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Abstract

We study the binary symmetric perceptron model, and in particular its atypical solutions.
While the solution-space of this problem is dominated by isolated configurations [1], it
is also solvable for a certain range of constraint density a and threshold k. We provide
in this paper a statistical measure probing sequences of solutions, where two consecu-
tive elements shares a strong overlap. After simplifications, we test its predictions by
comparing it to Monte-Carlo simulations. We obtain good agreement and show that
connected states with a Markovian correlation profile can fully decorrelate from their
initialization only for k¥ > K,o—mem.state (Kno—mem.state ~ Vv 0.9110g(N) for @ = 0.5 and N
being the dimension of the problem). For k¥ < K,o_mem.state; W€ Show that decorrelated
sequences still exist but have a non-trivial correlations profile. To study this regime we
introduce an Ansatz for the correlations that we label as the nested Markov chain.
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1 Introduction

1.1 Background and motivation

We consider the symmetric binary perceptron (SBP), introduced in [1], where we have a set
& = {&"}ueq1,mp of M i.i.d. standard Gaussian random vectors in RY, such that M = |aN |
with a > 0. This model consists in a constraint satisfaction problem for which binary vectors
x € {—1,+1}" are solutions to the system of linear inequalities

|<§“'X|SK\/N, forall 1<u<M, (D

with x > 0. Defining this set of solutions by S(&, k), it was proven by Aubin, Perkins and Zde-
borova [1] that S(&, k) is non-empty with high probability if and only if the margin threshold
K verifies -

K> Kgp, Wwith log(2)+alog U Du (kg — |u|)) =0. 2)
We will equation throughout this paper the notation Du to represent an integration with a

scalar normal-distributed variable, and ©(.) for the Heaviside function. This condition can
also be reformulated as S (§ , k) being non-empty if and only if a verifies

a < agy, with log(2)+ ag,;log (J Du®O(x — |u|)) =0. 3

Our aim with this paper will be to analyse the geometrical arrangements of solutions for
K > Kgar(a) -or conversely a < agr-.
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In their seminal paper [2], Mézard and Krauth showed with replica-based computation [3]
that the set of solutions for the one-sided perceptron (where there is no absolute value in the
constraints (1)) is dominated by isolated solutions. This means that the typical solutions to
this problem are at large Hamming distance -linear in N- from any other solutions. It is an
indirect consequence of their geometrical structure sometimes called “frozen replica symmetry
breaking” [4-8]. From the mathematics point of view, the frozen replica symmetry breaking
prediction was proven true for the SBP in works by Perkins and Xu [9] and Abbé, Li and
Sly [10]. They showed more particularly that for k > xgar(a@), a solution drawn uniformly at
random from S(&, k) is isolated with high probability.

Having a constraint satisfaction problem with such a set of solutions has been usually asso-
ciated with algorithmic hardness. Indeed, with the scope of using only local-moves algorithms,
it is unlikely to find a routine capable of facing such extreme clustering. This phenomenology
has been detailed and argued, for instance, by Zdeborova and Mézard [11], or Huang and
Kabashima [7]. In some problems, this predicted algorithmic hardness was even confirmed
empirically, [5,11]. On the contrary, other constraint satisfaction problems are known to be
solvable using certain efficient heuristics, while their typical solutions are predicted by sta-
tistical approaches to be isolated [6,12-17]. A prime example of this is the above-defined
binary perceptron, with symmetric or not threshold function. For this model, the solutions
returned by efficient algorithms and their neighborhood have been the focus of several statis-
tical mechanics papers [18-20]. One of the main intriguing observation of these studies is
that solutions are arranged in dense regions. This could probably mean that atypical, well con-
nected subset(s) of S(&, k) are the regions found algorithmically. As mentioned earlier, these
efficient algorithms also fail to return a solution if a is too large, which could be a hint for a
computational phase transition in the binary perceptron.

Again in the symmetric binary perceptron, two recent mathematical works further eluci-
date the geometry of its solution landscape. First in [21], Abbé et al. show the existence of
clusters comprising non-isolated solutions for k¥ > kgsr(a) and a small enough. These clusters
they found could possibly be probed with an algorithm as their diameter is linear in N. Sec-
ondly, in the small a regime, Gamarnik et al. [22] established an almost sharp result stating
the following:

* the online algorithm of Bansal and Spencer [23] can find a solution for x > ¢y+/a with
Co a positive constant.

* For k < c;+/—a/log(a), with ¢; a positive constant, S(&,«) exhibits an overlap gap
property ruling out local algorithms.

Being more precise, the first result is established in the case for which the data set & is
Rademacher distributed instead of Gaussian. Nevertheless, the same result is expected in
the Gaussian case.

With a different perspective, Baldassi et al. [24] suggested that this computational tran-
sition can be caused by the presence/disappearance of regions where atypical solutions have
a monotonous local entropy as a function of the distance. More precisely, this local entropy
measures the number of solutions that can be found at a given Hamming distance from a fixed
configuration, in this case a targeted atypical solution. If such a conjecture is correct, then it
must agree with the above-mentioned finding of Gamarnik et al. [22] in the regime of small
a.

In a previous paper [25], we elucidated why the replica method with a one-step replica
symmetry breaking (1-RSB) Ansatz had so far not managed to find clusters of atypical solutions
in the binary perceptron. As a reminder, this computation is a standard method for counting
rare clusters in constraint satisfaction models, as long as they correspond to fixed points of
a corresponding potential [26]. This analysis gave further elements for understanding that
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solutions with a local maximum in the local entropy, put forward in [18-20], correspond ac-
tually to 1-RSB rare clusters. However, we will see in the very beginning of this paper that any
atypical solutions -including these 1-RSB clustered solutions- are in fact isolated.

Keeping this phenomenology in mind, this paper focuses on introducing a formalism ca-
pable of probing non-isolated solutions and describing their configurational arrangement.

1.2 Summary of the results

Solutions chain formalism: We define a formalism that allows to study connected solutions
of the SBR It consists in building sequentially a chain of solutions {X;};e1,7, the starting
configuration X, being a solution we plant. Each “link” x; is a solution with threshold «; and
built following the same pattern: having determined the chain from x, to x;_;, we pick x; by
sampling a local entropy measure biased around x;_;. In practice the local entropy probes
a subset of S (§ ,k;) for which we have the additional constraint x; - x;_y/N = m; ; ;. This
additional constraint is the reason why we call this approach a “chain formalism” as the set of
solutions {X;}e1,,7 verifies for any consecutive “links” x; - x;_; /N =m; ;_;.

In the general case, evaluating the local entropy via replica computation is involving as any
replica Ansatz can be considered a priori. However, when taking the limit m;;_; — 1 it can
be shown that an annealed evaluation of the entropy becomes exact (the interested reader
can find a detailed explanation about this result in App. B.2). This simplification is yet not
sufficient for our computation to be numerically tractable. Indeed, it also requires to evaluate
the entire correlation function m; ;; = x;-x;,/N for all j and j’. This task, close from dynamical
mean-field theory computation [27-29], is know to be difficult.

The no-memory Ansatz: In a first attempt to determine chains of solutions in the SBE we
start by focusing on so-called no-memory chains. It consists in supposing that a “link” solu-
tion x; correlates non-trivially only with its neighbors x;_; and x;,,. A direct consequence
of this simplification is the solutions chain becoming Markovian. It allows to study analyti-
cally the chain and the evolution of its local entropy as the number of “links” is increased.

For fixed a and fixed overlap (x; - x;_;/N = m for all j) we identify a critical threshold

Ko mem. state ~ v —log(1—m) above which no-memory chains can be of infinite size and con-
sequently be delocalized, i.e. lim,_,, o X, - Xo/N = 0.

We compare these prediction with Monte-Carlo simulations and observe good agreements
when we set that two consecutive “link” solutions differ only by a spin flip, i.e. m=1—2/N.
More particularly, we show that the distribution of margins follow a profile that is not the one
of typical solutions of this problem. For x < x_ . ., the no-memory chain describes
the behavior of the Monte-Carlo dynamics as long as the total number of spin flip trials in
the dynamics scales linearly with the size of the system. For longer time-scales, simulations
attest to the presence of delocalized connected states which are not Markovian and thus do

not follow the no-memory chain predictions.

The nested Markov chain Ansatz: To describe non-Markovian chains, we introduce what we
call a nested Markov chain Ansatz. It consists in a hierarchical interactions profile between the
elements {x;};e1,.7 of the chain -schematized in Fig. 10- that can be integrated recursively.
With it we show that delocalized chains exist for a wider range of parameters {a,x} than
predicted with the no-memory Ansatz.

1.3 Organization of the paper

The rest of the paper is organized as follows:
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* Section II focuses on showing that any planted configurations in the symmetric binary
perceptron is isolated. It serves as a warm-up and justification for the introduction of a
formalism guaranteeing connectivity between solutions.

* Section III is dedicated to the introduction of a “solutions chain” formalism. Broadly
speaking, it consists in studying a sequence of solutions {x;}c1,,7 for which two con-
secutive elements have a fixed overlap x;,; - X;/N =mj, ;.

* Section IV focuses on simplifying the chain formalism by introducing an Ansatz for the
correlation function m; j = x;-x;, /N -with j, j’ € [[1,t]?-. We will call it the no-memory
Ansatz as it describes a Markov-like chain.

* Section V is devoted to put in parallel predictions from this no-memory Ansatz and
Monte-Carlo simulations.

* Finally, in section VI we propose to go beyond the no-memory Ansantz with our chain
formalism. More practically, we introduce a routine that allows us to study chains of
solutions with non-trivial correlations {m; j/}; ire1,¢2-

2 A first remark: All planted solutions are isolated

We start our analysis of the symmetric binary perceptron with a small warm-up. In this section,
we will focus on the planted version of this model and highlight how any planted solution is
isolated. Starting with definitions, the planted symmetric binary perceptron is built as follows:
suppose that we fix a configuration x, on the hypercube, we draw a biased data set {E"},cr1 m7
following the rule
u

h=—= g, @
where {£ T} ue,m] is a set of i.i.d. random Gaussian variables orthogonal to x; -i.e. & o~
N(0,1I— %XOXS—)-. The set of margins {w# = £# - x,/N} uef1,m is drawn from an arbitrary
distribution P*[.]. which verifies the constraint

P¥[w]=0, for |w|>«k. (5)

Throughout this article we will keep the convention according to which the index x indicates
that a margin distribution is null outside the interval [—«, x]. With this setting X, is a solution
of the planted perceptron with threshold «, as it verifies £ - x, = vNw" and |[w| < k.

In a previous paper focusing on this model [25] it has been showed that the local entropy
of solutions around the planted solution X, is [25]

1 M _|Em.
PpanealXom] = TIEe {log | D eZum Ol ©)
XEXX(I)N

K% R .
= OPtA {¢planted[x0’ q,9,m, m]} s
q,q,m
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with
K% A A 1 —q, A A A
¢pfanted[xo’ q,49,m, m] = _Tq —mm+ Dz ¢in[z) q, m] (7)
+ af DzdwP*[w] ¢ [w,z,q,m],
5 o[w.z,q,m) =log[H(x,mw + 1/g—m?2,1—q)], ®)
Pinlz,4, ] = log[ > e(“ﬁz)ﬂ = log| 2 cosh(ri + 1/42) ], €)
—+1
# s
z xX—y x+y
H(x,y,2)= Du = —erf[ ]+ —erf[ ] , (10)
(%) fy 2 V2z 1 2 V2z

and where again Dz, Du represent an integration with a scalar normal-distributed variable.
The magnetization m is the overlap between the equilibrated system and the planted configu-
ration, i.e. IEg[x-Xo] = Nm. The self-overlap q corresponds to the overlap between two distinct
typical configurations a and b of the equilibrium measure, i.e. [E;[x? - x?] = Nq. Finally § and
m are external fields that fix these overlaps. For more details on the derivation of this local
entropy we redirect the interested readers to previous statistical mechanics works [1,25].

The number of solutions that lie extremely close to the planted solution can be obtained by
fixing m ~ 1 and optimizing over {q, 4, m} in the local entropy. In this case we identify a saddle-
point that corresponds to the annealed replica Ansatz, i.e. {q = m?,§ < 1, = artanh[m]}.
More details about the demonstration can be found in App. A. In this setting, the total number
of such solutions is therefore given by the annealed local entropy

K,annea]ed _ 1 —m 1 —m 1 +m 1 +m
d)planted [%0,m] =~ 2 log( 2 )_ 2 log( 5 (11

+ aJ dwP*[w]log [H(K, mw,1— mz)] .
In App. A we also show that at first order in 1 —m this local entropy boils down to

led 1—m 1—m
Syt m]|  ~— 2 log 22 (2

~

+2av/1 —mf dB {P*[x] +PK[—K]}10g|:HeT]ﬂB]] .
0

It can be easily check numerically that there is a range of magnetization such that the local
entropy remains strictly negative, as long as P*[x]+ P*[—«] # 0. More precisely this simpli-
fication allows to check that

dmy €[0,1[ s.t. qﬁsl’;;l;zaled[xo, m]<0 Vme&]lmy,1[. (13)

This means that all the solutions that we can plant in the symmetric binary perceptron are
isolated. Starting from the configuration x,, we have to flip an extensive number of spins in
order to reach any other solution of the problem, this is often referred as an overlap gap. So
as to beat this curse we will focus in the following on building connected solutions.

3 Probing connected solutions around a planted solution

In this section we will describe how we can find connected solutions around a planted config-
uration. A first tentative for finding such solutions has been carried out in [25]. In this paper

6
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the authors avoided the overlap gap we described in the previous section by planting a solution
with threshold x” and probing solutions with higher threshold k > «’. Such a release in the
constraints of the problem allows for an exponential number of solutions to appear around
the planted configuration. However, the distance between these new typical solutions and the
planted one is extensive, i.e Nm = [E¢[x - Xy] = O(N). This means that there is no control
over whether or not there is a solution path connecting the planted configuration to these new
typical solutions (at threshold x and overlap m). In other words, we do not know if there is a
sequence of single spin flips which makes it possible to join x; to x while remaining a solution
of the perceptron with threshold «.

In the following, we will therefore follow the same procedure of planting a solution with
threshold x’ and probing solutions with threshold x > x’. But we will build an equilibrium
measure that imposes solutions to be connected. More practically speaking, we will focus on
the equilibrium potential

Vi [Xo: {mj+1,j}j€[[0’t_1]] , {Kj}je[[l,t]]] (14)

1 X0 Xy X2 X1
= _IEE{ZPKI I:Xl‘ = ml,O] Xeee X ZPKH [Xt—l — v = mt—l,t—Z]
N ™ N - N

y log[ Sk 1og[ew—|gu~xt|>]}} ,

x, XN
XeXe—1 _
St——N =M ]

with

. |: Xj—l . X]' 5 (inf.xj _mj,j—l)l_[‘l];/lzl © (K] - |£’u ) XJ|)
p*i Xj‘—:m',j—l =

N ] b) (15)

ZN[Xj1,m; 5]
and Z"/[x;_;,m; ;_;] being the renormalization factor of the distribution. As in [25], X is a
fixed planted solution that act like a quench variable. But in the setting above, we also add
a solutions chain (from “link” j = 1 to j = t — 1) that will bias the ensemble of solutions we
probe. We call it a chain as two consecutive “link” configurations x; and x;,, are constrained
to have an overlap m;,; ;. We also impose that each “link” x; is a solution of the constraint
satisfaction problem with a given threshold «;. Thus, V,[.,.,.] is a local entropy which counts
the number of solutions x, that can form the next “link” in the chain (given that it has the
correct threshold x, and overlap [E¢[x,-x,_1/N]=m, ,_,). If the potential is positive, it means
that x, can be chosen among an exponential number of binary configurations. Therefore, we
will consider that it is possible to join x, to x = X, by exploring sequentially the solutions chain
{X;}jeo,¢7 if the chain potential V;[.,.,.] is positive for j € [1,t]]. In fact, this construction
shares similarities with previous works on quasi-equilibrium formalism, in particular for spin
glasses models [30,31]. And more broadly speaking, sequences of conditional probabilities is
a central feature of the dynamical mean-field theory framework [27-29].

After some computation steps it can be shown that the potential reads (the detailed com-
putation can be found in App. B)

Ve [Xo: {mj+1,j}jeuo,t_1]] ’ {Kf}ieﬂl’fll] (16)

J— % *k A

= opt opt Vi [XO’{mj;j/}Ogj/<j§t’{mj;j/}ogj/<j§t’{Kj}je[[l’t]]]} ’
{mt,j’}OSj’St—l {mj,j’}OSj’<jSt—1
{mt,j’}Ogj’St—Z {mj,j’}OSj’<j—1St—2
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with
* A = N, . .
Vi [XO’ {mj,j/}ogj’<jgt ) {mj,j’}ogj/qsf ) {Kj}je[[l,t]]] - Z My jMe,j 17)
ji<t

1 t—1 eZOSj/<j ﬁlj’j/Xij/

+ Z - log | 2 cosh Z My Xy
2 n )

X0y Xp_1=%£1 7 j=1 2cosh (Zosj'<j mj’j/Xj/) 0<j/<t

_ Zo<j/<j B i iy

t—1 t—1 j
e 2 O(k! —|w;|)
+aJ | |dePK°[W0] 4

Socite: B: o (mwhw .,
j=0 j=1 fdw}‘fe_—ogj 1 ok — i)
_ ZOsj’St Zt,j’ (m)Wth/ .
x log| | dw.e 2 Okt —|w/) |-

The matrix 3(m) simply fixes the covariances for the interactions w? =¢&M-x; as

Molx. Mlx., LeX.,
E_l(m)_j’j/ = IEE |:(€ XJ)(g XJ ):| = ]Eg |:XJ XJ ] = ij/, and m

. - =1, (18
We specified two types of optimization, respectively labeled “opt*” and “opt”, in Eq. (16). The
first one corresponds to a “time-ordered” optimization. By this we mean that the fields 1i; ;
and overlaps m; ;; which do not involve the “link” at time ¢ are set by optimizing (in increas-
ing order) the potentials V;_,[.,.,.,.Jto V;_ _.[.,.,.,.]. The second optimization corresponds
simply to the usual maximization of the potential V;*[., ., .,.] over the variables ri1, ; and m, ;.
To put it more concretely, we set rf1; o by optimizing V ,[.,.,.,.]. Then, we fix i, g, 1M1,
and m, by optimizing V" ,[.,.,.,.] (and so on and so forth). This time-ordered optimiza-
tion is a direct consequence of the chain construction. Indeed, each conditional probabili-

A = mt,t_l} depends solely on its past “links” X;,). Thus, to characterize

ties PXe-1 |:xt
the configurations x, dominating this measure, we should only optimize over the parameters
{1 jr}o<ji<e—1 and {m j }o<j<¢—2- A global optimization (not time-ordered) of V;*[.] could
yield a different saddle-point, it would describe a dynamics where time-ordering can be vio-
lated.

This optimization scheme actually becomes more and more difficult as we increase the
number of “links” in the chain. Indeed, if we look at the t™ “link” in the chain, we have to
optimize the potential over 2(t — 1) variables. It is thus crucial to simplify this procedure in
order to study large chains of connected solutions. In the following section we will propose
a first simple Ansatz for fields {nﬁj’j/}o <ji<jst and overlaps {mJ'J’}o <ji<jst’ This Ansatz will
drastically reduce the number of variables involved in the optimization scheme. A second leg
of this paper will then be dedicated at refining this simple Ansatz. In the rest of this paper, we
will always refer to the term involving a sum over x’s binary variables - respectively an integral
over w’s continuous variables- in Eq. (17) as the entropic term -respectively the energetic term-.

4 A first simplification the potential: The no-memory Ansatz

4.1 Detailed simplifications

As mentioned just above, optimizing the potential V/[.,.,.,.] over the whole set of free vari-
ables {rhi; } and {m; ;;} is a difficult task. Therefore in this part, we will suppose that any
given “link” -indexed j- only gets coupled with its nearest-neighboring “links”, i.e. the ones
labelled j* = j + 1. In other words, we will suppose that the number of solutions X;+1 probed

8
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at the step j + 1 only depends on the “link” configuration x;, and not on the whole set of con-
figurations {x; }o<j<j. Regarding the fields {rh; ;;}, this no-memory Ansatz implies that we

set

m; =0, for [j—j'|#1. (19)
Keeping only the nearest-neighbor interactions, the entropic term in the potential behaves like

an effective 1D Ising spin chain, i.e.

t—1

1 ZOS"<'ﬁlj,j’xjxj’
Z _l—[ e2u0<j/<j log 2cosh( Z rﬁt’j/xj/) (20)

2 -
Xgses X1 =E1  j=1 2cosh 20<] I<j JJ’XJ 0<j/<t

Xj—1

eMj,ji—1%j
= 1 2 h 7 — S .
E | |2cosh ) og[2cosh (i ,_1x,_1)]

XQseeerX g 1—i1

As in the 1D Ising spin chain, this implies that the overlaps have to verify

j—1
mj’j/ = l_[ ml+1’l . (21)
[=j’

This last result allows for important simplifications in the correlation matrix ¥(m). In fact, we

have now that .

X+ Xy ]

—1 _ J 7] _| |

ZIN,(m) = IE& |: N :| = L] mpyqg- (22)
=]/

Keeping this correlation structure, we can perform the standard change of variable (see Ap-
pendix A in [1] for more details)

= P . — 2 .
w;=m;; Wj_1+4/1 my. iU, (23)

with u; ~ N(0,1) for I € [[1,j]]. Implementing Egs. (20,23) in our potential we can derive
the simplified expression

v [XO: {mj,j—l }Kjg M1, {Kj }je[[l,t]]] =—1h M +log [2 cosh (mt,t—l)] (24)
aJ dw,_; P*1[w,_;]log [H (Kt, My W1, 1— mit_l)] ,

with the update rule

2
Qvj—m; j— 1Wj—1)

2(1 m2 . 1 o(r. —Iw.
Pow] de e Jni— (K] |W1|) pKi1 [Wj—l] . (25)

/ 2
27'[(1— ]] 1)H j’j_1Wj_1,1—mj,j_1)

and the function H(.,.,.) is given in Eq. (10). The detailed computation steps to obtain this
potential can be found in App. C.

4.2 Solving the optimization and choosing the magnetizations

Now that we have simplified the potential V/[., ., .,.], the double optimization required to de-
rive V,[.,.,.,.] -see Eq. (16)- is trivial. Indeed, the no-memory Ansatz presented just above fixes
all fields to zero except {f1j,1 ;}jefo,.—17- We recall that almost all the fields, {rf1;,1 ;};e[o,i—27
appear in the “time-ordered” optimization labelled opt*. Again, this means that we set i1, o

9
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by optimizing V" ,[.,.,.,.], then ri; ; by optimizing V;* ,[.,.,.,.] and so on and so forth. We
finally optimize the potential V[.,.,.,.] over the last free variable, namely i, ,_;. Each of
these optimizations is identical and simply boils down to verifying

Oy, {=thj 1, jmje1j+log[2cosh (i, )]} =0, Vjello,e—11], (26)

=M= artanh[mjﬂ’j] .

In the following, we will consider for simplification that the distance between two consecutive
“link” solutions x; and x;,, is constant along the chain, i.e. m;, ; = m. If we plug the saddle-
point from Eq. (26) in the expression of V/[.,.,.,.] we finally obtain the expression for the
potential V,[.,.,.,.]

1—m 1—m 1+m 1+m
V; [x0,m, {x}jeqrep ] =— 3 108( > )— 7 108( 2 ) (27)

+ af dw,_; P*1[w,_,]log[H (x,mw,_1,1—m?)],

where we recall that the update rule for the distribution of interactions P*i[.] is

_(ijij_l)z
T 0 (= w))
de_1
V2m(l—m2)H (K‘j, mw;_q,1— mz)
In general one could be tempted to fine tune m in order to optimize V,[.,.,.,.] along the

chain. For example, by determining the overlap m* achieving the best minimal value in the
chain, i.e.

PKj[Wj] = IJKJ._1 [Wj—l] . (28)

m* = argmax {mtlll Vt [Xo, m, {Kj}je[[l,t]]]} . (29)
m

However, our goal is different in this paper: we want to probe connected states. Therefore,
we shall not optimize over m but rather send it to 1. In the remainder of this section, we will
discuss to which extend we can take the overlap m close to one.

In the standard setting, the potential V; [xo, m, {K;} je[[l,t]]] is computed by taking the num-
ber of dimensions N going to infinity first and keeping all parameters a, x’s and m constants.
This means for example that the distance between two consecutive solutions in the chain -
which is 1 — m- cannot dependent on the system size. In practice, the computation can be
generalized and 1 —m can be a function of N. This will be particularly handy when comparing
our chain approach to Monte-Carlo simulations. By definition Monte-Carlo dynamics follows
paths of solutions by performing a sequence of single spin-flip (i.e. m =1—2/N). To correctly
describe a regime for which N(1 —m) = o(N), we need to control that the saddle-point ap-
proximation -used in the computation of V,[., ., ., .]- remains correct. In other words, when we
take N(1—m) = o(N) the finite-size corrections to the saddle-point evaluation have to remain
negligible. A common result from the study of the canonical ensemble - see the Chapter 7.2
in [32]- is that these corrections are of order log(N)/N. Thus, a simple criteria we can identify

for the overlap is that

log(N)
Vi [x0,m, (i)} e ] > == (30)

For the sake of simplicity, if we only consider the entropic term of the potential we obtain
1— 1— 1+ 1+ log(N
— mlog( m)_ mlog( m)>> gl)

2 2 2 2 N
1—m 1—-m log(N)
= — lo >
2 g( 2 ) N
:>1—m>>3
N’
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Figure 1: Schematic representation for the geometrical arrangement of the connected
solutions we probe in the symmetric binary perceptron. At the center we find the
initial planted configuration x,. Directly away from it we have the solutions x;,
their typical number being e¥Vi*o™m*1]  Then, having fixed the solutions x, and
x; we are able to probe eV "2[Xom¥1.K2] golutions x,. A chain of connected solutions
corresponds to a set of solutions {X;} ;1,7 where we have fixed the overlap between
to consecutive configurations -x;,; - x;/N = m-.

where 1—m = 2/N is exactly the distance between x; and x;_; when only one spin has been
flipped. Taking into an account this criteria, we will consider the limiting case 1—-m=2f(N)/N
where the function f(.) can be any function verifying limy_,, o, f(N) =+00 and f(N) > 1.
Thus, we will probe solutions {x;}o<;<, which can be visited by sequentially flipping f(N)
spins, while correctly counting their number with the saddle-point evaluation of V[.,.,.]. In
particular, we can set f (N) < N, which means that we flip a large but sub-extensive number
of spins.

4.3 Some properties of the simplified potential

In this section we will detail the more straightforward properties implied by our construction
of connected solutions. First, in Fig. 1 we represented a schematic view of the connected
solutions arrangement. At the center we have the planted configuration xy. Then, we find
eNVilxo.mr] solutions x; to form the first “link” in our chain -at a distance corresponding to
IE;[X, - X;] = m-. Subsequently, we select a given solution x; and find eNValxomr1ia] golutions
x5 for the second “link” in the chain. Again, the distance between x; and x, is such that
[E;[x; - X,] = m. The no-memory Ansatz is such that Es[x, - x;] = m?, see Eq. (21). We
can generalize this construction saying that we select a chain of connected configurations
{X;}1<j<¢—1 and find eNVilxom (k)] solution x, with Ec[x,_; - x,] = m. Again, Eq. (21)
shows that

E(x;-x.]= mlt=l (31
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Another remark we can make is that V'[.,.,.] has exactly the same form as the potential
qbgl’;?g zaled[., .], see Eq. (11). We recall that this potential counts the number of solutions with
threshold x around a planted signal also with threshold k. In Sec. 2, we showed with it that

any planted signal is isolated as it verifies

K,annealed / /
dmy €[0,1[ s.t. qbplamed [Xg,m'] <0, VYm' €]lmg,1[. (32)
This means that there is a finite distance range for which no solution can be found around
the planted signal, it is often called an overlap-gap [33, 34]. If we transcribe this for our
connected solutions setting, this shows that any “link” configuration x,_; with threshold x,_;
is an isolated solution. In other words, if we set x, < x,_; we have

<0, Vm'€lm,1[. (33)

Imo €[0,1[ s.t. V,[xo,m’, {x;}jeqrep]

K <K;_1

In the case where k, > k,_;, solutions appear around x,_; as the problem becomes less con-
strained. However, the overlap-gap is still present if the increase in k; remains small. Thus,
we observe numerically

<0, Vm'€lmg,m[. (34)

I{mg,m;} €[0,1[% st V, [XO, m’, {Kj}je[[l’t]]] K
If k. is increased above a critical value k. (t), the overlap-gap disappears. In this case, the value
k.(t) depends on the whole past of the chain as it is a function of the distribution of interactions
P¥e1[.]. This last regime will not be tackled in this paper. Indeed, setting x, > x.(t) for all
times t yields to a fast divergence of x, and we reach a regime for which the problem becomes
trivial. In Fig. 2 we have summarized the behavior of V, [xo, m’, {x;} je[[l,t]]] depending on the
value of k,.

Regarding the chain formalism, the presence of this overlap-gap between m, and m; will
dictate whether or not our chain of solutions stops or continues. As presented in Fig. 3, if the
solutions x, with IE¢[x, - X,_;] = m are in this overlap-gap (V;[xg, m, {Kk;};c1,,7] < 0) their
typical number will be limy_, , oo exp(NV; [Xg, m, {K;};e1,c7]) = 0. In this case, x,_; has no
solution with threshold «, at the distance we fixed and thus the chain of solution stops. On
the contrary, if Vi[xy, m, {K;};eq1,,7] > O we find an exponential number of solutions x, and
the chain can continue. As we detailed in Fig. 3, different scenarios are possible depending
on whether x, < k,_; or k; > k,_;. With the former the overlap-gap is between m’ = 1 and
m’ = my, so the condition for the chain to continue is m < m,. In the following, we will see
this condition when studying quenches, i.e k; > ko and k) = k1. The latter situation is
a bit more complex as the gap is between m’ = m; and m’ = m,,. In this case the chain can
continue only if m ¢]mg, m;[.

Obviously this construction raises the question of the feasibility of crossing such overlap
gaps. In recent work [22,33,34], this has been considered to be algorithmically impossible as
going from x,_; to X, means being able to flip an extensive number of spins in one go. However,
with our connected solutions setting we have m = 1—2f (N)/N with f(.) any function verifying
limy_, ;00 f(N) = 4+00 and f(N) > 1. This means that the number of spins we have to flip
between x,_; to X, is actually f(N), and it can be arbitrary small. Thus, if an overlap gap
appears for a range of spin flips smaller than f(N) we will consider that it is algorithmically
possible to cross it.

When comparing with the original planted model of Sec. 2, it is now clear how the con-
nected solutions formalism enables us to avoid the curse of observing only isolated solutions in
this model. With the chain formalism a minimum distance 1—m is set and divides overlap gaps
into two category: either they are discarded when they appear below this minimal distance,
or they are taken into account when they appear above it.
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Figure 2: Sketch of the potential V;[X,,m’, {K;};e1,7] as a function of m’. In this
representation, we focus on a range of overlaps m’ close to the chain overlap m (i.e.
1—m’ ~ 1—m). Each color corresponds to a different regime for «,. In red, we have
K, < Kk,_;. In this case, the solution x, is isolated for m’ € [m,, 1[ as the potential
is negative. In green, k, has been slightly increased. Solutions have been created
around x,_; for a small range of overlaps (m’ € [m;, 1[), but an overlap-gap remains
(for m’ € [my, mgy[). The last regime regime, in blue, corresponds to a large increase
of x, -above a critical value «.(t)- for which the overlap-gap disappear. To have this
regime at all time in the chain a large and constant increase in k, is required.

5 The quenched procedure

In this section we will study the case of quench dynamics with the aim to compare the pre-
dictions made by the no-memory chain with Monte-Carlo simulations. Our quench dynamics
setting corresponds to K (o) = k(> k() with an initial planted configuration x, verifying

Ko =Kguy ~0.31, with a=0.5, (35)
e—wz/Z
Po[w] = O(ky—|wl]). (36)
var 0

With this distribution of margins w the planted signal corresponds a typical solution with
threshold xgar [1,25]. Choosing ky = Kgar is simply a convention and changing its value will
have no incidence on our conclusions. We want also to note that all cases presented here will
be for a =0.5.

5.1 The setting of the Monte-Carlo procedure and matching with the theoretical
modelization

For the Monte-Carlo simulations, we will set x, = {+1}", then draw the margins with the
distribution from Eq. (36) and finally set the random data set {£"},,c1 M7 following Eq. (4).
The system is initialized in the planted configuration -x,_; = X,- and the dynamics goes as
follows:
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2D vi[xom i) <0

g : Cases for which the
b -+ chain stops

Figure 3: Representation of the different scenarios for the overlap gap around con-
nected solutions. We have separated the cases x; < x,_; (top) and k; > k;_; (bot-
tom). For both we have highlighted with a dotted red box the cases for which the
chain of solutions stops, i.e when V,[xq, m, {x};eq1,:7] <O.

* at each time-step t we pick randomly an entry of x,_; and change its sign, we label the
resulting vector as x;.

e if x7 verify |E¥ - x7|/¥/N < k for all vectors £ in the data set, then we set x, = x}. If this
condition is not verified then we take x, = x,_;.

So as to match Monte-Carlo simulations with our theoretical predictions, two essential
remarks must be made. First, both approaches are dependent on the dimension N of the prob-
lem. For the simulations this remark is trivial. But for the chain computation, we highlighted
that the chain computation is valid until 1 —m > 2/N. In the following we will crudely take
the limiting case 1—m = 2/N and check a posteriori that this distance allows a good match be-
tween the simulations and our theoretical predictions. With this, two neighbouring solutions
in the chain x; and x;,, will be one spin flip away from each other (i.e. f(N)=1).

Secondly, we also need to juxtapose correctly the time-scales between the simulations and
the chain computation in order to compare the evolution of overlaps throughout the dynamics.
The Monte-Carlo dynamics has a natural time-scale which is the one of a spin flip trial, i.e.
being at time t = 10 means we have tried to flip consecutively 10 spins. In the following
we will always call this the “natural” time-scale. In the case of the theoretical predictions,
going from a “link” configuration x;_; to x; means that f(N) = 1 spins have been flipped.
Therefore, we will define a “rescaled” time-scale corresponding to the number of accepted
spin flips, i.e. tiescaleq = 10 means that 101 (N) spins have been flipped. In particular, flipping
two times the same entry during the dynamics still counts as two spin flips. To go from the
“natural” to the “rescaled” time-scales, we introduce the matching function g : t egeated — t-
This function simply attributes the number of spin flip trials ¢ that are required to actually
perform t egcateaf (V) spin flips, it will depend on each run of Monte-Carlo dynamics. In this
scaling, Monte-Carlo simulations should approximately follow the overlaps rule from Eq. (31)
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with
X t X t/
&(trescaled) 40 rescaled) ~ mltrescaled_t;escaledl (37)
N
/
2f (N) |trescaled_trescaled|
N|ll——— :
N

This is an approximation as it supposes that the Monte-Carlo dynamics goes forward in a chain
of solutions, i.e. it always go from “link” x; to “link” x;, ;. In reality we can observe backward
moves, meaning the dynamics can go from “link” x; to “link” x;_;. However, this remains
negligible if the number of possible forward moves outweighs the number of backward ones.
As a last note on the rescaling, we observe that the dynamics typically slows down. Thus, this
induces the matching function g : t,eca1eq — t t0 be convex, i.e.

2 2 1 1
g (trescaled + Atrescaled) -8 (rescaled) > 8 (trescaled + Atrescaled) —& (trescaled) > (38)
for
2 1
trescaled > trescaled : (39)

This inequality simply transcribes the fact that the later we are in a Monte-Carlo run, the longer
it takes for the dynamics to accept At escatedf (V).

5.2 The update of the chain for a quench procedure

For the chain computation the update scheme is in fact quite simple. It goes as follows:

* First, we compute V,_;[Xg, m, K, k;—; = k] with Eq. (27) and the margin distribution
P*o[.] of the planted signal.

* Then, if V,_1[Xg, m, kg, K= = K] > 0, we derive the new distribution of interaction
P¥e=1[.] using Eq. (28).

* We repeat this process by computing V,_,[X,, m, kg, K] = K, K,—5 = k] and, if the poten-
tial is positive, we derive P*=2[.].

* We keep this update for any step t > 2 until we obtain V,[xy, m, kg, {k; = k}1<j<.] <O.
Then, the chain stops.

One crucial remark has to be added. When performing a quench, the update rule [28]
for the interaction distribution P*i[.] simplifies as the margin threshold remains constant:
Kj(>0) = K. In this case we have

(ijmw}‘,l )2

e 0 0(k—|wl)
Wj—l

Vv2n(l—m2)H (K, mw;_y,1— mz)
which corresponds to a Markov-Chain distribution update. Following results on Markov-chain

processes [35], there exists only one stable distribution of interactions to this update. In other
words, we have only one function P[.] verifying

Philw;]l= | d P"H[wj_l], with Vj#0, «;=x, (40)

(w/—mw)?

e 0 @ (k—|w|)
= | dw
v 21(1—m2) H (x, mw,1—m2)

We will label this distribution P¥ [.].

no—mem. state

Pw]

Plw]. (41)
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A complementary point of view is to say that the linear operator Ty, corresponding to this
update, P*i = TK]_PKH, verifies the Perron-Frobenius theorem [36]. Thus, Ty, has a non-
degenerate top eigenvector P [.] with only positive entries and eigenvalue one. All
other eigenvectors have an eigenvalue strictly smaller than one. As we update the distribution
of interactions along the chain, the projection on each eigenvector -except for P [.]-
will decay exponentially fast with a rate corresponding to their respective eigenvalue. There-
fore, with an infinitely long chain, the distribution of interactions will inevitably collapse onto

Pl em statel-]- In fact, this distribution has a simple expression, it is

2
e 2 H(x,mw,1— m?)

)2 (w]= 1% s

no—mem. state

(42)

with A ensuring its normalization.
In order to fully decorrelate from any planted signal we need this top eigenvector to cor-
respond to non-isolated solutions in the perceptron, i.e.

Vietoo [Xo: m, Ko, {x; = K}je[[l,t]]:l >0, (43)

with

1—m) 1+m (1+m
— log

1—m
Viztoo [Xo, m, Ko, {x; = K}je[[l,t]]] =T log( 5 > T) (44)

+ af dw_ Pr’fo—mem. statel:wf—l:| log [H (K’ mw_q,1— mZ)] :

If x is large enough (a being fixed) this condition can be verified. In this case, our formalism
predicts that any dynamics initialized in a configuration x, with P} [.] as its distri-
bution of margins {w* = & - x,/+/N} will asymptotically decorrelate from its initialization.
Thus, we will always refer to this ensemble of solution as the “delocalized no-memory states”.

In the following, the lower margin threshold required to verify this condition (with a being

, ) a . X . o
fixed) will be referred as xy _ . ... -and respectivelya; (with k being fixed)-.

5.3 Remaining correlated with the planted signal (x < k¢ )

no—mem. state

In this section we will focus on the case where we do not release enough the threshold «, i.e.
K < Ki o em stater 1t 18 @ situation for which the system remains correlated with its initializa-
tion.

In Fig. 4, we display overlap curves for the quench dynamics described above with several
system sizes, N = {3 x 10%, 7 x 103, 1 x 10%, 2 x 10%, 4 x 10*}. We have set the margin
threshold to k = 0.75 and averaged the dynamics for each system size over 10 realizations of
the disorder. Starting with the right panel, we simply plotted the overlap of the system at time
t (natural time-scale) with its initial configuration. We can observe that this quantity appears
to converge to a plateau in the long-time limit, and the height of this plateau depends on N.
In particular, the bigger the system is the closer this plateau gets to 1. In other words, this
means that the dynamical system remains closer and closer to its initialization as the number
of dimensions increases.

In fact, the landscape of solutions around a planted configuration have already been stud-
ied in [25]. In particular, authors analysed the Franz-Parisi potential around a fixed solution
of the problem. This allowed them to count the number of typical solutions around a fixed
configuration in the N — +00 limit. One of the main results is that a Monte-Carlo initialized
in x, should be able to decorrelate up to an extensive Hamming distance from its initializa-
tion in the long-time limit (given that the number of dimension goes to infinity first), i.e.
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lim,_, ;00 X, - Xo/N = m’ and m’ < 1. However, this prediction is not consistent with our
Monte-Carlo simulations or our chain computation. This discrepancy comes from the fact that
the Franz-Parisi potential counts solutions whether or not they are isolated, i.e. disregarding
any dynamical accessibility. In most models this consideration is superfluous. However, as our
simulations show, it is a core problem in the symmetric binary perceptron.

Coming back on Fig. 4, the left panel displays the same simulations but this time with the
rescaled time-scale. We recall that this time-scale corresponds to the number of spin flips that
have been accepted. With this framing we can over-impose the predictions from the chain
computation. In particular, we added the decorrelation profile predicted by the no-memory
chain (dashed black line) and highlighted the point for which its update stops (colored spot)
-when the local entropy becomes negative-. We want to emphasize that the stopping point in
the no-memory chain is N-dependent since we have set the overlap m =1 —2/N. Thus, both
the Monte-Carlo dynamics and our theoretical predictions are dependent on the size of the
system.

With the rescaled time-scale we can highlight that the Monte-Carlo simulations undergo
two dynamical regimes. A first one that follows the chain prediction: the system takes O(N)
natural time steps to decorrelate as a no-memory system. In this regime we observe that it
accepts roughly from 0.1N to 0.3N spin flips, depending on the size of the system. Then,
while the chain computation predicts that no more spin flips should be accepted, the Monte-
Carlo enters a second regime where it continues to find possible spin flips. This second regime
however cannot be obtained if the dynamics is ran for an usual O(N) total number of natural
time steps. Indeed, we can observe that while all simulations were run for a maximum of
1500N natural time steps (as shown in the right panel), the left panel shows that the second
regime (in which more spin flips than expected are accepted) shrinks as N increases.

Showing further agreements between the simulations and the no-memory chain predic-
tions, we plot in Fig. 5 quenches with an adaptive value for x. In this case x is fixed such
that the chain formalism predicts for each size N a stop at exactly x, - x,/N = 0.9. Again, we
have averaged the dynamics over 10 realizations of the disorder. On the right-hand panel, as
the size of the system is increased we see that the correlation profile gets closer and closer to
a sudden drop at x; - Xo/N = 0.9 followed by a plateau. The left-panel displays even more
clearly this behavior, where the fraction of spin being flipped shrinks to the predictions of
the no-memory chain. Again, we have a fast regime -where the system decorrelates accord-
ing to our theoretical predictions- and then a second slow regime -where the system further
decorrelates but requires more than (O(N) natural time steps to achieve it-.

As a last note, we observe in the left panel of Fig. 5 that increasing the system size lowers
the correlation function more and more. This can be interpreted straightforwardly. Each time
the Monte-Carlo dynamics performs a spin-flip, there is a finite probability that it performs a
backward move. In the chain formalism, this means that instead of going from x, to x,,; we go
from x, to x,_;. As the system size increases, this move becomes more and more negligible and
the correlation function collapses on the prediction given by a no-memory chain (for which
only forward moves are accepted).

In a nutshell, after releasing the margin to x the Monte-Carlo dynamics explore connected
states corresponding to a chain of solutions with no memory with its past. This first regime
stops after O(N) natural time steps, as no solutions with such a decorrelation profile can be
found anymore. However, the dynamics can further decorrelates but it now takes «(N) natural
time steps -i.e. t > N- for finding a correct set of spins to flip. For now we will leave aside
this second regime as we lack the correct theoretical frame to analyse it. We will go back to it
in Sec 6.
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Figure 4: We plot the overlap of the system with its initial configuration x as it decor-
relates via a quench Monte-Carlo dynamics. The quench is performed for a = 0.5,
k = 0.75 and several sizes of the system N. For each size the correlation curve is av-
eraged over 10 realizations of both the dynamics and disorder. It is also attached to
a matching color shade which highlight the maximum and minimum overlap values
attained over these 10 realizations. On the right, the correlation curves are plotted
with the natural time-scale. This means that every time the Monte-Carlo algorithm
performs a spin-flip -accepted or not- time is incremented by one. On the left, the
same correlation curves are plotted with the rescaled time-scale. In this case, time is
incremented by one only when a spin-flip is accepted. In this left panel we added the
correlation curve predicted by the no-memory chain. Each colored dot represented
the point where the chain stops when setting m =1—2/N.

5.4 Escaping in delocalized no-memory states (x > k“ )

no—mem. state

In this section we focus on the case where the quench is done for x > 7 .. This
means that we have released the threshold enough for the system to escape from the planted
configuration with O(N) natural time steps. To show this, we plot in Fig. 6 the evolution of
the correlation function C(t,t")y~, = X, -X.//N for a quench in this regime. On the right-hand
side the decorrelation regime appears clearly as we have limj,_./|/y_+.00 C(t,t") = 0 with the
natural time-scale. We can also notice a slowdown in this dynamics as the correlation func-
tions decay more and more slowly as time t increases. It is important to emphasize that once
the correlation functions are plotted with the rescaled time-axis (left panel) this aging effect
disappear. With this rescaling all correlation functions collapse on the theoretical predictions
from the no-memory chain. This means that the system decorrelates through the connected
no-memory configurations, the slowdown in the dynamics being simply due to fewer of these
configurations being available as time flows. Indeed, if the number of available solutions de-
creases, more spin-flip trials will be required for a Monte-Carlo routine to find one of these
solutions. This behavior also appears clearly with our theoretical framework as we observe
that Vi [xo, m, {x;}jeq1,en] > VizalXo0, M, {x}jeqi,ep] > -+ > Vilxo, m, {K}jeq,ep]- In this
case, the decrease in the potential straightforwardly quantifies the diminution in number of
available no-memory solutions.

In Fig. 7 we display the distribution of interactions w* = &* - x/+/N for a single quenched
dynamics. It is obtained after averaging over 9000 configurations x explored by the Monte-
Carlo algorithm. On both panel we have added the truncated Gaussian envelop -which corre-
sponds to the distribution of interactions for the typical states verifying x, - x/N = 0- and the
distribution P5 .. [.] -which corresponds to the delocalized connected states with no
memory-. The right panel displays the same distribution as the left panel but zoomed around
one of its edge, in this case at w* = k = 1.9. First, we can note that the discrepancy be-
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Figure 5: We plot the overlap of the system with its initial configuration x as it decor-
relates via a quench Monte-Carlo dynamics. The quench is performed for @ = 0.5 and
several sizes of the system N. For each size the correlation curve is averaged over 10
realizations of both the dynamics and disorder. We set x such that the decorrelation is
predicted to stop at exactly X, -Xy/N = 0.9 by the no-memory chain computation. We
recall that this prediction depends on the size of the system as we have m =1—2/N.
On the right, the correlation curves are plotted with the natural time-scale. On the
left, the same correlation curves are plotted with the rescaled time-scale. In this left
panel we added in dashed black the correlation curve predicted by the no-memory
chain.

tween the truncated Gaussian envelop and P} [.]appears only around the edges, i.e.
|w*| ~ k. More specifically, this discrepancy depends on the overlap m set for the no-memory
chain computation as it is observed for [w"| —x ~ +¥1—m2. This means in particular that
the difference between the two distributions vanishes when we set m — 0. However, this
does not mean that this edge effect is negligible in our formalism. In fact, when computing
the potential V;_, o[X, m, ko, {Kk; = k}je1,¢7] from Eq. (44) the function appearing in the
integral takes non-negligible values only within this range |w"”| —x ~ 1 —m?2. This means in
other words that this edge effect is crucial for properly counting and describing the connected
states with no memory. Comparing these two distribution with our simulation, we observe
that the solutions resulting from the Monte-Carlo procedure follow the distribution predicted
by the no-memory chain. More strikingly, it follows the distribution for which we have set
m =1—2/N. This feature is a good a posteriori check for setting m = 1—2/N. Indeed, we
mentioned just above that the distribution decayin P} _ . . [.]around the edges [w"| ~ k
depends on the value of m. If we would have set 1—m = 2f (N)/N, with f(N) > 1, this decay
would be greater and would not match the Monte-Carlo simulations.

Finally, in Fig. 8 we plot the phase diagram for the presence of delocalized connected states
(with no memory) with fixed a = 0.5. We recall that k¢ corresponds to the margin

no—mem. state
for which Vi, oo [Xg, m, 50, {Kj = K1}jeq1,,] =0 (Withm =1—2/N). If x > k] e
the potential V,_,[.,.,.,.] is positive and the steady-state to which any no-memory chain
converges is not isolated and thus can delocalize forever. For x <« _ .  this steady
state is isolated, which means that all no-memory chain will stop after a certain number of
iterations. Going back on the phase diagram itself, it shows that while the system size N
diverges (which implies m — 1) the critical margin x7 . ... diverges as ¥/0.91InN. It
is important to note that the region for which delocalized no-memory states can be observed
remains non-vanishing for N — +o00. To understand this we can note that margin threshold
Kuivial Of @ random point x on the hypercube verifies the scaling law Ky ~ v2InN [37].

a . . .
Thus, we have that k) remains distinct from &y, (even for large system sizes).

19


https://scipost.org
https://scipost.org/SciPostPhys.18.3.115

SciPost Phys. 18, 115 (2025)

(72
i

1.01 - —— t/N=0.0052 1.01 —— t/N=0.0052
| wo Dted X0 (s 1/N=0.1192 t/N=0.1192
> o —— t/N=0.4648 8l —— t/N=0.4648
= 08 — t/N=1.561 0.8 — t/N=1.561
% —— t/N=3.395 —— t/N=3.395
< 06 —— t/N=7.068 > 0.6 —— t/N=7.068
& t/IN=9.92 < t/N=9.92
by —— /N=13.0138 | * —— t/N=13.0138
04 t/IN=16.713 w04 t/N=16.713
£ —— 1/N=20.4246 t/N=20.4246
%
4 02 0.2
0.0 S e 0.0 1
0 2x1072 4x1072 6x1072 8x 1072 0 20 40 60 80 100
| frescaled = Bescatea | /N [t=2|/N

Figure 6: We plot the two-time correlation function of a quench Monte-Carlo dy-
namics. The system is tuned to a = 0.5, k = 1.9, N = 5000. Both panels display the
same correlation curve but with different time-axis. On the right, the time-axis is the
natural time-scale -for which time is incremented by one for every spin-flip trial-. On
the left, the time-axis corresponds to the rescaled one -for which time is incremented
only when a spin-flip is accepted-. In the left panel we also added in dashed black
the decorrelation profile corresponding to the no-memory chain.

Finally, we should also note that tuning a does not change qualitatively the phase diagram.
The case we display (a = 0.5) is generic.

6 Going beyond the no-memory Ansatz

As mentioned in Sec. 5.3, when we set k <« the Monte-Carlo procedure is capable
of decorrelating more than what is predicted by the no-memory Ansatz. We have also shown
that this second regime of decorrelation requires to run the quench for «w(N) natural time steps
-i.e t > N-. Put differently, this means that there is a set of subdominant connected solutions
that allow escape further from the planted configuration than the no-memory states.

In fact, for a certain range of system size N and tuning parameters {a, x}, we can observe
that the algorithm ends up totally decorrelating from the planting signal, if again it is executed
for a sufficiently long time period. As an example, if we set N = 2000, o = 0.5 and « = 0.91
(K% e & 1.13) we can observe x, - Xo/N ~ 0 for t/N > 4 x 10*. In Fig. 9 we plot the
distribution of interactions w* = ¥ - x/+/N for a single quenched dynamics. It is obtained
after averaging over 30000 configurations x explored by the Monte-Carlo algorithm after full
decorrelation. As in Fig.7, we added on both panel the truncated Gaussian envelop -which
corresponds to the distribution of interactions for the typical states verifying X, - x/N = 0- and
the distribution P} _ . [.] -which corresponds to the delocalized connected states with
no memory-. The more striking output from this is the decay in the density of interactions
around the edges |[w"| ~ k. Indeed, we observe that this decay is more pronounced than the
no-memory state prediction.

At this point it is important to recall one key feature which follows from the no-memory
chain computation. For the no-memory delocalized state, we have briefly mentioned that the
decay at the edges of its density of interactions is directly linked to the parameter m we have
chosen. Indeed, this decay appears within a range |w"|—k ~ /1 —m2. We can try to consider
that this equivalence -between the edge-decay in the distribution of interactions and the typical
correlation length within a chain of connected solution- is general. More particularly, if our
Monte-Carlo algorithm probes connected states with a greater distribution decay than the
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Figure 7: We plot the distribution of interactions w# = &# - x/+/N obtained with a
Monte-Carlo quench. The dynamics is performed for @ = 0.5, k = 1.9 and N = 5000.
We derived the histogram of interactions after sampling Ngympling = 9000 different
configurations throughout the dynamics. In dotted grey we have added the trun-
cated (between —k and k) Gaussian distribution. It corresponds to the distribution
of interactions for the typical solutions in the binary perceptron. The distribution of
interactions predicted by the no-memory chain -with m = 1—2/N- is plotted dashed
black. While the left panel displays the distribution in its entirety, the right one zooms
in on one edge of the distribution -|w*| ~ k-.

no-memory steady state it is because the typical correlation length between the solutions it
probes is also greater. With our formalism, increasing the typical correlation length between
connected states means than we have to give up the no-memory Ansatz and start analysing
chains with a correlation profile involving memory of previous links, i.e. mj._q > mlt=t1,
Consequently, the task we propose to do in the rest of this paper is to implement memory in
our chain computation -see Eq. (16,17)-.

We recall that the potential V,[x, {mj+1’j }].E[[O’t_l]] » {Kj}tieqi,ep] -as it is written in
Eq. (16)- cannot be computed. Indeed, it requires to perform multidimensional sums and inte-
grals and to optimize over a large number of parameters. Therefore, so as to have a tractable
computation we will have to simplify the correlations variables m, ., and i1, ... Keeping the
case of a quench where () = k, we will propose in the following a correlation pattern that
allows us to fall back on an effective no-memory chain. More particularly, we will study as
schematized in Fig. 10 the case of nested Markov memory chains. Starting with a configura-
tion x, , the system will perform t, steps decorrelating as a no-memory chain (also known as a
Markov chain) with m;, ; = m;. The step Af = t; + 1 then recorrelates with x, by verifying
the overlaps

Ee[X, 4n2 Xegir, ] =my, and  Eg[x, a2 X ] =mpz, (45)

with the condition on the fields

Tﬁro+A§,t’(7ét0+t1, to) = 0. (46)

This overlaps and fields structure allows for integrating the intermediate t, steps in both the
entropic and the energetic terms of the potential. From this follows an effective step that goes
directly from X, to X, , x2. Thus, we have defined a new effective no-memory chain where a
“link” x; | ;52 only correlates with its effective nearest neighbors x; ,(;_1)a2 and X, ,(j;1)a2-
Once this first building block is defined it can be iterated easily. Indeed, we can continue and
consider that the system passes t, effective steps following our new Markov chain. The step
Af =(ty + 1)Af then recorrelates with x, by setting the overlaps

]Eg[xt0+Af' 'xt0+t2A%+tl] =my, ]Eg[xto+A~:’ 'Xt0+t2Af] = mAf > ]Eg[XtO+A§ .Xfo] = mAf 5 (47)
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Figure 8: Phase diagram for the localization/delocalization transition of the steady-
state predicted by the no-memory chain (a = 0.5). We recall that this state is de-
scribed by the distribution of interactions P} [.]and is delocalized when its
potential V,—, o, [xo, m, Ko, {k; = K} je[[l’t]]] is positive. Again, to compute the poten-
tial and obtain the transition line, we equated the system size and the no-memory
chain overlap by setting m = 1 —2/N. The value ks corresponds to the margin

max [6“ -x/VN ] obtained for a random configuration x on the hypercube of dimen-
u

sion N. The derivation of this threshold can be found in [37].

with the condition on the fields

My A3 (£t + ta A2y, to+taA2, tg) = O - (48)

Consequently, this builds a new effective Markov chain where a “link” x, , ;,s now only couples
with its neighbors x, | (;_1)x3 and X, ,(j;1)a2. It is then straightforward to iterate this routine
an arbitrary number of times. The detailed computation for building sequently the nested
Markovian chain can be found in App. D. In the rest of this section we will refer at each
iteration of the computation as a level of the nested Markov chain. Level one corresponds to
the original no-memory chain, level two to the Markov chain with Af steps increment, and so
on and so forth.

With this correlation pattern and a total of k,,, levels of nested Markov chains, we end
up with a new effective no-memory chain where the overlap between two “links” is now
m Aot (< my). In this case, the update rule for the distribution of interactions becomes

ktot
Pt [Wto+Af“’f] - J dw T i,y (Wf0+A’;mt’Wt0’{Vkl}kle[[l’ktot]])PtO[WtO]’ (49)

where the expression for T, can be found in App. D. We will label the stable distribution of
—mem.stateL-J- Although this state is stable for the ko™ level
of our Markovian diffusion, it is not stable regarding lower levels. In other words we have

this new Markov process as Py
t

tot

Plfmt—mem. state[Wt-FA’f] #J thTK,k(Wt+A’[" We, {Vk/}k’e[[l,k]]) PI? —mem. state[Wf] > (50)

for k # k. This will induce the chain potential V[.,,.,.] to fluctuate during the diffusion
and more particularly to be Alff”t-periodic. To examine if the new stable state can delocalize
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Figure 9: We plot the distribution of interactions w* = &* - x/+/N obtained with
a Monte-Carlo quench. The dynamics is performed for a = 0.5, x = 0.91 and
N = 2000. We derived the histogram of interactions after sampling Ny,mpling = 30000
configurations throughout the dynamics after full decorrelation, i.e. after obtaining
X, - Xg/N ~ 0. In dotted grey we have added the truncated (between —«x and «)
Gaussian distribution. It corresponds to the distribution of interactions for the typi-
cal solutions in the binary perceptron. The distribution of interactions predicted by
the no-memory chain -with m = 1 — 2/N- is plotted dashed black. While the left
panel displays the distribution in its entirety, the right one zooms in on one edge of
the distribution -|w"| ~ k-.

we should in theory compute the chain potential on AI:“” consecutive “links”. In practice, we
observe numerically that it is always the last step in the nested Markovian process that has the
minimal potential. More concretely, if we take the example represented in Fig. 10 where we
have k,,, = 4 levels of nested Markov chains starting at t = t, and finishing at t = t5+ A‘t‘, the
step where we are most limited in number of solutions to extend the chain is the one where we

go from X,  akor_q LOX Consequently, to determine whether this state is delocalized
0 t

to+AKtot:
or not, we will simply compute the chain potential for the step t + A]:“” only. If this quantity
is positive -respectively negative- then the state delocalizes -respectively remains localized-.
The calculation of this potential will not be derived in this section, but the detailed steps to
obtain it can be found in App. D.

Having « fixed, the delocalized phase (a < aZtot_mem_ state) COTTESpONds to the existence of

a steady-state induced by k,,; nested Markov chains with a positive potential V:,+Akmt [y eyerele
t

While in the localized phase (a < azm_ mem. state)» 11O Steady-state has a positive potential. In
App. D, the interested reader can also find the detailed computation on how the critical point

th_mem' state 1S ODtained. In short, we solve the saddle-points equations for the fields r’s
given by the chain potential and determine numerically the set of magnetizations and time-

intervals {m INE At}j M2k, T that yield a positive potential with the highest possible value of

a. In particular, while our construction implies that ¢; € IN (and consequently A} € IN) for all
Jj €[[2, k¢, ]I, we determine the critical point after extending the computation to t; € R.

In the following we will present results where we have injected only a few level of nested
Markov chains with m; = 0.98. The aim is to show that our construction reproduces qualita-
tively the compression of the interactions distribution observed in Fig. 9 and yield connected
states fora>ay . To obtain quantitative comparisons, in particular with known al-
gorithmic thresholds, we would have to perform this procedure with m; closer to one and with
a greater number of nested Markov chains. To start with, we display in Table 1 the value of the
critical point azm_mem. state 10T Keor € [[1,5]], k = 0.9, m; = 0.98. We obtain that increasing

the total number of nested Markov chains extends the range of the parameter a for which a
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Figure 10: Schematic representation for the iterative integration of the nested
Markov chain. The case we display corresponds to k,,, = 4, i.e. a total of 4 level
of nested Markovian chains. We highlight with it that the iterative integration of
the chain starts with the nearest-neighbor interaction (black), then continues with
shortest distance interaction (blue) and so on an so forth until we obtain an effective
no-memory chain with m =m NS

delocalized steady-state can be observed. We also see that each increment of k,,, results in a
smaller and smaller increase in the critical point. Moreover in Fig. 11, we plot the decorre-
lation profiles obtained for each optimized k,,, nested Markov chain. In this case, increasing
k... allows to find delocalizable chains with greater correlation functions. By putting these
two results in parallel, we directly see that we must increase the correlations between the
“links” of the chain in order to build a chain of connected solutions with an increasingly high
a. For the interested reader, we display in Table 2 the order parameters m Ak and A’t‘ obtained
for the optimized chains with again k., € [[1,5]], x = 0.9, m; = 0.98.

We already mentioned the link between increasing correlations and the possibility to de-
localize for a > af . . Indeed, when analysing the distribution of interactions after a
quench with ¥ < Kpo_mem.state (Fig. 9), we highlighted that the decay at the edges |[w"| ~ x
could be a clue for the increase of correlations. In Fig. 12 we plot the distribution of inter-
actions -P]f[ . —mem. state” for each optimized k,,, nested Markov chain. As predicted, increasing
the number of nested levels -and consequently the correlations- creates an increasingly pro-
nounced decay at the edges of the distributions. Thus, implementing memory between the
“links” in the chain allows us to mimic the contraction in the margin distribution that we
observed with the Monte-Carlo dynamics.

As a final note, we can also observe a significant discrepancy appearing already between the
truncated Gaussian envelop and the no-memory state distribution. This is due to our choice
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Table 1: Table displaying the critical pointa;, _ - asa function of k,, the total
number of nested Markov chains in the memory pattern. It is obtained for k = 0.9
and m; = 0.98 (with A} = 1).

kio =1 (no-memory)
ay 0.889

k;oc—mem. state

ktot =2
0.961

ktot =3
0.993

ktot =4
1.009

ktot =5
1.015

Table 2: Table displaying the order parameters m Ak and Ak for optimized nested
Markov chains with varying values of k,,,. We recall that kot corresponds to the total
number of levels we introduced in the memory Ansatz. For the interested reader, the
optimization scheme is detailed in App. D and is independent of a. The case we
present is obtained fixing x = 0.9 and m; = 0.98 (with A! =1).

keoe =1 keoe =2 keoe =3 keoe =4 keoe =5
my/A; | 0.98/1 0.98/1 0.98/1 0.98/1 0.98/1
M2/ A7 0.9740/2.00 | 0.9745/2.10 | 0.9747/1.64 | 0.9749/1.69
mp3 N 0.9529/4.20 | 0.9636/3.38 | 0.9623/2.07
M3 N 0.9295/6.76 | 0.9560/5.53
M3 N 0.8903/11.04

for m; which is far from being close to one. If this overlap was set closer to one, the two
distributions would be more similar. However, we would need more nested levels to observe
strong memory effects in the steady-state of the effective Markov chain.

7 Conclusion and discussion

In this paper we developed a formalism allowing us to probe connected solutions in the sym-
metric binary perceptron. Our starting point was to justify the need of such a formalism. Thus,
we showed that any planted solution in this model is cursed to be isolated and that a more
refined strategy is reacquired to unveil an algorithmic transition. We then detailed our ap-
proach, which in few words consists in building a chain of solutions {x;} ;1,7 for which the
overlap between two consecutive configurations is fixed close to one.

Under its general form the solutions chain construction is intractable both analytically
and numerically. Indeed, it involves optimizing a potential over multiples variables while
evaluating the multidimensional integrals it contains. Therefore, as a first attempt to de-
scribe connected solutions with our formalism, we introduced a no-memory Ansatz that al-
lows analytically studying its resulting states. This Ansatz is so named because the chain
of solutions becomes Markovian-like. With it we determined a critical threshold value
Ko emstare ~ V 108(N) (a being fixed) above which such chains are fully delocalized.

Then, focusing on quenches in k, we compared our no-memory chain predictions with
Monte-Carlo simulations. As long as we probed a regime where time scales linearly with N,
we obtained good agreement between the two settings. In particular when no-memory states
are delocalized (x > x; . ), we could observe that the distributions of interactions
{wh = &" - x},eq1,m7 are matching. This highlighted the presence of an edge decay in the
distributions, which can be linked directly to the correlation length in the chain computation.

Moreover for k < k., we mentioned that Monte-Carlo simulations decorrelate
further than predicted -conditioned that time scales more than linearly with N-. For this

25


https://scipost.org
https://scipost.org/SciPostPhys.18.3.115

e SciPost Phys. 18, 115 (2025)

= === no-memory chain

—— nested Markovian chain ( ,,,

—— nested Markovian chain (
(
(

tor

k,
Kior
k,

ot

—— nested Markovian chain
nested Markovian chain

M,y

Ak = 11,04 ~
Mgues = 0.8903 AN

0.6 1 AN

T T T T

0 5 10 15 20 25 30
|t —1]

Figure 11: We plot the correlation function for each of the optimized nested Markov
chains, k;,; € [1,5]], x = 0.9 and m; = 0.98 (with A} = 1). We recall that the
optimization yields, for fixed k,,;, the chain that can delocalize with the largest pos-
sible value for a. Each stair-shape increments in the correlation curves corresponds
to a new level of nested Markov chain being felt by the system. In particular, we have
highlighted the very last one corresponding to the level k,,, for each of the optimized
decorrelation profiles.

regime, we showed that fully delocalized states have a distribution of interactions with a more
pronounced edge decay than the one of no-memory states. Generalizing the parallel between
the distribution decay and the correlation length in the solutions chain formalism, we proposed
to study connected solutions with an increased correlation function. Therefore, we introduced
a nested Markovian chain Ansatz that implements memory in the chain while allowing us to
fall back on effective no-memory states. This approach showed that increasing the correlation
length indeed led to a more pronounced edge-decay in the distribution of interactions. More
interestingly, it yielded chains that delocalize for k <x( .

For future work, we hope to further investigate the nested Markov chain iterative construc-
tion, and in particular to push for increasing the number of total levels k,,,. One straightfor-
ward direction would be to consider that we operate in a regime for which m N 1 -with

j €1,k ]-- In this regime we can expand all Markov-chain generator around identity; i.e.

Tex (06 ¥, AV wepiag) & 6 =) + Tk (6, v, AV eeqing) + 0 (Tek (3, v, iV eqing)) - (B
Implementing this linearization we should be able to simplify our iteration routine for the
Markov generators and to push it to higher values of k,,,.
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Figure 12: We plot the distributions of interactions for each optimized nested Markov

chain. We recall that this optimization consists in determining the the chain’s pa-

rameters (overlaps m, time intervals A, and fields m ) that yields a positive poten-

tial Vt* +Akwt[., .5+, -] With maximum value for a. In the present case we have set
0 t

keor € [[1,5]], x = 0.9 and m; = 0.98 (with A} =1). In dotted grey we added the
truncated Gaussian distribution, it corresponds to the typical distribution of interac-
tions for solutions in the perceptron -with threshold x-.

K
plante

A Proving that the planted free energy ¢ 4L-] is approximately

annealed
In this section we will prove that a saddle-point for the planted free energy, defined in Eq. (6),

verifies § < 1 and q ~ m? when fixing m ~ 1. Starting with the saddle-point equations, the
partial derivatives of the free energy with respect to g and m are

§ J,H(k,mw+ +/q—m?z,1—q
2 H(K,mw+ q—mzz,l—q)
OnH (k,mw+ v/q—m22,1—
am¢§f:med[x0’q>q’mﬂh]=—ﬁ1+afDZdWPK[W] i { : q). (A.2)
H(K,mw+ q—mzz,l—q)

We recall that the first equation shall be set to zero while the second equation should not.
Indeed, in this case we optimize over ¢ whereas m is fixed to a given value. The partial
derivative with respect to g can be rewritten as

A

, A A q
aq¢pkl:nted[xo’q’q’m’ ] ZE (A.3)
Z _ u / _ _ 2 —
fDu (2 — zm)@(K |mw+ +/q—m2z+ +/1—qul|)
+a | DzdwP*[w] ’
H(x,mw+ /q—m2z,1—q)
with X
9'(K—|XI)=—E5(K—IJ€|)~ (A.4)
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Now if we assume g — m? < 1— q we see that

K% R .
aq ¢p1anted[X0’ q,49,m, m]

(A.5)

fDu (2¢:—m2_2Jl;Tq)@/(K_|mW+ Vg—m2z+ 4/1—qul)

N >

D P
+aJ z dwP*[w] Hoomw1—q)

[w

fDu (éalH (gz K, y=mwz=1 —q))@’(K— |mw + /1 —qul|)

H2(k,mw,1—q)

—aJDdePK
+0 (\/q - mz) ,

Z _ u / _ _ 2 _
fDuDz(Z‘/q_mz zm)e(x |mw + v/q—m2z + /1 —qul)

N[>

+aJdWPK[W] Hoomw1—q)

_Efdw P o Jema),

H(x,mw,1—q)

and it it easy to show with an integration by part that

q—m?

z _ u /(g — —m?2 —
fDuDz(z ZM)G(K |mw + v/q—m2z + /1 —qul)

H (x,mw,1-q)
This finally yields

c}mafdw Prw] +(9(\/q—m2).

H(x,mw,1—q)
Now if we focus on the partial derivatives with respect to q and m we obtain

qg= J Dz tanh? [ﬁ1+ \/Ez] = tanh?[#],

g<m

m= f thanh[rﬁ+ \/Ez] = tanh[m],

g<m
or, rewritten in another fashion,

= rn2 s
a<m

m = artanh[m].
g<ri

=0.

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)

In the case where m ~ 1 it follows from Eq. (A.11) that m diverges while Eq. (A.7) implies
that § remains finite. Therefore, we have closed our saddle-point equations self-consistently

for m ~ 1 and proved that it verifies the annealed Ansatz (g = m? and § < ).

When plugging the annealed Ansatz in the free energy we obtain the simplification

k,annealed _ 1—-m 1—m 14+m 1+4m
¢planted [%0,m] =~ 2 log( 2 )_ 2 log( D)

+afdWPK[w]log[H(K,mw,l—mz)].

28

(A.12)


https://scipost.org
https://scipost.org/SciPostPhys.18.3.115

e SciPost Phys. 18, 115 (2025)

This equation can be even further simplified when adding m ~ 1, indeed we can derive

pimed - [xom]| (A.13)
1—-m 1—-m ) y 9
A — log +a dwpP [W]log[H(K,mw,l—m )]
2 2 B
K—mw
1—-m 1—m ) « 1+erf|:1/2(1—m2)]
AN — log +a | dwP*[w]log
2 2 o 2
0 1 +erf[—’<+m—wz]
+af dwP*[w]log 22(17m)
—K
- \/21— D) (aod —Bv2(1—m2
%_1 mlog(l m) ay/2(1—m f 21— dBPK[K ( m)}log[1+erf[3]]
2 2 k(1—m) m 2
2(1-m2)
a\/2(1 m?2) ¢2(1 m2) | =Kk +By/2(1—m?) 1+ erf[B]
_ dBP log
_—k(-m) m 2
,/2(1 —-m2)
+0oo
w—l_zmlog(l_zm)—i-Zaw/l—mJ dB {PK[K]+PK[—K]}10g|:1+eTrf[B]:|.
0

The implications following this simplification of the local free energy can be found in Sec. 2.

B General Ansatz for the chained equilibrium

In this section we present the detailed computation for

Vi [XO, {mj,j+1 }je[[O,t—l]] ,{x; }je[[l,t]]] (B.1)
1 X * X1 Xi—2 "Xt q
e D Ll Y PR S PO =
X1 X1
M t e
X 10g|: Z ezu=1 IOg[e(K |g Xrl)]:|} .
x, XN
s.t. x[');vt71 =mg 1

For simplicity in the following we will drop the variables of this potential and simply write V.
This potential can be rewritten as

Zu log[©(rc1—|&* %1 N]+1H1y (%1 Xo—Nmy o)

——]E dr : : B.2
E{ZJ o Z*x1[xg,mq o] (-2

ZM log[®(k 1 —1&¥ %1 D]+7R, 1 o (X, 1 'Xt—Z_Nmt—l,t—z)
dri,_ 1,t—2
Xt

ZRe1[X, o, mt—l,t—Z]

X log |:Z J drﬁt,t_lezu log[e(KI_lgu'xt|)]+ﬁ1t,t—1(xt'Xt—l_Nmt,t—l)] } .
X¢
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B.1 General computation

If we introduce replica for each “link” configuration in the chain we have

1 _|EM. 5 K
V, = lim N IE‘§ l_[ Z dﬁll,o,alezu log[@(Kl |EH X1,a1|)]+m1,o,a1 (X1,4; Xo—Nmy o)
{nj=0}jeq,ey M¢ n ar=1 %10,
X oo (B.3)
e
X l_[ fdmt 1t—2.a, 162 10g|:9(’<t 1—1g" Xi—1l,ap 1|):|+mt 1,t—2,a;— l(xr Lap_y Xe—2,1—NMe_q ¢ 2)

A 1=1X14,_,

>< fdmtt L Z log[@(xt_|§” xtat|)]+m“ 1Lar Keqp Xem11—Nmyg 1)
a;=1X¢q,

. 1 1 -
= . hm[’ ——N—ntIEg HZJdmIOaIH(dwlald 1a1)

% eZMIOE[@(K1—|W Lag |)]+W’fal(5“'X1,a1—W‘f,a1)+Tﬁ1,o,al (X1,0; Xo—Nmy o)
X .
M
| | Al
X fdmf Lt—2,a, ( Wi l,a,_ lth—l,at,l)
ag_ 1—1 Xe—1,a;1

u=1

u A
eZMIOg[e(Kt—1_|W[_La[_1|)}+ tat(g Xe—la,™W ,a1)+mt,t71,a[(xt71,at,1 'Xt—z,l_Nmt,r—l)

M
X fdmtt 1a, l_[(dwtadwta)
at—lxtat

u=1

n o JL " .
ezu log[G)(Kt—IWt,at |):|+Wt,at (E“-th Wt a; )+mt,t—1,at (Xr,a[ Xe—1,1—Nme e 1) }

The integration over the disorder {"},cq vy and after over the variables {vAv‘j’ aj}MG[[l,M]] is
trivial as it simply involves Gaussian integrals. It yields

M
1 1 S T3
. log| ©(k;—w; 4. —w! 2w
V= lim —— f dwoP*[wg] l_[ l_[ (J dw;q.e ogl o) |WJ’“J|)]) e 2
{nj_)o}je[[l,f]] n; Nnt j=1 aj:]-
11 (x; —Nmj ;1)
| DA 3 [amgensomen )|
xo€XN j=la;=1 \ x; eZN
(B.4)
with
_1 _ —

[Z(X) ]j,aj,j/,aj/ = Xj,aj . Xj’,aj/ y and Wj,aj = Wj,aj . (BS)
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Finally, we introduce the overlap and field matrices, respectively m;g ja, = IEg[xj’aj -xj/’aj,]

and th;, aj,jay = rhj’aj’j/’aj/. The potential then reads
. 1
V. = lim — (B.6)
{nj—>0}jemu,en e
M
1 - T
— < opt dWOP °f Wo]l_[ l_[ (J dw; 4 elog[e(Kj_le’“fl)]) e
4
Nn, M/ #j—1a;#1 j=1a;=1
N
t n- 1 TI]/
| ST 3 [T o e |,
xo—il Jj=la;=1 \ xjq laj=1

and Z(m)~! =m.

B.2 Proving that the replica Ansatz for V,[.] is annealed

In App. A we showed that V,_;[xg, m; g,x1] = ¢;1:§éd[xo, m = m; ] can be determined with
an annealed replica Ansatz when m; o ~ 1. Indeed, the planted and chain settings are equiv-
alent when considering the first “link” in the chain. In the following, we will continue the
reasoning by proving that the second “link”, namely x,, also verifies an annealed geometry for
myq ~ 1.

A simple fashion to write a physically correct replica Ansatz is to focus first on the interac-

tion set w. We see from the construction of the potential V,, and in particular with the term
T(mw

, that this set can be decomposed over a basis of independent random Gaussian pro-
cesses such that we match the covariances given by %(m)~!. More practically, we can write
for the first “link” in the chain

W ~ PF[.], (B.7)
wil =myowy+4/1—m? ul', and uj' ~N(0,1). (B.8)

If we then take a replica symmetric Ansatz for the second “link” we obtain

w

Mo 1 — My oM (my 1 —my gmy )2
ay o 2,1 2,0M10 4 9 2,1 2,0M1 0
2 =MaoWy +————Uu;+\|q—my,— p— zy+ v/ 1—quy?, (B.9)
1— ml’o - 1 0

and {z,, ugz} ~ N(0,1). We can now simplify V,_, to manipulate a more handy formula,

1—q, .
Viey = opt { - _qq My 1My 1 — Ty oMy (B.10)

q,My,0,4,M2 1,29 2

IDIEDY

xo=£1 < x;=%1 ZCOSh ml oxo]

fDulg(K — |m1,0W0 + 1/ 1— mio ull)
[ Duze(k! —|my gwo + 4/1— m? yuil)

xJ73221og[H(K2,m1—Q)]}>

ml 0X0X1

log {2 cosh [rﬁmxo + rhz,lxl]}

a J dWOPKO [Wo]

2
My 1 — My oMy g (mgy 1 —myomy o)
o s s s 2 s s s
w=myowq+ —2u1 +4lq—my— 3 29, (B.11)
1-m2, 1-mj,
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with 71y o = arctanh[ml’o]. As mentioned in Sec. 3, the optimization being “time-ordered”
we took for i1y o the value obtained with the optimization of V,—;[xg, m; ,%1]. Again the
demonstration for this saddle-point can be found in App. A. To keep light notation throughout
the computation we will rewrite V,_, as

Vieo = opt {v'ig, My 1,My 0,4, My 1, Tﬁz,o]} ) (B.12)
q,mz,ofbﬁlz,l,fﬁz,o
with
. A noa l—q, .
V[zz[q, my1,Ma0,4,M2 1, mz,o] == Tq — My 1My — My oMy o (B.13)
ml,Oxoxl
+ — —log{ZCOSh[ﬁ"l20XO+Th2 1X1:|}
Z Zﬂ 2cosh[m1 oxo]
aJ dwoDu, Dz, P*"1[u;, wy]log [H (Kz,y, 1— q)] ,
and

W =myoWo +m,, Uy +4/q— mio —mil 2, (B.14)
Ok — |m1’0w0 +4/1— m% 0 uq)

P01y, wo] =P [wy] (B.15)
fDuT@(Kl —|myowo+4/1 1 0 1|)
My 1 — My oM
My, =—21 " (B.16)
1= 0
Then, we can repeat the computation carried out in App. A. More precisely we have
Vi, = % +a JdWODulDzzPKO’Kl [uq,wo] (B.17)
Du = - O'(k—|w
J Duy (Wq = ﬁ) (< — |wl)
X
H (K,y, 1 q)
Now if we assume g — m% 0 —m% ; < 1—q we see that
GVie, :% + adeoDulDZZPKO’Kl[ul,wo] (B.18)

fDuz( 22 ZF)@(K—|W+ V1—qu|)

2\/‘1_”‘%,0_2% 1
H(x,w,1—q)

—afdwODulDzszo’Kl[ul,wo]

[ Du, (%QXH(KZK,Z:W,g: 1—q))®’(1<—|w+ V1—quyl)
H?(k,w,1—q)

+O(,/q—m§’0+m§1),
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with

w = mz’()WO + mz 1u1 . (B19)

As in App. A, it can be shown with an integration by part that the second term in the rh.s. of
the previous equation is null. It thus follows that the saddle-point verifies

Profi[y,, w
g=a f dwyDu, L3, wo . (B.20)
H (K, My oWo +m, Uy, 1 —Q)
Now if we focus on the partial derivatives with respect to g, 1f1, ; and i,  we obtain
eM1.0X
q= Z — | Dz tanh? [n“iz,OX +rigq + \/Ez] (B.21)
=2, 2cosh (ml,o)
e'M1.0X
= —AtanhZ[ﬁlz()X'i‘ﬁ"lz 1:|,
g<h A4 2 cosh (1 ) ' '
eM1,0X
mZ,l = Z Y Dz tanhl:ﬁlz’oX + ﬁlz’l + \/EZ] (BZZ)
= 2cosh (i, )
e'M1.0X
= ———tanh| My, o X + 1115 |,
g<rm A 2 cosh (rﬁl’o) [ 0 2’1]
XeMoX
My = Z ————— | Dztanh [rﬁz’oX + g + \/52] (B.23)
=z, 2cosh (m1,0)
XeMoX
= —tanh[rﬁ20x+rﬁ2l],
4<ih =% 2cosh (rﬁl,o) ’ ’
or, rewritten in another fashion,
) 2
q i my,+my (B.24)
eM1.0X
moq = Z —Atanh[ﬁl20X+TTA12 1] B (B.25)
" g ) 2 cosh (1 ) ’ ’
XeMoX
moy = Z ———————tanh [mZ,OX + TﬁZ,l] . (B26)

0 4 M2 cosh(rhl’o)

In the case where m,; =~ 1, it follows from Eq. (B.25) that rh,; diverges, while Eq. (B.20)
implies that § remains finite. We have once again closed the equation self-consistently and
showed that for m4; ~ 1 the correct replica Ansatz is the annealed one.

In a nutshell, we showed in App. A that the first “link” in the chain verifies an annealed
replica Ansatz (for m; ; & 1). In this appendix we continued and proved that the second “link”
also follows an annealed replica Ansatz (for my; & 1). To show that this applies for all “links”
in the chain, we simply have to repeat recursively the exact same demonstration written just
above. Finally, if we apply an annealed replica Ansatz for each “link” in the chain we obtain
we

Vi [Xo, {mj+1,j}j€[[0,t_1]] ,{K; }je[[l,t]]] (B.27)

— * y i

= opt opt Vi [Xa{mj,j’}osj’qsv{mj,J"}osﬂ<jSt’{Kj }je[[l’t]]]} ’
{rhe jYosj<e—1| M jYosj<j<im
{me jYosjr<e—a | {m; jYosj<jm1<i—2
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with

Vi [0 Amy i bosyciee A Yosycieer i hiemen] == 2 e me (B.28)

j'<t

eZosﬂq M, j XXt

log | 2 cosh Z M i X

XgseeesXp1=%1 j=1 2 COSh (ZOSj/<j TIT\lj’j/Xj/) 0<j/<t
ZOSj/Sj ij/(m)Wjo/ .
=1 Lt 2 o(x’ —|w;|)
Ko J
+a dw; P*°[wq] -
Yoy <j %y WGy

j=0 j=1 fdw?e—f]@(;d — i)

_ZOSj’St Zt’j/(m)Wth/ :
x log dw,e 2 (k" —|w,)|.

C Simplifying the no-memory Ansatz potential

In this section we present how to simplify the potential
* A _ A
Vi (%0 Amyi docyasee M Yosycjce Ui deman ] = = D e me s (€D
j<t

t—1 T XX
eZOS}/<] mM/xeJ/

+ Z % log | 2 cosh Z Mg i X

XoXia=+1 % j=1 2cosh (Zos < mj,jij’) 0<j/<t

_ZOSj’Sj z ‘/(m)Wjo/

1]

t—1 =1, k o(x) — lw.
+aJl_[dijK°[wo] ( ;1)

-
Do)/ <j i, mIWGw i

j=0 j=1 fdw?e—+19(xj —[wi))

ZOSj’St Zt,j’ (m)Wth/ :
xlog| | dw,e” 2 O(k" —|w.)|.

We can in fact operate the standard change of variable

Wi =m; i Wi +4/1 My _qU; (C.2)
=M i 1M1 i ogWi_o+M;; 1—m? Ui +4/1—m?._ u;
J,J—110=1,j=2" =2 J,j—1 j—1,j—2"%j—-1 j,j—1"7

j—1 -1 [j-1
_ 2 2
= l_[ My Wy + Z l_[ Mpi1n |/ 1— my,_ju + 1-—- my . uj
I=j' I=j'+1 \ n=l
j—1 j—1 -1
2 2
= My |wo+ l_[ Mui1n \/1 —mp + \/1 —mii quj,
1=0 =1 \_n=l

and obtain

Vt* [Xo, {mjrj_l}lsjﬁt N Tht,t_l’ {K] }je[[l,t]]] = ﬁlt,t—l me i + IOg [2 COSh(ﬁlt’t_l)] (CB)

j 2
t—1 @(K] — ’mj,j_le_l +4/1 —m;; U )
+a Du]

dwo P*o[wo]| | , -
j=1 H(Kl,mj’j_le_l,l—mj’j_l)

x log [H (Kt, M aWe1,1— mit—l)] '
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In fact, the energetic term can be estimated recursively. If we perform back the change of
variable

w; =

j mj’j_le_l + 1— m2 . LU (C4)

j,j—1771°
we can rewrite the potential as

‘/:< [Xo, {mj’j_l}lstt 5 Tﬁt,t—l) {K] }je[[l’t]]] - T’ht,t—l mt,t_l + log [2 COSh(ﬁlt,t—l)] (C.S)

(Wj_mu 1WJ V?
t—1
+afdw0P °[wy] | | fdw
j=1

SRER)
\/27'5(1— i—)HGemy 5wy g, 1—m; ;)

x log [H (Kt, My We—1,1— mit_l)] :

The potential can now be integrated recursively, starting with the integral over w, (then w;
and so on). Thus, the potential becomes

A [XO: {mj,j—l }1SfSt s 1, K }je[[l,t]]] =—m 1My, +1og [2 cosh (mt,t—l)] (C.6)

_(Wj mj,j— 1‘”1 2

2(1— m” 1) @(K |W |)
+ a| dwy P [wy] dw;
Jj= k+1

27'[(1_ ]] 1)H(K]7m J.j— 1W] 1> _ij_l)

x log [H (Kt’ Mg 1Weq,1— m?,t—l)] >

with the update rule

W,
201-m2 . )
e #1 0 (K1 — [Wigal)

—-
an(l—m?, JH (xja,myp wi, 1=m2,, )

Applying this recursion until the end we obtain

(C.7)

P [wj ] = J dw; P*i [Wj]

‘/t>k [Xo, {mj,j_l}lstt 5 Tﬁt,t—l) {K] }je[[l’t]]] =— r’r\lt,t—l mt,jt_l + log [2 COSh(TTAlt,t_l)] (CS)

af dw,_; P*1[w,_;]log [H (Kt’ Mg 1We—1,1— m%,t—l)] :

D Computing the chain potential for the nested Markovian process

D.1 Building the nested Markovian process

In this section we detail how to build iteratively the nested Markovian process. Starting with
the level 2 Markov chain, we recall that the overlap structure verifies

Ee[X a2 Xegie, ] =my,  and  Eg[x, a2 X ] =mp2, (D.1)
with the condition on the fields

ﬁlto+A%,t’(7ﬁt0+t1,to) =0. (D.2)
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We will now detail how the entropic and energetic term simplify. The former is the simplest
to compute, we have straightforwardly

tot+t m X +m X X
01 e ” 1XjXj1 e t0+A2 to+ty t0+A2 totty t0+A%,0 t0+A% to

Py - A (D.3)
Z 2 l_[ 2cosh(rfrj ;1) | 2cosh(rf, 4 a2 ¢ e, Xegre, T Mgsn2 0%e,)

xto,...,xtoJrA%::tl j=to+1
m,2X; X 2
ATt +AT

e
B Z 2.cosh(ritpz) ’

xIO’xtOJrA%:il

with a2 = artanh(m A%). For the energetic term, we first have to perform the change of
variables in the integrals -preserving the correct correlations-

Wj:mle_1+ 1—m%uj', for jE[[].,...,tl]], (D4)
—— m§1+1 (m s — t1+1)2
W, 1 =mw, +— (wo—m'tw, )+ 1—m2——u (D.5)
t+1 = W 1—m24 0 17t 1 1—m2h t1+1> :
1 1

with again u; ~ N(0,1) for I € [[1, t; + 1]]. We will use later the general notation

tk—l+1 tk—1+1
Mk —m 52 Mk —m 52
- =t & Vi=1—m?, Vi =V G D.6
my=m;, My = 1 2, 1=L1—my, k#1 = V-1t T (D.6)
- Ak My

Injecting this change of variable in the energetic term we obtain

to+A2 to+A2
t wx(m)w t @(K_ |W|)
f [Tdwe | [1 (D.7)

] ) WZ/<JE(m)/ W
j=to j=tot+l fdwje @(K—lw*l)

%
t0+A to+ty o _ ) + Vou.
JthO l_[ Dy l_[ (K |21W1—1 \/_1u]|)

H(K’ E1Wj—1, Vl)

j=to+1 j=to+1

t
© (K - |mlwto+t1 +m1(wt0 - mllwt0+t1) Y, Vzut0+A§|)

t
H[K:mlwtoﬂl + mz(wto - mllwto+t1): ;]

X

(Wj*mle_l)z

Jt0+A d to+ty e 2V ( |W |)
= W.
I | j I |
=t =g+l V21V H(x,myw;_q, V1)

2
1
_[WtO+A?*ﬂ1wto+t1*ﬂz(WtO*ml Wt0+t1)
2V —
e 2 Ok — W, a2])

t
V2rVoHK, mywe e +my(wey —myiwe e ), Vs ]

t0+Af to+ty
:J | | dWJ | | TK,l(Wj’Wj—bVl)

Jj=tg j=to+1

X

T, —m—z( o ), V-
X Ly Wt0+A§’Wto+t1+m Weo =My Wi, )5 Va
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_ t
= J thoth0+t1th1+Af Ti1 1(Wt0+t1> W V1)
X Ty 1 |:Wt0+A§:Wto+t1 +—

= f thotho+A§ Ty (th+15W0) v, Vz}) >

with the definitions

(x— mly)
e Ok —|x|)
T.1(x,y,V)= (D.8)
IS R HOe myy V)

Ter' (x, y,V)—f]_[dz Te1(z1,, V) ]_[T“(z,ﬂ,z],V) Tea(x,z.1,V),  (D.9)

j=1

and

m
TK,Z (X’ Y {Vlz VZ}) = J dz TK,ltl(Za Y VI)TK,l [X,Z + ;_Z(y _m;lz)n V2i| . (D]-O)

—1

Having started with the memory-less Markov-chain generator T;(w;,w;_;,V;), these com-
putations steps simply highlight that Ty(w,_, A2 Wi {Vi}ker1,27) is the new Markov-chain gen-
erator. As we mentioned in Sec. 6, this construction can be further iterated with more nested
Markov chains. Given that we have already integrated k levels of nested Markov chains and
that the system spends ¢ iterations in this level, the configuration X, , xk1_; (¢, 11)ak Verifies
the overlaps

]EE I:Xt0+Alf+1 'Xt0+A’;+1—A{] = mA{ , (D].l)
with the notation
Ab=(g_ +1DAM?, and Al =1. (D.12)

More practically, A’t‘ corresponds to the number of “links” in the chain that are passed when
one iteration of the Markov-chain at level k is performed. Again this profile for the overlaps
allows to reduce the number of free fields variables as we have

m j = D.13
to+ ALt/ (E{to+ AR AL} e gr17) ( )

The entropic term can be trivially simplified as

k+1 ~
to+A
0 t ZO<j <j M 7 X:Xs mAk+1xt0+Ak+1xt0

1 e&io0sj IS e At ¢
Z 2 I_[ N = Z ZCOSh(mA’t‘“) » (D14)

Xtgoeeos xt0+A’§“:11 J=to+l 2cosh (ZOS]"<]' mj’jle/) Xfo’xr0+A’[‘“:11

with m Akt = arctanh(m Ak+1) Regarding the energetic term, the form of the correlations
allows us to perform the change of variable

k+1

ti_

Jj—1

Wt +Ak+l mIWt +Ak+1 Al + E (WtO+Atk+1 Atj _mAtj1Wt0+Afk+1_Afj1) (D.].S)
j=2

+ 4/ Vk+1ut0+Alt<+1 y
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with u; ~ N(0,1) for I € [[to+ 1,t5+ A't‘“]]. Then, it becomes simple to generalize the
computation steps we performed for the first level of Markov-chain and to obtain

(tk+1)A (tk+1)A[
_ wr(mw ( _|W|)
J l_[ dW e 7 l_[ w Z/<]Z(m)/ Wi (D‘16)
j=1 fdw e —@(K—|w D

B J thOth0+AI;+1 Tkt (Wto+A’§”’ Wios {VJ'}J'G[[LHHJ) >

with the definitions

( 1J/)
7 O(k —|x|)
K , V)= D.17
106, y, V)= 1/_H(K V) (D.17)
Tex' (6,3, Vi hieriin) = fl_[dz Ty x (21,3 (Vi hweriin) (D.18)

l_[ ek (25512 Vi eemng) | Tk (60221, {Vie boeqiag) »

and the recursion rule
T a1 (%, Y, (Vi hoeri o) (D.19)
m.
—j+1 t:
= J dz TK’ktk (z, Y, {Vk/}kle[[l’k]]) Tk |:x,z + T (}’ - ijZ) ) {Vk’}k’e[[l,k—l]]u{k+l}:| .
—j

Detailing our notation, {Vi }wer1k—1]uik+1; means that, given the ordered sequence
{Vi,Vo,..., Vi1, Vi}, we have replaced the last term as {V;, Vs,..., Vi_1, Viy1}. For example,
if we take the Markov chain at level k = 3 the generator Ts(.,.,.) is

Te3 (%, ¥, {Virheeqiaq) (D.20)

¢ M t;
= | dz T (2.3, (Vi o Tz | 3oz + — (y = m'z), V1, V3)

—i

=sz T2 (2,5,{V1,Va})

m
X {f dz'T, 1" [2',2, V11T, 1 [x z +—(z mi'z’)+ = (y—mgzz),Vg]} .
’ m

D.2 Computing the chain potential

In this section we will focus on computing the potential V,[.,.,.] for the very last step of the
effective Markovian process presented in Sec. 6. We will consider that our connected solutions
follow a memory pattern of k,,, nested Markovian chains where it effectively jump from a
solution X, to X The aim is to compute the number of accessible solutions X, + Aot
In this situation we recall that

k .
to+A!

when the chain is fixed from configuration X¢, 1O X, | kot _q-
0 t

only a handful of overlaps are strictly fixed with our nested Markovian process, namely

]Egl: t +Aktot Xt +A’t<tot_AJt'i| = mAi 5 (D.21)
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where A’ corresponds to the number of “links” in the chain we pass when one iteration of the
Markov-chain at level j is performed. We recall that it is determined by the recursion

Alt‘ = (tp_q + 1)A’t‘_1 , and A} =1. (D.22)

Moreover, we have to highlight that going from configuration x Kot _ )1 tox Kot _pJ the

to +A to +A

system simply passes through the j level of the Markovian process. All of these features

allow simplifications in the potential V*+Ak[ [.,.,.]. If we start for example with the entropic
totA"

term, we have

k
totA P —1 5
0T eZtsj’<j m; jr XX

1
E > (D.23)
Xt()"“’xt keot =+1 j=to+1 2cosh (Ztﬁj’<j mj’]‘/Xj/)
o+a ot
x log | 2cosh E T, | pkeor X
tosj’<t0+A't‘“”
1 kior—1 emA{xroJrAI:mLA{ xt0+AI;“’LA{+1
B Z 2 1 Z 2 cosh(m ;)
xpq=%1 j=1 xt+A’f‘0f—A{ =%1 Ay
ktot
xlog | 2cosh Z My vakeor s alor Al Xy ko al [ ]
Jj=0
with
~ t;
m,; = arctanh (m JA) . (D.24)
t A]t

Regarding the energetic term, we can again use the Markov-chain generators

T;(., s {Vi}kep1,j7) that describe the jump from a configuration x,/ to x,,, N In particular,

to+ Al to+akor_al WE have to apply T; (., {Vichker 1]]]) With these
generators we can rewrite the energetic term as

to go from x Kot _pJ+1 to X

Z0<J’<J ZJ ! mwjws

ox! —|wy))
fl_[dw pKO[WO]l_[ ST (D.25)
j=1 fdw e —@(KJ |W’J‘f|)

20<Jl<t tJ/(m)WtWJ/ ¢
x log dw.e” 2 (k" —|w¢])

keoe—1
fdwto ko —mem. state to] [ t +Af[0t_Ai T] J(Wt0+A’:mr—AJI’Wt0+A]:mr—AJt+l’ {Vk}kE[[l,]]])]

ktot ¢
E A j-1 .
<log H(K’mlwfﬁAlfm—A} T (Wfo+A’ft°t—Ai mA{_1Wf0+A’ft°t—Ai_l) ’ Vkm) ’
j=1
where we recall the notation
tk—l+1 tk—1+1 2
muk —m 51 Mk —m
G v, =1 Vi =V, G D.26
m; =mq, mk#l_—mk—l’ 1=1—my, k#1 — -1t 2tr_1 ( . )
1- _ —m
Ak-1 k—1
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Combining together the entropic and energetic terms we obtain

* A 2 P L=
Vt0+Al:“’t I:XO’ {mAJt }]:[[1,kt0t]]: {mt0+A]:tot’tO+Al;tot_A.Z }]:[[1,kmt]]: {K] K}je[[to,t0+Af“’t]]:|

ktOt
= mt0+Al:mt,to+A]:mr—A{ mAJt' (D27)
j=0
1 kior—1 emA{xt0+Alff‘”—A{xt0+A’:‘°f—A{+l
+ Z 2 Z 2 cosh(7 ;)
— L _ cosh(m .
x,=t17 j=1 raktor_y] +1 Al
ktot
x 2 . .
log | 2cosh mt0+A’ff°‘,t0+A’ff°f—Ai xt0+AI:“”—AJt
j=0
K
ta detopkm—mem. state[W’fo:|
keor—1
t.
. L : . .
x T [dwysateor at T, bt p1s Wy gl aiots Widkernin)]
j=1
ktot ¢
j—1
X . P — ) i
log H(K’mlwfo+A’§f°f—A} + ij (WtO+A’§f°t—A{ mAi—1Wt0+Al;t°t—AJt 1) ) thot)
j=1

From then on, the potential V* N [.,.,.,.] can be evaluated numerically by integrating se-
t+

kot

t

quentially in the entropic and energetic term over the variables {x

then {xt0+AI:“’t—A%’ t0+AI:t°t

similar recursion equations than the one obtain for the Markov-chain generators Tj(., o).
Finally comes the optimization scheme for the potential. We want either to determine

oo . .. . o . ) «
the localization/delocalization critical point K} . —mem.state (a being fixed) or O _mem. state
(x being fixed). We recall that the transition occurs when the potential becomes null. In
. . . «
the present case, it is less numerically complex to determine A mem. state" Indeed, after
satisfying the saddle-points over the fields {rm 7 We can identify that
tot

w
tO+A’t<mt_Ag, t0+Aft°[—A} },

w 2} and so on and so forth. This sequence of integration yields
t

to+ AL tg+ ALt —A] bi=k
the potential is null for

Ventro i
pic
o=——", (D.28)
Venergetic
with
ktot
Ventropic = § : mtO+A]:tot,t0+Alt<tot_A{ mA{ (D.29)
j=0

-1 m jx k i X k i+1
tot tot _AJ tot _AJ
0 Ay toHa ot —al Tegagtot—al

k
1 e
* Z 2 l_[ Z 2cosh(ﬁ1A{)

Xp=%1< j=1 +1

X Akeot_\JiT
t+a, 10t -]

tot

x log | 2cosh Z My akeor g pakior AT Xy aktot ) >
j=0
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Venergetic =f deoPIfM—mem. state[wfo] (D.30)

ktot_l

t:
Tt . : :
X I:th0+Alt<tOt_A]t T] (WtO+AIt(mt_A]t’ Wf0+Al:wt_AiH, {Vk}ke[[l,]]])]
j=1

kmt ¢
b .
xlog |H (K,E1Wto+A’§mt—A} + Z m; (Wto+A’§f“—A{ m A{IWtO+A’§f°f—Af1) > Vkmf)
j=1

Consequently, having fixed x, we can obtain azt by simply tuning the set of variables

—mem. state

{m INE A{ }j e[1k,,] SC 3 to maximize the value of a given by Eq. (D.28). In particular, while

our construction implies that t; € IN (and consequently A} € N) for all j € [2,kq.]], we
determine the critical point after extending the computation to ¢; € R.

Again, we recall that the potential Vt’f[., .,.,.] should be evaluate throughout the en-
tire effective Markovian process to ensure that it remains positive (or null) for the period
to — to + A’:“”. However, we observe numerically that it is always the very last step, i.e.
to+ A];“" —1—>ty+ Af“’f, that has the minimal potential and that is consequently the limiting
“link” in the chain.
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