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Abstract

We study the spectral properties and eigenvector statistics of the Laplacian on highly-
connected networks with random coupling strengths and a gamma distribution of
rescaled degrees. The spectral density, the distribution of the local density of states,
the singularity spectrum and the multifractal exponents of this model exhibit a rich be-
haviour as a function of the first two moments of the coupling strengths and the variance
of the rescaled degrees. In the case of random coupling strengths, the spectral density di-
verges within the bulk of the spectrum when degree fluctuations are strong enough. The
emergence of this singular behaviour marks a transition from non-ergodic delocalized
states to localized eigenvectors that exhibit pronounced multifractal scaling. For con-
stant coupling strengths, the bulk of the spectrum is characterized by a regular spectral
density. In this case, the corresponding eigenvectors display localization properties rem-
iniscent of the critical point of the Anderson localization transition on random graphs.
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1 Introduction

One crucial aspect of complex systems is the heterogeneous structure of the interactions among
their constituents [1]. This heterogeneity manifests itself in two primary forms. First, the local
neighbourhood around each unit may exhibit a random topology of connections, resulting in
a variable number of neighbours per node. Second, the magnitudes of interactions among the
units may themselves be random variables. The interplay between heterogeneous topology
and random coupling strengths gives rise to a variety of interesting dynamical phenomena [2].

The spectral properties of matrices associated with networks are key to understanding
how the heterogeneous structures of complex systems shape dynamical processes occurring on
them. The adjacency and the Laplacian matrix are the most prominent examples of matrices
constructed from networks [3]. The adjacency matrix encodes the pairwise interactions among
the units of the underlying network. Its spectral properties determine, among other things, the
stability of large complex systems subject to small external perturbations [4-6]. The Laplacian
is constructed as the difference between the adjacency matrix and a diagonal matrix [3], whose
elements are chosen such that all row and column sums are zero [7,8]. This row/column con-
straint naturally arises in various contexts due to conservation laws, such as conservation of
linear momentum or probability [9]. The statistical properties of the eigenvalues and eigen-
vectors of the Laplacian determine the solution of several problems on networks, including
the long-time behaviour of diffusion and of search algorithms [10], the nature of vibrational
modes in disordered systems [9,11], the spectrum of relaxation rates in trap models of glassy
dynamics [12-15], the distribution of resonances in random impedance networks [16, 17],
the dynamics of consensus algorithms [18,19], and the stability of the synchronized phase in
oscillator networks [20,21].

Since the seminal work of Rodgers and Bray [22], the problem of determining the spectral
properties of the Laplacian on heterogeneous networks has attracted enormous interest [11,
16,17,22-29]. In the case of fully-connected networks, where each node is coupled to all
others, the pairwise coupling strengths are typically random, but the absence of fluctuations in
the local topology renders the network structure homogeneous, simplifying the problem. The
spectral density or equivalently the eigenvalue distribution of the Laplacian follows in this case
from the solution of a single equation for the average resolvent, which can be derived using
both the replica method [22] and the supersymmetry approach [16,17]. A rigorous proof for
the spectral density of the Laplacian on fully-connected networks has been established in [28].
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The picture is radically different in the case of sparse networks, where each node is con-
nected on average to a finite number ¢ of neighbours. Alongside the stochastic nature of the
coupling strengths, models defined on sparse networks may have a heterogeneous topology
because the number of neighbours of each node, commonly referred to as its degree, is gen-
erally a random variable. The prototypical network model for studying the role of fluctuating
degrees in a controllable manner is the configuration model [30, 31], in which the degree
distribution is specified from the outset. The general formalism for the spectral density of
the Laplacian on sparse networks has been developed in a series of papers [11,22,24-27],
culminating in a pair of self-consistent equations for the full distribution of the diagonal el-
ements of the resolvent matrix [25-27], which have been rigorously demonstrated in [32].
The numerical solutions of these so-called resolvent distributional equations form the basis for
understanding how network heterogeneity impacts the spectral and localization properties of
the Laplacian, providing insights not only into the spectral density [25,26] but also into the
statistical properties of the eigenvectors [27]. However, despite their pivotal role, the resol-
vent equations admit analytic solutions only in the homogeneous regime, where the relative
variance of the degree distribution is zero and the resolvent elements are independent of the
node.

In a series of recent works [33-35], it has been demonstrated that the resolvent equations
for the adjacency matrix of heterogeneous networks do allow for the derivation of analytic
solutions in the high-connectivity limit ¢ — co, as long as the relative variance of the degree
distribution remains finite. In this intermediate connectivity regime, lying between sparse and
fully-connected networks, the resolvent distributional equations simplify into a single self-
consistent equation for the average resolvent, which explicitly incorporates the effect of de-
gree fluctuations. When considering a negative binomial distribution of degrees, the average
resolvent solely depends on two control parameters: the variance of coupling strengths and
the relative variance of the degree distribution [33-35]. This setting enables a thorough in-
vestigation of how network heterogeneity impacts the spectral properties and the eigenvector
statistics of the adjacency matrix, since one can independently control fluctuations in both
network topology and coupling strengths.

While the findings in [33-35] apply to the high-connectivity limit, they unveil a surpris-
ingly rich phenomenology driven by network heterogeneities. Specifically, strong degree fluc-
tuations lead to a divergence within the bulk of the spectral density. This singular behaviour
is caused by the power-law decay observed in the distribution of the imaginary part of the
resolvent [34], a consequence of the strong spatial fluctuations of the eigenvectors and their
localised behaviour [35]. The results for adjacency matrices in [33-35] hint at the potential
existence of nontrivial solutions to the resolvent equations of other random matrices in the
high-connectivity regime. This could pave the way to a systematic exploration of the role of
network heterogeneities in the spectral properties of other important matrices. The Laplacian
is a prime candidate for probing such solutions, given its significance in governing dynamical
processes on networks.

In this work, we obtain the solution of the resolvent equations for the Laplacian on hetero-
geneous networks in the high-connectivity regime. Unlike the Laplacian on fully-connected
networks, the statistics of the resolvent elements are non-universal, as they explicitly depend
on the distribution of the degrees rescaled by their mean c. Building on previous works [33-35]
and considering a gamma distribution of rescaled degrees, the analytical results are expressed
solely in terms of the first two moments of the coupling strengths as well as the variance 1/y
of rescaled degrees. This framework enables a continuous interpolation between the two ex-
tremes of pure heterogeneous topology and pure heterogeneous coupling strengths (y — ©0).
We present a number of analytical findings and a thorough analysis of the spectral density, the
distribution of the local density of states (LDoS), the singularity spectrum and the multifractal
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exponents, forming a comprehensive picture of the spectral properties and the eigenvector
statistics of the Laplacian on heterogeneous networks.

We separate our results into two different cases depending on the nature of the coupling
strengths. For homogeneous couplings, the bulk of the eigenvalue distribution is described by
a regular function, which becomes singular only at the lower spectral edge. The LDoS dis-
tribution for states within the bulk is characterised by a singular behaviour and a power-law
decay with exponent 3/2. These are typical properties of the localized phase [36-38]. In fact,
by computing the singularity spectrum and the multifractal exponents, we confirm that all
eigenvectors are localized for any finite value of y. Interestingly, these spectral observables
are identical to those found at the critical point of the Anderson localization transition on ran-
dom graphs [38-40]. In the more complex scenario of heterogeneous coupling strengths, the
spectral density diverges in the bulk of the spectrum (at eigenvalue zero) as long as y < 1/2.
The LDoS distribution at this zero eigenvalue is a regular function that decays as a power-law
with exponent y + 3/2. The appearance of the singularity in the spectral density is accompa-
nied by a delocalization-localization transition as a function of the variance 1/y of rescaled
degrees. By computing the singularity spectrum and the multifractal exponents of the corre-
sponding eigenvectors, we provide compelling evidence that, for y > 1/2, the eigenvectors are
extended and non-ergodic, while for y < 1/2 they become localised, with multifractal expo-
nents that depend on the strength of degree fluctuations. Remarkably, the localization in both
cases is an instance of the statistical localization mechanism introduced in Ref. [35], whereby
the localization is correlated to a single-node statistical property (e.g. the degrees), instead
of being related to the spatial structure of the underlying network. Equally remarkably, for
the corresponding adjacency matrices there is no change in spectral behaviour at y = 1/2 as
we summarize in appendix D. Thus, unlike in the case of homogeneous networks where node
degree fluctuations are neglible and Laplacian and adjacency matrix only differ trivially, by
a multiple of the identity matrix, for heterogeneous networks the spectral physics of the two
types of matrix is quite distinct.

The rest of the paper is organized as follows. In the next section, we introduce the Laplacian
matrix on networks and the spectral observables that are the focus of our interest in this work.
Section 3 presents our main analytical expressions for the spectral observables in the high-
connectivity regime. These expressions are derived by taking the limit ¢ — oo in the resolvent
distributional equations of sparse networks with arbitrary distributions of degrees and coupling
strengths. The analytical results of section 3 enable a systematic study of the combined role
of topological disorder and random coupling strengths in the spectral observables. In section
4, we present analytical and numerical results for a gamma distribution of rescaled degrees.
The final section summarizes our work and discusses a number of interesting avenues for
future research. Supplementary material can be found in four appendices. In appendix A,
we explain in detail how to take the limit ¢ — oo of the resolvent equations; in appendix
B, we derive the distribution of squared eigenvector components for homogeneous coupling
strengths; appendix C provides details of the numerical calculation of the singularity spectrum
and the multifractal exponents, and appendix D provides a summary of previous results for
the adjacency matrix of random graphs.

2 The Laplacian matrix of networks and its spectral observables

We consider a simple and undirected random graph with N nodes [41]. The graph structure is
determined by the set of binary random variables {c;;} (i,j = 1,...,N), where ¢;; = c;; = 1 if
there is an undirected edge (i, j) connecting nodes i and j (i # j), and c;; = O otherwise. We
set ¢;; = 0 and further associate a symmetric coupling strength J;; = J;; € R to each edge (i, j).
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The degree k; = Z?[:l ¢ij is a random variable that specifies the number of nodes adjacent to
i. The degree distribution p; and the average degree c are defined, respectively, as

1 N )
Pk :NILII;ONE(S]{J{“ C :kz(:)kpk (1)
i= —

The degree distribution, which is one of the primary quantities characterizing the network
structure, gives the probability that a randomly chosen node has degree k.

An instance of the random network is completely specified by the random variables {c;;}
and {J;;}. We assign the entries {c;;} of the adjacency matrix from the configuration model
[30,31], in which a single graph instance is uniformly sampled from the set of all possible
graphs with a prescribed degree sequence kq,...,ky, generated from p;. The configuration
model provides the ideal platform for investigating how local network heterogeneities impact
the spectral properties, since the entire degree distribution acts as a control parameter of the
model.

We take the coupling strengths {J;;} as i.i.d. real variables drawn from some distribution p;
whose mean and variance are given, respectively, by J,/c and J12/ c.! In addition, we assume
that higher-order moments of p; are proportional to 1/c? with 8 > 1. This scaling ensures
that the spectral observables converge to a finite limit as ¢ — oo.

We are interested in the spectral properties of the Laplacian matrix L associated with the
undirected network defined by {c;;} and {J;;}. The entries of the N x N Laplacian read

N
Lij =6 Q cudik —Cijlij - 2)
k=1
The non-diagonal terms in Eq. (2) are the elements of the adjacency matrix weighted
by the coupling strengths J;;, while the form of L; ensures that the constraints
Z;V:l L = Z;V:l Lj; = 0 are fulfilled. The matrix L has a complete set {zﬁu}uzl ..... n of or-
thonormal eigenvectors that satisfy

Ly =Xby, 3)
where {4}, n represents the set of (real) eigenvalues of L. The condition ijl Lijj=0
implies that L has a single eigenvalue A; = 0 with a corresponding uniform eigenvector
IZ;{ = j—ﬁ(l, ...,1). We assume here that the network consists of a single connected com-
ponent, which is always the case in the limit of large degrees ¢ — ©o considered later. Note
that while the standard Laplacian — constructed without the weights J;; — is positive semi-
definite [3], here L can have negative eigenvalues because the couplings J;; are real-valued.
The spectral properties of the weighted Laplacian, with a mixture of positive and negative
couplings, find applications in the study of consensus dynamics [18, 19], impedance net-
works [16,17], and instantaneous normal modes in liquids [11].

The simplest quantity that characterizes the spectrum of L is the empirical spectral density

N
. 1
PO = Jim 1 2,60 = 1), )
“:
also known as the density of states (DoS) in the context of condensed matter physics. An

analogue of p(A) that is resolved across the nodes of the network and gives information on
the statistics of the eigenvector components is the local density of states (LDoS) [42]

N
P = I P8(A—2,), )

u=1

IThe variance of p; has a subleading contribution of ©(1/c?) in the limit c — oo.
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where ¢, ; is the component of v, at node i. The LDoS gives the overall contribution at node
i from the eigenvector intensities | W-I2 for eigenvalues around A. Since in general p;(A)
fluctuates from site to site, it is useful to introduce the empirical distribution of p;(1),

N
1
P (y)= Jim ~ > 5y —piA)), (6)
i=1

which characterizes the spatial fluctuations of the eigenvector components corresponding to
eigenvalues around A. Clearly, the empirical spectral density in Eq. (4) is the first moment of
P,(y), namely

p(A) =J dy y Py(y). 7)
0

This relation will be important later to clarify the singular behavior of the spectral density.

A more comprehensive way of characterizing the spatial distribution of the eigenvector
components consists in determining the set of multifractal exponents and the corresponding
singularity spectrum. For a given eigenvalue A, let |v));|?> be the squared amplitude of the cor-
responding eigenvector at node i. The quantities |);|2, ..., |1 y|? define a normalized distri-
bution across the nodes of the network. This distribution can be characterized by its moments
(also called generalized inverse participation ratios [38,43])

N
LN =" [y C)

i=1

For large N, the statistical properties of |1);|? are encoded in the set of multifractal exponents
7(q), which one introduces via the scaling relation [38,43-45]

I,(N)~N""@, 9

If the eigenvector is fully delocalized, then 7(q) = g—1, whereas if the eigenvector is localized
on a single node, then 7(q) = 0. The function 7(q) is convex up, nondecreasing, and it
satisfies the conditions 7(0) = —1 and 7(1) = 0. An alternative way of capturing the spatial
fluctuations of |;|? is by defining a scaling exponent at each node i through the scaling form
[;|> ~ N~% (a; > 0). For large N, the empirical distribution of ay, ..., ay, formally defined
as

N
1
2a)=<> 5(a—ay), (10)
N3
then has the scaling form [43,45]
Q(a) ~Nf(@-1 (11)

where the function f(a) is the so-called singularity spectrum (or spectrum of fractal dimen-
sions). The singularity spectrum is a convex up function of a > 0 with a maximum value of
unity. Equations (8-11) imply that the multifractal exponents and the singularity spectrum are
related via a Legendre transform. To show this, one rewrites the g-th moment I,(N) for large
N as

N
I,(N)=> N~ = Nf Q(a)N~%dq 2! f Nf@-aagy (12)
i=1

By solving the integral using a saddle-point approximation and then comparing the result with
Eq. (9), one finds the Legendre transform

—7(q) = max[f (a) —qa]. (13)

6
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The singularity spectrum is also directly connected to the distribution of |v);|?> [39,46]. In
order to show this relation, let us introduce the rescaled variable x; = N|;|? and its empirical
distribution Py, (x). Since [p;|> ~ N~% for large N, we can perform the change of variables
x ~ N'7® and rewrite the distribution Py(x) in terms of Q(a). By combining the resulting
expression with the scaling assumption of Eq. (11), it follows that

A
Py(x) = ——NFf (@71 14

v (x) xInN (19
where A is an N-independent constant of order unity. The above expression holds for large N.
In the limit N — 00, Eq. (14) can be simplified to

In(xN Py (x))

InN (15)

fla)= Jm
Thus, the singularity spectrum can be computed from the spatial distribution of the (scaled)
squared amplitudes x; = N|1);|? in the limit N — oco.
The statistical properties of both the eigenvalues and the eigenvectors of L are encoded in
the N x N resolvent matrix [23,27,47,48]

G(z)=(Iz—L)"", (16)

where z = A —ie (¢ > 0) lies in the complex lower half-plane and I denotes the identity
matrix. The diagonal elements {G;;(2)};=; . n of G(z) determine the regularized forms of the
local density of states [42]

pi(z)= %ImGii(z)a 17)

and of the spectral density
1 1<
pe(A) = ENILH;O ﬁ;ImGii(z). (18)

The original quantities, p;(1) and p(A), are obtained by taking the limit € — 0" in Egs.
(17) and (18), respectively. In addition, correlation functions between the resolvent elements
determine the generalized inverse participation ratios [23,47]. Thus, it is convenient to intro-
duce the joint empirical distribution P,(g) = P,(Re g,Im g) of the real and imaginary parts of

G;i(2),

1 N
Pu(g)= Jlim — > 5(g—Gu(s), (19)
i=1

since this object gives access to the spectral and localization properties of L. The support of
P,(g) lies in the complex upper half-plane H*. We are interested in the empirical distribution
P,(y) of the imaginary part y; = ImG;;(z) of the resolvent, obtained by marginalizing P,(g)
with respect to Re g. The first moment of P,(y) yields the spectral density, while the full distri-
bution P,(y) is essentially the distribution of the LDoS, which provides valuable information
about the statistics of the |v;]?.

3 The high-connectivity limit of the spectral observables
We begin this section by explaining the central idea of the cavity method and how this approach

leads to a pair of distributional equations for P,(g) in the case of sparse networks, where the
average degree c¢ remains finite as N — oo. In the second part of this section, we discuss
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how to take the limit ¢ — oo in the distributional equations and thus calculate P,(g) in the
high-connectivity limit. The details of the calculation are presented in appendix A.

The cavity approach to random matrices relies on the local tree-like structure of the un-
derlying sparse network constructed from the adjacency matrix [48,49]. Let us consider a
single graph instance drawn from the configuration model with a large number N of nodes
and finite c. The local tree-like property means that the probability of finding short loops at a
finite distance from a randomly chosen node vanishes as N — oo [32]. As a consequence, the
resolvent elements in the neighbourhood of an arbitrary node i are correlated essentially only
through i, thanks to the tree-like structure around the node in question. This key property
allows us to write the diagonal elements of the resolvent G(z), for a single graph instance, as
follows [27]

1
. 1>
5= Njea Iy [ 196} @)]

with 9; denoting the set of nodes adjacent to i. The complex variable GW (z) is the jth-diagonal
element of the resolvent matrix on the so-called cavity graph, which is a graph where node
i € 0; and all its edges have been removed. The cavity variables {G](.? } are determined by the
fixed-point equations

Gii(z) =

(20)

1

: 3
z— Zeeaj\i Jie [1 —Jje Gﬁ)(z)]

()(y) — .
G @)= (i€d), (21)

with J;\i denoting the set of nodes adjacent to j excluding i. Equations (20) and (21) become
asymptotically exact as N grows to infinity [32]. In this regime, it is more convenient to work
with the empirical distributions of G;;(z) and G](.j.)(z). Since both sides of Eq. (20) are equal in
distribution, P,(g) is determined by

[e%¢] k k
PeD=> pe f [ Taz.e0] f []‘[dJepJ(Je)]é[g— ! } (22)
k=0 H+%p=1 Rbyp—1

* _
z— 1 Je(1=Jyg) !

with H* denoting the complex upper half-plane. The joint empirical distribution Q,(g) of the

real and imaginary parts of GJ(.?(Z) solves the self-consistent equation

00 k k=1 k—1 1
Qz(g):Z EPkJ [l—[dgeQz(gz)]J [l—[szPJ(Je)]5[g— - ] (23)
k=1 H* = =1 R=¢=1

—1 -
z2— >y S (1—Jpg) ™

Equations (22) and (23) can also be derived using the replica method [25, 26] of disordered
systems. Although these equations play a pivotal role in determining the spectral observables
of sparse random graphs with arbitrary p;, they in general admit exact closed form solutions
only in the absence of disorder, i.e. when all degrees and coupling strengths are identical
(pk = Ok,c> Py(Jp) =6(J, —J)).

In appendix A, we explain how progress beyond this rather limited scenario can be made:
we calculate there the spectral observables of interest in the high-connectivity limit and for
an arbitrary degree distribution p, by taking the limit ¢ — oo in Egs. (22) and (23). The
empirical spectral density p.(A) and the distribution P,(g) of the resolvent entries are given,
respectively, by

pe(l) =

(24)

&0 kJo+KkJ2(G) —z
Re f dx k2 9(x) 0 1(9) s
0

1
\/2mJ? \ 2KJ2
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and
P.(¢) = [Im(z — g_l)]_l/z ) (Im(z — g_l))
=8 Vv2nIm(G)J?|g|* J?Im(G) (25)
Im(G) 1y Im(z— g 9 2
X exp [_—ZIm(z—g—l)(Re(Z_g )——J12 m(G) (Jo +J3 Re(G))) ] ,

where (G) is the high-connectivity limit of the average resolvent on the cavity graph. The
quantity (G) fulfills the self-consistent equation

] i kJy +kJ3{G) —z
(G) = L J dx k2 9(x) 0 1(9) . (26)
2mJ? Jo \ 2KJ?

The function v(x) appearing in Eqs. (24-26) is the ¢ — oo limit of the empirical distribution

of rescaled degrees,

v(x) = lim Zpk 6(K— E) R 27)
TP ¢

while w(&) is the Faddeeva function, defined as
w(&) = erfe(—i& )e_52 . (28)

The properties of the Faddeeva and the complementary error function erfc can be found in [50].

Equations (24-26) comprise our main analytical results for the resolvent statistics of the
Laplacian matrix on networks. We conclude from these equations that the high-connectivity
limit of the distribution of the resolvent of L is not universal, but explicitly depends on the
choice of the distribution v(x) of rescaled degrees. In contrast, Eqs. (24-26) exhibit a universal
behaviour with respect to fluctuations in the coupling strengths, since these equations only
depend on the first two moments of the distribution p;, but not on its specific functional form.
This universality results from the assumption that only the first two moments of J;; are of
O(1/c), while higher-order moments behave as O(1/c?) (8 > 1). Once we specify ¥(x) by
means of the degree distribution py, the solutions of the self-consistent equation for (G) fully
determine the spectral density p.(A) and the distribution of the resolvent P,(g) in the limit
¢ — 00. Moreover, by integrating Eq. (25) over Re g, we can compute the distribution of the
LDoS, which characterizes the spatial fluctuations of the eigenvector components.

4 Results for heterogeneous degrees

In this section we present numerical results for the spectral and localization properties of the

Laplacian matrix on heterogeneous networks. In order to solve Egs. (24-26), we must specify

the distribution v(x) of rescaled degrees x; = k;/c. Here we assume that «; follows a gamma

distribution

YT~ le™Tx
I'(y)

with y > 0. The distribution v,(x) has average one and variance 1/y, providing the ideal
setting for a systematic exploration of the role of degree heterogeneities by varying a single
parameter. In the limit y — oo, the variance goes to zero, the distribution of rescaled de-
grees converges to Voo (k) = 6(x — 1), and the network topology becomes homogeneous. In
the opposite limit y — 0, the variance of v,(x) diverges and the network becomes strongly

v, (k) = : (29)
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heterogeneous. Therefore, y directly controls the strength of degree fluctuations, allowing us
to continuously interpolate between the homogeneous and strongly heterogeneous limits. As
shown in previous work [34,51], Eq. (29) is obtained from Eq. (27) when the original degree
distribution p; follows a negative binomial distribution with mean ¢ and variance ¢ + c2/y.

Before we present our main findings, let us introduce a useful form of the Laplacian matrix
that is valid in the limit ¢ — o0 and makes it easier to obtain numerical diagonalization
results. When 1 <€ ¢ < N, the diagonal elements in Eq. (2) are statistically independent
from each other, as a consequence of the local tree-like structure of the network. In addition,
each diagonal element L;; is a sum of a large number of independent random variables that
converges to a Gaussian variate with mean Jyk; and standard deviation J; ,/«;, with k; sampled
from v(x). The off-diagonal elements L;; (i # j) make up the weighted adjacency matrix of
the network. The asymptotic forms of this adjacency matrix for J, = 0 and J; = 0, in the limit
¢ — 00, have been put forward in references [34] and [51], respectively. By combining all
these particular cases, we obtain the following asymptotic expression for the Laplacian

J J
Lij = 615 (Jox; +J14/K:18) — (1 _aij)(ﬁoKin + J_lﬁmgij) ) (30)

where g; and g;; = gj; are i.i.d. random variables drawn from a normal distribution of zero

mean and unit variance. Equation (30) does not exactly fulfill the constraint Z;V:l L;j =0 but
does so on average, because the central limit theorem has been applied to the diagonal part
of L. However, this is not a problem, as we are not particularly interested in the single eigen-
value A; = 0 and its uniform eigenvector. Given this, the above equation provides a practical
way to generate the Laplacian of a highly-connected network with an arbitrary degree distri-
bution [52-54]. When compared to conventional algorithms for sampling graphs from the
configuration model with prescribed degrees [31], the use of Eq. (30) is more straightforward
and computationally more efficient. One can use similar arguments to show that the normal-
ized Laplacian [29], whose off-diagonal elements are rescaled by the degrees, is independent
of {x;} in the limit ¢ — oo.

In figure 1 we compare numerical diagonalization results for the Laplacian matrix gener-
ated from Eq. (30) with those obtained by sampling random graphs from the configuration
model. We assume that the rescaled degrees k1,...,ky follow the gamma distribution of
Eq. (29), while the degrees kq, ..., ky in the configuration model are sampled from a negative
binomial distribution [34] with mean ¢ = +/N and variance c + c2/y. Figure 1 shows that the
spectral density obtained from the configuration model converges to the results derived from
Eq. (30) as N increases. Hence, Eq. (30) correctly reproduces the asymptotic form of L in the
regime where both N and c are infinitely large, but the ratio ¢/N goes to zero. We point out
that this high-connectivity limit is fundamentally different to the so-called dense limit, where
the ratio ¢ /N remains finite as N — oo. All numerical diagonalization results presented below
are obtained using Eq. (30).

4.1 Homogeneous coupling strengths (J; = 0)

We begin by setting J; = 0 and studying the spectral and localization properties of the Lapla-
cian when there are no fluctuations in the coupling strengths. This particular regime might
seem trivial at first glance. However, as we will show below, the spectral properties and the
eigenvector statistics display a rich behaviour. In addition, considering the case of homoge-
neous coupling strengths is relevant because, for certain commonly used distributions p;, such
as a bimodal distribution supported in {A/c,B/c} (where A and B are constants), the variance
of p; is of O(1/c?) and the statistics of the Laplacian resolvent are described by the solutions
of Egs. (24-26) with J; = 0. In what follows, we assume that J, = 1, since the effects of J, # 1
reduce to a trivial shifting of the eigenvalues.

10


https://scipost.org
https://scipost.org/SciPostPhys.18.2.047

e SciPost Phys. 18, 047 (2025)

0.8

v=05 o N =1000 ||

N = 2000

0.6 - o N = 4000
Eq. (30) H

=04
Q .
0.2 |
]
O | |

1 2 3

Figure 1: Numerical diagonalization results for the spectral density of the Laplacian
matrix on networks. The solid black lines are obtained from Eq. (30) for N = 2000,
with rescaled degrees k1, ...,y sampled from a gamma distribution with variance
1/y (see Eq. (29)). The different symbols are obtained from random Laplacians gen-
erated according to the configuration model, where the degrees k1, ..., k) are drawm
from a negative binomial distribution with mean ¢ = +/N and variance c +c2/y. The
scaled mean and variance of p; are, respectively, J, =0 and J; = 1.

4.1.1 Spectral density and local density of states

By taking the limit J; — 0 in Egs. (24-26), we obtain expressions for the spectral density

p.(A) = %Im f dx:(_x))c, (31)
0

and for the joint distribution of the diagonal elements of the resolvent
1 _ _ _
P.(8) = e v(Re(z—g™")) O(Re(z—g™")) 6(Im(z— g™ ")). (32)

In the limit € — 0™, the Sokhotski-Plemelj identity allows one to rewrite Eq. (31) as follows

o) =»(A). (33)

Therefore, the functional form of the spectral density is determined by the rescaled degree
distribution v(x). Defining y = Im g as before and integrating Eq. (32) over Re g, we find an
analytical result for the distribution of the LDoS,

P00 =3\ (5 VT {5 vT0)
+ V(l + GM)]I(OJ/Q(}’):

where 6(y) is the Heaviside step function and 1 4(y) denotes the indicator function, i.e.,
1,4(y)=1if y € Awhile 1,(y) = 0 otherwise. Note that P,(y) is supported on the finite
interval (0,1/¢).

An alternative way of obtaining Eq. (33) is by noting that the Laplacian matrix for J; = 0
(see Eq. (30)) has the form of a diagonal matrix with entries K; = k;(1+x;/N), plus a rank one
perturbation. From this fact, and assuming that K;,...,Ky are arranged in ascending order,
it follows [12,55] that each of the N — 1 intervals (K;,X;,;) contains exactly one eigenvalue

(34)
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Figure 2: Spectral density of the Laplacian on highly connected random graphs char-
acterized by a gamma distribution of rescaled degrees (see Eq. (29)) with variance
1/y. The scaled mean and variance of p; are, respectively, one and zero. The solid
black lines correspond to Eq. (29). The red circles represent diagonalization results
obtained from an ensemble with 100 random Laplacians of dimension N = 2000
generated from Eq. (30).

A, of L (the remaining eigenvalue lies below ;). This property, known as interleaving or
interlacing of eigenvalues [56], implies that for N — oo the spectral density of the Laplacian
is given by Eq. (33).

Equations (33) and (34) determine the spectral properties of the Laplacian on networks
with J; = 0 and an arbitrary distribution v(x). Let us derive explicit results for p(A) when
the rescaled degrees follow a gamma distribution (See Eq. (29)). Figure 2 compares Eq.
(29) with numerical diagonalization results derived from an ensemble of Laplacian random
matrices with N > 1 and different values of y. The agreement with the theoretical prediction
is excellent. The spectral density follows a power-law, p(1) ~ A71 up to A = O(1/y);
beyond this it decays exponentially fast. In particular, for strong degree fluctuations one has
a divergence in the spectral density at the lower spectral edge A = 0, similar to the behaviour
of p(A) in the case of the adjacency matrix [33,34]. Indeed, by taking the limit x — 0 in Eq.
(29), one can see that p(A) diverges as a power-law when 0 <y < 1. Fory =1and y > 1, on
the other hand, we obtain p(0) =1 and p(0) = 0, respectively.

We next turn our attention to the distribution P,(y) of the LDoS, which encodes the spatial
fluctuations of the eigenvector components. Figure 3 depicts the function P,(y) calculated
from Eq. (34) for the gamma distribution v, (x) of rescaled degrees, both for A = 0 and for
A > 0. In both cases the distribution P,(y) has a pronounced maximum at very small values
of y, while for large y it decays as a power-law until the upper cutoff 1/¢ is reached. The
LDoS p;(z) is thus extremely small in a large number of nodes and very large in a tiny portion
of the network, which reflects the enormous fluctuations in the eigenvector components and
their localized nature [57]. The singular character of the limit lim,_,y+ P,(y) is another typical
property of the localized phase [57,58]. As a particular feature of the regime A > 0, we note
that P,(y) diverges at y, = €/(e2+A?) as y — v, fory < 1, which results from the functional
form of the gamma distribution »,.

Let us extract the right (large y) tail of P,(y), since its functional form is particularly
relevant for computing the multifractal exponents of the eigenvectors. For A = 0, Eq. (34)

reduces to
1 € €
P.(y) = > \ mv(gv 1- 63’) 10,1/6)(¥), (35)

which shows that the right tail of 7,(y) is determined by the functional form of v(x). When
the rescaled degrees follow v, (x) (see Eq. (29)), Eq. (35) yields the asymptotic expression

P(y) o< ey 171 (e<y < 1/e), (36)
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Figure 3: The distribution P,(y) of the LDoS at z = A —ie for the Laplacian matrix
on highly connected random graphs, where the rescaled degrees follow a gamma
distribution with variance 1/y (see Eq. (29)). The scaled mean and variance of p;
are, respectively, one and zero. The dashed lines are the power-law functions of
Egs. (36) and (38). The dash-dotted lines are obtained from Eq. (34) with € = 1072.
The purple solid line is obtained from exact diagonalization of a 213 x 213 Laplacian
generated according to the configuration model for ¢ = 400, y = 2 and € = 10~°.

valid as € — 0*. From Eq. (7), the e-dependent prefactor in Eq. (36) implies that, in the
regime y < 1, p.(1) ~ ¢! at A = 0, which is consistent with the behaviour observed in Eq.
(29) for small .

Turning next to A > 0, with again € < y < 1/e, the e-dependent contribution in the
argument of v in Eq. (34) is vanishingly small, leading to the approximate form

Po(y) =\ %vm 10.1/0(), 37)

which shows that the exponent governing the decay of 7,(y) is independent of v(x), that is
P(y)ocelZy2 (e<y</e). (38)

The integral given by Eq. (7) is now always dominated by the large-y power law tail, giving
together with the e-dependent prefactor a result of O(1). This agrees with the fact that p(A) is
always finite for A # 0. The power-law tail of 7,(y) results from strong spatial fluctuations of
the eigenvector components throughout the network. Figure 3 illustrates the power-law decay
of P,(y) for the gamma distribution of rescaled degrees, confirming Egs. (36) and (38).

4.1.2 Singularity spectrum and multifractal exponents

In this subsection, we determine the singularity spectrum and the multifractal exponents of
the eigenvectors within the bulk of the spectral density, i.e., for an arbitrary A > 0. Since
the distribution of the LDoS characterizes the fluctuations of the squared eigenvector ampli-
tudes around a given 4, it is sensible to assume that the right tail of the distribution Py, (x) of
x; = N|;|? behaves according to the LDoS distribution. Thus, based on Eq. (38), we assume
that P,,(x) decays as

Py(x) ~ b(N)x*2 (x> xpin(N)), (39)

for x above some characteristic value x,,;,(N). The scaling of x,;,(N) and of the prefactor
b(N) with respect to N follows from the normalization conditions

N
f Py(x)dx ~1, (40)

Xmin
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Figure 4: Singularity spectrum f(a) and multifractal exponents 7(q) of the eigen-
vectors corresponding to A = 1 of the Laplacian matrix on highly-connected random
graphs with homogeneous coupling strengths (J, = 1 and J; = 0). The param-
eter v controls the variance of the distribution of rescaled degrees (see Eq. (29)).
Left panel: solid lines with markers correspond to numerical diagonalization results.
Dashed line: analytical prediction of Eq. (42). Dash-dotted lines: analytical predic-
tions from Eq. (44). Right panel: solid lines represent numerical diagonalization
results, while the dashed line corresponds to Eq. (45).

and

N
f XPy(x)dx ~1. 41
Xmin

By substituting Eq. (39) into the above constraints, we find b(N) ~ N~/2 and x,;,(N) ~ N~1.
Inserting then the resulting expression Py(x) ~ N~'/2x7%2 into Eq. (15), we obtain the
singularity spectrum

f(a)=%a, for a€[0,2), (42)

where the lower and upper ends of the range of a are determined by the conditions f(a) =0
and f(a) =1, respectively [43].
Moving to small values of x, we find that the distribution Pw(x) behaves as

Py(x) ~ NY/2xr/271, (43)

In appendix B, we demonstrate the validity of Egs. (39) and (43) by a direct computation of
the eigenvectors of L as defined in Eq. (30). By substituting Eq. (43) into Eq. (15), we derive
the singularity spectrum in the range of a corresponding to small x,

f(a)=£(2—a)+1, for ae(2,2+2/7], (44)

Summarizing Egs. (42) and (44), the function f (a) has a triangular shape. This is shown
in figure 4, where we present our analytic predictions for f (a) together with numerical diago-
nalization results of Eq. (30), for A > 0 and two different values of y (see numerical details in
Appendix C). The diagonalization results agree very well with Egs. (42) and (44), especially
for low values of y, where the argument for the right piece of f(a) becomes quite accurate
already for moderate N. Equation (42) implies that the eigenvectors for A > 0 are local-
ized [39], regardless of the value of y. This behaviour is consistent with the Anderson-like tail
of Eq. (38) [36] as well as with the singular behaviour of the LDoS distribution in the limit
€ — 07, as discussed in the previous subsection.
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We now turn our attention to the set of multifractal exponents 7(q). For ¢ > 0, only the
left piece of the triangular function f(a), given by Eq. (42), is relevant for the calculation of
the Legendre transform (see Eq. (13)). The resulting expression for 7(q) reads

2q—1, for q
w(q)=
0, for ¢q

IA
NI N—

(45)

> =,
Consistently with the behaviour of the singularity spectrum, Eq. (45) reveals that the eigenvec-
tors for A > 0 are localized with strong multifractal behaviour [38], which can be clearly seen
in the numerical diagonalization results shown in figure 4. We stress that 7(q) is independent
of y and A, as long as we choose A far from the spectral edge A = 0, as specified above. Note

also that this set of multifractal exponents corresponds exactly to the behavior of localized
wavefunctions at the critical point of the Anderson transition on random graphs [38,40].

4.2 Heterogeneous coupling strengths (J; > 0)

In this section we discuss the spectral properties and the eigenvector statistics of the Laplacian
matrix on highly-connected networks that combine the effect of heterogeneous degrees and
random coupling strengths.

4.2.1 Spectral density and local density of states

First, let us recover a previous rigorous result for the spectral density valid in the homogeneous
network topology limit y — oo [28]. Substituting v, (x) = 6(x — 1) into Egs. (24) and (26),
we obtain the regularized spectral density

1
pe(k) = ;Im(G> 5 (46)
where (G) fulfills
' Jo+J2(G) —
(G) = in_ 0+J7(G)—= , 47)
V2mJ? V272

with w(...) denoting the Faddeeva function (see Eq. (28)). For J, =0 and J; = 1, p.(A) is
a symmetric distribution around A = 0, given by the free additive convolution of the Wigner
semicircle law with the normal distribution, as rigorously demonstrated in [28]. One can
show that Eq. (47) is equivalent to the spectral distribution in [29], which was first derived
in [16]. Even if Egs. (46) and (47) have been derived here using the non-rigorous cavity
method, they are exact for highly connected random graphs in the limit N — ©0, allowing us
to put forward a sensible conjecture that generalizes the theorem in [28] for J, # 0. Indeed,
since the Faddeeva function is the Cauchy-Stieltjes transform of a Gaussian distribution, the
above equations, combined with the decomposition of the Laplacian, Eq. (30), strongly suggest
that p(A) is given by the free additive convolution of the Wigner semicircle law supported in
[—2J;,2J; ] with a Gaussian distribution of mean J;, and variance J 12 Therefore, a nonzero J
shifts the mode of p(A). Figure 5 confirms Egs. (46) and (47) by comparing the outcome of
solving these equations with numerical diagonalization results for the spectral density.
Furthermore, our approach enables us to calculate the distribution of the LDoS and study
the statistics of the eigenvector components. By inserting v..(x) = 6(x — 1) into Eq. (25),
performing the limit ¢ — 0" and integrating over Re g, we obtain the analytical result

e (222 exp (222
\/2ﬂJ12y3(ye ~)
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Figure 5: Spectral density p.(A) and the distribution P,(y) of the LDoS for the
Laplacian matrix on highly-connected random graphs in the homogeneous regime
(Voo (k) = 6(x —1)). The scaled first and second moments of the coupling strengths
are, respectively, Jo = 1 and J; = 1. In panel (a) we compare the theoretical results
(solid line), obtained from the solutions of Egs. (46) and (47) for € = 0, with numer-
ical data (red circles) obtained from the diagonalization of 100 random Laplacians
generated from Eq. (30) with N = 2000. In panel (b) we present the distribution of
the LDoS, Eq. (48), for different A.

where the upper end y, of the support of P,(y) is given by

1
= 4
Je lenp(k) (49)

The functions x4 (y) in Eq. (48) are defined as

xﬂﬁ:k—%—h%wyggx%—1. (50)

The fact that, in the limit ¢ — 0%, the marginal P,(y) = f_ozo dRe gP,(Re g,y) converges
to a regular, e-independent function P, (y) supported on a finite interval, is a characteristic
property of the extended phase [57,58]. Figure 5 exhibits the LDoS distribution obtained from
Eq. (48) for different A. As A increases, P;(y) becomes gradually more concentrated around
its typical value, which shifts towards smaller values of y at the same time.

Finally, we consider the situation where J; > 0 and the rescaled degrees are distributed
according to Eq. (29). In this case, the regularized spectral density follows from

ko + kJ2(G) —z
dKKY_3/Ze_VKW( 0 1) ) ) (51)

\ 2KJ2

pe(l) =

oo
¥
7 ke f
I'(y)y/2mJ? 0

where (G) solves

Yi > kJy+KJ2(G) —z
(G) = rin dx KY_l/Ze_YKW( 0 1) ) . (52)

I'(y)y/2m7% Jo \/2xJ?

We calculate the integrals over x in the above equations using numerical methods. From a
computational point of view, obtaining a numerical solution of these integrals is more efficient
than performing numerical diagonalizations of high-dimensional matrices or solving Egs. (22)
and (23) using the population dynamics algorithm [26].
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Figure 6: Spectral density of the Laplacian on highly-connected random graphs
characterized by a gamma distribution of rescaled degrees with variance 1/y (see
Eq. (29)). The scaled mean and variance of p; are, respectively, J, and J; = 1. The
upper panels show results for J; = 0, while in the lower row J; = 1. The solid black
lines are obtained from the solutions of Egs. (51) and (52) with € = 1073. The red

circles represent diagonalization results obtained from an ensemble with 100 Lapla-
cian random matrices of dimension N = 2000 generated from Eq. (30).

Figure 6 shows the spectral density p.(A) obtained from the solutions of Egs. (51) and (52),
together with numerical diagonalization results of random Laplacians generated from Eq. (30).
The excellent agreement between the theoretical curves and the numerical diagonalization
data confirms the exactness of Egs. (51) and (52). The upper and lower rows show results for
Jo =0and J, = 1, respectively. Comparing these, one notices that the mode of the distribution
is independent of J, but a nonzero value of J, breaks the symmetry of p.(1) around A = 0,
yielding an excess of positive (negative) eigenvalues when J, > 0 (J, < 0). For J, # 0, the
spectral density becomes gradually more symmetric around A = 0 as y — 0, since the shift in
the eigenvalues caused by a finite mean J, becomes less relevant than the spread of eigenvalues
induced by strong degree fluctuations. Similarly to the behaviour of the spectral density of the
adjacency matrix [34], p.(A) diverges at A = 0 for y < 1/2. We point out that for J; # 0
the Laplacian matrix has both positive and negative eigenvalues, irrespective of whether the
network is homogeneous or heterogeneous.

As our final set of results for the spectral properties, we analyse the LDoS distribution
P,(y) for J; > 0 and v(x) given by the gamma distribution. We compute P,(y) by numerically
integrating Eq. (25) over the real part Reg. Figure 7 illustrates the effect of degree fluctuations
on the distribution P,(y) for A = 0 and A # 0. In either case, P,(y) has an unbounded support
for any finite y, which is an important difference with respect to the LDoS distribution of the
adjacency matrix, since in the latter case the support is unbounded only at A = 0 [34]. As y
increases, P,(y) slowly converges to the distribution of the LDoS for homogeneous networks
(see figure 5). For A > 0, the function P,(y) diverges at y = 0 when y < 1, owing to the
functional form of the distribution v, (x) of rescaled degrees.
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Figure 7: The distribution P,(y) of the LDoS at 2 = A —ie for the Laplacian matrix
on highly connected random graphs, where the rescaled degrees follow a gamma
distribution with variance 1/y (see Eq. (29)). The scaled mean and variance of p;
are, respectively, J, = 0 and J; = 1. The solid lines for different y are obtained
by marginalizing Eq. (25) with € = 0, while the dashed lines in the main panels
represent the homogeneous limit of P,(y) (see Eq. (48)). The insets exhibit the tails
of P,(y) for large y.

The insets in figure 7 illustrate the large-y behaviour of P,(y) for both A = 0 and A # 0.
The distribution P,(y) exhibits an exponential tail for A > 0, implying that the first moment
of P,(y) and, consequently, the spectral density, is finite. For A = 0, the LDoS distribution
decays for large y as

1
P.(y) o< W s (53)

with an exponent y + 3/2 controlled by the strength of degree heterogeneities. Due to the
power-law tail of Eq. (53), the first moment of P,(y) diverges when y < 1/2, which explains
the singular behaviour of the spectral density at A = 0 (see figure 6). In what follows, we will
use Eq. (53) to make an ansatz for Py, (x) and extract the singularity spectrum f (a).

4.2.2 Singularity spectrum and multifractal exponents

In this subsection, we focus on the eigenvector statistics around A = 0, at which the LDoS
distribution decays as a power law (see Eq. (53)) and the spectral density diverges for y < 1/2.
In contrast to the case of homogeneous coupling strengths, where the eigenvalues are non-
negative and p(A) can diverge only at the spectral edge A = 0, here the divergence occurs
within the bulk of the spectrum. This is a similar scenario as the one analyzed in references
[34,35] for the weighted adjacency matrix of the same class of networks (see also appendix D).
We follow reference [35] and assume that 7,(y) provides a good estimate for the distribution
P, (x) of the eigenvector squared amplitudes x; = N |;|? corresponding to A = 0. Thus, we
take as our ansatz for Py (x), above some scale xp;,(N) and up to the upper bound N, the
form from Eq. (53),

Py(x)=b(N)x~T+¥2 (> xpin(N)), 54

where b(N) is an N-dependent prefactor. In Fig. 8, we show that the exponent in Eq. (54) is
consistent with the numerical results for P,,(x) obtained from numerical diagonalizations of
random Laplacians with finite N. In addition, the data in figure 8 suggest that P,,(x) behaves
as

Py(x) ~ x 12, (55)

for small x. This scaling holds independently of vy.
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Figure 8: Distribution P (Inx) of the logarithm of squared eigenvector amplitudes
x; = N|1;|? for the Laplacian matrix on highly-connected hetereogenous random
graphs (Jo = 0 and J; = 1), for different values of the parameter y that controls
the rescaled degree distribution (see Eq. (29)). The figure depicts Py (Inx) for the
eigenvector corresponding to the closest eigenvalue to A = 0 (the vertical axis is
in logarithmic scale). These results are obtained by diagonalizing random Lapla-
cian matrices generated from Eq. (30) with N = 2!, Dashed lines: scaling accord-
ing to P(Inx) ~ e~ (rt1/2)Inx (gee Eq. (54)). Dash-dotted line: scaling according to
P(Inx) ~ enx)/2 (gee Eq. (55)).

Let us now compute the singularity spectrum and the multifractal exponents, using
Egs. (15) and (13). The normalization conditions of Egs. (40) and (41) determine how the
prefactor b(N) and the lower end x,;,(N) of the power-law range of Eq. (54) scale with N.

—1/2
For y < 1/2, one finds b(N) ~ N"™V/2 and x,,;,(N) ~ NW; for y > 1/2, both b(N) and
Xmin(IN) are independent of N. By inserting Eq. (54) into Eq. (15), together with the scaling
of b(N), we can estimate the singularity spectrum for N — oo. For y < 1/2, we obtain

1
fla)=(r+1/2)a, for OSaS}f—i-—l/Z’ (56)

while the Legendre transform of the above expression gives the corresponding multifractal
exponents (see Eq. (13))

ry+1/2 (57)

9 1, for g<y+1/2,
T(q) =
0, for g>v+1/2.

In the regime y > 1/2, an analogous calculation yields the singularity spectrum

SR ANGE r=1/2
f(a)—a(y+2)+(2 y), for y+1/2$aS1’ (58)

with the corresponding multifractal exponents

qg—1, for ¢g<y+1/2,

t(@)=1 r—1/2 (59)
1= f +1/2.
qy+1/2’ or q>y+1/
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Figure 9: Singularity spectrum f(a) and multifractal exponents 7(q) of the eigen-
vectors corresponding to A = 0 of the Laplacian matrix on highly-connected random
graphs with heterogeneous coupling strengths (J, = 0 and J; = 1). The parameter
y controls the variance of the rescaled degree distribution (see Eq. (29)). Left panel:
solid lines with markers correspond to numerical diagonalization data, dashed lines
indicate the slope of f (a) = (y+1/2)a (see Egs. (56) and (58)), and the dash-dotted
line shows the slope of f(a) ~ const — a/2. Right panel: solid lines are numerical
diagonalization results, while the dashed lines correspond to Egs. (57) and (59).

The intervals of a in Egs. (56) and (58) are determined from the conditions f(a) = 0 and
f(a) =1 as above [43]. Regarding the behaviour of f(a) for large a, some comments are in
order. By virtue of Eq. (15) the behaviour of P,,(x) for small x, given by Eq. (55), implies that
the singularity spectrum behaves as f (a) ~ const — a/2 for a larger than some characteristic
value. This additional piece of the singularity spectrum does not have any effect on the function
7(q) for g > 0, but it might be relevant for classifying the eigenvectors into universality classes.
Taken together, these results suggest that f (a) again has a triangular shape, analogous to what
we found in section 4.2.2 for the homogeneous case.

Equations (56) and (57) imply that the eigenvectors for y < 1/2 are localized with strong
multifractal behaviour [40]. Indeed, the eigenvectors for single instances and finite connectiv-
ity turn out to be localized on a finite number of nodes that are not spatially correlated. In this
regard, the eigenvectors exhibit similar features as those of the weighted adjacency matrices
analyzed in reference [35]. Equations (58) and (59), in contrast, imply that the eigenvectors
for y > 1/2 are extended and non-ergodic [46], similarly to the delocalized but weakly mul-
tifractal phase of sparse Erd6s-Rényi random graphs [62]. Notice that the weakly multifractal
phase described in reference [62] appears for A # 0, while in the present case the extended
non-ergodic phase occurs only at A = 0, where the LDoS distribution exhibits a power-law
tail (see Eq. (53)). Therefore, we do not expect to observe a weakly multifractal phase for
A # 0 due to the exponential decay of P,(y) (see Fig. 7 for A = 2). In the limit y — oo, the
eigenvectors become fully ergodic since f(a) shrinks to a single point with value f(1) =1,
while 7(q) = g—1 for all g. To summarize, then, y = 1/2 defines the critical point that charac-
terizes a localization-delocalization transition induced by fluctuations in the network degrees.
Equations (56-59) can be directly contrasted with the corresponding results for the adjacency
matrix [35,62], as summarized in appendix D.

We end this section by comparing our theoretical predictions with numerical data. Figure 9
presents numerical diagonalization results for the singularity spectrum and the mutlifractal
exponents for different values of y (we refer to Appendix C for numerical details regarding
the computation of these functions). Equations (56) and (58) predict that f(a) has a slope
y + 1/2 for small a, while Eq. (55) yields a slope of —1/2 for large a. These theoretical find-
ings are consistent with the numerical diagonalization results for f(a) presented in figure 9.
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As mentioned above, we expect that f (a) approaches a triangular shape as N — oco. However,
as can be seen in figure 9, the numerical results show significant deviations from a triangle-like
function for low y (strong degree fluctuations). We interpret this as an indication of strong
finite-size effects. Such effects are also visible in the multifractal exponents, where we ob-
serve, for low y, a mismatch between the theoretical prediction (Egs. (57) and (59)) and the
numerical diagonalization results. On the other hand, the theoretical results for 7(q) in the
regime y > 1/2 (see Eq. (59)) exhibit a very good agreement with the numerical data.

5 Summary and conclusions

In this study we have performed a thorough analysis of the spectral and localization proper-
ties of the Laplacian matrix on highly-connected networks with an arbitrary degree distribution
and random coupling strengths. We have shown that, as the average degree ¢ grows to infin-
ity, the distribution of the diagonal resolvent entries converges to a relatively simple closed
form expression, which depends on the full distribution of rescaled degrees and the first two
moments of the coupling strengths. This implies that the high-connectivity limit of the spec-
tral properties of the Laplacian on networks is universal with respect to the statistics of the
coupling strengths. However, this universality breaks down in the presence of strong degree
fluctuations, akin to what is observed for adjacency matrices [33]. The analytical expression
for the resolvent distribution serves as the basis for systematically studying how the hetero-
geneous structure of random graphs impacts the spectral density, the distribution of the local
density of states (LDoS), the singularity spectrum and the multifractal exponents, leading to a
comprehensive picture of the spectral and localization properties of the Laplacian on hetero-
geneous networks. We have focused on highly-connected networks with a gamma distribution
of rescaled degrees, as in this case the strength of degree fluctuations is solely controlled by
the variance 1/y of the rescaled degree distribution. The network becomes homogeneous for
y — 00, while the strong heterogeneous limit is reached as y — 0.

When the variance of the coupling strengths is nonzero (heterogeneous couplings), the
spectral density diverges within the bulk of the spectrum, provided y < 1/2. This singularity
is a consequence of the large fluctuations of the LDoS, whose distribution exhibits a power-law
decay governed by a y-dependent exponent. These results for the Laplacian spectral proper-
ties are qualitatively similar to those for the adjacency matrix [34]. By using the power-law
tail of the LDoS distribution as an input, we have computed the singularity spectrum and the
multifractal exponents, which characterize the spatial fluctuations of the squared eigenvector
amplitudes. Our findings show that the emergence of the singularity in the eigenvalue distri-
bution is accompanied by a delocalization-localization transition of the corresponding eigen-
vectors. For y > 1/2, the spatial fluctuations of the eigenvectors with eigenvalues around zero
are characteristic of non-ergodic extended states, while for y < 1/2 these eigenvectors become
localized, exhibiting strong multifractal behaviour. The existence of a non-ergodic extended
phase has been demonstrated in various random-matrix models for the diffusion of a single
quantum particle on random structures, including the Rosenzweig-Porter ensemble [46, 59],
the Cayley tree [60] and the sparse Erdos-Rényi ensemble [61,62]. In contrast to these set-
tings, the localization transition in the present model is driven by strong degree fluctuations.

When the variance of the coupling strengths is zero (homogeneous couplings), the Lapla-
cian of highly-connected networks has only non-negative eigenvalues, and the functional form
of the spectral density is given by the rescaled degree distribution. In this case, the spectral
density only diverges at the lower spectral edge. By focusing on the eigenvector statistics
within the bulk of the spectrum, we have shown that the LDoS distribution displays a sin-
gular behaviour as the regularizer € tends to zero. Furthermore, this function decays as a
power-law with exponent 3/2, which is also the value characterizing the power-law tail of
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the LDoS in the whole localized phase of the Anderson model on a Bethe lattice (including
the critical point) [36,58]. These findings imply that all eigenvectors within the bulk of the
Laplacian spectrum are localized, regardless of the variance 1/y of the rescaled degrees. The
behaviour of both the multifractal exponents and the singularity spectrum is also consistent
with the localized nature of the wavefunctions at the critical point of the Anderson model on
random graphs [39,40,63]. This is interesting because the localization length of models with
spatial structure diverges precisely at the critical point, which is consistent with the absence of
any notion of distance in the current network model. Thus, the localized states in the present
model are not related to the spatial structure of the graph, since the Laplacian effectively be-
comes a fully-connected matrix in the limit ¢ — oo (see Eq. (30)). Instead, the eigenvectors
for large but finite-sized networks localize onto nodes with degrees of O(1), which is typical
of the statistical localization mechanism introduced in [35].

We point out that our results for homogeneous coupling strengths match exactly those for
the master operator of the mean-field Bouchaud trap model [12,64], provided one identifies
the temperature in that model with the parameter y here. Indeed, both random-matrix models
are defined (at least effectively, in the case studied here) in terms of a fully-connected network
and all eigenvectors are localized, regardless of the value of the control parameter. The main
difference between these two models lies in the source of disorder. While in the current model
the disorder stems from the network degrees, in the Bouchaud trap model the local energies
are quenched random variables. This unexpected connection between the two models suggest
that statistical localization is a widespread phenomenon, which can be triggered by distinct
physical mechanisms.

Based on the central limit theorem and previous rigorous results [28, 65], we have put
forward an asymptotic form of the Laplacian matrix, Eq. (30), valid in the limit ¢ — oco. This
equation provides an efficient way to diagonalise finite-size instances of the Laplacian without
having to sample graphs from the configuration model. Besides this practical advantage, we
point out that the off-diagonal elements of Eq. (30) define the adjacency matrix of an effective
fully-connected interaction matrix that incorporates the effect of degree fluctuations in the
high-connectivity limit. This fully-connected network model has recently attracted significant
interest as it leads to exactly solvable models in various contexts [51, 66-68]. It would be
interesting to study the tight-binding Anderson model with on-site random potentials (diago-
nal disorder) and hopping energies given by the off-diagonal entries of Eq. (30). This model
would enable one to characterize the transition between statistical localization (absence of
diagonal disorder) [35] and Anderson-like localized states (strong diagonal disorder).

Finally, we have derived numerical diagonalization results of finite Laplacians that, in gen-
eral, exhibit a very good agreement with our theoretical findings. The only exception is the
regime of strong degree fluctuations (small y) and heterogeneous coupling strengths. In this
case, even though the data are consistent overall with the analytical equations for the singular-
ity spectrum and the multifractal exponents, the numerical results in figure 9 show significant
deviations from the theory, which require further analysis. One could complement our results
and achieve a more complete characterization of the delocalization-localization transition in
the present model by computing other spectral observables, such as the level-spacing distribu-
tion, the level compressibility and the overlap correlation function [42].
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A The high-connectivity limit of the resolvent equations

In previous works [33, 34], we have introduced a method for deriving analytical expressions
for the spectral observables of the adjacency matrix of random graphs with arbitrary degree
distributions in the high connectivity limit. In this section, we extend this approach to the
Laplacian matrix.

We start by defining the joint distribution W, (s) of the real and imaginary parts of

k

N e
$) _e; 1—Jpge(2)’ (-1

which consists of a sum of independent and identically distributed random variables. The
degree k is sampled from the discrete distribution p;, the coupling strengths {J,} follow the
distribution p;, while the cavity resolvents {g,(z)} are drawn from Q,(g). The random variable
S(z) is analogous to the self-energy that appears in the solution of tight-binding models for
the diffusion of an electron [57]. The distribution W, (s) of S(z) is determined from

) k k k J
W)= i f [ Tdg2ue0)] f [l_ldJepJ(Je)]es(s—Z f ) (A2)
k=0 H+ = g=1 RLyp=q

= 1-Ji&

where H* stands for the complex upper half-plane. The argument of the Dirac-§ in Eq. (22)
means that

d 1
G(z)=—— A.3
(=)= —— @’ (A.3)
which leads to the following relation between P,(g) and W,(s)
1
P.(g) = J dsW;(s)6 (g - ) , (A.4)
o z2—s

with ds = dResdIms. Equation (A.4) implies that all moments of P,(g) are determined by
W, (s). For instance, the regularized spectral density p.(A), written in terms of the distribution
W,(s), reads

Pe(A) = %Im( dst—(s)) . (A.5)

g 2=

In a similar way, one can introduce the distribution V,(s) of the self-energy on the cavity graph,

00 k k-1 k—1 k=1 J[
n0=2n | |[Tasia.0) fR[nggpjw)}a(s—Z ) ae

(=1

which allows us to rewrite Q,(g) as follows (see Eq. (23))

Q,(g) = f dsV,(5)5 (g—i) . A7)
]H[+

z—S

Our goal is to determine the form of the distributions W, (s) and V,(s) in the limit ¢ — oo.
Since W,(s) and V,(s) are distributions of sums of independent and identically distributed
random variables, it is natural to work with the corresponding characteristic functions. Let
ew(p, t) and ¢y(p, t) be the characteristic functions of W,(s) and V,(s), respectively, defined
as the Fourier transforms

ow(p,t) = f dsW,(s)exp (—ipRes —itlms), (A.8)
]HI+

ep(p,t) = f dsV,(s)exp(—ipRes —itlms). (A.9)
]HI+
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The substitution of Egs. (A.2) and (A.6) into Egs. (A.8) and (A.9) produces

ew(,t) =D prexplkS.(p, t)], (A.10)
k=0
and
— k
ov(p,1)= 3 —prexpl(k—1)S,(p, 1)), (A.1D)
k=1
with

—ip(J —J*Re g) —it(J%Img) )]  a12)

S.(p, t)=1nUH+ dez(g)J_oo dJPJ(J)eXp( (1—JReg)? + (JIm g)?

The next step is to expand Eq. (A.12) for ¢ > 1.
In order to proceed further, we remind the reader that the mean and variance of p; are,
. . 2 . . . B
respectively, given by J,/c and J;/c, while higher moments are proportional to 1/c” (8 > 1).
Therefore, the leading term in Eq. (A.12) for ¢ > 1 is given by

p’
2c

ip ip it
S.(p,t)= —Jo— —Re(G)J? — ?Im(G)le —

; J2+0(1/c?), (A.13)

where we have assumed that the average resolvent on the cavity graph,

zZ—S

(G) =J dsw, (A.14)
H+

converges to a well-defined limit as ¢ — 00. Substituting Eq. (A.13) into Egs. (A.10) and
(A.11), and using the definition of the distribution of rescaled degrees (Eq. (27)) we obtain

(e9)

ow(p,t) = f dx v(x)exp [K (—ipJo — ilezRe(G) — itlelrn(G) —p2J12/2)] , (A.15)
0
and
eyp(p,t) = J dx k v(k)exp [K (—ipJo —ipJRe(G) —itJ*Im(G) —p2J12/2):| . (A16)
0

The inverse Fourier transforms of Egs. (A.15) and (A.16) yield, respectively,

W,(s) = 1 fo dxx ™2 9(k) exp |:_2J1121< (Res —K (JO +J12Re(G)))2]

/27_”—12 (A.17)
x & (Ims — xJ2Im(G)) ,
and
1 e 1 2
V,(s)= J dxx2v(x) exp [— Res —« (Jo +J?Re(G) }
z 272 Jo 2J12;<( Vo JiRe(c))) (A.18)

x & (Ims — kJ2Im(G)) .

The above two equations form the central result of this appendix, as they provide exact equa-
tions for the spectral observables. By substituting Eq. (A.17) into Eq. (A.5) and integrating
over s € H", we recover Eq. (24) for the spectral density. Similarly, the self-consistent Eq. (26)
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for the average resolvent (G) on the cavity graph is obtained by substituting Eq. (A.18) into
(A.14) and then solving the integral over s € H*.

Finally, let us derive Eq. (25) for the distribution P,(g) of the diagonal elements of the
resolvent. Integrating over x in Eq. (A.17), we get

_ 1 _( Ims _Im(G) __Ims 9 )2
WZ(S)_J%JfIm<G)V(Jflm(c))EXp[ 2Ims (Res Jflm(G)(JoJrJlRe(G)) ] (A.19)

1/2

where we defined ¥(k) = k™ /“v(x). The resolvent G(z) is related to the self-energy S(z)
through Eq. (A.3). Since we know the analytical form (A.19) of the joint distribution W, (s)
of S(z), Eq. (25) for the distribution P,(g) of G(z) is derived by making the two-dimensional
change of variables dictated by Eq. (A.3).

B The distribution of the eigenvector squared amplitudes for ho-
mogeneous coupling strengths

In this appendix, we show how to derive Egs. (39) and (43), which characterize the distribution
P, (x) of the eigenvector squared amplitudes for large and small x. From the asymptotic form
of the Laplacian for J; = 0 (see Eq. (30)), the eigenvalue equation (3) can be written as

N
1
Ki’(/),u,,i__Ki Z Kj'lp,u,j :)',uw,u,i: (B.1)
NS

where we have considered J, = 1, as was done in Section 4.1. By converting the above sum
into an unconstrained sum, the eigenvalue equation becomes

Yy (& — Au) =KAy, (B.2)
where we have defined N
1
Ay = ﬁz'ﬁ'%,p (B.3)
j=1
and
ki:Ki(l'i‘Ki/N). (B4)
Thus, we can write v, ; as
A“Kl' B.S
wu,l_kl—ku' (')

Multiplying the above equation by «; and then averaging over i must give back A,,, leading to
the eigenvalue condition

1=2>" 1'2 , (B.6)

from which the interleaving property referred to in the main text follows.
Once an eigenvalue A is found, the eigenvector components obey (see Eq. (B.5))
AKi

Y= Py (B.7)

where we have approximated &; ~ «; for large N. For the sake of simplicity, we have also
dropped the eigenvalue index u. Our purpose here is to understand how the distribution
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Py(x) of x; =N |p;|? scales for large and small values of x;. Focussing on eigenvalues away
from the spectral edge, i.e. when A = O(1), one has to distinguish between three regimes
according to whether «; is (i) much smaller, (ii) comparable to or (iii) much larger than A.
To be specific, let us assume that the sequence k,...,ky is arranged in ascending order, and
let j be such that A lies between « i and i1 Thus, the regimes (i) and (iii) correspond to
|i — j| = O(N), which yield

—Ax;/A, for k; <A,
Vi~ { A, for ;> A. (B.8)
In the regime (ii), where |i — j| < N, we can approximate
i—j
—ARK; —K R~ . B.9

Equations (B.8) and (B.9) are valid as long as |i — j| > 1, when there is a large number of
other k; lying between k; and «;. In particular, the second relation in Eq. (B.9) comes from
the fact that the interval [k;, x;] typically contains N(x; —x;)v(x;) rescaled degrees out of all

the N values of k. Thus, in regime (ii) we have
AN v(k ;)
A — _‘J ) (B.10)
1—]J

The constant A can be determined from the normalization condition Zi\lzl 1/)12 = 1. From
Eq. (B.10), one gets a contribution to this sum of

2.

i:]i—j|<N

27722

AN,—V,(KJ) ~A2NZ . (B.11)
li—jl?
On the other hand, regimes (i) and (iii) from Eq. (B.8) give 1; = O(A) and hence a contri-
bution of O(NA?) to the normalization Zivzl 1,[11.2. This is negligible in comparison to the one
coming from regime (ii). We therefore conclude that A~ N ~1 which allows us to obtain X; in
the three different regimes:

N_lKiz, for k; <A,
x; =NP;>~{ Nli—j|™2, for 1<]i—j|<N, (B.12)
N1, for k;> A,

where we have omitted all factors of order unity. The largest x; come from the second regime,
in which 1 < |i —j| < N. In this case, the probability that x is larger than some characteristic
value & is obtained by counting what fraction of the index values obey |i — j| < (N/x)'/2. This
fraction scales as N~'(N /x)'/2, which yields the behaviour of the probability density Py (x)
for large x as

d
Py(x) ~———NT'(N/x)"2 ~ NT2x 302, (B.13)
v dx
The smallest x;, on the other hand, come from the regime (i), where x; ~ 4/Nx;. In this

regime we obtain
Py(x)~v(vNx) 4/N/x. (B.14)

Assuming now that Nx < 1, we can simplify this using the behaviour of the gamma distribu-
tion for small argument (see Eq. (29)), which leads to

Py (x) ~ NT/2x7/271 (B.15)
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C Numerical methods for the eigenvector statistics

C.1 Singularity spectrum

For a given eigenvector 1/3 of size N around the eigenvalue A, we compute the set of exponents
{a;}Y, via the expression 2
(P
' In(N) °

We collect these exponents for a band of 50 eigenvectors around A obtained from an ensemble
with 10 random instances of the Laplacian matrix generated according to Eq. (30) and N = 21°.
The histogram of the exponents estimates the distribution Q(a) (Eq. (10)). Thus, by using
Eq. (11), we estimate the singularity spectrum as

(C.1)

InQ(a)
InN

fla)~ +1. (C.2)
Since Eq. (11) is an asymptotic scaling relation for large N, the resulting estimates are affected
by finite-size corrections.

C.2 Multifractal exponents

We determine 7(q) by estimating for each q the typical value of the g-th moment of |1);|?
across a band of 50 eigenvectors around A. In practice, we consider a grid of values of g
with a step size Agq = 0.02, network sizes N € {2'4,21°}, and we generate 22! /N instances of
the Laplacian matrix for each N according to Eq. (30). For a given eigenvector, we compute
I,(N) using Eq. (8), and then calculate I;yp (N) = e"le)) with the average taken over the
ensemble of eigenvectors and instances. Finally, by virtue of the scaling (9), we extract 7(q)
by estimating I;yp for two different values of N, generically denoted as N; and N,. The formula

[In15"P(Ny) —In1;P(Ny) ]
IDNZ — lan

T(q) =— , (C.3)

yields an estimate for 7(q). In our case, we consider N, = 2N; = 2!°_ so that Eq. (C.3) reduces

to
In I (Ny) —In 1P (Ny)

7(q) = 2 . (C.49

D Summary of previous results for the adjacency matrix

In this appendix, we present a summary of previous results for the singularity spectrum f (a)
and the multifractal exponents 7(q) characterizing the eigenvectors of the adjacency matrix
of random graphs. The results in this appendix can be directly compared with those presented
in sections 4.1.2 and 4.2.2 for the Laplacian matrix.

In reference [35], the authors consider the adjacency matrix of random graphs in the high-
connectivity limit, where the rescaled degrees follow a gamma distribution with variance 1/y
(see Eq. (29)). For v < 1, the average spectral density of this random-matrix model exhibits
a power-law singularity at A = 0, which is the regime of parameters considered in [35]. For
y < 1, the left piece of the singularity spectrum at A = 0 is given by

fla)=ya, if a<l/y. (D.1)
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Although the right piece of f(a) is not computed in [35], preliminary results suggest that it
behaves as f(a) =1+ % —a/2. The corresponding results for the multifractal exponents read

-1, if g<v,
r(q)={Q/Y b= (D.2)

0, if g>vy.

Therefore, in the regime y < 1, the eigenvectors at A = 0 are localized with a strong multi-
fractal behavior. For y > 1, the average spectral density is a regular function. Although f(a)
and 7(q) have not been computed for y > 1, it is expected that y = 1 marks a localization-
delocalization transition, leading to a non—ergodic extended phase for y > 1.

It is instructive to compare the above results for adjacency matrices of heterogeneous net-
works with mean degree ¢ — o0 to those from reference [62], where the authors consider the
adjacency matrix of Erdos-Rényi random graphs with finite mean degree ¢ > 1 and Gaussian
distributed coupling strengths. This random-matrix model has a mobility edge at A,, i.e., for
A > A, the eigenvectors are localized and the multifractal exponents should be given by Eq.
(45). In the regime 0 < A < A,, the singularity spectrum reads

f(a):{a(l B+, Tf 1<a<2, .3)
1-f(1—a), if 0<a<l1,

with 8 the exponent characterizing the power-law decay of the LDoS distribution at a given
value of ¢ and A. The corresponding multifractal exponents are given by

T(q)_{/s—L if q>p. B4

Therefore, forc > 1and 0 < A < A,, the eigenvectors are extended and non-ergodic (or weakly
multifractal). The average spectral density also exhibits a power-law singularity at A = 0 for
finite ¢ > 1, resulting from an Extensive number of degenerate eigenstates localized on the
leaves of the graph. However, the multifractal spectrum of these eigenvectors has not yet
been studied, and it would be interesting to understand whether the mechanism of statistical
localization is at work also in this case.
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