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Abstract

We study gapless phases in (3+1)d in the presence of 1-form and non-invertible dual-
ity symmetries. Using the Symmetry Topological Field Theory (SymTFT) approach, we
classify the gapless symmetry-protected (gSPT) phases in these setups, with particular
focus on intrinsically gSPTs (igSPTs). These are symmetry protected critical points which
cannot be deformed to a trivially gapped phase without spontaneously breaking the sym-
metry. Although these are by now well-known in (1+1)d, we demonstrate their existence
in (3+1)d gauge theories. Here, they have a clear physical interpretation in terms of an
obstruction to confinement, even though the full 1-form symmetry does not suffer from
’t Hooft anomalies. These igSPT phases provide a new way to realize 1-form symmetries
in CFTs, that has no analog for gapped phases. The SymTFT approach allows for a di-
rect generalization from invertible symmetries to non-invertible duality symmetries, for
which we study gSPT and igSPT phases as well. We accompany these theoretical results
with concrete physical examples realizing such phases and explain how obstruction to
confinement is detected at the level of symmetric deformations.
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1 Introduction

Once symmetry considerations are taken into account, phases of matter in any spacetime di-
mensions have a rich and intricate structure, which in its full generality is only starting to get
explored. The main new ingredient in recent studies is the inclusion of so-called non-invertible
or categorical symmetries in higher dimensions as initiated in [ 1-3] (for reviews, see [4,5]). In
(1+1)d, gapped phases with certain categorical symmetries (notably Tambara-Yamagami cat-
egories) have been first discussed in [6, 7], while a general proposal combining the standard
Landau paradigm of phases with categorical symmetries resulted in the Categorical Landau
paradigm of [8]. However, for higher-categories a different approach is required. In the next
subsection, we will review how gapped and gapless phases with categorical symmetries can be
characterized through the lens of the Symmetry Topological Field Theory (SymTFT) [9-13].
While symmetries are a powerful tool in deepening our knowledge of gapped phases,
for gapless phases, the constraints are much less stringent, at least if the symmetry is fi-
nite. The constraints imposed by categorical symmetries on gapped phases have been ex-
plored in depth in (1+1)d [6-8,14-19] and (2+1)d e.g. in [20-26]. An interesting common
ground between these two worlds is provided by (intrinsically) gapless SPTs, or (i)gSPTs for
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short [27-38]. While in this instance the full symmetry S is anomaly-free® it does not act
faithfully on the gapless degrees of freedom in the IR. We will denote the faithfully acting quo-
tientby ' =S/ Sgapped- Gapless SPTs are born from the realization that the symmetry Sgappeds
while not acting in the IR, can still be realized in a nontrivial manner.

(Non-intrinsically) gSPTs are relative phases in which two IR theories differ by their decora-
tion by an SPT phase for Sgappeq- Although a single gSPT phase can be gapped in a S-symmetric
fashion —leading to an SPT phase for the full S— two different gSPTs cannot be connected with-
out a phase transition breaking the & symmetry. gSPTs have been shown to emerge in many
lattice systems and have been described using QFT methods [27-38]. Most of these examples
are in (1+1)d. For a discussion of a gSPT phase (for a O-form symmetry) in (3 + 1)d see [39].

A stronger concept is that of an igSPT. This is a gapless phase whose topological features
have no analogue in gapped phases; hence, it cannot be deformed to a gapped SPT in a sym-
metric way. igSPTs typically arise when S extends S’ in a nontrivial manner:?

1-S

gapped > S = S’ — 1. 1)

As shown in [29] this allows the symmetry S’ to be realized in an anomalous fashion. Thus,
for a low-energy observer, the gapless degrees of freedom cannot be gapped while preserving
the S’ symmetry. In other words, symmetric deformations of IR fixed points can only lead
to either gapless phases or SSB phases of S’.> Known examples of igSPTs exist in (1+1)d
for groups [29, 33], and for non-invertible symmetries [38]. The simplest example is that of
S =127, in (1+1)d. Splitting a Z, background field as A = A"+ 2A, .04 With 6Agppeq = B(A)*
the igSPT partition function reads:

ZigSPT [A/: Agapped] = exp (ni f A UAgapped) Zgapless [A/] . (2)

Clearly, due to the extension, the partition function is gauge invariant under A’ — A" + d A" iff
Zgapless realizes an anomalous Z, symmetry.

While igSPTs have been studied mainly in (1+1)d for zero-form symmetries, it is clear
that such symmetry extensions should play a similarly important role for higher symmetries in
higher dimensions. The purpose of the present paper is to determine which (i)gSPT phases can
arise in (3+1)d — whilst also revisiting the (1+1)d case more systematically — from a SymTFT
perspective and provide some concrete QFT applications.

Our main result is that igSPT phases also naturally arise in the presence of 1-form sym-
metries, and they are of clear physical relevance, as they forbid the theory from becoming
completely confined by IR relevant deformations. In a similar manner, we will discuss igSPTs
for non-invertible duality symmetries, extending the (1 + 1)d results in [38]. Importantly, we
will show how the duality symmetry can sometimes make gSPT phases into igSPT ones.

Regarding the (i)gSPT phases for 1-form symmetries, an important remark is in order.
Strictly speaking the situation is different from the O-form symmetry case where the whole
symmetry S is not spontaneously broken: the IR symmetry &' = S/ Sgapped acting non-trivially
in the CFT is necessarily spontaneously broken, since conformal symmetry is incompatible
with area law for line operators. However, there are two distinct ways of breaking a 1-form
symmetry spontaneously, either by a topological order in which the line operators are topolog-
ical in the IR, or —and this is the case under consideration— by a CFT that has non-topological

1By “anomaly-free” in the present work we mean that the symmetry category S admits a fiber functor [7].

2For categorical symmetries the definition of an extension is somewhat tricky, however the SymTFT will allow
us to bypass such subtleties.

3The situation is much different if we also allow relevant deformations in the UV to occur. Since the full
symmetry S is anomaly-free these are allowed to gap-out the theory.

4B is the Bockstein map associated to the sequence 1 — Z, — Z, — Z, and explicitly f(4") = §A'/2.
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conformal lines. The two types of breaking can be intrinsically distinguished, since in the
former there is an emergent 2-form symmetry, which is absent in the latter. We will call the
second scenario conformal 1-form symmetry breaking. When we talk about gSPT phases for
a 1-form symmetry, the quotient of the symmetry that acts non-trivially on the gapless sector
is spontaneously broken, but in the conformal way. The igSPT phases for 1-form symmetries
are obstructions for a CFT with conformal 1-form symmetry breaking to be deformed into a
gapped symmetry preserving phase. We now give a brief overview of the SymTFT and of how
it can be used to address the problem of characterizing (i)gSPT phases [38].

1.1 Gapped and gapless phases with categorical symmetries

The Symmetry Topological Field Theory (SymTFT) [9, 10,12, 13]° of a d-dimensional theory
T with symmetry S is obtained by gauging the symmetry in d + 1 dimensions. The SymTFT
for (1 + 1)d theories is the Turaev-Viro TQFT for S [66]. The central object in this analysis
will be played by the topological defects of the SymTFT, which form the Drinfeld center Z(S).
The original theory 7T is obtained by placing the SymTFT in an interval with two boundary
conditions:

* Gapped symmetry boundary B%™: this boundary encodes all the symmetry aspects. In
particular, the topological defects on this boundary realize the symmetry S. It is specified
in terms of which topological defects can end on this boundary. This will be referred to
as a Lagrangian algebra® £ of the Drinfeld center Z(S).

* Physical boundary BP"*: this not necessarily gapped boundary condition describes how
topological objects in Z(S) couple to dynamical defects of the QFT.

Topological defects, i.e. Drinfeld center elements, that can end on both boundaries correspond
to the generalized charges under S [45].

SymTFT characterization of gapped phases. To construct any phase for a categorical sym-
metry S’ we specify the symmetry boundary to be B%™ = L, i.e. the Lagrangian algebra asso-
ciated to the symmetry S: the algebra specifies the topological defects that can end/condense,®
and the symmetry defects are those that project onto the symmetry boundary (and are mu-
tually non-local with the defects in the algebra). As proposed in [8,18,26,45], to specify a
gapped phase, we pick as the physical boundary any Lagrangian algebra £; of Z(S) (including
the one Lg):

BT W=L T

(3

where 7; denotes the gapped S-symmetric phase obtained by this SymTFT construction.

>See [8,38,40-65] for recent applications of the SymTFT construction, including its extension to continuous
symmetries.

6Strictly speaking this terminology should be used only in (1+1)d. We will not consider so-called non-minimal
boundary conditions here see [26], and thus also use the term Lagrangian to characterize the set of topological
defects that end on the gapped boundary.

7By this we mean any higher fusion category symmetry.

8The converse is not true: there can be two different Lagrangian algebras with the same underlying object but
different morphism w : £ x £ — L. We will not pay attention to this in the following, as this instance never arise
in the examples considered.
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The order parameters are given by the topological defects that can end on both boundaries,
i.e. LgN L; (though for higher categorical symmetries we need to be careful about what we
mean by this). In particular, SPT phases are characterized by requiring the intersection to be
trivial.

Gapless phases. To describe symmetric gapless phases, which, e.g., can be phase transitions
between two gapped phases, we follow the approach in [19] (see also [33, 67] for related
discussions): first determine the condensable algebras A of the Drinfeld center, i.e., not nec-
essarily maximal algebras. These define an interface 7, between the SymTFT for S and a
reduced SymTFT for a symmetry S’. Inserting a physical boundary for the symmetry S’ re-
sults in the following “club sandwich” setup:

sym phys

4

This constructs an S-symmetric gapless phase, in which only the symmetry S’ acts faithfully
on the gapless degrees of freedom. The construction can also be understood by starting with
an S’-symmetric transition between two gapped phases 7, and 7. The above setup provides
a map (functor) to S-symmetric phases, and the transition becomes a gapless phase for S. For
more details see [19].

Symmetry classification of phases. In[38]it was proposed to organize phases for a categor-
ical symmetry S in terms of a Hasse diagram, using the partial order given by the condensable
algebras. Furthermore, we can define two gaps: the energy gap A, which is the standard gap
in the spectrum, and the symmetry gap Ag. The latter indicates whether charges are realized
in the IR or not. If Ag > 0 then not all charges are realized in the IR and is set by the energy
of the first excited state that carries the charge that is missing in the IR (i.e. the confined
charges). Using this, we can now characterize phases as follows:

1. Gapped (energy gap # 0), specified by a Lagrangian algebra L:

(a) SSB: spontaneous symmetry breaking phase.
(b) SPT: symmetry protected phase: LN Lg = {1}.

2. Gapless (energy gap vanishes), associated to a non-maximal condensable algebra .A:

(a) gSSB: gapless spontaneous symmetry breaking phase. The symmetry S’ is realized
on gapless modes while the symmetry Sg,ppeq is spontaneously broken.

(b) gSPT: gapless symmetry protected phase: AN Lg = {1}.
(c) igSPT: gSPT that cannot be deformed to a (gapped) SPT for the full symmetry. A
cannot be extended to a Lagrangian algebra £, which gives rise to an SPT.

(d) igSSB: gSSB that cannot be deformed to an SSB phase while keeping the same
number of vacua/universes.

The igSPTs are in particular interesting because they provide examples of critical theories that
cannot be deformed without breaking the symmetry. Several examples of this exist in (1+1)d.
We will extend this to (3 + 1)d incluing invertible (1-form) symmetries and non-invertible
(0-form) symmetries.
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Table 1: SPT, gSPT and igSTP in (1+1)d for abelian O-form symmetry.

0-form Symmetry || Phase type Algebra

Z, SPT —

gSPT | Ag, y :B, ={gx|x=0,---,p—1}, n=pq
Y(q) =qm, m=rp/gcd(p,q)

igSPT Ag, y : 7 # 0 mod(ged(p,q))

1.2 Summary of results

Let us give a short summary of our main results. In section 2 we discuss (i)gSPT phases
for a generic abelian group A in (1 + 1)d. This is meant as a warm-up for the reader to get
acquainted with the formalism. Intrinsic phases are described by a subgroup B C A and an
alternating homomorphism 2 : B — A" (namely v(b)b = 1 for all b € B), which cannot be
extended to an alternating homomorphism 111\ over the whole A. Table 1 contains a summary
of relevant examples. We then show how, in a physical system, a KT transformation can be
used to reach the igSPT phases and embed this in a UV complete example.

In section 3 we extend the analysis to phases with a 1-form symmetry A that is a fi-
nite abelian group. The extension problem is analogous, but now v : B — A" must have a
symmetric (as opposite to alternating) property; see table 2 for a recap of our results. We
then discuss the KT transformation and its interpretation in terms of the ’t Hooft picture for
confinement. We also show that in fact the igSPT phase does not admit IR deformations to a
trivially gapped phase by examining the allowed deformations, both with fermion masses and
with monopole potentials.” The physical mechanism at play is remarkably simple: the dyonic
operators we need to condense are inaccessible in the IR, as they become confined at a higher
energy scale, thus forbidding the existence of the necessary monopole potential driving the
theory to a trivially gapped phase.

In section 4 we use the methods developed in [50] to extend the analysis to duality-type
defects in 141 and 341 dimensions. We find various types of igSPT, which we dub Type
[-II-III. A Type I phase has a UV symmetry that describes an igSPT for the invertible part,
which is duality invariant. In the IR the invertible part is anomalous, while the duality defect
becomes anomaly-free and invertible. A Type II phase describes a duality invariant gSPT for
the invertible symmetry. In the IR a non-invertible — but anomalous — duality symmetry acts
instead. Finally, a Type III phase only has an anomalous duality symmetry acting in the IR.
We then give a concrete example of how such phases cannot be deformed to duality-invariant
confined phases.'® A brief summary of the relevant examples can be found in table 3.

2 Classification for abelian 0-form symmetries in (1+1)d

For general finite groups G the possible gSPT and igSPT phases were classified in [33] using
the results of [71] on condensable algebras in the SymTFT. Nevertheless, in view of later

“Here we abuse terminology. By “monopole potential” we mean a potential for local operators stemming from
the S! reduction of the (3 + 1)d dyonic lines.
1°Dyality-invariant SPT phases and RGs leading to them have been studied in [68-70].
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Table 2: SPT, gSPT and igSTP in (3+1)d for 1-form symmetry.

1-form Symmetry || Phase type Algebra
Z, SPT L, ={(x,rx)|x=0,---,n—1},=0,---,n—1
gSPT Ag, y :B, ={qx|x=0,---,p—1}, n=pq

Y(gx)=qmx, m=0,---,p—1

igSPT —

gSPT Az, (4 choices), Az, .,(6 choices), AZ%JP (8 choices)

igSPT Az, 2 choices of g 1,51 =0,1 (67)
Ty X Ly SPT Lp.)

gSPT AZﬁ,w 16 choices of Y ¢ - . (74)

igSPT AZ§,¢ 8 choices of Y, 5, . ., 1 # 55 (74)

generalizations to TY categories and to higher dimensions, we find it useful to provide a direct
classification in the abelian group case. Consider in this section an abelian O-form symmetry
A® in (1+1)d.

2.1 SymTFT characterization of gapped phases

The SymTFT is the (2+1)d Dijkgraaf-Witten theory for A(®). In general, a Lagrangian algebra
of Z(8) of a fusion category S has to satisfy various consistency conditions (see, e.g. the
Appendices of [38,72]). In the present simplified setting, we need a maximal algebra of lines
that are mutually local. In particular, these have spin 1.

The Drinfeld center for the 0-form symmetry A, Z(Vec,), is isomorphic to A x AY. Anyons
are lines labeled by (a, a) that are charged under the electric and magnetic symmetries in the
bulk. The braiding B and topological spins 8 of these anyons are

Bl(a,a), (b,)]=p(a)a(b),  Bga =ala). )

The canonical Lagrangian algebra corresponding to the symmetry boundary where the Vec,
symmetry is realized is

Esym={(0,a)| aEAV}. (6)
The quotient
S=AxAY/Lom ZA, 7

represents the symmetry group, while L, = AV describes all possible irreducible representa-
tions (characters) of A. Different choices of Lagrangian algebras for L, lead to categorical
symmetry which are gauge-related (Morita equivalent) to Vec,.
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Table 3: igSPTs for Duality-type symmetries in (1 + 1)d (including the Tambara-
Yamagami (TY) symmetries), above, and (3+ 1)d (including the 3TY generalizations
to 3-categories), below.

Type Symmetry Algebra

I Vecp, Az, 1,4 = {(2x,2x) [x = 0,1}

TY(Z9 x Z9’ ¢09 +) AZ3XZ3,1,'L[1 = {(BX’ 3% 3%335) | X,y = 07 1:2}

III Rep(DS) ﬁz{(x,)’;X,J’), X,y:(),l}

Type Symmetry Algebra

1|31z x Z8Y, ¢p) | Agxzng = {((Bx,sy); (w(sx,Sy))) | x,y =0, 1,2}

m | 31Y(Z" x Z{", ¢0) Ao =1{(0,0;0,0)®(2,0;0,2)}
11 3TY(Z), 1) L£=1{(0,0)&(1,1)}

Given a subgroup B C A, denote by N(B) C A" the subgroup of characters annihilating B
NE)={p < 4| BB)=1.Vb € B} = (a/B)", ®
where the last isomorphism is a canonical identification. Equally, AY/N(B) = B". One can

show (see e.g. Appendix B of [50]) that the Lagrangian algebras of Z(Vec,) are classified by
a choice of subgroup B C A and a cocycle w € H?(B, U(1)):

Lo= {(b,ﬁw(b)) |beB,pe N(B)}. ©

Here ¢ : B — BY is a group homomorphism determined by «w € H?(B,U(1)) as follows.
Using the well-known isomorphism [73] between the group of alternating bicharacters and
H?(B,U(1)), we construct the alternating bicharacter y : B x B — U(1):

i _ @(b,b)
x(b,b) = (b D)’ (10)
Then v is given by
Y(b)b" = x(b,b’). (11)

Characterization of SPT phases. A (gapped) SPT phase is realized in the SymTFT setup, by
choosing the physical boundary to be gapped, i.e. given by a Lagrangian algebra L ,, such
that there is no genuine charged operator after the interval compactification. This means that
no anyon is allowed to end on both boundaries

LomNLs,=1. (12)

8
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From the realization (9) we see that Ly, N Lg , = N(B). Therefore, SPT phases are obtained
by choosing B = A and we recover the usual group-cohomology classification of SPTs in terms
of w € H*(A,U(1)) [74].

Similar considerations apply even if L, is not of the form (6). For any symmetry associ-
ated with L, = Lp ,, we can repeat the above analysis finding that an SPT for that symmetry
is again a Lagrangian Ly ,, satisfying

E]B,(l) N LB/’O)/ =1. (13)

2.2 Classification of gSPT and igSPT phases

While Lagrangian algebras determine gapped phases, non-maximal condensable algebras de-
fine an interface with a reduced topological order [19, 33, 34, 67]. Picking a (generically
non-gapped) physical boundary of the reduced topological order, one constructs a generic,
not necessarily gapped phase, and hence we refer to these as gapless phases. Some of them
are incompatible with a gapped realization and hence are called intrinsically gapless phases.
Therefore, gapless phases are classified by condensable algebras .A. Intuitively, the anyons
in common between A and L, give rise to topological local operators, describing discrete
vacua, while the reduced topological order describes a part of the symmetry which only acts
non-trivially on the gapless sector.

2.2.1 Condensable algebras of Z(Vec,)

Condensable algebras A of Z(Vec,) can be parametrized by subgroups made of bosonic lines,
but they are not necessarily maximal. We can characterize them similarly to the Lagrangian
ones. Consider the projection 7, : A x AY — A on the first factor, and define B := 7, (A) C A
so that there is a short exact sequence

1 —ker(my|4)) >A—>B—1. (14)
For a generic condensable algebra, ker(,| 4) is a subgroup of N(B)
D =ker(my|4) C N(B). (15)
It is convenient to represent A" as a group extension
1-D->A"—>AY/D>1, (16)

so that any character is written as a pair a = 6&, § € D, € AY/D. Notice that AY/D is a
group extension of BY by N(B)/D. The algebra A can then be represented by

A={(b,6¢(b))|beB,5eD}, (17)

where 1) : B — AY/D is a group homomorphism. The trivial spin condition translates into
Y(b)b=1, Vb eB. (18)

We conclude that condensable algebras are labelled by triples (B, D, 1)) where B C A, D C N(B)
and v : B — AY/D is a group-homorphism such that y)(b)b = 1.!! We denote condensable
algebras by

Agpyp BCA, DCN@B)CAY, ¢:B—AY/D. (20)

HNotice that it makes sense to evaluate an element (here 1(b)) of A¥/D on elements of B because of the short
exact sequence

1-NB)/D—>A'/D>B—1. (19)
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2.2.2 gSPT phases

Gapless phases are obtained by condensable but non-maximal algebras, which define interfaces
to a reduced topological order — see (4). The set of charges realized on the ground states is
given by anyons of .4 which can also end on the symmetry boundary. A gapless SPT (gSPT)
phase is a gapless phase in which the only charge realized on the vacuum is the trivial one.
Hence, the condensable algebra for a gSPT has to satisfy

AgSPT n ‘Csym =1. (2 1)

By the classification above of condensable algebras, it follows that Agp y N Loy = D, and
the condition (21) is nothing but D = 1. Thus whenever B ¢ A is a proper subgroup Ag ;
describes a gSPT. In summary gSPT phases are classified by algebras Ag,, = Ag ., and
parametrized by the following data:

1. A choice of a proper subgroup B C A.

2. A choice of a group homomorphism 1 : B — A" such that y)(b)b = 1.

2.2.3 igSPT phases

A gSPT phase is called intrinsic (or igSPT for short) if it cannot be deformed to an ordinary
(gapped) SPT phase. This means that the condensable algebra Ag ,, is not a subalgebra of a
Lagrangian algebra corresponding to an SPT. This would be a Lagrangian algebra containing
Ly 1,y of the form

{(a,9(a)) | a € A}, (22)

where J : A — AV is a homomorphism such that fb\(a)a = 1,VYa € A, and corresponds to
a class in H2(A, U(1)). We conclude that a gSPT classified by (B,4)) is an igSPT if and only
if ¢ : B — AY cannot be extended to a homomorphism ) : A — A" while preserving the

property J(a)a =1.

2.3 Examples

We now provide several explicit examples of igSPTs in (1 + 1)d. Since we will be dealing with
cyclic groups, we will use additive notation for ease of reading.

2.3.1 Minimal (i)gSPT example: A =7,

The case of Z, is very well known [75,76]. Let us nevertheless consider it in the context of our
general classification. Z,4 has one non-trivial proper subgroup B = Z, = {0,2} C Z,. There
are two possible homomorphisms 1 : Z, — ZX, classified by the choice of possible order-two
elements of Z, to assign ¢y(2): the trivial homomorphism and v(2) = 2. The first case gives
a (nonintrinsic) gSPT. The other possibility also defines a gSPT since 1(2)2 = 4mod(4) = 0.
The last case is also an igSPT. In fact, the extension of ¥ : Zy — Z; to Y2, — Z, must satisfy

{/)\(2) = 2{/)\(1), SO {p\(l) is 1 or 3, and in both cases @\(1)1 # 0mod(4). The igSPT algebra is

Agy 1 =1{(2x,2x) [ x=0,1} . (23)

2.3.2 Cyclic groups A =Z,
Subgroups B C Z, are labelled by divisors p of n. Let n = pq, then the subgroup is

B, ={qx|x=0,...,p—1}=Z,. (24)
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Homomorphsims 1) : B, — ZX are determined by picking an order p element y € Zx ~ 7,2
and declaring that v(q) = y. Clearly the elements of order p of Z forms the subgroup

N(B) ={gm|m=0,...,p—1} =(2,/B,) =7

. (25)

hence we have p possible homomorphisms 1, : B, — Z.! labelled by m € Z,, and defined by

Ym(q) =qm. (26)

We see that

Pm(gx) gx = g*x*m mod(n), 27)
so that this is alternating if and only if p divides gm. This implies that m must be proportional
to p/ged(p, q), namely it takes value in the subgroup Zgq(, ) € Z,- This subgroup classifies
the gSPT phases for Z,,.

Let us consider the igSPT phases: there is only a trivial SPT phase for these symmetries,
and these algebras for the igSPT are not contained within this. Let us show this in a way
which is helpful in other cases.!> We should ask when 1), with m = pr/ged(p,q) can be
extended to 1, : Z, — Z,! in such a way that ¥ (a)a =0mod(n) for all a € Z,. Notice that

q{p\m(l) = gm mod(n), so that
Ym(1)=m+kp, k=0,...,q—1. (28)
Thus the condition 17)\ =(1)1 = 0mod(n) becomes
m+kp =0 mod(n). (29)

Clearly this can never be satisfied by a non-trivial m. Thus we conclude that any nontrivial Z,,
gSPT phase is also an igSPT. The igSPT algebras are

AZp,l,’(/)m = {(qxa qu)l X = anp_]-} , m :pk/ng(P:Q), k € chd(p,q): k ;é 0. (30)

To summarize, the gSPT phases for Z, are classified by divisors p of n and an element in
Zged(p,q)- Hence we have
G(n) =Y gcd(p,q), (31)
pin

many gSPT phases.

2.3.3 igSPTsfor A=7Z, xZ,

We do not attempt to classify all gapless phases for A = Z,, x Z,,, rather we focus on igSPTs
existing for n = pq, ged(p,q) # 1, which are representative of the general scenario. This is
instructive since Z,, X Z,, also admits gapped SPTs, so not all non-trivial gSPTs are automatically
intrinsic.

We look at the subgroup B = {(qx,qy)} = Z, x Z,. The most general homomorphism
Ly X Ly = Lip X L is determined by four numbers mod(p)

Vs, 5r1.1,(0%,qY) = (519X + 119y, 529X + 12q9Y) , (32)

and this is alternating if and only if s1, 15, ; + s, are proportional to p/gcd(p, q). However, it
admits an alternating extension ) : Z, x Z, — Z, X Z, only if s; = ry = r; +s, = 0mod(p),

12We pick the (non-canonical) isomorphism Z, — Z\ that assign to a € Z, the character y,(b) = exp (Zn—r‘l’ll’)
3Either for A = Z, x Z, or, as will be mostly important for us, in (3+1)d.
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the value of r =r; = —s, =0,...,n—1 (this is a lift of r; = —s, to Z,,) being the value of the
ordinary gapped SPT classified by H*(Z,, x Z,, U(1)) = Z,,.

Hence for ged(p,q) # 1 we can choose s;,7,,7 + S5 to be non-trivial, producing igSPT
phases. We have p (gcd(p,q)3 — 1) such phases. Those with s;, r, non-trivial but r; +s, =0
are the igSPTs for the two Z,, factors that we already discussed, while r; +s, = kp/gcd(p, q),
k # 0 are new. For example, forn =9, anigSPTis givenbyp =q=3,5; =1, =0,1r; =s5 = 1.
The algebra is'#

Az x5 1 p0100 = 13%,3Y33y,3x) la,b=0,1,2} . (33)

More generally, letting £ = p/ ged(p, q), we denote these algebras as AprZp,l,w with

90 = (kibax + 0+ kagy, —rax + kslay ), 34)
determined by ki, ky, ks € Zgcq(p,q) and r € Z,. These define a class of igSPTs for Z,, X Z,,.

2.4 Physical construction of igSPTs

In this section we describe how to use a KT transformation to generate examples of igSPTs,
following [35,77]. We then describe the effect of embedding their construction into a UV
complete QFT.

2.4.1 KT transformation to igSPT phases

We will now illustrate these (i)gSPTs with concrete (14+1)d Field theories. This is a slight
generalization of the results in [77], which treated the case A = Z,4. The procedure works in
four steps:

1. Consider a theory ¥, with zero-form symmetry Zgo) (here n = pq), gauge Z, C Zglo) to
construct ¥y /Z,.

2. Stack a trivial theory with Ztlz symmetry.

3. Gauge Z;/ X Ztlz’ with a discrete torsion class m € HZ(ZP X Zg, U(1)) = Zged(p,q)- This
produces a theory with Z, X Z, symmetry.

4. Identify the gauge field for Z, with that for the Z; quotient in Z,,.

This will prove instrumental in discussing examples with 1-form symmetry in section 3. Let us
now give some further details.
As we have seen, an igSPT for Z, is given by a subgroup Z, C Z, such that

ged(p,q) #1, n=pq, (35)

together with the choice of m € Zg q(p ) (the igSPT is non-trivial if m # 1). This second choice
can be understood as an element

m € HX(Z, x 2, U(1)) = Z (36)

ged(p,q) >

namely an SPT phase for Z,, x Z,. The authors of [76] gave a construction of a continuum QFT
that realizes the igSPT for Z,. We can generalize this construction to produce a continuum
QFT realizing of all the igSPT phases that we have classified.

4Qur notation is (e;, ey; m;,m,), where e; 5, M, , label the electric and magnetic lines of the two Z, groups,
respectively.
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Table 4: Groups and background fields.

\ VvV / A%
Group Zp Zp Zp Z, Zq Zq

-~ ~ —

Background Field || A, | A, | A, | By B(’l B,

We start from any 2d CFT T, with Zinn symmetry. We gauge the subgroup Z, C Z;n, pro-
ducing a theory ¥,/Z,. Since gcd(p,q) # 1 the sequence

152,528 57,1, (37)
does not split, hence the resulting theory has symmetry ZX X Zq with mixed anomaly [78]

277” A, UB(BY), (38)

X3

where A\p is the background field for ZI\J/ = Z,, B4 a background for Z, = Zin“/Zp, and
B:H\(X, Zy)—H 2(X,7,) is the Bockstein associated with the sequence (37).

Clearly, if we now make A, dynamical, we recover the theory T,. Instead, we perform a
slightly different operation. First we declare that the system has a further trivially acting Z,
symmetry that we denote by Z; to distinguish it from the quotient Z, = Zil“ /Z,. This can
be thought of as stacking a decoupled trivially gapped system with a Z; symmetry. Denote
the background field for this by B;. The notation for various groups and background fields is
summarized in table 4.

We then gauge Z;)/ x ZZI, but crucially adding a discrete torsion

2mim ~ , 2 /
exp| ————— A UB |, meH(Z,xZ ,U(1)=7Z . (39)
(gcd(p,q) X P q) P q ged(p,q)

Denoting by Kp and B\é the backgrounds for the two dual symmetries (ZZ)V = Zp, (Zé)v that
arise from this gauging, the resulting partition function is

Z-[A,,B,B ]—Zexp( 2mim A UB'+2mf A, UA +27'cif E’UB’)

T > > - YN - -

et A gedp ) Jy, T Py, T )y,
P"q

To obtain the correct cocycle conditions of the new backgrounds, we need to impose gauge
invariance under both A, — A, + 62 and B(; - B‘; + &7. This imposes

5B, =0, &A,=p(B,). (41)

The dual symmetry Z;V = Z, now extgnds Z4 producing again a new Z, symmetry. This is
to be distinguished from the original Z;}, as it is not faithfully acting: as we will see shortly

15In our case it is given explicitly by B(B,) = 5% where B, in the right hand side is an arbitrary lift to Z, of the
Z, gauge field.
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the Z, subgroup does not act at all. To show this fact let us manipulate the partition func-

tion. Rewriting Zz /7 in terms of Zz , we can perform the sum over A, that imposes a delta
function, that can be solved by the sum over A, and we remain with

_ o~ 271 = , ~ p /
ZT[Ap’qu,B ]:ZCXP(TJ‘X B/qUBq)Z‘Io |:q (Ap+mm3q)+3q:| . (42)
B 2 ?

To gain some intuition about the result, consider the particular case ¢ = p, m = 1 (for
p = 2 this is the case discussed in [79]). We omit the subscripts. In the sum over B’ we can
shift B — B’ —A to eliminate it from Zz . Hence, this shifted sum over B’ reproduces the

partition function of Zg, /2, [B,A], but there is an addition phase factor:

~ 211 —~ o~ —~
Z.[A B, B] = exp (—ﬂ f B uA)zg0 2,[B,B]. (43)
P Jx,

Naively, this seems like stacking a CFT %/Z, and an invertible phase, but it'’s more nuanced.
The theory has a symmetry Z» x Z, with backgrounds pA+ B and B, respectively. Focusing on
the gapless sector T,/Z,, the Z,, C Z> does not act, leaving a faithful Z, x Z, symmetry (with
the first factor being Z,./Z,) and a mixed anomaly: a gauge transformation B > B +6A
multiplies Zg, /z, by a phase. Including the symmetry Z, with background A acting trivially,
the anomaly is cancelled by the Green-Schwarz mechanism:

exp(_@f B\/Ug)—)exp(—@J 5},UZ)ZGXP(@J AUﬂ(B)) .
p X, b X, p Xo

Physically, for the CFT ¥,/Z,, the anomaly implies that the system cannot be gapped while
preserving Z, x Z,. However, since the anomaly is canceled by a symmetry acting on an
invertible phase, by realizing the latter as the IR of a trivially gapped theory, the anomaly is
absent in the full theory. From an IR viewpoint, this can be seen as an example of the general
story of [80]. Thus, in the full theory, there is no obstruction to gapping it. At low energy,
without considering the additional symmetry, we cannot gap the system unless the additional
degrees of freedom become massless, closing the symmetry gap, thus encountering a phase
transition and allowing further deformations to gap the theory.

2.4.2 Embedding into a UV theory

This construction neatly describes the IR phase. To embed it into a full-fledged UV theory, we
simply consider the product of theory T, — or an arbitrary QFT flowing to it— with a theory
%’ flowing to a trivially gapped phase and carrying the Z:;! symmetry action. Let us focus on
the case n = p? and give a concrete example. Consider T, to be a free compact scalar X of
radius R and ¥’ to be a compact scalar X’ of large radius R’ deformed by A cos(X’).'® We take
the radius R’ large enough so that this term is relevant and the embedding of symmetries is as
in table 5.

Stacking the ZX X Z; SPT exp (% f A\p UA; ) gives charge to twist fields according to table

5.17 The charges can be used to describe the local field content of the theory after performing

16We normalize the fields so that the periodicity is always 27 to simplify the notation.

17A simple derivation of this fact, following e.g. [44], is to realize a twist defect through an open background
6A = u, with u the charge of the twisted sector. Performing a gauge transformation and using the SPT action with
this background gives non-trivial charges of twist defects.
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Table 5: Embedding of symmetries, relevant twist fields and their charge after stack-
ing the SPT for the free boson example.

Group Zn, Zp Z, Z;
Embedding zn A4 zy |y zy

Twist field || W = e X/P* | V = X | W = o X/P? | y/ = oX'/p

Z, z, z,
v 1 e—zm/p2 e—2mi/p
v/ e2mip 1 1
W[ e /1 1

the gauging procedure. Surprisingly, we learn that neither X nor X’ are well defined field
anymore, but rather we should consider:

Y=X+X'/p, Z=X-X. (44)
Written in terms of these fields the cosine potential becomes:
Acos (Z + ?) , (45)

which pins the momentum modes of one field to the winding modes of the other. The faithfully
acting (unbroken) symmetry on the IR scalar is just the Z, diagonal between momentum and
winding, which is anomalous.

3 (i)gSPTs for 1-form symmetries in (3+1)d

The formalism we developed in (1+1)d can be adapted to discuss phases — gapped and gapless
— with 1-form symmetries in (3+1)d. We carry out a SymTFT analysis, showing the existence
— and providing a classification — of igSPT phases for 1-form symmetries. This refines the
standard classification of phases of gauge theories. The SymTFT approach also aids in the
construction of concrete physical examples, and we provide an interpretation of these phases
as topological obstructions to confinement.

3.1 SymTFT and gapped phases for 1-form symmetries

The SymTFT for a 1-form symmetry A in (3+1)d is a five-dimensional TQFT whose topo-
logical defects are surfaces that form a group Z(A™M) = A x AV governing their fusion. The
braiding is anti-symmetric

B((a,a),(b, )) = a(b)a)™". (46)

The canonical Lagrangian algebra that leads to the 1-form symmetry A is
Loym = {(o, @) |aeAY } (47)
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Everything is very similar to the (14+1)d case, with the only (but crucial) difference that the
braiding is anti-symmetric.

For simplicity, we assume all manifolds are spin. This technical assumption serves to iden-
tify different global variants with the same 1-form symmetry and the same choice of charges,
but where the line operators have different statistics [81]. The group of discrete torsions

H*(B?A,U(1))={q: A — U(1), quadratic form}, (48)

is a central extension of the group of symmetric bilinear forms Symm(A). The projection map
is the polarization
xq(a,b) =q(a+b)—q(a)—q(b). (49)

The fiber is isomorphic to Hom(A, Z,), and its elements are called characteristic elements.
From a quadratic form q and a gauge field B € H2(X,, A) one produces the discrete torsion

f q(B). (50)
X4

The key fact is that different quadratic forms with same polarization give the same integral on
any spin 4-manifold. Hence we can mod-out Hom(A, Z,) and work with symmetric bicharac-
ters ¥y € Symm(A).

As in (1+1)d, Lagrangian algebras of Z(A™M) are classified by a subgroup B € A and a
symmetric homomorphism v : B — BY as

Ly =1{(b,fp(b)) | b € B, p € N(B)} . (51)

The symmetric condition means that y : B x B — U(1), y(b,b") = ¢(b)b’ is a symmetric
bicharacter, and this ensures that the elements of L ,, do not braid among themselves. It also
identifies 1) with a discrete torsion element in H*(B?A, U(1))/Hom(A, Z,) = Symm(A).

In this subsection, we discuss gapped phases with 1-form symmetry; hence let us make
some general comment on them. In the UV there are line operators labeled by their charges
valued in AV. Since the phase is gapped, at low energy for each line there are two possibilities:
either it has area low and flows to the trivial line (confined lines), or it has perimeter law
and flows to a non-trivial topological line (deconfined lines). According to 't Hooft a phase
is described by a Lagrangian lattice of dyons [82]. More explicitly, given the algebra Ly,
perimeter law is assigned to the lines:

wh, Thwv®) (52)

where T, W are Wilson and 't Hooft lines for the universal cover of the gauge group and we only
indicate their 1-form symmetry charge through our notation. The set of charges of deconfined
lines forms a subgroup D C A", while AV /D is the quotient that labels the confined lines. Its
Pontryagin dual B = (AV /]DJ)V is the preserved subgroup of the 1-form symmetry, while the
quotient A/B is spontaneously broken.

We can make this discussion more systematic using the SymTFT approach. Gapped phases
with 1-form symmetry AV are classified by Lagrangian algebras Lg,y- The physical interpre-
tation is the following. Fixing the symmetry to be A®) means that the symmetry boundary
is determined by Ly, = {(0, a)|ae AV}, hence the symmetry operators are the surfaces
(a,0) € Z(AM) pushed at the boundary. Looking for gapped phases means that the physical
boundary is also topological and determined by a Lagrangian algebra. The surfaces that can
end on both boundaries give rise to non-trivial topological line operators, namely the decon-
fined lines. They form the group

LoymN Lpy =D =N(B). (53)
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Hence deconfined lines are completely transparent under the subgroup B C A of the 1-form
symmetry, while are detected by the quotient A/B. The group of non-trivial lines N(B) is the
Pontryagin dual of A/B, representing its set of charges. Moreover AY/N(B) =BV is the set of
confined lines and is the dual of the trivialized subgroup of the 1-form symmetry.

The presence of B may also be detected by looking at the twisted sectors. These arise
because some surfaces (b, (b)) € Ly, cannot end on Ly, and produce non-genuine lines in
the twisted sector of b € B. Importantly, these non-genuine lines are also in general charged
under the subgroup B of the 1-form symmetry A(): passing a surface labelled by b’ € B
through a non-genuine line (b, (b)) we pick a phase

Y(b)b" = x(b,b’). (54)

We conclude that the (3+1)d gapped phase is the spontaneous breaking of A down to B
whose SPT phase is 4. In particular, the phases with B = A are SPT phases for the whole
1-form symmetry, and are determined by 1. Thus, we recover the usual classification by
H*(B?A,U(1)) [83] (more precisely by Symm(A) on spin manifolds).

As an example, consider A = Z,. Subgroups are given by divisors p|n:

B,={gx|x=0,....,p—1}=%Z,, n=pq. (55)
Identifying Z" = Z, we have
NB,)={py ly=0,....q—1} =Z, (56)

while
By A/N(B,)={x~x+p|x=0,....,p—1}. (57)

A homomorphism ¢ : B, — IB%Z is the multiplication by a number r = 0,...,p — 1, and is
automatically symmetric. Therefore

L,.={(gx,rx+py)|x=0,....,p—1, y=0,...,q—1}. (58)
SPT phases are obtained by setting p = n and are classified by r € Z,,, i.e.

SPT : L, ={(x,rx)|x=0,...,n—1}, r=0,...,n—1. (59)

3.2 (i)gSPT phases protected by 1-form symmetries

Now we look at gapless phases with 1-form symmetry A(). Each line operator, labeled by
a € AV can either flow to a trivial line, or to a non-trivial line, and the latter form a subgroup
N(B) c AV (hence B C A is trivial in the IR). However, differently from gapped phases, among
the non-trivial lines, some can be topological, while others are not. The first set forms a
subgroup D € N(B), and the presence of a gapless sector is characterized by the non-triviality
of the quotient N(B)/D that labels the charges of non-topological lines of the gapless sector.
Notice that all non-trivial lines must have perimeter law, hence the symmetry N(B)" under
which they are charged is spontaneously broken. However, the symmetry (N(B)/D)" under
which the non-topological IR lines are charged is conformally broken, and not associated with
an emergent 2-form symmetry.

All of this can be formalized considering non-maximal condensable algebras of the SymTFT.
The classification is as follows: the condensable algebras'® are

* A subgroup B C A.

18We note that this reference to algebra is not quite accurate as these defects form a sub-higher-category, but we
refrain from this in this context unnecessary embellishment in terminology.
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* A subgroup D C N(B).

* A group homomorphism ) : B — A"/D with the property that
Y(b)b' =(b")b, Vb,b’ € B. (60)
The corresponding algebra is
Agpy = {(b,5¢(b)) |beB,s e ]D)}. (61)

In general, non-maximal condensable algebras describe gapless phases. The interpretation of
(61) is clear from the “Club-Sandwich” picture:

sym phys
Bs L sy B

a

(62)

Condensing Ag  , in half space we construct an interface between 3(S) and a reduced topo-

logical order 3(S’), with S = A(M. After interval compactification, we can distinguish three
types of object, represented in the figure above from bottom to top:

1. Dynamical degrees of freedom charged under &', described by surface operators extend-
ing throughout the bulk.

2. Topological lines (0, 5) ending both on the Z 4 y interface and the symmetry boundary
BSY™_ These describe a (deconfined) SSB phase dressing the gapless degrees of freedom.

3. Topological surfaces labelled by a € A confined on B%™ and describing the full symme-
try.

Up to this point everything is the same as in the gapped case. The difference is that now the
quotient A/B does not act faithfully on topological lines:

Esym n AE,D,’(’J =D > (63)

which is in general smaller than (A/B)" = N(B). Hence the subgroup (N(B)/D)" c A/B acts
trivially on the topological lines, and can only act on gapless degrees of freedom coming from
the physical boundary.

gSPTs and igSPTs. Gapless SPT phases are those in which there is no non-trivial topological
line, and hence
D=1. (64)

B is trivial at low energy, while A/B only acts on a gapless sector and is fully conformally
broken. Therefore, gSPT phases for a 1-form symmetry in (3+1)d are classified by pairs (B, ¢),
with B C A and ¢ : B— A" a homomorphism satisfying the property (60).

This phase is intrinsically gapless (igSPT) if and only if there is no Lagrangian algebra of
the from £, 7 (this ensures that £, a0 Lsym = 1) such that Ag; , € £ AT This means that

1 must not admit an extension to 1//)\ : A — AV preserving the property (60).
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3.3 Examples

3.3.1 Cyclic groups A=7Z,

Any homomorphism between two cyclic groups satisfies 1(b)b’ = (b’)b. Hence, gSPT
phases are classified by a divisor p|n that determines

]Bp:{qxlx:():--':p_]-}: n=pq, (65)

~

and an order p element of ZY = Z,. The latter is of the form gm, m = 0,...,p — 1 and
determines

YP(gx) =qmx. (66)

Any homomorphism v : Z; — ZX has a symmetric extension to Z,, so there are no igSPT
phases.

3.3.2 Minimal igSPT A =Z4 X Z,

The smallest 1-form symmetry group that admits intrinsically gapless SPT phases is Z4 x Z.
The subgroup B C A that is part of the classification data (B,)), here is B = Z, = ((2,0)) C A
(for all other subgroups there are no igSPTs). The most general homomorphism Z, — Z4 x Z,
is

wsl,sz(zx: O) = (231X,52X) ’ (67)

with s; = 0,1. Since v  (2x,0) - (2x’,0) = 1, this is automatically symmetric. Moreover,
if s, = 1 it does not admit any extension (neither non-symmetric) {b\ : A — AV, hence it
represents an igSPT phase. We have two of them with s; = 0,1. We will come back to this
example shortly, providing a concrete model that realizes these phases in the vanilla case of
s; = 0 (turning on s; corresponds to stacking a standard gapped SPT), whose condensable
algebra is

Az, =1(2x,0;0,x) | x=0,1}. (68)

The fact that this defines an igSPT can be understood from the reduced topological order, too.
Using standard methods one discovers that the reduced theory is the (4+1)d Dijkgraaf-Witten
theory for Z,, whose by electric and magnetic surfaces are generated by:

E=(1,0;0,0), M=(0,1;1,0). (69)

In order to determine the symmetry S’ we ask which of these surfaces can terminate topolog-
ically on B%™. The allowed surfaces are:

E?*=(0,0;0,1), M?*=(0,0;2,0). (70)

This boundary condition defines a polarization whose symmetry is S’ = Zgl) X Z(Zl) with a
mixed anomaly [78]:

271 1
1=§ BiUB(B), B(By)=56B;. 71)

This proves that the IR symmetry is anomalous, i.e. we are describing an igSPT.

It is worth emphasizing the physical reason why the minimal igSPT for 1-form symmetries
is Z, x Z4 rather than Z, as in (14+1)d. An igSPT is characterized by an emergent anomaly for
the faithfully acting symmetry in the IR. While in (14+1)d Z, = Z4/Z, can be anomalous since
H3(Z,,U(1)) = Z,, in (3+1)d we have H>(B?Z,, U(1)) = 0, but H>(B2Z, x Z,,U(1)) = Z,.
Therefore a UV Z, x Z, symmetry can realize an igSPT if Z, C Z, trivializes in the IR, and the
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quotient Z, x Z, gets an emergent anomaly. Interestingly,!” however, a Z, 1-form symmetry
can have a mixed gravitational anomaly that can be detected on non-spin manifold, and has
inflow

2mi
— | w2UB(B2), (72)
2 Jx
5
with w, the second Stiefel-Whitney class of the tangent bundle, B, the background for the
1-form symmetry Z, and (B,) = % its Bockstein. While we always work on spin-manifolds
in this paper, as a consequence of the previous discussion one can presumably find new igSPT

phases that can only be detected by putting the system on non-spin manifolds.

3.3.3 Examples: A=Z, xZ,

A wider class of examples of gSPT and igSPT phases arises for A = Z, x Z,,, provided that
n = pq can be written as the product of two non coprime integers. Let us present all the
details in the n = 4 case, and then sketch the generalization to other values of n.

The group Z, x Z, has nine non-trivial proper subgroups:

(Z4), , (Z4)y» (Z4)y » (Zo)1 s Zop, (Zo)p » Ly X Ly, Ty X Ly, Ly X Ly 73)

For all subgroups isomorphic to a cyclic group, it can be checked that any symmetric homo-
morphism v : B — Z4 xZ,4 has a symmetric extension, therefore there are no igSPTs associated
with these subgroups.

Let us look at B = Z, X Z,. There are 16 homomorphisms Z, x Z, — Z4 X Z, that we label
with four parameters s;,59,71,7 =0, 1:

Yy 501, (265 2Y) = (251X + 211y, 255X + 213y ) . (74)

Notice that 1 s , . (2x,2y)(2x’,2y") = 1, so these are all symmetric and define gSPTs.
Each homomorphism v . . has 16 extensions, parametrized by other four labels
01,02,P1,P2 = O) 1:

—

FOoPLP(x, ) = ((s1 20, )%+ (4 291y, (53 + 205)x + (rp + 2p2)y), 75)

$1,82,1'1,1"2

that is symmetric if and only if r{ + 2p; = s, + 20,. We conclude that if r; # s, there is no
symmetric extension of 171\5 Lsyr1rp0 €NCE this represents an igSPT phase. We have eight igSPTs
of this kind.

The last subgroup to consider is B = Z4 X Z,, for which there are no igSPTs. Indeed the
most general homomorphism is

{/)\sl,sz,rl,rz(XJ 2y) = (Slx + 2r1y552x + 2r2y) > (76)
where 51,59 = 0,1,2,3 while r;,ry = 0,1, and is symmetric if and only if s, mod(2) = ry.

There are four extensions

PPz (x,y)= (Slx +(r; +2p1)y,80x + (ry + 2p2)y) ) (77)

$1,52,'1,12

for which the symmetric condition is s, = r;+2p1, that has solution precisely if s, mod(2) = r;.
The igSPTs of A = Z, x Z, have a natural generalization for A = Z, x Z,,. Consider n = pgq,
and we look at the subgroup B = Z, X Z,. Symmetric homomorphisms Z, X Z, — Z, x Z, are

V1,550, (4% qY) = (qslx +qriy,qsex + qrzy) , (78)

1We thank an anonymous SciPost referee for pointing this out.
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Table 6: 1-Form symmetry groups and background fields.

Group yAS zyY Zglv Z4

—

Background Field || B, | B, | B, B, | B, | 2B, +B,

with s1,89,71,12 € Z, and
p
i =emod( ). o9
e ged(p, q)

The difference r; —s, can then take ged(p, q) values. Therefore there are p3gcd(p, q) gSPTs. To
check which of them are igSPTs we look for the extensions 1 : A — AY, that are parametrized
by o;, p; € Z

@igiifr}z’pz(% y)= ((31 +po)x+(r1+pp1)y,(s2+po)x +(ry + PPz)J’) ) (80)
and for this to be symmetric, i.e. for an extension to exist, the condition is
r+pp; =Sy +po, mod(n). (81)

Thus if r; = s; mod p there is a symmetric extension. Otherwise, there is no one, and in
the latter case we get an igSPT. We conclude that, among the p3gcd(p,q) gSPTs, p® are non-
intrinsic, while the remaining p3(ged(p,q) — 1) are igSPTs.

3.4 Physical realization of igSPT phases

We can take as input any of the igSPT phases we found and produce a physical IR theory that
realizes it similarly to the (14+1)d construction of [76]. To illustrate the idea, we consider
the realization of the minimal example of A = Z, x Z,, which is associated with B = Z,
and v¢(2a,0) = (0,a). We take a CFT %, with 1-form symmetry Z,' and construct T,/Z, by
gauging the Z, C Zi‘n subgroup of the 1-form symmetry. Since Zzn is a non-trivial extension, in
the resulting theory the dual Z' = Z; 1-forms symmetry and the quotient Z§ = Zi4n /Z, have
a mixed 't Hooft anomaly

2mi

— | BeUBBn), (82)

Xs

with B, the background for the dual symmetry Z3', and B, the background for the quotient Z.
We then stack a completely trivial theory with 1-form symmetry 72, and use 1) to construct

an SPT involving B,,, and the background B, for the decoupled Zg:

o
% B, UB.. (83)

X4

Finally, we gauge Z7' x Zg/ with this SPT. Following similar steps as in section 2.4.1 we find
that the resulting theory has symmetry Z, x Z,. The Z, part arises as a non-trivial extension:

152z 52, > 75— 1. (84)
Denoting by B,, the background field for Z'znv, there is a modified cocycle condition

5B, = P(B.). (85)
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The partition function of the resulting theory, that we denote by ¥, is

=~ = 271 ~ =
Zg [Bm:Be: B/e] = exp (_7 f B, UB/e) ZTO/Zz [B/e:Be] . (86)
X4

Here B’ . is the background for the dual symmetry Zg/v (see table 6 for a summary of the
symmetries and background fields involved). As we will see shortly in a concrete model, this
piece of the symmetry acts trivially on the dynamical CFT, that is T;/Z,. The same is clearly
true also for the Z, C Z, subgroup, as its background B,, only appears in the multiplying
phase. This is the same result as in (14+1)d: the the anomaly of the dynamical part ¥,/Z,
is cancelled by the Green-Schwarz mechanism due to the modified cocycle condition of B,,
and the presence of the multiplying phase. Hence the CFT has an emergent anomaly that
forbids from trivially gapping it by IR deformations. However, remembering the presence of
the symmetry Z’znv only acting on gapped degrees of freedom, the anomaly is cancelled and it
is possible to drive the system to a trivially gapped phase by a UV deformation. This would,
however, require to make gapless some of the degrees of freedom on which Zz’”v is acting,
hence closing the symmetry gap and encountering a phase transition.

3.5 An SU(4) x SU(2) gauge theory realization of igSPTs

This somewhat formal discussion can be made concrete in a model model where all the above
ingredients are embedded into an asymptotically free gauge theory. For instance, the CFT ¥,
with 1-form symmetry Zan can be realized as the fixed point of a SU(4) gauge theory with
enough massless adjoint fermions 1 to land in the conformal window. For the trivial theory
with Z, symmetry we could simply take pure SU(2) YM theory, but without affecting the IR
we can replace it with SU(2) gauge theories with massive adjoint fermions y.2° This fact will
be relevant at the end of the analysis.

Let us analyze the various line operators, and re-derive the above result in a more phys-
ical way, interpreting it in terms of confinement/deconfinement. We denote by W< and T?,
a,b=0,...,3 the Wilson and (non-genuine) ’t Hooft lines of the SU(4) sector, while by W/, T’
the analogous lines in the SU(2) sector. Since the first sector is designed to flow in the con-
formal window, all the W¢ lines have perimeter law, while T? have area law and disappear
from the CFT. Vice versa, W’ and T’ have, respectively, area and perimeter law. In the original
SU(4) x SU(2) global variants, all the Wilson lines are genuine, while the ’t Hooft lines are
non-genuine, i.e. live in twisted sectors. In the IR this flows to a CFT with Z, 1-form sym-
metry times a trivially gapped (confined) phase with Z, zero-form symmetry. The phase is
not protected by symmetry, as turning on a mass for the adjoints ¢ leads to a trivially gapped
(confined) theory.

We then pass to the SU(4)/Z, global variant. Now the 1-form symmetry is

Z; X Zg‘ X Zg , (87)

and the genuine lines are W2, T? and W', which are charged respectively under the three Z,
factors. We then gauge Z7' x Zgl adding the discrete torsion term (83), whose effect is to change
the lines that become genuine. In fact, before promoting B,,, B, to dynamical fields, the lines
W(W?3), T, T’ are in twisted sectors, and the presence of the counterterm (83) changes their
charges as in table 7. The factors of —1 stem from the stacking with the SPT phase, while the
fractionalized charge i describes the mixed ’t Hooft anomaly

niJBeUﬂ(Bm). (88)

20The reason for this choice is that, with the correct number of SU(2) adjoints, in the UV we may play with their
mass, eventually reaching the massless point so that the SU(2) sector also reaches a conformal point.
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Table 7: Charges of twisted lines under the various symmetries.

Twisted
2 Sector

T(|1]|-1]1 Z;

Table 8: Confinement pattern of both genuine and non-genuine lines in the final
theory %.

Line ww’ w2 T2 | w | W | T |T
Area/Perimeter A P A P A P | A
Genuine/Twisted || genuine | genuine | genuine ng Z;lv Z’Z"V Zy

After gauging Z1' X Zg, on top of keeping only the invariant lines (on/ly W? in this case),
we have to add the twisted sector lines that are not charged under Z5' x Z3 . Hence, the lattice

of genuine lines is generated by
WW’ and T'T?, (89)

as opposed to W and T’, and the symmetry is Z, X ZZ/V. The lines W and W’ both go into the

twisted sector of Zg/v (whilst their product WW’ is genuine), T goes into the twisted sector of
Z4, while T’ into the twisted sector of the subgroup Z;"V (indeed T’T? is genuine).

Following our dynamical assumptions, before the discrete manipulation, W and T’ are
deconfined, while W’ and T are confined. Thus in the low-energy theory the only genuine line
present is W2, as both WW’ and T’T? have area law. This indicates that only a Z, quotient of
the 1-form symmetry acts in the IR theory, which does not contain topological lines. Hence,
this Z, quotient acts on the gapless sector. In the twisted sectors, instead, T and W’ have area
law, while T/ and W have perimeter law. Thus, both Z; and Z’z’l/ can be detected at low energy
by looking at the twisted sectors. The reader can consult table 8 for a clear synthesis.

3.5.1 Deformation by fermion masses

We can now characterize the peculiar feature of this topological phase in this physical setup.
Suppose that we try to deform the IR in order to reach a fully confined phase. Since SSB
for 1-form symmetry is detected by reducing on an S! we can think of a finite-temperature
setup where a monopole potential, as well as fermion masses, can be turned on if allowed
in the IR. Let us first focus on fermion masses. To completely confine the theory, we should
confine the W2 line. This can be done, for example, by turning on an equal mass for all SU(4)
adjoints.?! This would imply that T has perimeter law. Notice, however, that T is no longer
present in the low energy description. Furthermore, if we give T a perimeter law, then T’T?

is also deconfined, and we would break ng spontaneously.

21'We assume that the fermion mass operator is still relevant in the IR CFT.
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At first glance, this may seem akin to a (3+1)d CFT with an anomalous 1-form symmetry,
which prevents the theory from being trivially gapped. However, the unique aspect of this
phase is the absence of an anomaly for the full UV symmetry S. This indicates that the the-
ory might become fully confined if we can render some gapped degrees of freedom massless
initially. For example, by tuning to zero the UV mass for the SU(2) adjoints we can drive this
sector to conformality in the IR.

Consequently, the WW' line has perimeter law, and the full Z, acts non-trivially on the
gapless degrees of freedom. This represents a gapless SPT phase, but it is the non-intrinsic
one. In fact, it can be deformed into the trivial phase by uniformly increasing the masses for
the low-energy adjoints of both SU(4) and SU(2).

However, this deformation is not possible in the igSPT phase since, there, the SU(2) ad-
joints have already been integrated out, and their mass operator is not part of the CFT. Further-
more, to make this deformation possible, certain degrees of freedom need to become massless,
leading to a phase transition, supporting the assertion that the igSPT we are discussing is a
distinct phase.

3.5.2 Deformation by monopole potentials

Finally, let us comment on robustness of this phase against another type of deformation, which
is important to distinguish this phase from more familiar ones. The fact that giving a mass to
the SU(4) adjoint fermions drives the CFT into a Z, SSB phase should not be surprising, and
we would have found a similar result starting from PSU(4) gauge theory instead. However,
in the latter, the SSB phase is not protected by any mechanism.

In fact, the situation is different once we study the deformations obtained by reducing on
S! and turning on monopole potentials. Here we use the abuse of terminology by which any
local operator obtained wrapping a line operator on S! is called a monopole, independently
of whether it is charged under an electric or a magnetic symmetry.

In the PSU(4) theory on S! x R® we can turn on a monopole potential

voywn, (90)

where W is the Polyakov loop. By carefully choosing the potential, this condenses WV and
leads to the PSU(4) confined phase. Notice that we can turn on this potential in the IR since
W has a perimeter law.

In the igSPT case, instead, we would like to turn on a potential for MM:

V(MM (91)

where M is the reduction of the ’t Hooft line on S'. However, table 8 shows that T has area
law, thus M is absent in the IR and this deformation is not available in the low-energy theory.
We can only turn on a potential for W2(W?)', which would lead us too to a SSB phase for Z;.
Thus, the igSPT phase cannot be trivially gapped by IR deformations.

4 Gapless phases with duality symmetries

We now turn to exploring (intrinsically) gapless SPT phases for selected non-invertible sym-
metries. In this section we will focus on duality-type symmetries in both (1+1)d and (3+1)d,
giving a SymTFT construction and discussing the constraints on the IR physics from the per-
spective of the gapless sector.??

22The methods and classification developed here generalize in a straightforward manner to G-ality defects. See
[75,84,85] for recent studies.
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4.1 Phases with duality symmetries: (1+1)d

We want to generalize the analysis of the gapless phases in (1+1)d to a larger class of fu-
sion categories S whose Drinfeld center Z(S) is obtained from some abelian topological
order Z(Vec,) by gauging a finite invertible O-form symmetry G.?*> Examples are Vecp, ,
whose Drinfeld center is obtained by gauging charge conjugation in Z(Vecy, ), and Tambara-
Yamagami categories TY (A, v, €) [7,75,86,87], whose center is obtained from Z(Vec, ) gaug-
ing electro-magnetic duality [38,41, 50,88]. Later we will extend our approach to (3 + 1)d.
Although the center of TY-categories is well-known [88], our approach gives a construction of
the center which extends more easily to higher dimensions (see also [41,50]). Our goal will
be to determine the condensable algebras, including SPT, gSPT, and most interestingly igSPTs,
through the gauging.

4.1.1 Structure of the center

We consider a faithful 0-form symmetry group G acting on A x AV by exchanging anyons,
while preserving fusion and braiding. Practically, there exists a group homomorphism
® : G — Aut(A x AY) such that

Q‘Pg(a,a) = G(a,a) s Vae A,a € AV, (92)

Faithfulness means that & defines an embedding G C Auty(A x AY) in the subgroup
Auty(A x AY) C Aut(A x AY) that preserves the pairing (a,a) — a(a) € U(1).

Structure of Auty(A x AY). Auty(A x AV) is generated by three subgroups [89]: one is iso-
morphic to Aut(A), another to H2(A, U(1)), while the third to Z,. The embeddings Aut(A)
and H2(A,U(1)) into Auty(A x A") are canonical. Given an automorphism p : A — A, we
have p~'V : AY — AV given by p~'V(a)(a) = a(p~"(a)). Hence P, € Auty(A x AY) is given
by

P,(a,a)= (p(a), p‘”(a)) : (93)

Similarly, given w € H?(A,U(1)), y : A x A — U(1) be the associate alternating bicharacter
and 1) : A — AV the corresponding group homomorphism, Q,, € Auty(A x AY) is

Qula,a)=(a,y(a)a). 94)

The Z, subgroup, instead, is generated by electro-magnetic duality S and its identification
is non-canonical. Given a choice of isomorphism ¢ : A — A" such that ¢" = ¢ — namely
¢(a)b = y(a, b) is a symmetric bicharacter — then S is defined as**

S(a,a) = (¢ (), ¢(a)), (95)

and preserves the spins because of ¢ (a)b = ¢(b)a.

In [89] it was proved that these three subgroups exhausted all the elements of Auty(AxA").
One physical interpretation is obtained by fixing the starting symmetry boundary to be the
canonical Dirichlet one realizing the symmetry Vec,, and each O-form symmetry of the
SymTFT is a surface that maps this symmetry boundary to a different one. Then the ele-
ments of Aut(A) simply permute the symmetry generators, leaving that boundary invariant up
to isomorphism, those of H2(A, U(1)) maps the boundary adding SPT phases, while S maps it
to its electro-magnetic dual.

Bwithout loss of generality we can assume G to act faithfully on Z(Vec,).
247t is easy to check that two different choices ¢,,¢, lead to S,,S; such that S, = P,S;, with
p=0¢7"¢: € Au(A).

25


https://scipost.org
https://scipost.org/SciPostPhys.18.3.114

e SciPost Phys. 18, 114 (2025)

Table 9: Objects (lines) of the 3d Symmetry TFT for the Tambara-Yamagami symme-
try.

Object Definition Dim | # of Objects Spin 6

Laxy | 1% (a ¢(@) 1 2|A| v(a,a)

X | (@ o®)e (b, ¢(@)| 2 |lAl(lAI-1)/2 v(a,b)

Za,x) X 0, VIAT|  20Al (—1)x\ WLUZ PAGR
beA

Anyons of the gauged center. We consider the fusion categories S such that
Z(S) = Z(Vec,)/G. To fix our notation and language, let us briefly review the anyon content
of Z(8), in a way that can be generalized to higher dimensions [41, 42,49, 50]. As this is
a well-known procedure, we refer the reader to [90] for details. In the following, we only
consider the case of G abelian and, in particular, G = Z,. Anyons in Z(S) fall into three
classes:

* G-invariant combinations (orbits) of anyons of Z(Vec,). For G = Z, they can be long
orbits X, ;, or invariant lines L, ..

* Lines n,, r € Rep(G) = G" of the dual symmetry.

* Twist defects X, ), coming from the G-twisted sectors o, prior to the gauging. For
G = Z,, we have x = . These are the charged objects under the Rep(G) symmetry.

The suffix + indicates that the Rep(G) symmetry line can fuse with the defect giving rise to
a new topological object. We summarize their structure, in the case of Tambara-Yamagami
categories, in table 9. The case of Vec, appeared in [38] and is instead reviewed in appendix
A. The reader is referred to [41,88] for details of the complete categorical structure.

4.1.2 Condensable algebras in Z(S)

In the present context, useful information about Z(S) can be inferred from the fact that
Z(Vec,) and Z(S) are connected to each other by gauging G or Rep(G))) = G. To start
with, we consider the open club sandwiches, defined by condensable algebras. These define a
topological interface®®

TRep(6)

3(Vec,)/G

6
—3(5) (96)

G-gauging interface

ZThe study of such interfaces has a long history, dating back to [91-93], see also [19,94] for recent studies in
(1+1)d.
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The topological interface is a G-gauging interface, defined by gauging G in the right-half of the
space with Dirichlet boundary conditions for the G gauge field. Alternatively, it is associated
with the condensation of the algebra

As= P ., (97)

r€Rep(G)

of Z(S). From the point of view of Z(S), Z(Vec, ) can be understood as a reduced topological
order. We can construct a lift from any condensable algebra A, of Z(Vec,) to a condensable
algebra AS of Z(S). Any condensable algebra A, defines an interface 7 4, (and viceversa),
and .Ag is the algebra corresponding to the stacking of the two interfaces

Za, TRrep(0) T g

shrink 3(Vec,) (98)

3(8) 3(8)

We call these algebras induced algebras from A,. These do not exhaust all the possible con-
densable algebras in Z(S) as they will all condense the Rep(G) lines. As appreciated in [50],
the missing algebras are lifts of G-invariant algebras A; in Z(Vec,):%°

S(A) =A. (99)

Having found an invariant algebra, we must also specify a way in which the symmetry G acts
on the algebra structure of A;. This defines an equivariantization of A; of 4;, and can be
characterized precisely (see [50] Sec. (3.4)). We will often omit this datum unless relevant
for the phase described. An intuitive justification of this construction follows from considering
the reduced topological order Z(Vec,)/A; and gauging the G symmetry:

IA IAI

T

gauge G (100)

3(Vecy)

3(Vecy)

This setup is transparent to the Rep(G) lines and thus defines a new type of interface, denoted
by 7 4,- This describes the most general reduced topological order in which the G symmetry
is still present. It is possible to find physical examples in which the G symmetry does not
act faithfully on gapless degrees of freedom without being broken. We will not discuss these
examples, but let us briefly give a flavor of how they are achieved.

Consider a lift of an invariant algebra A;. Since it is duality-invariant, we can often en-
large it by including twisted sector operators %, ,. This eliminates the G symmetry in the IR
description by gauging it. Alternatively, if invariant anyons L, are present in .4;, and we call
B;,, the subgroup that they form, we can decorate .,ZG with dual symmetry lines 71, using a
group homomorphism & : B;,, — G. This eliminates the G symmetry from the IR description
as it is nonlocal with respect to a nontrivial decoration.

Z3trictly speaking, preserving a subgroup of G is sufficient, but our examples will all be for G = Z,.
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4.1.3 gSPT and igSPT phases for S

The structure we have just introduced allows for an efficient description of (i)gSPT phases for
S. First of all, notice that the canonical Lagrangian algebra L, that fixes the symmetry to
be S is nothing but £, induced by

Lo={(0,0) a € A"}, (101)

which in turn is the canonical Lagrangian algebra of Z(Vec, ) that gives the symmetry Vec,.
As Lgymm contains all the Rep(G) lines, a necessary condition for a condensable algebra A to
correspond to a gSPT phase is:

ANRep(G) ={1} . (102)

Thus .4 must be a lift of an invariant algebra .A;. Clearly .4; is not just any invariant algebra
in Z(Vec,), but must be a gSPT algebra in order to avoid an SSB phase of A.

However, what we are really interested in is determining which of these gapless SPT phases
are intrinsic. We then have to ask if a gSPT algebra ;f, is a subalgebra of a Lagrangian algebra
L corresponding to a (gapped) SPT. We will specialize to the case in which the duality sym-
metry acts faithfully on gapless degrees of freedom. The general case is also treatable through
our formalism, but the complete classification becomes cumbersome. To continue the discus-
sion, we use the result [49, 50] that (gapped) SPTs of Z(S) can only arise from G-invariant
Lagrangian algebras £, of Z(Vec,). The corresponding SPT algebra £, of Z(S) is obtained
as follows. First, we construct E, that is condensable but non-maximal in Z(S). The reduced
topological order is a Dijkgraaf-Witten theory Z(Vecg). If the cocycle w € H 3(G,U(1)) is triv-
ial?” one can further condense the magnetic lines of 3(Vec;). This sequence of condensations
defines a gapped boundary of 3(S), and Z| is the corresponding Lagrangian algebra.

Using these facts it is easy to see that if .4, is a G-invariant igSPT algebra of Z(Vec,),
then :4\| is also intrinsic.?8Interestingly, the vice-versa is not necessarily true. We may have
a G-invariant gSPT algebra A, of Z(Vec,) that is non-intrinsic -namely A, € £, for some
SPT Lagrangian algebra L,— but the latter is not G-invariant and hence it does not give rise
to a gapped SPT of Z(S). Finally, we can have a Lagrangian algebra L}r’ with non-trivial
equivariantization datum 7, whose reduced topological order describes a phase with Vec%’2
symmetry with nontrivial anomaly w.

To summarize, we can distinguish three types of igSPT phases for theories with S symme-

try:
* Type I: igSPT phases of Vec, whose condensable algebra is G-invariant.

* Type II: gSPT phases of Vec, which are not intrisic and whose condensable algebra is G-
invariant, but such that none of the SPT Lagrangian algebras containing it is G-invariant.

* Type III: SPT phases for the A symmetry which are described by a duality invariant
Lagrangian algebra £;, but with nontrivial choice of equivariantization £, which makes
them igSPT phases when taking into account duality.

The physical interpretation of Type I and Type II igSPT phases is quite different. Consider,
for instance, the case of duality defects, in which S extends Vec, by adding a non-invertible
defect A/. A Type I igSPT is an intrinsically gapless phase if we forget the duality, that simply
remains so when we remember it, but the presence of N does not play any fundamental role:
the prize to pay for gapping the theory is spontaneously breaking A. On the other hand, a
Type II igSPT is such that it is non-intrinsic if we forget duality, hence it can be deformed to a

%7 depends not only on the symmetry and the algebra £, but also on its equivariantization £].
281f it was not, then A, C £, for some SPT algebra of Z(S), but then A, C L,.
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gapped phase if we discard the non-invertible symmetry, but it is intrinsic precisely because of
its presence. Hence it is a topological phase protected by the non-invertible symmetry, and if
we want to gap the theory, we need to spontaneously break it. Type III phases are similar to
Type 1I phases, in which the full A symmetry has been realized in a trivially gapped fashion.
From the perspective of the gapless degrees of freedom, the duality symmetry is realized in
very different manners:%°

* In Type IigSPTs the duality defect is realized as an invertible and anomaly-free symmetry.
* In Type II igSPTs, it is instead realized as a non-invertible, but anomalous symmetry.
* In Type III igSPTs the duality symmetry in the IR is invertible, but anomalous.

At this point, it is useful to discuss some concrete example. It turns out that the natural igSPT
phases in (1+1)d are of Type I or III, while we will see examples of Type II igSPTs in (3+1)d.

Type 1 igSPT phases for Vecp,. The Drinfeld center of Vecy, is obtained from Z(Vecy,)
by gauging charge conjugation C : (a, b) — (—a,—b). We refer the reader to appendix A for
details and notation.
The group-symmetry Vec,, admits two igSPT phases of Type 1. Indeed the well known
Vecy, igSPT with algebra
Az, 1,9 = {(2x,2x) [x =0,1}, (103)

is C-invariant. Moreover since the line (2, 2) is by itself C-invariant, this algebra gives rise to
two decorated igSPT algebras in Z(Vecy,) in
A 1 =Loo+ 1Ly (104)
Finally, since the only SPT Lagrangian algebra of Z(Vecy, ), namely Lgpr = {(a,0)}, is
C-invariant, it gives rise to an SPT for Vec;, and there cannot be Type II igSPT phases.
This result matches the finding of [38] by direct analysis of the modular data of the Drin-
feld center and the structure of its Hasse diagram. We can also use the present formalism to
generalize this example to find igSPT phases for all Vec, .

Type IigSPT phases in TY categories. Tambara-Yamagami categories TY (A, y, €) are clas-
sified by a finite Abelian group A, a symmetric bicharacter y : A x A — U(1) and a Froboenius-
Schur indicator € = £1 [86]. These data appear naturally in the Drinfeld center [49,50], which
can be obtained from Z(Vec,) by gauging the electro-magnetic duality (95) determined by
a symmetric isomorphism ¢ : A — A" (y(a, b) = ¢(a)b is the associated bicharacter) with
discrete torsion € € H3(Z,, U(1)) = Zs.

Consider the case A = Z, x Z, with off-diagonal bicharacter ¢,(x, y) = (¥, x) and trivial
FS indicator, which always admits gapped SPT phases [50]. As we have seen, if n = pq,
ged(p,q) # 1 there is a class of igSPT for Vec,, Aszzp,l,w with 1 given by (34). These
algebras produce igSPT phases for TY(Z, x Z,, vo,+) if they are duality invariant, and a
necessary condition for this to happen is that the image of ¢ must be Z, X Z,,. Setting r =0
(r # 0 corresponds to stacking a gapped SPT) this requires p = q: otherwise t = p/ gcd(p, q) is
never invertible over Z,, and the image will be tZ, x tZ, C Z, x Z,, which is a proper subset.

2For readers familiar with the obstruction theory describing anomalies of Tambara-Yamagami categories [7, 50,
95], Type 1 igSPTs realize anomalous O-form symmetries in the IR, Type II igSPTs realize anomalous Tamabara-
Yamagami type categories with a nontrivial first obstruction, and Type III igSPTs realize anomalous Tambara-
Yamagami categories with trivial first obstruction and nontrivial second obstuction.
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The simplest example isn =9, p = q = 3, and we choose k; = kg3 =r =0, k, = 1. This
gives the algebra

Az xzinp ={(8x,3y;3y,3x) | x,y =0,1,2}, (105)

that is duality invariant for the off-diagonal bicharacter and produces an igSPT phase of of
Type I with algebra

2
Agxzanm = EP (3x,3y;3y,3x). (106)
x,y=0
Notice that, even though all 9 anyons appearing are individually duality invariant, no decora-
tion of this algebra is possible. Indeed, all non-trivial anyons are of order three, hence dressing
one of them with the non-trivial generator of the quantum symmetry Rep(Z,) would imply
the presence of the dressed identity line, that is not consistent with an SPT.%°
We also comment on the symmetry realization on the gapless sector. After condensing
Az, x74,1,» the resulting theory describes Z(Vecy, ), with electric and magnetic lines generated
by E = (1,0;0,—1) and M = (0, 1;2,0), respectively. A simple computation shows that our
UV choice for duality symmetry descends to charge conjugation C. Furthermore, the gapped
boundary condition B*™ is mapped to the Lagrangian algebra L, ;, which describes a theory
with Z3 x Z3 symmetry - with a mixed anomaly - stacked to an invertible Z, duality symmetry
[50].

Type III igSPTs in TY categories. An example of Type III igSPT can also be found in the TY
category. Consider Rep(Dg) = TY(Zy X Z5,Yo,+). This was the first non-invertible igSPT dis-
covered [38]. We will show that the present formalism reproduces it correctly. This symmetry
allows for a duality-invariant SPT by using the Lagrangian algebra:

L={(x,y;x,y), x,y=0,1}. (108)

The duality symmetry can act on this algebra in multiple manners, called different equivari-
antizations [50]. In practice they are in one-to-one correspondence with one cochains 1 which
form a torsor over:

H(Z,, L), (109)

satisfying

AVC.H) ) _1o(bit) 110

[$1(o(d),0(b)) ] vo(a(b),0(b))’

Importantly, they induce a ’t Hooft anomaly «w € H3(Z,,U(1)) for the (invertible) duality
symmetry after gauging, given by:

don(b, b') = [X

w = Arf(n). (111
In our example o = 1 and the r.h.s. of (110) vanishes. Since
H'(Zy, 7y X Zy) = Hom(Zy, Zy X Zy) = Ly X Ly,

there are four inequivalent choices. In [7,50] it is shown that the ) map sending the generator
of Z, to (1,1) € Z, X Z, has negative Arf invariant. This describes an igSPT between Rep(Dg)
and Z3, as already shown in [38].

30An example where decoration is possible isn =16, p=q =4, and again k;, =k; =r =0, k, = 1:
Azzgip =1{(4x,4y;4y,4x) | x,y =0,...,3}. (107)

This is essentially the same as before, but since as a group Ay, «z, 1.4 = Z4 X Z,, We can freely assign a representation
to each of the two generators of Z, x Z,, and this algebra produces 22 = 4 igSPT phases of Type 1.
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Table 10: First few values of n for which the equation r2 = —1 mod(n) has solutions.

nif2( 5 |10 | 13 | 17 25 26

r|1(23|3,7|58]|4,13|7,18 5,21

4.2 Phases with duality symmetries: (3+1)d

The formalism developed in the last subsection can be extended to discuss duality defects in
(3+1)d, that arise when a theory is self-dual under gauging a 1-form symmetry A( [1,2].
We briefly recall how to obtain the Drinfeld center by gauging electro-magnetic duality of
3(AM) [41, 42], and how to use it to characterized (gapped) SPT phases [49,50]. We then
use the ideas of the last subsection to characterize intrinsically gapless SPT phases, and discuss
examples.>!

4.2.1 SPTs for duality defects

Self-duality symmetry. As for O-form symmetries in (1+1)d, also the SymTFT 3(A(M) for
1-form symmetries in (34+1)d has a universal electro-magnetic symmetry determined by a
symmetry isomorphism ¢ : A — AV. The only difference is that, since the braiding in five
dimensions (46) is antisymmetric, the duality symmetry is

G=(S):(a,a)— (—d)_l(a), (j)(a)) , (112)

and has order 4. By gauging it, eventually with discrete torsion ¢ € H>(Z4,U(1)) = Z,,
we get the SymTFT for theories self-dual under gauging A, which include a non-invertible
symmetry defect N [41,42,49,50].

Let us set € = O for simplicity. As shown in [49, 50] the SPT phases for the self-duality
symmetries are given by G-invariant SPT phases for the 1-form symmetry A, These are
Lagrangian algebras £, ,, such that S (EAWJ) = L, - This last condition can be translated
into the requirements that [50] 1) : A — A" is an isomorphism, and o := ¢ ! 04 is a square
root of the inversion:

o?=-1. (113)

For A = Z,,, SPT phases for the 1-form symmetry are determined by r € Z,, as
L, ={(a,ra)|a=0,...,n—1}. (114)

There is no loss of generality in taking the isomorphism ¢ : Z, — Zx = Z, to be the identity.
The two conditions above are that r € Z, must also be invertible, and

r2=-1 mod(n), (115)

namely r is a quadratic residue of —1. In table 10 we report the first few values of n for which
this exists.

Since it will be important for us, let us also consider A = Z, x Z,,. There are two natural
choices of isomorphism ¢ in the Z, x Z, case

* The diagonal ¢5(x,y) = (x, y).

311t should be noted that, in higher dimensions, a Lagrangian algebra does not uniquely specify a gapped phase,
as decoration by boundary topological order is possible, see e.g. [24,26,52,96]. Our results remain valid, however
including these further data will lead to a larger set of igSPTs.
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* The off-diagonal ¢,(x,y) = (y, x).

In the first case a duality invariant SPT is given by a symmetric matrix

[ B
such that 12 = —1. This means that

a?+p2=52+p2=-1, (a+8)B=0. 117)

Taking 8 = 0, this again reduces to the existence of a quadratic residue of —1. We can also
take a = —§, and the condition becomes®?

a? + 2 =—1 mod(n). (118)
This choice of algebra prescribes perimeter law for the dyonic lines

Wl_aTl’ WZ_(STZ’ ﬁ:O’

— ayy P 2 (119)
wrew, Py, wew T, B2 =—1mod(n).
On the other hand for ¢, the existence of duality invariant SPTs is that
2
(¢51¢)2=(§ g) =( Porad 200 ):-1. (120)
This can always be solved by taking 6 to be coprime with n and
a=—56"1, p=0. (121)
Moreover, if there is a quadratic residue of —1, it is also solved by a = 6 =0 and :
B2 =—1 mod(n). (122)

Thus, with the off-diagonal isomorphism, the duality defect for a Z, x Z, 1-form symmetry
has an SPT for any n.
The above SPTs are realized by assigning perimeter law to the dyonic lattice generated by:

woeT,, WE'T,,  p=0,

—p —p 2 (123)
W, T, W, Ty, B“=—1mod(n).

4.2.2 gSPT and igSPT for duality defects

We now look at gapless SPT phases protected by duality symmetry. The general story of sec-
tions 4.1.2 and 4.1.3 applies also here. The only difference concerns the decoration: the
topological defects of Z(A™M) related with the 1-form symmetry are surfaces, hence they have
a different dimensionality of the lines generating the quantum symmetry Rep(G). Invariant
lines, strictly speaking, do not come in copies labeled by representations but can be stacked
with condensates of the quantum symmetry [97-99], and condensable algebras can sometimes
be decorated with these condensates. We will not analyze this here, and we leave the analysis
of the physical relevance of these decoration for the igSPT phases for future studies.

Starting from the condensable algebras for the 1-form symmetry A studied in section
3, we again have a classification into Type I, II and III igSPT phases. Interestingly, there are
natural examples of all these types in (3+1)d. In particular, Type II igSPTs are gapless phases
which would not be intrinsic in absence of the non-invertible symmetry, but the presence of
the latter forbids to gap the theory, while Type III igSPTs are characterized by the presence of
an anomalous, invertible duality symmetry in the infrared.

32This is a weaker condition because even if —1 is not a square, it might be a sum of two squares. For example,
this is what happens for n = 3. However, for n = 4 even this weaker condition cannot be satisfied. In general, if
n = 0mod(4) there is no solution, whereas for all other values of n there is at least one.
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Type I igSPTs for Z, x Z,, and ¢p. We look at theories with 1-form symmetry Z, x Z, and
duality defects associated with the diagonal bicharacter ¢ (x, y) = (x, y). Clearly, interesting
examples of igSPT phases are those that do not have a UV anomaly, so the theory would be
compatible with a gapped SPT. Thus we look at integers n # 0mod(4). As we have seen in
section 3, the 1-form symmetry Z,, x Z, admits igSPT phases only if n can be written as the
product of two non-coprime integers. The smallest such integer, which is # O0mod(4) isn =9,
for which p = g = 3. The most general igSPT for the 1-form symmetry is determined by the
condensable algebra

Ag o1 = {((sx,sy); (w(sx,sy))) 1%,y =0, 1,2} , (124)

with ) represented by the matrix

[ 1 N
Izb - ( 52 r2 ) ) (125)
with r; # symod(3) for the phase to be intrinsic. The condition of duality invariance is
2 .
=—1, that is

s% + 1159 = r% +r159=—1, ri(sy +1ry) =s5(s7 +15) =0. (126)
Setting s; = ry = 0 (since they represent stacking with an ordinary SPT), this can be solved by
Sy =—1, r; =1 (or vice versa). (127)

Since r; # s,, this leads to an algebra ngng,l,w representing an igSPT phase for the full
categorical structure including the duality defect.

A Type 11 igSPT for Z4 x Z4 and ¢o. Consider A =Z, x Z,, and duality associated with the
off-diagonal bicharacter ¢o(x,y) = (¥, x). This symmetry is non-anomalous and compatible
with gapped SPT phases.>® It is easy to check that there are no Type I igSPTs in this case.
There are, however, igSPT phases of Type II. Consider the subgroup (Z,); C Z4 x Z4 with the
homomorphism:

Y(2a,0) =(0,2a). (129)

The algebra .4, defined by this homomorphism

is duality invariant for the off-diagonal isomorphism. We have seen that for the 1-form symme-
try this is a gSPT, but not igSPT. Indeed there are symmetric extensions, and the most general
one is -

Vo, 0,k Y) =(201x + (1 +20,)y,(1+205)x +ky), (131)

where 04,0, = 0,1, while k = 0,1,2,3. Since 4, is a duality invariant gSPT for the 1-
form symmetry, it produces a gSPT A for the full categorical duality symmetry. To determine
whether A is an igSPT (of Type II) or not we need to check if some of the extensions 17)\01,02,,(
define duality invariant SPTs — if they do not, these are igSPTs. We have

—~ 2 1+ 2ko 2k
-1 1
= . 132
(¢O ¢U1,Uz,k) ( 0 1+ 2ko, ) ( )
33There are duality invariant Lagrangian algebras for the 1-form symmetry, for instance:
L={(x,—y;x,—y), x,y=0,...,3}. (128)
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For this to be —1, we would need k to be even. But then 1+ 2ko; = 1 mod(4). We conclude
that there is no duality-invariant symmetric extension of v). Hence A is an igSPT protected by
the categorical duality symmetry.

A complementary perspective: line order parameters. Let us study the Z, x Z, example
from the perspective of line operators. The algebra A, = {(0,0;0,0),(2,0;0,2)} describes a
gapless phase where the dyon

WiTZ, (133)
has perimeter law. The gapped dressing is duality-invariant with ¢, as the condensed line
is. Now we ask whether we can condense the required dyons to reach a duality-invariant

trivially gapped phase. Following our previous classification, for n = 4 these are described by
a=1,3; =0 and correspond to the condensation of

WiT), WiT,, or W2Ty, WoTs, (134)

respectively. We notice, however, that all four of these lines are non-local w.r.t. Wz2 le and
thus have area law. We conclude that the necessary monopole potential is inaccessible in the
deep IR and the phase is protected by the duality symmetry.

Furthermore, we can also show that, breaking duality, it is possible to gap out the theory
by an IR deformation. Consider the dyons To,W; and T 1w,, which are mutually local with
respect to the condensed one and have perimeter law in the IR. We can turn on a monopole
potential for them and let them condense. This corresponds to the completion

“4: {(a: b’ b,_a)} b (135)

for the algebra A,.

We can also be more specific about the realization S’ of the symmetry in the gapless degrees
of freedom and describe the anomaly. Condensing A, gives rise to a Z4 x Z, DW theory, with
lines generated by:

E=(0,1;1,0), M =(0,0;0,1), (136)
E'=(1,0;0,1), M’=(0,0;2,0). (137)
The UV duality symmetry acts by:
S(EyY=—E+M’', S(M)=M-—E',
/ / / ) (138)
S(E)=—E'+2M, S(M')=M’+2E.

We can ask whether this duality symmetry is anomalous. The most general SPT for the 1-form
symmetry is parametrized by algebras £, ; ; with generators:

E+IM+sM', E +2sM+s'M'. (139)

We then ask whether any of these is duality-invariant. It is straightforward, although tedious,
to show that none of these Lagrangian algebras are duality invariant. We thus conclude that
the duality symmetry that acts on the gapless degrees of freedom is anomalous.

A Type III igSPT for Z,. Type III igSPTs are also quite easy to derive. Consider the simplest
case A = Z,, where an SPT for the duality symmetry is described by the dyonic algebra £j
generated by (1, 1). On the gapped boundary corresponding to £, the symmetry is Zgo) X Zgl)
with a mixed anomaly [1]:

I=ni J AU %YB(B). (140)
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An equivariantization of L; contains a choice of symmetry fractionalization -class,
n e Hg(ZZ,ZZ) = Z,. The non-trivial choice n(A) = (A) = %5A shifts the mixed anomaly
and gives a term

I'= niJAU B(A)?, (141)

describing an anomalous (invertible) duality symmetry. Thus, this algebra realizes a Type III
igSPT from the non-invertible duality symmetry to Z3.
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A Drifeld center of Vecp,

Dg can be realized as a semidirect product Z, X Z,, where G = Z, acts as a — —a on Zy.
Hence 3(Vecp,) can be obtained following the procedure described in section 4.1.1, starting
from 3(Vecy,) and gauging the G = Z, symmetry acting as charge conjugation

C:(a,b)—(—a,—b), (a,b) € 3(Vecy,) =74 xZy. (A.1)
The invariant lines, that coincide with their own orthogonal (with respect to the braiding), are
F=F'={2x,2y) | %,y =0,1} = Zy X Z,. (A.2)

The twist defects in the G-crossed extension of 3(Vec, 4) can be labelled as

Zig X Ly,

O@p),  (a,b) €{(0,0),(1,0),(0,1),(1,1)} = 7

(A.3)

Notice that all twist defects are charge conjugation invariant.
Now we gauge G = Z,. We will denote by + the trivial and non-trivial representations of
Z,. From the invariant bulk lines we obtain abelian anyons:
+ + +
L Lyy> Ly, (A4)

+
L 2,0°

0,0°

From the non-invariant bulk anyons we get the dimension-two anyons:

Lio> Loi> L1, Lais, Lig, Lyis. (A.5)
Finally since the twist defects are all charge conjugation invariant we get

+ + + +
Yoo> 100 Zo1s 1 (A.6)

In table 11 we present the translation between these labels and other labels for Z(Vec, ) used
in the literature [38].
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Table 11: The table lists all anyons of 3(Vecp, ) using three distinct notations, see
[38]. The first column uses our notation, which is natural in the context of gauging.
The second column employs the standard notation for 3(Vec.) for any finite group
G, expressed through conjugacy classes [g] and stabilizer representations p. The
third column shows the corresponding labels in terms of three copies of the toric
code, as referenced in [100]. The final two columns display the quantum dimension

and spin.

Outer Auto | ([g],p) | Anyon label | Dim | T
i, (1,1) 1 1|1
Lo (1,1,) erc 1 |1
Ly, (1,1,) er 1 |1
Ly, (1,14y) eG 1 |1
Lo (1,E) mg 2 1
Ly, (a%,1) eRcB 1 1
Ly, (a2,1,) ep 1 1
Ly, (a2,1,) ecn 1 1
Ly, (a% 1gx) €rB 1 1
Ly (a?,E) f 2 | -1
Lo (a,1) Mpg 2 1
Ly (a,i) SRGB 2 L
Lis (a,—1) fra 2 | -1
L3 (a,—1) SRGB 2 | =
Ztl (x,+,+) Mep 2 1
%7, (x,+,—) mg 2 1
1o (x,——) fo 2 | -1
I (x,—+) fes 2 | -1
Zal (ax,+,+) Mgg 2 1
an (ax,+,—) mg 2 1
oo (ax,—,—) fr 2 | -1
o1 (ax,—,+) frs 2 | -1
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B igSPTs for 2-groups in (2+1)d

In this appendix we briefly discuss igSPTs for 2-group symmetries in (2 + 1)-dimensions. Con-
sider a discrete 2-group I', with O-form symmetry A and a 1-form symmetry B:

1—B—DI—A—1. (B.1)

We consider a trivial A action on B but a non-trivial Postinikov class § € H3(A,B) [101]. The
SymTFT for this system admits a Lagrangian description>*

S=2niJ CU5B+27’tiJ Tu5A+2m’J CuUp@), (B.2)
4d 4d 4d

with C € C}(X,B) and T € C2(X,AY), while B € C*(X,B) and A € C!(X,A). Integrating
out C imposes the 2-group constraint:

6B =—Pf(A). (B.3)

The 2-group is realized by imposing Dirichlet boundary conditions for B and A, which become
the background fields B and A for the 2-group. Now suppose that, as groups, B is a subgroup
of AV, and let v : B < A" be the corresponding embedding. This induces a (surjective) map
V' : A — BY defined by +V(a)(b) = () - a.

This allows us to define a new interface Z,, by: C —tY(A) = 0, or, in terms of lines, by
condensing the algebra generated by

exp (2m‘ f (c— LV(A))) ) (B.4)
Y

Since these lines braid non-trivially with the surfaces el =8 the reduced topological order is

Sz, =2mf T USA+ 2mf N(A) UBA). (B.5)
4d 4d

This is a Dijkgraaf-Witten theory for A, with twist w € H*(A, U(1)) such that
Af(w)=1Y(A) U BA). (B.6)

Physically we are describing a situation where the lines charged under the 1-form symmetry
part of the 2-group are completely confined, and there is a gapless theory capturing the low
energy dynamics below the scale of confinement. The 1-form symmetry is trivialized in the
IR, while the 0-form symmetry A acts on the gapless sector. If w € H*(A, U(1) is non-trivial,
the O-form symmetry has an emergent anomaly and the gapless phase is an igSPT.

A simplest example is B =Z, and A = Z,, x Z,, with v : Z, — Z, X Z,, the embedding in the
right factor.>> Decomposing A = (A;,A,) as a pair of two Z,, gauge fields, we have " (A) = A,.
If the Postnikov class is such that

IS(A) = Al U BOCk(Al) B (B.8)

then the emergent anomaly for the IR symmetry Z, x Z, is non-trivial

I =2mi JAZ UAl U BOCk(Al) . (Bg)

34Here B(a) € C3(X,B) denotes the pull-back a*(f3), with a realized as a map X — BA.
35 Anomalies for Z, x Z, in 3d are classified by H*(Z, x Z,,U(1)) £ Z, x Z,. The two generators are

ZTCiJ A; UA, UBock(4,), 2niJ A, UA; UBock(4,). (B.7)
4d 4d
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