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Abstract

Continued improvement of heat control in mesoscopic conductors brings novel tools for
probing strongly correlated electron phenomena. Motivated by these advances, we com-
prehensively study transport due to a temperature bias in a quantum point contact device
in the fractional quantum Hall regime. We compute the charge-current noise (so-called
delta-T noise), heat-current noise, and mixed noise and elucidate how these observables
can be used to infer strongly correlated properties of the device. Our main focus is the
extraction of so-called scaling dimensions of the tunneling anyonic quasiparticles, of
critical importance to correctly infer their anyonic exchange statistics.
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1 Introduction

Advancements in nanotechnology in the recent decade have paved the way towards detailed
control of heat flows in small-scale electronic devices. This development permits experimental
explorations of the quantum nature of heat [1], and in particular it introduces novel tools for
probing quantum systems where strong electron correlations play an important role. A fun-
damental example is the quantum Hall effect [2, 3], where in recent years it has been exper-
imentally established that the heat conductance of the quantum Hall edge is quantized. This
quantization holds both for the simpler integer [4] and for the strongly correlated fractional
quantum Hall (FQH) edges [5-10], including those expected to host the elusive non-Abelian
Majorana modes [11,12]. Measurements of the heat conductance provides crucial information
about the edge structure, such as the number of edge channels and their chiralities: properties
that are often obscured in charge conductance measurements due to strong charge equilibra-
tion. This is particularly relevant in the case of composite edges, such as the 2/3 and 5/2 FQH
states. Here, the interplay of charge and thermal equilibration lengths can lead to different
values of the charge conductance [13-18]. Via the bulk-boundary correspondence, access to
the edge structure gives further insights into the corresponding bulk topological order [19],
thereby demonstrating quantum heat transport as a powerful tool to pinpoint the topological
order of FQH states.

In this paper, we analyze another possibility to probe nanoscale electronic devices with
heat, namely with novel noise spectroscopy tools. We study three types of such noise tools
with focus on the situation with temperature-biased contacts. The first is non-equilibrium
charge-current noise in the absence of a voltage bias but instead due to a pure tempera-
ture bias. Such noise has been termed “thermally activated shot noise” or “delta-T noise”.
While it bears some similarity to conventional voltage-bias-induced shot noise [20-22], delta-
T noise has the additional and quite peculiar feature of being a non-equilibrium noise arising
when no net charge current flows. Delta-T noise was first theoretically analyzed in diffusive
conductors [23], while the first experimental observation was achieved in an atomic break
junction [24], showing good agreement with the scattering theory of non-interacting elec-
trons [20]. Since then, delta-T noise has been analyzed for a broad range of systems and
setups [25-45]. A second type of novel noise drawing increasing attention is heat-current
noise, i.e., fluctuations in the heat current [46-57]. Such fluctuations emerge due to, e.g.,
thermal agitation, coupling to an electromagnetic environment, or from partitioning of heat
currents due to scattering [1]. Finally, the third type of novel noise is the cross-correlation
between charge and heat current fluctuations, known as “mixed noise”. Mixed noise has been
studied so far only theoretically for weakly interacting systems or in the presence of a voltage
bias only [52,58,59].

In the context of the strongly correlated FQH effect, delta-T noise was theoretically shown
to disclose important properties of quasiparticles with anyonic statistics [32,37,38]. In particu-
lar, delta-T noise was proposed as an experimental tool to extract the anyons’ so-called scaling
dimensions [60], which are important, observable parameters characterizing, e.g., the tempo-
ral decay of quasiparticle correlations. Under certain circumstances, the scaling dimensions
can be further related to the FQH quasiparticle anyonic exchange statistics (a detailed discus-
sion can be found, e.g., in Ref. [38]). As such, delta-T noise holds promise as an important
tool in the ongoing quest to detect and classify anyons [61-64], where an accurate identifica-
tion of scaling dimensions is paramount to correctly infer anyonic exchange statistics. Also the
heat-current noise due to a pure temperature bias was recently proposed to disclose scaling
dimensions of FQH quasiparticles [55], an approach that does not require knowledge about
the quasiparticle charges.
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Making available a broad range of experimental tools to extract scaling dimensions of
FQH quasiparticles is highly desirable for probing strong correlations, particularly as the orig-
inally proposed method to extract scaling dimensions from exponents of the temperature and
voltage dependence of QPC tunneling conductances is highly challenging [65] (however, see
Refs. [63, 66] for recent developments). As such, pushing the utility delta-T, heat-current,
and mixed noises in the FQH effect is both important and pressing in order to disclose various
phenomena related to strong electronic correlations. However, there are several missing in-
gredients in order to use these noises to confidently extract scaling dimensions in experiments:
First, multi-terminal calculations explicitly connecting auto-correlated noise, cross-correlated
noise and tunneling noise enforced by charge and energy conservation remain to be presented.
Second, the similarities and differences between temperature- and voltage-biased noise have
not been satisfactorily clarified. Third, the utility of mixed noise to probe FQH scaling di-
mensions remains unexplored. Finally, an in-depth analysis of the differences and similarities
between noise in strongly correlated systems and non-interacting systems, where the latter are
typically treated with a scattering approach, is absent.

In this work, we fill these gaps in the theory of temperature-biased noise and provide a
comprehensive demonstration of how scaling dimensions in the FQH effect enter in novel,
temperature-biased noise observables and thus how the scaling dimensions can be experi-
mentally extracted. To this end, we provide a systematic study of temperature-biased noises
generated in a quantum point contact (QPC) device in the FQH regime at Laughlin fillings
v=1/(2n+ 1) (with n a positive integer). Our main achievements are:

i) We perform a comprehensive calculation of the charge and heat-current noise (given in
Egs. (25) and (41), respectively) in the QPC device. Our findings not only recover previous
results on auto-correlation and tunneling noise but describe also cross-correlation delta-
T and heat-current noise. We further provide fully analytical expressions for the small
[Egs. (27), (29), (42), (45)] and large [Egs. (32), (36), (48)] temperature-bias limits.
To the best of our knowledge, expressions for the cross-correlated noise have not been
reported so far. However, an important advantage of considering cross-, rather than,
auto-correlation noise is that the former vanishes in equilibrium, and therefore requires no
subtraction of the thermal background noise. Moreover, our derived expressions manifest
charge and energy conservation and can be used to accurately fit experimental data from
both auto- and cross-correlation noise.

ii) We introduce a set of heat Fano factors (of which a single instance was previously intro-
duced in Ref. [55]) and analyze how these quantities, given in Eq. (52), may be used
to infer the scaling dimension of the tunneling particles. The heat Fano factors act as
charge neutral analogues of the conventional Fano factor, used, e.g., to detect fractional
charges [67-69]. The key utility of the heat Fano factors is to experimentally extract scal-
ing dimensions without any reference to the tunneling charge, which is especially relevant
for edges involving neutral modes [70-73].

iii) We introduce an effective density of states (EDOS), given in Sec. 5, for the QPC region,
and thereby put strongly correlated tunneling on a similar footing with non-interacting
tunneling analyzed within the scattering formalism. With this single-particle approach,
we explicitly elucidate how delta-T and heat-current noise in fact probe properties of
the EDOS and, due to the device’s temperature bias, scaling dimensions of the tunneling
particles naturally enter in both delta-T and heat current noise. A major benefit of this
approach is that it can be straightforwardly adapted to analyze noise in related, strongly
correlated systems.
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iv) We provide general expressions, given in Eq. (74), for mixed charge and heat current noise
and show that, close to equilibrium, the mixed noise is linked to thermoelectric conver-
sion via the Seebeck coefficient. Our results thereby extend the utility of mixed noise
in the presence of a temperature bias, previously considered only for weakly interacting
electrons [58], to interacting, strongly correlated electrons. This connection provides not
only a clear, physical interpretation of the mixed noise, but suggests a strategy for its
experimental detection.

Together, these achievements significantly expand the scope and utility of temperature-biased
noise as a novel tool to experimentally probe FQH edge physics and collective electron be-
havior. Moreover, our detailed calculations establish a natural starting point for modeling
temperature-biased noise in related strongly correlated one-dimensional systems, such as dis-
ordered FQH line junctions [41, 74-77], disordered quantum wires [78], quantum spin Hall
edges [79], quantum Hall systems in the presence of channel mixing [80] as well as similar
systems in the presence of time-dependent drives [53,81,82].

We have organized this paper as follows: In Sec. 2, we introduce the FQH setup of interest
and our theoretical formalism. In Sec. 3, we present expressions for delta-T noise in the small
and large bias regimes. The analogous analysis for the heat-current noise is given in Sec. 4,
which includes the evaluation of the heat Fano factors. In Sec. 5, we exploit the effective
density of states to elucidate the properties of noise generated by a temperature bias. After
that, we derive and analyze expressions of mixed noise in Sec. 6.

For improved readability, in-depth details of our charge, heat, and mixed noise calcula-
tions are delegated to Appendix A, B, and C respectively. In Appendix D we provide a simple
toy-model to highlight how scaling dimensions are modified by local interactions. We fur-
ther include some useful integral identities in Appendix E and Fourier transforms of Green’s
functions in Appendix F. Finally, we provide a comprehensive analysis of charge- and heat-
current noise for non-interacting electrons in Appendix G by using the scattering approach,
calculations that we repeatedly refer to throughout the main text. As our unit convention, we
generally set i = kg = 1 throughout our calculations, but restore these quantities for major
results.

2 Setup, conservation laws, and formalism

2.1 Setup and conservation laws

We study the setup in Fig. 1, consisting of two chiral quantum Hall edges bridged by a quantum
point contact (QPC, indicated by the dashed line). The QPC brings the two edges in proxim-
ity and causes inter-edge charge and energy exchange. Given a temperature difference AT
between the two source contacts, labeled by a = 1,2, our goal in this paper is to compute
the resulting noise correlations in the two drain contacts, a = 3,4. We define the correlations
between currents in contacts @ and f in terms of the symmetrized noise powers

+0oo

Sip () EJ de({6X,(t), 6X5(0)}) et (1)

—0Q0

where {...,...} denotes the anticommutator, w is the frequency, and 5X,(t) = X, (t) — (X (1))
is the operator describing the charge (X = I) or heat (X = J) fluctuations at drain a. The
operators evolve in the Heisenberg picture (see next section), and the bracket (...) denotes
a statistical average with respect to the local equilibrium states in the two source contacts at
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Figure 1: A quantum point contact device in the fractional quantum Hall regime at
Laughlin filling v = (2n + 1)}, with n a positive integer. The source contacts 1 and
2 have temperatures T; and T,, respectively, and inject one right (q[;R) and left (gi; L)
moving edge mode at these temperatures, respectively. Tunneling of charge and heat
(I and Jy respectively) between the edge modes occur at x = 0. In this work, we
analyze the resulting charge and heat currents and their fluctuations in drain contacts
3 and 4.

t — —oo. From Eq. (1), it follows that the noise powers satisfy the symmetry relation
Sup (@) =550 (—w). )

By using conservation of charge, we relate the incoming (a = 1,2) and outgoing (a = 3,4)
charge currents, X = I in the device. Likewise, in the absence of a voltage bias in the device,
V = 0, we can relate the incoming and outgoing heat currents by energy conservation. We
thus have

X3(0) =X, () =X (D), (3a)
X4(t) =X, () + X7 (8). (3b)

These relations define X;(t) as the charge (X = I) and heat (X = J) tunneling current, namely
the currents leaving the upper edge and entering the lower one. By inserting Egs. (3) into
Eq. (1), we further express the noise measured in the drains in terms of the noises from the
sources, or at the tunneling bridge, as

S5 (w) = 8 () — S5 () — ST (w) + Sian(w), (4a)

Sit(w) = 855 () + o7 (@) + ST (w) + SFr(w), (4b)

SXX(co)—S (w)+S X(w)— S (w)—SXX(a)), (40)

Sig (@) = S5 (w) + S5 (w) — Y (w) — SFa(w), (4d)

in which

r+oo

Syr(w) = dt({6X1(t), 56X (0)})e'", (5a)
et

S¥X(w) = dt({5X1(t), 6X,(0)})e'", (5b)
;fzo

SEX (w) = dt({6X,(t),5X1(0)})e'" . (50)
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At zero frequency, w = 0, the charge and heat (i.e., energy) conservation (4) becomes manifest
via the sum rule

D S50 =81 (0) +55(0), (©)
a,f=3,4

where we used Eq. (2) together with ng (w) = S‘gix (w) = 0, which follows since the two
source current fluctuations are uncorrelated. Note that in our description, we have omitted
currents and fluctuations propagating from contact 4 to contact 1 as well as from contact 3
to contact 2. In the following sections, we compute the average currents (X,(t)) and noise
contributions Sfi;; (w) in the FQH regime.

2.2 Chiral Luttinger liquid formalism

At low energies, the FQH edge dynamics is described by the chiral Luttinger model [65,83,84].
Within this model, the combined Hamiltonian of the top and bottom edge segments is given

as
+00

Ao=-= | dx[: (@0 +: (2e$0)1], @
41 ) _ oo
in which ¢;R/L are bosonic field operators describing low-energy excitations propagating to
the right (R, on the top edge) or left (L, on the bottom edge) with speed vz. The notation
“: ... :” indicates the usual normal ordering in the bosonization formalism. For notational
convenience, we will omit the normal ordering symbols from now on. The bosons obey the
equal-time commutation relations

[qu/L(X): ¢;R/L(X/):| = Finsgn(x —x’). (8

By using Eq. (8) and the Heisenberg equation of motion with H,, we obtain the time evolution
of the free bosonic modes ¢ p as

qu/L(X: t)= 43R/L(X Fvpt), 9

and we see that the R (L) boson indeed propagates to the right (left). From this chiral evolu-
tion, it follows that the time derivative reads d, = Fv;d, when acting on ¢g/; (x, t).
We model the QPC region, taken at x = 0, by the tunneling Hamiltonian

Ay = Ael®V )l (0)4), (0) + H.c. (10)

This Hamiltonian describes weak tunneling of quasiparticles with fractional charge ¢g* = —ve
(where —e is the electron charge) and includes, for the moment, also a voltage bias V =V, -V,
between the two source contacts.! The operators ’l,[) r/1, are quasiparticle annihilation operators
related to the bosonic fields via the well-known bosonization identity

) Friv i i /v
r(/)R/L(X) = 1= o™ er_lﬁd)R/L(X). (11)
v2mna

Moreover, A in (10) is the tunneling amplitude, assumed as energy-independent within all
relevant energy scales. In Eq. (11), a is a short-distance cutoff, Fg,, are Klein factors, kg
is the electronic Fermi momentum, and v is the FQH filling factor. In this work, we limit

! Although our focus in this work is mainly on a pure temperature bias, we consider here the more general case
with finite voltage bias V # 0, which is necessary in order to introduce the charge tunneling conductance (see
Sec. 3.1) and to have a non-vanishing mixed noise (see Sec. 6).
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our calculations to the Laughlin states (see, e.g., Refs. [13, 14,37, 85, 86] for details on noise
generation in QPCs for other FQH states) for which

1
=—, neN*. (12)
2n+1
In the bosonized language, the charge and heat current operators along the edges read
. evg f
Ip/n = o x¢R/L, (13a)
2
gt = £ (B gy )t = Vil b
Jri1 = —( ' Pr/L)” — Vialr/L (13b)

where Vl , are the voltages applied at the source contacts 1 and 2, respectively. Having defined
H, and H A, We next compute the charge and heat tunneling currents at the generic position
X, along the device. To do so, we compute the time evolution of the charge and heat current
operators perturbatively in A up to order |A|? (amounting to the weak tunneling limit). We
thus write

XR/L(XOa t) = R/L(XO’ t) +XR/L(XO’ t) + R/L(XO’ t) (14)

where the superscript (0) denotes time evolution with respect to the free Hamiltonian H, and

t
00 0= [ a¢ (8000, 0.800), as
—c0

X (o, ) == f dtf dt’[AP ), [AD (), X0 (xo,0]],  (a5b)

A

for X = I,J. The currents X /1, are related to the currents flowing into the drain contacts as

Xg(t):XR(x?), t), (16)
X4(t)=_XL(X4, t), (17)

where x5 and x, are the locations of the drains and we adopted a convention where currents
are positive when they enter the associated contact. In Secs. 3 and 4 below, we give the results
for the charge and the heat transport, respectively.

3 Charge currents and delta-T noise

In this section, we present our results for the charge-current noise to leading order in the
tunneling (10), based on Egs. (14) and (15). Full details of our calculations are presented in
Appendix A. The general expressions (25) below agree with several well-known results, see
e.g., Refs. [37,87,88], and we have included them to make the paper self-contained. Our
new results in this work are mainly the analyses of the cross-correlations, both in the small
temperature bias regime —especially the explicit expressions (30)—, and in the large-bias
regime (Sec. 3.3).

3.1 General expressions and scaling dimension

We start with the average charge tunneling current through the QPC, located at x = 0, which
we obtain as (see Appendix A for details)

+0o

Ir= (fT) = 2iev|A|2J- dtsin(evV 1)Gr(7)G(T), (18)

—0Q
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where V =V, —V, is the voltage difference between the source contacts and

1
Gr/r(T) = Gryr(x =0,7) = 2—62@"“(” ) (19)
ma

are the quasiparticle Green’s functions evaluated at the location of the QPC. In Eq. (19), the
exponents are given in terms of equilibrium bosonic Green’s functions

sinh(intT/570)

Gry1(7) = (br/1(0, T)brs10,0)) — (h2,,(0,0)) = ln[ ] . Qo)

sinh(7 Ty /5(iTo— 7))
with 7y = a/vy being the short-time cutoff. The Green’s functions for the chiral right and left
movers depend on T; and T,, respectively (the temperatures of the two source contacts), and
manifest that the edge states injected from the sources are in equilibrium with their respective
contact until they reach x = 0.

The exponent in Eq. (19) contains also A, which is the so-called scaling dimension of the
tunneling operator [60]. This parameter can be thought of as a dynamical exponent governing
the decay of the time correlation of the tunneling particles. Generally, A is affected by non-
universal effects, e.g., inter-channel interactions [89-92], coupling to phonon modes [90],
disorder [70], neutral modes [70-73], and 1/f noise [93,94]. For completeness, we present
in Appendix D a simple toy model that showcases how scaling dimensions are modified by lo-
cal density-density interactions near the QPC. We thus stress that for the Laughlin states (12),
it is only in the very ideal case where such effects are absent that A equals the filling factor v
(in the weak backscattering regime). We further emphasize that universal, topological prop-
erties like the charge of the tunneling quasiparticles are not affected by any scaling dimension
modification. In the present work, the fractional charge ¢* of the tunneling quasiparticles is
always set by the filling factor v via the relation ¢* = —ve. Due to a well-known duality (see
e.g., Ref. [32]), our calculations in the ideal weak backsattering regime can be mapped onto
the ideal strong backscattering regime by taking A = 1/v and q* = —ve — q¢* = —e.

By inspecting Eq. (18), we see that I vanishes for V = 0, as expected, independently
of the temperatures T; and T,. This feature is a consequence of the particle-hole symmetry
of the linear spectrum of the edge modes, in combination with the assumption of an energy-
independent tunneling amplitude A. Based on the tunneling current (18), we next define the
associated differential charge tunneling conductance as

+00
% :2i(ev)2|A|2f dt T cos(evV T)Gr(T)G (7). 21

—0Q

Close to equilibrium, i.e., for T, = T, = T and V = 0, we have the conductance

- _ 9l e2v? (A )2 - e TP
a=5 |, =5 (5] erfeP i, 22
T1:T2:T
which displays the well-known characteristic power-law scaling T2*~2 of the edge channels

(see, e.g., Ref. [65]). In Eq. (22), I'(z) denotes Euler’s Gamma function. In the non-interacting,
integer case A = v = 1, the conductance becomes

2 2 2
- e IAI) e
T =—|=| ==>n, 23
gr(D,o1 = o ( ” o (23)
where we defined

N
po NP o

Vi
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A comparison to the scattering approach for tunneling of non-interacting electrons (see Ap-
pendix G) shows that D is the QPC reflection probability for this setup.

Considering next the charge-current noise, we obtain the following results for the zero-
frequency charge-current noise components (finite-frequency expressions are given in Ap-
pendix A)

2
ve
S = 2=—ksT1, (25a)
2
ve
Sih = 2——ksTs, (25b)
oo eVt
SITIT :4(ev)2|A|2f dt cos( )GR(T)GL(T), (25¢)
—00
2
ve d1
Séé = ZTkBTl +Si — 48_‘;kBT1 , (25d)
2
ve ol
Si = 2TkBT2 +8I — 43—‘;kBT2, (25€)
ol
sl = 28—‘;kB(T1 +Ty)—SH, (25f)
II _ Il
S43=1S34- (25g)

As a first check of the validity of these expressions, we see that indeed they fulfill the conser-
vation equation (6). We also check the equilibrium case situation T; = T, = T and V = 0
which produces S{f = SI = SIL = SIl = 2ve*ky T /h and SI} = S = 0. These are indeed the
expected equilibrium (Johnson-Nyquist) noises. The equilibrium form of SITIT is given below
in Eq. (27) and (28a).

We now move on to the main focus in this work, i.e., the non-equilibrium noise under
the condition where there is no voltage bias, V = 0, but instead a finite temperature bias
T,—T, # 0. In this case, the integrals in Eq. (25) are analytically intractable, and we therefore
resort to asymptotic expansions to obtain analytical expressions for two special cases of the
temperature bias. To this end, we choose a symmetric parametrization

T1,2 = T + — 5 (26)

and focus on two important regimes. In the small bias limit, we have |AT| < T and we can
expand all integrals in powers of the small parameter AT /(2T). In the opposite regime of
a large temperature bias, one temperature is negligible compared to the other. This limit is
reached for |AT| — 2T. For positive AT we then have T; — 2T = Ty, and T, — 0. When
AT is negative, T; — 0 and T, — 2T = Tj,,. We present results for the small and large bias
limits in Secs. 3.2 and 3.3, respectively.

3.2 Delta-T noise for a small temperature bias

We start our charge-noise analysis with the tunneling noise SITIT in (25c¢). As shown in Ap-
pendix G and further discussed in Sec. 5, for A=v=1, SITIT coincides with the full noise of a
weakly-coupled two-terminal system connected to reservoirs described by Fermi functions at
temperatures T; and T,, thus providing a link to standard scattering theory for non-interacting
fermions.

By expanding the integrand in (25c) in powers of AT /(2T) and integrating term by term

(see Appendix E for additional details of this approach), we obtain

AT )2 ATY?
S;ITIS(I)I |:1+C(2)(E) +C(4)(ﬁ) +~--], (27)

10
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with the prefactor and two expansion coefficients given as

So! =4gr(TT, (28a)
A 2
@y — —ypMa+1) -1 28b
C {1+2A[2 P ) ; (28b)
o An412(4+31)—12n21(2lz+37L—3)+12(4A?’+47t2—57t—3)
N 24 (422 +81+3)
422 + 61 —6—m2A(4+31) 4437 2
+A2 WA+1)+2a° Da+1
8A2+16A+6 v ) 2(4A%2+8A+3) [llJ ( )]
4432
+ A3 Ga+1 28
m@zisars’ ATD (28¢)

where 1((z) are polygamma functions. These expressions confirm those previously reported
in Ref. [32] for A = v and in Ref. [38] for more generic tunneling setups and scaling dimensions
A. As noted in these works, C® takes negative values for A < 1/2. Moreover, |C¥Y| < |C?)]
(see Fig. 2a), so that in the small-temperature bias limit, |AT| < T, the sign of the correction
to the equilibrium term can be directly read off from the sign of the coefficient C*?). Moreover,
all odd coefficients vanish, C?"*1 = 0, as a consequence of equal edge structures on the
top and bottom edge segments, together with the choice of a symmetric temperature bias,
see Eq. (26). Linear terms in AT can only arise for asymmetric temperature biases and/or
unequal edge structures [40].

From an experimental perspective, the tunneling noise SITIT is not directly accessible, be-
cause what is measured is either cross- or auto-correlations of current fluctuations detected
in the drain contacts 3 and 4. Here, we choose to focus on the cross-correlations, as these
have the advantage of being zero at equilibrium, in contrast to the auto-correlations which
are finite. Before presenting the results in the FQH regime, we remark that for the integer
case A = v = 1, the cross-correlation Séz coincides with the shot noise component in a non-
interacting two-terminal system (see Appendix G). Moving on to the FQH regime, we expand
the cross-correlation delta-T noises (25f)-(25g) in powers of the temperature bias, integrate
term by term, and obtain

ATY)? AT\*
Sl =l — g1 [(_c@upm)(ﬁj + 0+ (1) +] 29)

Here, we have parametrized this noise expansion by introducing an additional set of coeffi-
cients D™, in which the leading ones are

D(2)=A{1iAZA[%2—1/)(1)(1+7L)}—1}, (30a)
@ _ MI2+A[12+ % +12(n* —2)A]} | A*(57° +184) ()
b= 24(1 1 27) stz ¥ Ut (300)
512 W ) 522 3)
21+ 21)[1’0 A+A)] - 12(1 +2A)¢ (1+2)
A2(1+22) " 2. (1) 1) 2 ®3)
S5 4R 1 )] {n*—20m2p P2+ 2)+60[ypP(2+ )]+ 10D (2 + 1)} .

The origin of the D™ coefficients can be traced to the temperature dependence of the differ-
ential charge tunneling conductance (21) which enters in Eq. (25f) and (25g), in addition to
the tunneling noise SITIT. To the best of our knowledge, expressions for the the cross-correlated
delta-T noise and the coefficients D® and D have not been reported before. Notice again
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Figure 2: (a-b) Second- and fourth-order delta-T noise expansion coefficients C(Z),
¢ D@ and DW (Eq. (28Db), (28c), (30a), and (30b), respectively) as functions
of the scaling dimension A. Panels (c-d) show the difference D™ —C(™ that appears
in the expansion for the full cross correlation noise (29). Triangles and circles mark
the values for A = v (panels a and ¢) and A = 1/v (panels b and d) for fillings
v=1,1/3,1/5,1/7.

the absence of terms with odd powers of AT /(2T) in Eq. (29) due to the symmetric setup and
bias.

We plot the expansion coefficients (28b), (28c), (30a), and (30b) as functions of the
scaling dimension A in Fig. 2(a-b). We also mark the values A = v and A = 1/v (for
v=1,1/3,1/5,1/7), corresponding to ideal weak and strong backscattering limits. We thus
confirm that the weak back-scattering regime for Laughlin states, i.e., A < 1/2, produces
negative delta-T noise [32], SI./S! < 1, since for such scaling dimensions C® < 0 and
IC™®] < |c@)]. For 1/2 < A < 1, we still have |C™¥] < |C®)| but C® > 0 so that ST /SI > 1.
In the strong back-scattering regime for Laughlin states, A > 1, we see that |[C¥| > || for
A Z 3. For completeness, we show in Fig. 2(c-d) the behavior of the combination —c™ 4 p)
(for n = 2,4) that appears in the expansion of the cross-correlation noise Sg‘ in Eq. (29).
We see that the leading-order correction is always negative, independently of the scaling di-
mension. Therefore, recalling that Séﬂr = 0 at equilibrium, the temperature induced cross
correlation noise is always negative, in contrast to the tunneling noise.

We find it further instructive to separately analyze the noise expansion terms for the spe-
cial and important case of non-interacting electrons, obtained here for A = v = 1. Then,
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A A

Figure 3: Tunneling delta-T noise (32) in the large bias regime, normalized to the
equilibrium noise S!!, as a function of the scaling dimension A. Circles mark the
values for A = v for v=1,1/3,1/5,1/7 (left panel) and A =1/v for v=1,1/3,1/5
(right panel). The free-electron value 21n 2, given by Eq. (34), is highlighted.

the coefficients (28b), (28c), (30a), and (30b) reduce to

2
@ — % -5~ 043, (31a)
4 2
2
@I T2 005, (31b)
675 9 15
P =, (31¢)
DA — 0, (31d)

where C®®,C™ are precisely those reported in Ref. [32]. The coefficients (31) may be obtained
also with a scattering approach (see Appendix G). We thus deduce that the finite coefficients
D@ and D™ (which both vanish for in the non-interacting case A = 1) are a result of the
strongly correlated nature of the FQH edge, due to the non-trivial temperature dependence of
the differential tunneling conductance (21). In turn, this temperature dependence is a conse-
quence of the slow power-law decay of the dynamical correlations of the tunneling particles
in the FQH regime.

3.3 Delta-T noise for a large temperature bias

In the large bias limit, we choose T; = Ty, > T,, effectively setting T, — 0. Then, we find
that the tunneling charge-current noise (25c) reduces to

SITIT =487 (Thot)kp Thot Z-1(A), (32)

( A ix )
r(=+—
2 =«
For generic values of A, we resort to a numerical integration of the function Z_; (A) and plot the
tunneling noise in Fig. 3. We observe that for scaling dimensions A < 1/2, the non-equilibrium
delta-T noise is always smaller than the equilibrium contribution Sél . This behavior is directly
linked to that of the tunneling conductance g;(T) in Eq. (22), which is a decreasing function
of the temperature when A < 1/2. Then, given that T}, = 2T in the large bias limit [see
discussion below Eq. (26)], the decrease in g7 (Tp,) is the reason why SI!. < S{I, despite that
the function Z_;(A) grows with A even for A < 1/2.

with the integral function

T (7, L,
Z,(A) = —TEAF(A)AfJO dx e X xMtn

2
(33)
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An exact evaluation of Eq. (32) is possible for A = v = 1 for which Z_;(1) = In2, thus
reproducing the known result [29,34,95]

2 2
st :4D%kBThotln2:4D%kBT x2In2, (34)

where we reinstated h and kg, and identified the reflection probability D from Eq. (24).

We confirm the result (34) with a scattering approach in Eq. (G.14) in Appendix G. Equa-
tion (34) can be re-written in a form which is reminiscent of a fluctuation-dissipation relation,
by defining an effective noise temperature [29]

¢
h

The effective noise temperature Ty = Thot IN2 in the large temperature bias limit has been
experimentally established [29] for non-interacting electrons in a two-terminal setup. We note
that a corresponding effective noise temperature in the FQH regime is not straightforward to
define, as in this case the charge tunneling conductance depends on the temperature, prevent-
ing a clear separation between conductance and temperature. We point out here that Ref. [96]
explored the possibility of defining an effective noise temperature associated with an effective
distribution induced by the tunneling process. This requires the introduction of a second QPC
(used as a detector), after which the noise is measured. We do not consider this situation here,
as it goes beyond the scope of our work.

For completeness, we also present the large-bias limit of the cross-correlation noise (25f).

S?T =4D kB Tnoise , Tnoise = Thot In2. (35)

It reads
II 2A—1 +00 2
S—(I)I——Ez_l(l)'i' At F4(A) . dxe*x r E‘I'IE Im ’(/) §+1E , (36)

where Z_;(2) is given in Eq. (33) and y(©)(z) is the digamma function. For A = 1, the ex-
pression reduces to S}, = —S['(2In2— 1), corresponding (up to a sign) to the shot noise of a
temperature-biased, two-terminal, non-interacting system [24, 34].

3.4 Full delta-T noise and comparison to asymptotic limits

We gain further insights into the delta-T noise by numerically computing the full noise ratio
SITIT /SéI in Eq. (25¢) and plotting it together with the asymptotic expansions (27) and (32).
The result is presented in Fig. 4. The most striking feature is the very contrasting curve shape
for non-interacting electrons, v = A = 1, in comparison to the v=A=1/3 and v=A=1/5
FQH edge states. Whereas 1 < SITIT/S(I)I < 2In2 for v = A = 1 [see Eq. (34)], this ratio is
instead bounded as S?T /SH < 1 for the Laughlin edges. This feature reflects the non-trivial
scaling dimension A # 1 of the tunneling quasiparticles in the FQH regime [32,37,38]. The
bounded noise in the FQH regime further highlights that the noise on top of the equilibrium
one is indeed negative in this case [32], i.e., the non-equilibrium conditions reduce the noise
compared to equilibrium.

We also observe an additional important and quite surprising feature. For A =1,1/3,1/5,
the small bias expansions (27) are in fact excellent approximations within a surprisingly broad
range of the temperature bias ratio T/ T,. This result suggests that for these values, the coeffi-
cients ™ in the expansion (27) decrease rapidly in magnitude with increasing n. Notably, for
A = 1/3, the leading order expansion [i.e., keeping only C'? in Eq. (27)] remains an excellent
approximation to the full noise over two orders of magnitude of the temperature bias ratio.
We anticipate that this observation will be very useful in future modelling of delta-T noise for
more complex FQH edge structures (see, e.g., Refs. [39,41] for such cases). Furthermore, we
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remark that the results in Fig. 4 strongly suggest that the asymptotic value (32) provides an
upper bound (for any temperatures T; and T,) to the tunneling noise SITIT when A > 1/2, but

a lower bound when A < 1/2. We leave a rigorous proof of this conjecture, along the lines of
Refs. [34,95,97,98], for future work.

A=1
14T LT T T e
13} ‘\‘“ p
= \ y
~o % ¥
22 kY /
= \\‘ Jomm-- 2" order
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11F \ / 4t order
10} N ‘
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Figure 4: Numerically computed backscattering charge-current noise SITIT, normal-
ized to S(I)I (solid, dark green line) for different scaling dimensions A. The values
A =1/3,1/5 correspond to the ideal ones in the weak backscattering regime at fill-
ings v = 1/3, 1/5, while A = 3, 5 are the ideal values in the strong backscattering
regime at the same filling. We also plot the small-AT expansions [see Eq. (27)] at sec-
ond and fourth order, (light green, dashed and yellow, dashed curves, respectively).
The large bias limits (32) are given as black, dot-dashed lines. The noise is plotted
vs T,/T, =[1+AT/(2T)]/[1—AT/(2T)]. Note that the large bias limit T; /T, > 1

is obtained for AT — 2T, T; — Ty, Whereas in the opposite limit T;/T, < 1,
TZ - Thot'
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While we focused our numerical evaluation on the tunneling noise, the same analysis can
be repeated for the cross correlation Séﬂ, and we find very similar results: The first two expan-
sion coefficients in (29) provide an excellent approximation for Séﬂr over an extended range
of the temperature bias ratio. Moreover, the cross-correlation noise is always negative and

appears to be bounded from below by the large bias limit (36) for all scaling dimensions A.

4 Heat currents and heat-current noise

In this section, we analyze the heat-current noise for a pure temperature bias, without any
voltage bias: V = 0. In the same manner as for the charge currents and the charge-current
noise (see Sec. 3), we derive zero-frequency expressions for heat currents and heat-current
noise (detailed calculations including finite-frequency noise expressions are presented in Ap-
pendix B, which also includes the case V # 0).

First, we obtain the average heat tunneling current in Eq. (3) as

+00
Jp :—2i|A|2J d7G.(1)0,.Gr(7), (37)

—0Q0

where the Green’s functions are given in Eq. (19). In contrast to the charge tunneling cur-
rent (18), we see that the average heat tunneling current is finite even for V = 0. Indeed,
a vanishing average heat tunneling current requires also T; = T,, i.e., no temperature bias.
From Eq. (37), we next define the heat tunneling conductance

()
rza)

- aJ 2 A2
g(Tz(T)z lim r_ ™A Al

= T(2rnT1y)* 2
ATS0 OAT — 1+22 22 (2nT7o)

- -\ 2T
:YKngT(T)e—z- (38)
Here, in the final equality, we identified the charge tunneling conductance (22), and used that

xoT = nT/6 is the heat conductance quantum [in conventional units, kT = n*k3T/(3h)].
Moreover, the prefactor

A2 3
= 3
y2 8 22+1° (39)
characterizes the deviation from the Wiedemann-Franz law [99-101] as
Qs
g (T)
L= =yL,, (40)
gr(T)T

where L, = (12/3)(kg/e)? is the Lorenz number. The deviation from the Wiedemann-Franz
law (y # 1) in the FQH regime highlights that charge and heat are not carried by free electrons
in the QPC tunneling, but instead by fractionalized quasiparticles.

Next, we obtain the zero-frequency heat-current noise components as

Zkg
JJ __ 3
511 = 23_hT1 > (41a)
21.3
JJ __ B -3
Sp =275, (41b)
+00
Syr = 4IAP f d7 3, Gg(7)d, G (1), (410)
- +00
S33 =81 + 877 — akg AT J — 8i|Al*kg T, f dt 7 3.Gg(7) .G, (1), 41d)
—00
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+oo

Sys =Sy + ST + 4kpAToJr — 8i|AIPkg T, f dt 7 3.G(7)d.Gr(7), (41e)

—0Q

+00
Sga = =Sy + 2Akg(Ty — To)J 7 + 41| AP kyg(T, + Tz)f dv70,Gr(1)3.G.(7), (41D
—0o0
JJ _ oJJ
Sy =S3. (41g)

By plugging these expressions into Eq. (6), we see that they satisfy energy conservation. Next,
we evaluate the expressions (41) for equilibrium T; =T, = T. We then have
ST1 =835 =533 = Sy1 = 2kokpT?, S3 =S4 =0, and S7. = 4G?(T)T2, which are precisely
the expected equilibrium expressions [48,102]. We also have that for A = 1, Egs. (41) correctly
reduce to the expressions for non-interacting electrons, obtained within scattering theory.

In the following subsections, we consider, just as for the delta-T noise in Sec. 3, the two
analytically tractable limits of small and large temperature biases. The results are presented
below in Secs. 4.1 and 4.2, respectively.

4.1 Heat-current noise for small temperature bias

In the small temperature bias regime, AT < T with T;, = T + AT /2, we expand the heat
tunneling noise (41c) in powers of AT /(2T), and integrate term by term. We then find

2 4
JJI _ oJJ @ AT @ (AT
Syr =38, [1+CQ (E) +CQ (E +..., 42)

where the zeroth order, or equilibrium, heat tunneling noise reads

27A? |/\|2 - -

JJ 3 21
=———T°2nT7

0 1+2A vl% ( o)

, T2(A)

— A2 T2

where we identified the heat tunneling conductance Eq. (38) in the final equality. Equa-
tion (43) manifests the fluctuation-dissipation theorem for zero-frequency heat transport [48,
102].

The heat-current noise expansion coefficients in Eq. (42) read

(72(3A +4)—2(24 + 7)) A2 —2(31 + DAZYPD(1) + 8

@) _
€ = 2A(24 + 3) ’ (44a)
o _ A{12[(1 +221)(2A% + 131+ 23) — 72(2 + A)(6A% + 231 —10)]} (44b)
Q 24(3 +22)(5 + 21)
Am*(15A% + 60A% + 641 + 16)
24(3+2A)(5+2A4)
2 3 2 _ 2 —
_/I[n (15A° + 60A° +64A +16) —2(2 + A)(6A“ + 234 10)]1#(1)(1 )
2(3+2A)(5+2A)
A(15A% +60A% + 641 4+ 16) | (1) 5 M152° + 60A% + 642 + 16)
1+ )1+ ®(1+2).
2(3+22)(5+21) [y )] 12(3 4+ 21)(5+22) v )

We plot these coefficients in Fig. 5. We see that the coefficient Céz) changes its sign at

A = A* &~ 0.28 which, somewhat surprisingly, shows that Céz) < 0 for all ideal Laughlin states,
except v =1/3 for which it is positive. This feature stands in contrast to the charge tunneling
noise expansion coefficient c (see Eq. (28b) and the discussion below it), which is negative
for all Laughlin states. However, we believe that this different behavior has no deeper meaning
and, in particular, it does not imply any fundamental differences between the 1/3 state and
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Figure 5: Second- and fourth-order delta-T noise expansion coefficients Céz), C((;),

Dg ), and Dg) (Eq. (47a), (47b), (47c), and (47d), respectively) as functions of the
scaling dimension A. Triangles and circles mark the values for A = 1,1/3,1/5,1/7
(panels a and ¢) and A =1,3,5 (panels b and d).

the other Laughlin states. Rather, the difference between the delta-T and heat-current noise
is their different dependence on the scaling dimensions. Ultimately, this feature is related
to the fact that the transported heat depends on the energy at which it is transferred, while
the charge does not [compare in particular Egs. (68) and (71) in Sec. 5 below]. In turn, the
scaling dimension dependency affects the results of those integrals that arise when the noises
are expanded in powers of AT.

Moving on to cross correlation heat-current noise (41f), we obtain the expansion

2 4
I _ I _ o] @ , [ AT @ , @[ AT
834 —543 _SO [(_CQ +DQ )(E) +(_CQ +DQ )(E +... ], (45)
with the additional coefficients

A4+ 30)[m% — 69D (1 + 1)+ 2(1 + 21)(A —3)

)
D = 6
Q 23 + 21 (462)
@ _ 3AM1+22)(5-5A—224%)  A(6A° +71A*+541—140) (1 2
D"V = 6 1+A)—
Q 2(3+22)(5 +21) 6(3+22)(5 + 21) [69+2)—n]
m2A(16 + 641 + 60A% + 1513) -,
—20yp D1+ 2
24(3 + 24)(5 + 21) [7* — 200+ )]
5A(16 + 644 + 6042 + 1523) {1 + 1) + 6[ypD(1 + 1)]%}
+ . (46b)
12(3 +220)(5 +21)
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Figure 6: Tunneling heat delta-T noise (48) in the large bias regime, normalized
to the equilibrium noise S({J in Eq. (43), as a function of the scaling dimension A.
Circles mark the values for A = v for v =1,1/3,1/5,1/7 (left panel) and A = 1/v
for v=1,1/3,1/5 (right panel).

For non-interacting electrons A = 1, the expansion coefficients reduce to

1

c((f) = E(777.-2 —15)~ 3.6, (47a)
7 31

cg” = om? (E - @nZ) ~—0.37, (47b)

Dg) =3, (47¢)

DY =0, (47d)

in full agreement with the scattering approach, see Appendix G. Importantly, as shown in the
bottom panels of Fig. 5, the leading-order cross correlation expansion coefficient in Eq. (45),

ie., —C((zz) + Dg) is always negative for all scaling dimensions A < 1. In particular, it has the

same sign for all ideal Laughlin states, in contrast to the auto-correlation coefficient Céz), which
may change sign as discussed above.

4.2 Heat-current noise for large temperature bias

Here, we consider the heat-current noise in the large bias limit T; = Tj,; > T,, so that the
cold temperature can effectively be set to T, — 0. In this limit, we obtain the heat tunneling
noise (41c) as
8 1+2A
S7t. = 4(kg Thot)zgg(Thot); —z 7,(A), (48)
with Z;(A) given in Eq. (33). We have not been able to evaluate this integral analytically for
generic A, but for A = 1 we find

3
JJ |A|2 8Thot3 _ 3 3
Sy = gﬁgﬂg(@ = EDC(3)Th0t, (49)

where {(z) is the Riemann zeta function with {(3) ~ 1.2. In the final equality in Eq. (49), we
identified the QPC reflection probability D from Eq. (24). The expression (49) is equivalent
to that which we obtain with a scattering approach (see Appendix G). The evolution of the
asymptotic value (48) as a function of the scaling dimension is shown in Fig. 6.
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Figure 7: Numerically computed backscattering heat-current noise (solid, green
line), normalized to SgJ for different scaling dimensions A. The values A =1/3, 1/5
correspond to the ideal ones in the weak backscattering regime at fillings
v=1/3, 1/5, while A = 3, 5 are the ideal values in the strong backscattering regime
at the same filling. We also plot the small-AT expansions [see Eq. (42)] to sec-
ond and fourth order (green, dashed and yellow, dashed curves, respectively). The
large bias limits (48) are given as black, dot-dashed lines. The noise is plotted vs
T,/T, = [1+ AT/(2T)]/[1 — AT/(2T)]. Note that for T;/T, > 1, T; = Thop
whereas in the opposite limit T; /Ty < 1, Ty = T}

4.3 Full heat-current noise and comparison to asymptotic limits

Here, we numerically compute the noise ratio S%JT / Séj and plot it together with the asymptotic
limits (42) and (48) in Fig. 7. We first note the very contrasting behavior between v =A =1
and the Laughlin states with A < 1/3. This feature reflects the distinct scaling dimension
dependence of the tunneling heat-current noise for A > A* and A < A*, where A* ~ 0.28
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marks the value where the dominant Céz) coefficient changes sign (see Sec. 4.1). We also see
that for A = v = 1 and v = 1/3, keeping four orders in the small bias expansion (42) is
enough to quite accurately capture the tunneling heat-current noise over a very broad range
of temperatures. In contrast, for A = 1/5, terms beyond the fourth order are required for an
accurate approximation.

Another crucial difference in comparison to the charge tunneling noise is that, below the

scaling dimension A* (for which C((zz) = 0), the tunneling heat noise displays a non-monotonic
behavior as a function of the temperature ratio T;/T,, particularly pronounced in Fig. 7 for
A = 1/5. Such features are absent in the charge tunneling noise SITIT. The non-monotonic
behavior of the tunneling heat noise allows us to conclude that the asymptotic large bias ex-
pression in Eq. (48) is neither an upper nor a lower bound on the heat tunneling noise when
A< A*=&0.28.

The conclusion of the above analysis is that the heat-current noise has a scaling dimension
dependence that is quite distinct from the delta-T noise. As elaborated above, this follows
since the heat transferred across the QPC depends on the energy at which it occurs while
the charge transfer does not. Still, as detailed in the next section and in the same spirit of
Ref. [37], it is possible to use heat-current fluctuations to define Fano factors [55] that allow
an extraction of the scaling dimension, thereby eliminating additional non-universal effects
possibly present in the tunneling amplitude.

4.4 Generalized heat Fano factors

In Ref. [55], for the setup in Fig. 1, the authors define a “heat Fano factor” as

JJ
o A8

= ) 50
5 (50)

where ASJ] = S7J—S74 is the excess heat-current noise in drain contact 3. The Fano factor (50)
can be viewed as a heat transport analogue of the usual Fano factor in weak FQH tunneling
used to detect fractional charges [67-69]. In contrast with the standard Fano factor, which
involves both the scaling dimension and the charge of the tunneling quasiparticles [37], the
heat Fano factor has the advantage of providing a way to extract the scaling dimension without
any reference to the charge of the tunneling quasiparticles, thus providing a very appealing
complementary tool for investigating complex FQH edge structures, especially those involv-
ing neutral modes [70-73]. In the small temperature bias regime, with the parametrization

Ty = Teoiq and Ty = T.qq + AT, Ref. [55] reports that the heat Fano factor evaluates to

fJ:(ZA+1)Tcold+O( AT ) , (51
Tcold
thereby providing a measure of the scaling dimension A. The result (51) follows as both ASéé
and the tunneling current Jy are linear in AT to leading order.

In this section, we generalize the Fano factor (50) by introducing additional heat Fano
factors as

ASJJ
Fap = 2Jaﬁ‘: @B =34, (52)
T

where ASi fj are excess heat-current noises, in which the equilibrium contributions, if present,
s JI — oJJ _ oJJ JI _ Al — ol o

are subtracted. More specifically, we have A§ s = Sus ) S5y and ASzy = ASys = S5, since

the cross-correlation heat-current noises vanish in equilibrium. Due to energy conservation,

Eq. (6) dictates that, in the absence of voltage bias,

Fiy+ Fgo+2F4,=0, (53)
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so that there are only two independent heat Fano factors. Moreover, the explicit expressions
for the heat Fano factors may depend on the chosen parametrization of the temperature biases.
To investigate this, we next derive explicit results for the generic heat Fano factors (52) for
different parametrizations and temperature bias strengths.

4.4.1 Small bias regime

Symmetric temperature bias: Here, we choose the symmetric temperature bias
parametrization (26). We then expand the heat tunneling current (37) to leading order in

AT/(2T) < 1 and find )
1 AT AT
JT :SéJX—_—_-i'O (—_) 5 (54)
2T 2T 2T
where SJ7 = 4¢$(T)T? is the equilibrium heat tunneling noise (43). Combining Eq. (54) with
the expanded cross-correlation heat-current noise (45), we obtain the “crossed” heat Fano
factor as ;
J _ 2 _p2) (2)

A= AL oo ar, 55
with the scaling-dimension-dependent coefficients Céz) and Dg) given in Eq. (44a) and (46a),
respectively. We see that the Fano factor (55) depends on the temperature difference AT, in
contrast with Eq. (51) which was derived in Ref. [55]. The reason for this is that the excess
auto-correlations satisfy AS3; = —AS;; to linear order in AT. This observation, combined
with the sum rule (53), shows that keeping second-order terms in AT is required to get a finite
Fano factor for the cross correlations. Explicitly, we find

JJ _ oJJ AT (2) @1( AT 2
AS3; =S {—(2A+1)(—2T +[CQ — Dy, ] 27 ) [ (56a)
AT ATY)?
JJ _ aJJ (2) (2)
ASy, =S {+(2/1+1)(—2T)+[CQ —Dy, ](_ZT) }» (56b)

which upon division with 2J; from Eq. (54) results in the two additional heat Fano factors
-1
J _ (2) (2)
Fia ——(2)L+1)T+§[CQ Dy ]AT, (57a)
-1
J (2) (2)
]—“44_+(2)L+1)T+5[CQ —DQ ]AT. (57b)

For non-interacting electrons, A = 1, we find for the symmetric bias

7 oA 77>

]:33|A:1__3T_ 2_¥ AT, (58a)
J o 77>

Figl oy =+3T— 2-55 |AT, (58b)
J . 7m?

Faalaer =\ 2= 35 |AT- (58¢)

Asymmetric temperature bias: Here, we pick the alternative asymmetric bias parametriza-
tion Ty = Tegq + AT and Ty = Tyq. Noticing that T = T,,q + AT /2, and keeping terms up to
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second order in AT in expressions found in Eq. (55) and Eq. (57), we obtain

1
Fly = @A+ DT+ 5[50~ DG —(1+20) AT, (59a)
1
Fia =+ 4 DT+ [ =D + (1 +22) | AT, (59b)
1
Fy=Fl =3[ +DP]aT, (590)

which thus extends the Fano factor from Ref. [55] with a correction that is linear in AT. Note
that an explicit calculation of the Fano factors with the asymmetric parametrization requires
an expansion to second order in AT also for the tunneling current. We also remark that the
opposite sign in the leading term of .7-"?{3 compared to the result (50) in Ref. [55] follows from
the fact that the authors choose T; as the coldest temperature, which leads to a sign change
in the tunneling current. For A = 1, we have for the asymmetric bias

J 77’[2
F33|A=1 =—3Tcola + 30 —5 |AT, (60a)
71>
Fhaliey = +3Teoua + (E + 1) AT, (60b)
71>
J _
f34|)\=l - (2 - 30 )AT . (6OC)

4.4.2 Large bias regime

For the large temperature bias, we take T; = Ty, and T, — 0. Then, the heat-current
noises (41d)-(41f) simplify to

AS33 = S77 —8AThold 7, (61a)
ASyy =ST7, (61b)
ASJ) =—ST% + 4A Ty 1 - (61c)
Plugging into these expressions the heat tunneling current (37) in the large bias regime,
4 1+2A
Jr = Thotng"(Thot)ﬁTIO(A)a (62)
and the tunneling heat-current noise S%JT from Eq. (48), we find
Z,(A)
Fl =27 [1— — 21] , (63a)
Z,(A)
Fiy=2Thor ==, 63b
44 hot I() ( )L) ( )
7,(A)
.FJ =92T |:A_ 1 :|’ (63C)
S S Y6

with the integral functions Z,,(A) from Eq. (33). For free electrons, the large bias heat Fano
factors reduce to

[92(3) ]

]:3{3|)L:1 = 2Thot 2 —2 |~ —1.8Thq, (64a)
[9¢(3)

}:{4|2\:1 = 2Thor 7] ~ 2.2Tho » (64b)
[ 94(3)]

f3{4|1:1 =2Thot | 1— = |~ —0.2Tyr - (64¢)
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Heat Fano factors
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Figure 8: Numerically computed heat Fano factors normalized to T = (T; + T5)/2,
for different scaling dimensions A. The full lines are the exact results for .7-"3J3, ]-"4{4,
and .7-"3{ 45 while the dashed lines refer to the small-AT results (55) and (57). The
large bias limits (63) are shown as horizontal, dot-dashed lines. The Fano factors are
plotted as a function of T;/T, = [1+ AT/(2T)]/[1—AT/(2T)]. The legend in the

box applies to all plots.

We note that the different form of .7-'5’3 and F. i 4 is simply due to the chosen bias parametriza-
tion. By inverting the temperature bias (i.e., taking instead T; — 0 and T, = Tj,,), we simply
get ]-'é’s — —}'4{4, while the cross-correlation noise, ]-'é’ 4> does not change. This feature is very
distinct from voltage-biased charge-current noise, where the noise and Fano factor depend on
the voltage difference between the source contacts. Our results in this subsection thus highlight
that temperature biased induced noise behaves very differently, as there is no corresponding
“gauge invariance” for the temperature bias.

Just as for the noise, it is instructive to compare the derived asymptotic limits for the Fano
factors with the exact results obtained by numerical integration of both the tunneling current
and the noise. We plot the exact results for all Fano factors as a function of T;/T, in Fig. 8,
together with the asymptotic expressions that we have derived in the previous sections. As
expected, ]-'é’ 4 vanishes when T; = T,, while the other two Fano factors do not and approach
the values +(2A + 1)T, as derived in Eq. (57). The dashed lines show the effect of the linear-
in-AT corrections of Eq. (57), which must be included to better estimate the Fano factors,
even for small AT. Finally, we also see that the symmetry fgjg — —.7-:{4 upon exchange of
T, < T, is valid for generic values of T; /T, and not only in the large bias regime as discussed
previously. This property can be proven explicitly by manipulating the integral expressions for

Jr, S35, and S;; (Egs. (37), (41d), and (41e), respectively).
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5 Effective single-particle picture

To gain additional insights into the properties of the delta-T and heat-current noise, we find it
useful to introduce an effective density of states (EDOS) [38,103,104]. We define the EDOS
D, (E) by the relation
Py(E)
21a

where f,(E) = [exp(E/T,)+ 1] is the Fermi-Dirac distribution at zero electrochemical po-
tential u, = 0 and P,(E) is the quasiparticle Green’s function (19) in energy space (see Ap-
pendix F for details). Alternatively, one may interpret the product D, (E, T,)f,(—E) as an
effective anyon distribution, an approach recently pursued in Ref. [105]. Straightforward ma-
nipulation of P,(E) gives the explicit expression

ZDA(Ea Ta)fa(_E): (65)

A ;: E
1 (2ma)\*? ‘F(i""lﬁ)
DA(E,T)=V—($) 71 1, (66)
P\ VF r|r (3 + i)
along with its zero-temperature limit
A—
D, (E,0) = (i) iy 67)
vrl'(A) \vg

For non-interacting electrons, D;(E, T) = 1/vy, which, notably, has no energy and temperature
dependencies.

With the EDOS (66), we use a Fourier transform to write the charge tunneling noise S ITIT
in Eq. (25¢) as

4 2.2 AZ 1 +oo 4 2 92 +00
sth =2 f dEPy(E)Py(—E) = T2~ f dE DYy (~E)F(E).  (68)

—00 —0Q0

Here, in the final equality, we defined the effective energy-dependent tunneling probability
Deii(E) = [A*D(E, T1)D;(=E, T), (69)

which reduces to Deg(E) = |A|*/vZ = D [see Eq. (24)] for A = v = 1. In this case, the
expression (68) is fully equivalent to the scattering formula in Eq. (G.9) (see Appendix G), for
weak tunneling. By inspecting Egs. (66) and (69), we see that both D, (E, T,) and D.¢(E) are
even functions of energy. This feature is a consequence of the particle-hole symmetry inherent
to the linearized bosonic spectrum, which is a key feature of the chiral Luttinger model. By
using this symmetry, we further express the tunneling charge noise (68) as

St =2(ev)* (T + o), (70a)
1 +00

[, = o f dE Deg(E)f1(E)[1— fo(E)], (70b)
S

g = o f dE De(E) fo(E)[1— f1(E)]. (70c)

Here, I’ _,, are tunneling rates, in terms of which the charge tunneling current (18) reads
Ir = —2ev(I1_5 —I5_,1). The rewriting of the tunneling noise in the form of Eq. (70) makes
the result analogous to a conventional Landauer-Biittiker formula, where the EDOS plays the
role of the transmission function.
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The expressions for the tunneling current and the associated noise in terms of rates are a
special instance of a general behavior of weak tunneling links [106]. An advantage of writing
the tunneling noise in this way is that it permits a transparent interpretation of the large tem-
perature bias regime discussed in Sec. 3.3. Indeed, setting T, = 0, the rates I';_,, and I,_,;
select only negative and positive energies, respectively. For free-electron tunneling, this limit
permits a clear interpretation of the non-interacting tunneling noise (34) as being proportional
to the sum of electron and hole fluxes emanating from the hot source contact [95]. By analogy,
the strongly correlated expression (32) can, via Eq. (70), viewed as a sum of fluxes of fraction-
ally charged quasi-particles and quasi-holes, mediated by the effective tunneling probability
Deff(E) in Eq (69)

Analogously to the delta-T noise, we can also express the heat-current noise by exploiting
the EDOS. In particular, the heat tunneling noise (41c) can be written as

4 +00o
Srr = gj dE E*Degt(E)f1(—E)f(E), (71)

which reduces to the scattering formula Eq. (G.9) when A = v =1 (see Appendix G). However,
in contrast to the charge noise, it is not possible to introduce rates in such a way that the
tunneling current is given by their difference and the noise by their sum. The reason for this is
that the transported heat depends on the energy at which it is transferred. As a consequence,
the rates for the heat transfers includes integration over ED.x(E), while the noise instead
includes integration over E2D.g(E). For non-interacting systems, this fact was recently noted
in Ref. [95], and we thus establish here the same property also for weak tunneling in the FQH
regime.

The above approach shows that by introducing D.«(E), we can put our perturbative ap-
proach to weak tunneling in the FQH regime on a similar footing with non-interacting particles
treated with a scattering approach. As such, insofar as the tunneling currents and the associ-
ated noise are concerned, we may view the FQH setup in Fig. 1 as two fermionic reservoirs (the
sources) bridged by a conductor fully captured in terms of the energy-dependent transmission
D.g(E). With the EDOS and the effective tunneling probability, we see that the non-trivial
scaling dimension behavior of the tunneling delta-T and heat-current noises, SITIT and Sﬁ, re-
spectively, comes entirely from the correlation-induced energy and temperature dependence in
D.i(E). Furthermore, the peculiar feature of negative excess charge noise can with the EDOS
be seen to be essentially the same energy filtering mechanism that was identified in scattering
theory in Ref. [107] (see also Ref. [38] for a discussion).

6 Mixed noise

While our focus in this work is on delta-T and heat-current noise —corresponding to Eq. (1),
with both involved operators referring to either charge, or heat current— we may consider also
correlations between a charge current operator and a heat current operator. Such quantities
are known as mixed noise (see e.g. Ref. [58]). Explicitly, the mixed charge-heat noise is
defined as

+00
Shp(w) = f dt ({814(1),5J5(0)}) e, (72)
—0Q
with a,  labeling the drain contacts 3 and 4.
In this section, we comment briefly on this type of noise for the QPC device in Fig. 1.
Before presenting our results in the FQH regime, we recall previously known results, based on
scattering theory, for non-interacting systems. In this case, it was shown in Ref. [58] that, near
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equilibrium, the zero-frequency mixed noise is closely related to thermoelectric conversion.
More specifically, at equilibrium temperature T, one finds for a non-interacting electron system

Si7(0) = 2kg T?Sg7(T), (73)

where g;(T) is the charge tunneling conductance and S is the Seebeck coefficient. It is well-
known that finite thermoelectric conversion (i.e., S # 0) always requires some sort of energy
filtering mechanism (via an energy-dependent transmission) of the transferred particles and
holes, i.e., a mechanism that breaks particle-hole symmetry, see e.g., Ref. [108]. This feature
suggests that, also in the FQH regime, particle-hole symmetry breaking is required to generate
non-vanishing mixed noise. In the following, we show that this is indeed the case. When
we evaluate the mixed noise, we exclude band curvature effects, or an asymmetric tunneling
amplitude A(E) # A(—E). Instead, we focus on the simple option of breaking particle-hole
symmetry with a finite voltage bias V # 0 on top of the temperature bias.

With the same approach we used for the charge and heat noises, we compute (details are
provided in Appendix C) all possible combinations Sij , with a, f = 3,4. At zero frequency,
we have

SH(0) = +Mqp — %S?T —2Ty(1+ DIy +4T, 8, (), (74a)
SI(0) = +Mypr + %S?T +2Ty(1+ M) — 4T3, (JP) (74b)
SI(0) = —Myq — %S?T — 22T, Iy +2(Ty + T)3y (JP) (74c)
Si3(0) =—Mrr + %sng + 2ATyI7 — 2(T; + T,)dy (jéz)) . (74d)

Here, we introduced the tunneling-induced components of the average heat currents in the
drains in the presence of a finite voltage bias, denoted (f(gz)). We obtain these components
from the perturbative expansion in Eq. (15b) (see also Eq. (B.7) in Appendix B) as

+00
(jéz)) = 2i|A|2J dt cos(evV )G (7). Gr(7T), (75a)
oo
(&) = 2i|A|2J dt cos(e vV 1)Gp(7)3, G, (7). (75b)
—00
For V = 0, they reduce to (fiz)) = —(féz)) = Jr, i.e., the heat tunneling current (37). In
Eq. (74), we also introduced the integral
+00
Myr = 2ev|A|2J dtsin(evV1)[G(7)0,.Gr(7)— Ggr(7)3,G(7)]. (76)
—00

The first two terms on each line in Eq. (74) represent contributions from correlations of the
first-order correction to the charge and heat currents, namely fg) and JA/(;), cf. Egs. (C.3-C.4)
in Appendix C. As a consequence, these terms are of similar nature as the tunneling charge
noise, as they involve correlations between the tunneling charge current and the heat transfer
between the upper and lower edge (note, however, that due to lack of heat conservation at
V # 0, the tunneling heat current from the upper to the lower edge is not the same as the
tunneling heat current in the opposite direction, i.e., (JA?(,D) #+ —(JAA(‘D)).

To the best of our knowledge, the full expressions in Eq. (74) have not been previously
reported, especially the terms stemming from the correlations between the tunneling currents
and the unperturbed currents that flow unimpeded along the edges (these are the crossed
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terms denoted by Méoz) and MO(LZO) in Appendix C). We see that all the terms involved in the
mixed noises in Eq. (74) vanish when particle-hole symmetry is restored, i.e., by taking V = 0.
This feature is in agreement with the intuitive anticipation stated at the beginning of this
Section, that a finite mixed noise requires the breaking of particle-hole symmetry.
Importantly, just as for for the charge and heat noises (see Sec. 5), the “tunneling” con-
tributions, My £ VSITIT /2, can be written in a form that is reminiscent of a scattering-theory
expression for non-interacting systems, thus providing a link to the thermoelectric response.

Explicitly, defining the electrochemical potentials u, 5 so that u; —u, = evV, we find that

+00
Vv dE
Myy ¥ 5877 = 2eVAP f_oo o (B = 11,2)DA(E = i1, T)DA(E — 1, T) )

X {f1(E —uq) [1— foE—p)] + fo E— o) [1— fL1(E—uq)]},

with f,(E) = [1+exp(E/T,)]"" and D,(E, T,) given in Eq. (66). In arriving at Eq. (77), we
have used that D, (E — u;, T;) = D3(—E + uj, T;). Furthermore, for A = 1, Eq. (77) matches
exactly the scattering theory result (at weak and energy-independent transmission) for a two-
terminal system with reservoirs at temperatures T; 5 and chemical potentials u, 5 (see, e.g.,
Eq. (13) in Ref. [58]). When A # 1, the effect of strong correlations is fully captured by the
effective density of states D, (E, T,).

The above analogy with scattering theory allows us to establish the termoelectric rela-
tion (73) also for edges in the FQH effect, at least when we analyze the tunneling contribu-
tions. Indeed, we can formally show that in equilibrium, i.e., in the limit V, AT — 0, Eq. (77) is
related to the Seebeck coefficient S. We achieve this connection by differentiating the charge
tunneling current (18) with respect to the temperature bias AT and evaluating the result at
equilibrium, which defines the thermoelectric conductance

dly
L=
OAT

+00 dE _F
— 2 YR a2 = _
g J_oo 27 DA D3/ (B =), 78

with the global equilibrium Fermi distribution f;(E) = f,(E) = f(E) = [1 +exp(E/T)]™ .
It is known [108] that L is related to the Seebeck coefficient S and the charge tunneling
conductance as L = Sg;(T). Considering then Eq. (77) in the limit V, AT — 0, we find that

14 _
Mpp % EszIT — S§/(0)=4T%L, (79)

which shows that Eq. (73) holds also in the FQH regime. However, as elaborated above, we
have in our model S = 0 due to the intrinsic particle-hole symmetry. Indeed, given the sym-
metry D;(E, T) = D;(—E, T), the integrand in (78) is odd, so that the relation S} =S =L =0
becomes trivial. Nonetheless, it follows that measuring a nonzero mixed noise is a clear signa-
ture of mechanisms that violate particle-hole symmetry, resulting in an asymmetric effective
density of states.

Complementary to the analogy with scattering theory, we further establish another relation
between the mixed noise and the thermoelectric conductance in the linear response regime,
i.e., foreV /T < 1 but finite. This connection is possible since in linear response all mixed noise
terms in Eq. (74) become proportional to eV /T. Likewise, also the finite-bias thermoelectric
conductance I = dxrI7|a7_0 [Notice the difference compared to the definition of L in (78)]
becomes proportional to eV /T. It follows that

S12(0)=—S5(0) =2AT>L, (80a)
S2(0)=—-53(0)=2(A—1T?L, (80Db)
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to leading order in eV /T. The explicit derivation of Eq. (80) is provided in Appendix C. Taking
the limit V — 0 in Eq. (80) produces vanishing left- and right-hand sides, in agreement with
the previous analysis at equilibrium.

Since our main focus of this paper FQH tunneling induced by a pure temperature biases (in
which case the mixed noise vanishes, as discussed above), we leave a broader analysis of the
mixed noise correlators, with both temperature and voltage biases present, for future studies.

7 Summary and outlook

With the chiral Luttinger liquid model, we computed quantum transport observables in a QPC
device (see Fig. 1) in the FQH regime at Laughlin fillings v = (2n+1)"!. Focusing on the more
unconventional configuration with a temperature bias between the source contacts, we derived
detailed expressions for charge and heat currents entering the drain contacts, their auto- and
cross-correlation noises, as well as mixed charge- and heat-current correlation noise. We com-
plemented our calculations with an interpretation of the transport in terms of an effective
density of states. This interpretation highlights a key aspect of temperature-biased noise: In
essence, injecting particles into the QPC region via edge states results in noise that, when the
edge temperatures are different, explicitly probes the scaling dimensions dependence of the
effective density of states. Our findings thereby explicitly show how the scaling dimensions of
the tunneling particles enter these unconventional noise observables, including delta-T noise,
heat-current noise, and mixed noise. As such, our work provides novel opportunities to ex-
tract the elusive scaling dimensions of quasiparticles in the FQH effect. In turn, these scaling
dimensions are paramount to identify the anyonic statistics of these quasiparticles.

What are then the advantages and disadvantages of the different types of noise? The delta-
T noise is the simplest temperature-biased noise to measure and has already been implemented
in the FQH regime (see, e.g., Ref. [31]). As its major feature, it detects only the scaling dimen-
sions for tunneling of charged particles, although these scaling dimensions could be indirectly
affected by the presence of neutral modes. As such, for more complex edge structures, it might
be difficult to use delta-T noise to isolate the scaling dimensions of a certain type of anyonic
quasiparticles. In comparison, the heat-current noise directly reflects the contributions from
both charge and neutral modes. Its experimental access is however more demanding (see dis-
cussion below). The mixed noise is mostly-advantageous in detecting the particle-hole sym-
metry of the system. Indeed, in particle-hole symmetric systems, like the presently considered
low-energy dynamics of the FQH edge, the mixed noise vanishes in the absence of a voltage
bias. Finite mixed noise due to a pure temperature bias, thus probes not only scaling dimen-
sions via the effective density of states, but is also a signal of breaking particle-hole symmetry,
e.g., deviations from the linear edge mode spectrum. Remarkably, this connection to particle-
hole symmetry relates the mixed noise to the Seebeck coefficient, a quantity that also requires
the presence of particle-hole symmetry breaking. However, among the observables considered
in this work, mixed noise is probably the most difficult one to access experimentally, despite
its connection to thermoelectric response, as derived in Eq. (80).

Our work is further potentially applicable to other platforms that support edge states. First,
it paves the way for generalized noises as a tool to identify scaling dimensions of more involved
FQH edges, including hierarchical states like ¥ = 2/5 and v = 2/3 or as a tool to distinguish
candidate states for non-Abelian states, e.g., at v =5/2 and v = 12/5. Second, our calcula-
tions can be adapted to describe temperature-biased noise in related strongly correlated one-
dimensional systems, such as disordered FQH line junctions [41,74-77], disordered quantum
wires [78], and quantum spin Hall edges [79].
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We end by discussing the feasibility to experimentally measure our proposed noise compo-
nents. FQH setups with temperature gradients across QPCs have been realized in GaAs-based
devices (see e.g, Ref. [31]) and charge currents, heat currents, and charge noise are by now
routinely measured. To also measure heat-current noise, it was proposed in Refs. [55,109]
that edge-coupled quantum dots, via thermoelectricity, may convert edge channel heat-current
fluctuations to more easily measurable charge-current fluctuations. Alternatively, heat-current
noise and mixed noise can be converted [1] to temperature fluctuations in a floating probe
contact. A similar strategy could be used to access the mixed noise by monitoring electrical
potential and temperature fluctuations in the floating probe [51]. Another indirect way to
measure the mixed noise would be via the Seebeck coefficient. Devices with such implemen-
tations in the FQH regime remain, to the best of our knowledge, yet to be fabricated, but we
believe they might be within reach with current experimental techniques.
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A Derivations of charge currents and delta-T noise

A.1 Currents

As our starting point, we recall that the unperturbed operators representing the charge currents
entering the drain contacts 3 and 4 are given by

2

A ev 4 A e~y
1O = 25 baCoes, )+ v, A1)
21 27
. eV . » ey
i) = —TY0, 1 (x4, t) + = Vs, (A.2)
27 21

where x5 and x, are the locations of the drains and V; 5, are the voltages applied at the source
contacts. The corrections induced by the tunneling are given in Egs. (15), which we evaluate
at leading order to

£9(6) = ier[ eV L(ENDL (D) — A%V )L (E)PR(D], (A.32)
19(6) = —iev[Ae TV EPT (D0 (F) — A*el®VERT (E)hr(E)]. (A.3b)
Here, V = V; —V, is the voltage bias between the two edges and t = t —x3/vp, t =t + x4/ Vp.
Notice that fél)(t) = —fil)(t) when x3 = —x,, reflecting current conservation. The expres-

sions (A.3) are valid “downstream” of the QPC on the respective edge (i.e., for x3 > 0 and
x4 < 0), because corrections to the unperturbed currents may only occur on these sides of the
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QPC due to the chiral propagation along the edge. Due to the imbalance of Klein factors in
Eq. (A.3), the first-order corrections vanish when taking the average:

(1(0) = (1)) =o. (A.4)
Moving on to the second-order corrections, we find that they are given by
E ~
iP(t) = ev|A]? J G I GO A CORTH G ING)
_OOE (A.52)
—ev|A]? f el VDG (Y (t), P (END (D],
—0Q
E -
iP(6) = —evlA]? J G I GO A (O RTH G NG)
‘§° (A.5b)
+ev|Af? f eV DT (" (t”), PREND L (E)],

—00
where we only kept the terms with balanced Klein factors. Just as for the first-order corrections,
we have [ éz)(t) =—1 gz)(t) if x3 = —x4. Taking the averages, and making the change of variable
t=t"—ft (fora=3)and v =t" —t (for a = 4), we get

+00

<f§2)(t)> = —2iev|A|? f dr sin(evVt)Gr(7)GL (7)) =—I7, (A.6a)
+00

<f§2)(t)> = +2ie VIA|2J dr sin(evVt)Gr(1)G.(7) =17, (A.6b)

where we identified the charge tunneling current in Eq. (18). Note that the average cur-
rents (A.6) do not depend on time, as expected for the constant voltage bias, and the currents
are equal and opposite, as required by charge current conservation. Gathering the above re-
sults, we have that the average charge currents that enter the drains are given by

A 621)

(I3) = oVl (A7)
2
(fs)= %VZ+1T~ (A8)

A.2 Zeroth order (or equilibrium) charge-current noise

Similarly to the charge current, we decompose the charge-current noise Si [ as

P
11 _ c(00) € )) (02) (20) 4
Sap =Sap TSap TSap +Sap TOUAD), (A.9)
where N . . ) -
St — t5) = ({ID(e1), P (1) }) = 2(FD(e)) (P (1)) . (A.10)

Here, the two superscripts i, j denote the order of the current operator expansion terms in
Eq. (14), while the subscripts a,  take the values 3 or 4, describing the drain contacts. We
further note that the “crossed” terms SSLOZ) and S((XZﬁO) represent cross-correlations between the
unperturbed currents along the edges and the tunneling current induced by the QPC. These

terms are nothing but the contributions S and S ‘appearing in Eq (4).
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Next, we compute the zeroth order noise terms in (A.10). We start with

62

2n )2 <af1 ¢L(t1)at2¢L(t2)> +(t; e ty)
_ v —m?T}
" @A s Ty — (61— )]

54(;20)01 —ty) =
(A.11D)

+(ty <= t3),

where we used the expression (20) for the bosonic Green’s function. Next, by Fourier trans-
forming with respect to the time difference 7 = t; — t,, we get

+oo —2T2pi0T 2
SO (w) = o )2J dr[ 2 +(T—>—T)i|=ﬂwcoth|:%]. (A.12)

sinh?[nT,(ito—7)] 27

In the zero-frequency limit, this expression reduces to the expected Johnson-Nyquist expres-
sion 5
59w — 0) = 2‘;—VT2. (A.13)
T

This expression coincides with S” in the main text, cf. Eq. (25b), as it represents the fluctu-

ations reaching drain 2 in the absence of tunneling. The results for S (00)(0)) and S(OO)(O) are
obtained from Egs. (A.12) and (A.13), respectively, by substituting T, — T;, yielding Eq. (25a).
Identical calculations for the cross-correlation noises lead to

58(w) = s%(w) =0, (A.14)

since at zeroth order, the two bosonic fields ¢/, are uncorrelated.

A.3 First order, or tunneling, charge-current noise

The first order term in the noise (A.10) reads

sU (6 —6) = ({1, I (e2)}) — 200 Peey) (152529, (A.15)

where we used that the first-order corrections to the average current vanish. By next using the
first order corrections (A.3), we see that

Sﬂf)(ﬁ —ty)= S%D(ﬁ —ty)= —5%1)(% —ty)= —Sfél)(ﬁ —t3), (A.16)
so there is only one independent term. Inserting Eq. (A.3b) into Eq. (A.15) we obtain
St (61— 1) = 2e)’A]* cos[e WV (&1 — 2)]Gr(tr — )1 (t1 — 02) + (81 <> 1), (A17)

and thus, after a Fourier transform, we arrive at

+00

SUD(w — 0) = 4(e v)ZIAIZJ d 7 cos(eWWT)Gg(7)G,(7) =S, (A.18)

—0Q0

which defines the tunneling current noise S in Eq. (25¢).

A.4 Crossed charge-current noise terms S(Oz) + S(ZO)

Here, we compute the remaining last terms in the noise expansion (A.10). These terms rep-
resent correlations between the unperturbed currents on the edge and the tunneling current
induced by the QPC.
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(02) , (20)
A4.1 S~ +S,,

(02)
44
operators, Egs. (A.2) and (A.5b), and recalling that vz 0, ¢; = ,¢;, due to chiral propagation,

we obtain [37,87,88]

2i|APen)? ([
2n

We start with the contribution S;,”. By using the previously found expressions for the current

SRGHE dt” cos[e vV (t” — £)][ Ga(t” — £5)Gy(t” — EL)K(E1, 1", T)

—0Q

+Gr(Ty — )Gy (Fy — " )K(E, Ea, ") ]

2i 2 A 2 ty B _ _ _ _
+% J dt” cos[evV (t" — tz)][GR(t” — )G (t" — t)K(—t1,—t",—15)
T

—00

+Gr(fy — )Gy (T — MK (T, =, )], (A.19)
where we abbreviated t,, = t] — tq, t; = t; + x4/Vp for i = 1,2, and also defined the function
K(tq, ty, t3) = nTo{coth[nTy(ito — (£ — t3))] —coth[n Ty (iTo — (¢ — t3))1} - (A.20)

Finally, taking advantage of the permutation identity X(1, 3,2) = —K(1,2,3) and introducing
the variable T = t” — t,, we arrive at

; 21a12 O
st = -G f 47 cos(e W D)Ko(t1z, DGa(¥)G,(7)~ Gr(~)G, ()]
2i(ev)?|Al? +oo (A.21)
‘l(el—)n" J dt cos(e vV T)Ko(—t12, DGR(T)GL(7) = Gr(=7)G(=7)],
0
in which

Ko(t12, T) = K(tq, ta+7, t5) = nTa{coth[nT5(iTo—(t13—7))]—coth[n Ty (iTo—t12)]} . (A.22)

Equation (A.21) explicitly shows that the noise only depends on the time difference

t19 = t; —t4, as expected in the steady state.

The procedure to evaluate Sgio) is identical to that for Sf&z). We find

2. 2 A 2 +00
S22t = -2 [ g costen )t DI 2)61()~ )6 ()]
0 (A.23)
2i(en)?|Al2 °
T an dt cos(e vV T)Ko(—t12, T)GR(T)G(T) — Gr(—T)GL(—7)].
We can therefore combine Egs. (A.21) and (A.23) into a single integral
2‘ 2 A 2 +00
S 501) =~ 2 [ 5 conen 516206 Ko1)o
o (A.24)
2i(ev)?|Al2 [T
B v— dt cos(evV T)Gr(T)GL(T)[Ko(—t12,T) — Ko(—t12,—7)],

and we obtain the finite-frequency expression by Fourier transforming with respect to the time
difference t;,. The final result thus involves the function

+00
Ko(w, T) =f dt1pe N2y (t19,T), (A.25)

—0Q
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which can be evaluated with the residue theorem. We obtain

+00o
S‘(‘?‘Z+20)((J)) = —4i(ev)?|A|* coth (%) J dt cos(e VW T)Gr(7)Gr(7)sin(wT). (A.26)
2 —00
Taking the zero-frequency limit, we get
+00 a[
S329(0) = —4T, x 2i(e v)2|A|2f dt cos(evV 1) T Gg(1)Gy (1) = —4T23—‘; , (A27)
—0o0

where in the final equality, we identified the differential charge tunneling conductance (21).

(02) , (20)
A4.2 S0 +S,,

We evaluate these terms by following an identical procedure as in the previous subsection.
The result is simply obtained by the substitutions L — R and T, — Ty:

+00
S§22+20)(w) = —4i(ev)?|A|? coth (%) J dt cos(e vV T)Gr(7)G (7)sin(wT), (A.28)
1/ J_
+00 * a]
Sg(;2+2o)(0) = —4T; x 2i(ev)?|A)? f dtcos(evV )T Gr(7)G(T) = _4T18_\; . (A29)
—0o0

(02) , (20) (02) , (20)
A43 S, +S;, andS, 7 +S,
The evaluation of these contributions is very similar to the calculation of the previous terms.

The only difference is that we find not only the function K, defined in Eq. (A.22), but also a
corresponding one with T; instead of T,. As a result, the final expression reads

+oo
Sg32+20)(w) = 2i(ev)?|A|? [coth (&) + coth (i)] f d7 cos(evVT)Ggr(7)G (7)sin(wT).
2T, 2T, )1 |
(A.30)

The zero-frequency limit is therefore

+oo
S5aT20(0) = 2(Ty + T) x 2i(ev)|A? f

—0oQ

dtcos(evW )T Gr(T)Gr(T) =2(T; + TZ)% . (A.31)

A.5 Summary of charge current fluctuations

Gathering the results from all above subsections in Appendix A, we have that the tunneling
current, tunneling conductance, and the associated noise to leading order in the tunneling
amplitude A are given by

+00
I =2ie lelzf dtsin(evV1)Gr(1)G (7)), (A.32a)
I OO+OO
T _ 2i(ev)2|A|2f dt T cos(e vV T)Gr(7)G(7T), (A.32b)
ov oo
+00
SITIT =4(e V)ZIAIZJ dt cos(evV T)Gr(T)GL (7). (A.32¢0)
—0Q

These expressions are stated in Egs. (18), (21), and Eq. (25c¢) in the main text. The expressions
for the auto- and cross-correlated charge-current noises at zero frequency, Si Iﬁ (0), are summa-
rized in Tab. 1. It can readily be checked that these noise components obey the conservation
law (6).
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Table 1: Auto- and cross-correlation charge-current noise at zero frequency Sé Iﬁ with
the drain reservoir indices a,3 = 3,4 (see Fig. 1). All expressions are given to

O(]A]?) in the tunneling amplitude A.

sgﬁ(o) 3 4
2 oI o1
3 zeh—kaT1 + s” —4kpTy 5 2ke(Ty+ Tp) 50 =S,
ey oI
T II II YT

B Derivations of heat currents and heat-current noise

B.1 Currents

The unperturbed operators representing the heat currents entering the drain contacts 3 and 4
are given by

0=k % (6, . OF - Ty, (.12
P2 2
IO = ZE (2 en OF - T2V2. (B.1b)

The corresponding average values are readily obtained as

. nT? q%v

<J§°)(t)> - 1—21 - 4—V12, (B.2a)
R nT2 q*v

<J§°)(t)> - 1—22 - 4—nV22 . (B.2b)

Here, we identified the free boson stress energy tensor 7}’ () =10, ¢;R’ 1 (X34, t)]?/2, and used

that (’f}u(t)) = 12 T122 / (6v§) at finite temperature [60,110]. We find the corrections to the
unperturbed current operators by evaluating the commutators in Eq. (15). At first order, we

find
JD () = = {Ae V[ 3, L) ] (D) + A*eVEPT (D) [ 8,4Pr(D)]} (B.3a)
JD@ == {aem VLD [0 (D] + A [34h ] (D] dr(D} (B.3b)
where t = t —x3/vp and t = t + x4/vp. Similarly to the charge transport, the expressions
in Eq. (B.3) are finite only “downstream” of the QPC on the respective edge (i.e., for x3 > 0
and x4 < 0), because corrections to the unperturbed currents may only occur on these sides of

the QPC due to the chiral propagation. Due to the imbalance of Klein factors, the first-order
corrections vanish on average:

(19%0) = (i) =0
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We find that the second-order corrections become

jéz)(t) — _ilAlz f dt” {e—ievV(t’/_E) [1])‘;;(1,//)1/’)‘]“&//)’ lﬁz(f)aﬂj}p\(f)]
+eievV(t”_f) [1ﬁ2(t//)1l’;R(t//), aﬂj;;g(f)qj;L(E)]} , (B5a)

JO(t) = —i|AP f de” {e VD[P W (£, dd ] (Ehr(E)]

R FH (O N CORTMGER MG (B.5b)
where we kept only the terms with balanced Klein factors. Evaluating the averages, we find
+00
<f§2)> = 2i|A|2J dt cos(evW )G (7)d,.Gr(7T), (B.6a)
oo
<f§2)> = 2i|A[? J dt cos(e vV T)Gr(7)3,.G1 (7). (B.6b)
—0oQ0

These results can be also expressed in the following equivalent form:

+00
(7Y = —iAP? f dTcos(evVT)[GR(T)ETGL(T)—GL(T)aTGR(T)]+%IT, (B.72)

+00

(7Y =+l f dTcos(evVT)[GR(T)é‘TGL(T)—GL(T)GTGR(T)]+%IT, (B.7b)

—0Q0

with V = V; —V;. Differently from the charge currents, these expressions are not equal and
opposite, as the edge heat current is not conserved for V # 0. The terms VI;/2 in Eq. (B.7)
are Joule heating contributions. When there is no bias between the edges, V = 0, the heat
current coincides with the energy current and is then conserved. Then, Eq. (B.7) reduces to

(3 == (JP) =211 J+OO d7 Gg(7)3.G, () = Jp, (B.8)

which is indeed the heat tunneling current at zero voltage bias, as defined in Eq. (37).

B.2 Zeroth order, or equilibrium, heat-current noise

We use the following notation to indicate the decomposition of the heat noise:

JJ (00) (11) (02) (20)
Sap = Zap TZap T Za5 +Zap > (B.9)
with . '
2Dt — t2) = ({JO(e1), JP(e)}) — 2 (JO(e0) (JP(e2)) - (B.10)

We start with the evaluation of the equilibrium noise Z( , beginning with a = § = 4. From
the definition (B.10), we have

29t — )= (IO (1)) = FP)) () + (11— 1)
4 4
~ G )2 (Bx b1 (x0, t1)8x 1 (x0, £2)) ) +(ty = 1) = an)?

21/;3 7'c4T24
3 7] +(t—>—1). (B.11)
(4m) v; (sinh(nTl/z(iTO - T)))

2
(hm 0,0, G (x— y,T))

+Hr—-—1)=
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Here, in the second equality, we used the heat current operator definition (13b) together with
Wick’s theorem. In the third equality, we used the definition of the boson Green’s function (20)
and abbreviated T = t; —t,. We evaluate the Fourier transform with the residue theorem as
in previous sections and find

+00
“"”(w)_J dre 5 (1) = —((2nT )2+w2)coth[ T], (B.12)
2

—0Q

which in the zero-frequency limit reduces to

nT3 .
20 (w - 0) = TZ = 4(JO(e) T, (B.13)

upon using Eq. (B.2) for V = 0. Equation (B.13) is the equilibrium contribution that we
denoted Sg in the main text. Equations (B.12)-(B.13) manifest the equilibrium fluctuation-
dissipation relation for heat transport [48].

The remaining non-vanishing contribution to the equilibrium noise, i.e. Z(OO)(w) is ob-
tained by substituting T, — T; in Egs. (B.12)-(B.13). The zero- frequency component thus
reads

=00(0) = LI O 1, (B.14)
which gives S{{ in the main text. We also have trivially from Eq. (B.10) that
Ty (@) = 537 (w) = (B.15)
since the bosonic fields ¢;R /1, are independent at zeroth order.

B.3 First order or tunneling, heat-current noise

We now consider the heat-current noise for vanishing bias voltage V; =V, = 0. Using the heat
current Eq. (B.3b), we obtain

200 (t1) = (TP (6), IV ()} — 2026 P )Y
= AP (YR (EDR(EL)) 8, 8y, (W (EDYL(E2)) + (£ > £2)
+]A[? (‘,[’R(flh@;(fz)) 9,9, (TI’Z(El)TI’L(Ez» +(t; > t3)
= 2|APP[Gr(E; — £5)8;,8,, G () — E2) + Gr(Ey — £1)8,, 8., G (T, — E1)].  (B.16)

By performing a Fourier transform, we find

+oo
0 (w) = 2|A|2J dt12e"12[GR(t15)8,, 8, Gy (t15) + Gr(—t15)8,, 8, G (—t12)]
e
= —4|A|2J dt COS(wT)GR(T)aTZGL(T). (B.17)

In the zero-frequency limit, we thus obtain

500 (0) = 412 f

—0Q

+00

erR(r)afGL(r)=4|A|2f d70,Gg(1)0,G;(t) =S7%, (B.18)

—0Q

+00
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which defines the tunneling heat-current noise S%JT in Eq. (41c). With similar calculations, we

also find 2%1) = —Z&l) = —ZE&;) = S%JT Similar calculations for the finite bias case V # 0,
give
+00
20D = —4|A? J d 7 cos(wt) cos(e VW T)G(7)32GR(7), (B.19a)
400

s = —4|A d7 cos(w) cos(e VW T)Gr(7)32Gy (1), (B.19b)

oo

+oo

J oo

By summing all the contributions, we find

Zg‘l) = —4|A)? dt cos(wT)cos(evV 1), Gy (7)0,.Gr(T) = 2%1) . (B.19¢)

(D) | (D | 511 | 0D _ 2gl
oy + e+ 2l sl = v

., (B.20)

which corresponds to the conservation of power fluctuations for the tunneling current (i.e.,
the equality of thermal power fluctuations and electrical power fluctuations).

B.4 Crossed heat-current noise terms 215332) + ij;’ )

(02) (20)
B41 X, +X%,,

We start with the contribution

202t — t5) = (650085 (1)) + (85 (62)857(11)) (B.21)

Considering the term (fio)(tl)f‘(‘z)(tz)), we have

41 ) _ oo
— (8, PL(E?0, ] (EDPR(EIY R (E" W (") (B.22)
+{(8,, b L(ED* P} (IR Wi (E2),,2 ()

)
— (B L E DR8P (B} (¢ () ]

T
GO ) =12 J at"[ (B $uEDPHLUE P L) P (E) ()

By performing the averages, and subtracting the product of the currents, we obtain

A , A2 [ _ L _
<5J4(,0)(t1)5J4(;2)(f2)> = % J dt”Gg(t” —t5)3,,[K(ty, ", 1,)G(t" —15)]

—0Q0

-~

S (B.23)

iA’|A|2 EZ 1/ T 1z T T 1/ T 1z
Yy dt"Gg(ty —t")0,[K(ty,t,t")GL(t, —t7)],

—0Q0

~~

o
with the function

T2 sinh?[nTy(T3— 74)]

sinh?[ Ty (itg — (71 — 73))Isinh?[ A To(ito — (71 — 74))]

K(71,73,74) = =K(71,74,73). (B.24)
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By making a change of variable t” — f, = 7 and expanding the derivatives, the integrals 7; ,
in (B.23) become

0
Ji(ti) = f dTGr(7) [h(t12, T)GL(T) —Ko(t12,7)0:GL(T)], (B.25)
0
Jo(t1p) = f d7Ggr(—7) [h(t12, T)GL(—7) —Ko(t12, 7)0, G (—7)], (B.26)
where
272 Ginh2(n T,
Kt ) = ) , ©.27)
sinh“[ T, (iTo — t15)]sinh* [Ty (iTo — (t12 — 7))]
h(t1y,7) = — 2T2 Ty coth[ Ty (iTy— t19)] — Ty coth[ T Ty (iTy — (t12 — 7))] . (B.29)
Slnh [ﬂTz(lTo — tlz)]
The other term of interest, <j‘(‘2)(t2)j‘(‘0)(t1)>, can be handled in a similar way. We find:
@), 250 @), 3y (0 AP
(7 ()0, 7 (6)) — (37 () (U (1)) = o [Js(fu) \74(f12):| (B.29)
with
0
Js(t12) = J d7Gr(7) [—h(—t1,—7)GL(T) = Ko(—t12,—7)3: G (T)], (B.30)

0
\74(1'12) = f dTGR(—T) [—h(—tlz, —T)GL(—T) _KO(_t127 —T)@TGL(—T)] . (B31)

—0Q

Performing an analogous calculation for %29 and taking a Fourier transform, we obtain

44 >
(02) (20) lA|A|
202() + 52(w) = L2 [ 71 () - Fy(0) + i) - Fi() 53
+J1(—w) = To(—w) + Ta(—w) — j4(—a>):| >
where
Ta(w) = J dt1p T, (t1)e 2. (B.33)

It is clear from the expressions of the integrals 7,(t;,) that we need the Fourier transforms
Ko(w, 7) and h(w, 7). The former is readily found by using the residue theorem and reads

Ko(w,7)=mi [1 + coth(zi

)] [iw(1+e“7)+2nT,coth(nTy7)(1—e7)].  (B.34)
2

For the latter, we use the following manipulation

+00 +00
il((l), T) = f dtlzh(tlz, T)eiwtlz = ein f dt]_z eiwtlzh(t]_Z + 7T, T) . (B.BS)

—00 —00

The reason for this is that
o Ty coth[mT(iTg—t13)] — Ty coth[ nTo(iTg — (12 + 7))]

sinh?[ Ty (i7g — (t12 + 7))] (B.36)
= (3yKo(f12,)’))y:_T = —0.Ko(t12,—17),

h(t12+T,T)— 2T
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Therefore,
+0oo
fz(a), 7)=—ei“”8T f dtlz eiwtuKO(tlz’_T) = _eiw‘rarféo(w’_q’-):eiw’r (ayl?o(w,y))yz_T , (B.37)
which allows us to obtain A(w, ) from (B.34), yielding
277:T 1—e"®) +iwsinh(2nTT,)
h(a) T)—ln[coth( )+1] 2( - )2 2 —w? . (B.38)
2T, sinh*(7t7T,)

By combining all integrals in Eq. (B.32), we arrive at the expression

. 2 400
(02)( )+2(2°)( ):%f d7 {Gr(7)[(h(w, T) —h(w,—7))G.(T) (5.39)

— (Ko, 7) + Ko(,~7))8: G ()] + (0 — —w)} .

This formula, together with Eqgs. (B.38) and (B.34), provides the expression for the finite-
frequency noise. We can also obtain an equivalent formula, which is more convenient to
evaluate the zero-frequency limit. By repeatedly integrating by parts, and exploiting the rela-
tion (B.37) between the functions h and KO, we arrive at

i (@) + 25 (e )—”"2’2 f a7 {2, Gr(1)Gy (1) [Ko(w, T)e ™ + Ky, —7)e7]

. - . ~ B.40
£6r(1)2.GL (D) (797 = 1)Kol 1)+ (697 — 1) Rol,—1)] 4O
—iwGgr(T)G.(T) [fo(w, ' —fo(w, —T)ei“”] +(w— —w)} .
The zero-frequency limit is therefore given by
(02) (20) iAAPR [T - -
(0)+ 24 (0) =2 = d7 3, Gp(t)[Ko(0, 7) + Ko(0,—7) ] G (7)
s (B.41)
= 8iTHA|A|? J dt9.Gr(t)[—1+ Tyt coth(nTyT)] G (7).
—00
Finally, we exploit the Green’s function identity
An Ty coth(nTy7)Gr(T) =—30,.G1(7T), (B.42)
and we arrive at two equivalent final expressions
+00
=3(0) + 227(0) = 4(A — )T, J; + 8i|A*T, f d7 7Gy(7)82Gy(7) (B.43)
+00 -
=47LT2JT—8i|A|2T2f dt 7 3,G(1)d.Ggp(1), (B.44)
—00
where we recalled the expression for the heat tunneling current (B.8).
The remaining terms are obtained with very similar calculations and they read
+00
209(0) + 232Y(0) = —4AT, Jp — 8i|APT J dt 78,6, (1) 8,Gx(1), (B.45)
—0Q

=02(0) + 227(0) = 2A(T; — Tp) Iy + 4| AX(Ty + T,) J dt 7 8,.G;(1)3,.Gg(T). (B.46)
—o0
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Table 2: Auto- and cross-correlation heat-current noises at zero voltage bias and zero
frequency, SJ J with a, 8 = L,R. The expressions are given to O|(A|?) in the tunneling

amplitude A, and we have defined the integral J = 41|A|2f dt10,.Gg0,Gy.

JJ
o 3 4
k3
3| 2 T2 —4Akg T Jr + S0 —2kg 1T =S + 2Akg(Ty — To)J1 + kp(Ty + To) T
21.3
T
4 | =SI5 4 2Akp(Ty — To)J7 + kg(Ty + To)T 2TBT§+47LI<BT2JT+S§JT—2I<BTZJ

In the presence of a finite voltage bias, V # 0, in addition to the temperature bias, the
above results are generalized as follows:

202(0) + 529(0) = 44T, (JP) —4v T3, (JP)

- +oo (B.47)
—8i|A|*T, dt T cos(evV1)d,.G.(7)0,.Gr(7),

—00

(02)(0) + 2(20)(0) =4AT, (jéz)) —4V T, 0, <j?(,2)>

N i (B.48)
—8i|AlI* T dt 7 cos(evV1)d,.G(7) 9. Gr(T),

—00

(02)(0) + 2(20)(0) =2AT, (jé(‘Z)) +2AT, (JA?EZ)>

(B.49)
+ 4i|A|*(T; + Ty) dt 7 cos(evW1)d.G, () 8,Gr(7),

where the expressions for the average heat currents (Je?()zi ) are given in Eq. (B.6).

B.5 Summary of heat-current noises

Gathering the results from all above subsections in Appendix B, we summarize the expressions
for the auto- and cross-correlated heat-current noises in Tab. 2. These results are those stated
in Egs. (37) and (41) in the main text.

C Derivation of mixed noise components

C.1 General expressions

We decompose the mixed noise perturbatively as

§19 = MO 1 MDD 4 2, D)

where, in analogy to the charge and heat noise components, we define
M = <{5fg)(t1), 5j/§”(t2)}> . (C.2)

We readily find that the equilibrium component M (00) vanishes, as it reduces to expectation

ap
values of the form (8t1¢a(t1)[8t2q§ ﬁ(tz)]2), which contain an unbalanced number of bosonic
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operators and thus evaluates to zero by Wick’s theorem. With the same approach as for the
charge and heat noises in the above Appendixes, we obtain the “tunneling” terms as

+00

Méél) =4e v|A|2J dtsin(evV1)G (1)0,.Gr(7) = —MA%D =My — SITIT s (C.3)
oo

M(H) —4ev|AJ? J d7sin(evV 1)Gr(7)0,G;(7) = —M,Sfl) =M;r+ SITIT s (C.49

—o0

with
+00
Mg = 2ev|A|2J dtsin(evV1)[G;(7)3,Gr(7) — Gr(7)2.G(T)]. (C.5
—o0

We note here the relations M, (11) M‘(‘;l) and Mf‘il) = —M?Eil) which are a direct conse-

(1) #(1)

quence of the operator 1dent1ty I —I, ", see Eq. (A.3). These relations also show that the

“tunneling” mixed noise components satisfy the sum rule >’ ap M, (11) =0 for a = 3,4.
Next, a straightforward but long calculation of the correlat1ons between the unperturbed
currents and their corrections induced by the tunneling leads to the following expressions for
the crossed terms

M(02+20)

(20) _ 2(2)
ME9 = AT, I + 2T, 8y (¢
{ 0 - R 33 —2T1(1+ A)Ir +4T,0y (J (2)> ,  (C.6a)

M = 211 + 2T, 8, (JP)
MEY = +2ATyIr — 2T, 8y, (J)
{M(OZ) = +2T,lI7 — 2T,3, (JP)
MEY = 22T, 11 +2T,8, (J)
{M(OZ) +2T,3y (J$)

MEY = +22T I — 2T, 8, (JP)
{M“’” —2T,3y (J)

R M(OZ-‘rZO) — +2T2(1 + A)IT _4-1—-23‘/ (J(2)> (C6b)

— MO0 = 24T, Iy +2(Ty + To)dy (JP),  (C.60)

- M(02+20) = 42T, 17 —2(T; + T5)0y (J(Z)) (C.6d)

with the average heat currents (j(gz)) given in Eq. (B.6). Combining all components, we arrive
at the mixed noise components

SH = + My — %s“ —2T,(1+ Iy + 4T3, (3P, (C.7a)
SY =+ Mg+ — 2 5 L+ 2T5(1+ W)y — 4T,8, (1) (C.7b)
SY =My — ESH —2AT, Iy +2(Ty + T3y (JP) (C.70)
S =—Myp + 25 +2ATy Iy —2(Ty + T3y (JP) (C.7d)

which are given in Eq. (74) in the main text.

C.2 Relation with the thermoelectric response

In this section, we prove Eq. (80) in the main text, namely the relation between mixed noise
and the differential thermoelectric conductance.

To this end, consider a nonequilubrium situation with finite voltage bias (V # 0), but
vanishing temperature bias, AT — 0. As a result, our calculations involve only a single Green’s
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function at temperature T, denoted as

G(7) =Gr(r) =G(7) =

1( sinh(inTt,) )A (C.8)

2ma \ sinh[nT(ito—7)]
As our next step, we combine the mixed noise components (C.3), (C.4), the average heat

currents (B.6), and the charge tunneling current (A.32a) and perform an expansion at first
order in eV /T. This expansion results in

+00

MY = +a(ev)? AP = = J dx x G(x/T)G'(x/T) = +4L % (C.9a)
1% oo 1%
M =—4(e v)2|A|2? J dx x G(x/T)G (x/T)=—4L, = - (C.9b)
—0Q0
N NPV (N AR NG (/T = —op. Y
Tl’zav <J3 > = 2l(eV) |A| ’1_" dx x G(X/T)G (X/T) = 252 ’1_" (C.9C)
—00
+(2) o2V [ e v
Ty 20y (J,7) = —=2i(ev)*|AI* = 7 dx x*G(x/T)G (x/T) = —2[,2? , (C.9d)
1% o0 1%
Ty lp = +2i(ev)2|A|2?J dxx[G(x/T)P = +250?, (C.9)

where we introduced the dimensionless variable x = Tt and defined the three integrals

+00

Ly = i(ev)ZIAlzf dx x[G(x/T)]?, (C.10a)
+00

L= (ev)2|A|2J dx x G(x/T)G'(x/T), (C.10b)
+00

Lz=i(ev)2|A|2f dx x?G(x/T)G'(x/T). (C.10¢)

We define the finite-bias thermoelectric conductance as

oI e E,
L= 8ATT :2i(ev)2|A|2J_oo dzsin(eV 1) 2 [Gp(7)Gy(7)]. (C.11)
In the limit AT — 0 and eV /T < 1, we get
- 2i(evPIAPV (T o 2L,V

The integrals (C.10) can be evaluated analytically as follows (see also App. E)

A2 [T dx in 2
£0:(ev)27‘"2%§l—2—2f zix( , — ) (C.13a)
Vi ) oo 4T sinh[7(iTty—x)]
727 LIAR (T dz A T2 12(),
= et g2 [ el T )
T Vi [cosh(z)] F 41 T(21)°
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2 +00 - A R A
L= (ev)%é’t‘zﬁ dx x( il ) ax( - )
2 2 \sinh[n(iTTy—x)] sinh[n(iTty—x)]

—92 +00 .
:_(W)ZZ (n7)?A~ 2| 121 )LJ dz%z—[,o, (C.13b)
= (ev)* 12~ 2 AP f ( in )A ( in )’1
sinh[(iTTy—x)] sinh[n(iT7to—x)]
:_(e,,)zT_(m a2 1A i AJ+OO dp 2500 . (C.130)
47 V2 [cosh(z)]+22

In evaluating all these integrals, we performed the change of variable x = z/7 + 7y —i/2 in
the complex plane and deformed the contour back to the real axis, exploiting the finite cutoff
To [21]. Substituting the evaluated £; integrals into the mixed noise components (C.9) and
then into Eq. (C.7), we find the relations

Si(0)=—55(0) = —4)\50 -, (C.14a)
S (0)=—S5(0) =4(1— A)ﬁo : (C.14b)

Similarly, the conductance in Eq. (C.12) becomes
L=-"2= (C.15)

and therefore we obtain Eq. (80) in the main text.

D Scaling dimension modification by inter-channel interaction

D.1 Charge transport

In this Appendix, we give an example on how the addition of a local density-density interaction
at the QPC modifies the scaling dimension A of the tunneling quasiparticles, from the ideal case
A=vtoA#£ .

To this end, we consider adding to the free Hamiltonian H, in (7), not only the tunneling
term (10), but also the following local coupling between the R/L channels:

+00

N 2u
H —

p=— dx 8(x)8, pr(x)8, 1 (x). (D.1)
4

—0Q

Here, u parametrizes the interaction strength and the location of the interaction coincides with
that of the QPC, here at x = 0. With this addition, A, + H,, is not diagonal in the bosons ¢ /L
anymore. Still, we need to evaluate the local quasiparticle Green’s functions,

GR/L(OJ t) = (tlﬁ}';/L(O’ t)'l/;R/L(OJ O)) > (Dz)

to compute observables related to the charge tunneling. To find these Green’s functions when
u # 0, we use the following approach: First, we locally diagonalize H, + H, with the transfor-

mation
$.0,)\ _(a B\[Hr(0,0)
(43_(0, t))_([j a) (qu(Oﬂf)). (D.3)
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Here, the coefficients a, 3 depend on the interaction strength u and the velocity vy as

a = cosh(0), f = sinh(6), tanh(260) = u/vy. (D.4)

For u = 0, we have a = 1 — 8 = 1, so that in this case (;lgi(O, t) = (;ISR/L(O, t) as expected.
The new modes qgi(O, t) are the local eigenmodes at the point x = 0 and the local Green’s
functions at this point can be straightforwardly evaluated. We may thus write

ns A . " 1 2., 32
{0, t12pr(0,0)) x (3} (0,41 (0,0)) = (2na)26v(a G (0.0+6-(0,0] (D.5)

in terms of the diagonal bosonic Green’s functions G, (0, t) = <q§i(0, t)qgi(O, 0)) — (q[;i(o, O)).

Our next step is to express G, (0, t) in terms of the known, “incoming” Green’s functions,
i.e., Gg/(x # 0,t), which are given in terms of the original bosonic fields $R/L(t,¢x1/2).
These bosons are in equilibrium with their respective sources, at temperatures T; and T, and
at the locations Fx, ;. To this end, we solve a bosonic scattering problem with three regions:
1) the region left of the QPC, 2) the central QPC region x = 0, and 3) the region right of the
QPC. In brief, the matrix (D.3) constitutes the transfer matrix, 7 for this scattering problem:

(o BY_1(1 R
G 946D

with T2 + R? = 1. Solving the scattering problem for the central region bosons, qgi(O, t) in
terms of the incoming modes, we find

¢;+(05 t) =
¢_(0,t)=

N 1 A
¢ (xg, t)+ ?¢R(_x1)t); (D.7a)

NHl= ™

N R A
¢r(xy, t) + ?¢R(—X1,t), (D.7b)

and since the bosons qﬁR /1, at the sources are uncorrelated, it follows that
R? 1
G.(0,t)= ﬁgL(XZ, t)+ ﬁgR(_Xl, t), (D.8a)
1 R?
G (0,t)= EQL(XZ’ t)+ EQR(_XD t). (D.8b)

Finally, we identify R?/T2? = 2 and 1/T? = a2 and upon inserting into Eq. (D.5), we arrive
at

e n n ~ 1 2, 2242
(P10, E)PR(0, £)) x (1 (0, )3, (0,8)) = me““ +B7) [OR(=21, 004G, (x2,00] (D.9)

Thus, we see that H, changes the scaling dimension from v to

v

A= wa?+ B2 = veosh?(20) = ———— .
v(a“+ f4) vcosh“(260) 1—u2/v1%

(D.10)

For u = 0 (i.e., without the coupling term H,), we have a =1/T =1, 3 =R/T=0and A = v
as expected. We emphasize that the temperatures entering the problem are the two source
contact temperatures T ;.
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D.2 Heat transport

In the above calculation, we evaluated the product of L and R quasiparticle Green’s functions,
which is sufficient to obtain the observables related to the charge transport, as is clear from
Egs. (18) and (25). The situation changes when the heat transport is considered: in this case,
we deal with (for example) quantities like Gg(t)J,G;(t), see Eq. (41). Thus, it is important
to critically analyze the behavior of the L and R local Green’s functions separately. Within the
toy model in this Appendix, we have (in terms of the “incoming” Green’s functions)

(W10, 1pa(0, ) = ﬁe’h%m*wl(”, (D.11)
(W10, 09,0, 0)) = ﬁek,g;g(tﬁhgﬁt)’ (D.12)

with
A, =at+ B, (D.13)
= 2a’p?. (D.14)

When calculating the tunneling heat noise, this renormalization gives rise to the usual expan-
sions in powers of AT /2T

AT)?
sl — gt/ 1+C(2)(__) +..., D.15
TT 0 Q 2T ( )
with prefactor
A2 -, 2mA% - (A

vZ o 1+22 r2a)’

and coefficient
@ _ A(—4r+ m2(A +2) —2A +2)p DA+ 1) —2)
Q 2(21+3)
A(m2(A+1)—6)—2A(A+ 1)Yp P (A +1)—3
A2(22+3) '

(D.17)
+(Ay—A_)?x

By comparing this result with Eq. (44a) in the main text, we see that, at least within this
toy model, the two expressions agree only for A_ = 0, which implies the ideal case A = ».
Otherwise, both parameters A, appear in the result. This feature stands in stark contrast with
the charge transport properties, where the relevant parameter is always the sum A = A, +A_.
This happens because it is the simple product of L and R Green’s functions that determines
all the relevant observables. Then, for charge transport, we can equivalently assume that both
local Green’s functions separately have a renormalized exponent ¥ — A. The same assumption
is required for the validity of the results concerning heat-related observables in the main text
(beyond the ideal case A = v, for which they are obviously valid). This does not happen in
our toy model, but it might apply in more complicated ones, where the scaling dimension
renormalization relies on different physical mechanisms (see the discussion below Eq. (20)
for examples).

D.3 Unequal scaling dimensions on the two edges

Another possibility is that the two edges coupled by the tunneling Hamiltonian have inherently
different scaling dimensions [111], which implies that the local quasiparticle Green’s functions
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read

(@;,L(O,T)Q[JR,L(O,T)): 1 ( Sinh(iTETl,ZTO)

x1,2
=G D.18
2ma sinh[nTl’z(iq,-O_T)]) 12(7), ( )

with A; # A,. This property breaks the symmetry of the setup, introducing a difference be-
tween the top and the bottom edge. The heat transport observables now read

+00
Jr :—2i|A|2f dtG,(1)3.G1(7), (D.19a)
fo
Sy = 4|AP J d73,G,(1)3,Gy(1), (D.19b)
- +00
S35 = SY] +Sy7 —4A Ty — 8ilAPTy J 77 9,Gy(7)8,Gy(1), (D.19¢)
oo
Sy4 = S35 + ST + 44 ToJr — 8i|APPT, f dt78,G,(7)3,Gy(1), (D.19d)
oo

+00
Sya =—STh +2(A Ty — Ao To)Jp + 41| AP(T, + Tz)f dt 7 3.G1(1)3,Gy(7), (D.19e)
—00
JJ _ oJJ
Sy =S5 (D.191)

As a consequence of the broken symmetry, we expect to find also odd coefficients in the AT
power expansion, even in the presence of a symmetric bias. Indeed, using as an example the
heat tunneling noise, we find the usual expansion

2 3
3 edd ) [ AT @ [ AT @) [ AT
St =35 [1 +CQ (—ZT ) +CQ (_ZT +CQ _ZT R I (D.20)

with prefactor

2 A _ - T2 - A+ A
S(J)leAzl 2n T34 2_(27-[7"1-0)2/1—2@’ where A=21-_22 (D.21)
V2 1+2X r(22) 2
and coefficients
1+A—222
W=y =) —2—=2 D.22a
o =(h—%) 2A(1+ 1) ( )
2a3 (53 32 _ o(aj 32,13
o (m2(3A+4)—2(2A+ 7)) A2 —2(32 + 4)A*PD(2) + 8
Q 2122 +3)
N 217 32 o013
(A —2,)% 4—3(4+m )_/1+_8)L + 6 (/1), (D.22b)
8A(2A +3)
9= (4,2 )(1214+38}13—12}12—385L—12 N 712(3712+}1—6)[6z/)(1)(1+71)—3n2])
Q 1 12A(1+ )2+ ) 12A(1+A)(2+A)
2 22 _ 07 A3 () — y 272 _ 97 M3
PRI RCIN: (922 —91—6) 47L(7L_ 1_)(2,1 _1)+6(37L 3A+2n) (A). (D.226)
64A(A +1)(A+2)

As expected, the odd coefficients vanish when A; = A, and the even ones reduce to those
given in the main text.
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E Some useful integral identities

Our approach to evaluating integrals over Green’s functions and their derivatives is based on
the integral identity [112]

o cosh(2bz) 2
——————dz=2x%x4""B(a+b,a—Db). E.l
J_oo (cosn(ye 2 T 24 plarbazh) .
Here,
Tz (z)
B(z1,25) = TG 1z’ (E.2)

is Euler’s beta function and I'(z) is the Gamma function. By repeated differentiation of Eq. (E.1)
with respect to b, we further obtain, for any positive integer m,

= o5 12X 4 Bla+b,a—b)], E.3
o) 2= g 2 X 4T Bla+ ba=b)] (E.3)

o0 g2m-1 sinh(2bz) . 1 gmt
oo (COSh(Z))Za - 22m—1 ame—l

JOO zzmcosh(sz)d 1 9

[2%x4°'B(a+b,a—b)]. (E.4)
Our strategy in this paper is to expand all integrals involving Green’s functions and their deriva-
tives into terms on the form (E.1), (E.3), or (E.4) and then sum up all contributions.

F Fourier transforms of the Green’s function

In the time-domain, the exponentiated bosonic (retarded) Green’s function at temperature T,
is given as

oy A
G — | _ s1nh(ln?l"ro) ’ (E1)
sinh(nt Ty 5(itg— 7))

where 7, = a/vy is the UV cutoff in the time domain. The Fourier transform of (E1) can be
evaluated to [21]

+00 T 2 E 2
P, ,(E) = f dreFT (D) = (2n T, 7o)+ =2 eF/2T2 T (— +i ) (E2)
: e : T(A) 2 2mTy,
At zero temperature, this expression reduces to
2tk
— 0 A1
PLaB)r, 0= Ty B OB, (E3)

where ©(E) is the Heaviside step function. Finally, by comparing to the quasiparticle Green’s
function (19), we have the Fourier transforms

oS . 1
f d7e'"" Gy (1) = 2—P1,2(E)- (E4)
na

—00

G Scattering theory for non-interacting electrons

To describe the setup in Fig. 1 in the integer quantum Hall regime, here described by setting
v = 1, we can alternatively use scattering theory, closely following Ref. [20]. The scattering
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matrix describing the setup reads

0 0 01
0 0 10

STt —r 0 0] (@1
r t 00

where the element s, is the amplitude for electron scattering from terminal  to a. In
Eq. (G.1), we have introduced t and r (assumed to be energy independent) as the trans-
mission and reflection amplitude, respectively, at the QPC. It holds that |t|> +|r|> = T +R = 1.
Note that the top right corner of s describes ballistic propagation (unit entries) from terminal
4 to 1 and 3 to 2. These entries ensures the unitarity of s as well as fully capturing that the
ballistic edge channels propagate along the boundary of a two-dimensional electron gas. Note
that this propagation was not included in Sec. (2). For consistency, we shall therefore neglect
these terms in the following.

With the scattering matrix (G.1), the net charge (X = 1) and heat (X = J) current flowing
out of terminal a reads

4 +o00
(Xa,out> = % Z:: J_OO dE Xq (5a/5 - (sa/j )Z)f[j (E) ) (G.Z)

with x, = —e forX =1, x, = E—u, forX = J, and fp(E) = {1+exp[(E—,u/5)/kBT/5]}_1 is the

Fermi function in reservoir 8. Likewise, the zero-frequency correlations Sfx‘g (w=0)= Sﬁg
between the X current in terminal a and the X current in terminal 3 read
2 4 +00
XX _
Saﬁ =7 Z f dExaxﬁ (5aY5a5 —saysaé) (5,555M —sﬁ5sﬁy)
Y,6=1J—00
x [f(BY1— f5(E)) + f5(E)1 — f,(ED)]. (G.3)

If we further assume that there are no voltage biases in the setup, it is possible to set
Wg = WUg,Va and ug = 0 can be taken as energy reference. In such case, x, loses the de-
pendence on the chemical potential u, and we can just write a single x = —e for X = [ and
x = E for X = J. Note that this simplification arises in our setup also for x5 and x,, because
terminal 3 and 4 are kept at the reference energy.

Of key interest in this section are the auto-correlation functions in the drain contacts, i.e.
a, B = 3,4. By using the scattering matrix (G.1) in the correlation function (G.3), we find

2

XX _
533 _H

f dEx*[RT(£1(E) — fo(E))* + TA(E)1 — Hi(E) + RA(E)1 - £,(E)) ], (G4)

—0Q

s =7 J dExX*[RT (f1(E) — fo(E))* + RA(E)1 —f1(E) + TH(EY1—f(ED)]. (G.5)

S = == f dEx*[RT(f,(E) ~ f,(E))’]. (G.6)

We see that the correlators (G.4), (G.5), and (G.6) satisfy the conservation laws (6).
Next, we define the charge and heat tunneling currents as

(XT> = <X1,out) - <X3,1n> . (G.7)
Inserting this expression into the noise definition (1) leads to the tunneling noise

XX _ XX | oXX XX
Sy =877 +S535 +2557, (G.8)
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which, via Eq. (G.3), we evaluate as

S’%‘%f dEX*[RT(f1(E) = Fo(E))* +RA(E)1 — f1(E)) + R (EY1 — fo(ED) ] (G.9)

—00

Here, we note that the tunneling charge-current noise in the four-terminal setup we are investi-
gating coincides with the total (thermal and shot) noise in a two-terminal setup with reservoirs
described by Fermi functions f; and f, [20,24]. Similarly, the cross correlation noise Séz coin-
cides with the shot noise component (up to a sign) in the said two-terminal setup [34]. Now,
since we assume energy independent tunneling, we can compare Egs. (G.6) and (G.8) to relate
SX¥ and S¥X as

SEX = XX 4+ R(S¥F +55K). (G.10)

As follows, we are interested in the weak tunneling limit. We thus assume thatR=1—-T < 1,
which we employ as taking

R—D, RT — D, T—1, (G.11)

for D < 1, in the following subsections.

G.1 Delta-T noise

For the delta-T noise, we have X = [ and x = —e. By inserting these specifications, to-
gether with the weak tunneling expressions (G.11), into the tunneling noise (G.9), we set
Uy =y =0, Ty =T + AT/2, and then expand in powers of AT /(2T). We then obtain

P n?—6 ( AT)> 7nt w2 2\ [AT)*
S =slx|1+ — ) === =] +.]|- (G.12)
9 \2T 675 9 15)\ 2T

Here, S(I)I = 4e*DkyT/h = 4g(T)kgT. Note here that g;(T) is independent of T. We thus
obtain the expansion coefficients C'®) and C¥ as presented in Egs. (31a)-(31b).
We repeat the above procedure for the cross correlation noise (G.6) and find

2 2 4 2 4

—6 (AT 7T T 2 AT
SH:SH:—SHX i (—_) +| -+ ——— (—_) +...]. G.13
34 748 0 9 2T 675 9 15)\ 2T (G.13)

Upon identification of C®® and C™, we readily see that the coefficients D® and D™ [see
Egs. (30a)-(30b)] both vanish at v = 1. This result is clear also from a direct compari-
son between the noises (G.6) and (G.9). In essence, absence of D@ and DY follows be-
cause in contrast to strongly correlated electrons, the tunneling conductance for free electrons,
g7(T) =e?D/h, does not depend on the temperature T.

In the large temperature bias limit, Ty = Ty, and T, — 0, the integrals (G.9) and (G.6)
evaluate to

4e2D
Str = —eh kg Thoe In.2, (G.14)
2¢2D
s§g =sg§ =—TkBThot(21n2—1), (G.15)

which we obtained in Sec. 3.3 by setting A = v =1.
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G.2 Heat-current noise

For the heat-current noise, we have X = J and x = E. Just as for the delta-T noise, we use
these specifications, set u; = u, = 0, assume weak tunneling (G.11), and expand in AT /(2T)
the tunneling noise (G.9) and the cross correlation noise (G.6). We then obtain

1 AT\? 7 31 AT\*
S =814+ —(7n%*—15 (—) +2n2(———n2)(—_) +... 1, G.16
T =0 15( ) 2T 15 630 2T ( )

1 AT? 7 31 AT\*
Sy =527 =8| —(60—7n* (—) +2 2(——+— 2)(—) +...|. (G117
34 =55 =55 | 35 (60-77)( 57 "\15 630" J\ 2T (G17)
Here, we have identified the equilibrium heat tunneling conductance

2m? -
SI==""—DI3T3. G.18
0 TR ( )
By comparing S77. and S3; term by term, we see that our scattering theory is in full agreement
with the expansion coefficients (47a)-(47d).
Let us here briefly comment why we have D(Qz ) = 3 for the heat-current noise, in contrast

to the delta-T noise where D® = 0. If we compare the cross-correlation noise (G.6) to the
tunneling noise (G.9), we see that they differ both by a negative sign and that the tunneling
noise contains two contributions present even in equilibrium. For the charge-current noise,
these parts contribute only to Sél . However for the heat-current noise, these contributions,
when expanded in AT/(2T), produce

D(S1] +83) = %f dEE* f1(E)(1 — F1(E)) + fo(E)(1 — fo(E)) ]
= zg—fpkg(Tf +T3)
_2n?os AT >
= S DigT [HB(E) ] (G.19)

We thus see that while the zero-frequency charge-current noise is linear in the temperature
S ~ kg T, the heat-current noise is instead cubic: S’/ ~ (kzT)3. The reason for this is that
for heat flow, the transported quantity depends on the energy (an E? weight to the Fermi
functions) but for the charge flow, the charge e does not depend on the energy. From the
result (G.19), we thus see that already the lowest order term in (G.9) contributes a factor of
3 to the C® coefficient. We see that this contribution is absent in the cross-correlation noise
and is thus accounted for by the finite Df(zz ) coefficient.

Finally, we compute the heat-current noise in the large temperature bias limit. We thus
take T; = T}, and T, — 0, and the integrals (G.9) and (G.6) for the heat-current noise then
evaluate to

3D
Str = T(kBThot)gc (3), (G.20)
3D n?
S33 =55 == (ks Thot)? (C(S) - ?) : (G.21)
where {(z) is the Riemann zeta-function with {(3) & 1.2. These results were also obtained in
the v =1 limit in Sec. 4.2.
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