {λ}) = −a(−ν)
sin(2ν+ iζ)

sin(2ν)

N
∏

i=1

s(ν− iζ,λi)
s(ν,λi)

�

a(ν|{λ})− 1
�

. (22)

1In this rewriting, one should exclude the root 0, π2 of the function a(u|{λ})− 1.
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2.2 Scalar products of Bethe states

In this algebraic framework, one can express scalar products between an on-shell and an off-
shell Bethe vectors of the form (13) in terms of a determinant of usual functions, see [11,12].
This representation is the analog, in the open case, of the determinant representation obtained
in [9] in the periodic case. We recall it here.

For {λ} ≡ {λ1, . . . ,λN} a solution of the Bethe equations and {µ} ≡ {µ1, . . . ,µN} an arbi-
trary set of parameters, the scalar product 〈{λ}|{µ}〉 is equal to the scalar product 〈{µ}|{λ}〉,
and admits the following determinant representation:

〈{λ}|{µ}〉= 〈{µ}|{λ}〉

=
N
∏

j=1

�

(−1)La(λ j) d(−λ j)
sin(2λ j − iζ) sin(2µ j − iζ)

sin(2µ j)

sin(λ j + iξ+ + i ζ2 )

sin(λ j − iξ− − i ζ2 )

�

×
∏

j<k

�

sin(λ j +λk − iζ)

sin(λ j +λk + iζ)
1

s(λ j ,λk)s(µk,µ j)

�

det
N

�

H(λ,µ)
�

, (23)

where the elements of the N × N matrix H(λ,µ) are

�

H(λ,µ)
�

jk =
sin(−iζ)
s(µk,λ j)

�

a(µk)
∏

ℓ̸= j

s(µk + iζ,λℓ)− a(−µk)
∏

ℓ̸= j

s(µk − iζ,λℓ)

�

, (24)

for λ≡ (λ1, . . . ,λN ) and µ≡ (µ1, . . .µN ). When {λ} and {µ} coincide, (23) becomes

〈{λ}|{λ}〉=
N
∏

j=1

�

(−1)L a(λ j) d(−λ j) sin(2λ j − iζ)
sin(λ j + iξ+ + i ζ2 )

sin(λ j − iξ− − i ζ2 )

�

×
∏

j<k

sin(λ j +λk − iζ)

sin(λ j +λk + iζ)

N
∏

k=1

a(−λk)
∏N
ℓ=1 s(λk − iζ,λℓ)

i sin2(2λk)
∏

ℓ̸=k s(λk,λℓ)
det

N

�

M(λ,λ)
�

, (25)

where the elements of the N × N matrix M(λ,λ) are
�

M(λ,λ)
�

jk = iδ jk a
′(λ j|{λ})− 2π

�

K(λ j −λk)− K(λ j +λk)
�

. (26)

Here we have defined

K(λ) =
sinh(2ζ)

2π sin(λ+ iζ) sin(λ− iζ)
=

1
2π
[t(λ) + t(−λ)] , (27)

with

t(ν) =
sinhζ

sinν sin (ν− iζ)
, (28)

and a′(ν|{λ}) denotes the derivative, with respect to the variable ν, of the exponential counting
function (21).

2.3 Description of the ground state

The study of the solutions of Bethe equations in the homogeneous limit ζℓ = −i ζ2 , ℓ= 1, . . . , L,
and in particular of the ground state of the Hamiltonian (1) in the thermodynamic limit
L→∞, has been performed in [2,15,22]. We briefly recall here the results which will be use-
ful for our study. As mentioned above, we restrict ourselves to the antiferromagnetic regime
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∆ > 1, with ∆ parametrized as in (2). The boundary fields hσ, σ = ±, are parameterized as
in (3), with

ξσ = −ξ̃σ + iδσ
π

2
, ξ̃σ ∈ R , δσ =

¨

1 , if |hσ|< sinhζ,

0 , if |hσ|> sinhζ .
(29)

Due to the parity and periodicity of the Bethe equations, it is enough to consider solutions
of (20) such that 0<ℜ(λ j)<

π
2 or (ℜ(λ j) = 0, π2 and ℑ(λ j)< 0). Low-energy states are given

by solutions of (20) close to half-filling for which nearly all Bethe roots are real. Complex roots
appear by complex conjugated pairs λ j , λ̄ j , except if ℜ(λ j) = 0, π2 .

The Bethe equations for real roots can be rewritten in logarithmic form as

ξ̂(λ j|{λ}) =
πn j

L
, n j ∈ Z , (30)

in which ξ̂(µ|{λ}) = − i
2L loga(µ|{λ}) is the counting function:

ξ̂(µ|{λ}) = p(µ) +
g(µ)
2L
−
θ (2µ)

2L
+

1
2L

N
∑

k=1

�

θ (µ−λk) + θ (µ+λk)
�

. (31)

The functions p,θ and g appearing in (31) are defined on the real axis by

p(λ) = i log
sin(iζ/2+λ)
sin(iζ/2−λ)

, θ (λ) = i log
sin(iζ−λ)
sin(iζ+λ)

, (32)

g(λ) = i log
∏

σ=±

sin(λ− iξσ − iζ/2)
sin(λ+ iξσ + iζ/2)

, (33)

and by appropriate analytical continuation around this axis.
In the thermodynamic limit, the real Bethe roots for the ground state (and more generally

for low-energy states) form a dense distribution on the interval (0, π2 ), which can be extended
by parity on the interval (−π2 , π2 ). The corresponding Bethe equations (30) turn at the leading
order into an integral equation for their density ρ(λ),

ρ(λ) +

∫
π
2

−π2

K(λ− β)ρ(β) dβ =
p′(λ)
π

, (34)

with solution

ρ(λ) =
1
π

ϑ′1(0)

ϑ2(0)
ϑ3(λ)
ϑ4(λ)

. (35)

Here and in the following, ϑi(λ) ≡ ϑi(λ, q), i ∈ {1, 2,3,4}, denote the Theta functions of
nome q defined as in [23]. The function p′ in (34) is the derivative of the function p (32) and
corresponds, up to a shift in the argument, to the function t (28), whereas the function K (27)
corresponds, up to a scalar factor, to the derivative of the function θ :

p′(λ) = t(λ+ i ζ2 ) , K(λ) = −
1

2π
θ ′(λ) . (36)

A detailed analytical description of the ground state was performed in [2], and different
regimes can be distinguished according to the values of h+ and h− with respect to the two
boundary critical fields h(1)cr and h(2)cr defined as [15,19]

h(1)cr =∆− 1 , h(2)cr =∆+ 1 . (37)

In particular, for

h−, h+ > h(1)cr , or − h−,−h+ > h(1)cr , if L is even, (38)
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or for
h−,−h+ > h(1)cr , or − h−, h+ > h(1)cr , if L is odd, (39)

the spectrum becomes gapless in the thermodynamic limit. In the following, we shall restrict
our study to values of the boundary fields for which the spectrum remains gapped in the
thermodynamic limit, which means that we exclude the consideration of the configurations
(38) and (39). We therefore have to distinguish the following different cases [2]:

• For L even:

(A) |hσ1 |< h(1)cr with hσ1 > hσ2 ({σ1,σ2}= {+,−}).
The ground state is in the sector N = L

2 (with magnetization 0). It is given by
L
2 − 1 real roots with adjacent quantum numbers n j = 1, . . . , L

2 − 1 and an isolated
complex root of the form

λ
σ1
BR = −i(ζ/2+ ξσ1 + εσ1) = −i(ζ/2− ξ̃σ1 + εσ1) +δσ1

π

2
, (40)

where εσ1 is a finite length correction which becomes exponentially small for large
L, i.e. εσ1 = O(L−∞).

(B) hσ2 < h(1)cr < hσ1 < h(2)cr ({σ1,σ2}= {+,−}).
The ground state is in the sector N = L

2 (with magnetization 0). It is given by L
2

real roots with adjacent quantum numbers n j = 1, . . . , L
2 .

(C) hσ2 < h(1)cr < h(2)cr < hσ1 ({σ1,σ2}= {+,−}).
The ground state is in the sector N = L

2 (with magnetization 0). It is given by
L
2 − 1 real roots with adjacent quantum numbers n j = 1, . . . , L

2 − 1 and an isolated
complex root of the form (40).

• For L odd:

(A’) h± < h(1)cr with h+ + h− < 0.

The ground state is in the sector N = L−1
2 (with magnetization +1/2). It is given

by N = L−1
2 real Bethe roots with adjacent quantum numbers.

(B’) h± > −h(1)cr with h+ + h− > 0.

The ground state is in the sector N = L+1
2 (with magnetization −1/2). Computa-

tions of physical quantities in this case can simply be obtained from the previous
case (A’) by using the invariance of the model under the reversal of all spins to-
gether with a change of sign of the boundary fields h±.

Note that there are no holes in the above configurations of Bethe roots (A) to (B’).
Computations of physical quantities in the case (C) can also be obtained from cases (A)

and (B) by using the invariance of the model under the reversal of all spins together with a
change of sign of the boundary fields h±.

As in [2], the isolated complex root of the form (40) will be called boundary root (it was
called boundary 1-string in [15]). It was shown in [2] that such a boundary root plays an
important role in the computation of physical quantities, such as the boundary magnetization
at the thermodynamic limit.
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2.4 Changing the boundary field h−

In the following, we shall consider the effects of a change of the boundary field h− in the
Hamiltonian (1). Hence, we consider a local quench in which we pass from a Hamitonian
H1 with left boundary field h−1 to a Hamiltonian H2 with left boundary field h−2 , the other
parameters ∆ and h+ of the Hamiltonian remaining unchanged.

It is important to remark that such a quench leaves the boundary monodromy matrix (4)
unchanged, since the latter does not depend on h−, see (10). Hence, the Bethe states take
the same algebraic form (13) for both Hamiltonians. It is therefore possible to compute their
overlap by using the determinant representation (23). This is the purpose of the next sections.
In particular, our aim is to compute the normalized overlap between the ground state |{λ}〉,
with Bethe roots that we shall denote by {λ}, of the Hamiltonian H1, and the ground state
|{µ}〉, with Bethe roots that we shall denote by {µ}, of the Hamiltonian H2.

In the following, we shall adopt a subscript 1, respectively a subscript 2, for all quantities
which depend on the boundary field h−1 (parametrized by ξ−1 ) of the Hamiltonian H1, respec-
tively on the boundary field h−2 (parametrized by ξ−2 ) of the Hamiltonian H2. In particular,
the Bethe equations for the ground state of H1 are

a1(λ j|{λ}) = 1 , j = 1, . . . , N1 , (41)

whereas the Bethe equations for the ground state of H2 are

a2(µ j|{µ}) = 1 , j = 1, . . . , N2 . (42)

The respective transfer matrix eigenvalues will be denoted by τ1(ν|{λ}) and τ2(ν|{µ}).

3 Cauchy determinant representation for the overlap

The main goal of this section is to provide an exact representation for the overlap between
the ground states of the two Hamiltonians H1 and H2, in the form of a generalised Cauchy
determinant. More precisely, we consider the following normalized version of the overlap:

S({λ}, {µ}) =
〈{λ}|{µ}〉
〈{λ}|{λ}〉

〈{µ}|{λ}〉
〈{µ}|{µ}〉

. (43)

We recall that {λ} = {λ1, . . . ,λN1
}, respectively {µ} = {µ1, . . . ,µN2

}, denotes the set of Bethe
roots corresponding to the ground state of the Hamiltonian H1 with first site boundary field
h−1 , respectively of the Hamiltonian H2 with first site boundary field h−2 . Note that the overlap
(43) vanishes identically if N1 ̸= N2, so that we restrict ourselves to cases for which the two
ground states have the same number of Bethe roots N1 = N2 = N .

3.1 Determinant representation

We recall that, since the Hamiltonians H1 and H2 differ only by the value of the boundary field
h− at first site (the boundary field h+ remaining the same for both Hamiltonians), they share
the same boundary monodromy matrix (4). Hence, the scalar products appearing in (43) can
be represented by means of the formulas of section 2.2. More precisely, representing the first
ratio of (43) by means of (23) and (25), and the second ratio by means of similar formulas in
which we interchange the role of {λ} and {µ}, we obtain, after some slight simplifications:
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S({λ}, {µ}) =
N
∏

k=1

a1(−µk)
a2(−µk)

a2(−λk)
a1(−λk)

N
∏

k=1

N
∏

l=1

s(µk − iζ,λl) s(λk − iζ,µl)
s(λk − iζ,λl) s(µk − iζ,µl)

×
detN Ĥ1(λλλ,µµµ)
detN M1(λλλ,λλλ)

detN Ĥ2(µµµ,λλλ)
detN M2(µµµ,µµµ)

. (44)

Here we have defined, for two N -tuples ννν = (ν1, . . . ,νN ) and ωωω = (ω1, . . . ,ωN ) of complex
numbers, the matrix Ĥ(ννν,ωωω) with elements

�

Ĥ(ννν,ωωω)
�

j k = a(ωk|{ν})
�

t(−ωk + ν j)− t(−ωk − ν j)
�

+ t(ωk − ν j)− t(ωk + ν j) , (45)

in terms of the function (28). As mentioned in section (2.4), the index 1, respectively 2, means
that the corresponding quantity depends explicitly on the boundary field h−1 , respectively h−2 .
In other words,
�

Ĥℓ(ννν,ωωω)
�

j k = aℓ(ωk|{ν})
�

t(−ωk + ν j)− t(−ωk − ν j)
�

+ t(ωk − ν j)− t(ωk + ν j) , (46)

for ℓ = 1, 2, with aℓ being the exponential counting function (21) expressed in terms of the
function aℓ (17) with boundary field h−

ℓ
parametrized by ξ−

ℓ
. Similar notations are used for

the Gaudin matrix (26), i.e.

[Mℓ(ννν,ννν)] j k = iδ jk a
′
ℓ(ν j|{ν})− 2π

�

K(ν j − νk)− K(ν j + νk)
�

, ℓ= 1,2 . (47)

Note that, to obtain the expression (44) from (23)-(24), we have used the following simple
identity:

sinhζ
s(λ,µ) s(λ− iζ,µ)

=
t(λ−µ)− t(λ+µ)

sin (2λ− iζ) sin (2µ)
. (48)

3.2 Gaudin extraction

In this subsection, we explain how to transform the ratios of determinants appearing in (44),
adapting to the open case a procedure introduced in [14]. This will enable us to rewrite the
overlap in terms of some generalised Cauchy determinant.

Let us consider the following ratio of determinants:

detN

�

Ĥ(ννν,ωωω)
�

detN [M(ννν,ννν)]
= det

N

�

M(ννν,ννν)−1 Ĥ(ννν,ωωω)
�

, (49)

involving the matrices (45) and (26). Here ννν stands for a N -tuple of on-shell Bethe roots,
whereasωωω stands, for the moment, for any arbitrary N -tuple of complex numbers. Our aim is
to compute the elements of the matrix F(ννν,ωωω) =M(ννν,ννν)−1 Ĥ(ννν,ωωω). The latter are given as
the unique solution to the following system of linear equations:

i a′(ν j|{ν}) [F(ννν,ωωω)] j k − 2π
∑

l

�

K(ν j − νl)− K(ν j + νl)
�

[F(ννν,ωωω)]l k

= a(ωk|{ν})
�

t(−ωk + ν j)− t(−ωk − ν j)
�

+ t(ωk − ν j)− t(ωk + ν j) . (50)

Following the strategy used in [14], let us look for a function G(u, w) ≡ G{ν}(u, w) of two
complex variables u, w ∈ Dζ = {z ∈ C | |ℑ(z)|< ζ}, solution of the equation

G(u, w) + 2πi
∑

ℓ

�

K(u− νℓ)− K(u+ νℓ)
� G(νℓ, w)
a′(νℓ|{ν})

= a(w|{ν})
�

t(u−w)− t(−u−w)
�

+ t(−u+w)− t(u+w) . (51)
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Figure 1: Contour Γε.

Note that, if we manage to construct such a solution to (51), it will give the elements ofF(ννν,ωωω)
by setting

ia′(ν j|{ν}) [F(ννν,ωωω)] j k = G(ν j ,ωk) , (52)

We shall moreover look for a solution of (51) such that

(i) u 7→ G(u, w) is a meromorphic function in the strip Dζ, with no poles at the points
νℓ, 1≤ ℓ≤ N ,

(ii) u 7→ G(u, w) is odd: G(−u, w) = −G(u, w).

Under the assumptions (i) and (ii), (51) can be rewritten as

G(u, w) +

∮

Γ±ννν,R

K(u− z)
G(z, w)

a(z|{ν})− 1
dz + 2πi

∑

ℓ∈Zννν

�

K(u− νℓ)− K(u+ νℓ)
� G(νℓ, w)
a′(νℓ|{ν})

= a(w|{ν})
�

t(u−w)− t(−u−w)
�

+ t(−u+w)− t(u+w) , (53)

in which the contour Γ±ννν,R surrounds, with index 1, the elements of the set ({ν} ∪ {−ν}) ∩ R
(and no other poles of the integrand), whereas the remaining sum runs over the set Zννν of
indices corresponding to the subset of complex Bethe roots: {νℓ}ℓ∈Zννν = {ν} ∩ (C \R).

It is clear that any function G(u, w) solution of (53) should be a π-periodic function in u:
G(u+π, w) = G(u, w). Moreover, taking into account the requirement that u 7→ G(u, w) is a
meromorphic function, (53) implies that the only poles of this function that may be on the real
axis are those at u= ±w mod π (if w ∈ R). The corresponding residues can be easily derived
from the R.H.S. of (53):

Res [G(u, w)]u=±w = i
�

a(w|{ν})− 1
�

. (54)

Hence, for ε > 0 and small enough, we can deform the contour Γ±ννν,R into a rectangle Γε with
vertices at (−π/2, iε), (−π/2,−iε), (π/2, iε), (π/2,−iε). This can be done provided we sub-
tract the contribution of the potential other poles that become encircled by the contour. If
there are no holes, i.e. if the function a(u|{ν}) − 1 has no other roots on the interval (0, π2 )
than the real Bethe roots ν j , the contour integral can be rewritten as

∮

Γ±ννν,R

K(u− z)
G(z, w)

a(z|{ν})− 1
dz =

∮

Γε

K(u− z)
G(z, w)

a(z|{ν})− 1
dz

− 2πiδw∈R [iK(u−w)− iK(u+w)a(w|{ν})] , (55)
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in which the notation δw∈R means that the last term is non-zero only if w ∈ R. Hence (53)
can be rewritten as

G(u, w) +

∮

Γε

K(u− z)
G(z, w)

a(z|{ν})− 1
dz + 2πi

∑

ℓ∈Zννν

�

K(u− νℓ)− K(u+ νℓ)
� G(νℓ, w)
a′(νℓ|{ν})

=

¨
�

t(u−w) + t(u+w)
��

a(w|{ν})− 1
�

, if w ∈ R ,

a(w|{ν})
�

t(u−w)− t(−u−w)
�

+ t(−u+w)− t(u+w) , if w /∈ R .
(56)

Let us first suppose that all the Bethe roots ν1, . . . ,νN are real. It is not difficult to see,
following standards arguments [2,24], that the quantity a(w|{ν}) has the following behaviour
in L for w above and below the real axis:

a(w|{ν}) = O(L+∞) , for −ζ < ℑ(w)< 0 , (57)

a(w|{ν}) = O(L−∞) , for 0< ℑ(w)< ζ . (58)

Here and in the following, the notation O(L+∞) (respectively O(L−∞)) means that the cor-
responding quantity is diverging exponentially with L (respectively is vanishing exponentially
with L). Hence, the equation (56) simplifies drastically for large L:

G(u, w) +

∫

π
2 +i0

−π2 +i0
K(u− z)G(z, w) dz

=











�

t(u−w) + t(u+w)
��

a(w|{ν})− 1
�

+O(L−∞) , if w ∈ R ,

t(−u+w)− t(u+w) +O(L−∞) , if 0< ℑ(w)< ζ ,

a(w|{ν})
�

t(u−w)− t(−u−w) +O(L−∞)
�

, if − ζ < ℑ(w)< 0 .

(59)

This integral equation has to be compared with the Lieb equation (34). Note that all the
functions involved in (34) are holomorphic functions in the strip Dζ/2 = {z ∈ C | |ℑ(z)|< ζ/2},
so that (34) remains valid in the whole strip λ ∈ Dζ/2. Moreover, the integration contour in
(34) can be shifted by a fixed imaginary value as soon as we do not cross poles. Hence, up
to exponentially small corrections in L, the integral equation (59) admits a solution which is
given by a linear combination of solutions of (34):

G(u, w) = i
�

a(w|{ν})− 1
��

ρ̄(u, w) +O(L−∞)
�

, (60)

in which ρ̄ is given in term of the function ρ (35) as

ρ̄(u, w) = −iπ [ρ(u−w− iζ/2) +ρ(u+w− iζ/2)]

=
ϑ′1(0)

ϑ2(0)

�

ϑ2(u−w)
ϑ1(u−w)

+
ϑ2(u+w)
ϑ1(u+w)

�

. (61)

Note that (60)-(61) provides a solution for all cases considered in (59) thanks to the parity and
quasi-periodicity properties of the function ρ (35). Note also that the function (61) satisfies
the properties (i) and (ii), so that it also provides a solution of (51). Hence the elements
of the matrix F(ννν,ωωω) =M(ννν,ννν)−1 Ĥ(ννν,ωωω) are computed by (52) up to exponentially small
corrections in L, and

detN

�

Ĥ(ννν,ωωω)
�

detN [M(ννν,ννν)]
= det

N
[F(ννν,ωωω)] =

N
∏

j=1

a(ω j|{ν})− 1

a′(ν j|{ν})
det

N

�

ρ̄(ν j ,ωk)
�

(1+O(L−∞)) . (62)
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Let us now suppose that the set of Bethe roots {ν} contains only real roots except for one
single boundary complex root νσBR = −i(ζ2 + ξ

σ + εσ), σ = ±, with εσ = O(L−∞). Then, the
large L behaviour (57)-(58) is still valid provided that w remains at finite distance from the
zeroes and the poles of the function a, which we suppose from now on: this is notably the case
when w is in the vicinity of the real axis, or when it coincides with a boundary root built on a
different boundary parameter as those appearing in a. The difference with the previous case
is that we have a priori to add to the left hand side of (59) an additional term of the form

�

K(u− νσBR)− K(u+ νσBR)
� G(νσBR, w)

a′(νσBR|{ν})
. (63)

Let us however remark that

a′(νσBR|{ν}) = 2Li ξ̂′(νσBR|{ν}) ∼L→∞
i g ′(νσBR) = O( 1

εσ ) , (64)

which diverges exponentially with L. This means that the correction induced by the presence
of the additional term (63) to the solution of (59) is in fact exponentially small in L with respect
to the leading order, i.e. that the solution (60)-(61)-(62) still holds even in the presence of a
boundary root.

This result can be applied directly to the computation of the two ratios in (44):

detN Ĥ1(λλλ,µµµ)
detN M1(λλλ,λλλ)

=
N
∏

i=1

a1(µi|{λ})− 1
a′1(λi|{λ})

det
N

�

ρ̄(λ j ,µk)
�

(1+O(L−∞)) , (65)

detN Ĥ2(µµµ,λλλ)
detN M2(µµµ,µµµ)

=
N
∏

i=1

a2(λi|{µ})− 1
a′2(µi|{µ})

det
N

�

ρ̄(µ j ,λk)
�

(1+O(L−∞)) . (66)

3.3 Product formula for the overlap

The determinant in (62) (or equivalently in (65)-(66)) is a generalised Cauchy determinant.
It can easily be computed by means of usual arguments for elliptic functions:

det
N

�

ρ̄(ν j ,ωk)
�

=

�

ϑ′1(0)

ϑ2(0)

�N

det
N

�

ϑ2(ν j −ωk)

ϑ1(ν j −ωk)
+
ϑ2(ν j +ωk)

ϑ1(ν j +ωk)

�

=

�

ϑ′1(0)

ϑ2(0)

�N N
∏

i=1

�

ϑ1(2νi , q2)ϑ4(2ωi , q2)
�

×

N
∏

k< j
ϑ1(ν j + νk)ϑ1(ν j − νk)ϑ1(ωk +ω j)ϑ1(ωk −ω j)

N
∏

k=1

N
∏

j=1
ϑ1(ν j +ωk)ϑ1(ν j −ωk)

. (67)

This enables us to express the overlap (44) as a simple product. Introducing

χ(u) =
τ2(u|{µ})
τ1(u|{λ})

=
[a2(u|{µ})− 1]
[a1(u|{λ})− 1]

sin (u− iξ−2 − iζ/2)

sin (u− iξ−1 − iζ/2)

N
∏

l=1

s(u− iζ,µl)
s(u− iζ,λl)

s(u,λl)
s(u,µl)

, (68)

to be the ratio of the two transfer matrix eigenvalues, and defining the following regularised
theta function

ϕ(λ) =
ϑ1(λ)
sinλ

= 2q1/4
∞
∏

n=1

(1− q2ne2iλ)(1− q2ne−2iλ)(1− q2n) , (69)
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we finally obtain

S({λ}, {µ}) =
N
∏

i=1

χ(λi)
χ(µi)

N
∏

i=1

N
∏

j=1

ϕ(λi +λ j)ϕ(λi −λ j)

ϕ(λi +µ j)ϕ(λi −µ j)

ϕ(µi +µ j)ϕ(µi −µ j)

ϕ(µi +λ j)ϕ(µi −λ j)
+O(L−∞) . (70)

This simple product formula is valid for large but finite L and N (we recall that for the ground
state N is of order L

2 ), up to exponentially small corrections in L. To derive it, we have es-
sentially used here the fact that the Bethe states that we consider are characterised by real
Bethe roots, with possibly some boundary root. We have also used the absence of holes in the
distribution of real roots.

In the next section, we will compute the thermodynamic limit of this product, taking more
specifically into account the properties of the ground states that we consider.

4 Taking the thermodynamic limit

In this section, we explain how to take the thermodynamic limit of the product formula (70)
obtained for the overlap in the previous section. We have to distinguish several cases according
to the configurations of the two sets of ground state Bethe roots {λ} and {µ}, see section 2.3.

4.1 The case of real Bethe roots

Let us first present the computation of the overlap (70) in the simplest case in which all Bethe
roots are real. According to the description of the ground state recalled in section 2.3, this
situation occurs for the following respective configurations of the boundary magnetic fields:

(a) case (A’) for both states for L odd: h+, h−1 , h−2 < h(1)cr and h−1 , h−2 < −h+;

(b) case (B) for both states for L even, which means that we are in one of the two following
situations:

(b1) h−1 , h−2 < h(1)cr < h+ < h(2)cr ,

(b2) h+ < h(1)cr < h−1 , h−2 < h(2)cr .

4.1.1 General strategy

When considering the thermodynamic limit of (70), we have to deal with factors of the form

F f (v|{λ}, {µ}) =
N
∏

j=1

f (v −λ j) f (v +λ j)

f (v −µ j) f (v +µ j)
, (71)

in which f is a π-periodic analytic function which does not vanish on the real axis. The
thermodynamic limit of products of the form (71), in this simplest case without complex roots
nor holes, can be computed as

F f (v|{λ}, {µ}) = exp

(

−
N
∑

j=1

�

log f (v −µ j) + log f (v +µ j)− log f (v −λ j)− log f (v +λ j)
�

)

= exp

¨

−
L
π

∫
π
2

−π2

log f (v −w)
�

ξ̂′2(w|{λ})− ξ̂
′
1(w|{µ})

�

dw+O(L−∞)

«

, (72)
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in which we have used the sum-to-integral transform, see Corollary B.1 of [2]. The difference
of the two counting functions is itself given as

ξ̂2(w|{µ})− ξ̂1(w|{λ}) =
g2(w)− g1(w)

2L

+
1

2L

N
∑

k=1

[θ (w−µk) + θ (w+µk)− θ (w−λk)− θ (w+λk)]

=
1
L
ξ̂d(w) +O(L−∞) , (73)

in which ξ̂d satisfies the equation

ξ̂d(λ) =
1

2π

∫
π
2

−π2

θ (λ−µ) ξ̂′d(µ) dµ+
g2(λ)− g1(λ)

2
. (74)

In the cases we consider here, ξ̂1(
π
2 ) = −ξ̂1(−

π
2 ) = ξ̂2(

π
2 ) = −ξ̂2(−

π
2 ) =

(N+1)π
L , so that

ξ̂d(
π
2 ) = −ξ̂d(−

π
2 ) = 0. Therefore (74) can alternatively be rewritten as

ξ̂d(λ) +

∫
π
2

−π2

K(λ−µ) ξ̂d(µ) dµ=
g2(λ)− g1(λ)

2
, (75)

and (72) as

F f (v|{λ}, {µ}) = exp

�

−
1
π

∫
π
2

−π2

f ′(λ−µ)
f (λ−µ)

ξ̂d(µ) dµ

�

�

1+O(L−∞)
�

. (76)

The r.h.s. of (75) is a 2π-periodic odd function:

g2(λ)− g1(λ) = g+(λ)− g+(−λ) , (77)

with

g+(λ) = −iε log
1− e2iλ(p2q)ε

1− e2iλ(p1q)ε
, with p j = e−2ξ−j , (78)

and ε= 1 if |p jq|< 1, i.e. if we are in case (a) or (b1), whereas ε= −1 if |p jq|> 1, i.e. if we
are in case (b2). Hence, the integral equation (75) can be solved in terms of Fourier series,
and the solution ξ̂d(λ) of (75) can also be written in the form

ξ̂d(λ) = ξ̂+(λ)− ξ̂+(−λ) , (79)

where ξ̂+(λ) is a power series of e2iλ (with only positive powers) which satisfies the integral
equation

ξ̂+(λ) +

∫
π
2

−π2

K(λ−µ) ξ̂+(µ) dµ=
g+(λ)

2
. (80)

Taking into account the explicit form of the kernel K(λ) and its Fourier coefficients, one can
rewrite this equation as

ξ̂+(λ) + ξ̂+(λ+ iζ) =
g+(λ)

2
. (81)

Introducing
a+(u) = exp

�

2iξ̂+(λ)
�

, u= e2iλ , (82)
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we get the following functional equation equivalent to the integral equation (80):

a+(u)a+(uq2) =
�

1− u (p2q)ε

1− u (p1q)ε

�ε

. (83)

The unique solution of this equation can be easily expressed

a+(u) =

�

(u (p2q)ε; q4)∞
(u q2(p2q)ε; q4)∞

(u q2(p1q)ε; q4)∞
(u (p1q)ε; q4)∞

�ε

, (84)

in terms of the the q-Pochhammer symbol

(x;α)∞ =
∞
∏

n=0

(1− xαn) . (85)

It remains to report the expression (84) into (76) and to compute the integral, so as to ob-
tain an evaluation of the product (71) in the thermodynamic limit, up to exponentially small
corrections in L.

In particular, if f is of the form

fp,±(λ) = 1− p e±2iλ , with |p|< 1 , (86)

the integral in (76) can easily be computed. Using the representation of f ′p,±(λ)/ fp,±(λ) in
Fourier series, we straightforwardly obtain that

exp

�

−
1
π

∫
π
2

−π2

f ′p,±(λ−µ)

fp,±(λ−µ)
ξ̂d(µ) dµ

�

= a+(p u±1) , u= e2iλ . (87)

4.1.2 Computation of the overlap

We can now apply the previous strategy so as to compute the overlap (70) in the case where
all Bethe roots are real.

In particular, from the infinite product representation of the function ϕ (69) in terms of
functions of the form (86), we readily obtain

Fϕ(v|{λ}, {µ}) =
N
∏

j=1

ϕ(v −λ j)ϕ(v +λ j)

ϕ(v −µ j)ϕ(v +µ j)

=

�∞
∏

n=1

a+(q
2nu)a+(q

2nu−1)

�

�

1+O(L−∞)
�

. (88)

Let us now consider the ratio of transfer matrix eigenvalues χ(λ j) evaluated at a Bethe root
λ j . Using the Bethe equations a1(λi|{λ}) = 1 we can express the quantity a2(λ j|{µ}) as

a2(λ j|{µ}) =
sin (λ j + iξ−2 + iζ/2)

sin (λ j + iξ−1 + iζ/2)

sin (λ j − iξ−1 − iζ/2)

sin (λ j − iξ−2 − iζ/2)

φ(λ j − iζ)

φ(λ j + iζ)
, (89)

in which we have introduced the shortcut notation

φ(ν) =
N
∏

k=1

sin(ν−λk) sin(ν+λk)
sin(ν−µk) sin(ν+µk)

. (90)
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Therefore (68) takes the following form

χ(λ j) =
φ′(λ j)

a′1(λ j|{λ})

�

sin (λ j + iξ−2 + iζ/2)

sin (λ j + iξ−1 + iζ/2)
1

φ(λ j + iζ)
−

sin (λ j − iξ−2 − iζ/2)

sin (λ j − iξ−1 − iζ/2)
1

φ(λ j − iζ)

�

=
φ′(λ j)

a′1(λ j|{λ})

�

(1− u j(p2q)−1)(1− u−1
j (p2q)−1)

(1− u j(p1q)−1)(1− u−1
j (p1q)−1)

�

1−ε
2 �

p1

p2

�
ε
2

×





�

1− u j(p2q)ε

1− u j(p1q)ε

�ε
1

a+(q2 u j)
−

�

1− u−1
j (p2q)ε

1− u−1
j (p1q)ε

�ε
1

a+(q2 u−1
j )





�

1+O(L−∞)
�

,

(91)

in which we have set u j = e2iλ j and used that

φ(λ± iζ) = F fq2,±
(λ|{λ}, {µ}) = a+(q

2 e±2iλ)
�

1+O(L−∞)
�

. (92)

This expression can be simplified by means of the functional equation (83), and we obtain

χ(λ j) =
φ′(λ j)

2i Lξ′1(λ j|{λ})

�

(1− u j(p2q)−1)(1− u−1
j (p2q)−1)

(1− u j(p1q)−1)(1− u−1
j (p1q)−1)

�

1−ε
2 �

p1

p2

�
ε
2

×
�

a+(u j)− a+(u−1
j )
�

�

1+O(L−∞)
�

. (93)

Let us now consider the function

ψ(v) = 2i L
ξ′1(v|{λ})
φ′(v)

. (94)

We can evaluate it by means of similar arguments to those used in [25]. Let us first remark
that

2π
N
∑

a=1

[K(µ−λa)− K(µ+λa)]
1

φ′(λa)
= i

�

1
φ(µ+ iζ)

−
1

φ(µ− iζ)

�

, (95)

which can easily be proved by comparing poles and residues of the r.h.s and l.h.s as well as their
behaviour at infinity. Replacing as usual the sum over Bethe roots by an integral by means of
Proposition B.1 of [2] and using (92), we obtain the following equation for the functionψ(λ):

∫
π
2

−π2

K(µ− ν)ψ(ν) dν= −
�

1
a+(e2iµq2)

−
1

a+(e−2iµq2)

�

�

1+O(L−∞)
�

. (96)

Using the explicit form of the kernel K(λ) and analyticity of the function 1/a+(u) inside the
unit circle we can easily solve this equation:

ψ(µ) = −
�

1
a+(e2iµ)

−
1

a+(e−2iµ)

�

�

1+O(L−∞)
�

. (97)

Inserting this result into (93) we obtain the following very simple formula for the ratio of
transfer matrix eigenvalues evaluated in λ j:

χ(λ j) =
�

p1

p2

�
ε
2 �

a+(q
1−εu j)a+(q

1−εu−1
j )
�ε �

1+O(L−∞)
�

. (98)
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Combining this result with (88) we obtain

χ(λ j) Fϕ(λ j|{λ}, {µ}) =
�

p1

p2

�
ε
2

�∞
∏

n=1

a+(q
2(n−ε)u j)a+(q

2(n−ε)u−1
j )

�

�

1+O(L−∞)
�

=
�

p1

p2

�
ε
2

�

(u jq
2−εpε2; q4)∞

(u jq2−εpε1; q4)∞

(u−1
j q2−εpε2; q4)∞

(u−1
j q2−εpε1; q4)∞

�ε
�

1+O(L−∞)
�

, (99)

in which we have used (84).
The ratio χ(µ j) of transfer matrix eigenvalues evaluated in µ j can be expressed similarly

as in (98), by simply replacing u j = e2iλ j by v j = e2iµ j in the expression. Hence, the overlap
is given as a product over j of ratios of the form (99) in terms of λ j and µ j , that we can again
evaluate following what has been done in section 4.1.1, using infinite product representation
of the q-Pochhammer symbol in terms of functions of the form (86):

S({λ}, {µ}) =

�∞
∏

n=0

a+(pε2q2−ε+4n)

a+(pε1q2−ε+4n)

�ε
�

1+O(L−∞)
�

=
(p2ε

1 q2; q4, q4)∞ (p2ε
2 q2; q4, q4)∞ ((p1p2)εq4; q4, q4)2∞

(p2ε
1 q4; q4, q4)∞ (p2ε

2 q4; q4, q4)∞ ((p1p2)εq2; q4, q4)2∞
+O(L−∞) . (100)

We recall that pi = e−2ξ−i , i = 1,2, and that ε= 1 if we are in case (a) or (b1), whereas ε= −1
if we are in case (b2). Here (x; q1, q2)∞ denotes the double q-Pochhammer symbol defined as

(x; q1, q2)∞ =
∞
∏

n1,n2=0

(1− xqn1
1 qn2

2 ) . (101)

4.2 Cases with presence of a boundary root

We now explain how the previous analytical computations are modified when one of the two
states, or both, are described by a set of Bethe roots with a boundary root of the form (40).

4.2.1 Presence of two boundary roots λσ1

BR and µσ2

BR

When considering a product of the form (71), we have now to take into account the presence of
these boundary roots λσ1

BR = −i(ζ2+ξ
σ1
1 +ε

σ1
1 ) and µσ2

BR = −i(ζ2+ξ
σ2
2 +ε

σ2
2 ), withσ1,σ2 ∈ {+,−}

and εσ1
1 ,εσ2

2 = O(L−∞):

F f (v|{λ}, {µ}) = F f ,BR(v) exp

�

−
1
π

∫
π
2

−π2

f ′(v −µ)
f (v −µ)

ξ̂d(µ) dµ

�

�

1+O(L−∞)
�

, (102)

where ξ̂d now satisfies the equation2

ξ̂d(λ) +

∫

π
2

−π2

K(λ−µ) ξ̂d(µ) dµ=
g2(λ)− g1(λ)

2
(103)

+
1
2

∑

σ=±

�

θ (λ− iσ(ζ2 + ξ
σ2
2 ))− θ (λ− iσ(ζ2 + ξ

σ1
1 ))

�

,

and

F f ,BR(v) =
f (v + i ζ2 + iξσ1

1 ) f (v − i ζ2 − iξσ1
1 )

f (v + i ζ2 + iξσ2
2 ) f (v − i ζ2 − iξσ2

2 )
. (104)

2We have here ξ̂1(
π
2 ) = −ξ̂1(−

π
2 ) = ξ̂2(

π
2 ) = −ξ̂2(−

π
2 ) =

Nπ
L , so that ξ̂d(

π
2 ) = −ξ̂d(−

π
2 ) = 0.
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Case with λ+BR and µ+BR: Let us first consider the case in which the two boundary roots are
λ+BR and µ+BR. This occurs when

h−1 , h−2 < h+ , with |h+|< h(1)cr , or h−1 , h−2 < h(1)cr < h(2)cr < h+ . (105)

This case is particularly simple since these two boundary roots coincide up to exponentially
small corrections in L. In other words, the extra factor F f ,BR(v) (104) in (102) is identically
equal to 1, whereas the term in the second line of (103) vanishes identically. Hence, the
presence of the boundary roots does not induce any changes in the computations with respect
to the case with only real roots, and the overlap is given by the expression (100) with ε= 1.

Case with λ−BR and µ−BR: Let us now consider the case in which the two boundary roots are
λ−BR and µ−BR. This occurs when

h+ < h−1 , h−2 , with |h−1 |, |h
−
2 |< h(1)cr , or h+ < h(1)cr < h(2)cr < h−1 , h−2 . (106)

We can apply in this case similar arguments as in section 4.1.1 and decompose ξ̂d as in (79),
which leads to the following integral equation for ξ̂+:

ξ̂+(λ) +

∫
π
2

−π2

K(λ−µ) ξ̂+(µ) dµ= −
i
2

log

�

1− e2iλp2q
1− e2iλp1q

1− e2iλp−1
2 q

1− e2iλp−1
1 q

1− e2iλp2q3

1− e2iλp1q3

�

. (107)

Note that, in the regimes (106) considered here, we have both |p jq| < 1 and |p−1
j q| < 1,

j = 1, 2. This equation is equivalent to

a+(u)a+(uq2) =
1− up2q
1− up1q

1− up−1
2 q

1− up−1
1 q

1− up2q3

1− up1q3
, (108)

in which we have defined a+ in terms of ξ̂+ as in (84). The unique solution of this equation is
given by

a+(u) =
(up−1

2 q; q4)∞
(up−1

1 q; q4)∞

(up−1
1 q3; q4)∞

(up−1
2 q3; q4)∞

1− up2q
1− up1q

. (109)

For f of the form fp,± (86), the identity (87) still holds in terms of the function a+ (109).
Combining this expression with the extra factor (104) due to the presence of the boundary
roots in (102), which in this case takes the form

F fp,±,BR(λ) =
(1− pp1qu±1)(1− p(p1q)−1u±1)
(1− pp2qu±1)(1− p(p2q)−1u±1)

, (110)

we obtain

F fp,±,BR(λ) exp

�

−
1
π

∫
π
2

−π2

f ′p,±(λ−µ)

fp,±(λ−µ)
ξ̂d(µ) dµ

�

= ea+(pu±1) , (111)

with

ea+(u) =
(up−1

2 q; q4)∞ (u(p1q)−1; q4)∞
(up−1

1 q; q4)∞ (u(p2q)−1; q4)∞
. (112)

Note that ea+(u) coincides with the function obtained in (84) for ε = −1, which therefore
satisfies (83) with ε= −1.

The rest of the computation is therefore nearly identical to what has been done in sec-
tion 4.1.2 in the case ε= −1. The functions Fϕ(v|{λ}, {µ}), φ(λ± iζ) and the ratio χ(λ j) are
then expressed respectively as in (88), (92) and (93) (for ε= −1), in terms of the function ea+
(112) (instead of in terms of a+ (84) for ε= −1).3

Finally, the overlap is given by the expression (100) with ε= −1.
3To compute the ratio of transfer matrix eigenvalues χ(λ j), it may be convenient to isolate the contribution of

the boundary roots, and to compute separatly χ(λ−BR).
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Case with λ+BR and µ−BR: We finally consider the case in which the set of Bethe roots {λ}
contains the boundary root λ+BR, and the set {µ} the boundary root µ−BR. This occurs when

h−1 < h+ < h−2 , with |h+|, |h−2 |< h(1)cr , or |h+|< h(1)cr < h(2)cr < h−1 . (113)

Let us consider in that case the ratio of transfer matrices eigenvalues (68) evaluated at
λ+BR:

χ(λ+BR) =
a2

�

λ+BR|{µ}
�

− 1

a′1
�

λ+BR|{λ}
�

sin
�

λ+BR − iξ−2 − iζ/2
�

sin
�

λ+BR − iξ−1 − iζ/2
�

φ′(λ+BR)

φ(λ+BR − iζ)
. (114)

As mentioned in (57), a2 (λ|{µ}) diverges exponentially with the system size if −ζ < I(λ)< 0.
However, at λ = λ+BR = −iξ+ − iζ/2, this divergence is compensated by the presence of the
factor sin (λ+ iξ+ + iζ/2), which appears in the Bethe equations for both Hamiltonians H1
and H2. It also follows from (64) that a′1

�

λ+BR|{λ}
�

= O(L+∞). Hence, χ(λ+BR) is of order
O(L−∞).

Proceeding with the computations similarly to what has been done in previous sections,
we can show that all the other factors in (70) remain finite. Hence, the overlap is of order
O(L−∞) in this case.

4.2.2 Presence of only one boundary root λσ1

BR

We finally consider the case in which only one set of Bethe roots, say {λ}, contains a boundary
root λσ1

BR, the other set of Bethe roots {µ} involving only real roots. This occurs either when

h+ < h−1 , with h+ < h(1)cr < h−2 < h(2)cr , and h−1 ∈ ]− h(1)cr , h(1)cr [∪ ]h
(2)
cr ,+∞[ , (115)

in which case the boundary root is λ−BR, or when

h−1 < h+ , with |h+|< h(1)cr < h−2 < h(2)cr , (116)

in which case the boundary root is λ+BR. Note that in both cases we have

|p1q|< 1 , |(p2q)−1|< 1 , and q2(pσ1
1 q)±1 < 1 , (117)

in which we have defined pσ1
1 = e−2iξ

σ1
1 .

When considering a product of the form (71), we can still write

F f (v|{λ}, {µ}) = F f ,BR(v) exp

�

−
1
π

∫
π
2

−π2

log f (v −w) ξ̂′d(w) dw

�

�

1+O(L−∞)
�

, (118)

with an extra factor F f ,BR given by

F f ,BR(v) = f (v + i ζ2 + iξσ1
1 ) f (v − i ζ2 − iξσ1

1 ) , (119)

and the difference of the two counting function ξ̂d satisfies the equation

ξ̂d(λ)−
1

2π

∫
π
2

−π2

θ (λ−µ) ξ̂′d(µ) dµ=
g2(λ)− g1(λ)

2
−

1
2

∑

σ=±
θ (λ− iσ(ζ2 + ξ

σ1
1 )) . (120)

It is convenient, in that case, to consider the derivative of (120),

ξ̂′d(λ) +

∫
π
2

−π2

K(λ−µ) ξ̂′d(µ) dµ=
g ′2(λ)− g ′1(λ)

2
−

1
2

∑

σ=±
θ ′(λ− iσ(ζ2 + ξ

σ1
1 )) , (121)
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ξ̂d being the primitive function of the solution ξ′d of (121) which vanishes at 0. Note that the
right hand side of (121) is a 2π-periodic even function of λ. Hence, using similar arguments
as in section 4.1.1, we can look for the solution of (121) as a Fourier series in the form

ξ̂′d(λ) = ξ̂
′
0 + ξ̂

′
+(λ) + ξ̂

′
+(−λ) , (122)

in which ξ̂′0 is a contant and ξ̂′+(λ) is a power series of e2iλ with only positive powers, and
(121) can be rewritten as

ξ̂′0 + ξ̂
′
+(λ) + ξ̂

′
+(λ+ iζ) =

1
2

�

1+ e2iλp1q
1− e2iλp1q

+
1+ e2iλ(p2q)−1

1− e2iλ(p2q)−1
+
∑

σ=±1

1+ e2iλq2(pσ1
1 q)σ

1− e2iλq2(pσ1
1 q)σ

�

. (123)

It follows from (123) that ξ̂′0 = 2. Hence

ξ̂d(λ) = 2λ+ ξ̂+(λ)− ξ̂+(−λ) , (124)

in which ξ̂+ is any primitive function of ξ̂′+. Up to a constant which can conveniently be chosen
to be zero, the equation (123) can be integrated as

ξ̂+(λ) + ξ̂+(λ+ iζ) = −
1
2i

log

�

(1− e2iλp1q)(1− e2iλ(p2q)−1)
∏

σ=±1

(1− e2iλq2(pσ1
1 q)σ)

�

, (125)

or equivalently

a+(u)a+(uq2) =
1

1− up1q
1

1− u(p2q)−1

1

1− u(pσ1
1 )−1q

1

1− upσ1
1 q3

, (126)

in which we have defined a+(u) = exp[2iξ̂+(λ)], u= e2iλ.
In particular, if f is of the form (86), we have

exp

�

−
1
π

∫
π
2

−π2

log fp,±(v −w) ξ̂′d(w) dw

�

= exp

�

−
1
π

∫
π
2

−π2

f ′p,±(v −µ)

fp,±(v −µ)
�

ξ̂+(µ)− ξ̂+(−µ)
�

dµ

�

= a+(pu±1) , (127)

in which we have used the decomposition (124)-(126) of ξ̂d .

Case with λ−BR: Let us consider more particularly the case in which the boundary root is λ−BR,
i.e. the case (115). Then pσ1

1 = p1, and the unique solution of the functional equation (126)
is

a+(u) =
(up−1

2 q; q4)∞
(up−1

2 q−1; q4)∞

(up−1
1 q3; q4)∞

(up−1
1 q; q4)∞

1
1− up1q

. (128)

It follows that

eF fp,±,BR(λ) exp



−
1
π

∫

π
2

−π2

f ′p,±(λ−µ)

fp,±(λ−µ)
ξ̂d(µ) dµ



= ea+(pu±1) , (129)

with ea+(u) given by (112) and coinciding with the function obtained in (84) for ε= −1.
The remaining part of the computation is then similar to what has been done in the other

cases, and the overlap can be expressed as (100) for ε= −1.
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Case with λ+BR: In the case in which the boundary root is λ+BR, i.e. the case (116), one can ap-
ply similar arguments as for (113), and one finds that the overlap vanishes up to exponentially
small corrections in L.

5 The overlap in the thermodynamic limit: Summary of the results

We now summarize our final results concerning the value of the overlap in the thermodynamic
limit, according to the different configurations of the boundary magnetic fields.

5.1 The overlap for a chain with an odd number of sites

The study of the thermodynamic limit of the overlap for L odd is quite simple, since we have
only very few cases to distinguish, see section 2.3:

1. If h+, h−1 , h−2 < h(1)cr and h−1 , h−2 < −h+, all the Bethe roots are real and the overlap is given
by the expression (100) with ε= 1:

S({λ}, {µ}) =
(p2

1q2; q4, q4)∞ (p2
2q2; q4, q4)∞ (p1p2q4; q4, q4)2∞

(p2
1q4; q4, q4)∞ (p2

2q4; q4, q4)∞ (p1p2q2; q4, q4)2∞
+O(L−∞) . (130)

2. If |h+|, h−1 ,−h−2 < h(1)cr and h−1 < −h+ < h−2 , the two ground states are in sectors of
different magnetisation, so that the overlap vanishes identically:

S({λ}, {µ}) = 0 . (131)

3. If h+, h−1 , h−2 > −h(1)cr and h−1 , h−2 > −h+, the overlap can be obtained by spin-reversal
symmetry from the first case, using that

(σx)⊗N Hh−,h+(σ
x)⊗N = H−h−,−h+ . (132)

Hence the overlap in this case is simply given by the expression (130) in which we have
replaced pi by p−1

i :

S({λ}, {µ}) =
(p−2

1 q2; q4, q4)∞ (p−2
2 q2; q4, q4)∞ ((p1p2)−1q4; q4, q4)2∞

(p−2
1 q4; q4, q4)∞ (p−2

2 q4; q4, q4)∞ ((p1p2)−1q2; q4, q4)2∞
+O(L−∞) . (133)

We recall that in all these expressions we have defined pi = e−2ξ−i , i = 1, 2.
In Fig. 2, we have plotted our analytical result and compared it with numerical results

obtained by exact diagonalisation of the Hamiltonian using the Quspin package [26].
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Figure 2: The overlap via exact diagonalisation for a chain of length L = 17 compared
to the ABA exact result at the thermodynamic limit obtained in section 5.1. Here
ζ = 1.8, h+ = −1, h−1 = 0, and the value of the overlap S({λ}, {µ}) is plotted for
different values of h−2 : when h−2 < −h+ = 1, we are in the case 1 of section 5.1, and
the overlap is given by (130); when h−2 > −h+ = 1, we are in the case 2 of section 5.1
and the overlap vanishes, see (131).
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5.2 The overlap for a chain with an even number of sites

The analytical study in this case is slightly more complicated than for L odd. Indeed, we have
a priori to consider many different configurations for the sets of Bethe roots describing the
ground states, according to whether they contain or not a boundary root, see section 2.3. We
can nevertheless distinguish the following three main different cases:

1. Case h−1 , h−2 < h+. Under the hypothesis that the two ground states are in a configuration
(A), (B) or (C), see section 2.3, this may occur in the following situations:

(i) h−1 , h−2 < h+ with |h+|< h(1)cr or h−1 , h−2 < h(1)cr < h(2)cr < h+, i.e. we are in the situation
considered in (105).

(ii) h−1 , h−2 < h(1)cr < h+ < h(2)cr , i.e. we are in the situation (b1) considered in section 4.1.

For all these situations, the overlap is given by the expression (100) with ε= 1, i.e.

S({λ}, {µ}) =
(p2

1q2; q4, q4)∞ (p2
2q2; q4, q4)∞ (p1p2q4; q4, q4)2∞

(p2
1q4; q4, q4)∞ (p2

2q4; q4, q4)∞ (p1p2q2; q4, q4)2∞
+O(L−∞) . (134)

2. Case h−1 < h+ < h−2 . Under the hypothesis that the two ground states are in a configura-
tion (A), (B) or (C), we may be in one of the two following situations:

(i) |h+|, |h−2 | < h(1)cr , or |h+| < h(1)cr < h(2)cr < h−2 , i.e. we are in the situation considered
in (113).

(ii) |h+|< h(1)cr < h−2 < h(2)cr , i.e. we are in the situation considered in (116).

Then the overlap vanishes up to exponentially small corrections in L:

S({λ}, {µ}) = O(L−∞) . (135)

3. Case h+ < h−1 , h−2 . The overlap can be obtained by spin-reversal symmetry from the first
case, i.e.

S({λ}, {µ}) =
(p−2

1 q2; q4, q4)∞ (p−2
2 q2; q4, q4)∞ ((p1p2)−1q4; q4, q4)2∞

(p−2
1 q4; q4, q4)∞ (p−2

2 q4; q4, q4)∞ ((p1p2)−1q2; q4, q4)2∞
+O(L−∞) .

(136)
Note that this case corresponds also to several situations in which the overlap has been
explicitly computed, namely the situation considered in (106), or in (115), or in case
(b2) of section 4.1. For all these situations, the overlap is given by the expression (100)
with ε= −1, which indeed coincides with (136).

In figures 3 and 4, we compare the analytic expression of the overlap we have obtained in
several of these different cases with numerical results obtained by exact diagonalisation using
the Quspin package [26].

Note that, as expected, the thermodynamic limit of the overlap does not depend on the
parity of the length of the chain, up to a change of h+ into −h+. We would also like to mention
that our final expression for the overlap in the thermodynamic limit coincides with a similar
result obtained by R. Weston within the framework of the q-operator approach [17].
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Figure 3: The overlap via exact diagonalisation for a chain of length L = 18 compared
to the ABA exact result at the thermodynamic limit obtained in section 5.2. Here
ζ = 1.5, h+ = 2, h−1 = −1, and the value of the overlap S({λ}, {µ}) is plotted for
different values of h−2 for h−2 < h(1)cr : we are here in the configuration (ii) of the case 1
from section 5.2, and the overlap is given by (134).

Figure 4: The overlap via exact diagonalisation for a chain of length L = 18 compared
to the exact result at the thermodynamic limit obtained in section 5.2. Here ζ= 1.8,
h+ = 0, h−2 = 1, and the value of the overlap S({λ}, {µ}) is plotted for different
values of h−1 : when h−1 < h+, we are in configuration (i) of case 2 of the section 5.2
(up to an exchange of h−1 and h−2 ), and the overlap vanishes up to exponentially small
corrections in L; when h−1 > h+, we are in case 3 of section 5.2, and the overlap is
given by (136).
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6 Conclusion

We have considered a boundary quench in the open XXZ spin chain with boundary magnetic
fields parallel to the anisotropy axis, i.e. a change of the value of one of the boundary magnetic
fields, and computed the overlaps between the ground states before and after the quench.
Our approach is based on the Slavnov determinant representation of the overlaps, and on the
Gaudin extraction technique proposed in [14]. In the massive antiferromagnetic regime of the
chain ∆> 1, and for all configurations of the magnetic fields for which the spectrum remains
gapped (i.e. for which the ground state solutions of the Bethe equations do not include real
holes), we have computed the thermodynamic limit of these overlaps up to exponentially small
corrections in the length L of the chain.

The fact that we limited our consideration to the massive antiferromagnetic regime enabled
us to avoid issues with the convergence of infinite products. It seems however to be possible to
apply similar technics in the massless case. In particular, the XXX case can directly be obtained
from the massive one as a limit.

In our next publication, we intend to show how to generalise this computation to excited
states, and namely how to deal with the presence of real holes. This should effectively open
the way to a study of the quench dynamics, or of the behaviour of boundary driven spin chains.
Further development of this approach should include all the excited states close to the ground
state which implies treatment of the complex roots of the Bethe equations as it was done for
the periodic XXX chain [27].
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A Convergence of numerical results

In this Appendix we illustrate by two plots and corresponding value tables the rapid conver-
gence of numerical results for the overlap toward our analytic formulas (with and without
boundary roots).
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Figure 5: The overlap via exact diagonalization for different chain sizes compared
to the exact result from ABA at the thermodynamic limit. Here, the values of the
overlap are plotted for ζ = 1.5, h+ = 2 and h−1 = −1. They are also presented in
a table to show the rapid (exponential) convergence of the numerical results to the
analytic values. In this plot, we are in the exact same configuration as in figure 3.
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Figure 6: The overlap via exact diagonalization for different chain sizes compared
to the exact result from ABA at the thermodynamic limit. Here, the values of the
overlap are plotted for ζ = 1.8, h+ = 0 and h−1 = 1. They are also presented in a
table to show the rapid (exponential) convergence of the numerical results to the
analytic values. In this plot, we are in the same exact configuration as in figure 4.
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