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Abstract

We investigate a molecular quantum rotor in a two-dimensional Bose-Einstein conden-
sate. The focus is on studying the angulon quasiparticle concept in the crossover from
few- to many-body physics. To this end, we formulate the problem in real space and
solve it with a mean-field approach in the frame co-rotating with the impurity. We show
that the system starts to feature angulon characteristics when the size of the bosonic
cloud is large enough to screen the rotor. More importantly, we demonstrate the depar-
ture from the angulon picture for large system sizes or large angular momenta where
the properties of the system are determined by collective excitations of the Bose gas.
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1 Introduction

The dragging of superfluid helium by a rotating classical object was one of the first manifes-
tations of angular momentum transfer that preserves the superfluidity of helium-4 [1]. After
a number of years, similar experiments were performed with quantum rotors — molecules [2].
The surprising conclusion was that a molecule rotates freely within superfluid helium, yet with
a different rotational constant [3]. Naturally, it was theorized that some helium atoms must
participate in rotation as well [4], just as in the classical analog. A conceptually simple ap-
proach for describing the corresponding transfer of the angular momentum from a molecule
to the bath is the angulon quasiparticle [5], which captures some of the main features of the
available data [6]. However, despite the success of the previous studies of the angulon, their
formulation in momentum space does not allow one to address questions concerning superflu-
idity in small, finite-size systems, which are of both theoretical and experimental interest [7,8].

This paper develops and discusses a framework for studying a quantum rotor immersed
in a Bose-Einstein condensate and the ensuing angulon regime in real space (see Fig. 1). The
framework is partially based on the idea that a detailed description of boson-boson correla-
tions in the bath is unnecessary, which was one of the key approximations behind the angulon
concept. As a result, we can use simple numerical and analytical tools for studying the sys-
tem instead of Monte Carlo techniques typically employed in analyzing the problem [4]. We
also note that our framework allows us to systematically study a departure from the angulon
concept, which appears beyond superfluid hydrodynamic models [9], where the microscopic
details of boson-boson interactions are also neglected. We illustrate and study the framework
for a two-dimensional (2D) system, which received less attention than its three-dimensional
counterpart. The 2D quantum rotor in a system of bosons has become accessible experimen-
tally [10], providing additional motivation for our study.

Our real space formulation allows us to go beyond earlier angulon studies in 2D [11] and
observe the formation of the angulon by increasing the number of bosons. In this few- to
many-body transition, we identify three regimes (see Fig. 1): (i) the few-body regime where
the properties of the system are highly sensitive to the number of particles; (ii) the angulon,
where the Bose gas screens the impurity, and its effective properties do not change if more
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Figure 1: Schematic representation of our study. Panel (a) shows a molecular linear
rotor in a two-dimensional system of bosons together with the laboratory {x, y} and
the molecular {r,,r,} frames of reference. The latter is determined with respect to
the angle ¢; that parametrizes rotations of the impurity. The background indicates
the condensate size limited by the harmonic trap. Panel (b) illustrates regimes of the
system in panel (a) depending on the number of bosons, N. For ‘small’ values of N,
the rotor and the bosons form a few-body state whose properties depend strongly on
N. By increasing N, the system enters an angulon regime — a quasi-particle that can
be described as a dressed rotor. For very large system sizes N — oo, the angulon
becomes unstable, as it can transfer its angular momentum to the bath by exciting
collective modes (see the text for details). The gray dashed circle denotes the region
directly affected by the impurity.

bosons are added to the system; (iii) the metastable angulon, where a collective excitation
of the Bose gas defines the lowest energy state of the system for a finite angular momentum.
The existence of the regimes (i) and (ii) can be anticipated from Monte Carlo studies in 3D;
see, e.g., Ref. [12]. The regime (iii) has been less explored to the best of our knowledge
and will be the subject of our forthcoming publication. The focus of this paper is on the
angulon regime. We derive an analytical expression for the renormalization of the rotational
constant and benchmark it against numerical calculations. Further, we discuss conditions for
a breakdown of the angulon concept by increasing the total angular momentum.

The paper is structured as follows. Section 2 describes the theoretical model and our
method of solving it. Section 3 presents and discusses the energies as we increase the number
of particles, i.e., across a few-to-many-body transition. Section 4 focuses on the properties of
the system in the angulon regime. Section 5 summarizes the paper and discusses the outlook
for further research. In addition, we include five appendices with technical details of our study.

2 Theoretical model and methods

We study an impurity (‘molecule’) interacting with N point-like bosonic particles in two spatial
dimensions; see Fig. 1 (a). The impurity here is a linear rotor with frozen translational degrees
of freedom. As our focus is on the physics of the system in the crossover between few- and
many-body physics, see Fig. 1 (b), we assume the system is in the harmonic trap, the frequency
of which is decreased once we increase the number of particles so that the central density of
the Bose gas is fixed. In this section, we formulate the problem and outline our method of
solving it.
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2.1 Hamiltonian

The Hamiltonian of the system reads as
H= Hbos + Hmol + /Hmol—bos . (D

Here, H;os and H o describe the Bose gas and the molecule, respectively:

N

m 02 shkx? | < 52
7‘[]305=—Z +Z |21| +Zg6(xi_xj); Hmolz_Brot_ (2)

2 27
o1 2mp 0x; o i<j 9

with m,, being the mass of a single boson, x; — the coordinate of the i-th boson, k = mjw?

— the force constant of the trapping potential, and g — the strength of the boson-boson inter-
action; B, is the rotational constant, and ¢; is the corresponding angular coordinate. The
sole purpose of boson-boson interactions in our work is to introduce phononic excitations of
the Bose gas. Therefore, the specific shape of these interactions is not important for our study,
and we parametrize them with Dirac’s delta function, g&6(x; —x;). It is well known that this
potential is not well-defined and must be regularized by connecting g to physical observables;
see, for example, Ref. [13] for a pedagogical discussion. As we shall use the mean-field ap-
proximation, the parameter g can, in principle, be written from the two-body physics using the
scattering length expressed in the units of the average density [14]. However, in what follows,
we choose to relate g to many-body observables, such as the healing length (see below) and
the density, which are then used for presenting our findings.
Finally, the impurity-boson interaction has the form

N
Hmol—bos = Z aW(lxi |: $Yi— ‘PI) B (3)

i=1

where a defines the strength of the interaction; a dimensionless function W describes its shape.
In general, one can write the atom-molecule interaction potential in the molecular frame as a
Fourier series in terms of angular momentum W (x, @) = ZmRm(x)eim*" [15]. As the spherical
part, Ry, does not lead to any exchange of the angular momentum, we do not consider it here.
Instead, we focus on the simplest term that allows for such exchange

W(lx;l, ¢; — 1) = R(|x;]) cos(g; — 1), 4

where R(|x;|) describes the radial part of W. In our numerical calculations, we will use the
o 22 . .
potential in the form R(r) = rLOe r*/"5, where r, determines the range of the potential.

2.2 Gross-Pitaevskii equation in the co-rotating frame

As the system is rotationally invariant, the total angular momentum of the system, L, is con-
served, and any eigenstate of the Hamiltonian can be written as e'?l(ry,...,ry)/ V2T,
where r; = (|x;|,¢; — ¢;) are the coordinates of the bosons measured with respect to the
orientation of the impurity, see Fig. 1 (a); the normalized function 1) defines the probability
of finding a boson at a given position in a molecular frame of reference. It is worthwhile
noting that our approach to solving the problem in the co-rotating-with-the-impurity frame
of reference using standard approximations of many-body physics is natural for the angulon
problem where the particles in the medium are expected to ‘adiabatically follow’ the rotation
of the impurity [4]. At the same time, our results are not applicable when this ‘following’ does
not happen, e.g., if a = 0.
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The function 1 has only implicit dependence on ¢; (via the coordinates r;), which sim-
plifies calculations (see Ref. [16] for a relevant discussion of a similar transformation for a
three-dimensional problem in the momentum space). We assume that the bosons are weakly
interacting and approximate 1 with the product Ansatz

N
y=[1r0o. 5)
i=1

The function f(r) that minimizes the energy of the Hamiltonian (1) must satisfy the Gross-
Pitaevskii equation (GPE) in the co-rotating frame

2
- grP+ v ano| - ©

2iB Ji—B o — R 6
rot a(p rotawz zmbarz

where i = u—B,,.L?/N, and u is the chemical potential; J = L —A is the angular momentum
of the impurity defined via the quantity

A=—i(N— 1)ff*(r)%f(r)rdrdtp, %

which is the angular momentum of the bath for large N. Note that for convenience, we have
defined J, A, and L to be dimensionless. The physical angular momenta are then obtained by
multiplying with . The details of the applied transformation and derivation of the GPE can
be found in App. A. The total energy of the system is given by

E=Nu—BmtA2—%gN(N—1) f f(r)*dr. (8)

As we are interested in the rotational spectrum of the system, we define the rotational energy
AE; = E(L)— E(L = 0), which will be one of the main subjects of our study.

It is worth noting that our study shares many similarities with the problem of an atom
interacting with a finite number of bosons in a ring geometry [17-19]. In particular, the
total angular momentum in both cases can be treated as a discrete parameter. This allows
us to adopt ideas and methods used in those studies in our work. For example, the effective
mass in the Bose polaron problem can be defined from the ‘momentum’ of the impurity (for
a pedagogical introduction, see [20,21]). Similarly, we can use here the Hellmann-Feynman
theorem (see App. A) to define the effective rotational constant, Beg, in the limit L — 0 and
to connect it to J:

- 2 J

AEL = BrotJL = BeffL N Where Beff = Brotz . (9)
B.g is the parameter that defines the excitation spectrum of the angulon. Although this ex-
pression is derived from the assumption of vanishing L, we will illustrate below (see Sec. 3.3)
that it is also useful for finite values of L. Finally, we remark that despite many similarities
to the Bose polaron problem, there are also important differences that will become apparent
in the course of our study. For example, a two-dimensional Bose angulon is not the system’s
ground state with L # 0 in the thermodynamic limit.

2.3 Computational details

Here, we provide some general information needed to present our results.
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Units. We study the system in units where m;, = i = 1. To represent our findings in
a dimensionless form, we shall use a healing length, which is a natural quantity to describe
condensate properties in the vicinity of the impurity, as it defines the distance over which

the Bose gas ‘looses’ the information about the presence of the impurity. It is defined via the
2

i
2m; &2
impurity. We estimate n using the Thomas-Fermi (TF) approximation' [22], assuming that g
is independent of the density (cf. Ref. [14]). This leads to 2gn(r) = 2u—kr? and p = kR2;/2,
where Ryp = (4gN/(mtk))!/# is the Thomas-Fermi radius. Therefore, n = 4/kN/(ng). Using
7,—[2

the healing length, we can express B,,; and a in the units of g T in the units of &; k in the

units of %254 ; g in the units of ::l—zb These units are used everywhere except Sec. 3.1, where
the range of the potential ry provides a relevant length scale.

Parameters for numerical simulations. Our work aims to study a basic model of a rotating
impurity in a two-dimensional Bose gas, focusing on the energies and angular momenta for
different numbers of bosons. However, our model is also of experimental interest. For example,
a relevant set-up is a molecule on the surface of the superfluid helium nanodroplet [10]. Even
though superfluid helium is a strongly correlated system and cannot be described fully within
the mean-field approximation, the success of the angulon model in explaining experimental
data [6] teaches us that the inclusion of strong correlations within the bath might not be
necessary for gaining a qualitative understanding of the rotational energy spectra. Motivated
by this observation, we adjust the parameters of our model to mimic some properties of a
molecule in helium.

We assume that the healing length is £ = 1nm, similar to the healing length of liquid
helium [23,24]. The bulk density of the three-dimensional liquid helium is ~ 22/nm? (see,
e.g., Ref. [25]). Therefore, in our calculations, the strength of boson-boson interactions is set
such that n = n, ~ 10/£2. Small changes of the parameters leave the qualitative behavior
of our results intact, as we illustrate in Sec. 3.3. The value of the rotational constant in our
model is around 1 GHz, representing actual values of diatomic molecules [26]. The range
of the impurity-bath interactions, ry, in Eq. (4) is set to +/2&, which gives a potential with a
minimum at a distance of a few nanometers and the depth of the order of a hundred cm™!,
which is a reasonable interaction potential [27].

Numerical method. To solve the Gross-Pitaevski equation, we use the imaginary time evolu-
tion employing the semi-implicit backward Euler scheme. Numerical results can be reproduced
using our open-source code available on GitLab [28]. More details can be found in App. B.

equation = ng, where n := n(0) is the density in the middle of the trap without the

3 From a one- to a many-boson system

The real space formulation of Eq. (6) is exact for N = 1. Furthermore, we expect the mean-field
approximation to be accurate for N — oo and weak interactions. We start the presentation of
our results by considering these limiting cases.

3.1 Two-body problem

An analysis of a two-body (one impurity plus one boson) system with k = 0 allows us to explore
binding between the impurity and a boson. First, we demonstrate that such a system always
has at least one bound state extending the known result [29] to B, # 0. To this end, we solve
the system in the limit & — 0 following Refs. [30,31], see App. C for details. Namely, we first

!We check that using the Thomas-Fermi approximation does not affect our main results aposteriori.
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Figure 2: Properties of the two-body system. (a) Energy, E, and (b) the angular
momentum of the impurity, J, defined via Eq. (9) as a function of the interaction
strength for different values of the total angular momentum L. The dashed curves
show the results affected by finite-size effects. The dotted curves with circle markers
in panel (b) show J found by fitting effective rotational constant B to the energy
in Eq. (9).

expand the wave function in partial waves

m=1
FE = a0
m=—1

where # = (%, ) is a dimensionless coordinate with ¥ = x/ry.2 Then, we solve the
Schrodinger equation perturbatively. Note that the expansion in Eq. (10) is limited to |m| =0, 1
because the considered potential can couple only these states in the lowest order in a. It is
straightforward to extend the derivation to other potentials.

We find that the system is always bound for L = 0. The threshold behavior (the limit
a — 0) of the ground-state energy is

E o< h4rg
—exp| —2——|, 1D
m2a2k
b 0

(10)

-

where kg, > 0 is a coefficient determined by the shape of the potential and B,,, see App. C
for more details. The value of k, decreases when B, increases. Correspondingly, the system
becomes less bound, in agreement with the expectation that the kinetic energy of the impurity
can only increase the energy. Further, we find that weakly interacting systems with |L| > O are
not bound.

To investigate the system beyond the a — 0 limit, we perform numerical calculations in
a finite box. Note that there are severe finite-size effects for weak interactions. For example,
the size of the ground state is expected to be exponentially large o< exp(h‘*r(‘)‘ / (m%azko))
(cf. Ref. [30]), which poses a difficulty for any numerical technique in a finite box. Therefore,
here we focus only on the interactions for which the system is ‘sufficiently’ bound so that its

2In this subsection, we use r, as the unit of length because the healing length — the standard unit of length in
our work — cannot be defined for a two-body problem.
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properties are weakly affected by the boundary conditions. To estimate the value of a at the
threshold for binding for L # 0, we note that the lowest-energy state for a non-interacting
system for every value of L describes a non-rotating impurity and a boson that carries the
angular momentum. This state has a vanishing energy, providing a reference point for binding.

We demonstrate our numerical findings in Fig. 2 for B, = 0.125m,, rg /(2h2). Finite-size
effects alter results for small values of a. However, as soon as E < 0 our results quickly
become accurate. Note that the system is less bound when L increases in agreement with
our analytical derivations above. It is also worthwhile noting that the energy spectrum of the
system follows B.gL? for a — 00, where Bg =~ 0.8B,,, is an effective rotational constant. This
is expected as the boson attaches to the impurity, decreasing the rotational constant. Indeed,
simple analytical calculations based upon the idea that the impurity can only move close to

the minimum of the impurity-boson potential (r = I'pin = %) lead to the renormalization of
the effective constant

Beff(a - OO) _ 1 N Beff(a - OO) —-08 (12)
B - 1 2B, B T
rot + o rot

in excellent agreement with our numerical estimate. Here, I = m, riin is the classical moment
of inertia of the boson.

3.2 Angulon in the thermodynamic limit

Here, we derive an approximate analytical solution of Eq. (6) in the limit k — O (assuming a
fixed density of the Bose gas far from the impurity) and a — 0, which provides insight into
general properties of the angulon quasiparticle. To this end, we consider the system with J # 0
and write the corresponding function f as

fr)=fo(r) + f(r) +ifi(r), (13)

where fy(r) = \/g is the Thomas-Fermi profile in the limit k — 0. The density of the conden-
sate without the impurity, n, is constant by assumption. To find f, and f;, we first linearize the
GPE with a as a small parameter. Then, we solve the resulting equations in an integral form
(see App. D). We find

2
m n m n .
fi(r)= —2—h2b aqf NFr(r) cos g, filr)= —8—hf Bro a4/ NFi(r) sing, (14)

where the radial parts have the form

Fr(r)zll(br)J Kl(br’)R(r’)r’dr’+K1(br)f I;(br)R(r)r'dr’, (15)
r 0

and

F(r)=1 (cr)f Ki(cr)F.(r)r'dr’ + K, (cr)f Ii(cr)E.(r")r'dr’ . (16)
r 0

Here, b = ,/%2Brot, c= \/%(ZBM +4gn) and I,(r), K;(r) are modified Bessel functions
of the first and second kind, respectively [32]. As it will become evident in the next section,
these expressions do not correspond to the system’s ground state. Instead, they describe the
angulon solution.

Using the above solution, we can find an expression for the angular momenta of the bath
and the impurity

m3
327rh—6anrota2Hri 1
L, J= L, 17)

A= 3
m
1+ 3213 nB,oa®Hy

m3
1+32n-3nBoa?Hy
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where H,; = fooo drF,(r)F;(r)r describes the overlap between the real and imaginary parts
of the order parameter. Note that there is no linear dependence on a in Eq. (17) because of
our choice of the impurity-boson potential. Indeed, @ — —a cannot change the physics of our
set-up.

The effective rotational constant can now be easily found

1

Beff = Brot . (18)

3
1+ SZH%nBrotazHri

By comparing Egs. (12) and (18), we can conclude that the parameter 167'cmgna2Hri /h* s
the moment of inertia of the bosons that adiabatically follow the impurity. Equation (18) is
derived in the assumption of srr31a11 values of a, and therefore, strictly speaking, we should
rewrite it as Bog— By = —BZn%nBrzotazHri. However, we will show numerically that, in fact,
Eq. (18) leads to qualitatively correct results for all a. For large values of a, i.e., @ = 00, By
vanishes. This is expected as, in this case, many bosons can be attached to the rotor. In other
words, increasing a transfers the angular momentum from the molecule to the bath.

The effective parameter B,y cannot differ significantly from B, for very low condensate
densities or very weak interactions, in agreement with previous calculations [33]. One should
have a sufficiently dense medium and strong interactions to observe the renormalization of
impurity parameters. The interplay between the density of the Bose gas and the strength of
the interaction manifests itself in the fact that nB,,a?H,; is the only parameter in Eq. (18)
that contains microscopic information about the system. Finally, we note that the expressions
derived in this subsection can be used to calculate other properties of the impurity, for instance,
the ground-state energy and the number of atoms displaced by the impurity, see App. D. These
properties, which are standard for the Bose-polaron problem do not play an important role in
our study.

3.3 Transition between the limits

Here, we investigate Eq. (6) numerically in between the limits discussed above, which allows
us to understand the formation of the angulon in the bottom-up approach. To this end, we first
calculate the energy spectrum as a function of the number of particles, N. This is a natural
way to understand the connection between the two limits. Then, we consider the spectrum as
a function of the system’s density, n.

Energy spectrum as a function of N. To set the density in the middle of the trap to ny,
we fix g = 1 and keep the ratio kN = 500 (recall that n = 4/kN/(7g) in the Thomas-Fermi
approximation). Other parameters used in the simulations are B,,, = 0.125 and r, = v/2;
Section 2.3 explains the units and motivates this choice of dimensionless parameters.

In Figure 3, we demonstrate the first rotational energy AE; and the bath angular momen-
tum A for L = 1. We show both quantities on purpose to illustrate the applicability of Eq. (9),
according to which A = 1 — AE;/B,. For all values of a, we observe three distinct regimes
by changing N, which we shall unimaginatively call (i) a few-body regime, (ii) an angulon
plateau, and (iii) a collective excitation.

In the few-body regime, the physics of the system is dominated by the external trap® (the
size of the condensate, Ry, is smaller than the range of interaction). The Bose gas is forced
to occupy the region close to the impurity. By increasing Rz, we observe a change in the
system’s behavior. In particular, we observe numerically a minimum of AE; when Ry ~ f1

3For example, we do not reproduce results from Sec. 3.1. Instead, for N = 1, the molecule rotates as an
unperturbed rotor because the excitation energy of the boson (i.e., iw) is large in comparison to the interaction
energy for the considered parameters.
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Figure 3: (a) First rotational energy AE; and (b) bath angular momentumAfor L =1
as a function of the number of bosons N for different values of the molecule-bath
interaction strength a (shown in the units of #2/(m,£?) in every panel). Horizontal
dotted lines show the analytical values for given a computed by inserting Eq. (18)
into Eq. (9). The black dashed vertical line in (a) shows a minimum of the energy,
which signals a transition from a few-body state to an angulon regime. The (blue)
dashed curve in (a) denotes the energy ficw as a function of N. Its crossings with
horizontal dotted lines provide an estimate for the number of bosons N (size of the
system) when collective excitations of the Bose gas become lower in energy than
the angulon state. Squares denote the AE; values at the expected transition point.
Dashed curves in panel (b) show the value of A= 1— AE; /B, (see Eq. (9)), while
the solid curves show the result of direct calculations with Eq. (7).

with 3 = 1.8, see the vertical dashed line in Fig. 3(a). Surprisingly, the value of 8 appears
to be fixed only by the value of Rtp/ry. In particular, it is independent of the value of a. We
conclude that when the condensate size exceeds the interaction range, i.e., when the bosons
screen the impurity, we observe a few-body-to-angulon transition. By integrating the radial

Bro
shape of the potential R(r) from 0 to Ryp, we find ff :((r))rjr =erfff — % B exp(—ﬁz) ~ 0.9.
0

This shows that the Bose gas occupies most of the potential at the transition point.

After the impurity is screened, the rotational energy is characterized by the angulon plateau
that is described by the analytical results from Sec. 3.2 well (see the dotted horizontal lines in
Fig. 3). In the next section, we discuss this regime and connect it to the angulon concept. As the
size of the bath is increased even further, another transition takes place. In a numerical solution
in the non-interacting limit (a — 0) for large systems (N ~ 10*—10°), the lowest energy state
for L = 1 becomes disconnected from the molecular rotation. We leave an analysis of this
transition and the corresponding metastable angulon state to future studies. Let us, however,
estimate the transition point by assuming that the lowest energy of the Bose gas with L =1
has the energy fiw, which corresponds to the lowest center-of-mass excitation, i.e., rotation
of the Bose gas as a whole.* The transition then happens when the energy of the angulon
E = B.gL? is larger than fiw. In Fig. 3(a), the former is shown as a dotted horizontal line
for different values of a; the latter is a blue dashed curve independent of a. The values of N

“This state and collective excitations of the Bose gas are missing in the analytical solution in Sec. 3.2, which
hence cannot describe the ground state of large systems.
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Figure 4: (a) Bath angular momentum A for L = 1 as a function of the number
of bosons, N, for different central densities n and fixed a = 5m,£2/h2. The dotted
horizontal lines show Eq. (17). (b) Bath angular momentum A for L = 1 as a function
of the central density n for different numbers of bosons, N. The interaction strength
is given by a = 0.1mE2/h? (solid), a = m,&%/h? (dashed) and a = 5m,&E2 />
(dotted). Violet markers show the analytical results, Eq. (17), for a = 0.1m,, £2/ n?
(triangles), a = mbiz/}‘i2 (circles) and a = 5my, 52/712 (squares).

for which the two cross are presented as squares. Reasonable agreement between the squares
and the departure from the angulon plateau demonstrates that the transition point can be
captured using a basic physical picture, at least at a qualitative level. While energy dispersion
of collective excitations depends on the shape of the trapping potential, their emergence is
general. Increasing the size of the condensate will lower the energy of excitations for any
shape of the confinement. We tested this statement numerically using a box potential (not
shown here).

Energy spectrum for different densities. Here, we study how the condensate’s density affects
the results presented in Fig. 3. For convenience, we use ng = +/koNy/(7go) (here koN, = 500
and g, = 1) as a unit of n. We change n by adjusting the value of g, while keeping kN = 500
fixed.

In Figures 4(a) and 4(b), we show the bath’s angular momentum as a function of the
number of bosons for different central densities and as a function of the density for different
numbers of bosons, respectively. Panel (a) demonstrates that changing the density shifts the
transition point between the angulon plateau and the collective excitation regimes. In addi-
tion, we see that the maximum of A shifts. We interpret this behavior as follows — the number
of bosons needed to screen the impurity and form the angulon quasiparticle is affected by n (or
rather by g used to adjust n). To support this interpretation, we note that the condition for the
maximum of A postulated above: Ry ~ fr, with 8 = 1.8, is still accurate (see square markers
in Fig. 4(a)). The shift of the maximum of A is driven by the change in the Thomas-Fermi
radius Rz o< VN {/g.

By comparing Figs. 4(a) and 3(b), we see that changing density n has a similar effect to
the change of a for the properties of the system. In particular, the qualitative behavior of A in
the limit n — oo (n — 0) appears similar to a — 00 (a — 0). We conclude that the system’s
physics is driven by the interplay between impurity-boson interactions and the bath density,
in agreement with the analytical results where the key parameter is na?, see Eq. (17).
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As a further remark on this point, note that in Fig. 4(b), the system is effectively non-
interacting in the limit n — 0; the properties of the system no longer depend on the coupling
strength. Even though our model is not applicable at low densities, for which ‘adiabatic follow-
ing’ of the Bose gas does not happen, the renormalization of the effective rotational constant
must indeed be weak in low-density condensates in agreement with the angulon studies in
momentum space [11,33].

Finally, we compare our numerical results with the analytical results of Sec. 3.2. In
Fig. 4(a), we observe that the analytical solution (dotted horizontal line) adequately describes
the angulon plateau. In Fig. 4(b), we see that the results of Sec. 3.2 agree with the numerical
data at high densities. If the density is decreased, the lowest energy state for L = 1 is deter-
mined by the collective modes of the Bose gas, leading to a difference between markers and
curves in Fig. 4(b).

4 Angulon regime

4.1 Angulon properties from weak to strong interactions

In this section, we focus on the angulon regime and low angular momenta, L < 3. In particular,
we investigate how the angulon properties are affected by the interaction strength a. We fix
the number of particles, N = 1000, and the density, ng, for our investigation. Other parameters
are chosen as in the previous section, i.e., kN = 500, B, = 0.125, and ry = +/2 in the units
of Sec. 2.3. One remark is in order here: in this paper, we focus on the lowest-energy states
in each L-block and do not calculate the spectral function. Therefore, when we interpret our
results in terms of the angulon quasiparticle,” we actually rely on the previous literature [5,11].

First of all, we compute the low-energy spectrum (see Fig. 5). We observe that it is de-
scribed well by E(L) = E(L = 0) + B.gL? in agreement with the angulon theory [11,33]. We
find the value of the effective rotational constant by fitting the expression B.gL? to the AE; .
In the weak-coupling regime (a — 0), the renormalization of the effective rotational constant
is negligible; the 2D free rotor energy, AE; ~ B,,,L?, determines the spectrum. In this regime,
the molecule enjoys having all angular momentum of the system, i.e., J ~ L. For stronger
interactions, the molecule becomes dressed, which implies a noticeable renormalization of the
rotational constant and the transfer of the angular momentum to the bath. In the strong inter-
action limit (@ — ©0), the bath has most of the angular momentum, i.e., A~ L. The effective
rotational constant tends to zero, wiping out the energy gap between the ground state and
the lowest energy level with L = 1. Although this behavior is expected from the previous
angulon studies in momentum space (see, e.g., Ref. [34]), its systematic investigation is ar-
guably more transparent in real space. Indeed, even a basic description of a bound state in
momentum space requires a significant modification of the simplest (Frohlich-like) angulon
Hamiltonian [33], complicating the analysis considerably [34].

For a three-dimensional angulon, strong interactions imply an angular self-localization
transition, at least within certain approximations schemes [35]. Our results also show a
crossover to a state localized in space. To study this crossover, we study the kinetic and poten-
tial energy of the impurity defined as follows

2
B = (4] B ) =B+ (), B = atyROIosol) . (9
I

where we have introduced <A2> =N (f I—aa—;I f). These quantities are shown in the inset of

SFor example, when we interpret AE; in the angulon regime as the excitation energy of the quasiparticle.
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Figure 5: (a) Rotational energy AE; as a function of the interaction strength a. The
inset shows the effective rotational constant B as a function of a. Dots demonstrate
Eq. (9). (b) Angular momentum of the molecule J and its variance Var[J]. The
dashed curves and the shaded area illustrate J £ Var[J]. The inset shows the kinetic
(potential) energy of the molecule E%‘in (EIp Ot) for L=0.

Fig. 5(b). As the interaction increases, the molecule localizes in the space of possible angular
orientations to minimize the interaction energy. At the same time, the kinetic energy diverges
— the state of the impurity becomes delocalized in angular momentum space.

The kinetic energy increase agrees with the uncertainty principle for the angular momen-
tum and orientation [36,37]. Indeed, let us look at the variance of J that gives us a dispersion
of the occupations of different angular momentum states. To define it, we again use <A2> and

we note that according to our notation (A) = A= N (f |—i%| f)and (J) =J = L —A. From
that follows <J2> = <A2> —2LA+L? and

Var[J] = (J2) —J? = (A%) —A. (20)

In Fig. 5(b), we show that while the expectation value of the J vanishes because of a ‘heavy
dress’ of the rotor, its variance diverges due to the delocalization of the state in angular mo-
mentum space.

The vanishing value of J diminishes the usefulness of the angulon concept because the
energy spectrum becomes dense. Still, it is worthwhile noting that our numerical results agree
with the analytical prediction of Eq. (9) also in the strongly interacting regime, providing us
with a simple way to estimate the ground-state energy for each L < 3-manifold and for every
value of a. This agreement worsens when we increase the angular momentum L, which is
expected as the analytical solution was derived in the limit L — 0.

4.2 Disintegration of the angulon by increasing the angular momentum

Here, we discuss the system’s behavior as a function of the total angular momentum L. The
goal is to demonstrate that the energy of the system does not follow that of the angulon quasi-
particle above a certain angular momentum. We use N = 5000, a = 5, and n = n, for
this investigation. Other parameters are chosen as in the previous sections, i.e., kN = 500,
B, = 0.125, and r, = +/2 in the units of Sec. 2.3.
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Figure 6: (a) Energy AE; as a function of the total angular momentum, L. The green
dots demonstrate the energy calculated numerically; the red dots present Bk L? as
predicted by angulon theory. Here, B;™ is obtained by fitting to the numerical data
— it agrees well with the analytical result, B; of Sec. 3.2. The black dashed curve
is the fit to the angulon energy that includes the centrifugal distortion term, DL*.
The gray dash-dotted line shows the energy of bosonic excitations ficwL. (b) Angular
momentum of the bath, A, the molecule, J, and the total, L, as functions of L. Dashed
lines show analytical results of Sec. 3.2; dots are computed numerically. In both

panels, solid lines are added to guide the eye.

In Fig. 6(a), we present the energy of the system as a function of the total angular momen-
tum L. We see that in the low angular momentum regime (L < 3), the system is well described
by the effective rotational constant B.g, i.e., the energy increases in accordance with BgL?2.
This suggests that one can use the known analytical results (see, e.g., Ref. [38,39]) for the
planar rotor to describe this regime of the many-body system in a simple manner, also in weak
external fields. Note also an excellent agreement between the effective rotational constant
fitted to numerical results and the findings of Sec. 3.2.

For L > 3, we observe a departure from the angulon concept — the energy does not follow
the simple B.¢L? law. We can slightly improve the angulon framework in this region by adding
to the energy a centrifugal distortion term DL*, which was successfully used before to take
into account the non-rigidity of the angulon quasiparticle [40]. However, in our study, this
term leads only to a slight improvement, indicating that the breakdown of the angulon picture
is not connected to centrifugal distortion.

Further, we calculate the angular momentum of the molecule, J, see Fig. 6(b). We see that
for L > 4 (i.e., when the angulon picture does not describe the energy anymore) we no longer
see an increase in J. We conclude that there exists a critical angular momentum L, when
the excitations of the bath become more favorable than the excitation of the molecule. This
resembles a translational motion in a superfluid above Landau’s critical velocity. To estimate
L, we assume that the lowest energy excitation of the Bose gas for a given L is of the order
of hiwL, thus extending the discussion in Sec. 3.3. Using this estimate, we conclude that for
the considered system L. ~ 3, see Fig. 6(a). This value is in agreement with our numerical
analysis. Thus, the critical rotation of the angulon quasiparticle can indeed be estimated using
a simple expression L 2 fiw/Beg.
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Figure 7: (a) Rotational energy, AE;, and (b) the angular momentum of the
molecule, J, as functions of the total angular momentum L for different sizes of the
condensate, N. The gray dashed curves show the results for the free rotor. The black
dotted curves are the analytical results of Sec. 3.2. Markers present our numerical
results; lines between the markers are added to guide the eye. Note that the corre-
sponding results in the few-body limit can be found in App. E (see Fig. 11). In this
limit, we do not have critical angular momenta because the harmonic trap dominates
the physics of the system.

This expression suggests that the critical rotation velocity strongly depends on the size of
the condensate. To illustrate this, we perform a numerical analysis of a system with a = 10
and the density of the Bose gas ng, see Fig. 7. Other parameters are as before, i.e., kN = 500,
B, = 0.125, and ry = +/2 in the units of Sec. 2.3. For N ~ 200, the system is in between
the few-body and the angulon regimes. The harmonic trap does not dominate the system
properties altogether, still the system is too small to obey the angulon physics, cf. Fig. 3. For
N Z 1000, the system follows the angulon predictions. In particular, the rotational energy
and the angular momentum agree with the analytical calculations (dotted curves) in the low
angular momentum region, L < L.

As expected, the value of the critical angular momentum, L, is affected by the size of the
condensate. For larger condensates, the critical angular momentum is smaller, which agrees
with the observation that the departure from the angulon picture is driven by collective ex-
citations of the Bose gas so that L. =~ Hw/Bes. Further, we observe that this condition
works best in the middle of the angulon plateau (see Fig. 3). In particular, it predicts that
Lo = 12,8,5,3,2 for N = 1000, 2000,5000, 10000, 20000, respectively. The numerically
calculated values are in reasonable agreement with this prediction, L. =9,7,5,5,5.

5 Summary and outlook
In this work, we have studied a quantum rotor in a 2D bosonic condensate. We investigated the
effect of the size of the condensate, its density, and the coupling strength between the molecule

and the bath on the rotational energy of the system, its angular momentum distribution, and
the renormalization of the rotational constant.
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5.1 Summary

This paper can be summarized as follows:

* We proposed to use a Gross-Pitaevskii-like equation to model a molecular impurity cou-
pled to a 2D bosonic bath. This real-space formalism allowed us to analyze finite size
effects in the context of the angulon concept and to identify three parameter regimes
with respect to the condensate size: the few-body regime, which physics is mainly driven
by the external harmonic trap; the angulon regime, where the system is well described
by the angulon quasiparticle picture; and the many-body limit where the collective ex-
citations of the Bose gas dominate the low-energy dynamics of the system. This implies
that the angulon quasiparticle is a metastable state in the thermodynamic limit.

* We analyzed analytically the GPE without a trap in the two limiting cases: for a single
boson and for a system in the thermodynamic limit. We showed that a former set-up
always supports at least one bound state. For weak interactions this bound state is
formed only for vanishing angular momentum. By increasing interactions, bound states
can also exist with non-zero angular momenta. An analytical solution derived in the
thermodynamic limit was used as a benchmark for our numerical analysis, summarized
below.

* We analyzed the GPE numerically to understand the properties of the system for general
parameters. We observed that a dilute bath is weakly coupled to the impurity and that
the corresponding ground state is determined by a collective mode of the Bose gas.
When the condensate is dense, the rotation of the molecule ‘slows down’ by transferring
angular momentum to the bath, which renormalizes the effective rotational constant
of the molecule. Further, our numerical analysis showed that the angulon only forms
below the critical angular momentum, which can be estimated in a simple manner (cf.
Landau’s critical velocity).

5.2 Outlook

Let us briefly identify a few open questions motivated by our study. The primary limitation of
our model lies in its mean-field approach, which may not fully capture the intricate properties
of strongly correlated helium. In this light, we regard our model as a minimal representation
whose predictions are expected to hold because previous studies on angulons managed to
explain certain aspects of experimental data concerning helium nanodroplets [6]. Still, a more
careful analysis of the beyond-mean-field effects is needed to understand the limits of validity
for the results presented in this work.

Further, we plan to investigate the metastable angulon regime, in particular, the excita-
tions of the Bose gas that define the corresponding ground state of the system and how they
are affected by the shape of the confining potential. It appears unavoidable to compare and
contrast this regime of a finite system with angulon instabilities that were predicted in the
thermodynamic limit [33] and later employed to explain anomalous broadening of the spec-
troscopic lines of CH; and NH; in helium nanodroplets [41]. We are also interested in the
limit of ‘very’ large angular momenta that can lead to the emergence of non-linear excitations
(such as vortices) in helium nanodroplets. It is particularly interesting to extend these studies
to the 3D geometries, which are of significant experimental interest.

Finally, we note that the considered impurity-boson potential always supports a bound state
because f W(x, p)xdxdy = 0. It is worthwhile considering potentials that do not support a
bound state in 2D, i.e., the potentials with f W(x, ¢p)xdxdy > 0. We leave a corresponding
investigation to further studies, which might be especially interesting close to the threshold for
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binding where one might expect a resonant angular momentum transfer; see the discussion
for a three-dimensional problem in Ref. [34]. In general, the potentials with a strong spherical
component should be used for describing the realistic impurity-boson interactions [16,42].
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A Derivation of Gross-Pitaevskii equation in co-rotating frame

To derive Eq. (6), firstly, we introduce a dimensionless unit of length x;/&, where & is the
healing length of the condensate. The Hamiltonian then takes the form

N

> 32 2 &1
H=— ~Brur—g + )8 550(x;—x;1/8)
Z2mb€23(xi/§)2 19 p? ;ggz il/e

N N i JEI2
3w /g = o)+ YL

hZ
m; &2

where 7 is a dimensionless Hamiltonian and the many-body wavefunction is

H, (A.1)

1 .
Y({x;}, 1) = g_N‘P({xi/g}’ @) (A.2)
We work with the basis set
{Rn,.. m{lx;]/ED)emerHinapototinyen g} (A.3)

where n; and m are integers that define the angular momentum for each particle in a non-
interacting system; R, is the radial part of the wave function. As the interaction depends
only on the relative angles ¢; — ;, the total angular momentum of the system,

L=n;+ny,+...ny+m, (A.4)
is an integral of motion, and we rewrite the basis functions as follows
ein1<p1+in2<p2+,..+inN<pNeim(pl — ein1Ap1+in2<p2+...+inN<pNei(L—nl—nz..,—nN)LpI
= eim(P1=¢)+iny(@a—p)+..+iny (on—¢1) piL ey

— ein1¢1+in2¢2+.“+inN¢NeiL(pl , (AS)
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where @; = ¢; — ¢;. This allows us to work with a new set of coordinates r;/& = (|x;|/&, @;),
which should be accompamed by the transformation of the corresponding derivatives:

a 5 _ _
EI acp and Zl Bcpl Zl dy; )
The wave functlon of the system in the new coordinates has the form

N

POl T (4 :LiwnL lN .
L G(xi/E), 0 = ep({ri/E) = —=e ]T[gf(rl/«s), (A.6)

1
eN ENV2m

where in the last step, we introduced the mean-field treatment and the corresponding order
parameter

Fr) = 2F(r/8). A7)

3

All functions are normalized as ||¥|| = 1, ||®|| = 1, and ||f|| = 1. To find the ground state of
the Hamiltonian, we look for the minimum of the free energy

2

m,&2
hz ~ N hz <N’ N bgz ‘ >
H—uN|¥ )= W|\H — N|W¥
me2 ‘ > my&? 2

F, (A.8)

F=E—uN = (V|H—uN|¥) = <x1/‘

_ <\1/
hZ
m; &2

where F is the free energy, F is the dimensionless free energy and u is the chemical potential.
We calculate each component of the free energy as

7:[—,uN‘\I/>

n 32
mbnglel=<w By oz qJ>— < il Hf(r) o5 ¢ ]_[f(r )>
0 92
:_Brot[_ziLZk:J d"kf*('”k)%kf(rk)"‘ZJ drkf*(rk)a_(pif(rk)
N N
—L2+ZZ”drkdrzf (rf* (rl)a— a—f(rk)f(rl)}
k £k Dk
d %} 92
fdrf (r)[ +21Br0tLa(p BrOtAﬁ_BrOta_goz]f(r), (A.9)
where
A=—i(N—1)J drf*(r)a%f(r), (A.10)

is the angular momentum of the bath, and

n . n* 92
Fy=Fy,=( ¥|—
myE2 27 2 < ZZmb or?

no.
mbngs =F;= <‘1’ Zg5(|ri_rj|)

i<j

2 2
>=NJdrf*(r)(—h—a—)f( ), ((A1D
)

=22 f dr; f dr; £ (r)f*(r)gd(|ri—r;DF (rf (r)) (A.12)

1j<i

:NJf*(r)(%glf(rnz)f(r)dr,
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2
mi§2F4 =F,= <\p ZU(ri) \p> :fo*(r)(U(r))f(r)dr, (A.13)
where
2

U(r)=aW(r, @)+ 0L, and W) =RODes(@), (A1)

2
n 2F5 Fs = (¥|—uN|¥) = NJ dr f*(r)(—u)f(r), (A.15)

mp&

and where F is sum of the all F,,. Each of the free energy terms has the form
—NJdrf*(r)éf(r), (A.16)

where O is a relevant operator.
To minimize the free energy, we vary f* and f separately. Here, we consider the variation

SF,=F,(f*+6f*)—F,(f*) = cNf drsf*(r)Of(r), (A.17)

where ¢ equals 1 if O is independent of f and 2 otherwise, i.e., if the term is non-linear in f.
The variation of F with respect to f* fixed to zero is equivalent for the same condition for F
and f* that results in

528i_123mb_52Ai_ myE* 9%
¥

0=N | S5 67 (r/E)iL2By s 2 A5, Bom o

52
mpE? B, L2 1 82
YT TN 20(r/Ep
mp&t klr /EP | myE? 52 z
F T AW (/) - = o> uf /o).

From this expression, we obtain the Gross-Pitaevskii-like equation

+ (N =Dg 2 |f(r/o)]’ (A.18)

mb§2 mb§2 82 my §2 BrotL2
[lZBrot h (L_ )__ rot h2 3(,02 ﬁz N
1 02 . 5
~ 23 ep TW1 ?ng(r/S)I
4 2 2 2
# B MU L e |Fr s = R uf s, )

which leads to Eq. (6).
The solution to the GPE allows us to calculate all relevant observables. For example, the
energy is given by the expectation value of the Hamiltonian from Eq. (A.1)

= (U|H|¥) =

(B|H|¥) . (A.20)
To calculate it, we use Egs. (A.9)-(A.15)

2Brotl'A"_BrotA2 BrotNJf (r) f(r)dr - ff (1‘) f(r)dr

N(N

T Bl + 1) f If(r)|4dr+N f 1 (P)PUCr)dr . A21)
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We compare this equation to the integrated Eq. (A.18) to derive the expression for the energy

E :NM_BrotAz_ %gN(N_l)f |f(r)|4dr, (A.22)

which is used to calculate the rotational spectrum

AE;, =E(L)—E(L =0). (A.23)
We expect that for L — 0
AEL = BeffL 5 E = ZBeffL . (A24)

To connect the effective rotational constant B to the angular momentum of the impurity, we
calculate the derivative over L

0 0 . . o) . 2 .
—ipL 1oL _ —ipL —B..— 1oL A.25
ot =g M) aL(e ( r“agof)e ) (A.25)
where ) )
J° . . d o)
Fe“"'L = ¢!t (a +21L£—L ) (A.26)
(pl 901 1
We conclude that p p
a—L’HL ZBrot(L 21%) (A.27)
I

According to the Hellmann-Feynman theorem [43],

S
ZBmt(L—i<«,b|—Zw w>)

= ZBrot(L +iN(f ‘ % ’ f >) = 2B, (L —A) =2B,,J , (A.28)

()

which leads to Eq. (9) of the main text Bug = B,oJ /L and AE; = B,,JL.

B Numerical method and its convergence

We find the lowest-energy solution of Eq. (6) numerically using the imaginary time evolution.
Namely, we use the finite difference method to discretize space coordinates and approximate
the spacial differential operators. We reduce a two-dimensional problem to a one-dimensional
one by the natural ordering of the grid points by the transformation of each point from (x;, y;)
1O 2 ii+j where N4 is a grid dimension in a single direction. We discretize spacial deriva-
tives using central finite difference.

In the next step, we focus on the imaginary time derivative. Equation (6) can be expressed

in general form
(ﬁr+}'[f(r,t)]+V(r))f(r,t)Zi%f(r,t), (B.1)

where D, is an operator representing all of spacial derivatives, F is a functional representation
of all non-linear terms, and V is a potential term. Employing the semi-implicit backward
Euler scheme (which proved efficient in the non-linear equations’ imaginary time evolution,
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Figure 8: (a) Rotational energy E; and (b) the angular momentum of the bath A
convergences with the grid size for different number of bosons N and interaction
strengths a = 0.1 m;, &2 /2 (solid line with rounds markers), a = 5m,£2/h? (dashed
line with square markers), a = 10m& 2/ 72 (dotted line with triangle markers).

especially rotating GPEs [44]), we discretize the time derivative and linearize the equation by
changing the non-linear term argument to the order parameter from next time step

(D + F[f (r, )" ]+ V() f (r, )" = éf(r, )t — éf(r, ", (B.2)

where the upper index n denotes the time step. Then

(IA_ﬂt i Dr +]—"|:f(r, t)n+1:| + V(r))f(r, t)n — éf(r’ t)n+1 . (BB)

The scheme is time-symmetric, and we can reverse t — —t and n+ 1 — n. As a result, we get

i1 = 4 i
(5 + Dy + LA T+ V() JF 0 = (B.4)
If we change a real time to an imaginary time At = iA 1, we obtain

(l +D, + Flf(r, )" ]+ V(r))f(r, ) = if(r, t)". (B.5)
dt dt

Due to the spatial discretization, the above problem can be formulated in linear matrix equa-

tion form
Ax =0b, (B.6)

where A is a sparse matrix and x, b are vectors. Because of the sparsity of the A matrix,
we can employ robust Krylov solvers to solve the equation [45]. Those powerful interactive
methods solve linear and eigenvalue problems in memory and time-efficient ways. In our work,
we use the Krylov solver implemented in KrylovKit.jl [46]. The code in Julia programming
language that can allow one to reproduce our results is available on GitLab [28]. Note that
our open-source program can be extended to solve other non-linear GP-type equations for
different dimensionality.
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In Figure 8, we show the convergence of the rotational energy AE; and bath’s angular
momentum A for different condensate sizes and interaction strengths. We see that while the
strength of the interaction affects the convergence only weakly, the increasing size of the con-
densate requires a bigger computational grid to obtain the exact energy of the system. In our
calculations, we use Ny = 801, which might underestimate the energy for bigger condensate
sizes. With the increasing size of the condensate, the region when the deformation of the or-
der parameter is present becomes smaller with respect to the whole condensate and, in effect,
to the computational grid. Therefore, the numerical calculation of the energy and angular
momentum becomes less accurate. We choose Ngq = 801 as an optimal grid size considering
that computation time and memory requirements that scale approximately as N gzri 4+ According
to Fig. 8, this choice allows us to calculate the properties of the angulon regime with N ~ 1000
accurately.

C Two-body problem

C.1 Weakly-interacting limit
Here, we consider the two-body problem of a single boson interacting with a molecule:

ok h*

—B
502 2m, Or2

2
[BthZ + 2iB, o L —

3 +aW(r)i|f(r)—Ef(r) (C.1)
%

in the limit a — 0. We follow the approach proposed to solve such a problem in Ref. [30].
The wave function can be expanded as

m=1
FE =2 anful@em, €2
m=—1

where 7 = (X, ¢) is a reduced relative coordinate, and ¥ = x/r,. We limit the expansion to
|m| = 0,1 because of the form of considered potential. Then, the system is described by the
equation

fm(X)+ 4 1odm sy+e? Lfm=aZ j—;fl(f)vml(a%), C3)

where €7 = . 2(2E 2B,,.k?), & = ﬁ2 2a and

27
1 .
Vit (%) = —f YW (%, p)dy, (C.4)
i
0
is a potential matrix element. The solution to this equation is
@ [F
o oy = ! . o YN
fm(€m_r,X) =F (€m_p,X)— aZ - J gm(€mr, X, X W, (X)) fi(e1_p, X)X,  (C.5)
[ "mJo

where F,,(€,—1,X%) = \/§J|m|(em_L5c)(2/em_L)|m||m|! is the solution of the free Schrodinger
equation in terms of Bessel function J,,,, and

gm(em_p, %, %)= —+Vxx [ HY(e,. Lx)H|m|(em X)) — H(l)(em L X )H|m|(em Lx)] (C.6)

Iml|
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Figure 9: Parameter k as a function of the rotational constant B, for L = 0.

is a Green’s function where Hr(#) are Hankel functions. From the boundary conditions of the
free wave function and Green’s function, the condition for the bound state for our potential is
given as

C]_’an + a, = 0,
Co’lal + (o) + CO’_]_a_l e 0, (C7)
C_l’oao + a_1 == 0J
which gives a solution
€0,1€1,0 + Co—1¢—10 =1, (C.8)

where

Iml
lezd(e (n J VEH D (€ & Wi (F)fy (€11 )T (C.9)

where H (") is the Hankel function. We assume limits @ — 0 and E — 0. Note, that then €y — 0
and ei — —2tB, .k?. Now, we separately consider two cases of L = 0 and L = 1. In the

former case, Ehci. g(C.S) can be rewritten in form
dzxolneo ~—1, (C.10)
which leads to € o¢ e_ﬁ, where
Ko = %(elko,l + 6_1K0’_1), (C.11)
with

f VIH D (€ Wino( &) foleo )T f VEVou(Z ) fmlen)d% . (C.12)
0

The system is bound when the value of k, > 0. In Figure 9, we show the value of kx; as a
function of the rotational constant B,;. For L = 0, the system is always bound.
In second case (L = 1), we obtain condition

aly—1

R (C.13)
a“Kq

€olneg >~
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where a%y = Co—1¢_1,0- Both parameters y and x; have finite values, and with @ — 0, the
above condition is never fulfilled. From that, we conclude that the bound state does not exist
in the limit a — 0.

C.2 Strongly-interacting limit

To study Eq. (C.1) in the limit ¢ — ©0, we approximate the Hamiltonian assuming that the
boson moves only around the minimum of the impurity-boson potential, i.e., r = r;,. This
assumption allows us to re-write Eq. (C.1) as

%} 22 n? 92 nt 2
2 .
|:Br0tL + 2iB,tL——B 5~ . 2 -— + aW(r)|f(r)=Ef(r), (C.14)

2
where B = B,y + 5——— 7 . As a next step, we use a transformation f = e'P¥/Bf where f

min

solves the equat1on

2 2 2 2
[ 9 no f i+aW(r)i|f(r)=EfN(r), (C.15)

—B —
a2 2my or2 2myr o
~ 2
with E = E— B, L + %. The impurity is allowed to move only close to the position of
the minimum in the angular space. In other words, f vanishes at ¢ = 0 independent of L.

As Eq. (C.15) and the corresponding boundary conditions are independent of L, we conclude
that f does not depend on L. The energy AE; can now be written as

BZ
AE; = (Bmt 1;‘“) L2, (C.16)

where the quantity in the parenthesis defines the effective rotational constant.

D Angulon in thermodynamic limit

To analyze Eq. (A.19) in the thermodynamic limit, we consider the limit k — 0

, 2 22  n* 82
i2B,,J — —B

5By 53— g 3z + (V= Dalf (P + aR(r) cosep [f) = f (1), @)

where R(r) = rl —*/15 and a=u— “’tL . We look for a solution in the form
fr)=fo(r)+ fi(r) +ifi(r), (D.2)

where fo(r) = 1/ is the Thomas-Fermi profile in the limit k — 0. The real and imaginary
parts of f obey the coupled system of equations

32 i
rot f1 rota(pzfr 2m or 2fr+g(N 1)(f0 +3f02fr+3f0f2+f )
+ (N — l)gfizfo +(N— 1)gf12fr + aR(r)cos pfy+ aR(r)cos ¢ f, = ufo + uf;, (D.3)
and
2?2 n? 92 3
rot fr mta(pzfi_Zmbar2fi+g(N_1)fi
+ (N - 1)g(f0 +2fof; + [ + aR(r) cos ¢ f; = pf; . (D.4)
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As we focus on the limit o — 0, we assume that f, o< a and f; o< a, and get rid of the terms
of higher orders in a. As a result, we derive the two equations

n* 92 a*
_E Wfr _Brota_(pzfr + 2:u’fr = 2Brot fl aR(r) cos (Pfo ’ (D.5)
and 9 a9 5
h* 0 0
B — f=-9 D.6
2mb 3r2f rota(pzﬁ BrowJ fr ( )

The solutions to these equations can be written as
fi=c(r)cosyp, and fi=ci(r)siny, (D.7)

where the functions ¢, and c; obey the equations

Las hz 2 i
2m arz r( ) " Ecr(r) + Brot + 2;“’ + I 2 Cr(r) = 2Br0t']Ci(r)_aR(r)f0 5 (D.8)
and 2 a2 2 2
h® 0 h* 0 h
_Eﬁci(r) ampr 3G i(r)+ (Brot +— mpr )c (r) = 2B, Jc (). (D.9)

To find the solution, we decouple the equations assuming that f, does not depend on J. After
a few transformations, we derive

2 32 ) my 2 _ my 2
r mCr(T) + T'ECI.(T) - ?(ZBrot + 4‘U,)T +1 Cr(T') = Z?QR(T)']“OT B (D].O)
and )
rza—cl(r) + r ~Ci (r)— By +1|ci(r) = mb —2B, o Jc (r)r?, (D.11)
or2 hz

which are the modified Bessel equations. The general form of the equation is

2
rZ%h(r) + r%h(r) — (azr2 + 1)h(r) =g(r). (D.12)
The general solution is given as
h(r) =c, I (ar) + cyK; (ar), (D.13)

where I,(r) and K,(r) are the modified Bessel functions of first and second kind. Associated
Green’s function is

c(rN(ar)Ki(ar’), if0o<r<r' <oo,
6y = [, ifo<r D1
c(r)Ky(ar)y(ar’), fo<r' <r<oo.
From 1
lim G(r,r)— lim G(r,r') = —, (D.15)
r—r/t r—r/i— r/2
with Wronskian 1
W(r') = > (D.16)
r
we derive 1
C(r’): —. D.17)
r

25


https://scipost.org
https://scipost.org/SciPostPhys.18.2.059

e SciPost Phys. 18, 059 (2025)

After incorporating the proper limits of the solution, we arrive at

cr(r)=—2%a\ NigFr(r), (D.18)
2
i(r) =8 Bla) NLgFi(r), (0.19)

where
o0 r
F.(r)= Il(br)f K,(br)R(r")r'dr’ +K1(br)J I;(br)R(r)r'dr’, (D.20)
r 0
and oo -
F(r)= Il(cr)J Ki(cr)F.(r)r'dr’ + Kl(cr)J Ii(cr")F.(r"r'dr’, (D.21)
r 0
and b =,/53 Z22B o, ¢ = 4/ %(ZBrot + 4u). Finally, we have a full solution
fi(r)= —Z?a\ NigFr(r) cos, (D.22)
m2
filr)= —8—L2B_Ja iF~(r)sin (D.23)
i h4 rot Ng i . .

Now, we can calculate the angular momentum of the bath

A=—i(N-1) f drf*—f N=1) J dr(f, - zfl)(lfr on ¢ fcf’“”)

cos sin ¢
2
sin g cos sin® ¢ + cos® ¢
=(N-— 1)f r\ g, Vg, ) =(N-— 1)J drfrfi(—.)
sin ¢ cos p sin
(e ]
—39 b U b U 2
=32n—2 "B, Ja? drF,(r)F;(r)r =32n——B,,Ja“H,. (D.24)
n® g 0 n g
According to the definition J = L —A so we have
m u 2
32“? EBmta Hri
A= - L, (D.25)
m
1+ 322 B @?Hy
and 1
J= - L. (D.26)
m
1+ 3272 ¢ Bror@?Hy
We use a formula derived from the Hellmann-Feynman theorem
BeffL2 = BrotJL 5 (D.27)
to find a rotational constant for L — 0
1
Beff = 3 Brot . (D28)

1+32n 2B, a2H,;
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Figure 10: Top row: components of the order parameter for a = 22, L =
Lower row: the numerical results for n = ny, where f, = f(a = 0,L = 0),
fr = Re[f(a=2vV2,1=0)—f,], 6fi = Re[f(a=2v2,L=1)—f], and
fi=1Im [ fla=2v2,L= 1)]. Note different scales in each column.

f(r)

yIg

If, instead, we use the explicit formula for rotational energy

AE} =B L? = BioA® — %gN(N — 1)( J 1 —J \fo +fr|4), (D.29)

we would not obtain the correct result. To understand that, we need to remember that in
our previous approximation, we assumed that f, does not depend on J. If we look for that
correction and look at the order parameter in the form

f=fo+ fla)+6f(a, L) +ifi(L), (D.30)

flfl‘*— f fo + fil* ~ f 2f2f2 + J 45f.f2, (D.31)

where both terms are of the same magnitude and opposite sign. Our solution is missing the
second term, leading to the wrong estimation of the rotational energy. However, this term
does not appear in calculations of the angular momentum, and Eq. (D.28) is not affected by
this problem.

In Figure 10, we compare the order parameter between numerical results and analytical
solution. It shows that our analytical solution does not include 6 f,(r) due to angular momen-
tum L, which is two orders of the magnitude smaller than the deformation of the real part
due to interaction f,(r) and of the imaginary part due to interaction and angular momentum
fi(r).

These expressions allow us to illustrate differences between our study and the Bose-polaron
problem even at the level of the corresponding ground states. To this end, let us first consider
the energy of the angulon, which is defined as a difference between the energy of the system
with and without impurity Ejy,, = E(a) — E(a = 0):

we see that

2
Eimp =—%gN(N—1)J(f4— 04)dr ~—12%f a?F.(r)?cos? pdr . (D.32)
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Figure 11: (a) The rotational energy AE; and (b) the angular momentum of the
molecule a few-body regime. The gray dashed line shows the free rotor results, and
the black dotted line shows analytical results for the angulon regime.

Here we used that the order parameter for angulon regime at L = 0 has the form

_ | o
f=fo+fi= Ng 2a NgFr(r)cosgo. (D.33)

We see that the energy of the system is proportional to a? due to the anisotropic character of the
potential. By contrast for weak interactions, the energy of the Bose polaron is proportional to
the strength of the impurity-boson interaction because the underlying interaction is spherically
symmetric.

Further we note that for the Bose-polaron problem, the energy of the impurity can be
connected to the number of bosons trapped by the impurity [47]. If we use this quantity

Naoud =N f (fF2—fAdr = 4% f a2F,(r)? cos® pdr (D.34)

then it immediately follows that Ej,, = —3uN,,q4. However, for the angulon problem the
physical interpretation of N4 is not as straithforward as for the Bose polaron. Indeed, in our
case it makes sense to define the number of displaced atoms in another way: N f If2— fozldr.
This quantity is clearly not connected to Ej,. In particular, it is proportional to a in the limit
a— 0.

E Increasing the angular momentum in the few-body regime
We show the rotational energy and molecule angular momentum in the few-body findregime

in Fig. 11. The results show no critical velocity in the system as angulon is not formed. The
properties of the system are driven by the harmonic trap.
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