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Abstract

Random features models play a distinguished role in the theory of deep learning, de-
scribing the behavior of neural networks close to their infinite-width limit. In this work,
we present a thorough analysis of the generalization performance of random features
models for generic supervised learning problems with Gaussian data. Our approach,
built with tools from the statistical mechanics of disordered systems, maps the random
features model to an equivalent polynomial model, and allows us to plot average gen-
eralization curves as functions of the two main control parameters of the problem: the
number of random features N and the size P of the training set, both assumed to scale
as powers in the input dimension D. Our results extend the case of proportional scaling
between N, P and D. They are in accordance with rigorous bounds known for certain
particular learning tasks and are in quantitative agreement with numerical experiments
performed over many order of magnitudes of N and P. We find good agreement also far
from the asymptotic limits where D — oo and at least one between P/DX, N/D! remains
finite.
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1 Introduction

The connection between deep feed-forward neural networks (DNNs) in the large-width limit
and kernel methods has been well understood in the last years. It has been shown, in a
Bayesian learning perspective, that if the number of units in each hidden layer is taken to
infinity at fixed input dimension and training set size, a DNN becomes a “neural network
Gaussian process” whose kernels can be defined iteratively layer by layer [ 1-4]. This result has
been recently generalized beyond the infinite-width limit [5-10]. In a dynamical perspective
moreover, it has been shown that wide DNNs trained with gradient-based methods exhibit the
lazy-training kernel regime [11], evaluated by first order Taylor-expanding the network with
respect to the weights around initialization [12-14].
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Figure 1: Left: generalization error of the RFM on a classification task, as a function
of the size of the training set P, for D = 30, N = 104, weights regularization { = 1078,
quadratic teacher (balanced: T, = T, = 1/4/2, 745, = 0) and ELU activation func-
tions (defined in Eq. (8) below); the continuous line is the equivalent polynomial
theory devised in Sec. 4, truncated at L = 3; dashed lines are the asymptotic the-
ories (see Sec 6 for details) for N — oo and P/D finite (red), N — oo and P/ (12))
finite (yellow), N — oo and P/ (g) finite (blue), P/ (g) and N /P finite (green); black
points are results from numerical experiments averaged over 50 instances (see Ap-
pendix I). The model learns the linear features (first step at P ~ O(D)), then learns
the quadratic features (second step at P ~ O(D?)), then follows the interpolation
peak at P ~ N. Right: numerical and theoretical teacher-student overlaps — defined
in Eq. (37) and (45) - of the linear and quadratic features (the overlap of the cubic
features is identically O by definition); the parameters of the model are the same as
for the left panel.

Once a DNN is proven equivalent to a kernel machine, the mechanism by which it real-
izes the input-output mapping of the corresponding supervised-learning task is understood:
the input data, which generally speaking are points in R”, are mapped with an implicit fea-
ture map v : RP — RY to an N-dimensional space where the classification, or regression,
rule is linear and can be learnt by the read-out layer. The mapping to the feature space is
implicit, in the sense that the learning problem can be solved by a support vector machine
(SVM), so that learning and generalization depend on the features only through the kernel
H(x,x) = Z?:ﬂ/)i(x)l//'i(xl )/N (see, for reference, [15]). Learning curves (generalization
error as a function of the size P of the training set) of kernel machines can be obtained ana-
lytically from a statistical mechanics [16-19] or a mathematical [20-22] perspective. A very
interesting trait of these curves is their staircase shape for P ~ DX: by setting the scaling of
the size of the training set to a certain power K of the input dimension, features of order K can
be learnt by the machine, so that the test error decreases increasing K with subsequent steps.

The discovery of the lazy training regime of wide neural networks motivated in the recent
past the study of the random features model (RFM) [23,24], a shallow (one-hidden-layer, 1HL)
neural network where the feature map is explicitly parametrized by a fixed random linear
embedding of the input points from R? to R, followed by a non-linear activation function. In
this sense, the model mimics the behavior of a neural network in the large-width limit, where
the feature map depends only on initialization and learning is linear.

In the present work we study theoretically the generalization performance of the RFM in
the large-D limit for empirical risk minimization, with P ~ DK, N ~ D. We find, under a quite
general teacher/student setting with a random polynomial teacher and Gaussian i.i.d. input
data, that


https://scipost.org
https://scipost.org/SciPostPhys.18.1.039

e SciPost Phys. 18, 039 (2025)

0.5

- -1
L'=2
— L'=3

0.4

€ 0.3

0.2

Figure 2: Generalization error of a RFM on a classification task, as a function of the
number of hidden units N, for P = 10* and the rest of the parameters as in Fig. 1;
continuous lines are the theories truncated at L’ = 1,2, 3 (respectively: blue, yellow,
red); numerical points (in black) are nicely interpolating between these curves in the
regimes where N ~ O(D),0(D?),0(D?), validating Eq. (25), where the truncation
L’ of the equivalent polynomial theory is fixed at L ~ log(N)/log(D).

* as long as P < N, the model behaves as an infinite-rank (N — o0) kernel machine:
for P ~ DK, features of order K can be learnt, such that the generalization error as a
function of P has a staircase descent (or overfitting peaks if the teacher is less complex)
with steps corresponding to different values of K;

 for P> N and N ~ D%, the model is equivalent to a degree-L polynomial student: if the
complexity of the teacher is lower than the degree L, the generalization error is equal
to zero, or otherwise, to the minimum error for a degree-L polynomial fitting a more
complex teacher;

* for P ~ N, an interpolation peak of the generalization error, which depends on the
strength of the regularization of the student’s weights, occurs.

This behavior is depicted in Fig. 1. Comparison with numerical experiments shows that our
theory, based on the mapping of the RFM to an equivalent noisy polynomial model, predicts
well the quantitative behavior of the true generalization performance at finite size, over many
orders of magnitude.

Our theory, formulated from the point of view of the statistical mechanics of disordered
systems, expresses the generalization performance of the RFM in terms of few order param-
eters with a clear physical interpretation, as overlaps between combinations of the student’s
weights and the parameters defining the teacher. In this way, we are offering a complementary
take on what is known about RFMs in the computer science community, as we discuss in the
following.

1.1 Related works

In this section we give an overview on the previous works that have been of inspiration to our
paper, presenting relevant results and differences with our approach.

Random feature models were introduced in [23-26], initially as randomized low-rank ap-
proximations of kernels arising in classification or regression problems. Recently, their interest
was renewed by the discovery that DNNs behaves as RFMs close to the infinite-width limit, both
in a Bayesian learning [ 1-4] and in a gradient-based learning [11-14] setting. This mapping,
which provides one of the few limits where DNNs can be studied with analytical methods, has
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motivated in the last few years a huge effort to formalize their behavior in terms of expressive
power and generalization performance.

In particular, the impressive series of works [14,27-33] (see [34] for a review) formulates
rigorous bounds on the generalization performance of RFMs in different asymptotic regimes.
For a non-exhaustive recap of the results (with our notation):

* In[27], the large-D limits where D'*® < N < DX+172 (for small &) after sending P — oo
(underparametrized regime) and DX¥*® < P < DX*17% after sending N — oo (over-
parametrized regime) are considered. In the first case the model is found equivalent to
degree-L polynomial regression; in the second one, it reduces to (infinite-rank) kernel
regression, which for that number of samples can fit at most a degree-K polynomial in
the inputs, in a way also investigated in literature [ 16-22].

* In [29], the limit where both N and P scale linearly with D with their ratio fixed is
considered; the generalization error as a function of the ratio between the number of
hidden units and the size of the training set first decreases for N /P small, then exhibits
a peak at the interpolation threshold N/P = 1 and then relaxes again for N > P to
the value predicted from the kernel theory with P ~ D, coherently with the previous
point. This phenomenology is widely observed in numerical experiments and known in
literature as double descent [35] of the generalization error.

* In [31], the authors push forward the analysis of [27] (that is, P and N scaling poly-
nomially with D) to the regimes where N < P'=% and N > P'*°. The authors show
indeed that the limiting behavior is given by the smallest of N and P, and they find the
interpolation threshold at N ~ P also in this polynomial scaling.

* In [33], universality results on training and test error are proven in the P ~ N regime
for a larger class of models, as long as with finite dimensional outputs, and generic
losses. Indeed, they prove that training and test errors depend on the random features
distribution only through its covariance structure.

These papers find bounds to the generalization performance of a RFM with rigorous analytical
methods under quite general assumptions on data distribution and activation functions.

A statistical mechanics point of view, complementary to the formal approach discussed
so far, has been formulated in the series of papers [36-42]. Originally aiming at modelling
the role of data structure in machine learning, as in other contemporary approaches [43-50],
the authors obtained in [37] a closed-form expression for the generalization error of RFMs
for regression and classification in the asymptotic regime where N ~ P ~ D. Their approach,
based on the replica theory from statistical mechanics [51], can be applied to supervised learn-
ing tasks with generic convex loss functions. Not only their results are supported under mild
hypothesis by analytical proofs [29,33,38,52,53], but they can predict remarkably well the nu-
merical experiments. Our work extends these results to more general scaling regimes, where
P ~DX N ~DL

One of the main steps in our derivation is the expansion of activation function of the hidden
layer on a polynomial basis, which corresponds to the diagonalization of the kernel (20) on
its eigenbasis (Mercer’s decomposition). This expansion is then truncated to a certain degree
L, corresponding to the integer exponent in the scaling law N ~ D!: similar approximations
appeared recently in [54,55]. Moreover, while the literature on the double descent behav-
ior of the generalization error is vast and impossible to outline here (see for example [35]),
we mention [56], where the presence of more than one peak in the generalization curve is
remarked: the authors call “linear peak” the one occurring at P ~ D for N > P, where the
model behaves as a kernel learning the linear features, while for P ~ N there is a “non-linear


https://scipost.org
https://scipost.org/SciPostPhys.18.1.039

e SciPost Phys. 18, 039 (2025)

Table 1: Notations used in this paper.

Symbol Definition
D input space dimension
N ~ D! feature space dimension
P ~DK size of the training set
B degree of the teacher
n number of replicas
M N/(7)
a,p, - indices in input space
i,7, indices in feature space
Uy Ve e indices spanning the training set
a,b,--- indices in replica space
a multi-index {a, - ,a;}, a4 <--- <y
0 teacher parameters, 6 = {Og)}le
F N x D random features matrix
Fa: Fi (Fia)]ivzla (Fia)gzl
3 (Fig, " Fig, iy
C FF'/D
cet (g = D FELEEDT/(T)
Q,QY, ... Qa2 ey QDN 4oy

peak” due to the non-linearity of the activation function acting as noise and overfitted when
P and N are of the same order; in the present work we show that, as long as N > P, there is
a peak (or a descent) for each of the regimes P ~ DK,

Appeared in parallel with our work, the paper [57] pushes forward the line of research
of [29] from a mathematical perspective, deriving sharp asymptotics for the generalization
of random features ridge regression in the polynomial regime. The even more recent [58]
bounds the test error of random features ridge regression with a dimension-free (that is, for
arbitrary input dimension D) non-asymptotic (depending explicitly on N and P, converging to
the test error when at least one of them is large) deterministic equivalent, depending only on
the feature map eigenvalues through a set of self-consistent equations. The mapping of our
approach to [57,58] is left for future work.

2 The model

We would like to study the generalization performance of the Random Features model in a
teacher/student [59, 60] supervised learning set-up, where the teacher performs an input-
output mapping with various degree of complexity. We summarize in Table 1 the main nota-
tions used in this paper.

The input data x are vectors in R? with i.i.d. Gaussian elements, while the labels are
assigned by a polynomial teacher of degree B defined as:

y~plyvx)),

B
_ Ty ¢ ¢y
v(x) = Z —D Z 0(51)..‘(1[ Xog """ Xgy s

(=1 (E) oy <--<ay

where 9(&1), 9(%), .-+ are i.i.d. N(0,1) parameters collectively denoted as 6, describing the
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non-linear decision boundary (diagonal terms, irrelevant for large D, are for simplicity not
included in the sum). Notice that the function v(x) coincide with the Hamiltonian of the
“mixed p-spin model” of the statistical physics of the spin-glasses (see, for example, [61]).
The mixture parameters 7,, weighting the monomials of different degree, are chosen to respect
Zle T? = 1. Within this general setting, we will concentrate on the specific simple examples
of a deterministic teacher for binary classification or a noisy teacher for polynomial regression
with variance of the noise A, for which Eq. (1) reduces respectively to

y~6[y—sgnv(x)], y~N[ylvx),A]. (2)

It has been shown in [16] that a polynomial student, defined in the same way as in Eq. (1),
would learn the weights of the teacher in a hierarchical fashion: O(DX) examples are needed
in order to learn the parameters 0¥ for ¢ < K. However, here the student’s task is to learn
the weights of the last layer of a 2-layers NN, f(x;w), whose first layer realizes a random
embedding of the data in a N-dimensional feature space:

fxw) =p[A(x;wW)], (3)
1 & 1 <&
A(X;W): \/_N;Wio-(ﬁ aZﬂFiaxa) s “4)

where F is a N x D quenched random matrix with i.i.d. standard normal entries, o is the non-
linear activation function of the hidden layer, w € R the student’s weight vector and ¢ the
activation function of the last (“readout”) layer. It is customary to introduce the pre-activations

D
1
hi: /—2 :Fiaxaa 5
Da=1

which at fixed instance of the random features F, given that we chose x i.i.d normal variables,
follow a multivariate Gaussian distribution with covariance

D
1
CU ZEXu[hth] = BZFUXFJ& (6)
a=1

In our setting with independent random features, C is a Wishart matrix.
While our theory is general in the choice of o (as long as it can be expanded on the basis
of Hermite polynomials — see Sec. 4), we will test our results for popular choices, such as

o(h) = ReLU(h) = max(h, 0), (7)
_ _Jexp(h)—1, ifh<o0,
o(h) =ELU(h) = {h, ifh>0. ®)

(respectively, Rectified and Exponential Linear Unit).
The training set is made of P input-output pairs, 7 = {(x", y“)}izl. The student learns by
solving the following optimization problem,

¢

P
w* = argmin Zﬁ[y“,l(xu;w)] + §||W||2 ) )

w =1

where £ is an opportune convex loss function and ¢ controls the regularization of the weights.
Notice how the solution of this optimization problem is an implicit function of the training set
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T, the parameters of the teacher 6 and the random features F, that is w* = w*(7, 0, F); we
will omit this dependence to lighten notations.

The choice of the loss function £ and the readout activation function ¢ in Eq. (3) defines
the specific learning task to perform. The approach we present in the following can be followed
for any choice of L, as long as the optimization problem (9) is convex (to justify the Replica
Symmetric ansatz, see below); this is true in particular if £(y, A) is convex as a function of
A, as the student’s weights w enter linearly in the definition of A(x; w). However, to simplify
formulas, we will report in the main text only the case of a pure quadratic loss, reading, both
in the case of regression and classification:

1
Lo =50~ )2, (10)

The use of a regression loss for a classification task (A instead of ¢(A) even when ¢ = sgn)
is not unusual in practical cases (e.g. the linear_model.RidgeClassifier class in the
Scikit-learn library for Python [62]) and dates back to the early days of NNs [60, 63].

The main aim of this work is the evaluation of the generalization performance of the model,
both for the classification and the regression problems, using a statistical mechanics approach.
From this perspective, the model defines a disordered system with N degrees of freedom w,
and quenched disorder given by the realization of the input points x*, the teacher’s parameters
0 and the random features F. Our computation will follow the standard path, starting from
the partition function at inverse temperature f3

p
z= f dw exp | =B D L1y, A6 sw)] — 25w | (1)

u=1 2

3 Generalization error

In order to quantify how well the student can learn the teacher, we look at the generalization
error, defined as the probability of misclassifying a new sample (in the case of classification)
or as the mean squared error of a new point (in the case of regression). Given a test point
(%,¥) ~ po(x)p(¥|v(x)), both cases can be expressed with the following formula,

eg(T,G,F)=fdxpo(X)Jdyp(yIV(X))Ar—lK[y—¢>(l(x;W*))]2, (12)

where k¥ = 1 for binary classification and k = 0 for regression. Notice the presence of the
function ¢ in the definition of the generalization error, at variance with the loss function (10).

With (12) we can evaluate the quality of the student NN (3) for a given realization of the
teacher, of the random weights F, and of the dataset 7. In order to get a general view of
the effectiveness of (3), we calculate the average generalization error over all the sources of
randomness. Doing so, we get a function of N, P, and D only,

€= Jdvcmp(v,x)fdyp(y|v)4—1,<[y—¢(x)]2,
(13)
p(n,A)=E f dxpo(x) 5(v— ¥(x))5 (A — Alx; W),

where we took E=E7 g p.

We have written the average generalization error as in Eq. (13) to show that we only
need to know the joint distribution of (v, A) to evaluate it. Since x is a test point, and is
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thus uncorrelated with w*, we will take the distribution p(v,A) as Gaussian: to compute the
generalization error we only need the first and second moments,

0=E[v], t* =E[A],

1
p =E[*], m* =E[vA], q" =E[A%]—t*2. (4

Notice that by definition of the model (i.e. the normalization of the mixing parameters 7,)
p is identically equal to 1. In section 5 we will show how to obtain these quantities from a
replica approach. Stating formally hypotheses on w*, F and the functions v(x), A(x;w) in
order to justify this ansatz is beyond the scope of this paper: we will check a posteriori its
validity with numerical experiments. Central limit theorems for sums of non linear functions
of Gaussian fields (the pre-activations (5) at given feature matrix F), of the kind we just used
to motivate this ansatz, have been proven in the past under rather technical conditions on the
realization of the feature-feature covariance matrix C and of the vector w* [33,38,53,64,65].
The interested reader can find a sketch of proof in [36], Appendix A.2, where the moments of
the variables A are evaluated and the leading order diagrams identified as the Gaussian ones.
For the case of binary classification with y = sgn(v) and ¢ = sgn,

1
e = 7E(Iy —ssn(V)P)
_fo Dv[l_H(M)]+mevH(M) (12)
. q* —m*2 0 /q*—m*Z ’

2
where we use the Gardner notation [66] Dv = £

/2 (o) .
WeTd dvand H(x) = fx Dt. Notice that when

t* = 0 (that is, when the student is zero-mean) the formula simplifies to

1 m*
= . 16
g 7Tarccos ( q*) (16)

For the case of noisy polynomial regression, (¢ = id and A = E[(y — »)?]) [67,68],

€

eg=]E[(y—A)2]=p+A—2m*+q*+t*2. a7

These formulas remind the generalization error of a generalized linear model with the same
architecture as the teacher [60]: in that case, m*/,/q* corresponds to the angle between
the teacher and the student weight vectors. For the RFM, it is not clear a priori if we can
interpret m*/,/q* as a scalar product of the teacher’s weight vector and some effective weights
of the student. If this can be done, the RFM could be mapped to an equivalent polynomial
model. In Sec. 4 we will show how to explicitly construct it from w and F, thus achieving
this mapping. To do so, we need to spend a few words on the connection between RFMs and
kernel machines, in order to explain the truncation of the activation function o on the basis
of Hermite polynomials, which we will use later on.

4 Kernel learning and polynomial models
The RFM defined in (3) is a generalized linear model in the learnable parameters w, so it can

be formulated as a kernel model, as we remind in this section. First of all, for the particular
choice of quadratic loss, we can write down the explicit solution to (9),

1 p_\!
* u u
w; = Wi Ej (C1N+ /C)ij EM y a(hj), (18)

9
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where the pre-activations h are given by (5) and the operator

_ 1
Kij = }—)Zo(h?)ﬁ(h?), (19)
u

defines the kernel in feature space. The properties of the kernel are crucial for the generaliza-
tion performances.

While our analysis will be more general, in this section we consider the limit P — o0, for
the purpose of arguing.! In this case the empirical kernel reduces to

Kij= Exu[a(h?)g(h?)] : (20)

From this formula, it is possible to obtain an explicit formula of the kernel K as a function
of the covariance matrix of the pre-activations (6). To this aim, as the pre-activations are Gaus-
sian, it is convenient to expand the activation function on the basis of Hermite polynomials
(see also [27]):

o(h;) = E' He[(h ), 21

where He, is the {-th Hermite polynomial and the coefficient u, are:

Yp = J Dx Hey(x)o(x). (22)

Along these lines, the kernel (20) can be expressed for large D [69, 70] (see App. A for

details) as
=27 7 (O (23)
=0

‘:

where C;;, given by (6), is a rank-D Wishart matrix with elements C; = 1+ O(D7'/?) and
Cij =0(D™ 1/2) for i # j. The matrix with entries (C; j)e , which we denote by C®¢, defines an
interesting random matrix ensemble, obtained taking Hadamard (element by element) powers
of the covariance C. A similar ensemble was recently studied in [71].

Suppose now the relation between N and D is fixed: N ~ D% with 0 < § < 1. The
N x N matrix C® has generically rank equal to min{D/¢!,N} (neglecting possible smaller
contributions to the rank coming from outliers, see Sec. 6 where we discuss more in detail
the properties of these matrices) and off-diagonal elements O(D™/2). For £ > L the matrix
is full ranked, the small off-diagonal terms give a vanishing contribution to eigenvalues and
eigenvectors. In other words, when D' is scaling faster than N to infinity, we can take the large
D limit before the large N one in the combination

W =5.. —-1/2 —5.. —t/2 ~ .
(Cu) 51][1 +£0(D N+ 51])O(D )Dlarg;DZ>>N 51]: 249
in the same way as the Wishart matrix C;; = &;;[1+ oD V] +(1- 5l~j)O(D_1/2) concen-
trates around 6;; for D > N (the Marchenko-Pastur distribution, providing the asymptotic

distribution of the spectrum of C, concentrates around 1 for N/D — 0). We can thus truncate
the expansion substituting C®>* by the identity matrix:

Dﬂ;

N Clj)e +.U'iL6

T (25)

ij>
=0

'We do so in this section to introduce the kernel K as a limit of the empirical kernel K; in the replica approach
in Sec. 5 the expectation over the data will be taken explicitly and the kernel will appear naturally without taking
the P — oo limit from the start.

10
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where ) L
o
u u
o= 2. 3 =EdoGl1=> 0 (26)
(=L+1 =0

for x ~ N(0,1).

This truncation is proven for L = 1 (that is, in the proportional regime N ~ D) in [72], and
extended to the case L > 1 under generic assumptions on the kernel X in[31,55]. A convincing
check of this property for moderately large values of N is given by Fig. 2, which shows the
theoretical curves of the generalization error obtained through a truncated effective theory
(that we describe below) at different values of L’, compared with the numerical experiments,
as a function of N; quantitative agreement is obtained for L’ = L ~ logN/logD, with the
numerical points interpolating nicely the theoretical curves in the various regimes.

The analysis above suggests that in the N ~ D’ regime we can represent the RFM as an
effective noisy polynomial student

Aege(xH; W) = pom©® + Z Z ((fl) i Xey, Xy, B (27)
al

where

e m® =>"w;/VN is the empirical mean of the vector w, rescaled by vN;

* the student parameters sgfl)m o, AT the scalar product of w with the “vectors” Fff o /VN
with components F;,_ - -Fia[/x/ﬁ (see Table 1),
((lel) a ZW Flal ’ wq > (28)

* we have written the expansion of the Hermite polynomials in terms of the so-called Wick
products of the x’s, routinely used in theoretical physics and defined from the following
generating function (see for example [73]):

B R ---3;LkG(),;x)|l=0 ,

exp(A7x) (29)

G(A;x) = Elexp(ATX)] = exp( — 1Al /2)

These quantities have the property E[: x; - - - xi :] = 0. The mapping
He,(h;) ~ Z lal Fia, — Xy, X, b (30)

7

which is true for D large and which we used to write A,y in terms of Wick products
starting from (21), is proven in App. B;

e the last term 2" is a Gaussian noise term with zero mean and variance
N )
E(z*2(w)) = ,ui 2oy wi/N which can be represented as

N
[T
g =—= w;v"

) (31)
\/N i=1 l

in terms of i.i.d. N (0, 1) variables vi“.
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Although ultimately the parameters s) and z are functions on the network weights, to en-
lighten the notation we will not explicitly write the dependence on w.

In (27) we give an effective description of the RFM, mapping it to a polynomial model
with correlated weights in presence of a noise term coming from the £ > L terms in the expan-
sion (21). The mapping is motivated by the fact that A.¢(x"; w) defined in this way, admits
as second moment WTICW/ N at given F and w, with the kernel truncated according to (25);
we show this explicitly for the replicated version of A in Appendix C, together with the covari-
ance structure with the polynomial v(x) defining the teacher. This is an extension to generic
scaling regimes N ~ D! of the Gaussian equivalence principle from [38] and related works, to
which it reduces when L = 1. In the following, we will base our analysis on this representation
of A. This description makes more transparent the meaning of the observables introduced in
Sec. 3 and the mechanism by which the RFM learns the teacher’s features, as we explain in
the following.

5 Replica calculation

Let us now turn to the analysis of the general case through the replica method. To obtain the
generalization error we write the joint probability distribution of v and A in Eq. (13) as the
zero temperature limit of the equilibrium distribution of a statistical mechanics system, as

p(v,A) = ﬂlim ]EJ dw%e_ﬂ 3, Ll G w1 J dxpo(x)o(v—v(x))o(A—A(x;w)). (32)
— 00
Through a standard application of the replica trick we rewrite the distribution as

n
a1 BE
p(»A) = lim lim E f [ Jdwe e Sha £l 2t 1=

0
n—0f—oco a=1

X f dxpo(x)5(v— v(x))5(A — A(x; wl)), (33)

which can be obtained from the calculation of the n-times replicated partition function

n p
_ﬂ_C wﬂ _ a
Zn=E[Z”]=J| [ dwe e~ 2R, [Ev,{aa}dep(yIV)e ’52“‘(”“} N Z))
a=1

In this integral, we treat the distribution of v and A® conditioned by F, 8 and w” as Gaussian,
with moments given by

t, =E(A,|F,0), M, =E(vA,|F,0), Qup = E(AALIF, 0) —t,ty, - (35)

from which we can extract the generalization error according to (15), (17). Using the repre-
sentation (27) we can decompose these order parameters as (see Appendix C for details)

min{L,B} 1y L ‘u2
(B2 0 { {
=M, M= >, MO, Qu=p2,Q)+> 5, 36
~ ’ =il
with the definitions:
_ 1 i o_ 09-sP ) 1% b o _ 1 ﬁ: ¢ b
MY =—% w? M =—32 Q) ==)> wiw! QY == wictw?
b D b b b b b
¢ mi:l l ¢ (l) ¢ N= C ¢ Ni,j:l Y

(37)
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where we are using the notation

0010 = 37604 )

a

(remember that the sum over a is restricted to ordered tuples).

Enforcing these definition with delta functions in Fourier representation, and anticipating
saddle point integration for the various M and Q, and their Fourier conjugated parameters
that we denote as M and Q with the due indices, we rewrite the partition function as

A(0) (0 DYAD A DY
Zn:@PsP[Q’M]e%Za,b G5 D0 (DG +20  (DMOMP

A A { N
x Epg f dw e—%wT[([jCﬂn+Q(o))®ﬂN+Z[ Q(l)®%i|w_28,i,a,a MOwFe, 951”/\/ ne(7) ’ (39)
where now w € R™V | the sums over £ span {1,---,L}, n, = N/(?) and

SP[Q: M] = logEv’{la} f dy p(yl v)e_ﬁ 2 LAY . (40)

In writing Eq. (39), we took MCEO) — 0, as the Fourier conjugate of the mean t, is suppressed
in the large-N limit [66] (a property that could be checked a posteriori from the saddle point
equation for ]\7150));2 moreover, the conventional scalings with N and (?) in this equation are
chosen in such a way that the hat variables corresponding to the asymptotic regimes explained
in Sec. 6 have a non-trivial high-dimensional limit.

Averaging over 6 we obtain:®

N A(0)4(0) , 1 PAVNOOING) DYy
Zn = ePSP[Q’M]ej Za,b ab Qab +§ Zf,a,b (f) aanb+ZLa ([)M(E[)M(EZ)

J

x Er J dvr e 3 [(BCL Q61,3 QO OB OO S T (41)

and integrating over w,
N A0 50, 1 IASOING] DY (0 (0 _1 0 gcot
Z,= ePselQMlo3 Stab Qb b 2 Zitap (1)QpQup+ 2.0 (MM =5 Triog[ A1y +3, BB ] , (42)

where traces are taken over replica and feature indices and we introduced for compactness
the n x n matrices

A = pe1, +00, B0 =@V - MOROT )/, 43)

We notice at this point that, given N ~ D!*% for ¢ < L the matrices C® have rank
r, = O(DY) < N and have eigenvalues of order N/ (?) Simple perturbation theory shows
that adding these matrices with coefficients of order 1 only slightly modify the eigenvalues.
This is due to the fact that the row spaces (that is, the complements to their null spaces) cor-
responding to the different ¢ are almost orthogonal (we postpone a throughout discussion

2The terms depending on M are given by

-1

MOTM©® 1, o1 A R PN cotl .
Sy = ——=——+-MOT= > 1 (L1, +QM @1y + » (AP -—MONMOTYe — | M@,
M JN 2 N ZJ: " N Zz: e |;

so that the saddle point equation for M©® gives M©® = 0(1/+/N).

3For the sake of simplicity, to write Eq. (41) we collected a common C® between the terms Q) and M©M©T,
even though the average over the teacher gives instead a term ), Fge (Ffz )/ (?), with ordered indices a’s, in front
of MOM®T, See discussion around Eq. (49).
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Figure 3: Left: generalization error of the RFM on a classification task, as a function
of the size of the training set P, for D = 30, N = 10*, weights regularization { = 1078,
linear teacher (71 =1, 74~ = 0) and ELU activation functions; the continuous line is
the mean-field theory truncated at L = 3; dashed lines are the asymptotic theories for
P/D finite and L > 1 (red), P/ (3) finite and L > 2 (yellow), P/ (g) finite and L > 3

(blue), P/ (g) finite and L = 3 (green); black points are results from numerical ex-
periments averaged over 50 instances (see Appendix I). The model learns the linear
features (first step at P ~ O(D)), then overfits the quadratic features before learning
they are zero (peak at P ~ O(D?)), then follows the interpolation peak P ~ N. Notice
how the accordance between the mean-field theory and the experiment is only qual-
itative around the last peak. Right: Generalization error on classification for a linear
teacher, as a function of the number of random features N, for different amounts of
data P (D = 30, { = 107%, see Appendix I). The optimal amount of hidden units,
for which €, is minimal, shifts from overparametrization to underparametrization,
as it is visible in the curves for P = 40 and P = 200, 400. At fixed value of N, not al-
ways more data means better generalization: after the interpolation peak, the order
between the red (P = 400) and yellow (P = 200) curves is reversed (point of view
complementary to the plot in the left panel, where, at fixed N, the error can increase
with P). The curves as functions of N are obtained by gluing together the theories
truncated at the corresponding L.

on this point to Sec. 6, where we collect and motivate the assumptions we are using on the
matrices C®%). In such a situation we approximate the trace-log term appearing in (42) as

L L
Trlog| A% @1y + » BV ® COZ] ~ N(1—L1)Trlog(A®) + > Trlog(A” @ 1y + BO @ C®)  (44)
(=1 (=1

(notice that Tr in Trlog(A(?)) is over replica indices only). We report a detailed derivation of
Eq. (44) under the hypothesis of orthogonality of the C®* row spaces in Appendix E. Notice
that we could have gotten to the same result decomposing the vectors w on the row spaces
of the C® supposed orthogonal. This decomposition clearly shows the hierarchical nature of
learning.

5.1 Replica symmetric theory

In order to complete the evaluation of the partition function, we need to specify the form of
the replica parameters. In this paper we use the replica symmetry (RS) ansatz

©
QO =% "5 +q0, MO=m®, ¢ =t (45)

ab — B
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l(é)

Notice that the diagonal elements of the matrix Q1) are Qg‘? = +¢®. We anticipate

the scaling with 8 of the variables y: the quantities QEQ — ¢ measures the variance of the
variables A, tending to zero for f — oo. This implies the following form for the conjugate
order parameters in the RS:

([) ﬂx(€)5 _/52 (l) M(gﬂ) =_ﬂrfr\l(l)' (46)
Exploiting the explicit parametrization of the RS matrices, we can perform the traces over
replica indices in Eq. (44), to get (see Appendix F)

A (0)

Trlog(A@TlN+B®C®e)—anog(ﬂx“))+nTrlog(nﬂ+C®E)—n/3m Tr(y, 1+ C®)™!

J10)
NOIENGI
—np T oty 4 0oy, @)
X
where we introduced the parameter
€+2
Ye=M— (48)
X

and the remaining traces are over feature indices only.

We need now to evaluate the traces in feature indices. In order to proceed, we make at this
point a crucial approximation, and treat C®’ as a matrix with a Merchenko-Pastur spectrum
with parameter n, =N/ (?) This amounts essentially in approximating C®¢, by

Z Fi FJ _.Fl. FJ (49)

a;”ap’” ae ap’
a1< <a

i.e. in neglecting the terms with equal indices a in the sum that defines C®. While this
approximation can be fully justified in the regimes where N, D — oo with N /D finite, as we
will see, it turns out to be an excellent approximation even for moderately large values of the
parameters (see Sec. 6 and Appendix D for an extended discussion on this point).

Using the properties of the resolvent of large random matrices (see Appendix D), we can
write that, for large N,

1 _
ﬁTr(nﬂ+C®£) Vago(—10), (50)

where g, is the Stieltjes transformation of the Marchenko-Pastur distribution with ratio

WZN/(?)I

1—z—n—+/(1—2—ny)>—42n,

g(z)= 221, (51)
Re-arranging terms we get, for large (3,
7, ~ PSSy (52)
where
1 minlBE Om0 1 & q“)x“) _ x“) © L =D Q)
T = T 2 zZo 2 i (53)
L A
+5 Zm A(((de( 1+ ;W;(#[l—ng(—wﬂ,
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and for the quadratic loss (10),

2m* (yv) —q" —((t* — y)?)

%S” 2(1+1%) ’ oY
where ( f dyDvp(y|v)(-) is the average over the teacher distribution (1) and
mt = mi%B} Mm(“, t* = uom®
=1 ‘/K_L' , (55)
X*:“ZM(O)Jr;lZ_fX(@’ q _MLq(O)JFZ i .

A detailed derivation of the terms Sy, and Sp, with the form of Sp valid for generic loss func-
tions, is reported in Appendix G.

Eq. (55) gives the RS version of Eq. (36): these quantities are precisely the ones appearing
in Eq. (14), giving the low-order statistics of the distribution used to evaluate the generaliza-
tion error. Once their value is known from the saddle point equations implicit in the derivation
of the partition function, they can be used to obtain the generalization curves reported in this
paper.

5.2 Saddle-point equations for quadratic loss

The free energy in Eq. (52) has to be evaluated at the saddle point with respect to all the RS
order parameters and their Fourier conjugates. We report here the resulting equations, in the
special case of quadratic loss function (10). Remark however that only the equations where
P appears explicitly depend on the form of the loss, and have to be modified for other choices
(see Appendix G.2). The equations can be solved in steps. First, a set of 2L + 2 nonlinear

equations is used to determine the variables ¥, ..., y® and $©, ... 1.
L
o _ P M O 1- Y [1—78e(—7)]
N1+yg*’ 1O+ ’ (56)
2
7O = Rl L0 = N 1—7e8(=70)
D * ’ D A e
(O) £ 1+x @) 20
From the solution of Eq. (56), we can fully determine m(f), m® according to
0 _ ) © — (020 ) P ety (yv)
mY& == mv = y\m\ mY = o= = 57
Yo (5) VI 1+1 (57)

With all the previous values we can determine the rest of the variables through the following
set of linear equations:

w02 4 4O

(0 L L
Q(O)— (CEX(O))Z( Z Y?gé(_n)])‘FZm[n&( Ye)— Y[gg( Yé)]

(=1 (=1

N ~(0) ,
0 = 5 (CJr;(W [vege(—=ro)—rig,(—r0)]

N m02 44O
O [1+v2g,(—r)—2reg(—r0)] (58)
14
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40 =2 {(om® = y)*) —2(y v)m* +¢*

NTH 1+ ’

2 * *

q(e):iﬂ((uom(o)—J’)Z)—Z(J’Wm +q
()¢ (142

Notice that, because of the conventional scalings we chose for the hat variables starting from
Eq. (39) and for the definition of y,, these equations give O(1) results for the order parameters
m, x,q.

By numerically integrating Eq. (56), (57), (58), we obtain the theoretical curves for the
generalization error in Eq. (16) and for the order parameters we report in this paper. We com-
pare the result with numerical simulations: despite its asymptotic nature and the hypothesis
of row space orthogonality, our theory works reasonably well even if D is not large. The results
are shown in Fig. 1, 2 (D = 30 in this case), where the generalization error is quantitatively
predicted by the theory both when varying P and N.

6 Strongly separated regimes

Our analysis relies on a number of assumptions:

1. the Gaussian ansatz on the distribution of (v, {A%},) at given F, 8 and w? in the repli-
cated partition function (39);

2. the truncation of the kernel I at order L, based on a concentration property of the
matrices C®¢;

3. the fact that the row spaces of the matrices C® and C® are orthogonal for ¢ # k, in
order to factorize their contribution to the partition function;

4. the possibility of taking C® as matrices with a spectrum asymptotically described by the
Marchenko-Pastur distribution with aspect ratio N /(D*/£!);

5. the Replica Symmetric ansatz for the overlap matrices describing the teacher-student
distribution;

6. the possibility of taking the saddle point on the replica parameters for large N, consid-
ering only the leading order in N, P before fixing their relative scaling with D.

Some of these assumptions have been already discussed in the previous sections. In the fol-
lowing, we revise and motivate the assumptions on the matrices C®, namely 2-4, that can
be justified if P, N, D — oo (see Appendix D.2 for more details). Depending on the rela-
tion between the three parameters one is led to consider the following different asymptotic
regimes:

(i N,P,D— oo, P/N — 0, P/DX finite; (this includes the case N ~ D* with L > K);
(i) N, P, D — oo, N/D" finite, P/N finite;
(iii) N, P, D — 0o, P/N — oo, N/D! finite; (this includes the case P ~ DX with K > L).

In order to understand these regimes, we need to evaluate terms of the kind
1 4
— ol ol _
k, = Trlog(al + bC*"), G = (5 Ea FiaFja) , (59)
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in three situations (a) D! > N ; (b) D' < N ; (0 D! ~ N. Notice that in all cases, while
the diagonal elements are Cl.?f = 1+ £0(4/1/D), the off-diagonal elements Cgfj are of the
order D™¢/2. In case (a), D' > N, apart for a negligible number of possible eigenvalue of
order N/D*/?, all the other eigenvalues are A = 1+ O(4/N/D!), and to the leading order we
simply have k; = N log(a + b). If we are in the opposite situation, (b), D¢ < N, we have only
O(D") non-zero eigenvalues, roughly equal to £!N /D + O(4/N/D!), and to the leading order
k, = N log(a). The interesting case is (c) N = O(D"): we have here D’ eigenvalues of order 1
that contribute to k,. The leading contribution can be understood writing

2! . .

CSZ = D¢ Z Fﬁf F fﬁ + terms with less different a’s, (60)
a

where the sum includes the terms where the a’s in the multi-index a are ordered, coherently

with our definition in Table 1. This leading term is a matrix of rank min{N, D'/01}: the DY /¢!

vectors Fge are approximately orthogonal in RV, as

N
ng ,ng _ Z:lepl,/51 +Fig,Fip, =N8gyp -5 +0(NY?), (61)

i=1

ag By

when a and f§ are ordered, by law of large numbers, so that the sum of outer products
Dow FﬁZ(Fﬁl)T has rank D!/¢! as long as N > D%/¢1; if N < D'/{!, this N x N matrix is full
rank. Other terms with smaller number of indices in the sum lead to matrices of lower rank r
(with r/N — 0). Moreover, due to the randomness of the F, the row spaces of these term are
effectively orthogonal to the leading one. To understand this, take for example the case £ = 2
and N = O(D?): the leading order term of the matrix C®2 has eigenvectors approximately
equal to the vectors (F;p Fp,); for B; < By, as

2 2N 1/2 2
2. (ﬁ > FialFiaszaleaz)Fjﬁle/ﬂz = 7z Fip,Fip, + ONT/D7). (62)

Jj a;<ay

When we apply to this vector the next-to-leading order term of the matrix C®? we find

2 (Di ZFfaFfa) Fip,Fip, = ON'/2/D?), (63)
J a
because the indices 3; and 3, are different and one among them remains unpaired. In this
way we can say that the vectors (F;p, F;p,); are in the null space of the terms we are discarding
in (60). With similar arguments, one can show that the leading terms of C®¢ and C®* have
approximately orthogonal row spaces when k # £ and the scaling of N with D is fixed. We
conclude that we can compute k; as if C® were a Wishart matrix with aspect ratio n, = N/ (?)
The explicit formula is given in eq. (D.12), and both limits n, — 0 and n, — oo agree
with the previous analysis of cases (a) and (b) respectively. We show in Appendix D.2 that
approximating C® as a Wishart matrix gives good results also for moderately large values of
N and D.

In all our three cases, most of the order parameters go to trivial limits, while only the ones
corresponding to the selected scaling regime converge to non-trivial values. We report the

corresponding equations in Appendix H. In this way, we are able to plot the dashed lines in
Fig. 1 and 3.
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Figure 4: Generalization error vs P (D = 30, N = 10%) on classification for a purely
cubic teacher (T3 = 1); in blue, polynomial theory and numerical experiments for
RelU activation function (7): in this case, u; = 0 and the model cannot learn
the cubic features, so the error remains 1/2; in yellow and red (respectively, for
¢ =10"%,1079), the case of ELU (8), for which 3 # 0 and the model can learn the
cubic features.

7 Effective theory for finite-size random features networks

In the last sections we devised a theory able to capture the relevant phenomenology of general-
ization in RFMs at finite values of input dimension, hidden layer width and size of the training
set. Indeed, even though the asymptotic approximation leading to the system of saddle-point
equations (56), (57), (58) is justified only for N large and N /D* finite, the curves obtained by
fixing the values of N, P and D at finite values are in accordance with numerical simulations
over several orders of magnitudes of the control parameters. This occurs thanks to the fact
that we kept into account quantities that scale differently with D, as N/ (?) or P/ (?), that are
formally zero or infinity in the asymptotic regimes presented in Sec. 6.

By developing a theory from Eq. (27), we show that the RFM is in essence equivalent to a
polynomial model: the student tries to tune its weights through the combinations s©) defined
in (28) to fit the corresponding coefficients 8() of the teacher. This interpretation is also
confirmed in the numerical experiments: see Fig. 1 (right) for the behavior of the teacher-
student overlaps m®) in the case of a quadratic teacher.

However, a crucial difference from a purely polynomial setting arises: the degree of the
equivalent polynomial model is controlled by the scaling L of the random features, and higher
order terms in the expansion of the kernel U on the Hermite basis act as noise, given by
Eq. (31). This eventually produces the interpolation peak in the generalization error at N ~ P,
which would not be present for a vanilla polynomial student (see Fig. 1 and 3): in this regime,
the model is using the effective noise to overfit the teacher. In terms of the order parameters,
overlaps of different orders are coupled by an additional set of parameters y©, ¢(®, related
to the noise term in the equivalent polynomial model.

In summary, the learning of features of a certain order is possible as long as the num-
ber of parameters N is enough: the scaling L ~ logN/logD controls the learning process
through the truncation of the kernel (25). At the same time, P also plays an important role:
if K ~ logP/logD is smaller than L, the model only learns as a K-degree polynomial; on the
other hand, if K > L, the model learns as a L-degree polynomial.

By choosing a polynomial teacher of arbitrary degree B, we are able to explore to some
extent the interplay between the complexity of the data and the one of the neural network.
In the case where the teacher is less complex than the network, we can see that overfitting
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can occur and that overparametrization is not always optimal. This can be seen in Fig. 3.
In the case of a linear teacher, if the amount of data P is O(D), an overparametrized network
generalizes better. However, as soon as P hits the quadratic regime, but is still far from enabling
the network to realize that there is no quadratic feature, then overparametrization leads to
overfitting and therefore the optimal N is less than P.

Interestingly, in order for the model to learn features of order £, the activation function o
must have a non-zero Hermite coefficient u, in Eq. (21). This can be seen from our theory
by the fact that in the total teacher-student overlap m* in Eq. (55) the single entry m(® is
weighted by the corresponding coefficient. This theoretical prediction was tested by using a
cubic teacher and two different students, one with ReLU activation function and the other one
with ELU: the ReLU one, which has no third order term in the Hermite basis (u3 = 0) could
not learn the teacher, while the ELU one, that does have a nonzero component (u5 7 0), was
able to (see Fig. 4).

8 Conclusions and perspectives

The approach we have explored so far provides a way to analytically evaluate the general-
ization performance of a RFM in the limit of large input dimension D, in the scaling regimes
N ~ D!, P~ DK

We considered a teacher-student setting, where a shallow random features student is re-
quired to fit a polynomial teacher. The student network learns as an equivalent polynomial
model with effective noise. We showed this property by expanding the kernel in feature space
on a convenient basis (21).

The resulting theory is effective, in the sense that it is formulated in terms of a few collective
order parameters (the teacher-student overlaps m©), the student-student overlaps ¢, 5(©)
with a clear physical interpretation and whose values are fixed via a variational principle,
as explained in Sec. 5. To perform the calculation we neglect the correlations between the
student’s coefficients, assuming orthogonality between the row spaces of the components C®
of the kernel.

We find quantitative agreement with numerical simulations, except close to the interpo-
lation peak at N ~ P in some cases (see Fig. 3, left, where this effect is more apparent).
Nevertheless, even then the effective theory gives a good qualitative picture, predicting the
location and the shape of the peak. See also Fig. 1, right, depicting how the teacher-student
overlaps of already learned features become noisy in the interpolation regime. A precise finite-
size analysis of this effect, to address the gap between theory and numerics in this regime, is
left for future work.

One possible direction to continue this work is to consider how close is the learning of a
fully-trained network to this model. The role of the variables s©) could play a similar role even
if the values for F;, are also learned, at least close to the lazy regime. However, what is the
fate of row space orthogonality of the kernel components, which is ultimately responsible for
the staircase behavior of the generalization error, for networks that are trained end-to-end in
a feature learning regime?

Moreover, it would be interesting to extend our analysis to deeper models [10,74] in differ-
ent scaling regimes of the dimensions. Even if the RFM, whatever the activation function of the
last layer, is essentially bounded by a polynomial model, the precise shape of the kernel in cases
where a deeper architecture is involved could help understanding to some extent the feature
learning regimes of realistic models, in view of the discussion above. Our approach can also
be extended beyond the case of unstructured input data, following for example [36,43-50,75]
and, in particular, [76-78]: in those cases, we expect the intrinsic dimension of the data to
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play a role similar to the parameter D used here, possibly determining the order of features
that a RFM can learn at given N and P.

Finally, we mention how the replica approach we adopted here can be applied to non-
convex optimization problems, at the cost of choosing a more complicated ansatz for the
overlap matrices, accounting for replica symmetry breaking. Even in those cases, the replica
symmetric treatment we provided can be applied as a qualitative approximation, often quan-
titatively correct in the teacher-student setting (that is, whenever a low-energy configuration
of w is planted by a teacher in the energy landscape defined by the loss (9), effectively con-
vexifying even an a priori non-convex problem, i.e. setting the problem in a replica symmetric
region of a generically non-convex phase diagram - see, for example, [79, 80], studying the
perceptron with hinge loss in the random labels vs. teacher-student settings).
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A Kernel on the Hermite basis

In this section we report the steps needed to obtain the expression of the feature-feature kernel
in Sec. 4. The kernel to evaluate is defined as

u2
Kii = By [o(h)*] = J \/;E“_Ce‘ﬁo(u)z,

Kij =y [o(h)o ()] = f L o o), £,

21V detC

C = (Cﬁ Cij ) _ (A.2)

(A1)

where

Using the fact that C; ~ Cj; ~ 1, this kernel can be written as a series of separable kernels
exploiting Mehler’s formula [69, 70], that we report here for convenience:

2 2

S O =T
PariC V= — He,(u)He,(v), (A.3)
21V1—c2 v2nv2n;€! ¢ ¢
from which we find Eq. (23) using the fact that, by orthogonality of the Hermite polynomials,
o] Mz
(=0 ~°

Mehler’s formula, which dates back to 1866, can be viewed as an example of Mercer’s decom-
position [15].
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B Hermite polynomials and Wick products

For completeness, we show in this section that, asymptotically for D large,

.. F,

ay

F. .
He,(h;) ~ Z WT:XQI.“XQZ:’ (B.1)

a0y

for £ > 1. The equivalence follows from the generating function of the Hermite polynomials,

d@
He (h;) = J exp(thi - t2/2)\t=0 s (B.2)
with h; =Y. FiuXxo/v/D. Defining
F:
Ay =t—=, (B.3)
a ‘/5
we have, for D large,
FiqA
A2 a2, <t ——N— B.4
2.7 275 L Ubor, e .

where we used repeatedly Za(Fia)z /D ~ 1. The thesis follows from comparison with
Eq. (29). Notice that, in the simpler case of a single standard Gaussian variable x, the identity
He,(x) = : x!: is exact and trivially follows from the definition of the Wick power.

C Evaluation of the moments of v, A¢

We assume that the variables (v, {A%}) are normally distributed with mean and covariance

.
E{(v, {2°D)] = (0,{t*}), covx[(v,{xam:(l(} ]‘g) €D
where
N a
t, = E[A] =Z Lok,
)
p =B []- B[P =Y 1O

=0
N,B (C.2)

W?T@
M, = ]EX[VA,a] = Z 5 Z Q(Sf;)...aeEx[Xal T xafo-(hi)] P

it y/N(}) u<<a

N a.. b
— E. AP — e = WilWj h)o (R — t9¢b
Qup = E[A°AP] =ttt = > —L | 4 [o(h)o(h)] -t
i,j=1

N

To proceed, we make the following steps, starting from the expansion of the activation
function on the Hermite basis, Eq. (21). For t, we simply observe that E; [o(h;)] = uo. For
p we use the fact that x is distributed as a standard normal random vector. To deal with Q_
we introduce the truncation of (25). Finally, for M, we write explicitly

)
Z 00(11;.)..akEx[xa1 e xako-(hi)] = Z 0(91{?"0% ﬂH‘Ex[xocl T Xy He, (hl)] , (C3)
14

|
ap<--<ay o <--<ay =0 ¢!
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and we perform Wick’s contractions in order to evaluate the expected value, exploiting the
mapping to Wick’s product explained in Appednix B. As the indices a of the teacher are strictly
ordered, they must be paired only with the ones in the Wick product, leaving only the term
¢ =k in the sum over £. The number of possible contractions is k!, so the result is

N wa B
=50 0FS,, (C.4)
i Z (D)J_ i,a
L ‘u2
Qab__ ZW w; ( l]‘uJ_L+Z ef(cl])e)b
1] 1 (=1

from which Eq. (36) follows.

D Results on random matrix theory

D.1 Marchenko-Pastur distribution and Stieltjes transformation

In this section, we remind some textbook results in Random Matrix Theory we used in the
main text, for the reader’s convenience. First of all, random matrices of the form

C=FF'/D, (D.1)

where F is a N x D random matrix with i.i.d. entries F;, such that E[F;,] = 0, E[(F;,)*] = o
define the Wishart (or Wishart-Laguerre) ensemble. For large N and D, parameter ) = N/D
finite, their spectral density follows the Marchenko-Pastur (MP) distribution,

_|a=-1/m)8A) + ppu(A/0®)/0?,  ifn>1,
Pr(2) = {pbulk(x/a%/az, ifn<1, (D-2)
with
A —A)A—A_
Pouk(A) = VO —AX ), A= (1% /1), (D.3)

2TNA

with supportin A_ <A< A,.
The MP distribution can be obtained with standard methods [81,82]. The determinant of
the resolvent can be evaluated as follows:

1
FFT\|? d
E[det (YﬂN + —):| = EJ X e_EXT(YﬂN'f‘—)X (D.4)
b (2m)>

By Gaussian linearization,

pl 4y _dx M gpgeent Ly (D.5)
(27‘[)% (27’[)%

The average over F gives

f : d);D ( d’;N e—%—%IIXII2 IIXIlzllyllz. (D.6)
2m)z (2m)2

23


https://scipost.org
https://scipost.org/SciPostPhys.18.1.039

e SciPost Phys. 18, 039 (2025)

Integrating over y,

J (szX)%e—gnxnt%log(1+||x||2/D), (D.7)
Inserting r = ||x||2/N with a Dirac delta, we can integrate over x:
f dgdf e%—% log(iP)—%yr—% log(14+nr) ) (D.S)
T

The integral over the Fourier variable 7 can be solved via asymptotic integration, the saddle-
point being in # = —ir ™1

J dr e%[lﬂog(r)—yr—% log(1+nr):| ) (D9)
The saddle point equation in r gives
1 1
S =0, (D.10)
r 1+nr

with solutions

_n—r=1£V(n—y—1)’+4ny

ry (D.11)
2ny
The correct branch can be proven to be r = r, . From this analysis, the relation
1 1
N ETrlog(yl+ C) =—(1—vyr)—log(r)+ —log(1 +nr) (D.12)
n
follows. Deriving with respect to 7,
1
N ETr(y1+C) =r(y). (D.13)

By definition of Stieltjes transformaiton, r(y) = g(—y), which gives Eq. (51).

D.2 Spectral density of C®¢

In this Appendix we discuss the spectral density of the matrices C®, to clarify the kind of
approximation we used in the main text. We are interested to the large N computation of the
following traces:

1 1
a, = ﬁ Tr(’)’gﬂ + CQK)_l 5 be = N Tr CQZ(')/[ﬂ + C@()—l , (D.14)

under the hypothesis that n; = N/ (lz) remain finite. We anticipate that y, given by (48) either
remain finite (if P/N remains finite) or tends to infinity (if P/N — oo) in that limit. As we
have already discussed, for £ > L, the matrix C® is fully ranked, with diagonal elements close
to one and off-diagonal elements of order D~¢/2: all eigenvalues will be equal to one up to
a negligible correction. For that reason we could neglect off-diagonal terms for £ > L and

a, ~ by ~ (1+7,)7". For £ < L conversely, the matrix has rank D’ at most, and it is easy to see

14
that its max eigenvalue cannot be larger that N max; (% > oF lza) = N(1+0(+/log(N)/D)).*
We get therefore
pt N

1 ¢ ‘ 1
—((N—D +D +N))<aq < —, 0<b, <— .
N(( ) 1e [(re+N))<aq ” SN AN

(D.15)

2 4
4Amax = max,|,2—1 L% Zal,“.,ag (Zl ViFi,al "'Fi,ai) <N Zi Vi2 (% Za Fiz,a) .
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Figure 5: Top row — empirical (30 instances, D = 20, N = D3) vs. analytical (MP)
distributions of the non-zero eigenvalues of the matrices defined in Sec. D.2: ¢V
(left), ¢>V/D, ¢>2) (center), c®V /D2, 3¢32)/p, ¢33 (right). Bottom row —
comparison of the analytical curves with the empirical distribution (notice the log
scale on the axes) of C®? (left), C®® (center) and C®! + C®? 4+ C®? (right); analytical
curves in the bottom row are rescaled in such a way that the sum of the densities in
each panel is normalized.

It remains to be discussed the only non trivial case: ¢ = L In that case, we can decompose
the matrix C®" as a matrix with rank min{N, (2)} and spectrum asymptotically distributed
accordin to the Marchenko-Pastur law with parameter 1;, plus a contribution with rank at
most DY which for reasoning similar to the previous case, do not contribute to a; and b; in
the thermodynamic limit.

We would like now to show, that even for moderate values of N and D, neglecting all the
subleading contributions provides an excellent approximation to the spectrum. To fix ideas,
let us consider L =3 (N ~ D3), so that we consider the matrices

col—clh, oz %C(z,n o, o8 %C(?”l) + %C(3’2) +¢B3 . (D.16)

where (we use the label (¢, k), where ¢ is the corresponding exponent in C®¢, and k the number
of different summation indices)

an_ 1 _
¢ = BZFiaFja = Cy,
(2 1 _ 2 2
ZFF
22) _
Cij D2 ; FioFigFjoFip

(3 D _ 3 3
ZFF

(3,2) _
C DZZFla lﬁ a]ﬂ’

(D.17)

aZP
c¥ = Z FiaFipFiy FiaFipFjy -
a<ﬁ<y
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We can say the following on the matrices C“X) when N, D are both (generically) large:

« ¢(bY) = ¢ has a Marchenko-Pastur (MP) spectrum with parameter 1n; = N/D and
02 =1, with D bulk eigenvalues A = N/D + O(\/g) (and N — D zero eigenvalues).

e C@D can be written as 1
(2’1) ~ -
i1+ o D (Aiahia), (D.18)
a

where A;, = Fl.za —E[Fiza] = Fl.za — 1. Notice that E[Afa] = 2. From this, it follows
that C®>Y) has an MP spectrum with parameter 1; and o2 = 2, with D bulk eigenvalues
0(o?n;), plus an additional outlier eigenvalue of order N (due to the finite mean);
however, in C®? this matrix is scaled by an additional factor of 1/D, so it contributes to
the sum with D eigenvalues O(2N/D?) and an outlier O(N /D).

 C®2 has an MP spectrum with parameter 7, = 2N/D? and o2 = 1, with D?/2 bulk
eigenvalues O(n),).

« ¢GD has an MP spectrum with parameter 7; and o> = 15, with D bulk eigenvalues
0(n;); however, in C®? this matrix is scaled by an additional factor of 1/D?, so it con-
tributes to the sum with D eigenvalues O(N/D?).

e C32 can be written as

1 1
C(B’z) ~ ﬁ Z AiaFiﬁAjaFjﬁ + BZFiaFja . (D19)
o P @

The first addendum (notice that the double sum is not symmetric) has an MP spectrum
with parameter N/D? and o2 = 2, with D? eigenvalues O(2N/D?), while the second
addendum is C; however, in C®2 they are both scaled by a factor 3/D, so they contribute
to the sum with D? eigenvalues O(6N /D?) and with D eigenvalues O(3N /D?).

+ €33 has an MP spectrum with parameter 15 = 6N/D® and o = 1, with D?/6 bulk
eigenvalues O(as).

This heuristics is compared with numerical results in Fig. 5, which shows a remarkable ac-
cordance. In the main text, we took the approximation C® ~ C&:0) and considered the row
spaces of C® for different ¢ as orthogonal: in Fig. 5, bottom right, we show how the spectrum
of a sum of the full matrices C® is reasonably approximated by the sum of the (analytical)
spectra of the corresponding C(“*) matrices, validating our approach.

E Determinant of sum of matrices with orthogonal row spaces

In this section we derive Eq. (44). Let us take the N x N matrix given by
L
K=al+» b, (E.1)
(=1

where the matrices C, are such that rank(C;) = ry, >, r, < N and their row spaces R, (that
is, the orthogonal complements to their null spaces) are mutually orthogonal (R, L Ry for
k #£). Then,
detK = gV =2 ]_[detl(f)(an +b,Cp), (E.2)
¢
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where detl(f)(-) is the determinant restricted to the row space of C,:

Ty
detl(f)(ajl +beCo) =] J(a+bera), (E.3)

a=1
with A, the non-zero eigenvalues of C,. Eq. (E.2) can be proven by noticing that, if {e;‘}gle

is a basis of R, and {e }N_ZZ " a basis of (| J, R¢)*, the set (U el U{e?} is a basis of RY

a=1
in which the matrix K is in block-diagonal form. Moreover, from Eq. (E.3)

detl(lg)(ail + b,Cy) = det(al + sz[)a_(N_rf) s (E.4)

so we can conclude that
detK = gV(~1) l_[ det(al + b,Cy). (E.5)
{

F Traces over RS matrices

In this section we derive Eq. (47). We need to evaluate
Trlog(A® 1y +B®C®), (E1)
where A, B are RS n x n matrices. We can write
A®1y+B®C® =(Bo1y)(B A6 C®), (E2)
where the Kronecker sum is defined as
BlAeCc® =BA®1y+1,®C%. (E3)

The eigenvalues of a Kronecker sum are the sums of the eigenvalues of the addenda. Calling
0, the eigenvalues of B™'A and A, the eigenvalues of C®¢, this means that

logdet(B~'A® C®) = Z log(o, +A;). (E4)

a,i

Given that B~1A is RS, it has 2 different eigenvalues, o with multiplicity n—1 and o +n& with
multiplicity 1, so that for small n

-1 0y — o
logdet(B~'A® C® )—nZlog(aJrli)nLnZi: oA (E5)
In total we get
B ~
Trlog(A® 1y +B®C®Z)=anogb+nNg+nzi:log(a+ki)+nzi:£ki. (E6)

Using the RS algebra, we know that 0 = a/b, 6 = (bd — ab)/b?, so that

Trlog(A® 1y + B® C®") = nTrlog(al + bC®) + nd Tr(al + bC®) ™! + nb Tr[C®(al + bC®)'].
(E7)

It only remains to find a, 4, b, b:
a=p+2), a=-%42, b=p79m, b=—p4O0+HOPn,. (E8)

We define y, = a/b = n,({ + #©)/7© to get Eq. (47).
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G Replica-symmetric free energy

In this section we report the main steps to obtain the terms S,; and Sp in Eq. (53) and (54),
that is the measure and pattern contributions to the free energy.

G.1 Measure contribution
By plugging the RS ansatz (45), (46) and Eq. (47) in Eq. (42), we readily obtain

SmOm® G 1 0 0 50 _ (a0
_+_Z—[x 29+ B2 = 4]
220

Sy =—n/3>Z m

=

pn(1—L1) ¢©
2 ¢+ 30

L
— 5 log(B(C + 7)) + o 2 Trlog(1 +C% /) (G.D)
=1

L

L 4@ S0 4 (4 (02
pn q' oty-1 , Pn g\’ + (m') of ol
+E;"NWTY(YEH+C ) +EETTI[C (ye1+C®°) 0.

We obtain Eq. (53) by keeping the leading order terms for 3 large and using Eq. (50).

G.2 Pattern contribution

Sp is a function only of the order parameters:

Sp=10gUd”l_[dlap(v,{l“})Jdyp(yIV)e‘ﬂZa‘(y’”)},
! (G.2)

a — a a 1 MT
PO, {2 })—N((v,{x DI }),(M o )) .
With the RS ansatz and for small n,

n _ﬁ ﬂ a_i 2_ a *\_ 2"1*2—‘1* aqb
Sp =logU dydvr[d)\ap(J’Iv)e 7P DA o 2 ha B L FOAH )BT 20 A ]

a=1

1 T
— g log(2m) — 5 log det (1\14 ]\g ) . (G.3)

To factorize the integral over replicas we use the Hubbard-Stratonovich transformation

_ 2"1*2*‘1x ayb \/m a
e B 2472 Za,b7t A :Egeﬂx—*zal 5, (G.4)

obtaining, to leading order in n,

* * pa— YA pAZ X
Sp = _g log% _ %q_* +nEg J dyDVp(ylv)logJ dkeﬂ(‘/q m*2&+m v)x* a7 BLOA+E)
(G.5)
For our choice of loss (10) and for 3 large, we obtain Eq. (54).
For a generic choice of loss £, the integral in A in Eq. (G.5) can still be evaluated asymp-
totically for large . The saddle point in A is given by

A2 \/q*—m*2€+m*vl]

A= argmin[— +L(y,A+t")—
A L2x” X

(G.6)
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that is by the solution of the stationary equation

A +x*aa7ﬁ(y,l+ t)=+vq*—m2E+my. (G.7)

For any choice of £, this equation gives the value of A* as a function of y, v, £ and the order
parameters. By substituting this value in (G.5) we obtain a generalized form of S, valid for any
loss. By differentiating with respect to the order parameters, we obtain saddle point equations
valid for any loss, generalizing the ones for the hat variables reported in Sec. 5.2.

H Asymptotic limits of the saddle-point equations

The system of saddle-point equations can be studied in different asymptotic limits, as we an-
ticipated in Sec. 6:

(i N,P,D— 0o, P/N — 0, P/DX finite;
(i) N, P, D — oo, N/D" finite, P/N finite;

(iii) N, P, D — 0o, P/N — oo, N/D! finite.

H.1 Case (i)
In the limit where N scales faster to infinity than P, Eq. (56) reduces to
)2(0)_,0’ X(O)—’l>
¢
oo, ) for{ <K, 0, for{ <K, (H.1)
PONR (I%I%EX')’ for{ =K, PAONR ;?(Kl)+§’ for{ =K,
0, for¢ >K, %’ for £ > K,

where we used the asymptotic results for the Stieltjes transformation of the Marchenko-Pastur
distribution,

o for{ <K,
1-yg(~rend ~ S 7> for€=K, (H.2)
i, for{ >K.
Tt
Notice that now, consistently,
Wi p
=+ _KX(K) , (H.3)

. K

because ,ui ; recombines with the terms coming from K < { < L to give ,uiK. Eq. (57) reduces
to

o _ )
Mo
0, for{ <K,
N P (WA) —
MmO @Hf/{%{li;*’ for{ =K,
0, for{ > K, (H.4)
m%(yv), for{ <K,
m®) — m;—i(yvﬂl—{x(m), for{ =K,
0, for{ >K,
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while Eq. (58) becomes

4 -0,
o, for{ <K,
50 P B ((om®—y))2(y v)m* +g* _
Ty O Qag P , fort{=K
0, for{ >K,
q(o) -0
2
E!ZTQ(}’WZ, for{ <K,
3
) (244U _
77 Gosor for{ =K
0, for{ > K,
where now
5 St
2 K (K) _ KTK _(K)
T + = m =(yv) » 15+
=k = Kl

H.2 Case (ii)

(H.5)

(H.6)

In the limit where both P and N scale in the the same way, N ~ P ~ O(D!), we have, for

0<{i<IL,
)2(8)—>c>o, rﬁ(é)—>c>o, q(()_)oo’
2
T
2050, RV TRIA g — oL (yv)?.
g My

For the other parameters we need to solve the equations for y

5(0) — p ‘U'J_L
N1+x

,\(L): P AU’L
Py 1+

0) _ r.8(=71)
1O+
@) _ il_YLgL(—YL)
D A 3
)

for m,
\ \ Pyt {y»)
0) — L) — ., (L)~ (L) (L) _ LTL
m' = ;o o mB =, Wm@ 1) = ,
and for g
@ =2, ((uom@ —y)*) —2{y vym" +¢"
NTE (1+x)? ’
MO P UE ((uem®@ =) —2(yv)m* +¢*
LT T o
A (0) m(L)2 )
O__ 497 o ek bl
0= 1 yep 8T oy m atr) s ),
N q(o)
g =— W[h&( 1) =128 (=r1)]

(P) €+

N m®)2 4w
NOREEE

[1+72g;(=v)—2r.8.(—r1)] -
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The values y*, m* and q* are consistent with their definition. At variance with case (i), X(O) and
q© have non-trivial values, responsible for the interpolation peak appearing in this regime.
Notice that their value is controlled explicitly by the regularizer {: the lower it is, the sharper
is the peak. Moreover, the spectral function relative to the active component, g;, also gives a
non-trivial contribution.

H.3 Case (iii)

In the limit where P is scaling faster than N to infinity, we have that for all 0 < ¢ < L the
order parameters behave as in Eq. (H.7), meaning that the degree-L student learns perfectly
all the terms of the teacher of degree less then L, as the amount of training data P is effectively
infinite. In this case )
v, = Llpy
L ‘u%

> (H.1D)
and we have y(), (1) - 0; ¢ 4% - oo and

T
m =0, (y) \/ﬁ‘u—L(l —11.8.(=71)),
L
2

T
q@ =n; (yv)? MZ—L [rigc(=r)—r2g ()], (H.12)
1,L

2
T
e IR ACAREEACAIE
L

I Numerical experiments

All numerical experiments were done in Python using JAX [83], to generate the synthetic
random data, and scikit-learn [62], to optimize the parameters. The optimizer has a simple
analytic form given by (18). Nevertheless, it is potentially inefficient to implement the formula
naively, as it would require the inversion of a very large matrix. Since we used very large values
of N and P, we performed the ridge regression with the function sklearn.linear model.Ridge.
In this way we could explore regimes of N, P up to order D°.

Almost all numerical experiments were performed with D = 30. In most of the simulations
we sampled 50 times for each combination of N, P, D. For the right panel of Figure 3 we used a
larger number of samples since in that case both D = 30 and P = 40 ~ 400 were small, hence
the generalization error had higher variability. For N < 3000 we used 500,200, 300 samples
respectively for P = 40, 200,400. For N > 3000 we used 100, 100, 50 samples respectively for
P =40, 200, 400.

A GitHub repository collecting the code needed to reproduce the figures of this paper (both
numerical experiments and theoretical curves from the integration of the saddle-point equa-
tions) can be found at [84].
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