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Abstract

We discuss a large class of classical field theories with continuous translation symme-
try. In the quantum theory, a new anomaly explicitly breaks this translation symmetry
to a discrete symmetry. Furthermore, this discrete translation symmetry is extended by
a d — 2-form global symmetry. All these theories can be described as U(1) gauge theo-
ries where Gauss law states that the system has nonzero charge density. Special cases
of such systems can be phrased as theories with a compact phase space. Examples are
ferromagnets and lattices in the lowest Landau level. In some cases, the broken contin-
uous translation symmetry can be resurrected as a noninvertible symmetry. We clarify
the relation between the discrete translation symmetry of the continuum theory and the
discrete translation symmetry of an underlying lattice model. Our treatment unifies,
clarifies, and extends earlier works on the same subject.
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1 Introduction

It is almost always the case that a lattice theory is described at long distances by a continuum
field theory. Even though the underlying lattice model has only discrete translation symme-
try, the continuum theory is invariant under continuous translations. However, a number of
examples, e.g., the continuum theories of ferromagnets and quantum crystals in the lowest
Landau level' [5-16] have defied that expectation. As we will discuss, these phenomena are
related to another subtle effect, the breaking of translation symmetry in continuum QED at
finite density [17-19].

The goal of this paper is to present a unified treatment of many continuum quantum field
theories that are classically translation invariant, but due to a new quantum anomaly, the con-
tinuous translations symmetry is explicitly broken to discrete translations. This is the case even
though space is still continuous. Furthermore, these discrete translations do not commute.

All these theories can be described as U(1) gauge theories with a classical Lagrangian
density of the form?

: k
[ Classical _ Vaf +£0) (D

ISee, e.g., the textbooks [1-4], for discussion of these and related systems.

2Throughout this note we will study theories in d spatial dimensions. Our notation is that Lorentzian signature
time is denoted by t and Euclidean signature time is denoted by 7. The spatial indices are denoted by i, j,... and
spacetime indices are denoted by u = t,1,j,... or u = 7,1, j,.... Also, we will take space to be a d-dimensional
torus T¢ parameterized by x! ~ x! + £!. Our conventions are such that we contract the spatial indices with &; e
This means that we do not distinguish between upper and lower spatial indices.
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Here, a,, is the U(1) gauge field and

v=[¢, 2)

is the total spatial volume. Classically the dimensionless coefficient k is arbitrary, but in the
quantum theory, k has to be an integer. £ includes kinetic terms and various interaction
terms of all the fields in the problem. These terms are gauge invariant and are manifestly
translation invariant.

The superscript Classical in (1) means that this Lagrangian density can be used to find
the classical equations of motion. Such Lagrangian densities are not always well-defined,
but the equations of motion derived from them are meaningful. In the quantum theory, we
can still have ill-defined Lagrangian density £, but the integrand in the functional integral
exp (i f d¥xd tﬁ), or its Euclidean version exp (— f ddxdTL’Eudidean), should be meaningful.
In the course of defining it, one might need to add to £¢%i¢@l “correction terms” that do not
contribute to the classical equations of motion.*

Classically, all the first term in (1) does is to shift Gauss law by a constant % representing
fixed charged density. We will study its effects in the quantum theory. Specifically, the care-
ful definition of this term will involve choosing a reference point in space x(i), thus explicitly
breaking the naive continuous translation symmetry. More explicitly, under translations,

xi o xi+ e ) 3
the properly defined quantum Lagrangian density £ transforms as

ik
LoLte s fu, @

fuv=0ua,—0,qa,.

We will interpret this phenomenon as analogous to the Adler-Bell-Jackiw chiral anomaly,
except that it is between the U(1) gauge symmetry and the translation symmetry.”
As we will see, instantons, i.e., Euclidean spacetime configurations with nonzero

1 i
Qirzgfdx dtfi. €Z, )

activate this anomaly and break the continuous U(1)¢ translation symmetry to discrete sub-
group Zi. Furthermore, that discrete symmetry is extended by the d —2-form magnetic global
symmetry of the U(1) gauge field [20] and becomes non-Abelian.

Special cases of this result were discussed in [17-19] and others arise in various models
based on a local compact phase space P. (Below, we will review why this is a special case of
(1).) In this context, the fields are local coordinates ¢" on P. The phase space is characterized
by a symplectic structure F(¢),; = 9,..A; — J;.A,, where the Liouville form A, is not globally
well-defined. Then, we study theories based on classical Lagrangian densities of the form

EClassical — éZAratd)r + c(O) . (6)

3More precisely, we set i = 1. Then, the classical limit corresponds to k — oo with fixed V and fixed %[,(0).

“All our continuum theories are non-renormalizable and should be viewed as effective theories.

°An ’t Hooft anomaly is an obstruction to gauging. The Adler-Bell-Jackiw (ABJ) anomaly arises when we gauge
an anomaly-free symmetry, but due to the underlying 't Hooft anomaly in the problem, another symmetry is broken.
In the original case, studied by Adler, Bell, and Jackiw, the latter was a chiral symmetry. In our case, it is the
translation symmetry. We will return to ’t Hooft anomalies in Section 6.3.
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The first term is often referred to as a Berry term or as a Wess-Zumino term. Classically, it
adds to the equations of motion of ¢° the well-defined term é > F-0r¢". And as above, £©
includes various other terms, all of which are globally well defined.

As in the more general discussion of the U(1) gauge theory (1), in the quantum theory,
(6) should be defined carefully. Again, this will uncover an anomaly, which is activated by
instantons. It breaks the translation symmetry to a discrete subgroup and extends it to a non-
Abelian group.

Many people have studied such Lagrangians in various contexts and have found closely
related facts. In particular, [17] and later [18,19] have studied QED at finite density, which
is described by a Lagrangian of the form (1) and found the breaking of translation symmetry.
Our discussion will be similar to that of [18,19]. The authors of [6, 7], followed by [8-10],
and more recently, [13-15] have discussed the problems with translation symmetry of ferro-
magnets described by (6). Finally, in a different physical context, [21] pointed out that further
data is needed to define the exponential of the action of (1) (but did not specify that extra data
in detail). This issue was discussed further in [22].

One might try to study the translation symmetry of the Lagrangian densities (1) and (6)
by following the standard relativistic Noether procedure expressions

oL
Using our non-relativistic notation, they are
oL - oL . _ ;
Gtt:(ZWa(p )_E’ @it:_ZWatd’ > at@tt—zi:aleit:
(8)
oL oL ;
o =Saag = (Sagemar)rec aey = 2.7

However, the first term in (1) or the first term in (6) lead to ill-defined expressions for the
momentum current (©;, ©;;).

Several authors have tried to address this issue with the momentum current and define a
translation operator using various approaches. In the context of (6), one option depends on
picking a reference point in the target space [6]. Another, follows Witten’s description of the
Wess-Zumino term [23] by adding another “bulk” dimension and expressing the operators as
integrals over a larger space [6,13,14,24]. (We will show that this is not always possible.)
Some authors [8, 13] discussed an alternative momentum density current on infinite space.
That current was interpreted in [16] as a dipole current. Finally, the lack of commutativity of
translations in infinite volume was discussed in [12,16]. In the context of the gauge theory
(1), [18] modified the canonical momentum current to be gauge invariant, but not conserved
and then used it to construct a discrete translation operator. That operator was later shown
[19] to satisfy a noncommutative algebra.

Many of the elements in our discussion have appeared in these papers. But our treatment
will differ from most of them in important ways:

* We will study the more general case (1) and later describe (6) as a special case that
follows from it.

* We will discuss the theory in finite volume V = [, ¢! with periodic boundary condi-
tions. The reason is that the infinite volume limit is quite subtle and often singular. For
example, if we want k to be fixed, then the effect of the first term in (1) or (6) becomes

4
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negligible in the limit. Alternatively, if we want the first term in (1) or (6) to have a
nonzero effect, we should combine V — oo with k — 0o. Then, depending on how we
scale ¢!, the discrete Z; translation symmetry in direction j can become either U(1) (if
¢’ remains finite), or Z (if ¢/ — oo with fixed 01 with i # j), or R (if for at least one
i#j, 0,00 — 00).

* We will view the continuum quantum field theory based on (1) or (6) as an effective
theory whose classical limit has continuous translation symmetry. (The classical theory
is as described in footnote 3.) Only later will we compare our continuum conclusions
with an underlying lattice.

* In order to understand the origin of the translation symmetry breaking, we will focus
on the theory, i.e., the Lagrangian densities (1) or (6), rather than on the details of
momentum operator. This will lead us to conclude that the classical theory has contin-
uous translation symmetry, while the quantum theory does not. In particular, a precise
definition of the quantum theory depends on a choice of a reference point in space x(i),
thus explicitly breaking the continuous translation symmetry. Then, the analysis of the
translation operator will uncover additional structure.

It has recently been realized that some global symmetries that suffer from an Adler-Bell-
Jackiw anomaly are resurrected as noninvertible symmetries. This was shown in [25,26] for
internal symmetries in the continuum and in [27,28] for lattice translation. (See [29,30], for
reviews of noninvertible symmetries.) This motivated us to look for a similar phenomenon
for continuum translations. Indeed, we will show that in some cases, the anomalous con-
tinuum translation that was explicitly broken by instantons, is resurrected as a noninvertible
continuous translation symmetry.

This brings us back to the beginning of this introduction. These continuum models are
the IR descriptions of UV lattice models, whose translation symmetry is discrete and Abelian.
We will show that the lattice translation symmetry is an Abelian subgroup of the continuum
non-Abelian discrete translation symmetry.

In Section 2, we will analyze the U(1) gauge theory based on (1). We will define it carefully
and will explore its translation symmetry. In Section 3, we will specialize to models with local
phase space based on (6). We will relate them to the U(1) gauge theories of Section 2 and will
study their properties. In Section 4, we will resurrect the continuous translation symmetries
of some of these continuum models as noninvertible translation symmetries. Section 5 will
discuss the field theories of Section 2 and the special case in Section 3 as they arise from
lattice models. Finally, in Section 6, we will summarize our results and will comment about
extensions of these ideas.

2 Dynamical U(1) gauge theories with background charge

In this section, we present a large class of U(1) gauge theories that demonstrates our main
point. The examples in Section 3 are special cases of these theories.

2.1 Comments about U(1) gauge theory

We study a U(1) gauge theory on a D-dimensional Euclidean torus parameterized by
x# ~ x#* + (" and denote the total volume by V = ]_[MZ“. (In the applications below, this
torus will be our d-dimensional space or our d + 1 dimensional Euclidean spacetime.) The
gauge field is a,, and the field strength is f,,, = 9,a, —J,q,,.
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To define it carefully, we choose a local trivialization. We cover the torus with patches
with transition functions between them. For simplicity, we take the overlaps to be along D—1-
dimensional tori with fixed x* = x*.° The transition functions there are A(*).

We would like to study integrals of the gauge fields. See [18] for a related discussion.
First, we consider fdx“a“ (no sum over ,u).7 Since a,, depends on the choice of transition

functions, a better expression is f dxt (a“ — AW (xt — xt )), where we included a “correction

term” due to the transition function at x. To make it fully gauge invariant, we exponentiate

it to find the standard expression for the holonomy around the u-cycle
H, =exp (i f dx* (aM —AWE(xH — xf))) . 9)

Let us add another direction labeled by v # u and try to study the integral f dxtdx"a,.
This leads to two issues. First, the transition function A(* shifts a, at x by aux(”). Second,
the lift of A¥ to real numbers can jump at x) by 2n7Z. As a result,

0
axy

*

J dxPdx” (aM — AW (xH — xjj)) =2nQ,, = J dxtdx"f,, . (10)

The integer Q,,, is the first Chern-class and we expressed it using the magnetic flux through
the (u, v) cycle. One way to avoid this x dependence is to choose a reference point x; and
consider the integral

Jdx“dx”(au—)\(“)5(x“—xjj)+(x:—xg)fw). 11D

Integrating over the other directions, this becomes

dex (au_k(u)a(x“—xf:)+Z(x:—x(’)’)fw) . (12)

Finally, since A" are circle-valued, the well-defined objects are
H1:25D) — oy _iZ“ dPx | a, — AWs(x* — x*) + Z(XV —x)f, (13)
w = exp Y w * * o/ uy :
v

Using this notation, the holonomy in (9) can be denoted as H L“ ),

We can phrase all this as follows. The logarithm of the holonomy around x* (9) is a
circle-valued function of the other coordinates. We would like to integrate it over the other
coordinates. To do that, we choose a local trivialization, i.e., choose x_ and let it jump by
2nQ,,, (with Q,, € Z) when we cross x;. Clearly, the answer depends on x (10). This
dependence can be removed by adding the correction term in (11), or more generally (12).

To summarize, the expression H‘(}’z’""D ) in (13) is gauge invariant and is independent of

the choice of local trivialization including the values of xi. However, it depends on our choice
of xg and therefore it is not translation invariant.

®More precisely, the overlaps are these tori times a small segment around xt.

7One might attempt to add another “bulk” dimension, parameterized by u, filling the circle parameterized by
x*. Then, extend a,, to the bulk and replace f dx*a, by f dx*duf,,. However, if the gauge field configuration is
such that Q,, = % f dx*dx"f,, # 0, there is no such smooth extension to the bulk. Indeed, below we will find
interesting effects associated with nonzero Q,,,.
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2.2 The Lagrangian

2.2.1 Defining exp(i f dixL,)

We take space to be a d-dimensional torus x’ ~ x! + ¢! with periodic boundary conditions. The
dynamical fields include the U(1) gauge field a, and various charged fields. The Lagrangian
density is

Loyt =L, +£L9, L= éat, V=02t 14
£ describes the kinetic terms of the various fields and their interactions. Unlike £,, we take
L to be locally gauge invariant. Also, we assume that it is manifestly translation invariant.

The main point is the unusual term £, in (14). Such a term is common in quantum mechan-
ical systems. Here, we will discuss some of its peculiar properties in field theory. Classically,
it represents background charge density % such that the equation of motion of a,, i.e., Gauss
law, states that the dynamical fields should screen this background charge.

L, is gauge invariant, up to a total time derivative. Soon, we will use the discussion in
Section 2.1 to define it carefully. For the time, we note that by compactifying Euclidean time
T ~ 7+ 3 and considering gauge transformations that wind around the compact Euclidean
direction, we learn that the coefficient should be quantized

keZ. (15)

This is consistent with the interpretation of k as the total background U(1) charge.
As we emphasised in the Introduction, an unusual fact about the Lagrangian (14) is that
it depends explicitly on the total volume V. This means that if we are interested in the

V — o0 (16)

limit, we can either take also k — oo with fixed background charge per unit volume %, such
that the coefficient has a nonzero limit, or we can take V — oo with fixed k and then the first
term vanishes. Instead, we will be interested in the finite V theory.

Since the first term in the Lagrangian is not locally gauge invariant, it should be defined
carefully. We do it by going to compact Euclidean spacetime, T ~ 7 + 8. Then, we can follow
the discussion in Section 2.1 with D =d + 1 and V = V8 and identify the exponential of the
Euclidean action as Hf_’l’z’""d of (13).

Going back to Lorentzian signature, we learn that in order to avoid the x| dependence, we
have to choose a reference point x;, and add a term of the Lagrangian density

k k . ‘
vaT Y (at —Z(xi —xg)fit) . 17)
1
This added term can be viewed as a sum of 8-terms in the action
1 i ip 1 d ipi i_ xé—xi
%ZQ Jdtdx'fit_ﬁjdtd XZGEfit, 0'=2rk T (18)
or in Euclidean space

1 i i 1 ipi
%Ze Jdrdx fiT:ﬁfdrddeMf”. (19)

From this perspective, the choice of x(i) can be thought of as a choice of bare 0-terms. However,
it is crucial for us that spatial translations shift the bare 0-terms. It will be important below

that the periodicity of the parameter x(i) is % rather than merely (',

7
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As we emphasized in the Introduction, such added terms to the classical Lagrangian should
not affect the classical equations of motion. Indeed, as always with 6-terms, they do not
contribute the equations of motion.

To summarize, the explicit xi dependence in the 0-terms, cancels the implicit xi depen-
dence in the first term. We can think of the dependence on x, as violation of the gauge
symmetry and the added terms make the theory gauge invariant. The price we pay for that is
that the dependence on x(i) explicitly breaks the translation symmetry of the problem.

2.2.2 Description in terms of a background gauge field

It is often useful to view every coupling constant in the theory as a background field. Here we
do it for £,.

The U(1) gauge theory has a magnetic d — 2-form global symmetry [20] with currents and
charges

1
Tuv = %f;w’ 0uTvp + 0, Tpu+ 85Ty =0, Quv = f dx*dx"J,, € L. (20)
Its coupling to a background d — 1-form gauge field A is through a Chern-Simons coupling

CS(a,A) = % J adA 21)

(for d = 1, the magnetic symmetry can be thought of as a “—1-form symmetry” and A is a
compact background scalar [20,31,32]).

We are interested in the theory with a constant, properly-normalized, background “mag-
netic” field

ok
dA= %dxl Adx?---Adx?. (22)

Using this background in (21), we find %at.
As is well known, Chern-Simons terms like (21) need to be defined carefully.8 But even
without doing it, we can quickly derive the breaking of continuous translation symmetry.

We are interested in a specific A, such that its field strength is (22). We denote the com-
ponents of the d — 1-form gauge field using its dual A’, such that the gauge invariant field

strength is
. 27k
GA' = —. 23
Ei ; v (23)

Next, we choose a local trivialization and a gauge for Al e.g.,

_27rk
Y

Al (x'—x3), A'=0, for i#1, 0<x'<{('. (24)
In this gauge, we have a discontinuity only at x! = 0. It is associated with moving from patch
to patch with a transition function for A. That transition function is independent of x!, such
that we can easily explore the translation symmetry of x!. (As we will see, this expression
corresponds to choosing xé =0 forj#i.)

Regardless of the precise presentation of the Chern-Simons term, its variation under 6A is
simple

6CS(a,A) = % J dabA. (25)

80ne way to do it, which we follow in this note, involves adding “correction terms” associated with the choice
of transition functions. This is standard in general gauge theories and in particular in Chern-Simons theories. See
e.g., the physics discussion in [31,33-35], and references therein for the mathematics literature.

8
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For A of (24), a shift x' — x! + ¢! leads to

21k
sAl = 2T 1 (26)
%
and hence
k
5CS(a,A) = Vel f dixfy, . (27)

A similar conclusion appears in the other directions. (It is easier to demonstrate it using other
gauges.)

It is known that despite appearance, the Chern-Simons term (21) depends on the constant
mode of A. In our case, with a background A, we parameterize this mode by the reference
point xo We see that to make our theory based on f d?xa, meaningful, we need to specify d
numbers, either the constant mode of A, or Xo This leads to explicit breaking of the continuous
translation symmetry.

Let us relate this discussion to the discussion in Section 2.2.1. Unlike (24), we choose a

more symmetric gauge

. 21k . S
l_i( xi—x),  o<xi<(l. (28)
(We use d both for the number of spatial dimensions and the exterior derivative. We hope this
will not cause confusion.) Using that, the corrected £, (17) is

1

E_
a27r

(aAlat —dAI(x)f;,). (29)

Here, the field strength of the background d — 1-form gauge field is . A = Z“k without a
delta function at x' = 0.

Using integration by parts and being careful about the surface terms, (29) can be replaced
by

L= = (A —da(<)s, )

1 ; i 27’[k£l i

g (—Aifi = (@ = DA+ ==, 5(x) (30)
/ koo i k piscyi |~ x)

—>£a ZZ(—W(J{ —Xo)fit + Wﬁ o(x )(at_(;(xi_x(]))fﬁ))) :

In the first step, we used the fact that a, has a transition function only at x' and we dropped
a total time derivative. In the second step we used the fact that the integral fdtdxl fie 1s
independent of x/ with j # i.

Comments about (30):

* Unlike our starting Lagrangian density £, (29), away from x' = 0, the new Lagrangian
densityiﬁfl (30) is locally gauge invariant. However, it depends explicitly on the coordi-
nates x'.

* As a consistency check, the equation of motion of a, sets the charge density to % at every
point, including x' = 0. This is the same as in (29).

* As another consistency check, consider the xi dependence. L, of (29) was designed such
the theory is independent of x| — the implicit dependence in the first term is cancelled
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by the explicit dependence in the second term. The same is true for £ of (30). The
first term is gauge invariant and is independent of x.. The second term is a sum of
terms of the form (12) associated with co-dimension one tori labeled by i, such that it is
also independent of x.. (The prefactor % relative to (12) is compatible with the gauge
symmetry because of the contribution from the d tori.)

* The violation of translation symmetry in (30) is consistent with (27).

2.3 Losing the translation symmetry
2.3.1 Breaking the translation symmetry

Let us discuss the violation of the translation symmetry in more detail.
We have already seen that the translation transformation

x! —>xi+ei, (3D

leads to X
Lo Ltesfi, (32)

i.e., the translation symmetry is explicitly broken.

We interpret this explicit breaking to mean that the translation symmetry suffers from an
anomaly proportional to f;;. Below, we will discuss the currents of the translation symmetry
and will provide more evidence for this interpretation.

Going to Euclidean space we see that the violation of the translation symmetry is due to
instantons, i.e., configurations with nonzero

Qir = iJ dtdx'f,. € Z. (33)
27

They contribute to the action 27tk ), XOEX* Q;. and hence they break the continuous transla-

tion symmetry to

. . i
xl—>xl+z, 34)

i.e., the U(1) translation symmetry in each direction is broken as
U(l) i Zk . (35)

We will soon see that the full symmetry group is not simply a product of these discrete factors.

Again, this is similar to how the Adler-Bell-Jackiw anomaly is activated by instantons and
leads to an explicit breaking of the symmetry. Also, it is similar to how D-brane instantons lead
to the K-theory classification of D-brane charges [36]. As in these cases, it is important that
the symmetry breaking (35) is explicit symmetry breaking rather than spontaneous breaking.
It does not lead to a massless Goldstone boson.

2.3.2 The symmetry operators

Here we discuss the symmetry operators that implement these translation symmetries. See
related discussions for d =1 in [18] and for d =2 in [19].

10
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First, we ignore the subtleties associated with gauge invariance. The naive momentum
current, which follows from (8) is not gauge invariant’

k
=—a;+ o

k 0
Oy =1 G Oy =6, a+e). (37)

0

The operators 9( ) and ©;; depend on £ and are locally gauge invariant and translation

invariant.
The momentum operator associated with the current (37)

p;= f dixe,; = f ddx(éaj +@§§?)), (38)

is conserved. However, it is not gauge invariant.
We can try to consider the discrete translation operators

il; {; 1%
exp(?]pj) = exp( v Jdd ( z@g?))) . (39)

Again, this expression has to be defined carefully. To do that, we follow the discussion in
Section 2.1 and use (13) with D = d to write the generators

T/ = exp(%fddx (a — AP (x —x])+Z(x —xo)fﬂ) + ke(O)) , (TH=1. 40)

The explicit dependence of the translation generators (40) on x:

o means that they do not
commute

e
v ddxfij' (41)

1 o
TT] T]Te k Ql} Qijzz—fdxldx]fijzz
T T

This lack of commutativity of the translation symmetry is an extension of the discrete
. d . . . .
translation group Z; by the d — 2-form magnetic symmetry (20). Using our nonrelativistic
notation, its currents and charges are

1 1
Efjt’ ij= %fija
0 Jij = 0;Jit — 61 Tj¢ » OmTij + 0jTmi + 0,Tjm =0, (42)

Qij = f XmdX]LZ] EL

More precisely, the translation symmetry is extended by a discrete Z; € U(1) of the magnetic
d — 2-form symmetry. Note that this extension is not central and related to that, it does not
reflect an anomaly.

Physically, the extension (41) has a simple interpretation. As we said above, the term éat
in the Lagrangian density means that all the states in the Hilbert space carry U(1) charge k.

°A quick way to see that the gauge noninvariant part of the momentum current has this form for any £© is the
following. The term with 6,;£ i 1n ©;; of (8) leads to 511 va.. Then, the conservation equation 9,0,; > aieij =0

means that ©,; should 1nclude 7 such that the other terms, which are gauge invariant, can cancel é fie

2,0 — Za o= fﬁ. (36)
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Therefore, the lack of commutativity in (41) is the standard lack of commutativity of transla-
tions of charged particles in the presence of a magnetic field f;;.

Unlike other situations with background magnetic field, our magnetic field is dynamical.
Therefore, its flux Q is an operator rather than a c-number. As a result, the extension in (41)
is not central. Also, when the U(1) gauge field is a classical background, the Hilbert space has
states with various U(1) charges and the lack of commutativity of the translation operators
depends on the charge of the state. In our case, all the states have the same charge k and
therefore we have a uniform expression (41). See also a related discussion in Section 6.2.

Below, we will be interested in various commutative subgroups of our translation symme-
try. Specifically, for every set of integers k; such that k = [ [, k;, the subgroup

®iZki (43)
L
of the translation symmetry generated by (T')% is not extended by the d — 2-form symmetry.

2.3.3 Gauge invariant currents

As in the discussion in Section 2.2.2, we can try to replace the momentum current (37) and
the momentum operator (38) by other operators that are manifestly gauge invariant, but are
position dependent and perhaps even discontinuous in space. An example in d > 2 is'°

k (0
A

/ k i m
%= V= 1)(gi(x )fjt_ﬁij;gm(x )fmt) +oy,

o, for 0<x™M<{™.

(46)

gm(x™)=xM—x

Compare with (28). Clearly, by shifting x' we can remove the explicit x(i) dependence and have
the discontinuity at x.

The main point about the current (46) is that unlike the current (37), it is a well-defined,
gauge invariant operator.

As we pointed out in footnote 10, the current (46) is not related to (37) by a valid im-
provement transformation. Still we can explore it. First, we note that, as in Section 2.2.2,
integration by parts in space leads to the non-gauge invariant terms in the momentum current
(37). Second, because of the discontinuities in g,,(x™), it is not conserved. Using (36), we

find
. k o
/ 1/ 1 1
2.0, _Za ®if+—v(d—1);e 5Cx)fe - (47)

1In standard theories, with well-defined energy-momentum tensor, there is freedom to perform an “improve-
ment transformation.” Using our non-relativistic notation, it is a redefinition

0, =0,+ . 0", @’—@U+5UU+Za'" ity Vg = Vi - (44)

This transformation does not change the fact that the current is conserved, i.e., 8@)1}. =>.0 i@lfj. And with suitable
boundary conditions, the total derivative »; 3™U,; in G);j integrates to zero, such that the total momentum is
unchanged.

In our case, ©,; and ©;; of (37) are not good operators. We can try to “improve” them with U,,; and V,

which
mi ]:
are also not good operators such that the improved current (6’ @;}.) is better behaved. Spec1ﬁca11y, ignoring the
discontinuities, the expressions (46) are obtained with

k .
Umj m( mj (Z gn(x )a )_gm(xm)aj) > Vmij = m(5jmgi(xl)_5ijgm(xm))at:

gu(x™)=xM—xg, for 0<x™<L™.

tj>?

(45)
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The left-hand-side of this equation is finite (no delta function). The explicit delta function in
the right-hand-side cancels a delta function singularities in 3'©; i (Alternatively, we can delete

the points x' = xé and have no delta function. Then, when we integrate aieg ; over the space,
we should take into account a nonzero surface term.)

We conclude that the new current (46) is well-defined. However, it is not conserved.
Similarly, unlike the momentum (38), the new momentum

pi= J d'xey;, (48)

is well-defined, but it is not conserved

ik isc g
dp) = V(d—l)Jd x;E 5(x)fje - (49)

In order to quantify the lack of momentum conservation, we go to Euclidean time 7 and
find that instantons associated with nonzero f dtdx’f;; € 2nZ violate p;. This change in the
momentum is quantized

_ / k d _k
_fdrafpj——v(d_l)fdrd x;e 5(xi)fje € L. (50)

Hence, p is conserved only modulo =+ 2”k . Therefore, only the discrete Z, translations (40) are
true symmetrles of the problem.

We conclude that the current (©,;,©;;) of (37) is conserved, but it is ill-defined, and the
current (@t P @{ j) of (46) is well-defined, but not conserved. This is in accord with our inter-
pretation of this phenomenon as an anomaly. As in the standard ABJ situation, there are two
currents. One of them is conserved, but not gauge invariant, and the other is gauge invariant,
but not conserved.

For all d, including d = 1, with nonzero @E?) we can find a similar phenomenon by replac-
ing (46) with

o =02, e,=0", 3509- Za oY =— fﬁ, (51)

where we used (36). This current is gauge invariant, but it is not conserved [18]. However, in
the models discussed in Section 3, it is common to study the Lagrangian (71), where @E?) =0
and then the corresponding momentum operator is trivial.

3 Theories based on a local phase space

3.1 Review of some properties of phase space
3.1.1 General discussion

Here we review some well known properties of symplectic manifolds and phase space. See,
e.g., [37,38] for mathematical review and [39] for a description accessible to physicists.

We consider a compact phase space P with local coordinates ¢". It is characterized by a
closed two-form F (which is usually denoted by w) with quantized periods

f Feanz, (52)
C
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with C a closed two-cycle. Locally, F = d.A. F is known as the symplectic structure and A is
known as the Liouville one-form. (It is also known as the tautological one-form, the Poincare
one-form, the canonical one-form, or the symplectic potential.) In terms of our coordinate
system,

1 r S — r p—
fszzEZS:}'rsdd) Ad*, A—ZArdqb, Fro=3A—-0A,. (53

The two-form F is globally well-defined, but the one-form .4 is not. Using a local trivialization,
as we go from patch to patch, it transforms as

A— A+dA, (54)

where A is defined on the overlaps.

It is common to study a circle bundle B over P, known as the pre-quantum bundle or the
Boothby-Wang bundle [40]. The fiber is parameterized locally by ¢ ~ 1 + 27. And as we go
from patch to patch, it transforms as

Yo —A, (55)
with the same A as in (54). This means that the one-form
a=A+dy, (56)

is globally well-defined and da = F, i.e., F is exact on B. The total space B is a contact
manifold and the one-form a = A + d is its contact form.
Let us demonstrate this in two well-known examples.

3.1.2 P=T?2
T? is parameterized by
(¢, ¢ ~ (¢! +2m,¢*) ~ (91, ¢* +27). (57)

The Liouville one-form and the symplectic structure can be taken to be
1 1
A=—o¢ldp?, F=-—d¢'Arde?. (58)
27 27
The transition functions (54) are

(¢ 0P > (¢l +2m,¢%), A=¢?, 5
(1, 02— (¢!, 9% +21), A=0. 59

The circle bundle over it B is the Heisenberg manifold. Its coordinates are (¢!, ¢2,%) and
using (55) they are subject to the identifications

(¢'+2m, 0%, 9) ~(¢1, 9% % +¢?),
(¢h, 9% +2m,) ~ (', %), (60)
(d)l’ ¢2’¢ + 27[) ~ (¢1’ ¢2’¢) .

Finally, the contact form (56) is
1
a=A+dw:ﬂ¢1d¢2+dzp. (61)
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3.1.3 P =82

The sphere can be parameterized by a three-vector n constrained to satisfy ZA(”A)Z = 1.
Two convenient parameterizations are in terms of stereographic coordinates or spherical co-
ordinates

1 2+ 32 .
n=———=sindcosy,
1+ 22 4
2 l.(i—Z) . .
n° = =sindsingp,
11 22 4 (62)
1—12|2
nd = il =cos.
1+ 2|2

The standard Liouville one-form and the symplectic structure are

_i(2dz—zdz) 1

= = 4—1)d
A= arEp - 2Dy,
idz AdZ 1 (63)
F=dA=————-=—sinttdp Ad?.
AT e T2
The SO(3) isometry of P acts as
z = aiz+b_: |a|2+|b|2:1) (Cl,b)’\‘(—a,—b). (64)
—bz+a
It transforms the Liouville one-form as
. bz
A— A+dA, A=ilog(‘f _z), (65)
2 a— bz

and F is invariant.
In this case, the pre-quantum line bundle B is a three-sphere S3. It can be parameterized
1

Zz) constrained to satisfy Z7Z = 1. We express them as

Z
by two complex numbers Z = (
eV

Z=| VP (66)

e Wy >

V1t

and identify z as the coordinate above by projecting to the base (62)

=24z, (67)
where o4 are the Pauli matrices. The contact form (56) is
a=A+dy=iZldZ=—idZ2"Z. (68)

The SO(3) transformation (64), combined with 1 — 1 — A with A of (65) acts as

2o | ViR ﬁ(g ‘b)z. (69)

This is an SU(2) transformation. The identification (a, b) ~ (—a, —b), which makes it an SO(3)
transformation is present because the transformation with a = —1 and b = 0 acts only on the
fiber, which is parameterized by 1.
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3.2 Defining a theory on P

Here we study a theory whose target space is P. By analogy with (14), we write

£Classical — £A +£(0)(¢"’ a'u(]br): ﬁA = éZ.Aratd)r, (70)

with £ a sum of globally well-defined terms, which are manifestly translation invariant. The
term L 4 is known as a Berry term or as a Wess-Zumino term. Soon, we will define it in the
quantum theory.

We will be interested in the special case where £ is independent of 8,¢",

[ Classical _ ﬁA—H(¢r;ai¢r)~ (71)

Here, 7 is the Hamiltonian density. The extension to the more general case (70) is straight-
forward.

A convenient approach to this problem is to embed it in a larger problem based on the
larger space B and remove the additional field 1, by imposing a gauge symmetry

Y=+ A (72)
This is done by adding a dynamical U(1) gauge field a,,, which transforms as

a, —a,+ EHA. (73)

i

We take q,, to be globally well-defined on B.
Now, the Lagrangian can depend also on

fur=0,0,—3,a,, X,=dp—a,+» A3, 74)
r

They are gauge invariant and because of (54) and (55) they are single valued across overlaps
between patches. In addition, as in Section 2, we add the term %at. In fact, as we will soon
see, when we do that, we do not need to include £ 4 in (70).

We end up with a Lagrangian on B with a U(1) gauge field a,, and a term éat. Therefore,
we can follow the discussion in Section 2.

To relate to the original problem on P, without 1) and a,,, we arrange the Lagrangian such
that at low energies,

X, =0. (75)

For example, we can take (75) to be a constraint, which can be imposed by adding a real
Lagrange multiplier field Y* with the term ) " Y¥X,, in the Lagrangian density.

Now, we can set a,, = > A.0,¢" + 9,4 (i.e., the pullback to spacetime of the contact
form (56)). At this stage, 1) is the only field transforming under the gauge symmetry (72),
so locally, we can set it to zero. The only places it should be analyzed carefully is in the term
L,= %at and in various operators that depend explicitly on a

We end up substituting

.
a, = A8,0" + 3,0, (76)

and therefore, f,,, — Dovs Frs 0,9"9,¢°. Locally, this leads to a Lagrangian density of the form
(70) or its special case (71).

Conversely, if we are interested in the theory on P, we start with a Lagrangian density and
operators, which can include )] A,3,¢". To define them properly, we add the field + and
substitute

DA o D A8+, 77)
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which affects it only globally. In other words, we add the field ¢ and replace the pull-back of
A by the pull-back of the contact form a, which is globally well-defined. Then, we remove
by imposing the U(1) gauge symmetry. We do that by noting that the pull-back of a is a U(1)
gauge field a, and then we can follow the discussion in Section 2 with all the added terms
that it leads to.

In the following sections, we will demonstrate this procedure explicitly. First, we will do
it in quantum mechanics, i.e., d = 0 and then in field theory. We will use the examples of
T2 in Section 3.1.2 and S? in Section 3.1.3, because they appear in the condensed matter
applications and they exhibit special new elements.

3.3 Review of quantum mechanics on P
3.3.1 General discussion

Here we analyze the Lagrangian in Section 3.2 in the special case of quantum mechanics, i.e.
d = 0. We write it as

[ Classical _ kZAr(¢s)at¢r , keZ. (78)

For simplicity, we set the Hamiltonian H to zero.

We would like to find the quantum theory based on the classical Lagrangian (78). We can
always do it along the lines of Section 3.2. But in the special case where the phase space P
is simply connected, there is another definition [23]. We take time to be a Euclidean circle
T ~ 74 f3 and extend it to a disk with the other direction parameterized by u. Then, we extend
the dynamical variables ¢" into D and define the Euclidean action as

SEuclidean = lkf deqursau¢raT¢s . (79)
D rs

k has to be an integer for the integrand in the functional integral e ~SFuwlidean to be independent
of the extension of ¢" into D.

This definition cannot be used when P is not simply connected.'! In that case, configura-
tions in Euclidean time that wind around non-contractible cycles in P cannot be extended into
D. Such configurations can be interpreted as instantons, and related to that, the theory de-
pends on O-parameters associated with that winding. In this case, we cannot use (79) and we
have to use the procedure in Section 3.2. We will demonstrate it in Section 3.3.2. In Section
3.4, we will see that in higher dimensions, a definition like (79) is never possible.

In preparation for the later sections, we write the commutation relations

r N _l TS rs — ST
(67, ¢)= 7" 2T Fu=5 (80)

Note that the phase space coordinates ¢" are not good operators because they are not glob-
ally well-defined in the phase space. Still we can use these commutation relations when we
manipulate well-defined operators.

In the next two sections, we will demonstrate this discussion with two well-known exam-
ples, P =T? and P = S2.

3.3.2 Fuzzy T?

Using the results in Section 3.1.2, the Lagrangian (78) is

£%assical — %(ﬁlath)z ) (81)

"'We thank Edward Witten for an interesting discussion about non-simply-connected P.
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Classically, the system has a global U(1)™) x U(1)® symmetry acting as ¢" — ¢" +¢" and
a Z,4 duality symmetry generated by

(1, ¢2) = (% —0h). (82)

We will soon see what happens to these symmetries in the quantum theory.

The Lagrangian (81) is known to describe a particle moving on a two-dimensional torus
parameterized by ¢ ~ ¢ +2m in the lowest Landua level of a constant magnetic field B = %
In this context, the U(1)™ x U(1)® classical symmetry is the translation symmetry of the
spatial torus and the Z, duality symmetry (82) is spatial rotation.

Let us start with canonical quantization. We have the commutation relations (80)

27l

1 27 __ ="
[¢°,0°]= t (83)

The operators in the quantum theory correspond to well-defined functions on the phase space.
They are generated by

2

Up=el®,  Uy=e?, (84)
and satisfy
2mi
U1 U2 = eTU2U1 . (85)

Hence, the operators U{( and U;‘ commute with all the other operators and we can take them
to be the unit operators.'? As a result, the Hilbert space has k states and the operators U; and
U, can be represented as clock and shift operators

2mi(1—1)

(U =0rye &, (U2)1y = 81 y+1modk » I,J=1,...,k. (86)

We conclude that U; and U, generate a global Z(kl) X Zf{z) symmetry. Furthermore,
this global symmetry is realized projectively. Adding the duality symmetry (82), we have
Z?{l) X Z(kz) XZ4. In the representation (86), it is generated by the generalized Walsh-Hadamard
matrix

W 1 Zni(l—;)(l—J)
J ,/Ee >

Let us turn now to the Euclidean path integral description of this theory. In this case, P
is not simply connected and we cannot use the definition (79). We have to use the discussion
in Section (3.2). To make it more concrete, we will use a choice of local trivialization. (For
background material for this discussion, see e.g., [31,33-35] for presentations for physicists,
and references therein for the mathematics literature.) We cover the Euclidean time circle
T ~ 7 + 3 with patches with transition functions between them. In each patch, ¢" are real
numbers and the transition functions are in 2nZ.

For example, we can pick a point 7, and view ¢" as maps from the circle minus the point
T, to real numbers.'® At 7., we have transition functions ¢" () = ¢"(7,) — 2nW! with
W_ € Z. This corresponds to

wuwl=u,, WUW'=U;'. (87)

fd78T¢r =2nWL. (88)

Clearly, W_ are the winding numbers around the Euclidean time 7 and the configurations with
nonzero VY, are instantons.

12More generally, they can be taken to be c-number phases. This can be represented by writing in the Lagrangian
ﬁ (0'0,¢1+628,¢2). As we will soon see, the appearance of these O-parameters is related to the explicit breaking
of U(1)® x U(1)@.

13More precisely, as in footnote 6, we extend the patches beyond 7, and use the transition function in the overlap
region.
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Now we can follow the presentation in Section (3.2). Since the fields ¢" jump at 7, by
2nW,, equation (54) tells us that A = W%qbz and hence, 1 jumps by —Wflqbz. Then, the
substitution (77) leads to

i
27

= —% dr(¢'d, 92 —2nWie25(t—1,)).

SEuclidean T2 = —

dra, = —% f dt(¢'o.¢%+3.4)
(89)

Comments:

* The added term with ¢2(t,) can be written either as (;bz('r:) or as qbz('r;). The differ-
ence between them does not affect e SEuctidean,

* It is easy to check that e~Sewlidear js independent of the trivialization. In particular, it is
independent of the point 7,.

* In writing (89), we chose a trivialization of the U(1) gauge field without a transition
function. Therefore, the term with A7) in (9) is not needed.

* The fact that the dependence on the added field 1y drops out of (89) is in accord with
its gauge symmetry.

o ¢ Smulidean is invariant under the Z, duality symmetry (82).

o ¢ Skwlidean i not invariant under the classical U(1)M x U(1)® symmetry acting as
¢" — ¢" +€". Such a transformation shifts the Euclidean action by —ik(elVVf —EZWTl).
This is the same as shifting the O-parameters in footnote 12. (Note the similarity to our
discussion of the breaking of translation symmetry in (32).) We see that instantons of
¢ carry charge +kW; under U(1)® and instantons of ¢ carry charge —ka under

U(1)®M. As a result, only ZS) X Z%{z) c U(1)D x U(1)@ is a global symmetry.

* This breaking of u()® x u(1)@ by instantons can also be seen as follows. The equa-
tions of motion following from the Euclidean action (89) state that d.¢" = 0 leading to
vanishing instanton number WV, = 0. More generally, with insertion of operators, e.g.,
e!?" | the equations of motion lead to discontinuities in ¢” such that the total winding
numbers WW_ is correlated with the violation of U)W x u(1)®@.

* We interpret this breaking of U(1)PxU(1)® — Z(kl) X Z;z) as an ABJ anomaly associated
with instantons.

* Another aspect of the instantons is that the sum over them, i.e., the sum over W, con-
. _ 2 . ) ©)
strains ¢ = T Z, reflecting the Z, * x Z;” global symmetry.

In conclusion, the fact that P is not simply connected leads to instantons. These instan-
tons break the classical internal U(1)? x U(1)® symmetry to a discrete subgroup ZE{D X Z?{Z).
This is similar to our discussion in Section (2.3), where instantons break the translation
symmetry to a discrete subgroup. Unlike the case in Section (2.3), here the breaking
v xu)® - ZS) X Zf) is of a symmetry of the target space, i.e., an internal symmetry,
rather than breaking of a spatial symmetry. We will return to this point in Section 3.4.1.
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3.3.3 Fuzzy S2

This problem is familiar from the study of a particle on a sphere surrounding a magnetic
monopole. Using the results in Section 3.1.3, the Lagrangian (78) is

ik 20,2 — 20,2

EClassical —
s 2 1+]z)?

k
= E(cosﬁ—l)atcp. (90)

Let us turn to the quantum theory. Since in this case the phase space is simply connected,
we can define the action using (79), without the need for the more complicated procedure.
Related to that, no “correction terms” are needed.

Then, this Lagrangian describes a single SU(2) representation with spin s = % The global
symmetry of the system is SO(3) and it is realized projectively for odd k.

It is also worth noting that the Lagrangian (90) is not invariant under the global SO(3)
transformation (64). Instead,

. ik 20,2 — 20,2 ; ik — bz
Egzlasswal — I_M N Egzlasswal + %at log(a bz) . (91)

2 1+]z2 d— bz

Demanding that the total time derivative integrates to 27tZ is another way to see the quanti-
zation of k.

Even though it is not necessary here, we would like to comment that in this case, the
procedure of Section 3.2 is quite familiar to physicists and it is known as the CP! presentation
of the model. We start with B = 3, view it as an S! bundle over S? and then gauge the U(1)
that acts along the fiber.

3.4 Field theory on P
3.4.1 General discussion

In this section, we will explore the field theory defined in Section 3.2. We will study the
Lagrangian density (70), and will focus on the special case (71) where £ is independent of

29"
Classical __ E s r|_ " O.dh"
L -—V(Z:AA¢)@¢) H(P", 5i9"), (92)

or its Euclidean version
‘ ik
Lhuidean = (—7 (Z Ar(qu)aTqbf) +H(o", a@f)) . (93)

As in the discussion following (77), in the quantum theory, we need to add to (92) and (93)
appropriate terms to make them well-defined.

In Section 3.3, we mentioned that if the phase space P is not simply connected, we cannot
define the action as in (79) because the fields cannot be extended to the added dimension
parameterized by u. A similar issues arises in the field theory (93) for any phase space P. The
reason is that the phase space of the field theory P, is the space of maps from our toroidal
space T? to P. (Using this notation, the phase space of the quantum mechanical problem can
be denoted P,.) This space is never simply connected.

To see that P; is never simply connected, recall that P has a nontrivial two-cycle dual to
the symplectic structure F. Consider a one-parameter family of maps from a spatial cycle j
(the cycle parameterized by x/ ~ x/ 4+ £/) to the target space P that wraps the two-cycle in P
dual to F. Clearly, this one-parameter family of maps is not contractible. As a result, P; is not
simply connected and we cannot use (79).
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Related to that, the Euclidean space functional integral includes instantons. These are
configuration where the two-torus parameterized by T ~ 7+ 8 and x/ ~ x/ + ¢’ is mapped to
the two-cycle mentioned above. The corresponding instanton number is

1 .
Q0. = %J dx'dt  Fr8,¢"3.¢°. (94)

In the description of this theory as a U(1) gauge theory in Section 3.2, these instantons
are the gauge theory instantons with nonzero f dx'dztf;.. From that perspective, they are
the same instantons we discussed around (33) and they have here the same consequences as
there.

First, they are associated with 6-terms (18)

Qi i r s Qiei d r s
Zi:%fdx dt;}}sa@ 3. —Zﬁjd xdt;]-"rsaiqb 8.°. (95)

Second, they make the definition of the first term in the Lagrangian %Zr A (¢*)o, ¢
more complicated.
Third, as in (42), for d = 2, they are related to a d — 2-form global symmetry [20]

— 1 r S —_ 1 r S
T =5 2 Fnd@700" Jy= 5 Fue' 5",
0 Jij = 0;Jit — 61 Tj¢ » OnTij+ 0;Tmi +6;Tjm =0, (96)
Qij = f XmdX]LZ] eEZ.
And most important, they break the U(1)? translation symmetry to Z¢, which is extended

k}
using the d — 2-form symmetry (96).
So far, we have not used the equations of motion of (92). They are

k L oM
VZ]:”M’ T ¢ _Zai(a(aicps)) ' o7

As a check, they are globally well-defined. We will now study some of their consequences.
Let us start with the d — 2-form internal symmetry (96), which is valid without using the
equations of motion. Using (97),

N

1 r s i7 T 14 oH s
\Zt:%;fmajqﬁ o¢ —Za Jij» u7i'—2—nk(5ij7‘[—za(ai¢s)aj¢ ), (98)

ie., Jj is a total derivative of a globally well-defined operator Z ;- This conclusion follows

from the assumption that £© in (70) is independent of 8,¢". Note that even though the
d — 2-form symmetry (96) exists only for d > 2, equation (98) is valid also for d = 1. In that
case, it can be thought of as a “—1-form symmetry.”

As a result of (98),

J ddxjjt =0, (99)
and the conservation equation (96) can be written as

o Jij = Z(ajakfki —3,0%7;) - (100)
k
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For d = 2, this becomes J, 7, = J; 82(:7\11 —Z2)+ Oy 82:7\21 —0,0 :7\12, which can be interpreted
as the conservation of a dipole current [16].1#
Next, we turn to the spacetime symmetries. Since we take H to be time independent, we

have the conserved energy current (8). Using the equations of motion (97),

9(d¢m) "

Similarly, for the translation symmetry, (8) leads to

O = EZAra P

Z a(a ¢ ) ] +5ij£Classical Z‘A 0 ¢r ’:]’ (102)

3t®t]~ = Za @ij,
i

oM .
O, =H, ©;,= Z —3,¢",  30,=).0d',. (101)

where we used the notation (98). Comparing with (37) and the substitution (77), we see that
@Eg) in (37) does not contribute because we took £ in (70) to be independent of 8,¢". This
is related to the fact (98) that because of this assumption about £©, Jj is a spatial derivative
of a well-defined operator :7:] See also [16].

Crucially, unlike the energy current (101), the momentum current (102) is not globally
well-defined. Even its integrated version f d?xe, j, i.e., the momentum operator is not mean-
ingful. In the context of the model on P = S2, which will be discussed in Section 3.4.3, this
point was first noted in [6] (see also [54-56] for earlier discussion).

Now, we can repeat the discussion in Section 2.3 using the substitution (77). Instead, we
will simply summarize the conclusions.

The translation operators are of the form

T/ = exp(%f ddx(atj +) = exp( f ddeA ) . (103)

The ellipses remind us that we should add “correction terms” to define these expressions more
carefully. The exponent should be defined in terms of a; as in (77) and then corrected as in
Section 2. We will demonstrate it in examples below.

Then, as in Section 2.3, these translation operators have the following properties:

* TJ generate a discrete Z; translation in each direction
(THk=1. (104)

Instantons, i.e., Euclidean configurations with nonzero Q;. of (94), explicitly break the
continuous translation symmetry to this discrete subgroup.

* This discrete translation symmetry is extended by a Z, € U(1) d —2-form symmetry (96)
2m'

A related non-commutativity of translations in the model based on P = §? was noted in
the infinite volume theory in [12,16].

Dipole symmetries have been discussed by many authors including [24, 41-53] and it was pointed in [47,
52, 53], that in compact spaces, they are discrete. This discreteness is closely related to our discrete translation
symmetry.
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* For every set of integers k; such that k = [ [, k;, the subgroup

®,Z C LY, (106)

Lk
generated by (T")% is Abelian and is not extended by the d —2-form symmetry. This fact
will be important in Section 5.

* Asin Section 2.3.3, for d > 2, we can find another expression for the momentum current

, 21tk m
%= V- )ng(x Wim:
/ 2tk i m A (107)
= v )(gi(x )jjt_5ij;gm(x )jmt—(d—l)jij) g

gm(x™)=x"—xg, for 0<x™ <™
(compare with (46)). Clearly, by shifting x™ we can remove the explicit xé dependence
and have the discontinuity at x;. It is well-defined in the target space, but it is not
continuous in space. Then, this current is not conserved at its discontinuity. The infinite
volume limit of this current, which does not exhibit the discontinuity, but has bad behav-
ior at infinity was discussed in the context of the model on P = $2 in [8, 13, 16]. Since
it is in infinite volume, it does not expose the discrete translation symmetry generated
by T/.

Let us summarize these conclusions along the lines of Section 2.1. As in (9), we start by

studying
H(A), =exp (lf dxt (Z A(¢),0,0" +.. )) . (108)

For simply connected P, this can be done by adding a bulk. Otherwise, some correction terms,
represented by the ellipses, are needed.

Then, we would like to integrate the logarithm of H(.A),, over other directions. Since this
logarithm has a 27tZ ambiguity, we view it as real and let it jump at x_. Crucially, the results
depend on x_. To remove this dependence, we choose a reference point x; and as in (13), we
write

H(A)S’z ..... D):exp(%f (A((b)r +Z(x —x(‘)’)z rs0, "9, 9° )) (109)

In quantum mechanics, i.e., d = 0, only (108) is needed. For defining the theory ford > 1,
(109) is needed and hence the breaking of the translation symmetry. For defining the discrete
translation operator in d = 1, we can use (108). But for d > 2, we need (109), which leads to
the lack of commutativity of the discrete translation operators.

3.4.2 Fuzzy T2

In this case, the Lagrangian (92) is
: k
ﬁ%éasswal — 2_¢lat¢2_7_[(¢r,3i¢r)’ (110)
VvV

and hence )
2niV

[¢'(%, 1), ¢*(F, )] =~ 5% ~7). (111)
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Classically, the symmetry of the first term is U(1)" x U(1)®). However, as in the discussion
in Section 3.3.2, the symmetry is actually smaller. Focusing on the zero modes of ¢! and ¢?2,

the symmetry of this term is only Z(kl) X Z(kz). We will take the Hamiltonian such that it is

invariant under ¢" — ¢" +2m, i.e., it is well defined, but it can break that ZE) X ZE{Z) symmetry.
We will return to this point in Section 5.

In addition to the d — 2-form global symmetry (96), this theory also has a U(1) x U(1)
d — 1-form winding symmetries

1 1 :
T=5-09",  Jl=5-ad. 8T =37, W{:fdxlj;ez. (112)

In fact, these d — 1-form symmetries, imply the d — 2-form symmetry (96)
i :*7i1‘7t2_‘7tl‘7iz’
jij:jiljjz_jjljiz’ (113)
Qi = WIW2—WIW?.
(Such relations between higher-form symmetries are quite standard. See, e.g., [57].) Also,
(98) is still valid and therefore the equations of motion imply that

J d'x(J T2 = T T =0. (114)

As always, this operator equation is violated in the presence of other operator insertions.
Finally, the first term in (110) has the Z, duality symmetry (82). If the Hamiltonian # has
that symmetry, then the full theory is Z, invariant, i.e., it is self-dual.
Let us define the theory more carefully. The configurations in the Euclidean functional
integral fall into classes labeled by the winding numbers

r 1 r .
WM=§fdx“3“¢ €7, u=",i. (115)

To define their action, we follow our approach above and choose a local trivialization. This
means that we pick a point x!' and represent the configurations as

¢r:2nWr—+2nZ lgl é xini<xi+€i, T, <T<7T,+f, (116)

with ¢" periodic spacetime-dependent real functions (as opposed to circle-valued). Then, we
can follow the discussions around (13) and around (89) and write the Euclidean action

SEuclidean Tzzjdfddx[_

lkv (¢'0.¢%—2nW19%6(r —7,)
+57(0.610,6 — 8.623,6 ) —x1)) +7{} a1
i
This corresponds to the Lorentzian Lagrangian density
O (qblatdﬂ +> (G o>~ 8,620 )(x! —xé)) ~H. 1)
21V -
Again, the added terms to E%a”ical do not affect the equations of motion.
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As in Sections 2.1 and 3.3.2, the 7, dependence in (117) is cancelled between the first
and the second term. And as in Section 2.1, the x' dependence is cancelled by the third
term. Similarly, (118) is independent of x| However the final result depends on the chosen
reference point x; and its interpretation is as in the previous sections. 15

Once we defined the action, we can write the translation operators. Making the corrected
version of (103) explicit for this case, we have

Jj _— lZJ d 1 2 1.2 j Jj
T=exp| | d x(¢13;02 —2nWp25(x) —x)))
o
+2 2 2yl 0}. 11
mZ(W W2 —W2W, )2 T (119)

Again, T/ is independent of xfk, but it does depend on xé.

Interestingly, with the added terms in (117), (118), and (119), these expressions are in-
variant under the Z, duality symmetry (d) ,92) — (—¢2,¢h) of (82).

Let us discuss the dependence on x;,. Clearly, the choice xo leads to the same expresswns

as xo +¢!. More than that, the theory with xO is the same as the theory with x0 + ?, reflecting
the Zi translation symmetry

(THk=1. (120)

However, the operators T’ with the choice x(i) are not the same as with the choice xé + % This
is consistent with the extension of the algebra

TiT = TiTie %%, Q= WIWz —wiwt, (121)

which can be checked explicitly using the commutation relations (111).

In conclusion, we saw that in the quantum mechanics problem in Section 3.3.2, instan-
tons, i.e., configurations with nonzero W_, break the global internal symmetry and lead to its
projective representation. Here we see that instantons, i.e., configurations with nonzero Q;,
break the translation symmetry and extend it.

Finally, let us discuss the internal symmetry that shifts ¢". In the quantum mechanics
problem in Section 3.3.2, we set the Hamiltonian to zero and we had a ZS) X Z(kz) symmetry
generated by (84). Now, we consider also a nonzero Hamiltonian density H and it determines
the symmetry. Let us assume that 7 preserves the full classical U(1)™" x U(1)® symmetry.
Then, it is clear that in the quantum theory we have a Z(l) X Z(z) symmetry generated by

. xi _xi
Urzexp(%fddxqbwszW[%)
i

= exp (%f dx ((j)r +Z(x(i) —xi)&’iqbr)) .

The dependence on x and Xo arises as in the discussion around (116). The symmetry opera-
tors U, are 1ndependent of x}, but they depend on the reference point xo
With an appropriate phase choice of U,, we have

(122)

Uk=1, Ue? U =T, 2=—21=1, UlU,=et UyU;. (123)

The dependence on x(l) means that these symmetry operators do not commute with translations

2miyn)

TU, =UTle®™ (124)
and hence, the symmetry algebra of U, and T' is extended by the winding symmetry.

5Recall, x* was introduced as a choice of local trivialization. The added terms cancel the dependence on this
choice. Instead, they depend on a chosen reference point x,,.
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3.4.3 Fuzzy S2

We now use our general prescription in Sections 3.2 and 3.4.1 to lift the quantum mechanics
with P = §2 in Section 3.3.3 to field theory.

Using (63)
i(zdz —zdz) idz Ndz
A= R AL 125
200+ 2P) L+ 2P (125
the quantum mechanics Lagrangian (90) has a clear lift to field theory
ik 20,2 —20,2 |8,2]?
ECIasszcal w —H(8:z,8:%), H = , 126
PTARTEEEE 2 fZ(1+||2)2 (126)
with some real positive coefficient f. Here H was taken to be the standard SO(3) invariant
term, which is determined by the metric on the S? target space (ds)? = % This is the

well-known continuum Lagrangian of a ferromagnet (see, e.g., [3,58,59]).

As we said, in quantum field theory, this Lagrangian cannot be defined by extending it to
a bulk as in (79) and the more careful definition in Section 3.4.1 is needed.'® This definition
includes an added term in the Lagrangian density

0,202 — 0,20,%
S —x)FddTa =— Z( - (127)

As in all our cases, this term represents explicit breaking of the translation symmetry.
Also, the system has d — 2-form U(1) global symmetry

1 ajzati — 8,_»28]5 i 8128]2 — %z@lé
Jie= o (1+]z]2)2 ° Ji=oq (1+z2)2
0:Jij = 0;Jit — 6Tt » OnTij + 0;Tmi + 6 Tim =0, (128)

Qij = f dxldXJ$J €7
which is known as the Skyrmion symmetry. It extends the Zz symmetry as in (105)
TiT = 7T exp | 22 12
= €exp TQU . ( 9)

Finally, let us compare this system with the continuum description of an anti-ferromagnet.
There, the first term in (126) is replaced as'’
ik 20,2 —20,2 18,22
— ﬁ .
2V 14|22 (1+12]2)2

(130)

Since the anti-ferromagnet does not have this first-order term, the Lagrangian density is glob-
ally well-defined and the subtleties we have been discussing do not arise. As a result, the
continuous translation symmetry is not violated and it is not extended.

Following the discussion in Section 2.2.2, we can start with the anti-ferromagnet theory
and derive the ferromagnet theory. The system has the d —2-from Skyrmion symmetry (128).

We couple it to a background gauge field with a constant magnetic field, i.e., Y. DA = 2rk

V-
This leads to the term 216 Zali;lf £ of the ferromagnetic Lagrangian with all its subtleties.

16As we commented at the end of Section 3.3.3, in this case, the definition using a U(1) gauge theory is familiar
to physicists and is referred to as the CP! presentation of the model.

7As in (70), we could have included such a term in # of the ferromagnet. But if a single time-derivative term
is present, then this second-order term is of higher order and can be neglected at low-energies.
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Note also that the anti-ferromagnet has a charge-conjugation symmetry C : 2 — Z, and a
time-reversal anti-unitary symmetry 7, which are absent in the ferromagnet. However, their
combination C7 is a time-reversal symmetry of the ferromagnet. Below, we will return to this
fact.

4 Noninvertible continuous translations

In this section, we will imitate the discussion in [25-28] and show that at least in one of
our examples, the one based on T? (110), the continuous U(1)¢ translation symmetry of the
classical theory, which was broken in the quantum theory to a discrete group, is resurrected
as a continuous noninvertible translation symmetry.

As mentioned around (113), the relation

Quy = WyW5 —WaW, (131)

means that the d —2-form symmetry associated with Q,,,, follows from the d —1-form winding
symmetry associated with W;Z This fact allows us to control the instantons using the d—1-form

charges W[L and thus eliminate their effects including the breaking of the U(1)? translation
symmetry.

Consider the subspace of the Hilbert space with )W = 0 and a projector to this subspace P.
(Such projectors were studied in [60,61].) Instantons do not contribute to matrix elements of
operators with vanishing winding between states in that subspace. Therefore, in such correla-
tion functions, the continuous translation symmetry is not broken. Another way to see that is
that for W' = 0 the dependence on x(i) in (117) vanishes.

As a result, combining the continuous translation operators with the projector P removes
the instantons that broke the symmetry and the symmetry is resurrected, albeit as a noninvert-
ible symmetry. (It is noninvertible because of the presence of the projector P.)

As a check, the projection on W} = 0, sets also all the d —2-form charges Q;; to zero. This
removes the extension of the discrete translation (105), which would not have been consistent
with the noninvertible continuous symmetry.

This is very similar to the discussion in [25-28]. In all these cases one starts with a model
with a certain global symmetry G, and gauges a subgroup of it. This gauging breaks part of
G, through an Adler-Bell-Jackiw-like anomaly. However, the gauge theory has another global
symmetry H such that this breaking is absent in the H invariant part of the Hilbert space. Then,
a broken symmetry transformation can be combined with a projector P to the H-invariant
states, such that the effect of the anomaly is absent. In our case, the broken symmetry is the
U(1)¢ translation symmetry and H is the two U(1) d — 1-form winding symmetries.

Clearly, this mechanism does not work when there is no global symmetry H with a projector
P that excludes the instantons.

5 From the lattice to the continuum
In this section, we discuss lattice models whose low-energy approximations are given by the

continuum field theories we studied above. This will give us a better perspective on the discrete
translation symmetry of the continuum model.
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5.1 General discussion

We start with a square lattice in d spatial dimensions with L' sites in direction i and impose
periodic boundary conditions. We denote the total number of sites by

N=] e (132)

The relation to the continuum models is obtained by introducing a lattice spacing a such that
the physical lengths and the total volume are

¢i=alLl, v=]_[ei=ad/\f. (133)
i

At every site, we place a quantum mechanical system with a U(1) gauge symmetry with a
Lagrangian term
kyvas, kyy €Z. (134)

For reasons that will soon be clear, we distinguish between the parameter k of the continuum
theories discussed above and this UV value k. In a Hamiltonian formulation, this means
that Gauss law constrains the charge at that site to be k.18

As in Section 3.3, a special case of this corresponds to a theory with a compact phase space
‘P at each site and and then (134) is replaced with

kov 2 A", kyy €Z. (135)

Clearly, (134) and (135) should be defined more carefully.

For concreteness, let us focus on the case (135). We assume that the interaction between
the degrees of freedom at different sites is such that the fields ¢" at neighboring sites are near
each other and therefore we can approximate the system by a continuum field theory with
fields ¢". We emphasize that this assumption is not valid in all the phases of the theory.

Then, the low-energy effective Lagrangian density is the same as (92)

; k
ﬁClasswal — v(ZAr(¢S)8t¢r)_H(¢r>ai¢r)’ k:kUVN. (136)
For this description to be valid,  should includes spatial derivative terms, e.g.,
H=> g ($)ap 09" +..., (137)
rsi

with a positive definite metric in field space g,,. These terms force the fields ¢" to be smooth.
As we discussed in the Introduction and around (16), the continuum Lagrangian density
(136) is unusual because it depends explicitly on the volume V. The lattice construction gives
us another perspective about that.
Given a lattice model, it is common to study two distinct limits:

* The thermodynamic limit corresponds to taking the number of sites to infinity, i.e.,

L' — oo, withfixed a, kyy. (138)

181f we also discretize Euclidean time, the gauge fields are phases U, on the links. Then, (134) leads to a factor
in the integrand of the factional integral that is given by a product over the sites of the lattice [ J(U,)vv. Clearly,
this term is gauge invariant and does not need “correction terms.” The issues that we have been addressing arise
only in the continuum version of this expression.
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In this limit, the volume V and k diverge

v=al] [Li5 00, k=ky][L > o0, (139)

such that coefficient of the first term in the Lagrangian density % is finite. The fact that
k diverges is quite singular. For example, in the P = $? model, it means that the spin of
the ground state is infinite.

* The continuum limit corresponds to taking the lattice spacing to zero
a—0, L' - oo, with fixed ¢, kyy - (140)

In this limit, k = kyy [ [; L! diverges and therefore, also the coefficient é of the first
term in the Lagrangian density diverges. Clearly, this limit is even more singular than
the thermodynamic limit.

We see that these two limits are different and both are singular. (A similar difference between
the thermodynamic limit and the continuum limit was discussed in a different context in [62].)

Instead of taking such limits, the continuum theory analyzed in this note corresponds to
taking L' large, but finite and then focusing on the low-energy dynamics. It is captured ap-
proximately by the continuum Lagrangian (136) with finite ¢' (and hence, finite V =[], £")
and finite k.

Now, we can relate the translation symmetry of the lattice model with that of the continuum
model. Let TLi,V be the lattice translation operator along direction i by one lattice spacing. In
continuum terms, this is translation by

a=——.
Ll

(141)

. . . i l . .
Recalling that the continuum translation operator T' translates by %, the lattice translation
operator Ty, is mapped to the continuum operator

. .k
TL, — (TH7, (142)

such that o .
(T = (T =1 (143)

(we do not write an equal sign because the operator in the left-hand-side is a lattice operator,
which is represented in the continuum theory by the continuum operator in the right-hand-
side).

As a check, the exponent in (142) is an integer

k i
E=kUV!;[L €Z. (144)

For d = 1, it is kyy, which is an integer of order one. But for d > 1 and large L, it is a large
integer. This means that while the continuum theory does not have continuous translation
symmetries, the continuum operators T/ generate translations by much smaller steps than the
underlying lattice spacing.

The lattice translation symmetry (143) is clearly Abelian

Coed i
Tov Ty = Tiy Thy - (145)
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Not only isn’t it extended, in fact, the lattice model does not even have the d —2-form symmetry
associated with Q;;. Interestingly, this is compatible with our picture about the non-Abelian
translation symmetry of the continuum theory (105) because

— 2nik
TITJ—>Tquu—TJuTuex( )—TJLJTLL
by Ty = (T (T = (T8 (T exp( 255y ) = (1) (1) 6
Nk
Thy Ty = (T (T3,
where we used the fact that ﬁ is an integer. This point is related to the comment around

(43) about Abelian subgroups of the extended continuum translation symmetry.
In Sections 5.2 and 5.3, we will present additional issues that are specific to our two ex-
amples, T? and S? respectively.

5.2 Fuzzy T?

As we reviewed in Section 3.3.2, in this case, the classical Lagrangian at every site has a
U(1)® x U(1)® global symmetry, but the quantum theory at every site has only a discrete
ZEJ)V Z(Z) symmetry. Given this fact, there are several natural options for the global symmetry
of the Hamﬂtonlan ‘H in (136).

If H preserves the classical U(1)™® x U(1)® symmetry, then we can repeat the discussion
around (122)-(124) and find the symmetry of the continuum theory generated by U,..

If ‘H preserves only the quantum UV symmetry Z(kl) Z(z) the symmetry operators are

product of the local symmetry operators of (84) over the lattlce Uy =] 1e " They corre-
spond to the continuum operators

oy =] [ —>eXp( dedxqbrmeZWr e x*):UrN. (147)

As a check, (123) and (124) lead to
(UN)kUV =1 UN ld)s(UN) 1 _ el¢ kJ\l/ e’
r b
) (148)
2niN LS LS
UNUN =etov UMY, (rru =uN (i,

which are consistent with the lattice symmetry. In particular, this symmetry does not involve

the winding charges WV, which are not present on the lattice. Note that the projective phase
e fuv- depends on the number of sites N' modulo k;;;. We will return to this point in Section

6.3.1.

5.3 Fuzzy S?

In this case, the internal symmetry is SO(3) and we study the model in its ferromagnetic phase.

Focusing on the zero modes of the fields, we see that the ground state has spin % = k”gN.
This is consistent with the underlying lattice model, where all the spins are aligned. This
fact demonstrates the subtleties in the various limits we discussed in the Introduction and in
Sections 2.2 and 5.1. Also, for odd k (which is possible only when both k; and A are odd),
the global symmetry of the model is realized projectively. We will return to this point in Section
6.3.1.

Of course, this model is extremely well-known and well-studied and it is used to describe
ferromagnets. The novelty here is the careful definition of its continuum low-energy theory
and its symmetries.
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6 Conclusions

6.1 Summary

We have studied U(1) gauge theories with a classical Lagrangian density and classical action
of the form

k
cl 1 Cl l d Cl [
Loyt = pact., SEgt = fd xde LSl (149)

Many systems of interest, including gauge theories with constant charge density and theories
with a local compact phase space P can be presented in this way.

Surprisingly, except in quantum mechanics, i.e., for d = 0, the action based on (149) is not
meaningful. To make it explicit, we used a trivialization with transition functions at xi and
(149) turns out to depend on x}. That dependence can be removed by choosing a reference
point x; and shifting (149)

k k . .
vET T (at —Zi:(xfk —xg)fit) . (150)

As a result, the quantum theory is not invariant under continuous translations. The classical
U(1) translation symmetry in each direction is explicitly broken

U(1) > Z, (151)
with the remaining translation symmetry generated by T*,
(TH*=1. (152)

We interpreted this breaking as a new anomaly due the dynamical U(1) gauge
field. In particular, U(1) instantons, i.e., Euclidean space configurations with nonzero
Q= % f dx'dtf;; € Z, break the translation symmetry.

For d > 2, the unbroken Zi translation symmetry is extended by the d — 2-form magnetic
symmetry of the U(1) gauge theory (42)

1 . 0y
LQ;; - d
TiT) = TiTie i, Qi = 2anxldefij py= dxfij- (153)
We then applied this picture to a field theory based on a local phase space P with coor-
dinates ¢", Liouville form A, and symplectic form F = d.A. The classical Lagrangian density
and classical action are

E%lassical — éZAratq&r +..., SClasswal f ddxdt£Classwal (154)
r

It is known that when the phase space P is not simply connected, the definition of the quantum
theory is more subtle. We emphasized that the phase space of the field theory in d > 1 spatial
dimensions Py is never simply connected.

Then, we expressed this theory as a U(1) gauge theory coupled to a theory whose target
space is a circle bundle over P. This allowed us to use the result about the U(1) gauge theory
and to write

_ZA 3 ¢r_,_(ZA "= > (x = x)F 89" 8,0° ) (155)

irs

(more correction terms are needed in order to define the Euclidean space action).
We conclude that all these systems have several notions of translations:
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* The classical system is invariant under a U(1)? continuous translation symmetry:

* In the quantum theory, the classical U(1)¢ translation symmetry is explicitly broken to
Zz. This symmetry is extended as in (153).

* In some cases, the classical U(1)¢ translation symmetry can be resurrected as a nonin-
vertible symmetry.

* An underlying lattice model that leads to this continuum theory has an even smaller
translation symmetry ®;Z;:. Its generators T};,, correspond to the continuum operators

.k
(T")1f. This symmetry is not extended as in (153). (For d = 1 and kyy = 1, we have
k = L and the Z; lattice translation symmetry is the same as the Z; translation symmetry
of the continuum theory.)

6.2 Broader perspective

Following the discussion in Section 2.2.2, we can phrase our entire discussion as follows. A
more detailed description of this line of thinking will be presented in [63].
We consider a theory with a global d — 2-form global symmetry

1 4
jzzgjwdx“/\dx, dJ =0, szj (156)

(for d = 1, this symmetry can be thought of as a —1-form symmetry). We couple it to a
background d — 1-form gauge field A through

J JA. (157)

The main subtlety is the precise definition of (157). J is a well-defined operator. But for
topologically nontrivial A some care is needed.
We are interested a background A such that

2
dA= %kdxl Adx?---Adx?. (158)

Such an A must depends explicitly on the coordinates and have nontrivial transition functions.
As a result, the continuous translation symmetry is explicitly broken and being extended by
Q.

A simple, well-known example of this is a d = 2 system on a torus with an ordinary U(1)
global symmetry coupled to constant background magnetic field. In this case the continuous
translation symmetry is explicitly broken to a discrete symmetry, which is furthermore ex-
tended by Q.'° (Note that in this example, the magnetic field is the background dA. It is not
the magnetic field of the dynamical field da in the examples in Section 2).

In the examples considered in this paper, the breaking of translation symmetry is less ob-
vious for the following reason. In all these examples, the conservation equation dJ = 0 is
topological and does not rely on the classical equations of motion. Therefore, we can write
locally 7 = d®, where ® is not globally well-defined. Then, we can express (157) as

2
%k dixdtd, (159)

which seems translation invariant. Indeed, the corresponding classical theory is translation
invariant. However, as we explained, the proper definition of the local expression (159) shows
that despite appearance, the quantum theory is not translation invariant.

°0On a plane, rather than on a torus, the translation symmetry is continuous.
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6.3 ’t Hooft anomalies

We end this note by offering some thoughts about 't Hooft anomalies in our systems and related
systems. (Recall the distinction between 't Hooft anomalies and Adler-Bell-Jackiw anomalies,
which we summarized in footnote 5.)

Before we start, we should clarify that even though in spacial cases, it is clear what 't Hooft
anomaly involving translations means [64], this is not always straightforward. The reason is
that it is not obvious how to couple translations to a background gauge field and therefore we
cannot formulate the anomaly as an obstruction to gauging.

6.3.1 Relation to Lieb-Schultz-Mattis theorem

Our continuum systems have various internal symmetries. The system with a T? target space
has a discrete symmetry and two U(1) d — 1-form winding symmetries. And the system with
an S target space has an SO(3) 0-form symmetry and a U(1) d —2-form Skyrmion symmetry.
And all our U(1) gauge theories have a U(1) d —2-form magnetic symmetry. These symmetries
can have their own 't Hooft anomalies as well as mixed anomalies with the spatial symmetries.

Even without studying these anomalies, we can resolves a puzzle that was one of our
original motivations for this note.

Consider the lattice models in Section 5 with a quantum mechanical model based on the
compact phase space P at every site. It is often the case that these quantum mechanical systems
have a global symmetry G, which acts projectively on the local Hilbert space. For example,

the T2 models have a G = ZSU)V X ngU)V symmetry, which is realized projectively (except for

kyy = 1). And the S2 models have a G = SO(3) symmetry, which is realized projectively for
odd k. We assumed that the full lattice model respects this internal global symmetry G.

Whenever the symmetry G acts projectively on the local Hilbert space, the lattice model has
a mixed ’t Hooft anomaly between lattice translations and the internal symmetry G [64-72].
This anomaly leads to the modern version of the celebrated Lieb-Schultz-Mattis theorem [73,
74].

One aspect of this anomaly is that depending on kyy and the total number of sites N/,
the whole system might be in a projective representation of G. In the T2 model, this happens
when A mod k;;y # 0 (see Section 5.2). And in the S2 model, this happens when k = kg, N
is odd (see Section 5.3).

Let us focus on the S2 models (Section 3.4.3). The low-energy continuum field theory in
its antiferromagnet phase does not have the first term in (6). Then, this anomaly is matched in
the continuum using the fact that a new internal Zg charge-conjugation symmetry emanates
from lattice translation [64,69] and the lattice anomaly becomes an ordinary 't Hooft anomaly
between the internal symmetry G = SO(3) of the lattice model and this emanant Zg symmetry.
See also [75,76].

As we vary the parameters of the lattice model, we can move to a ferromagnetic phase.?
The lattice symmetry and its 't Hooft anomalies are unchanged. However, as was emphasized
at the end of Section 3.4.3, no such Zg emanant symmetry is present in the ferromagnetic
phase of the same system. How can the anomalies match in that case?

Another aspect of this puzzle is that the Lieb-Schultz-Mattis anomaly depends on whether
kyy is even or odd, i.e., whether the microscopic spins s = k% are integer or half-integer. In the
anti-ferromagnetic case, this distinction is visible also in the IR continuum theory. However,
this is not the case in the ferromagnetic phase. In that case, it is clear that the continuum
theory depends only on the integer k = kyy V. How does the dependence on k;;y, appear?

0

20Since we work in finite volume, the notion of distinct ferromagnetic or anti-ferromagnetic phases is imprecise.
What we mean here is the finite volume system that looks like these phases in the infinite volume limit.

33


https://scipost.org
https://scipost.org/SciPostPhys.18.2.063

e SciPost Phys. 18, 063 (2025)

By now, the answer to this question should be obvious. In a ferromagnet, the translation
symmetry of the continuum theory is discrete, generated by T'. And the lattice translation
generators T}, act in the continuum theory as powers of these (142)

. .k
TL, = (TH . (160)

Since the continuum theory has no continuous translation symmetry, there is no reason why
the discrete translation symmetry T' does not have anomalies. Indeed, we expect it to be such

that (Ti)ﬁ has the same 't Hooft anomaly with the internal symmetry G as Tlijv has on the
lattice.

Let us demonstrate it in a simple case. For d = 1, the long-distance behavior of the Heisen-
berg model in its anti-ferromagnetic phase is the same as that of the O(3) sigma-model with
0 = nkyy. It is gapless for odd ky; and gapped for even kyjy,. The lattice anomaly is present
only for odd ki, and then it is matched with the anomaly in the low-energy field theory. In the
ferromagnetic phase, the low-energy theory is gapless and it is described by L for all kg, .
It depends only on the integer k = kg L. Its Z; translation symmetry is generated by T and
we expect this T to have a mixed 't Hooft anomaly with the SO(3) symmetry. The underlying
lattice model has a Z; C Z, translation symmetry, generated by Ty, which corresponds to the
continuum operator TXvv. The fact that Ty, has a mixed anomaly with SO(3) only for odd
kyy is matched with the continuum anomaly using the identification Ty, — T*uv,

6.3.2 Relation to filling constraints

In our gauge theory systems, the U(1) charge density was constrained locally to be é, leading
to our new anomaly. This is to be contrasted with a system with a global U(1) symmetry with
a chemical potential. The microcanonical presentation of this system involves a constraint on
the total U(1) charge. As explained in [64], in this case, there is an 't Hooft anomaly between
the U(1) global symmetry and translations. This anomaly underlies Oshikawa’s presentation
[74] of Luttinger’s theorems and other filling constraints. It is tempting to suggest that upon
coupling the systems with a global U(1) symmetry to dynamical gauge fields with the coupling
(1), this ’t Hooft anomaly leads to the Adler-Bell-Jackiw-like anomaly we discussed in this note.
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