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Abstract

Charged Black holes in AdSs x S° suffer from superradiant instabilities over a range
of energies. Hairy black hole solutions (constructed within gauged supergravity) have
previously been proposed as endpoints to this instability. We demonstrate that these
hairy black holes are themselves unstable to the emission of large dual giant gravitons.
We propose that the endpoint to this instability is given by Dual Dressed Black Holes
(DDBH)s; configurations consisting of one, two, or three very large dual giant gravitons
surrounding a core AdS black hole with one, two, or three SO(6) chemical potentials
equal to unity. The dual giants each live at AdS radial coordinates of order +'N and each
carry charge of order N2. The large separation makes DDBHs a very weakly interacting
mix of their components and allows for a simple computation of their thermodynamics.
We conjecture that DDBHs dominate the phase diagram of A/ = 4 Yang-Mills over a
range of energies around the BPS plane, and provide an explicit construction of this
phase diagram, briefly discussing the interplay with supersymmetry. We develop the
quantum description of dual giants around black hole backgrounds and explicitly verify
that DDBHs are stable to potential tunneling instabilities, precisely when the chemical
potentials of the core black holes equal unity. We also construct the 10-dimensional
DDBH bulk solutions.
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1 Introduction

Over 15 years ago Gubser pointed out [ 1] that charged black holes in AdS spacetime are some-
times unstable to the condensation of charged fields. These instabilities were investigated in
detail in several ‘bottom up’ models (such as Einstein Maxwell cosmological constant theory
with a single charged scalar field), and their endpoints were demonstrated to be ‘hairy’ black
holes: black holes that live inside the sea of charge condensate [2, 3] and usually interact
strongly with it. Hairy black holes solutions are complicated, and have typically been con-
structed numerically.’

The study of charge instabilities in top-down models (i.e. in bulk theories that arise as the
dual description of field theories with a known dual description) has received less attention.
Familiar examples of such bulk theories are AdS x M compactifications of 10 or 11-dimensional
supergravity. In such models, the AdS gauge fields arise (via the Kaluza-Klein (KK) mecha-
nism) from isometries of the internal manifold M. Charged fields arise from modes that carry
‘angular momentum’ on M. As the spectrum of this ‘angular momentum’ is unbounded, the
effective AdS theory hosts an infinite number of charged fields. It is natural to wonder whether
this new feature qualitatively changes the nature of the charge condensation phenomenon in
such top-down models.? In this paper we address this question in the context of a particu-
lar top down model: IIB string theory on AdSs x S°, i.e. the bulk dual of N' = 4 Yang Mills
(SYM) theory at strong coupling. In this theory the various KK modes on S° are dual to half
BPS single trace operators of SYM theories, i.e. to the various superconformal descendants
of O,(,fl"'l'“) = Tr(x"ix%2 .. x™)) for m = 2,3,...00.> Here we investigate the impact that
charged fields at large m have on the charge condensation phenomenon in the bulk dual of
N =4 SYM.

Previous studies of charge condensation in A/ = 4 SYM have been performed within a con-
sistent truncation of IIB SUGRA - namely gauged supergravity. This consistent truncation gov-

'However, hairy black holes simplify at small charges and energies. At such charges, black holes are much
smaller than the size of the charge cloud (whose size is set by the radius of AdS). Form factor effects then ensure
that the two components in these solutions are effectively non-interacting at leading order. This non-interacting
picture receives corrections at higher orders in a power series expansion in charges. See, e.g. [4-7].

2Recall that the infinite number of potentially unstable modes plays a crucial (and, paradoxically simplifying)
role in the analysis of the angular momentum version of the charged instability [8].

SHere X!, I = 1...6 are the six scalar fields of A" = 4 SYM, and the brackets © denote traceless symmetrization.
Superconformal descendants of Tr(X"1X2)) include both SO(6) currents (dual to bulk SO(6) gauge bosons), 42
charged scalar operators (which transform in the 20 + 10 + 10 + 1 + 1 of SO(6)) as well as the stress tensor
(dual to the graviton). For m > 3, superconformal multiplets include several charged fields in increasingly large
representations of SO(6). In particular the primaries themselves transform in the SO(6) representation with m
boxes in the first row of the Young Tableaux.
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erns the nonlinear dynamics of the fields dual to the operators Oglm (and their superconformal

descendants) while setting the fields dual to O,(,fl“'l'”) and descendants (m = 3... 00) to zero.
Thus gauged supergravity contains only a ‘single’ Kaluza-Klein mode, and charge condensation
in this model is qualitatively similar to that in bottom-up models [5,7,9,10]. In particular, the
end point of the charged condensation instability is a hairy black hole that is generically com-
plicated* and numerically constructed [9, 10] solution. The authors of [5,7,9, 10] proposed
that the hairy black hole phase dominates the microcanonical ensemble (of strongly coupled
N = 4 SYM) at mass to charge ratios near to the BPS bound.® Notice, however, that as the
analysis of [5,7,9, 10] is performed within gauged supergravity, it sidesteps the question of
the impact of the infinite number of charged fields on charge condensation. In particular, it is
silent on the question of whether the hairy solutions constructed in [5,7,9,10] are themselves
unstable to the emission of fields dual to O,I,%"'I"‘ at large m. The starting point of the current
paper is a simple argument that this is indeed the case, though the time scales associated with
this process may turn out to be very large.

Our argument uses dual giant gravitons [11,12]. Recall that dual giants of charge H® are
solutions of the probe D3-brane theory that puff up in AdSs with a radius (measured as the

value of the usual radial AdS coordinate) given by \/g . While dual giant solutions were ini-
tially found in pure AdS space, similar solutions have also been constructed in the background
charged black holes in AdS [13, 14]. When H/N is large, the dual giants live far from the
black hole. At these values of charges their properties are thus essentially identical to those
of dual giants in pure AdS space. In particular, their energy E is equals their charge H” up to
corrections that are subleading at large N. It follows immediately from simple thermodynam-
ics (see subsection 3.2), that any black hole with u; > 1 gains entropy by emitting a mode
with E = H;.® (Here i = 1...3 range of the three Cartan directions - the three embedding two
planes - of SO(6)).° As a consequence, black holes with u; > 1 are always thermodynamically
unstable!” to the emission of large dual giant gravitons that carry all their charge in the it
Cartan direction.!! However, all the hairy black holes constructed in [5,7,9,10] turn out to
have at least one chemical potential greater than unity. It follows immediately that the hairy
black holes of [5,7,9,10] are unstable to the emission of large dual giants.

In this paper, we propose that the endpoint of this condensation instability is given by Dual

“As in the context of bottom-up models, hairy black holes solutions simplify at small charge, and can be con-
structed analytically in that context [5,7].

SWithin the consistent truncation of [5,9,10]), usual ‘vacuum’ black holes turn out to be unstable when their
chemical potential exceeds a critical value u.(Q) (Q is the charge). At small Q, u.(Q) can be computed analytically;

one finds u,(Q) = 1+21%—i +...(seeeq6.131in[5]). Atlarger values of the charge u.(Q) is a complicated numerically
determined function [9, 10] that, however, turns out to always be strictly greater than unity. [5,7,9, 10] proposed
that hairy black holes replace unstable vacuum black holes in the phase diagram of N’ = 4 Yang Mills. Note all
hairy black constructed in [5,7,9,10] have u > 1. Similar comments apply to the one and two charge black holes
studied in [7]. See §3.3 for details.

The precise version of this statement is as follows. Dual giant gravitons carry an SO(6) charge which is an
SO(6) adjoint element, i.e. a 6 x 6 antisymmetric matrix. The charge matrix for dual giant gravitons turns out to
be of rank two, and so has eigenvalues (iH,—iH,0,0,0,0). H, in the main text, is the modulus of either of the
nonzero eigenvalues of the dual giant charge matrix.

7In the absence of the black hole, the dual giant is BPS and so has E = H.

80n the other hand such an emission causes a seed black hole with u < 1 to lose entropy.

°Recall that any SO(6) charge matrix can be diagonalized by an SO(6) rotation, we always work in an SO(6)
frame in which the central black hole carries diagonal charges (Q;,Q,,Q5) and has corresponding chemical poten-
tials uy, Uy, Us.

19As we explain in §5, this instability involves tunneling through a barrier. Consequently, it is perhaps more
accurate to say that black holes with y; > 1 are ‘metastable’ in the microcanonical ensemble. We expect the same
black holes to have a simpler ‘roll down the hill’ instability in the grand canonical ensemble (see §3.2).

1185 can be embedded in a six-dimensional space parameterized by three complex numbers (z;). These are dual
giants that spin in the i** complex plane. The SO(6) charge matrix for such a dual giant is 6 x 6 block diagonal,
i" block equalling iHo,, and the remaining 2 x 2 blocks equalling zero.
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Dressed Black Holes (DDBHs). DDBHs consist of a seed AdSs black hole with u; = 12 (for at
least one value of i) surrounded by one, two or three large dual giant graviton of radius (in
AdSs) of order VN and charge of order N2. The dual giant(s) lives so far away from the black
hole!® that they interact very weakly with it.!* In fact, the leading interaction between the
dual giants and the black holes results from the fact that each dual giant reduces the five form
flux at the location of the black hole by one unit. The entire effect of this interaction (which,
by itself, is already subleading at order 1% compared to the leading order) is to renormalize
the thermodynamic charges of the central black hole to those of the SU(N’) theory, where
N’ = N —m, and m is the number of dual giants in the solution. All remaining interactions
between the dual giants and the black hole can be shown to be of order 1%, and so are highly
subleading.

DDBH solutions contain small number (one, two or three) of dual giants (rather than a
gas of such giants) because the effective reduction of flux (that accompanies each additional
dual giant) is entropically unfavorable for seed black hole (see §3 for details). Consequently,
the thermodynamically dominant configuration is the one with the least number of dual giants
needed to carry the required charges. This number is sometimes greater than unity (and as
large as three) for the following reason. The main role that dual giants play in DDBH solutions
is to act as a sink for SO(6) charge. However single dual giants carry SO(6) charges of a
constrained sort: the most general (SO(6) adjoint, i.e. 6 x 6, antisymmetric) charge matrix
carried by a single dual giant graviton is of rank 2. We need up to 3 dual giants in order to
make up the most general (maximal rank) charge matrix.

As we have mentioned, the central black hole in a DDBH has u; = 1 for at least one of
the three values of i.'> The nature of DDBHs changes depending on how many of the three
chemical potentials equal unity. Thus DDBHs can be subclassified as

* DDBHs of rank 2: when central black hole has y; = 1 for one value of i, with the other
two u; < 1. Such DDBHs are dressed by a single dual giant which carries charge only in
the i‘" direction.

* DDBHs of rank 4: When two chemical potentials of the central black hole equal unity,
with the third chemical potential less than unity. Such DDBHs are generically dressed by
two dual giants, which, respectively, carry charges under the two Cartan charges with
unit chemical potential.!®

* DDBHs of rank 6: when all three chemical potentials of the central black hole equal
unity.!” Such DDBHs are generically dressed by three dual giants, which, respectively
carry charge in the i = 1, 2 and 3 Cartan charge directions respectively.'®

At leading order in the large N limit, the (collection of) dual giants and the black hole
are well separated in space. In this limit, as a consequence, a DDBH can be viewed as a non
interacting mix of its components. The energy (and charges) of a DDBH is simply the sum of
the energies of its components, and the entropy of a DDBH is simply the Bekenstein-Hawking
entropy of its central black hole. This simple fact completely determines the thermodynamics

12Up to corrections that are subleading at large N.

13And, in the case that there are multiple dual giants, from each other.

14In the absence of the black holes, the various dual giants (recall the number equals 1, 2 or 3) turn out to be
mutually BPS: they preserve a 1/8" fraction of the 32 supersymmetries of A" = 4 Yang Mills. As a consequence,
the interactions between the various dual giants do not renormalize the energy of the solution.

And p; <1 (for the other two values of j).

18As a consequence, the net charge matrix of this dual giant configuration is of rank four.

7As a consequence, all three charges Q; of this black hole are also equal to one another.

18As a consequence, the net charge matrix of this three dual giant configuration is generically of rank six.
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of DDBH phases. At vanishing angular momentum, it seems reasonable to assume that non-
hairy black holes (which we refer to as ‘vacuum black holes’ through the rest of this paper) and
DDBHs are the only relevant 5 dimensional black hole phases (see below for a discussion of 10d
black holes). Under this assumption, one can use the known thermodynamics of vacuum black
holes and DDBHs to construct the phase diagram of A/ = 4 Yang Mills at strong coupling, as
a function of E,Q;,Q,, Q5 (at any given value of charges, one simply chooses the one among
these phases that has the highest entropy). The resulting phase diagram - which we have
worked out in section 3.4 -is intricate as it has phase transitions between vacuum black holes
(with all u; < 1, the three different rank one DDBH phases, the three different rank 2 DDBH
phases and the unique rank 3 DDBH phase. Together with the usual vacuum black holes, the
three DDBH phases described above completely fill out the microcanonical phase diagram, all
the way down (in energy) to the BPS bound.

We emphasize that the phase diagram of §3.4 has been worked out under the assumption
that either 5d vacuum black holes or DDBHs are always the dominant phase. When the bulk
theory is AdSs x S°, we know this assumption is not always true. Away from extremality,'® 5d
black holes that are small in units of the S° radius are Gregorry Laflamme unstable in the S°
directions; the end point of this instability is a 10d black hole moving on the S°. The phase
diagram presented in §3.4 ignores this phenomenon, and so will correctly reproduce the phase
diagram of N' = 4 Yang Mills as a function of charges and energies, only when the core (or
vacuum) black holes are either large or very near to extremality. We leave a more complete
analysis of the full phase diagram - one that accounts for both DDBH phases - as well as 10d
black hole phases - to future work.

Recall that black holes locally reduce to black branes when their temperature and chemical
potentials are scaled as T ~ =, u; ~ %, with e taken to zero at fixed 7 and v;. This limit yields
black branes, whose ratio of chemical potential to temperature equals % We emphasize that
this scaling limit takes u; — 00, and so, in particular, to values greater than unity. It follows
immediately that charged black branes are unstable (to the emission of huge charged duals) at
any nonzero charge density. The end point of this instability is a phase in which almost all of
the energy is carried by the central black hole, while almost all of the charge is carried by the
dual giant, which now lives at a point that is deep in the UV end of the geometry. Surprisingly
enough, this implies that the entropy of N' = 4 Yang Mills is determined completely by the
energy (and is independent of the charge, i.e. the parameter a below) when the energy and
charge are both taken large, along a curve of the form E = aQ® for every value of a > 1 (see
83.6 for details). This is in sharp contrast with the naive prediction of ‘vacuum’ charged black
branes (which predict an entropy formula that depends on a when E and Q are both taken
large along the curve E = an), and is related to several previous observations predicting
effective instabilities related to the tunneling of branes to ‘infinity’ (large values of the AdSs
radius), see e.g. [15-19]

Once we turn on angular momentum in addition to charges, the phase diagram of ' =4
Yang Mills theory has additional Grey Galaxy phases (see [8]) that replace the ‘vacuum black
holes’ when w; > 1 (w;, i = 1,2, are the two angular velocities of the black hole). In order
to explain how this works, in §3 we discuss the thermodynamics of the dual to N' = 4 Yang
Mills at energy E, charges Q; = Q, = Q3 = Q and angular momenta J; = J, = J in more
detail. Upon lowering energy at fixed values of Q and J, we find that our system generically
makes a phase transition from the vacuum black hole phase into either the DDBH or the Grey
Galaxy phase. The intermediate phase phase is a DDBH at large charge, but a Grey Galaxy
at large angular momentum. The BPS plane E = 3Q + 2J, of course, forms a boundary of
our phase diagram. The ‘large charge’ portion of this plane bounds the DDBH phase while the

19 As explained in the introduction of [5] charged 5d black holes are stable to Gregory Laflamame type instabilities
- even when they are very small - when they are near enough to extremality.
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‘large angular momentum’ part of this plane bounds the Grey Galaxy phase. These two distinct
portions of the BPS plane are separated by the formula that determines Q as a function of J in
supersymmetric Gutowski-Reall [20, 21] black holes.

As we have explained above, if we lower the energy at fixed J and fixed but large Q, we
enter the DDBH phase before hitting the BPS plane. On the BPS plane, the DDBH is syper-
symmetric. It consists of three supersymmetric dual giants surrounding a supersymmetric
Gutowski-Reall black hole. The dual giant gravitons here turn out to obey the Kappa symme-
try constraint on supersymmetry even when they carry charges of order N and so are located
at a finite value of the radial parameter. We thus appear to have found a new 5 parameter
set of supersymmetric black hole solutions - supersymmetric DDBHs - whose thermodynamics
is precisely reproduced by the non interacting model, as guessed in [5] (see below equation
7.15 of that paper). In the case of black holes with larger angular momentum than charge,
we expect that the black hole on the BPS plane is either a supersymmetric Grey Galaxy or a
supersymemtric Revolving Black hole (see [8]). In the (hopefully soon) upcoming paper [22],
we use these constructions 5 parameter set of SUSY black states in A = 4 Yang Mills to conjec-
ture explicit formulae for the cohomological supersymmetric entropy as a function of its five
charges.

We emphasize that non supersymmetric extremal black holes never make an appearance in
the phase diagram for N = 4 theory (either on their own or as the core black hole component
of a DDBH) as these black holes always have either u; > 1 (for some i =1...3) or w; > 1
(for some i = 1...2.), and so are always superradiant unstable. Even more strikingly, black
holes that are well approximated by charged black branes (at any nonzero value of the charge
density) also never make an appearance for the same reason: they are always unstable.

As we have seen above, the thermodynamics of DDBHs can be constructed without refer-
ence to details of the DDBH solutions. In order to perform more intricate calculations in such
phases, however, we need full control over the relevant bulk solutions. For this reason, in the
rest of this paper, we turn to a detailed study of DDBH solutions built around a central black
hole that carry energy E and charges Q; =Q, =Q5=Q, J; =Jy, =J).

In section §4 we review and generalize the study of [ 13,14] of the classical motion of probe
D-branes around these black holes. In particular, we determine the effective potential (as a
function of radial coordinate) seen by probe solutions with any given value of SO(6) charges.
At large enough values of the probe charges, this potential has a (sometimes local) minimum

at a value of r near to \/g (here H is the charge of the probe: see §4 for more accurate
versions of these statements). Classically, a probe that sits at this minimum constitutes a stable
configuration that (locally) minimizes energy at any fixed value of charges: this is true both
of black holes with > 1 and u < 1.%°

The large charge classical probe dual solutions described above are classically stable
around black holes of arbitrary u, in apparent conflict with the thermodynamic expectation
that dual giants should be able to coexist only with black holes with y = 1.2! In section 5 we
resolve this apparent mismatch by quantizing the motion of the dual giants. We demonstrate
that the wave function for this probe brane obeys an effective Klein-Gordon equation. In §5
we then use WKB methods to solve this Schrodinger equation. We study wave functions with
time dependence e~ (here v is the Eddington-Finkelstein time coordinate that is regular on
the future horizon of the black hole) and construct the lowest energy’ solution to this wave

20Though we find a local minimum both for u > 1 and u < 1, there is an interesting difference between these
two cases even at the classical level. When the black hole has p > 1, the minimum described above is global in
nature (in the sense that no value of r > R has a larger value of the potential: R is the black hole horizon). When
u < 1, on the other hand, the minimum described above is local in nature: in particular the potential at the horizon
has a lower value than that at the local minimum. This point was observed and emphasized in [13, 14].

21Recall that black holes with u > 1 are thermodynamically unstable to the emission of large dual giant gravitons
while those with u; < 1 tend to increase their entropy by ‘eating up’ dual giants.
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equation that is both normalizable at infinity and regular on the future horizon. We find that
the real part of w (for such solutions) is parametrically near to the minimum of the classical
potential, as might have been expected on general grounds. However, w also develops an
imaginary part. This imaginary part is of order e *, where H is the charge of the probe brane,
and so is extremely small. It changes from negative (implying exponential decay) when u < 1
to positive (implying exponential growth) when u > 1, and vanishes at y = 1, at which point
the DDBH is dynamically stable.

It follows that a D-brane placed at the minimum of the classical potential is, generically,
unstable at the quantum level. When u < 1 it decays into the black hole. When y > 1 it grows
(being fed by the black hole by the process of superradiance). When u = 1, on the other
hand, our quantum wave function is stable even quantum mechanically. In other words, the
thermodynamic instabilities described above are perfectly mirrored by dynamical instabilities,
even though the (quantum) time scales for these instabilities are enormous.

In addition to illuminating the stability of dual giants, the quantization of dual solutions
has one other advantage: it allows us to precisely determine the SO(6) charges of DDBHs. See
§5.9 for details.

We have, so far, dealt with dual giants in the probe approximation. As our probe consists
of a single D-brane, the probe approximation works excellently at distances of order unity
away from the dual giant. As our probe carries ‘classical’ energies (i.e. energies of order N2)
however, this is no longer the case over length scales of order +/N. At these distance scales
the backreaction of these probe branes is no longer negligible. In particular, this backreaction
captures the energy and charge of these branes: in our final (thermodynamically dominant)
solution, these are comparable to the energy and charge of the central black hole, and so
certainly cannot be ignored. In fact these backreaction effects are easily computed as follows.
The supergravity solution corresponding to a single dual giant in AdS; was presented in the
famous paper by Lin, Lunin and Maldacena [23]. The solution of [23] applies to dual giants of
any charge: in particular to charges of order N2. Since these branes have a very large radius, it
is possible to add a u; = 1 black hole to the centre of these solutions (in a matched asymptotic
expansion in the radius of the dual giant, i.e. in LN), yielding a supergravity solution for our
new solutions. This solution is presented in detail in §6 below.

The supergravity solution described in the previous paragraph yields the bulk dual descrip-
tion of the new phases constructed in this paper. This dual bulk solution can then be used, for
instance, to compute the expectation value of all single trace operators in the corresponding
solution. As an example of this point, in section §6.5 we compute the nontrivial expectation
value for TrZ" for all n. The fact that we obtain nontrivial expectation values for these observ-
ables, contrasts these solutions with those (like Kerr RN AdS black holes) obtained within the
consistent truncation of gauged supergravity.?

This emphasizes the point that DDBH solutions cannot be written down within any bot-
tom up model of 5-dimensional supergravity with a finite number of five dimensional fields.
Indeed, the single D-branes that appear as part of these phases contain singularities at the
location of the brane, and so cannot really be accurately described everywhere even within
10-dimensional supergravity. A complete bulk description of this phase requires probe D-
branes governed by the Born-Infeld action, and so elements of the full 10-dimensional string
theory.

The rest of this paper is organized as follows. In section 2 below we review relevant
aspects of ‘vacuum’ charged rotating black hole solutions in AdSs x S°. In §3 we study the

22Gauged supergravity is believed to form a consistent truncation of the full 10 d supergravity in the following
sense. If we decompose 10 d supergravity into 5d fields, denote those fields that lie in gauged supergravity a
a type fields, and those fields that lie outside gauged supergravity as b type fields, then it is believed that all
couplings between a and b type fields are of quadratic or higher order in b. As a consequence, a solution of
gauged supergravity never sources b type fields including all those dual to Tr(Z") for all n > 3.
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thermodynamics of our new solutions and argue that they dominate over hairy black holes. In
83.4 we use the analysis developed above to construct a detailed conjectured microcanonical
phase diagram for N = 4 as a function of charges. In §4 we review and generalize the study
of [13,14] for the classical motion of dual giants in black hole backgrounds. In §5 we quantize
the motion of these dual giants and demonstrate that they are quantum mechanically stable
only around black holes with u = 1. In §6 we construct backreacted bulk solutions for probes
with charge of order N2 around black holes (that also carry charge and energy) of order N2.
In 87 we conclude with a discussion of our results. We present supporting material for the
main text in several appendices.

2 Review of ‘vacuum’ black hole solutions

In this section, we recall and review well known ‘vacuum’ black hole solutions in AdSs x S°
presented in [24-27]. In §2.1 below we present a detailed review of the solutions and thermo-
dynamics of black holes with equal values of the three SO(6) Cartan charges, and equal values
of the two SO(4) Cartans. In §2.2 below, we present a brief review of black holes that carry
three distinct SO(6) Cartan charges, but no angular momenta. The reader who is familiar with
the relevant black hole solutions should feel free to skip to the next subsection.

2.1 Black holeswithQ; =Q,=Q;=Qand J, =J,=J

In this subsection, we review the solutions and thermodynamics of black holes that carry
angular momentum J; = J, with J; set to zero (J; and Jp are the Cartan charges of
SU(2); x SU(2)z = SO(4)). In other words, these solutions carry SO(4) two plane Cartan
charges J; = J, =J. They also carry SO(6) Cartan charges Q; = Q, = Q3 = Q. These black
holes appear in a 3-parameter set, parameterized by their energy E, J and Q.

2.1.1 Structure of the 10d black hole metric

The metric in ten dimensions for the black hole solution®® takes the form?*

ds?
R2_10 = g,,dxPdx” = ds? + ds*(CP*) + (d¥ + © —A)*, (1)
AdS

where R, is the radius of AdSs, given by
R}y = 4mgN(a')?, 2)

¥ is a coordinate along the ‘fibre’ direction,?> and A is a one-form valued in the five dimensional
space dsg.zf’ The appearance of ds?(CP?) in this metric reflects the fact that a solution with
S0(6) charges (Q,Q,Q) preserves a U(3) subgroup of the full SO(6) isometry of the sphere.
This metric satifies Einstein’s equations in 10 dimensions in the presence of N units of flux of
the five-form field strength.

ZFor orientation, (1) reduces to AdSs x S° upon letting dsg be the metric on the unit AdSs and setting A = 0.
(In this situation, the last two terms on the RHS of (1) combine to give the metric on a unit 5°)

**The angles ¢; in (3) are related to those in Eq (2.1) of [24] as ¢!“"¢ = —¢ . For this reason @™ = —©
and d¥"" = —dW¥ (see (7)). This is why the last term in (1) takes the form (d¥ + © — A)? rather than the form
(d¥ + © +A)? that appears in eqn 2.8 of [24]. We have made this coordinate change for the following reason. If a
metric is built out of the the combination (d¢ —A)?, then a mode that moves in the positive ¢ direction behaves
like €™ with n positive. With our choice of coordinates, therefore, a probe D-brane moving in the positive ¢
direction carries the same charge as the black hole. This will prove convenient for us below.

ZThe terminology comes from viewing S° as a U(1) fibration over CIP?; see the next subsection for more details.

**Were A have been set to zero, the metric above would have reduced to ds* + dQ22, where dQ? is the metric on
the unit sphere.
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2.1.2 The squashed S°® metric in more detail

The internal part of the metric (1) can be rewritten as

3
ds2(CP?) + (¥ + @ —A)? = > dI? +12 (d¢p; —A)* . (3)
i=1

Here we have used the coordinates ¢; i = 1...3 together with three direction cosines [;,
subject to the relation
3
d=1, )

i=1
as coordinates on the squashed S°.2” The function V¥ is defined as®®

Pt Pt s
==

v 6)

The Kahler form J on CP? (and its corresponding ‘gauge field’ ©) are defined by the following
equations:

2] =de = d(I?)nd¢,,

1
1
@zZlfdd)i—d\P:Z(liz—g)dcbi.
i i

The 10d volume form on the metric (1) can be rewritten, in terms of the volume form e®) on
the black hole metric dsg, and the volume form on CP? and the fibre as

(7)

1
€19 = G A eW(CP?) A (dV +0-A4), e®(cP?) = EJ NJ. (8)

In Appendix H.2 we give a detailed description of the action of the isometry group U(3) on
the squashed S°. In particular, we verify that the one form d¥ + @ is U(3) invariant.

2.1.3 Structure of the 5d black hole metric and gauge field

The five dimensional spacetime metric, and the one-form A, are given by>%-3°

rZW(r)dt2 dr? r2

2 _ L 2 2 2 2
%= e O T T a0t b (os k) ey, ©)
A:rq_z(dt_%%) (10)

(see [25] [26]). g and j in (9) and (10) are constant parameters, which together with p
(see (16) (17) (18)) parameterize the black holes we study. W(r), b(r) and f(r) are func-
tions whose explicit form is listed in (16) (17) (18). The coordinates on this five dimensional

27We can obtain a completely explicit set of coordinates by expressing the direction cosines in terms of two angles
in any convenient way. For instance, we could set

l,=cosa, I, =sinacosf}, l;=sinasinf. 5)
28y is the coordinate along the fibre (when, for instance, we write S° as a U(1) fibration over CP?2.)

22We will sometimes refer to these black holes as “Cvetic-Lu-Pope (CLP) black holes”
30We can check that the gauge field below gives the correct charge when integrated upon at infinity using

_ 1
Q—mfss*F.
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spacetime are the radius r, the time t, and three angles on a warped S (0,,, ¢,,%). 0, 05 and
05 are the usual right invariant one-forms on an S* that transform in the three dimensional
(vector) representation of SU(2);. Explicitly

o, =cosydB, +sinysinf,d¢,, 1D
09 =—sinydf, + cossinf,d¢,, (12)
o3 =dy +cosB,do,. (13)

These one-forms are defined so that
2
Z -
— 4
1

is the metric on the unit S3. The fact that the metric in (9) is built entirely out of right invariant
one-forms reflects the fact that our black hole is charged only under J7, and so preserves
rotations under SU(2)g x U(1);. (the last factor is the rotation of o; and o, into each other:
note that o, and o, appear in the metric only in the combination a% + 0%).

The angular and charge chemical potentials of these black holes are given by®>!

Q=f®R),

14
b=AR)— 4, (R), 19

where R is the radius of the outer event horizon of the black hole.

In (10) we have chosen the gauge field to vanish at infinity but be nonvanishing at the hori-
zon. While this choice is convenient for some purposes (because the metric, with this choice
of coordinates, is manifestly AdSs x S° at infinity), it is inconvenient for other purposes. The
chief drawback is that, with this choice of gauge {#A, # 0 (here {* is the killing generator of
the horizon). This makes this gauge singular in good coordinates (like Eddington-Finkelstein
coordinates) at the horizon. This problem is easily remedied: all we have to do is to make the
gauge transformation A, — A, — u, with u a constant, chosen to ensure that {#A,, vanishes. Tt
follows from (14), that this condition is met when we choose u to be the chemical potential.
In this choice of gauge (10) is replaced by

Az(f—z—u)dt—%ag. (15)

2.1.4 Details of the 5d metric

As we have mentioned above, the 5 dimensional metric (9) is parameterized by the three
constants p, g and j.2>? The functions b(r), W(r) and f(r), that appear in (9), are given in
terms of these parameters by

2 .2 2 .2
2_ T Jj°¢° | 2j°p
b(r) —2(1—74' r4 ), (16)
_ J(2p—q ¢
F() =3 (—rz —;), (a7)
1 1
wW(r)= 1+4b2——2(2p—2q)+—4(q2+2pj2). (18)
r r

311n a gauge in which the gauge field vanishes at infinity, u of the black hole equals A, " at the horizon, where ¢*
is the generator of the horizon, normalized so that it equals 6, —Q(d,, +cos 63,). This equation may be understood
as follows. In Euclidean space we are forced to work with a gauge in which A,{* = 0. As this condition is not met
in the original gauge, we perform a gauge transformation A, — A, —u, with the constant u chosen to be the original
value of A, ¢*. In this new gauge A, = —u at the boundary, allowing us to identify u as the chemical potential.

%20ur solution is labeled by three parameters, because the black holes we study come in a three parameter family,
parameterized by their energy, charge and left angular momentum.
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The parameters (p,q, j) are related to the conserved charges (M,Q,J)? as follows:>*

1 .2

M= 2(3p—=3q+pj), (20)
q

=1 21

Q > (21)
1,

J=2i@p—q). (22)

The temperature of these black holes is given in terms of W’(R) by

__RW'(R)

~ 81b(R)’ (23)

where (as mentioned above) R is the radius of the outer horizon, i.e. the largest root of the
equation W(r)=0.

2.1.5 The five form potential and field strength

In addition to the metric, the black hole background is characterized by its 5-form field strength
given by

F0®)
4 - G(S) + *10G(5) 3
Ryas, (24)

GO = —4e® + J AxgFP,

where®> € is the volume form in AdSs and F® = dA. A four-form potential which gives rise
to the five form field strength (24) according to

dc =F®), (25)

takes the following simple form:

+— =Cy+OA (=5 F+AAF)+13d(I15) Adp Adpy Adp3 —AA (AW +O)AJT, (26)

where
4 4

R
CV: 3 dt/\O'l/\O'z/\O'g (27)

(see Appendix B.1 for a demonstration). We have chosen four-form gauge to ensure that
Cy vanishes on the horizon (so that our choice of gauge is regular in Eddington-Finkelstein
coordinates).

*These charges are in units of NZ?(note that these differ from [25] by factor of %, such that

Mthere = %Mhere’Jthere = there;chere = 2Qhere)'
340ur black holes are supersymmetric when they obey the BPS bound

M—-2J-3Q=0. (19)

%5In the conventions of Appendix A, the five form field strength F, .. had mass dimension 1, and so

F,  usdx" A ... dx"s had mass dimension —4 (because the coordinates in Appendix A were all assumed to have

the dimensions of length). The coordinate invariant statement is that F,,, , dx"' A...dx"s has dimension —4. If
we now work with coordinates that are dimensionless - as we have chosen to do in this section - then F,, , has
dimension —4. Consequently the LHS of the first of (24) - and hence all terms in (24) - are dimensionless.
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2.2 Nonrotating black holes with SO(6) Cartans (Q;, Q,, Q3)

In this subsection, we briefly recall the supergravity solution for general nonrotating charged
black holes in AdSs x S°. Such black holes appear in a four parameter set, parameterized by
their three SO(6) Cartan charges and their energy. The relevant black holes take the form>®

Y Rp?

ds? = ——dt?>+ ——dp? +RdO2, 28
s R y P (28)

rire—1Ir;
A=1E g, (29)

H;
R

X;=—, 30
T (30)

where ds? is the five dimensional metric, A; are the three five dimensional gauge fields, X; are
the three scalars (that obey the constraint [ [.X; = 1) and

R= (HyH,H5)?, (31)
1 1
Y =R+ p*+ p? (g(rf +ri+rd)— Fz) + ng(rlz +ri+rs (32)
5 1
—2T'rryrs + [E(rl2 + r22 + re% 2 E(rf + rg + r;' ] ,

2 2 2 2
M(si _Sj)"i"u(si _Sk)

H;=p*+ 3 : (33)
I'= \/H[C1C2C3 —515253] 5 (34)
ri = Vu(cisjsk — siCick) (35)
¢; =coshd;, (36)
s; =sinh9;. (37)

The expressions for metric and the gauge fields are not directly written as a function of the
charges (E,Q7,Q5,Q3), but rather both the fields and the charges are written in terms of the
four parameters (u, 61,85, 63). The charges of the solution are given by,

E= % [cosh28 + cosh28, + cosh265] , (38)
Q= %sinh 25;. (39)

The entropy (in units of N2) and the temperature of the black hole solution are given by,
S = n(H,H,Hy)? , (40)

T = Y'(po)
— -,
4npo(H HyH3)?

(41)

where p = p, is the location of the outer horizon and is given by the largest positive root of

Y(p)=0.
The chemical potentials of the black holes (u;) are given by the values of the gauge field
evaluated at the horizon,

_ 3usinh 26;
~ 6p2 + u(2cosh 25; — cosh 26;—cosh28;)

36Black hole solutions with unequal electric charges in the A/ = 2 U(1)® gauged supergravity coupled to two
vector multiplets in five dimensions were first written down in [27]. The theory has the following field content: a
metric, three U(1) gauge fields and two scalars. We use the notations in [25] (with [ = 0).

Wi (42)
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3 Thermodynamics and phase diagrams

In this section, we discuss thermodynamic aspects of DDBHs, in the approximation that these
objects can be viewed as a non interacting mix of probe dual giants with E = Q; +Q, + Q3°’
and a central black hole. We first demonstrate that every black hole with u; > 1 (for any
value of i) is necessarily thermodynamically unstable and explain that the thermodynamical
end point of this instability (i.e. the maximum entropy configuration with the same charges)
consists of a black hole with one or more u; = 1, dressed with one, two or three dual giants.
In the rest of this section, we use the results of this non interacting model to work out the
detailed structure of two different cuts of the microcanonical phase diagram of N’ = 4 Yang
Mills theory.>® These are the microcanonical ensemble with

* J, =J, =0 as a function of E,Q,Q,, Q5 (E is the energy).

* Q1 =Q,=Q3=Q,J; =Jy=J, as a function of E,Q, J.

3.1 Thermodynamics in the non interacting model

As we have explained in the introduction, the central black hole and the dual giants in DDBHs
are effectively non interacting except for one effect: each dual giant reduces the effective
5-form flux (the effective value of N) seen by the central black hole by one unit.

Consider a system of total energy E'*', total i‘" charge Q'i=1...3,and total j th angular
momentum J;Ot. For definiteness, we assume that all of these quantities are positive. Let

us suppose that of these charges Q? is carried by a total of m dual giants. The dual giants,

therefore, carry energy EP = Z?Zl Q? . It follows also that effective flux, N, of central black
hole, its energy, charge and angular momentum are given by

Negf =N —m,
3
EBHzEtOt_ QD,
; l (43)
BH _ Atot D
Qi —Qio _Qi )
BH __ jtot
J; —Jl.o.

Now the full entropy of our solution is that of its central black hole. The black hole entropy

formula takes the form -
EBH QBH J*
SBHzNeszSBH( L ! . (44)

2 2 2
Neff Neff Neff

Let us assume that all charges (total charges, those of the dual giants, and those of the black
holes) are of order N2, but that the total number of dual giants, m, is of order unity. In this
situation the second term on the RHS of the expression

Neff:N(l_%) , (45)

37This relation follows because the duals we study carry no angular momentum and are approximately super-
symmetric. Note that duals with zero angular momentum have highest charge to mass ratio and so extract charge
out of the black hole in the thermodynamically most favourable manner, at least when black hole angular velocities
w; all obey w; < 1.

38As explained in the introduction, the phase diagram presented in this section ignores Gregory Laflamme insta-
bilities and is conjectured to be correct only in the ‘half’ of energy and charge space in which all participating 5d
black holes are Gregory Lafflamme stable. The completion of this phase diagram to include 10d black holes is left
to future work.
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is of order 1% compared to the first and therefore fractionally small.?° Taylor expanding, and
retaining only terms of first order in smallness, we find

BH BH BH
gBH QBH J: EBH Qb JE
= N2 - i J . S R
Sgy =N sBH( NT N N +2Nmp Nz My T @iz sguT |, (46)

where y; and w; and f are defined by

Js
_ A2 95BH
p=N OEBH’
8SBH
Pu =—N> L,
i aq?H “47)
Js
_ 2 9SBH
Peoj=—N"5 i
j

Within the non interacting model, QE are determined by choosing those values that max-
imize the entropy listed in (46).

3.1.1 Extremization at leading order

Let us now try to find the values of Q? that maximize entropy at fixed total charges. While the
first term on the RHS of (46) is of order N2, the second term is of order N. For the purposes
of determining Q? , therefore, we can simply ignore the second term and simply extremize the
first term. Using (43) and (47), we see that

=B(u—-1), Q¥ <qQ. (48)

We see that the entropy has a local maximum only if u; = 1. Using the fact that y; is an
increasing function of Q?H , it is easy to convince oneself that this extremum is a maximum
(for variations of Q? at fixed Q?, j # i). Now Q? is an intrinsically positive quantity.*® As a
consequence, the function Sy has a second ‘endpoint maximum’ at QY = 0 if*!

p(Q =QP) <1. (49)
It follow that the extremization procedure of this subsection yields one of four phases.

* If u;(Q°) < 1foralli=1...3 then the dominant phase is the vacuum black hole phase,
and the solution does not have dual giant gravitons.

3The analysis presented in this subsection applies whenever & is small. This is certainly the case when m is of
order unity, as assumed in the main text in the rest of this subsection. However it is also the case when m = {N with
¢ < 1 (see §7 for a discussion of bulk solutions corresponding to this case). The probe analysis of the rest of this
section (see (50)) tells us that the reduction of flux at the centre of the black hole results in a fractional lowering
of entropy of order O({). The analysis of §6.8.2 then tells us that interaction effects correct probe estimates at
order d% = O(¢?), and so are negligible at small ¢. This discussion strongly suggests that the solutions described
in this paper maximize entropy locally (in configuration space). We emphasize that nothing presented in this
paper rules out the possible existence of new nonlinear solutions of supergravity that have even higher entropy
than the solutions presented in this paper. For instance, we cannot rule out the possibility that thermodynamics is
dominated by a new nonlinear solution - which can be, in some sense, thought of as ‘¢ of order unity’.

“0The correct formula for the energy of the dual giant is E = >, |Q;|, which reduces to the second of (43) only
when all Q; are positive. Adding negative charge always decreases entropy.

“'Recall that y, is an increasing function of Q" (at fixed values of Q?H for j # ). Also that Q?" u; vanishes when
Q™ = 0. Using these facts, it is easy to convince oneself that, for every choice of Q'J?H and E, either (48) holds (for

some Q}?H in the range(0,Q}*")) or (49) holds (both cannot simultaneously be true).
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* The black hole at the centre could have u; =1 for one i, and u; < 1 for the remaining

j. In this case, the solution generically carries dual giants charged in the i*" direction.
This is a DDBH of rank 2.

* The black hole at the centre could have u; =1 for two values of i, and u; < 1 for the
remaining j. In this case the solution generically carries dual giants charged in the two
i directions. This is a DDBH of rank 4.

* The black hole at the centre could have u; = 1 all three values of i. In this case the
solution generically carries dual giants charged all three i directions. This is a DDBH of
rank 6.

3.1.2 Extremization at subleading order

The analysis of the previous subsubsection has served to determine Q? for all i. We now turn
to the determination of m, the total number of D-branes in a DDBH phase. Referring to (46),
we see that we are instructed to determine m in a manner that maximizes the quantity*?

BH
QN

This quantity is proportional to the Gibbs Free energy of the black hole. We have numerically
checked that the Gibbs free energy of all black holes with at least one u; = 1, and all other
u; < 1is always negative. Consequently the quantity above is maximized when m takes the
smallest value consistent with being in the phase of interest. Consequently m = 1 for DDBHs
of rank 2, m = 2 for DDBHs of rank 4, and m = 3 for DDBHs of rank 6.

We emphasize that any black hole with y; > 1 is thermodynamically unstable. From the
analysis above, this follows because (49) is not obeyed, so the black hole can always increase
its entropy by emitting duals charged under the i'" charge. As this statement follows from
general thermodynamical considerations it applies equally well to vacuum black hole, hairy
black holes as well as DDBH solutions.*

3.2 Thermodynamics in the canonical ensemble

DDBH phases can also be analysed in the canonical ensemble. At inverse temperature 8 and
chemical potential u, the effective Boltzmann factor of a large dual giant graviton of charge
(in the i*" Cartan direction of SO(6)) and mass both equal to g;

e Peau(—u) (51)

It follows immediately that the black hole saddle, at fixed 8 and u;, is unstable to the Bose
condensation of large dual giants when u; > 1 (we expect that this instability will be seen in
the divergence of the one loop determinant around the relevant black hole saddle).**

*2Even though we are working with a subleading term in the entropy, we have proceeded ignoring the entropy of
the dual giant gas (associated with the various ways of dividing the charge between dual giants). This is justified
as this dual giant entropy is of order unity (more quantitatively, this entropy S(m,QP) is of order mIn %D when
m < QP) and so further subleading compared to the term we have retained (which is of order N). While the
D-brane entropy is of order N when m is of order N, it is still naively subleading compared to the reduction in
black hole entropy (which is of order N? in this case). Of course a proper analysis of this case goes beyond the
strict non interacting model: see the discussion of ‘¢ solutions’ in §7.

“31n a situation in which a black hole has u; > 1 for more than one value of i, the final end point of the instability
- the global maximum of entropy - need not contain a dual carrying charges for all unstable values of i. This can
come about as follows. If u, > u; > 1, then the end point of the instability will definitely carry a dual giant
carrying Q, charge. It may, however, be that the core black hole of this DDBH ends up having u; < 1. We will see
an example of this situation at the end of section §3.4.

#This is the case even though these black holes have negative Gibbs free energy and so are Hawking Page stable.
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More quantitatively, the partition function for a single dual giant is given by a formula of
the schematic form

: () 1 )
Z5a(Bsui) = Z (Zexcit(ﬁ) e _“)n) A m . (52)
n=1 1

Here Z ()

excit(B), the partition function of excitations over a single large dual giant of fixed charge

n, is of O(1) (in terms of its scaling with N), and tends to Zéf:;t) (B) in the large n limit. As
this quantity is of order 1 and nonsingular, it plays no role in what follows, and we ignore it.

Keeping only the relevant terms we have

InZpya = —In(B(1—p,)) . (53)

Within the non interacting model, the logarithm of the full partition function of our system is
the sum of the log of the black hole partition function, and one term of the form (53) for each
value of i. In equations

3
anTotzanBH—Zlnﬂ(l—Mi), (54)
i=1
S0(6) charge in the i" direction is obtained by actiing on the log of the partition function by
the operator %8%_. It follows that

Qo (Bo i) = Qs (B, ) + (55)

1
B(—py)’
As Q;H([j, u;) is of order N2, the second term on the RHS of (55) is negligible compared to the
first unless 1—u; ~ O(1/N?). In this later situation the two terms on the RHS are comparable,
yielding a DDBH phase.*

In summary, we obtain the rank 2, rank 4 or rank 6 DDBH phase in the canonincal ensemble
upon setting
_ Xi
w=1-15. (56)
for (respectively) one, two or three values of i. In these phases, the partition function is a
nontrivial function of 8, a; (for the values of i for which (56) holds), and u; (for the values
of j for which (56) does not hold).

3.3 Comparison with hairy black holes

In the introduction we have mentioned that earlier attempts to determine the end point of
the superradiant instability in IIB theory on AdSs x S° led to the construction of hairy black
holes. These black holes have been constructed at zero angular momentum, and with either
three equal SO(6) charges, or two equal SO(6) charges with the third charge set to zero, or
one SO(6) charge with the last two set to zero. We examine these in turn.

3.3.1 Three equal charges

Hairy black holes with Q" = Q" = Q" = Q™" and J;** = J;** = 0. were first constructed
analytically at small values of Q*" in [5], and then constructed numerically, at arbitrary values
of Q' in [9].

45 At these values of u;, the entropy following from the dual giant partition function is much smaller than N2 and
so can be ignored.
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Let us first examine the analytic hairy black hole solutions valid at small Q®°t.#® The chem-
ical potential of these black holes was computed in [5] in a power series in Q™", and presented
in equation 6.16 of that paper. Eq 6.16 reports a chemical potential that is unity at leading
order, but has a positive correction at order Q™. It follows, therefore, that the chemical po-
tential of the hairy black holes is greater than unity (at least at small values of the charge).
By the analysis presented above, these black holes are thus unstable to the emission of dual
giants.

The entropy of the hairy black hole was also calculated in [5] in a power series in Q™".
At leading order the result equals that of the non interacting model presented above. At first
subleading order, however, one finds a negative correction to this leading order result (see
equation (6.17) of [5].). It follows, therefore that DDBHs carry larger entropy than hairy
black holes, at least at small charge.

Let us now turn to the numerical construction of hairy black holes valid at all values of the
charge. [9] reports that these solutions all always have u > 1 (see the caption on fig. 10 of [9]).
We conclude that the hairy black holes constructed in [9] are unstable to the emission of duals
at all values of the charge. We believe this means that their entropy is always smaller than
that of DDBHs, but the numerical nature of these solutions has prevented us from verifying
this directly.

3.3.2 Two charge and one charge black holes

Always working at zero angular momentum, hairy black holes with charges Q3" = 0,
QY = QY = Q™ and (separately) black holes with Q5" = QY = 0 and Q" = Q™" and
have recently been constructed [7], both analytically (at small Q*") as well as numerically (at
general values of Q™). As in the case of their three charge cousins, the chemical potential of
these new hairy black holes always turns out to be greater than unity. This has been verified
both analytically at small charges (see e.g. Eq 3.75 and 4.74a and 4.74b of [7]) as well as
numerically at all charges (see Fig. 7 and 16 of [7]). We have also used the small charge
formulae presented in [7] to explicitly verify that the entropy of these black holes is smaller
than that of the non interacting model at first nontrivial order in the small charge expansion.
As in the last subsubsection, we expect this inequality to continue to hold at larger charges.

3.4 Phase diagram with J, =J, =0

In this section we describe the microcanonical phase diagram, at J; = J, = 0, that follows
from the non interacting model. In other words we find a phase diagram as a function of four
variables, the energy E and the three charges Q;,Q,, Q5.

In the four dimensional space parameterized by these charges, we have four important
three dimensional surfaces. These are

* The BPS plane E =Q; +Q, + Q5.

* The three sheets S; defined by the condition u; = 1 (see (42)) together with the inequal-
ities Q; > Q; (for both j # i).*

In addition to these three dimensional sheets, we also need to keep track of the two di-
mensional submanifolds, S;; defined to be the intersection of S; and S;. On S;; we have
Qi = Qj = Qy (here k is the third index, the one that is neither i nor j). Finally we have

“6Interestingly enough, the non interacting model presented above first appeared in [5] as an explanation of the
leading order thermodynamics at small charge. In that context the non interacting nature was a result of form
factor effects; tiny black holes interact very little with an AdS; sized charged cloud.

4"The inequality is imposed to guarantee that u ; < u; =1, so that points on the sheet S; are not unstable to the
superradiant emission of charges Q;, j # i.
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the distinguished one dimensional curve S;,5 defined to be the curve on which each of the
three u; = 1.4

Points with Q; > Q i (for both j # i), and that lie above® the sheet S; all lie in the ‘vacuum
black hole’ phase. The dominant solutions, for such points, are simply the black holes reviewed
in §2.2.

The it" rank-2 DDBH phase is created as follows. We start at any point on the sheet S; and
shoot upwards at 45 degrees in the E — Q; plane. Since our starting sheet is 3 dimensional,
and the lines along which we shoot are one dimensional, this construction gives us a four
dimensional region of charge space, or a ‘phase’. It is easy to check that the intersection of the
surface S; to any two plane of constant Q;, j # i (at any value of Q;), is a curve that everywhere
has slope greater than unity in the E —Q; plane, when we regard E as the y axis and Q; as the
x axis. As a consequence of this fact, all the 45 degree rays shot out from S; - and so all points
in the i"" rank 2 phase - lie below the sheet S;. Indeed, the sheet S; forms the phase boundary
between the vacuum black hole phase and the i*" rank 2 DDBH phase.

The sheet S; constitutes the upper bound of the i‘" rank 2 DDBH phase. This phase also
has a lower bound, which can be constructed as follows. Recall that the i‘" rank two phase is
constructed by shooting 45 degree lines from points on S;. But S; itself has two boundaries,
namely the surfaces S;; for the two values of j # i. If we shoot the upward moving E = Q; lines
out of these two surfaces, we obtain the lower boundary of the i*" rank 2 phase. This boundary
separates this phase from the (ij)!" rank 4 phase. Note that the two phase boundaries are each
three dimensional, we denote them by B; j.50 The two B; ; meet along the two dimensional
sheet obtained by shooting upward directed E = Q; from the curve S;,5. This two dimensional
sheet lies along the plane Q; = Q;, (where j; and j, are the two values of j # i).51

Let us now turn to considering the rank 6 DDBH phase. This phase is constructed starting
from the curve S,3 (along which Q; = Q, = Q3) and shooting ‘positive’ upward directed lines,
in any positive direction®? in the manner so that

AE = AQ, + AQ, + AQ;. (57)

The set of positive rays that originate at any point on S;,5 is parameterized by two parameters.
The points along any one of these rays are parameterized by one additional parameter. Finally,
points on the curve S;,3 are, themselves, also parameterized by a single parameter. Adding
up, we see that the construction above yields a four dimensional region, i.e. a phase. The
lower boundary of this phase is simply the BPS plane (we approach this boundary by shooting
lines out of the origin (along this boundary the black hole component of the phase vanishes:
the DDBH reduces to dual giants in pure AdS space). The upper boundary of this phase is
obtained when we restrict the lines shot out of S;,3 to lie at constant value of either Q;, Q,
or Q5 (rays on such planes lie on the edge of positivity). The rank 6 DDBH phase thus has 3
upper boundaries, each of which is three dimensional. We define the boundary generated by
lines with AQ; = 0 to be the sheets Dj; (where j and k are the two indices # i). The sheets
Dj; separate the unique rank 6 DDBH phase from the (j k)" rank 4 DDBH phase.

“8This curve is, for instance, the intersection of S;, and S;.

“Through this discussion, we think of the energy axis parameterizing a vertical direction, and refer to points
with larger energy as lying ‘above’ points with smaller energy, but the same value of other charges.

*We re-emphasize that B; ; is the lower boundary of the i" rank 2 DDBH phase, created by shooting upwards
45 degree lines - in the Q;E plane - starting from S;;.

51Suppose Q; > Q, > Q5. If we now lower energies at fixed charges, we pass from the vacuum black hole to the
Rank 2 charge 1 phase to the Rank 4 with charge (12) phase. If we now take Q; to Q, from above, the upper and
lower end of the middle phase (rank 2 with charge 1) approach each other. When Q; = Q, we pass directly from
the vacuum black hole to the rank 4 with charge (12) phase.

52We say a line is positive if each of the Q; are increasing - or more precisely are non decreasing - as E increases.
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As we have mentioned above, the upper boundary of the rank 6 DDBH phase has three
components, namely D;,, Dy3 and D3;. These three component boundaries meet at two dimen-
sional sheets. For instance, the boundary between D;, and D, 5 is given by the set of upward
pointing 45 degree lines, in the Q; —E plane, shot out from S;,3. But this is exactly the same as
the two dimensional sheet we get at the intersection of B; 5 and B, 3. Both these sheets occur
at Q, = Qg3, but with Q; larger than this common value. It follows that, at these charges, the
lower bound of the i*" rank 2 DDBH phase is the same as the upper bound of the rank 6 DDBH
phase. Upon lowering energies at these charges, therefore, we pass directly from the rank 2
to the rank 6 phase.

Let us summarize. The most physical way to understand this phase diagram is to imagine
holding the charges Q; fixed and lowering the energy starting from the vacuum black hole
phase (see Fig. 1). Suppose Q; > Q5 > Q5. Upon lowering energies we go from the vacuum
black hole phase to the rank 2 DDBHs in which the dual giants carry only Q; charge, to the
rank 4 DDBHs in which the dual giants carry Q; and Q, charges, to the rank 6 DDBHs in
which they carry all the three charges and finally hit the BPS bound (where the solution is a
combination of three pure dual giants in global AdS). The thickness (range in energies) one
spends in the rank 2 phase depends on Q; minus Q,, and goes to zero when this difference
goes to zero. When Q; = Q, we pass directly from the vacuum black hole to the rank 4 case.
Similarly, thickness of the rank 4 phase depends on Q, minus Q5 when this is zero we pass
directly from the rank 2 to the rank 6 phase. Finally, in the special case Q; = Q, = Q3 we pass
directly from the vacuum black hole to the rank 6 DDBH phase. The above four cases>® of the
phase diagram are depicted in Figure 1.

In order to convey a sense of the global structure of the phase diagram, we have plotted
a two dimensional slice of the four dimensional charge space (studied in this section), and
the phase diagram in this cut of charge space. The two dimensional slice we have chosen is
1% = 3 and % = 1.5. In Fig 2 we plot the curves along which u; = 1 hypersurfaces (for
ordinary vacuum black holes) intersect our two dimensional slice of charge space. The ‘stable’
region (where vacuum black holes have u; < 1 Vi) is shaded blue, while the unstable region
(where atleast one u; > 1) is shaded green. In Fig 3, we present the actual phase diagram, that
displays rank 2, rank 4 and rank 6 phases. An interesting point is that, over a small range of
energies, the rank 2 DDBH phase with Q, has a core black hole with y; < 1 (and so continues
to be stable to condensation of Q; charge) even though vacuum black holes at the same charge
have u; > 1 (and so are locally unstable to the emission of Q; charge).

3.5 Phase diagram withQ,=Q,=Q;=Q, J;=J,=J

In this subsection we present our conjecture for the microcanonical phase diagram for ' =4
Yang Mills theory on the special slice of charges Q; = Q, =Q3 =Q, J; =Jy, =J; =J. This
phase diagram is presented as a function of Q,J and the energy E of all solutions.

The three dimensional space parameterized by Q,J, E has four distinguished two dimen-
sional surfaces. The three dimensional space of AdS black holes has four distinguished sheets.

* The BPS plane (the blue line in Fig 4).

53Above four cases arise when all Q; # 0. When only one of the Q; = 0, we get a similar phase diagram but with
two cases: (i) Q; = Q - as we lower energy from vacuum BH phase, we directly go to the Rank 4 phase which
exists until the BPS bound, (ii) Q ;> Qy -aswe lower energy from vacuum BH phase, we first encounter a Rank 2
phase, followed by a Rank 4 DDBH phase which exists until the BPS bound. When two of the Q; = 0 and the black
hole carries only one of the Q;, as we increase Q; from zero, we encounter a critical value of the non-zero charge
Q; = Q;, until which the vacuum black hole phase exists all the way down to BPS energy, where the black hole
becomes zero size. This behavior was first pointed out in [7]. For Q; < Q., the DDBH black hole phase is absent.
For Q; > Qj, as one lowers energy starting from the vacuum black hole phase, we encounter a Rank-2 DDBH phase
which exists until BPS energy. See Appendix D for more details.
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Figure 1: In this diagram we depict a three parameter set of straight lines within the
four dimensional phase diagram of A/ = 4 Yang Mills theory at vanishing values of
angular momentum. Each of the lines we study is held at fixed values of the three
charges Q;, which, consequently, parameterize these lines. One moves along any of
these lines by changing energy at fixed Q;. At high energies (extreme right of all these
diagrams) we are always in the vacuum black hole phase. Upon lowering the energy
we undergo several phase transitions before hitting the BPS plane. The details of
the phases we encounter on the way depends on the charges: we encounter 3 DDBH
phases if none of the three Q; are equal, two such phases if two Q; are equal, or a

unique rank 6 phase if they are all equal.

* The sheet of extremal black holes (the orange line in Fig 4).

* The sheet of black holes with «w =1 (the black line in Fig 4).

* The sheet of black holes with u =1 (the red line in Fig 4).

Remarkably enough, these four sheets intersect on a single line:>* the line of supersymmetric
Gutowski-Reall black holes (the black dot in Fig. 4). All points below the u = 1 sheet are
unstable to the emission of dual giants: the stable phase in this region is given by DDBH. The
entropy of the DDBH phase is given by that of the y = 1 black hole at the end of the 45 degree
line (in the E Q plane, at constant J) that originates at the point of interest. For example, the
entropy of the DDBH at the point A in Fig 5, is that of the u = 1 black hole at the arrow tip in

>4This ‘remarkable’ fact is of course well known and easy to understand. Susy black holes must have u; = w =1
this is how the Boltzmann factor e ##=#iQ=/j) projects out all non BPS states as 3 — co.
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Figure 3: The phase diagram on the two dimensional plane % =3 and % =1.5.
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Figure 4: The intersection of the BPS plane (blue), the w = 1 sheet (black), the u =1
sheet (red) and the sheet of extremal black holes (orange) with the slice J; = 2. The
black hole solutions of Cvetic-Lu-Pope (9) in the shaded grey region are unstable.

Phase diagram for Charged and Rotating Black Holes
11 T T T T T T T T T T T T T T T T

Q

Figure 5: A constant J slice of the phase diagram of A’ = 4 Yang Mills theory, as
a function of E and Q. E is the energy, Q parameterizes the (equal) SO(6) Cartans
(which are given by (Q,Q,Q). Here J; = J, = J; are all fixed at 2. The region
between the u = 1 (red) curve and the BPS plane (blue line) is the DDBH phase. The
region between the Q = 1 (black) curve and the BPS plane (blue line) is the Grey
Galaxy phase. The white region in the upper left of the diagram (above the black
and the red curves) is the vacuum black hole phase. The entropy of the point A in
the DDBH phase equals the entropy of the corresponding u = 1 black hole (end of
the arrow) in the diagram.>®

the figure.>®
In a similar manner, all points below the w = 1 curve are unstable to the superradiant
instability: the stable phase in this region is given by 5 dimensional grey galaxies (see [8]).

55To obtain the entropy of a black hole solution in the Grey Galaxy phase, one has to look at the constant Q slice
and draw a 45° line from a given point to the black curve at constant Q. The entropy is then given by the black
hole solution at the intersection of that line and the black curve.

S6For large J, the = 1 curve contains an interval with a negative slope. This does not affect the phase diagram
of the DDBH, as the slope of the u = 1 curve remains greater than 45 degrees as long as it is positive. See Appendix
C for a detailed explanation.
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The entropy of the grey galaxy phase is given by that of the w = 1 black hole at the end of the
45 degree line (in the E J plane, at constant Q) that originates at the point of interest.
A slice of this diagram at constant J is depicted in Fig. 5.

3.6 The black brane scaling limit

Through this paper we have focussed on the study of black holes in global AdSs x S°, dual to
N = 4 Yang Mills theory on S3. In this section we explore the coordinated large charge and
large energy scaling limit of our results, with scalings chosen so as to turn vacuum black holes
into vacuum black branes (and so to turn the results on S° into those on R®). We work in
the simplest nontrivial context, namely at energy E, zero angular momentum and R charges
Q1 = Q, = Q3 = Q. In this special case, it is easy to check (using the formulae presented in
§2.1.4) that black holes with u =1 carry energy and charge related by

E =3Q%+3Q ~ 3Q?, (58)

where the last approximation holds at large charge (all through this subsection, all charges
are listed in units of N2).

Let us now compare this to the scaling limit that turns vacuum black holes into vacuum
black branes. Such a limit is achieved when we take

v
T:_: u=-,
€

and®’ scale € — 0 at fixed 7 and v. It follows from extensivity that, in this limit, the energy E

and charge Q of vacuum black holes scale like E ~ el4 and Q ~ 6%; more precisely we find

3(1 + x2
po30+x)
4e4
- X (59)
23’
E =cQ3,
where ¢ = %(1 + x2) (%)4/3 and x is defined to satisfy Z = 22_“;2 This scaling takes us to a

black brane with chemical potential to temperature ratio given by % = 2. The black brane
metric takes its usual (e independent) form, when written in terms of the coordinates

/

r'=er,

¢==
e’ (60)
O.

Vi

xi—?,

where 6; are infinitesimal orthogonal angular coordinates (at any point in) the tangent space
of 53,58

The curve given in the third of (59) lies well below the curve (58) at any given fixed values
of T and v. It follows, therefore, that charged vacuum black branes are thermodynamically
unstable to the nucleation of huge dual giants at every nongero value of the chemical potential
to temperature ratio. See §7.6 of [18] and [17,28,59] for a discussion of similar instabilities
in various contexts.

57Note, immediately, that u is taken to infinity in this scaling limit.
8The absolute value of the chemical potential and temperature of the black brane are unimportant as they can
be changed by a scaling. The ratio & is meaningful as it is scale invariant.
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In order to work out the end point of the instability described in the previous paragraph,
it is useful, once again, to return to the description of a black brane as a very highly charged
(and massive) black hole, with energy and charge scaling like the third of (59). Let us start
with a black brane whose charges are listed in the first two of (59). The non interacting model
described in this subsection predicts that the end point is three dual giant gravitons, each
carrying a charge of Q,,

X 1

Qggzz_é_o(g) ) (61)
together with a central black hole of charge Qpy and energy Egy given by
v1+4x2?
QBH = —2 +... N
2e
, (62)
_3(1+x )—(’)(l)
BT g4 e3)’

Note, that in the strict limit e — 0, the black hole carries all the energy of the solution, while
the dual giant carries all of its charge. It follows, therefore, that the entropy at these values
of energies and charges is (to leading order in €) a function only of energy (independent of
charge),> in complete contrast to the prediction that follows from usual charged black branes
(whose entropy function is a nontrivial function of the charge as well as the energy density).

While the event horizon of the black hole is at r ~ %(and so at a finite value of r’), the
dual giant lives at the radial location

W Nx 1 . , Nx 1
r = ?m, 1.e r = TE (63)

In the strict scaling € — 0, the dual giant lives at r’ = 0o, and so in the deep UV of our field
theory.®°
In §5 below we compute the one shot decay rate of black holes into dual giants. In the

scaling limit (60), it turns out that this decay rate scales like e_e% (where { is held fixed as € is
taken to zero) and so goes to zero in the strict € — 0 limit. We believe that this result should be
interpreted as follows. When measured in terms of the scaled variables x’ our boundary field
theory has a spatial volume of order 61—3 In field theory language, we are studying the decay of
the ‘false vacuum’. An instanton that mediates a one shot decay of the false vacuum, of course,
has an action of order the volume, and so of order 6% This fact is, however, irrelevant to the
computation of the lifetime of the false vacuum. This decay proceeds via the nucleation of a
finite size bubble of the true vacuum and its subsequent growth; the instanton governing such
a nucleation process has finite action. Motivated by these considerations, we suspect that the
decay of charged black branes also proceeds via bubble nucleation (so its rate is finite, though
exponentially suppressed in N). We leave the further investigation of this interesting point to
future work.

4 (Classical dual giants around Q; = Q, = Q;=Q, J;, =J, =J
black holes

In the rest of this paper, we analyze DDBHs in more detail, mainly focusing on the special case
of DDBHs built around central black hole with Q; = Q;, = Q3 = Q and J; = J, = J. In this

5We find the same result if we scale the energy and charge according to the relationship E = Q® for any value
of 2> a > 1. Note a =1 is the BPS curve.

%0We could, of course, perform another scaling which brings the dual to a finite radial location. This scaling
would, however, set the radial location of the black hole event horizon to zero.
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section we review and generalize the discussion of [13,29] to formulate and analyze the clas-
sical motion of probe dual giant gravitons on the background metric (1). In the next section,
we quantize this motion. And in the subsequent section we present backreacted gravitational
solutions for DDBHSs.

4.1 World volume action for dual giant gravitons

All through this paper (see (1)) we work ‘in units of Ryyg’, i.e. we define the bulk metric g,
so that the bulk line element takes the form

ds®> = fodss guydxtdx” (64)

(see (1)). Correspondingly, we define the induced metric on the world volume of the probe
D3-branes (that we will study in this section) as

ds® = R} g, hapdx®dx’. (65)

We also work with a similarly rescaled 4-form potential C and 5-form field strength Fs, see
((24) and (26)). In terms of these rescaled quantities, the D-brane action (A.6) (with F,; set
to zero) can be rewritten as

R} 1 dac? dxP2 dxMs dxbe
§S=—235 (—f d*y/—dethg;, + o f etedc X ox gx oX d4y)
(66)

T (2n)3a?g, 41 Hikizfslls gya dyb dyc dyd
N 4 1 bed dxtr dxb2 dxHs dx¥+ .
where we have used R} gs, = 4mgNa’ 2,

(66) holds for any D3-brane motion in the metric (1). We now restrict (66) to ‘dual gi-
ant graviton’ configurations, defined as follows. Recall that black hole spacetime (1) has an
SU(2)z x U(1); killing symmetry.°’ We define ‘dual giant gravitons’ as D3-brane configura-
tions that preserve this rotational symmetry group.®? In other words, dual giant gravitons are
D3-brane configurations chosen so that SU(2)z x U(1); killing vectors are tangent to the D3-
brane.®® In the coordinates of (9), this condition is satisfied provided the vectors p,, 9 and
0y are tangent to the D3-brane world volume. In other words, dual giant D3-brane configu-
rations necessarily wrap the warped S (spanned by 6,, ¢ and 1)) at every given value of t,
r and S° coordinates. In other words dual giant graviton action is that for an effective point
particle propagating in an effective 641 dimensional spacetime (parameterized by t, r and
S® coordinates). In Appendix E we show that the effective action in this seven dimensional
spacetime is given by

S = Sppr T Swz

4—R* (67)
= ZNJ rz\/b2 +A%T3 \/—gwdx“dx” +8Nf [(rT)dt] ,

S1This killing symmetry group is defined to be generated by the killing vectors that reduce, at infinity, to the usual
generators of SU(2)g and U(1),. This last requirement clearly specifies the U(1),, distinguishing it, for instance,
from an admixtures of the rotational U(1); (as defined above) with time translations.

52This also means that the brane does not carry any angular momentum along the S* in AdSs. Following ther-
modynamic arguments in section 3, it is easy to see that it is thermodynamically unfavorable for the black hole
with © < 1(which is the regime we will be interested in) to emit angular momentum.

53The condition of SU(2); xU (1), invariance is simply implemented in the coordinates used in (9) (recall that this
metric was written in a gauge in which the gauge field vanishes at infinity rather than at the horizon). If we view the
codimension 6 D3-brane world volume as being specified by 6 equations on bulk coordinates, the requirement of
symmetry under SU(2)g x U(1),, is satisfied provided that each of these six equations are SU(2) x U(1), invariant,
i.e. are independent of the three angular coordinates 6,4, ¢.
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where

2= dxtdx’ =W a2 4 97 L g P qwte+(fa. —a)dt’. (68
$7 = 8uydxidx" = =0 dt™ + -+ ds™( )+b2—|——AZ( +0 +(fAs, —A)dt)", (68)

O3

where the gauge fields A, and A, are dt and do; components of the gauge field listed in (9),
the function b(r), W(r) and f (r) are, respectively, defined in (16), (18) and (17).

In the rest of this section we will investigate solutions to the action (67). We will find it
convenient to use the notation

_ it
BRCF TR T (69)

m=2r?/b2+A2 .

Note that the ‘effective particle mass’ m is a function of the radial coordinate r in AdSs.

4.2 Charge matrix for dual giant solutions

The Lagrangian (67) enjoys invariance under the isometry group U(3). As a consequence,
dual giant motion is subject to 9 conserved charges, one for each of the 9 generators of U(3).
Two questions immediately pose themselves.

* On scanning overall solutions to the equations of motion that follow from (67), do
we find all possible U(3) charges, or do we, instead, obtain a constrained set of such
charges?

* Once we have established which class of U(3) charges appear in our analysis, do we
have to analyze each charge separately, or do the charges organize themselves into a
smaller set of equivalence classes of U(3)?

The questions posed above are answered in Appendix F, where we demonstrate that the
set of all solutions of (67) produce only those U(3) charge matrices that are U(3) similarity
equivalent to the matrix

g 0 0
0 g2 O [, (70)
0 0 O

where the two charges q; and g, necessarily carry opposite signs. For given generic (i.e.
nonzero and non equal) values of g; and q,, the action of U(3) similarity transformations
on (70) produces a 6 parameter set of U(3) charges. Varying over all q; and g, gives an 8
parameter set of such charges. In other words matrix of U(3) charges is subject to a single
restriction, namely that its determinant vanishes (this condition cuts down the 9 parameters
in unconstrained U(3) charge matrices to 8 parameters in the set of U(3) matrices similarity
equivalent to (70).%%) These 8 charges, together with two angular initial conditions, give us
10 coordinates in phase space.®®

The answer to the second question posed above is now also clear. Though the U(3) charge
matrix for generic motion has 8 parameters, these charges arrange themselves into equivalence
classes (under U(3) similarity transformations). These equivalence classes are labeled by the
two charges g; and q,. Consequently; it is sufficient to study the solutions whose U(3) charges

54The special case g, = 0 will turn out to be of particular physical relevance. The U(3) orbits of such charges
are 4 dimensional (these orbits are U(3)/(U(2) x U(1))) giving a 5 parameter set of such charges.

% As we are studying the motion of an effective particle in 6 spatial dimensions, phase space is 12 dimensional.
The remaining two coordinates on phase space can be chosen to be the conserved energy of the solution and a
radial initial location.
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are given by (70). All other solutions (solutions with all other similarity equivalent charges)
can be obtained from these by performing the appropriate U(3) rotation.

The Noether procedure yields an expression for the corresponding (conserved) charge ma-
trix Q;;. Q;; is a U(3) adjoint element, and so is a 3 x 3 Hermitian matrix. We find

i _
Qij = E(zipzj—szgi) ; (71)
where®®

Z; :liei¢i,
dL i (aL ) 1, 0L

D=5 ="""|7"T"7 |t

' 321- Zi ad)l Z; all (72)

oL i (6L ) l; OL

Pz ===\ =7 + ——.
aZi Zi 8(;‘)1 Zi 311

The Noether procedure yields expressions for the charges in terms of ¢;, 1; and [;. It proves
useful to eliminate the three ¢; in favour of the three diagonal charges (dual to translations

of the angles ¢;)
_ aL
Qii=Ngq; = 3_q§i’ (73)

and present our expression for Q;; as a function of g;, [; and [;. We find

el(01-902) (12q, +12q,—2i212(1,—1,))  (#1783) (12qy +12q5—2i1212(1,~15))

q1

241 1ls
N e i(91-62) (12q, +12g,—2i1212(1,—1,)) el(92793) (12q,+12q5—2i1212(iy—15))
- 20,0, » 42 2,05
e (i2q, +12q, 20213 (h—3)) e (P2793) (12q,+12q5—2il312 (15 ))
2013 20,1, qs3

(74)

As we have explained in the previous subsection, the most general solution is U(3) equiva-
lent to a solution with diagonal U(3) charges with two nonzero diagonal elements. We choose
these nonzero elements to be q; and g,, and set g3 to zero (i.e. we choose the U(3) matrix
to be of the form (70)). Setting all off-diagonal charges - and g3 - to zero in (74) yields the

equations
o 2o
11212:0, 13:0, — = (75)
41 b
These equations (together with the constraint ), Zl.2 = 1) tell us that the three [; take the
following constant values

L=\ =\ i =o0 (76)
41 —4q> 42— 1
Note g; and g, have opposite signs, in agreement with (E5). o
In addition, the (rather complicated) equations that determine ¢ ¢ in terms of q;,q-, are

. AtAo +b2f_2i lion qSi
l%(bl_lf(At_ 3 ( 3 )Ao'3)

b2+A§T3
=m 5
! ”‘fzf 52 (,6.) (77)
. AtAcr + T iAcr i
R e
=m 5
12 N

where A and m were defined in (69).

%6The expression % can be understood as follows. We set z; = l.e® and pretend that the I; are unconstrained.
T
This procedure works because the U(3) generators are themselves tangent to the surface lf + l; + l§ =1.
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4.3 The ‘Routhian’ and Hamiltonian at fixed charges

Once we have fixed charges as above, the motion of our effective particle in r (as a function
of time) is obtained in the usual manner (i.e. from the principle of least action) that follows
from the ‘Routhian’

Legg=L—p; ;. (78)
Using (77) and (76), we find the Routhian to be

1 (TZWZ — 4b27'2) ((ql + qz)zA%, + b? (m2 + (ql _qZ)z))
Leff = N( - ﬁ w :
(79)

+(q1 +92) (fAg, —A) +1* —R4) :

The Hamiltonian that follows from (79) is

W
H=N(r \/(q1+qz)2A%,3+b2(m2+Wq%+(q1—qz)2)+(q1+qz)(Af—fA03)—r4+R4), (80)

where ¢, is the momentum conjugate to 7. Setting g, to zero in (83) yields the effective
potential

rvW
2b2

Va(r) = N( \/(ql +q2) %A% +b2(m2 +(q1 —q2)2) + (a1 + 42) (A — fAg,) —1* +R4) . (8D
It is important to keep in mind that g, and g, have opposite signs, so |q; —qs| > |q; +q5|. Also,
we are in the gauge such that V,;(R) = 0.

In Fig. 6 we present a plot of the effective potential for black holes at two different values
of the black hole chemical potential.

4.3.1 Special case of non rotating black holes

In the case of non rotating black holes (i.e. when j =0) f(r) and A, s both vanish (see (16),
(17) and (18)), and the expressions presented above simplify somewhat to

(r° +(q: —q2)2) W(r)2 —i2)

Legg =N (— (g1 +q2)A(r)— % +rt —R4) s (82)

w(r)
H=N ((q1 +3) A+ W) (@1 —g2)2 +q2W(r) +76) — 1 +R4) , (83)
and
Va(r) =N ((q1 +g2)Ac + VW) (g — )2 +16) — r* +RY) (84)
with

(r—R)(r +R) (r4 +r? (R2 + 1) —,quz)

w(r) = — ,

2
A(r) :U(%_l) .

(85)
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(@) V(r)—V(R) for g. = 1 and q, = 10, so (b) V(r)—V(R) for g. = 9 and q, = 10, so

p< p>

Figure 6: Energy of the probe at distance r minus the energy at the horizon. The
above graphs are plotted for black holes with p = 19.236, ¢ = 6, j = 0.12318 and
therefore u = 1.68. For u > Z—”, the energy at minima is less than V(R) but for u < 1z,
energy at minima is greater than V(R). ‘

4.4 More about the effective potential

Let us define

qc:q1+q2’
dn=491—4q2-

(86)

q, is the U(1) charge of our probe (the U(1) in question is the diagonal part of U(3)).®” Recall
that gq,, > q.. Note that while g, is always positive, g. can be of either sign.
The effective potential can be rewritten as

Vcl(r) = ]V;TW \/q

2A2 +b2 (m2+q2)+q. (A, —fA,,)—r*+R*. (87)

4.4.1 Vy(r) in the neighbourhood of the horizon

The expression (87) for the potential simplifies at » = R (here R is the radius of the outer event
horizon). Working in the gauge (10) we find (see (14)) that

Va(R) =Nug., (88)

a result that might have been anticipated on physical grounds.®® On the other hand V4(R) = 0
in the gauge (15).

In both gauges, It is also possible to check that Vc’l(R) > 0 for all values of u (R is the radius
of the outer horizon of the black hole). Consequently, the potential increases as we move away
from the horizon, towards larger values of r.

574, can roughly be understood as follows: in the case that the breaking of SO(6) down to U(3) can be ignored,
g, is the unique nonzero eigenvalue of the SO(6) charge matrix corresponding to the probe D3-brane. For this
reason it determines the mass of the dual solution in the limit that g, is large (so that the effect of the black hole
can be ignored).

%8Recall that the ten dimensional generator of the killing horizon has zero norm at the horizon. This suggests
that the charge E — QJ — ug, of this probe will vanish, as the red shift factor that converts the proper ‘momentum’
into charge vanishes at the horizon. Note that our probe carries J = 0, and so has E = uq. when at the horizon.
Note the gauge of (10) is well suited to the analysis of energy, as the metric reduces to AdSs x S° in this gauge.
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4.4.2 Vy(r) atlarge r

At large r it may be checked that®’

2
Va(r) = N% +0(1), (89)

so that V(r) increases quadratically at r = co.

4.4.3 Vy(r) in a coordinated large g, and large r limit

(89) correctly captures the behavior of the potential when r is the largest quantity around.
When q, ~ g, are also large then the effective potential takes a more interesting form for
r~ /4.

We work in the gauge (10), and take r and q,, both large with 2—3 held fixed, the effective
potential simplifies to the potential in AdS space, namely’%”*

Vy(r)=N (\/(1 +1r2) (q% + r6) — r4) . (90)

Va(r) in (90) has a minimum at r = ,/q,,, and that the value of this potential at the minimum
equals g, (in agreement with the BPS bound and the analysis of [12]).

In order to compute the location and energy of the probe D-brane more accurately
(in a power series in %) we expand the potential V4(r) in (87) in a power series in

1 1 1

We find

24 4 2 _ 42
vd(r)zzv(q“” +((12—1)p+qu+q—u+R4)), 91)

2r2 r2 8r8

where the first term in above equation is (9(%) and the second term is O(1) and we have ne-
glected all terms that are O(e) or higher. We find the minimum of V,;(r) by solving the equation
V. (rmin) = 0 order by order in € (at the end of this exercise we set the formal parameter € to
unity: physically the role of € is played by inverse charges). We find

o, 44
min = |qn| + 5 3;2 (92)
dn

(here g is the parameter that enters in the black hole solution). We also find

E=Vy(rmm) =N (qn+((12—1)p+‘%+q+R4)). (93)

n

Assuming that q,, and g, are comparable, it follows that the first correction to the leading
energy of the probe occurs at relative order 1/q,,.

From (93) and (88), it follow that (at large q,) Vyq(rmin) > Vq(R) for u < 3—:, while
Va(rmin) < Va(R) for u > g—: (see fig. 6). This point - which was observed in [13,30] - al-
ready suggests that dual giants should be unstable u < Z—’: (as they would like to tunnel into

the black hole), but should be stable at u > 3—". In the next section we will see that this
c
expectation is correct.

%This result is true both in the gauge (10) as well as the gauge (15).

7°In the rest of this section we present the potential V () in the gauge (10). The potential in the gauge (15)
may be obtained by subtracting uq. from the expressions for V(r) presented below.

71(89) can be checked to follow from a Taylor expansion of (90) at large r.
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4.5 Thermodynamic significance

At leading order the charge to energy ratio of our solution is 2—5 (note that the modulus of this
ratio is smaller than unity). The discussion in the introduction thus suggests that our black
hole is thermodynamically unstable to the super radiant emission of large charge dual giants
whenever

p> (94)

C
Clearly, the solution that first go unstable are those with g,, = g.. In this case (93) simplifies
to
E = Vo(rmin) = N (¢ + ((/*—1) p + 29 +R*)) . (95)

We have checked numerically that
(~1)p+29+R* (96)

is always positive for black holes with u = 172 and so the charge to energy ratio of these probe
solutions is largest in the limit that q. is large.”® As the finite charge corrections to the energy
of dual giants is positive, dual giants have the largest charge to energy ratio at large q, = q..
Thermodynamically, this is yet another reason why black holes with y > 1 ‘want’ to decay into
a single, very large dual giant, with q. = q,,, surrounding the central black hole.

4.5.1 Non-rotating black holes

For the special case of non-rotating black holes, using (85), we can express the equations (91),
(92), and (93) in terms of the chemical potential of the black hole and the radius of horizon.

@+t —qt+2¢%r* +8uq r°R* + r® (4R* — 4 (u? + 1)R* — 1)
Va(r)=N + , 97
2r2 8r8
which has a minimum at ( 2)
uq.R
Tmin = A/qn T+ +/2 (98)
2qn

(where we have set € to one). The energy at the minima is given by

R*(qn(—u*+R?2—1)+2u
E= Vcl(rmin) =(n + (qn ( 2q ) qC) . (99)
n

We have checked (analytically for j = 0 and numerically for j # 0) that for u = 1, the correc-
tion to the energy (i.e. the second term in the above equation) is always positive (for q. = q,,)
and hence the charge to energy ratio of these probe solutions is largest in the limit that q, is
large.

As we have mentioned above, solutions with q. = g,, have the largest charge to mass
ratio. As these are the solutions that will show up in the thermodynamically stable DDBHs,
we pause to note that there is a 6 parameter family of these solutions (recall they carry g, =0
and g, = q;), parameterized by q,, the four elements of U(3)/(U(2) x U(1)) and one initial
angular variable.

As we will explain in detail in the next section (and the Appendices, see §H.3), the quan-
tization of this phase space produces U(3) representations with n boxes in the first row of the

72Except in the case of susy black holes for which (96) vanishes. This is expected, as such duals are susy and so
should obey the BPS bound E = Ng,,.

73The argument presented above establishes this fact only at large q., but we believe this result holds generally:
we have checked this numerically at several (allowed) values of p, q and j.
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Young Tableuax, and no boxes in any other row. The approximate map between q. and n is
74
q. ~nN.

4.6 Minima of the effective potential away from the large q,, limit

Away from the large charge limit, the potential V(r) is complicated: depending on details,
this potential has either zero, one or two minima outside the horizon. One way to organize
thinking about this problem is to hold all black hole parameters, as well as the ratio a = Z—z
fixed, and study the potential V(r) as a function of g,,, with g, varying from oo down to zero.
In fact it is convenient to take a and —a in one line, and have q,, varying from oo down to
—o0o (where by negative values of g, we mean the modulus value of g, but with negative a.
As we perform the scan described above, we see many different behaviors as we change black
hole parameters and |a| € (0, 1).

For one set of black hole and parameters (roughly when the black hole is small), V; (of
course) admits a single minimum at large positive q,,. As g, is decreased this minimum disap-
pears into the horizon. For a range of lower q,, the potential has no minima. At still lower q,,,
a new minimum pops out of the horizon, and survives all the way to q,, = —00.

For another set of black hole and a parameters (roughly for larger black holes), we (of
course) have one minimum at large q,. As q, is decreased another minimum (together with
a new maximum) appears, so that V4 has two minima. As g, is further decreased, first the
larger minimum merges with a neighboring maximum and disappears. Then the smaller min-
imum merges with a neighboring maximum and disappears. For a range of lower charges the
potential has no minima. On further lowering q,, a new minimum emerges out of the horizon,
and continues to exist all the way down to q,, = —00

At other values of black hole parameters and a, still other behaviors can occur. As solutions
at finite values of g,, will play no role in what follows, we do not investigate this further, leaving
further development of this analysis to the interested reader.

4.7 Dual giants around SUSY black holes

The three parameter set of CLP black holes (9) become supersymmetric on a codimension
two surface (a curve). Black holes on this curve are called Gutowski-Reall or GR black holes
[20,21]. These special black holes can be parameterized by their outer horizon radius R. Their
metric is given by (9) with

R2
q=R? (1 + ?) , (100)
R2)?
p:2R2(1+?) , (101)
R2 R\
i=—1+—] . 102
j 21( 2) 102)

The authors of [32] have demonstrated that GR black holes admit supersymmetric dual
giants even at finite values of the charge of the dual. As a consistency check of our formulae,
we rederive this point using the effective potential V(r).

A supersymmetric probe must obey the BPS equation E = q.. Clearly, the probes that are
most likely to satisfy this relation are those with the smallest mass to charge ratio, i.e. those

74This quantization was first performed in pure AdS in e.g. [31] (the solutions above are singled out as the are
1/8"" BPS in that context).

34


https://scipost.org
https://scipost.org/SciPostPhys.18.4.137

Scil Select SciPost Phys. 18, 137 (2025)

with |q.| = q,,. Making this choice and substituting (100) in (87), we find that the potential
function simplifies to

Va(r) =g+ VA2 +B—A, (103)
where A and B are functions of r given by

2(r2 —R?*)(2r*—r2R* +R®
A=gq ( ) +r*—R*,
‘ 4r6 +4r2R6 —R8

2 2)2 2 2 4 _2p4 6)2 (104)
(r2—R%)"(—2q. (r? +R?) + 2r* — r?R* + R%)

B=
4r6 +4r2R6 —R8

Note that the numerator of B is a perfect square, while its denominator is clearly positive for
r > R. It follows that B > 0 for r > R. It follows that

VA24+B—A>0, (105)

and that the inequality is saturated only at a value of r at which B =0 and A > 0. Clearly, a
value of r > R that meets these conditions is a global - and so, in particular, a local - minimum
of V4(r). At values of r at which B vanishes, V4(r) = ¢, and so the solution obeys the BPS
bound and so is supersymmetric (see Appendix G and [32] for a direct k symmetry verification
of this point).”®

We have seen that supersymmetric minima occur when B =0, i.e. when

2r* —r?R* 4+ R®

= f(r); r=——————. 106
@=f0);  FO="50 (106)
One can solve (106) to determine r? as a function of q.”%”” However, the question of exis-
tence of solutions is more easily understood simply by using (106) to plot f(r) versus r2. The
2

nature of this plot changes depending on the value of R. Let us first note that f(R) = %.
When R < +/3, then f(r) then increases monotonically as a function of r for all r. It fol-

lows immediately, that in this case, we have a single supersymmetric minimum of V,(r) when
q. > R;, and no such minima when q, < %2.78 When R > /3, f(r) first decreases (as r
is increased starting from R, reaches a minimum at r> = R?>(—1 + V1 +R2) (at this value
f(r)= R; (4\/Rz—+1 —R?>— 4) .) and then increases monotonically at all larger r. We see that,

in this case, V(r) has two supersymmetric minima when
R? R?
?(4\/R2+1—R2—4) <g <,

2
but a single supersymmetric minimum when q. > %.79 Note that the lower limit of this
range is negative for R > 2+/2. Consequently, at these values of R we have a supersymmetric
minimum of V() over a range of negative values for q..

75In addition, V,(r) also has an additional nonsupersymmetric minimum at small enough values of q..

7We find a quadratic equation for 2.
77

_ R'+2q.+ V/(R*+2q.)> —8(R* —2q,) R
= . )

r2

(107)

78In this case, i.e. when R < +/3 we also have a single nonsupersymmetric below a critical value of q,, smaller
than %2 and all the way down to —oo.
7We believe that V,(r) has a nonsupersymmetric minimum for all values of g, < R; (4vRZ+1—-R*—4).
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It is not difficult to verify that ¢; = ¢, = ¢3 = 1 for every supersymmetric minimum of
V. (r).8 1t follows that, for supersymmetric minima, the vector 9, — 04 — 0y is everywhere
tangent to the world volume of the dual giant, as might have been expected.®!

5 Quantization of dual giants in equal charge black hole back-
grounds

In the previous section, we have found the lowest energy classical solutions at any given values
of the charges q; and g, (equivalently g, and q.). In this section, we will find the quantum
wave function corresponding to these classical solutions.

As the overall actions (67), (79) are both proportional to N, it follows that the effective
value of i for our problem is of order 1% As a consequence, quantum effects are small in the
large N limit. The reader may be excused for (at first) suspecting that the only effect of these
quantum effects is to smear perfectly localized classical solution (located at the minimum of

the effective potentials plotted in Fig. 7) into a harmonic oscillator wave function, of width
1

N While the broadening described above does happen, there is a qualitatively more interest-
ing effect, associated with the fact that our particle lives in a spacetime with a horizon. When
we quantize particle motion, we demand that the wave function is ‘ingoing’ at the horizon,
i.e. regular in Eddington-Finkelstein coordinates. This boundary conditions allows our wave
function to leak into (or out of, see below) the black hole horizon. This leakage is a tunneling
effect, and so occurs with an amplitude of order e™V4», While this effect is quantitatively tiny,
it is qualitatively significant: it gives the energy w of our wave function an imaginary part.
Interestingly enough, the sign of this imaginary part changes, depending on whether u is less
than or greater than ;h. In the former case the imaginary part of w turns out to be negative,
describing a state that decays into the horizon. In the latter case the imaginary part of w is
positive, describing a state that grows due to a super radiant charge flux out of the horizon. At
the critical value of u, the state neither grows nor decays, but is stationary. These dynamical
results are in perfect agreement with the thermodynamical expectations spelt out around (94).

In addition, the quantization of the motion of duals in black hole backgrounds produces
representations of U(3), and so produces a detailed understanding of the SO(6) quantum
numbers of the states of DDBHs.

In the rest of this section we present a detailed quantization of the classical action (67),

and use this quantum description to derive all the results mentioned above.®?

801n fact it is not difficult to show that the orbits with ¢, = ¢, = ¢5 = 1 and with any constant values of ; are
satisfy the BPS bound E = q; + g, + g; where ¢; are the momenta along ¢; and are related to [; by the constraint

z,:@.

81Every BPS solution has E —J; —J, —Q; —Q, —Q; = 0, and so has zero value of the charge that generates
translation in 8, — 3, — J,,. For this reason, we expect ‘translations’ by this vector to leave supersymmetric solutions
invariant.

82Recall, however, that (67) itself was obtained by consistently truncating classical motion to configurations that
preserve the SU(2), x U(1)g symmetry, and also setting all fermionic fields to zero. A full quantization of the dual
D3-brane would require accounting for these degrees of freedom in detail would be a formidable task. The end
result of such an exercise would yield a ‘renormalized’ effective Schrodinger equation governing the motion of the
‘ground state’ D3-brane under study. As the effective corrections to (111) will be fractionally subleading in % (and
so will, for instance, produce a fractional correction to the imaginary part of the energy that is only of order 1/N)
we ignore them here. We return briefly to this point around (140) below.
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5.1 The effective Klein-Gordon equation

The action governing the motion of the dual giant, (67), is the action for a particle of unit
mass and unit charge, propagating in the metric

hyy =m(r)*g,y, (108)
and subject to the effective gauge field
C, = (r*—R". (109)

As a consequence of the overall factor of N (that multiplies the action (67)), the effective value
of i for our action is % A natural quantization of this action is given by the Klein-Gordon
equation for a particle of unit mass

1
(—ﬁh’”DuDv+1)¢ =0, (110)
where D,=V,— IN Cu- (110) can, of course, be equivalently written as

(=h*"D,D, +N?) ¢ =0. (111)

As our background spacetime has an event horizon, it is conceptually clearest to work in
(ingoing) Eddington-Finkelstein coordinates. Recall that the Schwarzschild time ¢ and the
Eddington-Finkelstein time v are related by

dr
t—V—Jm, (112)

where W(r) is the function that appears in the black hole metric (9).
In these coordinates, our metric takes the form

2

b2+AZ

2
Gurdxtdx” = —W(r)dv? + 2drdv + ds*(CP?) + (d‘ll +0+(fAs, —Ay) (dv — %)) (113)
(where A, and A, are the coefficients of dt and o5 in (15) and the functions b(r) and f(r)
appear in the black hole metric (9), and have the explicit form listed in (16) and (17) re-
spectively). As we have explained above, our particle is subject to an effective gauge field C,
which - in the current coordinates - is given by

C, R*—r?

C,=C,=r*—R*, C.=- = .
v st TTWE T win

(114)

Recall that, in the original (¢, r) coordinates, we had chosen to work in a gauge in which the
contraction of both gauge fields A and C with the killing vector vanishes on the horizon.®3
This choice guarantees that C, (see (114)) and the gauge field A (and so the 10 dimensional
metric(113) )®* are both regular at the horizon in our new Eddington Finklestein coordinates.

We are interested in studying the Klein Gordon equation (111) in the metric
h,, = m(r)zgw with g, given in (113). (111) is a partial differential equations; its solutions
depend on the time coordinate v, the ‘fibre’ coordinate ¥ and coordinates on CP?, in addition
to the radial coordinate r. However the metric h,,, enjoys invariance under time translations
and U(3). As a consequence, we can specialize to solutions to (111) that have definite values

#1In equations, our fields obey A, — fA,, =0, and C, = 0.
84Recall that W (r) vanishes at the horizon. This introduces a potential singularity (at the horizon) in the last
term of (113). This singularity is absent because A, — fA,, also vanishes precisely where W (r) vanishes.
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of energy, U(1) and SU(3) charges. At any definite given values of these charges, we should
expect our equation of motion (111) effectively reduces to an ordinary differential equation
in r. This is indeed the case, as we now pause now to explain.

Let us first account for the U(1) € U(3) symmetry of of h,,. In the coordinates used in
(113) this U(1) act as a translation on the coordinate 1. Note that our metric h,,, = m(r)? Euv
(with gw given in (113)) takes the Kaluza Klein form with d¥ as the fibre direction. The
effective Kaluza-Klein gauge field equals®®

A¢ _fA0'3
(—@ + (A~ fAg,)dv — Tdr) :

Using the usual formulae for Laplacians in Kaluza Klein theory (see the previous footnote) the
action of the Laplacian on a mode ¢ of the form ¢ = e’ y takes the form

. 1 1
—e "% = ——(D,D, + D,D,)y — —D, (m*W(r)D"y)
m m

2, 42 115
+ k_z % _ ivz (1
m2 b2 x m2  CP%k o
. k(A—fAs,)-NC, . . .
where D, = 3, +i———*——, D, = (3, +i(k(A, — fA,,)—iNC,), and Dy = —ik and V¢, ,

is the Laplacian on CP? with an effective gauge field given by the replacement D, — D, +ik®
(see Appendix H.3).

We have explained above that the differential operator (115) acts on CP? coordinates
through a covariantized Laplacian, describing a particle of charge k subject to a gauge field
equal to —© on on CP2. This Laplacian is standard, and is easily diagonalized. Recall k is an
integer. In Appendix H.3 we recall that a basis for the infinnite dimensional space of ‘sections’
of this charged particle is given by CP? ‘monopole spherical harmonics’, which can be labeled
by two positive integers, n, and n;, subject to the constraint n, —n; = k. Moreover we
demonstrate that —V% P2k evaluates to 4(nznz +ny; +nz) when acting on section in the ny n;
representation. Consequently, if we set y = e‘i“”(j),lz,nzh(r), (where ¢, ,,, is any function in
the given representation) we see that

iwv

m?——(—=v2 + N2)¢p=—(D, D, + D, D, )h(r) — %Dr (m*W (r)D"h(r))

qbnz,nz
b2+A%73 2 2 2 (110
+ ((T) (ny —nz)*+4(nznz +nz+nz)+N"m )h(r),
where, now,
D, =—iw+i((ny —nz)A(r)— fAs,(r)) —NC.(r)). 117)

The Klein-Gordon equation is the assertion that the LHS - and hence the RHS - of (116) van-
ishes. We have thus achieved the promised reduction of dynamics to a second order differential
equation in r.

$0ur conventions are as follows. We say that a metric with line element ds* = H;;dx'dx’ +* (dvy —A;dx')* is
of the Kaluza Klein form with 1 as the fibre direction, and with KK gauge field A;. In such a spacetime, the action
of the Laplacian on a field of the form B(x;)e™¥ is given by

—e V2 (B(x,)e*¥) = —H"D,D;B + ¢ *°k’B,

where D; = V; —ikA; and V;, is the usual general relativistic covariant derivative on the base manifold with metric
Hy;.
8As W is a periodic variable with periodicity 27, k is, of course, an integer. This will be made more explicit
below.
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We will perform a linear redefinition of h(r), that eliminates ‘first derivative’ terms in (116),
and thereby cast this equation in the Schrodinger form. The relevant field redefinition is given
by

eiwrs
h(r)= r), (118)
(r) T (r)
where .
dr
re= . (119)
JR w(r)
It is not difficult to verify that (116) turns into the Schrodinger equation for g(r)
1 2?2 _
~5NZ 32 +V(r)|g(r)=0, (120)

where the effective potential V(r) is given by

vy WY (wyP (R4 fA) () m
YT AN2mIW) T 8N2(mSW )2 2W2 2W

1 b? +A<273 ny —nz\? ngznz +nz +n;
() ey o),
2w b2 N N2

Note that the change of variables (118) is singular at the horizon. As the physical condition on
solutions is that h(r) is nonsingular at the horizon, we seek solutions g(r) of (120) that have
a compensating singularity to ensure that h(r) is regular at the horizon. In the neighborhood
of the horizon, in other words, g(r) is required to behave like

(121)

. iw 1
g(r) ~ YW (r)e ™ ~ (r—R) W® 2 (122)

times an analytic function. We are thus instructed to solve the Schrodinger equation (120)
subject to the boundary condition of normalizability at r = 00, and the boundary condition
(122) at r =R.

5.1.1 Recovering the classical potential from the quantum potential in the large N

As we have explained above, the wave function of our dual graviton (at spacetime energy
w and with U(3) charges parameterized by n, and nj3) is the zero ‘energy’ solution to the
Schrodinger equation with the potential V(r) listed in (121). We can thus obtain a sort of
quantum version of the classical potential V,;(r) by imposing the equation V() = 087 and using
this equation to solve for w (the spacetime energy, i.e. the energy under the spacetime klling
vector J,) as a function of r. We should expect this procedure to yield precisely the classical
potential V;(r) in the classical limit.®® This expectation is easily verified. If we assume that
ny and n; are O(N) (as is appropriate in the classical limit), we find that the first two terms
on the RHS of the first line of (121) are of order %, and so can be neglected in comparison
to the other terms in the RHS of (121) (which are of order unity in the large N limit). Setting

87We impose the equation V(r) = 0 because we are looking for a zero ‘energy’ solution to the Schrodinger
equation (120). For the purposes of computing the potential, we set the kinetic contribution in the Schrodinger
equation to zero. Note that the ‘energy’ that appears in the Schrodinger equation’ is completely distinct from
the spacetime energy - the energy under the killing vector 8, - which equals w. From the viewpoint of first
quantization, the Schrodinger ‘energy’ is dual to a shift of the worldline proper time; the vanishing of this ‘energy’
is a consequence of diffeomorphism invariance on the worldline.

88That is in the limit that all charges are first scaled to classical values: that is when n,, n; and w are taken to
be of order N) and N is then taken to infinity.
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the first two terms on the RHS of the first line of (121) to zero, and solving for «w, we obtain
precisely®® w = V() — V4 (R) (where V,(r) is listed in (81)) once we identify

nZ + nz
=dn>
N
e (123)
N =4

(123) give us the formulae that allow us to translate between the quantum charges of the
current section and the classical charges of the previous section.

5.1.2 The quantum potential a combined large charge limit, large r limit

The quantum potential V(r) simplifies significantly (without trivializing) when r and all
charges are taken to be large in a particular coordinated manner. This simplification happens
even at finite N, as we now explain.

Upon scaling charges and r in the following coordinated manner”®
r w ny nz
r— —, W= —, nz——, n;——, (124)
€ € € €

and taking e to be small, we find that the quantum potential (121) simplifies to”!

2 2
re (nz+nz)* (nz —ny)
V()= —+-~2 2 4yt %2 126
(r) 2 2N2r2 N H N ( )
In this limit it is very easy to solve the equation V(r) = 0 for w as a function of r (see the
previous subsection). We find

2 2 _
r (ny; +nz) ngy—nz
=N|—+ - , 127
@ (2 oNzrz . VTN (127)

in perfect agreement with the first term in (91) (the classical potential in the same scaling
limit).%? In this limit, therefore, w correctly reproduces V(r) even at finite N.

As V(r) is linear in w in the limit under study (see (126)), the relationship between the
quantum and classical potentials is very simple in this limit, and is given by V() = NV (r)+w.
In this regime, therefore, V(r), has the same minima as V(r), and so V(r) has a minimum at
r2= v/qn (see the first term in (92)) with g, replaced by nzNﬂ In other words the potential
(126) has a minimum at

2 ny + nz .
The potential at this minima vanishes when w equals
Wy :(nZ+n2)_.u'(nZ_nZ):N(qn_uu'qc) (129)

89The procedure of solving for w as a function of r is slightly ambiguous at finite N, as the equation is quadratic,
and so has two roots for w as a function of r. In the classical large N limit, however, only one of these two roots
survives (the other goes to infinity), yielding an unambiguous answer.

“OPhysically € ~ qiz ; working at small e is equivalent to working at large charge.

ol1f we set 12 ~ q,: and § ~ q, (see (124)) we see that the potential scales like V ~ q,,. Note, therefore, that the
integral

J«/Vdr~qn, (125)

where we have assumed that the integral is performed over a range of order ,/q,.
92Recall that we work in the gauge (15) throughout this section.
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Figure 7: Effective potential for black holes with u = 0.5.

(this is the analogue (93)). For future use we note that the second derivative of the potential
at r, is given by
v (r =4, (130)

*)|w:w*

In Fig.7 we have plotted the function V(r) (see (120)) at u = % for three different values
of w, w = w,, a value of w > w, and a value of w < w,.

5.1.3 The potential in the near horizon region

In this paper, we are interested in the large N limit (with charges also scaled to order N or
larger). In the previous section we have explained that in this limit, the first two terms on
the RHS of (121) can be ignored at generic values of r, as these terms are of order 1% (in
comparison, the remaining terms are of order unity). In this subsubsection we will explain
that when u is tuned to the neighbourhood of the critical value (defined so that w, in (129) is
of order unity rather than order N) an exceptional situation arises, and the first two ‘quantum’
terms in (121) can no longer be neglected when r lies in the neigbbourhood of the horizon R.
Of course, the neighbourhood of the horizon is a location of particular physical interest, and
so warrant study in their own right.

Recall that near the horizon W(r) ~ W/(R)(r —R), so the first two terms on the RHS of
(121) - both of which are proportional to % diverge as r — ry like ﬁ. The same is true

of the third term on the RHS of (121). Near enough to the horizon, these terms dominate the
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quantum potential at every value of N; in this region we find®*-%*

_ (W'R)) +40?
8N2(W/(R)(r —R))?

V(r) = (132)

In the rest of this subsubsection we study the quantum potential V(r) in the neigbourhood
of r =R (and w ~ w,) first at generic values of u, and then near the critical value of u.

Generic values of u

For the purpose of computing the lowest energy state, we will be interested in the quantum
potential at w ~ w,.. We see from (129) that at generic values of u

w,~0O(Ngq,). generic values of . (133)

It follows that at generic values of u the second term in the numerator of (132) is dominant

over the first,”> and the potential in the near horizon region scales like
2
qn
V(r)~——2—
(N~

(all scalings with g,, are provided under the assumption that g, > 1, and that g, and q,, are of
the same order of largeness). More generally, we find that the potential around the horizon
can be expanded as

V() =q2 > Ar—R)". (134)
n=-—2

At generic values of u, all A, are all of order unity.”®

We now have a qualitative picture of the potential V(r) at large g, and generic values of u.
The potential starts out at —oo at the horizon R. Upon increasing r, V(r) increases, reaching
zero at r = r; where r; —R ~ O(1). The potential continues to increase, reaching its maximum
height of O(qg) at r —R of order unity, and then decreases more slowly, attaining a height

w
V(r*)~qn—uqc—ﬁ,

at the local minimum located at
r* ~ qn M

Subsequently, the potential rises again, reaching oo at r = oo.

%3The second ter in the numerator of (132) - the term proportional to w?- comes from the third term on the RHS
of (121).
94For non-rotating black holes (132) can be written more explicitly as
R2w2 1
4(u2—2r2—-1)" ta

V(r)= SN R (131)

95So - at these values of u- the first two terms on the RHS of (121) are subdominant compared to the third term
in (121) even when r is very near the horizon
9We note for future use that, as in (125)

ﬁdr~qn, (135)

where we assume that the integral is taken over a range of order unity.
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W near the critical value

© 1y
The coefficient of the leading term in the expansion (134), A_, is of order max(q+’“)), and

so is generically of order unity. It is, however, possible to tune u in a manner that ensures
that w ~ w, ~ O(1) (recall that this quantity is generically of order N). In this physically
interesting situation A_, becomes anomalously small; it is of order % (rather than of order
unity, as is the case at generic values of u).””

Focussing on this special situation, let us now examine the structure of the quantum po-
tential V(r) in the neighbourhood of r = R. When r is taken to lie sufficiently near to R,
V(r) continues, of course, to be dominated by the first term - the term proportional to A_,-
in (134). However, as A_, is of order 1% (while A_; and all subsequent A,, continue to be of
order 1), the term proportional to A_; in (134) becomes comparable to the first term in this
expansion, already when r —R is of order ]% or larger. On the other hand all subsequent terms
in (134) - those proportional to Aj, A; etc - are subdominant (compared to this second term
in the expansion) as along as r —R < 1. It follows that V(r) is well approximated by the first
two terms in the series (134), i.e. by”®

*2

1, % b
27 WIR?
V(r)=— + R 136
() =—oN2t—re T N2 —R) (136)
all through the region r —R < 1. The constants in (136) are given by
_ 1 j2u*R}(ng —ny)? 2 2 2772
b= 8W’(R)( (R6 — 2 (g2 —2pRD) +ny +2nzn; +2)+n; +4n; | +4m°N
" (137)
FWR)+ 4 ®) wz)
W/Z(R) )

Note that the coefficient of % - namely z% continues to be of order ~ O(qi) even when w is
small, illustrating that A_; (unlike A_,) remains of order unity even when w is small.
Within the approximation (136), the turning point r; (see fig. 8) is located at

1 2
at W?()R)z

b (138)

rl_R:

Notice that

so r; approaches very close to the horizon when w is small.

5.2 Qualitative nature of the solution

As mentioned in the introduction to this section, our goal is to find the quantum state cor-
responding to the classical configuration in which our dual giant sits at the minimum of the
potential V,(r), i.e. in a quantum solution at w near w,. In this brief subsubsection we
describe qualitatively how we will proceed (we turn to quantitative analysis in subsequent
subsections).

7In this situation the first term in the numerator of (132) cannot be ignored compared to the second term. As
the first term in (132) receives contributions from the ‘quantum’ terms in (121).

%8For different values in this range, the term with n = —2 is either much larger than, comparable to, or much
smaller than the term with n = —1. n = —2 dominates n = —1 for (r —R) < A_,q,,. The converse is true when the
inequality is reversed.
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Figure 8: Effective potential for probes for «w = w,. Here R is the radius of horizon,
r, is the first turning point and r, is the minima of the harmonic oscillator.

We wish to find a zero energy wave function sitting in the potential V(r) with the smallest
possible value of w. As V(r) vanishes at w = w, = N(q,, — uq.), we expect to find the lowest
energy state (which will be roughly the ground state of the harmonic oscillator centred around
r,) at

w=w,+..., (139)

where the ... in (139) represent terms that are subleading in the large N limit.”” But w, is
precisely the energy at which the potential V(r) has a minimum that just ‘touches’ the real
axis at r = r, (see Fig. 7 c¢). At the values of w that are relevant for the rest of this section,
therefore, the potential V(r) takes the qualitative form depicted in the schematic diagram Fig
8. We re emphasize that graph depicted in Fig. 8. has 3 distinguished values of r. These are

* r =R, the event horizon. V(r) asymptotes to —oo here.

* r = ry, the point where V(r) first cuts the x axis (i.e. the point at which V(r) first
transits from negative to positive).

* r =r,, the point at which V() has a local minimum. Notice V(r,) ~ 0

It would not be difficult to systematically improve (139) in a power series expansion in
Nan. However every term in this power expansion is real, so no finite order in this expansion
captures the effect of physical interest to us, namely the imaginary part of w (a consequence
of the decay of the wave function into the black hole). This imaginary part is a tunneling effect
and occurs at order e V9 and so is nonperturbative from the viewpoint of the NL expansion.
In order to capture the effect of physical importance, we proceed as follows. ’

At generic values of w, a solution of (120) that is normalizable at infinity (to the right

of the oscillator minimum) grows rather than decaying to the left of the oscillator minimum.

9*Working precisely within the theory governed by the Klein-Gordon equation (111) that the ground state energy
of a harmonic oscillator around r = r, -in the potential V(r) - carries energy equal to its classical value plus I%
Consequently (111) itself is solved by choosing (see (126))

1
a)zw*+1+(’)(

qu) , (140)

where the term (’)(LN) accounts for the effects of non harmonicity in the potential V(r) around r,. While (140)

holds for the equatig)n (111), but is not correct for the physical situation under study. This is because our dual
D3-brane also has fermionic degrees of freedom, whose zero point energy cancels the 1 on the RHS of (140). A
serious computation of w — w, would require one to account for these. In fact it would require us to use the full
D3-brane action (the reduction to the particle action is presumably insufficient). As the real part of w — w, is
not of great physical interest, we leave its (rather involved) computation to the interested reader, noting only that
supersymmetry guarantees that this quantity vanishes exactly in the absence of the black hole.
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Let us, for a moment, imagine that the potential around r, was a genuine harmonic oscillator
(with no anharmonic corrections). Upon varying w, in this case, we would find that the wave
function decays to the left of this minimum only when one of the eigenstates of the harmonic
oscillator obeys (120). This happens when w = wl +2n (where w! = w, +1; the +1 accounts
for the zero point energy shift) for n = 0,1,2... (recall that the angular frequency of our
harmonic oscillator equals 2). The lowest energy at which this is achieved is w = w?. Now
our actual problem includes anharmonicities, so we would have to correct w systematically
in a power series in Nan (these are the power series corrections in (139)). To any order in
this expansion we would, however, be able to compute w - and in particular, find the (real)
lowest energy solution for which - the wave function decays to the left of r,. Let us continue
to call this value of w, wl. The solution at this energy would (by construction) match onto
the WKB solution that decays (when moving away from r,, towards smaller values of r).!%°
As this solution proceeds further (to smaller values of r) it eventually encounters a turning
point in V(r) at ‘r = r; (see fig.8). Of course, the WKB approximation breaks down in the
neighborhood of r = r;, and we have to continue the solution to r < r; using the well known
WKB connection formulae. These formulae, however have the property that they match the
purely growing solution to the right of r;'°! to an equal linear combination of incoming and
outgoing modes for r < r;.19% At least generically, however, the WKB approximation holds
once again to the left of r;. Continuing this linear sum of ingoing and outgoing solutions to
smaller r using WKB, we obtain a linear combination of ingoing and outgoing solutions at the
horizon, in violation of the boundary condition (122). Consequently, the solution at energy
w = w! is not physically relevant, because it does not obey physical boundary conditions.

Let us search for a solution that does obey the right boundary conditions. As we have
mentioned above, the connection formulae tell us that a purely ingoing solution to the left
of r; (and so at the horizon) matches onto a linear combination of decaying and growing
modes (to the right of ;). The coefficients of these growing and decaying modes are equal in
magnitude but differ by a relative factor of i. We must thus choose w to make sure that our
wave function has precisely this structure just to the right of r;.

We can, indeed, produce such a wave function by changing «w away from w{ by a term
proportional to ie 2VA where 8 = f rr: v/Vdr. This maneuver forces the solution to the left
103

r, to be linear combination of the decaying and growing modes, with relative coefficients
proportional to ie"2N?. By the time this solution reaches r, the decaying piece has diminished
by a factor proportional to e N while the growing piece has increased by a factor of eN?,
allowing the two modes to have equal coefficients - but differ by a phase factor i -at r = r;.

Note that the imaginary shift of energy discussed above is extremely small; it is of order
eNdn, The reader may wonder how it is consistent for us to discuss such minute nonpertur-
bative changes in energy without first accounting for the (much larger) perturbative shifts in
energy in a power series in 1/(Nq,). The reason this is consistent is that this nonperturba-
tive shift is imaginary (in contrast all perturbative corrections to the energy are real). While
the nonperturbative shift in energies that we compute is tiny, it is nonetheless the leading
contribution to the imaginary shift of energies.

100This is precisely the procedure we would adopt when searching for bound states of a potential that continues
to grow (on both sides) when we move away from r,.

101Note that a solution that decays as r decreases away to the left of r, is a solution that grows as r increases to
the right of r;.

102\e give a quick argument that this must be the case. The probability flux vanishes when evaluated on a purely
decaying (or any other real solution). As the probability current is conserved, it must also vanish for r < ry. This
tells us that the ingoing and outgoing pieces must come with equal coefficients for r < r; so that their probability
flux adds to zero

193We report the ratio of growing/decaying: measured moving away from r, to the left, i.e to smaller values of r.
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In the rest of this section we implement the description of the previous paragraph to find
a precise formula for the imaginary part of w.

5.3 Validity of the WKB approximation

In the rest of this section we will attempt to find the lowest’ w solution to the equation (120)
in the WKB approximation.!%4

5.3.1 Condition for validity

Solutions to the Schrodinger equation (120) are well approximated by the WKB approximation

g(r) (aleNfdr V2V(r) +a26_Nfdr‘/2v(r)) , (141)

1
-~ UNQ@V(r):

whenever the fractional change in the local momentum is small over one wavelength, i.e.
provided % Ink < 1, (here k is the local wave number equal to N+/—2V), i.e. provided

/

- <1, (142)
NV2

The factor of % in (142) tells us that the WKB approximation is always valid except
* In the immediate neighborhood of turning points, i.e. locations where V(r) = 0.

* In regions where V(r) happens to be of order # (for whatever reason) even though r
does not lie in the immediate neighborhood of a turning point.

As we have explained above, we are interested in the potential V(r) at w ~ w,. At such
values of w we have 3 turning points: the ‘harmonic oscillator turning points’ in the immediate
neighborhood of r,, and the turning point at r = ry.

5.3.2 Validity around r =r,

Around r, the WKB approximation only holds for |[r —r,| > JLN In the immediate neighbor-
hood of r, (where this condition is not met) we are required to solve the equation exactly, and
the match with the WKB solution at |r —r,| > \/LN Fortunately, the required exact solution is
easy to find because the potential is quadratic (to great accuracy) in the relevant range of r.

5.3.3 Validity around r = r,

We study the question of validity of the WKB approximation near r; first at generic values of
u (at which w ~ Ng,,) and then separately at anomalously low values of w.
At generic values of u, the potential can be linearized around r = ry. It follows from (134)
that
V(r)~q(r—r). (143)

Consequently, the figure of merit (142) evaluates to

1
—
Ngu(r—ry)>

1045ee [33] for the WKB analysis of Fermionic fields in a somewhat similar potential in a similar context. [33] find
that ‘superradiant unstable’ Fermions simply populate a Fermi Sea.
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and the WKB approximation is good provided

Ir—r|> (144)

(Ng,)3

The usual approach to WKB through a turning point is to approximate the potential as
linear in the immediate neighborhood of the turning point, and to match this solution to WKB.
The linearized approximation around r; works provided

Ir—r| <1 (145)

(see again (134)). It follows that the linearized approximation and WKB approximation have
a common domain of validity (so that standard connection formulae can be applied) provided

- < 1. (146)
(Nq,)3

Since N (and perhaps also q,) is large, this condition is always obeyed at generic u
Let us now turn to anomalously small values of w. Roughly (see (136) )

2
V= o I
(r—R)?* (r—R)
where )
2 _ w1
a —max(Nz,Nz). (147)

Note a? < 1. The turning point occurs at

aZ
rl_RN_Z,
n

6 8
and V' at this point ~ %, and V" around this point ~ %. The linearized approximation to the
potential around the turning point is thus valid provided

2
I —rl<rn—R~>. (148)
q

n
Within the domain of this linearization,

¢
V(r)~ a—i(r—rl). (149)

The WKB figure of merit, (142), is small provided that

2\
|r—r1|>>(N—q3) : (150)
n

(150) and (148) can only be simultaneously valid provided
as> = (151)
¥
It follows from (147) that (151) is satisfied if and only if

lew[>1. (152)
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5

When (152) is not met, we cannot use the usual WKB method around small values of rl.w
Recall that w ~ w, and that

uq
(O :N(qn_.uqc)z_ch (:U“_ n) . (153)

[

We thus see that the condition |w,| > 1 is met provided

Iu—q—”|>>i. (154)
4  Ngq
When (152) fails, we can no longer use the WKB approximation for r < r; (and, in particular,
in the neighborhood of the horizon). In this case other methods must be employed for r in
the neighborhood of r; and smaller.
Note that the values of u that do not obey (154) - i.e. those u for which the WKB ap-
proximation fails in the near horizon region - are of special interest, as they lie on the cusp of
stability.

5.4 Solving around r =,

Motivated by the discussion above, we set
w=wl+te, (155)

where
wl=w,+1+... (156)

(see (140)). The ... account for non harmonicities, and so can be ignored in what follows.1°

(We will find, below, that e is imaginary and of order e 2#: we are uninterested in real
power law corrections to € but focus on the nonperturbative imaginary corrections). As we
have explained above, the potential V (r) is of the harmonic oscillator form in the neighborhood
of r,, and the Schrodinger equation at large r takes the following form

( 1 092 N V//(T‘*)(r _ r*)z) g(r)= (—W + 6) g(r) . (157)

" ON23r2 2 2N

nz+n;

Using r, = ¥——= and V"(r,) = 4 (see (130)), (157) simplifies to'’

L2 atr—r ) ) (1+)() (158)
—_— r—r r)=|—+e|glr).
2N2 312 )8 NTE)E
The most general solution to (157) takes the form
gr)= ch% (21/ﬁ(r — r*)) + czD_z%_l (2i1/ﬁ(r — r*)) , (159)
where D, (x) is the parabolic D-function. We are interested only in normalizable solutions,
i.e. solutions that decay as r — oo. Now when r —r, > \/l—ﬁ, it follows from standard

1051t is interesting that we recover the same result also by focusing on the extreme near horizon region. plugging
(132) into (142), (and recalling that W’(R) is of order unity), we find that (142) holds only if w > 1.

1%Note that the « that appears in (155) is the w that appears in the solution to the wave equation (111). As we
have emphasized in the discussion around(140), this is not the full energy of the solution: indeed at this order we
expect that (in the full energy) the shift by 1 in (156) is exactly cancelled by the energy of the fermionic harmonic
oscillator.

197 As we are uninterested in real corrections to , and only the leading term in the imaginary correction to c, it
is sufficient to work at quadratic order.
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formulae (for the large argument behavior of parabolic cylindrical functions) g(r) in (159) is
well approximated by

—N(r—r.? _; Ny

_ - 160
wzzm(r—r*) (160)

g(r)=rcqe

Consequently, the requirement of normalizability forces us to set ¢, to zero, and g(r) in (160)
reduces to
glr)= chz% (21/N(r — r*)) . (161)

In the opposite limit r, —r > \/LN’ g(r) in (161) is well approximated by
N(r—r,)?
g = ( Ve ) + e_N(r_r*)Z)

V2N(r,—r)l(—2(Ne)

— ( —€VNT NG-ry? —N(r—r*)z)
=C e +e 5
2v2(r, —r)

(162)

where in the second step we used the fact that e is small. We see that our g(r) has a growing
piece with coefficient €, in addition to the dominant decaying piece with coefficient unity.
Matching (162) with the WKB wave function (141),'%® we conclude that everywhere in the
region (144) together with r —r, < +/N, our solution is well approximated by the WKB wave
function

* *

g(r)= W (Aexp (—Jr dr’/ 2V(r’)) + Bexp (Jr dr’/ 2V(r’))) , (163)

with coefficients

i I
A=%, B:—l\/;‘/zNS/Ze. (164)

The WKB solution g(r) given in (163) can be re-written as follows

g(r) (Aexp(J N+v2V)e™P +Bexp(—J N\/ﬁ)eﬁ) , (165)

r

1
YO

where

ﬂZJ NV2V. (166)

5.5 Matching across the turning point at r,

We have seen above that the usual WKB methods (including use of the usual connection for-
mulae) work around the turning point r; provided that (154) (equivalently (152)) holds.
Assuming this is the case, the usual matching formulae (presented in standard quantum me-
chanical texts) allow us to match the WKB solution (163) with another WKB solution valid in
the range (150). We find (see Appendix I for a derivation) that (163) matches (in the range
(150)) to

Ae™

p
2v) s

glr)~ (sin(J Nv=2V + %) + %ezﬁ cos(f NvV=2V + %)) . (167)

1%1n order to perform this match, we use the fact that the potential in the relevant region evaluates to
V(r)=2(r—r)—x —e.
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In the extreme near horizon limit, V(r) simplifies to

_ (w))?
vir) = ~ 2N2W/(R)2(r —R)2’ (168)
yielding
q
oV = o] . (169)

N+/W/(R)(r —R)

g(r) can thus be explicitly evaluated in the near horizon limit: we find

o gl o gl
g(r)=(—1)1/4C(r—R)1/2(( l+%e2ﬁ) «/L’]_(R)log(r_R)+(%—i%ezﬂ)e_l—«/”’?_@log(r—m)

- 1 .
= (-1)Y*c(r —R)V/? ((—1 + Xe ﬂ) ellealns 4 (5 — lZ 2/5) l"”qlrs) , (170)
where .
_ 25 )_5
C=AeP (— ) (171)
N+/W'(R)

We must now implement the boundary conditions (122). Because of the modulus in (169),
it is convenient to consider the two cases wl > 0 and w! < 0 separately.'%
When or coZ > 0, the above solution matches the regular solution at the horizon when

2B o _ ;.
i (172)
e=—————exp(—2p),
N2 e p(—28)
so that our final solution for w is
w=wl— exp(—2f). (173)

N3/2 ,/

When w* < 0, we need to set the second term in (170) to zero to obtain a regular solution at
the horizon. This happens when

2B
2B op _ _

(174)

N3/2¢_e xp(—2p).

We see from (172) and (174) that the imaginary part of w] flips signs u increases through the
critical value.

5.6 Solution at small w!

When w! is of order unity, the interval (R, r;) is extremely small. For these values of w, (142)
is never obeyed - and so the WKB approximation is never valid - within the relevant range.'!°
While the results of §5.4 continue to hold at such values of w?, the analysis of §5.5 is no longer
valid.

199Recall that the procedure we are implementing in this subsection fails for «? of order unity: the interpolation
between these two cases requires further analysis, see the next subsection.

19However the WKB approximation continues to be valid for r —r, > 5.
N3
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If w is of order unity, however, then it is certainly true that

2 <
N qn> (1 75)
and when this is true we can use a second approximation: V(r) is well approximated by (136)
for r —R < 1 (and in particular in the neighborhood of r;). In this subsection we will use the
approximation (136) to re-solve for the € (the imaginary correction to the energy), but this
time for any w that obeys (175).

Notice that (175) and the condition for the validity of the WKB approximation (152) have
a large overlap region. It follows, therefore, that the results of this subsection should reduce
to those of the previous subsection in the range

1< w<Ng,. (176)

We will use this requirement as a consistency check on the computations of the current sub-
section.
The Schrodinger equation (120) with the potential (136) is easy to solve. Performing the

following transformation:
g(r)=24/2b(r =R)f (y), 177)

¥y =24/2b(r —R), (178)

yields the following differential equation in the variable y:

with

4wl
W/(R)Z

YD +yf )+ ( yz)f(y) =0. (179)

The solutions of these differential equations are Modified Bessel functions (I,(y) and

K, (y)) but with imaginary values: specifically with u = iv = i%. The most general solu-

tion to this equation takes the form

f=al,(y)+ck,(y), (180)
where [34] ) )
1,(y)=Re(l;,(y)), K,(y)=K;,(y), (181)
and ;
2w,
V=T (182)

At small values of y (i,e near the horizon) the solution (180) is well approximated by [34]

0% (W} cos (vIog(y/2)— 1+) —Cz( ) sin(vlog(y/2)—1+) . (183)

vsinh(mv)

In order that g(r) meet the boundary condition (122)) we are forced to choose'!!

c i sinh
Cp _ isin 77:v. (184)
C1 TT

il _
110nce we make this choice, f(y) = c,e~"'°8 % and hence g(r) = 2c; v/2b(r —R)e W0 8?0
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When r—R> %, y > 1 (see (178)). It follows from the large y asymptotic expansions

- 1
L(y)~ e’
V2T
Y (185)
T
I~ oY
W)~ A
that our solution ((180) with (184)), at large y, is well approximated by
fy_;Oo a (ey +isinh(7mv) e_y) . (186)

\V21y

It follows (using (177)) that for r —R > %, the function g(r) is well approximated by

1/4(.. _ p\1/4 q
g(r)= c1v2b \/;_r R) (62" 2b(r=F) +isinh($vff—(6;;)) e2 Zb(r_R)) . (187)
Vi

We must now match (187) with the WKB expression (165). Plugging (136) into (165) we
find, we find that the WKB wave function becomes

g(r)= M (Aexp(—/j)ezv 2b(r—=R)-a 4 p exp(p)e® 2 Zb(r_R)) ) (188)

V2D
where
1 (02
= - . 18
T\ wire (189)
Comparing (188) and (187), we get
B 2new!
22 o2 = isinh (WTE(‘;"‘)) . (190)

(190) gives us the ratio of coefficients in the WKB wave function. We can use this to determine
the imaginary part of «w. Comparing (190) with (164), we find

1 2 (.. 21! 28 —2a
GZ_W a(lsmh(W/(R)))e e . (191)

(191) is our final result for the imaginary part of w.
As we have explained around (176), when |w}| > 1, the WKB analysis of (5.5) also applies,

q
so we should expect (191) to reduce to (174). This is indeed the case. When w > 1, a — Z,Tvlf‘()rﬁ
and so (191) reduces to )

E=——"-—77—¢ N (192)
N3/24/2em
in agreement with (174) as expected.
On the other hand, for w < —1,
e, (193)

€e=———¢
N3/24/2em

again in agreement with (174) as expected.
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5.7 Intuitive explanation for the flip in the sign of Im(w) as w exceeds Z—"

In this subsection, we will give an intuitive explanation for the fact that €, the imaginary part
of w, flips sign as w{ changes from positive to negative.

Recall that any charged scalar field governed by a charged Klein-Gordon equation has a
conserved ‘charge’ or ‘probability’ current defined by

J,=—i(¢*D,0 — D, 0*). (194)

On solutions studied in this paper, it is easy to convince oneself that the nontrivial part of the
current conservation equation is simply d,.J" + 8,J” = 0. Working out the explicit expressions
for these currents we find that the currents

‘/§JV — 2((At _ng3)(TlZVV— nZ) +r4 R4

JgJ" = —2(Re(w))|h|?e™ @Y — iW (h*8.h — hd h*)e? ™)

) |h|2621m(w)v _ 1(h*8rh _ harh*)eZIm(w)v ,
(195)

are conserved. Recall that h(r) is related to the field g(r) (which obeys the Schrodinger equa-
tion) by (118). Therefore

2iRe(w
W h—hah* = (g°d,g — 83,8 Ye 2 4 ZEE gpg-amier  (10)
It is easy to convince oneself that the expressions for the currents can be rewritten in terms of

g(r)as

1 ((Z(At _ang)

\/EJV — W = ) |g|2 _ l(g* g — garg*)) eZIm(w)ve—ZIm(w)rs ,

VgJ" =—i(g*0,g — g8, g*)eH M@l 2mlelrs

(197)

The fact that the currents (197) are conserved also follows directly from an analysis of the
Schrodinger equation (120).!2

Let us now understand how current conservation works on the solutions constructed earlier
in this section. Integrating the current conservation equation we find

J'(R) = f a,J". (198)

TV Let w = w! +iw; where

—iw‘ivewiv

The v variation of all fields, in the solutions of interest, is e
w; = —ie with € given in (191). It follows that all bare fields behave like e . Con-
sequently, bilinears built out of ¢ and ¢* - and so J¥ and J" - are proportional to e?“i, It
follows that (198) can be rewritten as

(o]

J'(R) = 2wlf Jv. (199)

Now, on our solutions, J" is highly peaked (over length scale é) atr =r,. Let us suppose that
we normalize our solution so that froo JV =1 at v =0. It follows from (198) that

0, r—r1>>§,

(200)
2(L)i , r—rqp < %

Jr(R)={

H2This is simplest to see in the case when w is real. In this case J is independent of time, so 3,J* vanishes
trivially. Conservation of current then amounts to the fact that 9,J" vanishes. But the expression for J" is simply
the usual expression for the probability current in quantum mechanics, and the conservation of this current in
eigenstates is a familiar result from non relativistic quantum mechanics.
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(note that w; is negative for a solution that decays into the black hole). In particular, J" is
positive and constant as long as we are much to the left of the harmonic oscillator.

As J" is constant all the way from the horizon to r,, we can compute J" from our solution
near the horizon. Let us suppose first that |w| > 1 so that the WKB approximation is valid
near the horizon. At the horizon W = 0, and J” is given by the first term on the RHS of (195).
Plugging the near horizon form of h(r) we find using (195)

V&I (R) = —8N2sgn(w)|AlPe 2P W'(R)e*” (201)

where A is given in (164). The key point here is that J" is proportional to sgn(wy). This came

about as follows. The first term on the RHS of (195) is proportional to w{. However the WKB
formula also involves a prefactor o< % In the near horizon region (and when w > 1) this

2
prefactor was o< ‘/% (because the potential is o (r‘_‘)—R)z). This prefactor cancels the explicit

factor of w in the numerator - up to sign.''3

The fact that LHS of (200) is proportional to sgn(w}) explains the non analytic flip in the
value of Im(w) as a function of w! (and hence of u) within the WKB approximation (and
hence for wl > 1).

Let us now suppose that w! is of order unity. In this case the current is still given by
the first term on the RHS of (195), but |h|? should be computed using (183) (as the WKB
approximation fails for such values of w). We find that J” at the horizon is now given by an
expression proportional to

. 27wl
[ GER) ) @ (202)
w, 2|w2| ~ TCW/(R)
W'(R)

(where the approximation in (202) is valid when coZ < 1). This explains how the apparently
non analytic behaviour of Im(w) (around unity) is smoothened out when we examine its
variation over over scales (in the variable u) of order NLqC.

Let us end this subsection by reiterating its punchline. (153) tells us that w, switches sign
as u increases past its critical value, and vanishes at the critical value. This result follows from
the analysis of probes with minima at large values of the radius (we restrict our discussion
to such probes in this paragraph) and so is universal and robust; it applies to all black holes
(including hairy black holes) independent of details. In this section we have demonstrated
that the ‘charge current flux’ at the horizon determines the sign of Im(w), and, moreover,
that the sign of this flux is, itself determined by the sign of w,. Putting these facts together,
we conclude that it follows on general grounds (and for all black holes including hairy black
holes) that Im(w) changes sign (from stable to unstable) as u increases past its critical value.

This discussion of this subsection also allows quick qualitative generalizations of the de-
tailed computations presented above. Through this section we have focussed on the analysis
of duals whose charges, q,, and g, are both much larger than unity. Let us try to understand
the generalization of these results to finite values of q.. At any value of q. we would search for
the lowest (real part of) w solution to (120). Such a solution would locally approximate the
ground state of the harmonic oscillator around the local minimum of the quantum potential
V(r) at that value of q., and would yield an approximate solution to (120) provided that w
is chosen so that V(r) vanish at this local minimum, r = r;,. As we have explained above,
however, up to corrections of order 1/N, this happens when w equals V4(rp;,) — Vq(R). Now
suppose that u = 14 & where § is positive. At least for a range of 6 around zero, we can
always find a value of g, for which V,(rpi) — Vi(R) vanish. This condition defines a critical

13The fact that J is a finite number at the horizon can also be seen from (197).
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charge

q(5). (203)

The importance of qgrit(5 ) is the following. For g < q?’it(é ) our approximate solution to the
equation (120) will have positive values of (the real part of) w, so the analysis of this subsection
tells us that Im(w) will be negative, and our solution will be unstable to decaying into the black
hole. For g > qgrit(S ), on the other hand, our approximate solution to the equation (120) will
have negative values of (the real part of) w, so Im(w) will be positive, and the black hole will
suffer from a super radiant instability.

We conclude, in other words, that dual giant solutions (at any value of the charge) that
live at a local minimum of V,(r) decay (by quantum tunneling) into the black hole when
Va(rmin) — Va(R) is positive, but suffer from a super radiant instability when V(rpin) — Va(R)
is negative. These solutions are stable quantum mechanically only when Vg(ryi,) — Va(R)
vanishes. For a black hole with y = 1+ & this happens for duals with q. = q.(5). q.(&) goes
to infinity as & — 0, and does not exist for negative values of 6.

5.8 Summary and discussion our final result

In this section, we set out to answer the following question: at the quantum level, what is
the value of w (energy) for the lowest energy state of our dual giant graviton outside the

. . . +nz
horizon, as a function of black hole parameters and the two dual giant charges g,, = nZN—nZ and

— nz—nz
4Q=-"§5
Our final answer to this question, derived in this section is

' 2 271!
w=wl— N; 2\ (sinh (W”/—:)D e 2o (204)

where f is listed in (166) and « is given in (189).

Of course, the interesting aspect of (204) is that w has an imaginary piece. Let us first note
that f is of order Ng,,, so the imaginary term is of order e V9 and so is very small. In fact it is
of order e when q, is of order N. This small imaginary piece changes sign as w, flips sign,
i.e. as y moves from less than Z—: to greater than 3—:, w, changes from positive to negative, so
the imaginary part of w, changes from negative (decaying) to positive (growing), exactly as
thermodynamic arguments would lead us to suspect.

5.9 The SO(6) representations of DDBHs

In this section, we have explained that the quantization of dual giants in black hole back-
grounds produces several representations of U(3). These representations are labeled by two
integers, (nz,n;). We have demonstrated that the lowest energy solutions in the represen-
tations (n,,n;) suffer from a superradiant instability (and so are dynamically produced) in
black holes with |u| > % Modes with n; = 0 are the first to go dynamically (as well
as thermodynamically) unstable and so should dominate the final equilibrium ensemble. As
U(3) is a symmetry of the black hole background, all modes in the same symmetry multiplet
are equivalent. As a consequence, we have produced a whole multiplet of equilibrium states.

However, the story does not end here. Recall that the dual giants in our final equilibrium
configuration carry an order one fraction of the energy and charge of the black hole. For this
reason, it is unnatural to quantize the (U(3) group space) motion of dual giants, but to treat
the SO(6) group directions of the central black hole fixed to given classical values: we should
really quantize both these motions simultaneously. Such a quantization is easily achieved in a
manner we now describe.
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Recall that black hole we study has SO(6) Cartan charges (Q,Q,Q). SO(6) rotations of
this black hole produce co-adjoint orbits of this charge, and the quantization of these orbits
produces the SO(6) representation with highest weights (Q,Q,Q). Thus, in the absence of
the dressing dual giant, the black hole (and all its SO(6) orbits) actually represent a whole
representation of states.!4

We now want to quantize the manifold of black holes and the dual giants simultaneously.
In order to do this we reword the quantization of dual giants in terms of co adjoint orbits. The
set of dual giant configurations that carry lowest energy at any fixed (overall) U(1) charge
of U(3) are parameterized by the SO(6) highest weight vector (n,,0,0)''> and all its U(3)
rotations (see Appendix H.1 for the embedding of U(3) in SO(6)), and the quantization of this
orbit yields the U(3) representation (1, 0).

Now let us consider the coadjoint orbits of the vector given by the sum of highest weight
vectors'® (Q,Q,Q) and (n,,0,0), i.e. of (Q+n,,Q,Q). The U(3) subgroup of SO(6) leaves
(Q,Q,Q) invariant. Consequently, the coadjoint orbit of this U(3) acts only on n;, producing
the manifold of classical D3-brane solutions. Subsequently, the coadjoint orbits of SO(6)/U(3)
simultaneously rotate both the black hole and the probe D3-brane (exactly as we want). We
thus see that the coadjoint orbit of (Q + nz,Q,Q) consists of precisely the physical system of
interest. Consequently, the DDBH of interest lies in the (Q +n;,Q, Q) representation of SO(6).

The more general rule is the following. Consider a phase space of D3-brane solutions,
whose quantization in the background of the (Q, Q, Q) black hole produces a representation of
U(3) with highest weights (n;,n,,n3) (these are U(3) highest weights, but we view them as
embedded in SO(6)). Then the quantization of the full physical phase space - the SO(6)/U(3)
rotations of this system - produces the representation (Q + n;,Q + n,,Q + ns).

We have seen, above, that a single D3-branes of charge n, produces a DDBH in the SO(6)
representation (Q,,,Q,Q). Recall, however, that DDBHs with charge (Q,Q, Q) are of rank 6,
and so, generically, have 3 D3-branes. As an example, consider a DDBH with 3 D3-branes,
each of charge n;. Around a fixed black hole background, the quantization of any one of these
branes produces the U(3) representation (n,,0,0). As the branes are non interacting, their
joint quantization produces the representations in the Clebsh Gordon decomposition of 3 of
these representations, i.e. produces the U(3) representations

n, n,—i 2i

D> @ns+i—j—kn,—i+k,j).

i=0 j=0 k=0

4The states produced by the quantization of the classical manifold of solutions of this paragraph can be thought
of as the charged analogues of the Revolving Black Holes (RBH)s of [8]. Recall RBHs were obtained by quantizing
the space of solutions obtained by acting on the black holes with conformal generators P,: the states so obtained
fill out a conformal multiplet (the connection to coadjoint quantization, in that case, was also highlighted in [8])
In a similar manner, the quantization of the manifold of solutions obtained from the action of O(6) generators
on a charged black hole produce an SO(6) representation. Unlike RBHs, however, the SO(6) representations
produced here do not give us a candidate end point for the charged instability. The main difference is that SO(6)
representations are finite dimensional, unlike their SO(4, 2) counterparts. We thank S. Kundu for a discussion on
this point.

151n other words, these representations have n; = 0. This is the quantum version of the classical fact that the
duals with the lowest energy by charge ratio are those that have q. = q,,.

116We would like to thank A. Gadde for a very useful discussion on this topic.
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As a consequence, the corresponding DDBHs are in the SO(6) representations'!'”
n, n,—i 2i
D> UQ+2n+i—j—k,Q+n,—i+kQ+)). (205)
i=0 j=0 k=0

In particular, on setting j = n, i = k = 0, we find the representation

(Q+le,Q+nz,Q+nz), (206)

demonstrating that a black hole with the charges listed in (206) can, indeed, decay into a
DDBH with three duals, each of charge n,, around a core black hole with charges (Q,Q, Q).
The study of DDBHS with 3 duals of different charges proceeds similarly.

5.9.1 DDBHs of ranks 4 and 2

The discussion above has focussed on DDBHs of rank 6. The discussion of DDBHs of rank 4
is similar. Such DDBHs are constructed around black holes of charges (Q,Q,Q;) with Q > Q;.
These black holes preserve a U(2) x U(1) symmetry. Stable duals in this background are
charged only under the U(2). The quantization of 2 duals, each of charge n,, around such a
black hole, produces DDBHs in representations

D Q+nz+i,Q+nz;—1,Q0). (207)

i=0

In particular, the choice i = 0 gives a DDBH with charges (Q + n,,Q + n;,Q;).

Finally, DDBHs of rank 2 are built around black holes with charges (Q;,Q5,Q3). Stable
duals in this background are charged only under the U(1) corresponding to the largest charge
Q;. A dual of charge n, in this background yields the single SO(6) representation with highest
weights

(Q;+nz,Q2,Q3). (208)

6 Gravitational backreaction of dual giants

In §4 and §5 we have studied the dynamics of dual giants in the probe approximation. This
approximation is entirely sufficient for dual giants that carry charge of order N, as the gravi-
tational backreaction of such duals is of order O((1/N)) and so is negligible. When the duals
carry charges of order N2 however (as they do in generic DDBHs), we cannot ignore the grav-
itational back reaction of the probe: at the very least it must be taken into account while
computing the boundary stress energy tensor for the solution.

Even though the gravitational backreaction cannot be ignored, in the situations of interest
to this paper this backreaction can be computed very simply. The chief simplification is the
following: the back reaction only needs to be studied at linear order. Nonlinearities are never
important (they are always suppressed by inverse powers of 1/N). The reason for this is the

7Here i is the number of boxes of the second irrep in the first row when taking tensor product of it with the first
irrep, hence after this tensor product, we get

nz
> ny +i,n,—i,0).
i=0

Then we take tensor product of each of these with the third irrep. Here, j is the number of boxes in the third row
(which has to be less than n, —i since no two boxes from third irrep can be antisymmetrized), and k is the number
of boxes from third irrep in second row.
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following. The dual giant in a DDBH has a large back reaction only if it is very big. Locally (an
order unity distance away from the brane) this point does not matter: the Newton’s constant
times the energy density of brane is of order 1/N, so the backreaction on the metric is also of
order 1/N. Once we go out to distances large compared to the radial size, v'N, of the brane, we
start to ‘see’ its full charge and energy density. By this point, however, we are already far in the
normalizable tail of the solution. Though the contribution of the dual giant to the coefficient
C of this normalizable tail is non negligible, the tail itself, is o< rc_4 (relative to leading order)
and so is extremely small compared to unity (recall r* > N?).

For the reasons described above, in this section we evaluate the gravitational backreaction
of the dual giants in DDBH solutions in the linearized approximation. Actually, over most
of this section we actually evaluate the linearized gravitational back reaction of dual giants
propagating in pure AdSs x S°: the modification of the solution to include the central black
hole is relatively simple, and is performed at the end of this section.

6.1 Gravitational solution for dual giants in AdS; x S° in LLMs coordinates

The supergravity solution including the first (linearized) backreaction to a single dual giant,
rotating in the Z plane of the S® in AdS5 x S® may be obtained by specializing the (very general)
solutions of Lin, Lunin and Maldacena (LLM) [23] (for a review, see Appendix J) to a simple
special case. In the LLM construction, we shade in the x; — x, plane with one disk of radius

Po =4/ ]% centered at the origin and a second disk of radius p; = \/% centered at a
distance d away from the origin.''® Inserting this shading into the LLM construction gives the
backreacted metric corresponding to a single dual giant that carries a Z plane SO(6) charge
equal to d? —1.

The LLM construction gives the fully backreacted metric for this configuration. The back-
reaction of the D3-brane is small (and so is approximately linear) when the distance from the
brane is r > g‘l* va’ (see Appendix A for conventions). At smaller distances, the gravitational
response to the D-brane is large, and naively leads to a space curved on length scale g‘lt Ja'.
Of course spacetimes curved on these extremely small length scales are not well described by
supergravity (or even by classical string theory). Consequently, the LLM solution is not reli-
able where nonlinear effects are significant. Instead we expect that the dynamics of this highly
curved region (in the small g limit) is that of a single D3-brane localized on this manifold. In
other words, we expect the accurate description of our background to be given by the probe
brane of the previous section, together with the linearized gravitational response to this brane.
The linearized gravitational response, in turn, is obtained by linearizing the LLM solution de-
scribed above in the strength of the probe brane source, i.e. in % This linearization is simple
to implement (see Appendix J for details), and yields the following metric.

ds>=12_, (ds(zo) n ds(zl)) ,

FO =FO) +FS). (209)
Here
ds) = (dsidSS + d5§s) , (210)
and
(Iy-1)* = 4ng(N —1)(a')*. (211)

H8Note that in this normalization a disk of radius 1 unit in the x; —x, plane would correspond to AdSs x S> with
N units of 5-form flux

58


https://scipost.org
https://scipost.org/SciPostPhys.18.4.137

Scil Select SciPost Phys. 18, 137 (2025)

2 2 ; : : 5119
dsy dss and dsg; are, respectively, the metric on a unit AdSs and S

ds? L)y 97
Shds, = —(1+r°)dt +1+r2

+ rzdﬂg,
(212)
ds§5 =sin? 0 dflg + cos? 0d¢p? +do2.

F ((g)) is the round 5-form appropriate to the AdSs x S° solution with N — 1 units of flux, i.e.
i
;7 = —4es +4és, (213)
(In-1)

where e is the volume form on the unit AdSs and €s is the volume form on the unit $°2°

The linearized correction to the pure AdSs x S° metric is given by

(1’2+sin29)2 (r2+sin29)2 _ .
ity = of| g« T e act D
N (r?+cos?0)? —4(1+r?)cos?0 —1+4dv1+r2cos B cos(¢p —t) (1 +r2)de?
2x4
rt—sin*0\ dr? r*—sin* 6
+ do?
( x4 )1+r2 ( 2x4 )
((r + cos? 0)2 —4(1 + r?) cos? Z—41+4d1/1+r cos O cos(¢p — ))COSZQ dg>
X

—M(dt(1+r2) cos 9d¢))d(v1+r2c059)
x4
cos 0 (2(1+7r2)cos@ —dv1+r2(1+r%+cos?0)cos(¢p —t
+2dga 20O v X4( )cos(¢ ))]+O(pi‘),
where
x —po(r +c0s?0)+d?—2d pg V' 1+ r2cos6 cos(¢p —t). (215)

Recall that p and p; are the constants defined on the first paragraph of this subsection.
Similarly, the first correction to the five-form field strength takes the form'2!

(5) _ B 6
Fy =4(FAdQs+F AdQy), (216)

19The relationship of these coordinates on the S° to those we used in section 2 is as follows. ¢5 in section 2 is
¢ here. 1, in section 2 is cos @ here. And [, I,, ¢,, ¢, of section 2 can be taken to be coordinates on the S here.

120In the language of subsection 2, €5 = €¥(CP?) A (d¥ + © —A) (see (8)).

12INote that in our conventions, the five-form field strength is 4 times the field strength in conventions of [23].
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where
2(d2 — 1) rsin* @ (r2 + sin? 9)
For = 2N x6 ’
x
dv/r2+1sin®0sin26 (sin2 0+ rz)z sin(t — ¢)
Ft¢ = 6 5
2Nx
Wi 2 ¢in3
Fip= 1;}:{—:519 [8\/ r2+1cos 6 ((d?(r*+2) +2r? +1)cos 6 +d*cos? 0 cos(2t —2¢))

—4d cos(t — ¢) ((d* +3r2 +2) cos 20 +d? +2r* + 7r2 +4) ],
drsin® 0 sin(t — ¢)(— (d? +3r% +2) cos 20 —d? + 4d V2 + 1 cos® O cos(t — ¢ ) +2r* + r2)

F - >
ro 2NVr2 +1x6
. 2rsin® 0 cos 0 (r2 +5sin? 0) (d (cos 20 + 2r% +3) cos(t — ) —4vr2 + 1cos 0)
A AN V12 + 1x0 ’
. sin® 6 cos 6

|:2cos2 0 (2d2 (2 (r2 + 1)cosz(t —p)+2r2 + 1)
+sin® 0 (4d* +3r* +2r*—1) +2(2r* + 1)sin*9)

+2d V12 + 1 cos(t — ¢ ) cos O (2cos? 8 (2cos 20 — 5 (r2 +1))
—(2 (d2 - r4) +sin® 6 (— cos 26 + 2r2 + 1)))

99 7 4NxS

—% (r2 + 1) (161’4 —8r?cos26 + (r2 + 1)cos49 +7r2—1
+4cos49(—cos29 +2r2+2))] : (217)

The components of F v are given by

Fr= "
" 32Nx6
+2(—8(4d*+3)r*—6(4d* +1)r?
+2d cos 6 (\/ r2+1cos(t— <¢>)(—8d2 +cos49 —8 (2r2 + 3) cos26
—|—24(r4 + rz) — 1) +8d (rz + 1)cos 0 cos(2t —2qb)) +8d%—16r°+ 3)] ,
_ 4r*sin O (r2 + sin? 9) (4(1’2 + 1)cos 0—dvr2+1 (cosZ@ +2r2 + 3)cos(t - qb))
o= 8N x® ’
dr*vr2 +1cos 0 (sin? 6 + rz)2 sin(t — ¢)
Fig =— Nx6 ’

. —dr3sin 6 sin(t —
Frg = rsl\jm_rzs_l:lixfj ¢) [Sd (r2 + 1) (d -2 (r2 + 1)1/2 cos 9 cos(t — qb))

—cos 460 +4(3r2 +2)c0529 +4r% + 1] ,
5 __ricoso [ cos(t - ¢)(d(8d%(r?+1)+cos40 +4(3r% +4)cos20 + 4r2 + 7))
re T gNx6 Jr2r1
—4cos 6 ((d2 + 2) cos 260 —2d? (r2 + 1)cos(2t —2¢)+ 3d2)] ,

3 2(d?—1)r*sin(20) (—cos(20) +2r2 + 1)
Fog = 8N x6 ’

|:(48d2 (rz + 1) —16r%+ 17) cos26 —cos66 + 2 (6r2 + 5) cos46

(218)

The linearized metric ds2, and F) presented above are singular on the four dimensional

1) (5)’
surface given by r = v/d2—1, 8 =0, ¢ = t. This is precisely the world volume of the probe
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brane (see the previous section) once we identify d> — 1 = g,). Away from this singular
manifold, we have explicitly checked (on Mathematica) that the solution presented above
obeys the equations

1 1 1 1 1 1
—Evav“hw — Evuvvh“a + EVaVvhfj + Evmvuh‘;‘ —hR, 5 + ERmhz + ERuahz
5 5 S5 5 5 1)
= (Z(F((l)))‘upUEK(F((O)))ﬁU " —4h"P (F((O)))Hpa5K(F((O)))gaK) > (219)

5 5), 1 5 5
F((l)) — *F((l)) + Ehg * F((O)) — 5\/__g6M1M2“'M10hH6 Vo gh7V7 ... gho VIO(F((O)))VH“VlOdXMl A-eodxMs .
The nature of this singularity can be understood by zooming into the neighborhood of
r=+d%2—1,0 =0, ¢ =t. To study the neighbourhood of this point we define coordinates
as follows.
In a small neighborhood of the location of the D-brane, the metric on AdSs x S° takes the

form )
dr
dszzllf,_l(ﬁ—dtz><d2+(d2—1)dai2+dyj2+d¢2) , (220)
where we have parameterized points on €5 using a unit vector fi; in an embedding R* and
defined

0r' =y/, j=1...4,

We have also used the symbols a;, i = 1...3 to denote a set of orthonormal coordinates in
the tangent space of Q5 around the point of interest. It may be checked that the coordinate
change

Iy_10°) =y7, j=1...4,
Iy (r—vVd2—1)=dxy°,
lN—lai:—Xi s i=1...3,
d>—1 (221)
dz—1
-1 =) = =",
d?t—
Iy1x° = =9 )
dz—1
turns the metric (220) into
ds* =dx,dx" +dy;dy’, w=0...3, i=1...6. (222)

Note that our locally Minkowskian coordinates x* are all tangent to the brane, while the locally
Euclidean coordinates y' are all transverse to the brane. To leading order, it is easily verified
that the quantity x2 defined in (215) reduces to

iy
12
N—1
Plugging (221) and (223) into the metric (214), and the field strength (217) (218), we find
that these reduce, at leading order (in deviation from the brane) to (A.12), (A.13) and (A.10)
respectively. When we go very near the brane, our solution reduces to the solution of an infinite
brane in flat space, as expected on physical grounds.

In particular the non-zero components of the field strength in this limit and the coordinates
(221) are the following:

x2=(d%*-1) (223)

i

Y
(}’jJ’j)g

Fivoxix2ys = —167ca’g32 (224)
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Similarly the metric backreaction from the D-brane written in (214) takes the following
form:

— )
h,,=—2na’g; (yjyj)z Nuv>

(225)

_ /2
hi; =2na’g; O jj-
Hence we see that the backreaction of the brane on field strength (224) and metric (225) are
in agreement with the backreaction expected from a flat D3-brane (compare with (A.8) and
(A.12) respectively).

It follows, in other words, that our solution obeys the linearized Einstein’s equation and
Gauss’ law for the field strength with the stress tensor as in (A.11), i.e.

1
GAB = 5 (aCaAhBC + aCthAC - DhAB - 8Ath - 3C3DhCDnAB + DhnAB) = STCGNTAB 5
V. FiH#P9 — _16m%g.a’?e*"P 55(7). (226)

Where in the first equation T,z (we have denoted all 10d components by capital alphabets
A, B) is only along the worldvolume directions as is the same as in (A.11). Also note that the
second equation is in agreement with (A.7).

6.2 The metric in the extreme large r limit

Starting with the metric in LLM coordinates, it is easy to check that the metric correction takes
the following form in the extreme large r limit (we have retained all terms of the same order
as the large r reduction of the background AdS metric, ds(zo))

ds? 2\ 42 1\dr2 2 1
G YY) —+(—)L—r—dgg+—d9§. (227)
ZN—1 2 ) N 2r2) N 2N 2N

Recall that the full metric took the form ds? = ds(zo) + ds(zl). Always working only to first
subleading order in %, the coordinate transformation

/

r=r’+2r—N, (228)

2 2
(0) (€0}
shift (and replacing r’ with r for simplicity) we find that ds(zl) becomes

dS2 1 d 2
@ = (—rzd t2 4+ (L) +r2d02 + dQZ)
N r2 3 5

changes ds? | by a term of order % This change effectively shifts ds? . Accounting for this

N-1 (229)
1 2 2
= E(dsAdss + dQS)’
where dsfx is. 1s the large r (or Poincare patch) metric on a unit radius AdSs.
5
ds? =ds2, +ds? =2 (14 — ) (ds2, +da?)=12(ds?, +do? 230
$T=Asiy TSy = vty (SAds5+ 5)_N( Sadss T 5)’ (230)
where we have used
[ 1
2— =14+ —
N1 2N

It follows, in other words, that corrected metric asymptotes (at large r) to AdSs x S° with
radius [, as expected on physical grounds.
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6.3 Asymptotic gauge field and charge

As we have mentioned above, the leading order (in the large r expansion) correction to the
metric can be absorbed into a renormalization of the radius of AdSs x S°. After removing this
constant piece, rest of the correction metric decays at infinity (in comparison with the leading
AdSs x S° metric). After performing the additional coordinate change

2 _ 2 204/ o/ 2
r=r'+— (dcos@’cos(cb t)— 2cos? 0 (1—3d? cos’(¢' — 1) +(d 1)),

2r!
dsin(¢’ —t') (231)
_ g QS —1)
¢=¢ r’cos0’'N
0_p dsin 6’ cos(¢p’ —t’)
N Nr/ ’

(and once again, for simplicity, dropping all primes in the resultant formulae) we find that the
metric correction decays like O(1/r?) (in comparison to the background AdSs x S° metric).
Keeping all terms to relative order O(1/r2) we find
A% ds?, ot | — (200520 (1—3d%cos( — 1)) + (42 — 1)) de?

12 ~ dsygs wss N cos cos“(¢

4cos 0(1— 2d2c052(¢—t))

dodt
sin? cos2 9 6d2 cos®(¢p —t)—1)—d? +sin? 6 .
[ (40 i)

cos 9(6d2cosz(¢>—t)—1) )d )
r

+

r4
+ (cos 0 (1 —6d2 cos?(¢p — t)) +d? —sin 9) dQ2
(2d cos cos(q& - t) cos? 0 (6d%cos® (¢ —t)—1) —d> ) 16

+

r2

2 _
d sm(26)sm(2t 2¢))d9dt]. (232)

Those terms in the metric (232) that are proportional to dx*dx” (here u, v are AdSs in-
dices) can be removed from the metric by further coordinate changes of the form (231) (the
first ‘physical’ data in this part of the metric is at relative order O(1/r*): these terms encode
the boundary stress tensor, see below). At this order, some terms in the metric of the form
dx"dx® (here a is a coordinate on the S°) can also be removed by a coordinate transforma-
tion. However terms of the form ({*dx®) (where {% is one of the 15 killing vectors on S°)
are physical at this order: the coefficient of such terms compute the expectation value of the
S0(6) gauge field.

In the metric (232) we can extract the expectation values of the SO(6) gauge field - corre-
sponding to the S° killing vector { - using the formula

dQ
Ai’ — f 56: ga,u (233)

[ das

The gauge field in (233) is normalized to ensure that its charges (obtained from Gaussian
integrals) are N2 times charges of the dual field theory.
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Using (233), we find that the gauge field in the metric (232) is purely in the SO(6) 3,
direction (i.e. the gauge field is in the U(1) that rotates one of the three planes in the C® into
which we can imagine embedding S°). We find that the value of this gauge field is

_ 2(d*-1)de

A .
N r2

(234)

The charge contained in this gauge field is easily extracted (by performing a Gaussian integral
at infinity and multiplying by N2): we find

Q=N(d?>-1). (235)

This is precisely the charge predicted from the probe analysis (recall that d> —1 = rf where
r, is the AdS; radial location of the probe).

6.3.1 The boundary stress tensor

The boundary stress tensor of our solution is encoded in the five dimensional AdSs metric.
This metric is obtained by projecting those terms that are proportional to dx*dx" (here u and
v are coordinates on AdSs) to the space of SO(6) singlets. This projection is implemented by
integrating the components of g,,, over S° (using the Haar measure) and then dividing by the
volume of the S°. The metric so obtained can then be power expanded in % Keeping terms in
metric up to fractional subleading order r1—4 we find

2 4 2 2 _ 4__ .2 1 2_1
P —(1+r2)+6d +6r*+2rc—7 de2 + r'—r4+1 r dr?
6N 12 ré 3Nrb6

—2d% +6r*+2r2 +1
+(r2— i r dQo;

6N 12

(this metric is reported in the original coordinates, i.e. before we have performed the coordi-
nate transformations (228) and (231)). We now read off the boundary stress tensor dual to
this metric following the procedure of [35]. We cut the metric (236) off at some large value
of r. The unit normal vector to our constant r cut off surface is given by

1
nt = (0, ,0,0, 0) . (237)
grr
The extrinsic curvature of the constant r slice surface is easily computed using the formula
on=_1 (Vin, + V,n*) (238)
=5 n, ;).
The stress tensor is then given by the formula'??
N2r# 1
re=" 0 (eg eyt 3yt 5@5) , (239)

where the last two terms are the counter terms added to remove the divergences in the stress
tensor in any asymptotically AdSs metric [30, 35] (here y%, and G, are the induced metric
at fixed r and the Einstein tensor respectively). The above stress tensor exactly matches

122The extra factor of r* in the definition of T# will cancel the factors of r coming from volume and n,, in the
definition of energy.
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the one computed in [30]. Performing the necessary computations (recall our metric is

2 _ 3.2 2 )
ds“ = ds(o) + ds(l)) we find

T(?;M(%(l_,_g)_,_ﬂdz—l))w N2 (§+2(d2_1)),

T T
4m2  \ 8 N N 4m2\ 8 N
J 2 2 J a2 2 (240)
; 0, (N—1)?(3 2\ 2(d*-1) 6; N2 (3 2(d*-1)
T'=——7"—"—7"—||1+= |+ —— |~ —— -+
J 3 4n2 \8 N N 3 4m2\8 N

(the two terms on the RHS of each of the equations above differ only at order unity, i.e. frac-
tional subleading order #).

We see that our giant graviton corrects the pure AdS boundary stress tensor in a very simple
manner. Note that the correction carries positive energy but negative pressure, with relative
coefficients of the form that ensures the boundary stress tensor is traceless, as expected on
general grounds for a boundary CFT

The total energy of our solution is obtained by integrating the stress tensor over the bound-

ary S°:
N2 (3 2 2(d%?—1)
E= | Ex7rT0=— —(1+—)+— . 241
f WirTo =7 (8 N N (241
The excess energy of our solution (above that of the vacuum AdSs) equals N(d? — 1) as pre-
dicted by the probe analysis.
6.4 The 5-form field strength at large r

In the new coordinates (i.e. after having performed the coordinate transformations (228) and
(231)) we find F and F reduce, in the large r limit, to

-3
5#:—%619/\@5, (242)
and
r’3
6F = th/\dr/, (243)

with corrections at fractional order 1/r. It follows that, at large r, the total 5-form field
strength of our solution equals'?®

1 ~ ~
F(S) = l;\‘f—l (1 + ﬁ) (—465 + 465) 2] 114\}(—465 + 465) . (244)

Consequently, the probe brane causes the 5-form field strength to jump from N —1 (at small
r) to N (at large r) as expected on physical grounds.

6.5 Expectation value of Tr(Z")

The metric (and five form) corrections presented above clearly do not lie within 5d gauged
supergravity. As a consequence, infinite classes of single trace operators - including operators
whose dual fields do not lie within the gauge supergravity truncation - have nonzero one point

1ZNote that the correction to the five form field strength is

i el ~
5F(5) = T“-(F A dQ3 +FA dQ3) = T(—“-GS +4€5).
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functions within our solution.'?* As an illustration of this point, in this section, we extract the
expectation values (in the solution of interest) of the operators Tr(Z") for all values of n.

Consider the components of the five form field strength, whose legs all lie along the five
S directions. This part of the field strength can be written as

Fs=+/g'ésx . (245)

Here g’ is the determinant of restriction of the metric to the five S° directions, and y is a scalar
function.

Let us now examine how y transforms under coordinate changes of the form
x'=x+ ]lvh(x). Keeping track only of terms of order 1/N, such coordinate transformations
change the field strength only because of the action of the gauge transformation on the back-
ground F. In the background, the only nonzero components of F were those with all legs in
either the S° or the AdSs directions. Using the equation

u
dxt =dx"™™ + ]lv%dx”’, (246)
we see that this background field strength changes under coordinate transformations. At lead-
ing order in 1/N, however, the change (due to coordinate changes) in the part of the field
strength retained in (245) comes purely from those terms in (246) in which u and v both lie
in the S° directions. But this change is exactly compensated for by the change, under coor-
dinate transformations, of 4/g’. To the order in 1/N under study, consequently, y defined in
(245) is coordinate invariant.
It was demonstrated in [36] that on any solution of the linearized equations of motion, the
scalar y can be decomposed as

y = Z(—k)(k +4) (=" + ¢!, (247)
k

where [ is an ‘internal’ index for spherical harmonics with k boxes in the first row of the Young
Tableax, s’ is the field dual to the various chiral primary operators built out of k scalars, and t’
is the field dual to a particular scalar decedent (of dimension k + 2) of the k" chiral primary
field.

As the fields s’ are dual to operators of dimension k, they will decay at large r like

(248)

~
LR

The coefficient a’ is the one point function (see equation 10 of [37]) of the chiral primary
operator, chosen so that the index I corresponds to an orthonormalized basis in the space of
spherical harmonics of angular momentum k, and is normalized to have the two point function
listed in 4.5 of [36] with w! = 1).

Using the explicit solution presented in this paper, it is not too difficult to read off the
coefficient a! for the S> spherical harmonic proportional to cos® 8e'*? (see (K.9) for the nor-
malized version of this spherical harmonic).'?> The computation is presented in Appendix K:

we find ( ) )
* _N(k+4)(,/z(k+1)(k+z))( - (249)

124The state dual to our supergravity solution is expected to be obtained (in radial quantization) by acting on
the vacuum with linear combinations of the operators [ | Tr(Z™)™. As a consequence, one should expect that an

operator O with nonzero three point function <TrZ 0 TrZ ’") - for some m and m’ - will, generically, have nonzero
expectation value in this state. Of course, an example of such an operator is Tr(Z?).
125This field is dual to the suitably normalized version of the operator Tr(Z¥).
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A striking feature of this answer is the factor d¥, the exponential dependence of the expectation
value on k. This behavior can be intuitively understood as follows. Consider a matrix Z, one
of whose eigenvalues is taken to be large (of order d). It follows that TrZ* computed on such
a matrix equals d¥, exactly as seen in (249).

6.6 Solution in an alternative coordinate system

Consider the metric and Field strength listed in 6.1. Let us now assume that d > 1 (as is the
case for DDBH solutions). In this subsection we focus on the ‘center of AdS’ i.e. r of order
unity (this is where the black hole will eventually sit in the DDBH solution). At these values of
r, we ask how the metric scales with d. Expanding the correction in a power series expansion
in % (at fixed r), we find that the metric correction (214) starts at order %; this leading order
piece takes the explicit form

1 1/2
ds(zl) = ﬁ[(z(l + rz) cos 0 cos(t — ¢))((1 + r2)dt? + cos? 0d p2)
2r cos O sin(t — ¢) 9 1/2 . . ) 2 2
+ dr—2((r*+1 sinO@sin(t—¢)|do |((1+r)dt —cos*0d¢)
(= (+2) ») ¢
1
—2(\/ r2+1cos6 (cos2 0+ri+ 1)cos(t — qb))dtdc,b] + O(d‘*_N) . (250)
Similarly, the 5-form field strength appears to start out at order O (d%) and takes the form
r2 + 1sin® 6 cos? O cos(t — ¢) rsin® 0 cos? O sin(t — ¢)
Frp =Fgp=— 3 , Fro=— )
d3N dBNV T‘2+1 (251)
- - r3v/1r2 +1cos 0 cos(t — ) . V12 +1sin 0 sin(t — ¢)
Fyp =Frp=— d3N 5 Frg=— d3N .

It might thus, at first, seem that the correction metric starts at order d% (at values of r of or-

der unity). However sample computations of invariants (like RmaﬁRmaﬂ and Fyyqp,F wvafp)
on the full metric (background plus fluctuation) and the full 5-form field strength (background
plus fluctuation) reveal that these invariants deviate from those in pure AdSs x S> by a term
of order %. Indeed the terms in (250) and (251) are ‘pure gauge’. Always working only to
order 1/N (i.e. within the linearized theory), we find that the metric fluctuation in (250) and

the field strength fluctuation in (251) are both removed by the coordinate change

, Vr2+1cosOsin(t—¢)
¢'=¢— . ,
x>N

, _Vr2+1c05951n(t—¢)

tt=t
x3N

(252)

In the new coordinate system (whose coordinates ¢’ and t’ we rename as ¢ and t, for sim-
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plicity), we find that the metric correction takes the form,

1 . . < . dr?
ds(zl)z (m) [(r2 +sin? 0)? (r?dQZ + sin? 0d02) + (r* —sin* 0) ( et dQZ)
-+—((r2 +c0s?0)2 —4(1+12)cos’0 —1+4dv 1+ r2cos6 cos(¢p —t)

+—4 1 +;2 cos (Bdmcos 0 sin®(t — ¢) — x> cos(t — ¢>)) ) (1 +7*)dt* + cos® 0d $?)

+(4(2(1+r2)c059—dv1+r2(1+r2+c0529)cos(q§—t))+
/ 2 2
+2 1+ 723 +2r" + c0s26) (—Bd\/1+rZCOSQSinz(t—¢)+x2cos(t—¢)))c059 d¢ dt

X

12
+—V1+r2cos6sin(¢p —t) (dt(l +12)—cos? Qdd))(rdr—sinecos 0do)
x

+sin(¢ —t) (dt(l +r2) —cos? 9d¢)(rcosedr — Vv 1+rZsin Qde) (4(x—d)

V14712
+12%\/1+r2c059cos(t—¢))], (253)
and the field strength,
2(d?—1)rsin* 0 (r? +sin%0)
tr = 2N x6 ’ e
. dv/r2 +1sin® 0 sin20 (sin? 0 +r2)2 sin(t —¢)
¢ = 2N x6 ’
. 3 9
Fig = ler\lr 6 [Z(r2 +1)(d?*(r*+2) +2r? + 1) cos 0 +2cos? 04/(r2 + 1)x> cos(t — ¢)
x

+d (r2 + 1) cos® 0 ((2d + 3x) cos(2t —2¢) — 3x)

—dvr2+1cos(t —qb)((d2 +3r? +2) cos(20) +d? + 2r* + 7r? +4):|,

rsin305in(t—¢)[ 2
F.g= d (sin? 0 +r2)" + 6dx cos® 0)4/(r2 + 1) cos(t — ¢)
o= v |4 ) Vs eost=e

+2xc0529(—dx—3r2+x2—3):|,

2 sin* 6 cos 0 (rz + sin? 9) (d (c0529 +2r2 +3) cos(t —¢p)—4+vr2+1cos 9)

F., =
e AN VT2 + 1x6
sin® 0 cos 6 _
Foyp = W[S cos?0 ((2r* +1)(d? +sin*0) +2d* (r* + 1) cos*(t — ¢)

—3d (r2 + 1)x sin?(t — qb))
+ 4V 1r2+1cos6 cos(t — d))(—d (8d2 —8r*4+4r+ 3) —d cos46

+4d (r2 + 1) cos(26) + 8x3)
—2 ((dz +r*+ rz) cos(40)—d? + 4r® +5r* + 12 —2 (r4 + rz)cos(ZG))
+8dVr2+1cos® 0 (2c0529 -5 (rz + 1))cos(t —¢)

—8(r2+1)cos49(c0529—2(r2+1))]. (255)
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The components of Fuv are given by

. r3
Fer = 8N x®6
+cos 6 (\/rZ—Jrlcos(t —¢) (d (—8d2 + 24(r4 + r2) - 1)
+d (cos 40 —8 (21‘2 + 3) cos 29) + 8x3)
+r2 cosBQ) + cos? 0 (2 (2d2 + (r2 + 2)2) cos20 +4d (r2 + 1) (2d +3x)cos(2t —2¢)
+12d (d —(r* +1)x) —2cos 46 — 8r® —22r* — 1312 —6)

[—Z(COSZQ—2r2—1)((d2+r4)c0329—d2(4r2+1)—r4)

+4cos49(c0529 +ri4+r2 4+ 1)],

4r*sin 0 (r? +sin?0) (4(r?>+ 1) cos ® —dvr2 +1(cos 20 + 2r2 + 3) cos(t — ¢))
8N x© ’
. dr41/r2+1c050(sin29+r2)zsin(t—qb)

Fip = Nx6
_— r3sin 0 sin(t — ¢)

o 8NvVr2+1x6
—d (S(r2 + 1)3/2 cos 6 (2d + x)cos(t — ¢p) + cos40)

ﬁt9=—

[8(r2+1)(d3—x(d2+r2—1))+4dr2+d

+4cos26 (d (3r2+2)+2(r2+1)x)],

3
~r¢ = rg;(;sf [2(7d2 + 2) cos O + 2(d2 + 2) cos 36 + 8d? (r2 + 1)cos 0 cos(2t —2¢)
dcos(t —¢)(8d2(r? +1) +cos40 +4(3r2 +4) cos 20 +4r% +7)

Vrz+1
—24d (r2 + 1)xcos€sin2(t—¢)+8\/ r2+ 1x3cos(t—¢)],

2 (dz — 1) r%sin 26 (—cos 20 +2r% + 1)
8N x6

Fop = : (256)
It may be checked that the expansion of each of (253), (255) and (256) starts out at O (d—14)
in a power series expansion at fixed r.

6.7 Approximate solution for a black hole surrounded by a large dual giant

Given the discussion presented earlier in this section, it follows that the bulk solution that
approximately describes a black hole surrounded by a dual giant, takes the form (209), with
F ((g)) given asin (213), F((ls)) given by the sum of terms of the form (255) and (256) (one for each
dual giant), ds(zo) given in (1) and ds(Zl) given by the sum of terms in (253) (one for each dual
giant). In other words, the supergravity solution that captures the dual giant ‘surrounding’
a black hole is approximately given by the metric of the dual giant with the pure AdSs x S°
metric in (210) replaced by the black hole metric reviewed earlier in this paper.'2°

126We have chosen to perform the replacement in the coordinates of §6.6 rather than §6.1 because the metric
in the coordinates of §6.6 deviates from pure AdS (at r of order unity) only at order d*. As a consequence, the
replacement of AdSs x S° by a black hole metric results in smaller error, i.e. will a smaller RHS of Einstein’s
equations.
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6.8 Estimate of the errors in this solution

In this section we have presented bulk solutions for DDBHs that are correct in the large N
limit. Recall that DDBHs are solutions that consist of two distinct sets of constituents:

* A core black hole.
* One, two or three surrounding dual giant gravitons.
DDBHs solutions are simple for two reasons.

* First because the two different sets of components are very well separated away from
each other.

* Second, because the number of duals is of order unity, so the back reactions of these
duals can be handled perturbatively.

Neither of these points are exact: the components of a DDBH are not infinitely separated, and
the backreaction of the probe D3-branes is not exactly linear. Each of these points introduces
errors into the solutions presented in this section.

We refer to errors arising from the finiteness of separation between duals and the core
black hole as ‘irreducible’. These errors are governed by a small parameter €™ which we will
estimate below. €4 parameterizes the extent to which a DDBH can no longer be regarded as a
non interacting mix of two systems. It also governs the deviation of thermodynamics of DDBHs
from those of the non interacting model of §3.1. While it would be possible (and interesting,
see §7 for further discussion) to perform a matched asymptotic expansion that systematically
improve DDBH solutions as a power series €9, it is harder to imagine working exactly in
€127 and so completely eliminating these errors.

Errors arising from the backreaction of D3-branes are paremeterized by a second small
parameter €™9, again estimated below. These errors are less serious. The underlying reason
for this is that our system is supersymmetric'?® when €4 = 0, and so €™ parameterizes
nonlinear supersymmetric corrections to a linearized (supersymmetric) solution.

In the case that the DDBH has only one dual giant, the errors parameterized by €™ can be
exactly corrected for very simply: we simply have to use the full nonlinearly backreacted LLM
solution (rather than the linearized version we have developed in this paper). When the DDBH
has more than one dual (e.g. in the rank 3 case) accounting for this backreaction exactly is a
bit harder, one would first have to find the nonlinear solution corresponding to 3 duals with
charges in different SO(6) directions in pure AdS (e.g. using analysis of [38]). Irrespective
of the details, the supersymmetry of these solutions guarantees that they do not modify the
thermodynamics of the non interacting model when €™ = 0.

6.8.1 Estimate of reducible errors

Reducible errors are those that arise from the fact that we have dealt with the branes in DDBH
solutions in the linearized approximation. In the solutions of this section, we have retained
the linearized backreaction of branes on the background metric; this is of order O(1/N). The
first nonlinearity - which we have ignored - is of order O(1/N?). This gives us the estimate

ered = — (257)

for the reducible errors in our solutions.

127Except, perhaps, in a supersymmetric context. See §7 for relevant discussion.
128This follows because the multi dual configuration that appears in DDBH solutions are configurations which (in
pure AdS) preserve a common 4 (1/8 of total) supersymmetries, and so exactly obey E = Q; +Q, + Q5.
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6.8.2 Estimate of irreducible errors

The second source of error - one that is more irreducible - arises from interference between the
black hole and the D-brane probe. This correction may be estimated as follows. Let &z5(r)
represent an estimate of the fractional deviation of the black hole metric away from the metric
of AdSs x S°. Let 8p,.4n.(r) represent an estimate of the metric correction (210) (or field
strength correction (216)) in units of the background AdS5 xS > metric (or background uniform
field strength). Very roughly 65(r) is of order unity when r is of order unity, but is of order

%4 at larger values of . On the other hand, &g, 4,.(r) is of order % near the brane, of order

Nr—; when 1 < r < d, and of order % when r is of order unity.

We expect that the solution described §6.7 will receive fractional corrections of order
6 ()0 grane(r). This product is of order ﬁ for all r less than or of order d.

In this paper we are most interested values of d of order +/N. At these values,

O ()0 prane(r) evaluates to a number of order ]%, yielding the estimate

1

for the irreducible errors to the solution presented in this paper.

61rred —

7 Discussion

In this paper we have argued that the end point of super radiant instability of A’ = 4 SYM
theory is a Dual Dressed Black Hole (DDBH). DDBHs consist of a central black hole surrounded
by one, two or three very large dual giant gravitons. The duals have radius of order +/N,
and so are effectively non interacting with the central black hole. The backreaction to these
dual giants is significant only at distances of order v/ N away from the probe brane where it is
effectively linear and easily determined. For this reason, the bulk solutions for DDBHs are easy
to construct approximately (with errors governed by inverse powers of N) and are presented
in §6.

The entropically dominant DDBH solution hosts a few (up to 3) dual giants, each of which
lives very far from the central black hole. At the level of classical supergravity, there presumably

also exist solutions corresponding describing several - let us say N{ - coincident duals, located

at the radial coordinate r ~ % at least for { < 1 such solutions'?? (whose duals giants carry

total charge ~ (N{) x NTh ~ NZ2h, independent of {), can be thought of as a one parameter

set of solutions, describing dual giants carrying charge N?h surrounding the ‘same’ central
black hole. The solutions of §6 of this paper can be thought of as one extreme end of this
line of solutions, with ¢ taking the smallest allowed value { = le It should be possible to
generalize the gravitational solutions of §6 to larger values of ¢ at for { < 1.'3° This would
be an interesting and informative exercise.

At finite values of {, an explicit analytic construction of these solutions may be most fea-

sible in supersymmetric situations. As we have explained in §4.7, Gutowski-Reall black holes

129Tn the neighbourhood of the branes, these solutions should resemble the corresponding nonlinear LLM so-
lutions (one sourced by a finite sized blob around A in the y = 0 plane depicted in Fig 16), and so should be
completely smooth - and presumably horizon free - solutions of supergravity without the need for a D3 brane
source. At radial coordinates of order unity - much smaller than —%= when ¢ is small - they would resemble the

Ve
usual black hole solutions of §2. The interactions between these components should scale like ;—3
1301 this regime of parameters, it should be possible to construct these solutions via a matched asymptotic
expansion (using the fact that the solutions resemble known nonlinear LLM solutions at large r, and known black
holes at r of order unity).
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admit exactly supersymmetric probe dual solutions. It thus seems very likely that the ‘¢’ gen-
eralizations of these solutions will also be 1/16 BPS. The exact construction of the relevant
SUSY black holes (perhaps using a generalization of the analysis of [38]) would be a fasci-
nating exercise, one that could provide an explicit nonlinear construction of a 5 parameter
family of SUSY black holes, settling a long standing question about the existence of such black
holes. 3!

The constructions presented in this paper lead to a natural quantitative conjecture for the
phase diagram of A" = 4 Yang Mills theory in the microcanonical ensemble. In §3 we have
described the resultant phase diagram in detail in two cases; first when J; = J, = 0, and second
whenQ; = Q5 =Q3 =Qand J; =J, =J, always ignoring Gregory Laflamme phase transitions
and the resultant 10d black hole phases. It would be useful to generalize the analysis of §3 to
account for 10d black hole phases, and also to account for the full 6 parameter charge space
of N' =4 Yang Mills theory.

The phase presented in Fig 4 has an interesting feature. It predicts a nonzero entropy all
the way down to the BPS plane,'3? and so gives a quantitative prediction for SUSY cohomology
in N' = 4 Yang Mills theory at large N (at least in the large A, but plausible also at every finite
value of ). There has been recent progress in identifying black hole cohomologies [39-45]. It
would be interesting to find the black hole cohomologies corresponding to this supersymmetric
solution. See the upcoming paper [22] for details.

In this paper we have constructed DDBH solutions within the supergravity approximation,
i.e. in the dual to NV = 4 Yang Mills theory at very strong coupling. As the key element
that went into the construction of DDBHs (namely separation of components in the radial
direction) are robust to small corrections, it seems very likely that such phases will continue
to exist, and to dominate the ensemble, at large but finite A.'33 It is even possible that DDBH
phases continue to exist all the way down to weak coupling. The authors of [47] demonstrated
that dual giant gravitons can be thought of as arising from the quantization of the ‘Coulomb
Branch’ of N’ = 4 Yang Mills (these configurations are viewed as configurations on S3, and so
quantized in radial quantization). Since N = 4 Yang Mills theory has a Coulomb branch at
all values of the coupling, dual giants should continue to exist even at weak coupling. From
this point of view, moreover, dual giants at large charge are associated with configurations in
which the scalar fields of N' = 4 Yang Mills theory develop a very large eigenvalue (see [47,
48]). This large ‘vev’ plausibly leads to decoupling between this eigenvalue and the remaining
theory even at weak coupling.'®* It may thus be practically possible to construct these phases
at weak coupling (this may require the summation of infinite sequences of self energy type
diagrams). Such an investigation would be fascinating, and could give an independent field
theory window onto DDBHs and their role in the phase diagram of N’ = 4 Yang Mills.

In this paper we have focussed on the study of a single theory, namely the bulk dual to
N = 4 Yang Mills theory. However, it seems very likely that similar phases exist in the bulk
dual to, for instance, the theory of M, and M; branes, and perhaps (more generally) any theory
with a nontrivial Coulomb branch [47]. It would also be interesting to investigate this point
further.

In §5, we have explicitly demonstrated that black holes with yu > 1 are dynamically un-
stable to the emission of large dual giant gravitons. However, the time scale for the direct

131The construction of this paper has already established the existence of such configurations at the probe level,
see below for further discussion.

1321 particular, the supersymmetric phase to the right of the black dot in Fig. 4 consists of a Gutowski-Reall black
hole dressed by a SUSY probe dual giant. The final solution carries a nonzero entropy (that of the Gutowski-Reall
black hole at its centre.

133See [46] for a study of a’ corrections to the pure Gutowski-Reall black hole.

1341n the strongly coupled theory this decoupling is a consequence of the large separation between these two
components in the radial direction.
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tunneling of such a black hole to its final DDBH is of order eN? (see §5). It seems almost cer-
tain that the passage of unstable black holes with yu > 1 to the end state DDBH, will not be
direct, but will, instead proceed via intermediate configurations. One class of such intermedi-
ate configurations consists of several dual giants of a charges of order N rather than a single
dual giant carrying a charge of order N2. For example, we have seen above (see the discussion
around (203)) that black holes with chemical potentials y = 1+ 6 are unstable to the emission
of duals with charges Q when

Q> Ngq.(0). (259)

As the time scale for the decay into duals of charge Q is of order e?, we see that duals of charge
just above Nq.(6) will be the first to be created. If & is positive and of order unity, g.(5) is
also of order unity. Consequently, the amplitude for such a black hole to decay into duals with
charge just greater than Ngq_, is of order e ™N9%(®) (note this is much larger than e~ *). At the
very least, therefore, we expect the decay of a black hole with u > 1 into DDBHs, to proceed
via the production of several duals of charge of order N, and their subsequent merger (perhaps
via D3 brane ‘pants diagrams’) leading to a genuine DDBH.

While a time scale of order eV is much smaller than eV 2, it is still very long. Although we do
not have a clear expectation here, it is also possible that the decay process involves even more
rapidly formed intermediate states involving Kaluza Klein gravitons. As motiviation to consider
this possibility, recall that the authors of the paper [8] encountered a similar question when
studying the end point of black holes in AdS space that suffered from rotational superradiant
instabilities. In that situation, the mode of a scalar field (dual to an operator of dimension
A) with angular momentum [, was superradiant unstable when «w > A+l On the other hand,
the decay rate into a mode of angular momentum [ was of order e_all. Consequently, while
the modes that first went unstable (and dominated the ensemble) have very large values of [,
the time scale for the formation of these modes was enormous. The authors of [8] proposed
that superradiant unstable black holes, with any given value of w > 1, first decay into the
mode with the smallest value of [ that happens to be unstable (because the time scale for this
decay is relatively short) and only gradually spread into modes of larger [, approaching the
final equilibrium configurations at very large time. It is natural to wonder whether a similar
scenario plays out for with the operators Tr(Z™) (with n of order unity, but increasingly large)
playing the role of operators with large angular momentum (in the discussion above).!*> One
way to check this possibility would be to linearize the equations of IIB supergravity around
black hole backgrounds (a formidable, but doable computation), and then employ the WKB
analysis of [49] on the resulting equations.'>®

Finally, we remind the reader that the DDBH phase, constructed in this paper, replaces
the Gubser type ‘hairy black hole’ phase (which we have shown to be unstable). Hairy black
hole phases have been studied over 15 years, and their dynamics was carefully investigated.
In particular, it has been demonstrated (see e.g. [51-53]) that the long distance dynamics of
hairy black holes is governed by the equations of two fluid superfluid hydrodynamics. Now
hydrodynamics usually emerges in a large charge and energy limit in which a black hole can,

135As modes with large n do not physically separate from the black hole (as was the case, both for modes of large
[ in [8], as well as for the dual giants of large charge studied in this paper), it is not clear that this will happen.
Rough estimates (performed modeling the dual to Tr(Z") as a minimally coupled scalar with mass and charge equal
to n) suggest that it does not happen. It is nonetheless interesting to investigate this possibility more definitively.

136gch computations would allow one to compute ., the chemical potential at which the n** mode first goes
unstable. If it turns out that u, decreases with n, approaching unity from above, then that would suggest that
charged instabilities undergo a cascade to higher Kalutza Klein number, similar to the cascade of their rotating
counterparts to higher angular momentum. We have performed a back of the envelope version of such a computa-
tion, modeling the n'* mode as a charged minimally coupled scalar with m = Q = n. Our rough estimate suggests
that this such a minimally coupled scalar does not go unstable at large n and u of order unity. It is, however,
possible that nonminimal couplings play an important role in this analysis (as in the recent paper [50] and change
this conclusion).
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patch wise, be well approximated by a black brane [54]. DDBH phases behave rather weirdly
in this limit. As we have explained in §3.6, they separate into two parts; an uncharged black
brane which contains all the energy, and a charged dual giant (D brane) which contains all
the charge. In the strict scaling limit, the charged brane moves into the deep UV; infinitely
separated from the black hole (this appears to be the case even at finite N; equivalently even
for finite { analogues of DDBH solutions). Consequently, long distance dynamics in the black
brane scaling limit of §3.6 is is simply governed by the usual equations of uncharged fluid
dynamics (see [55]) together with fully decoupled dynamics D3 branes located at r = oo.
The DDBHs phase thus seems to be an unfamiliar new phase of matter - one in which the
gauge group is effectively Higgsed down to U(N —1) or U(N —2) or U(N — 3), the Higgs vev
goes to infinity (resulting of absolute decoupling of the U(1) factors from the non abeliean
dynamics). The unbroken non abelian sector carries all the energy, while the U(1) sectors
carry all the charge. It would certainly be interesting to understand this better from a field
theory viewpoint (see [56-58] for related work).
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A Notations and conventions

The Bosonic part of the action for Type IIB Supergravity takes the form!3’

1 1 H?
S= v—g|R— 2 _ —3,00%¢ |, A2
167m(2n2)3 g2 g( 2605 T a@n ~u® ¢) A.2)
137We will sometimes use the notation
1} =ga". (A1)
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where Fs is the RR five-form field whose components in terms of four-form potential can be
written as: 38

= au .C + é’u C + 3 other. (A4

(FS)M1M2M3M4M5 Mo U3 s lhs 2~ U3 tg sy

We work in the normalization for the five-form field such that
f «Fs = (2m)*Ng,a'?, (A.5)
SS

where the integral is taken on an S° surrounding N D3-branes.
The probe action for a single D3-brane is given by

= —1 — 4 A/ = 1 abcd dxht dx*2 dxts dxH4 4
5= (27—5)3&/2&( fd Y dethay + EJ € C“1“2H3H4 dya dyb dy* d_yd d’y ). (A.6)

If we place N branes at the origin of the transverse R®, the equation of motion that follows
from the variation of (A.2) and (A.6) is

1 FHRu1b2Msts — _—N 56(;’)6u1~~u4

\Y%
16n(2n2)3g2a'4 " * (2m)3a’2g,

(A.7)
Vv FHHbabsts — N §O(7)eM1Ma

16m4g,a'2 (")
The solution to this equation is given as follows. Let us set

F

U1 alataT — A(r)e

Wyl uz gt > (A'B)

where u; ... u, are Cartesian coordinates on the brane world volume.
The equation of motion (A.7) then takes the following form
5(r)

.My
€
31>

1 1
2 (rSFrmHszW) =—N 5 (A.9)

@n)iga®rs”

where 73 is the volume of the unit S°. It therefore follows that, A(r) = %. To determine the
constant A, we multiply (A.9) by r° and then integrate. Now. comparing the integral of the
field strength on the S° surrounding the brane with (A.5), we find

_y2n)ga?

€
3 F = —pZattir (A10)
Vi

A= o5

It is easy to check that (A.10) obeys (A.5) with N = 1, as we expect (the factors of 73 cancel
with a factor of ,/gs, the unit metric on the sphere, when evaluating (A.5)).

The backreaction of a probe D3-brane on the metric may also be computed as follows.
Let us suppose that our brane spans an R>! with metric n*?, but sits at the origin of the
transverse R*. The stress tensor of the brane (that follows by varying the action (A.6) w.r.t.
the background metric: see (A.15)) is given by

THY = N’ 80(7). (A.11)

- (2m)3a’2g,

138We note for future use that the bulk stress tensor associated to second term in action (A.2) can be obtained as
follows:

w_ 2 85
f V_gaguv

(A.3)

— -1 lgquz_SFuv1v2v3V4Fv
16m(2m2)3g2a’45! \ 2 5 v1v2v3vs )
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In a convenient choice of coordinates, our back reacted metric takes the form

dstyy = ¢(r) (dx"dx, —dy'dy;) (A.12)

(herei=1...6and y;y; = ).
It is now easy to see that the linearized Einstein’s equations around flat space are satisfied
if the field ¢ (r) satisfies
1
(2m)3a2g,

Solving the equation above we get the following expression for ¢:

40,0'¢p =8nGy 58(7). (A.13)

27ta gs

¢ = (A.14)

Note that since we have solved the hnearlzed equations, this approximation is no
longer valid when F? is of order R, i.e. when gsz(a’ )*/r8 is of order unity, i.e. when

1
r=ron~ \/a(gsN)4-
We can also understand that N D-branes carry tension of order gﬁ as follows. The energy
contained in the 5-form field strength is of order

1 9 o, [drr? 5 1 N
— | F*~N ~N*— ~ .
a'4g? 710 rg g a2

This is of the same order as N times the tension of a single D-brane (see the coefficient of the
first term in (A.6)).

A.1 Stress tensor

The probe brane described in (A.6) carries a stress tensor given by

Tg"(x)z i 525
. 3 ax”(v) §10(xH (A.15)
J gty /s X0 25500 S x4 (7))
(27‘[)3(1’2 dya dyb m

where we have used the formula Ohgp = 0,X"3,X"6g,,, and the 6 function is normalized so

that f & = 1: note that °— 1/_ is the covariantly normalized 6 function.

The stress tensor is tangent to the world volume of the brane. This is intuitively clear from
the expression (A.15), and can be seen more carefully as follows. Let n, is a vector normal to
the worldvolume of the brane. Then it can be written as

n = k(x) af(x)
H oxH
where f is a function which is a function which is constant on the worldvolume of the brane
and k(x) is an arbitrary function.'>® The contraction of the stress tensor with such a vector
becomes

10 U
. d*y vV TPk (x )af(x)é‘x“ dx” 0" (xM —xy(¥))
HeD (271)30L’2 oxk Jyadyh v—g
-1 3 ax” 8100x* —xp
— d4y\/—_hha/5k(x) f(x(y)) X ( O(y)) =0,
(2n)3ar2g, oy dyP V=8
where in the last line we have used the fact that f is constant on the worldvolume. Hence we
have shown that the stress tensor is completely tangent to the worldvolume.

> (A.16)

(A.17)

139There is a six dimensional space of such functions.
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A.2 Equation of motion

The equation of motion of the brane can be obtained by taking the variation of the action (A.6)

with respect to the brane embedding x, P(y). We put F,, = 0. Then, the variation of the first
term gives

—& [ d*yv=h — (a4 5vV—h &hgy
6x5(y’) Shgp 5X“(y’)
dx, dx}
5(_o_og )
1 oy oybouy
=—= | d*yvV/-hh®* ——— =
zf ' 5x°‘(y’)
_ _‘/_hhab axg‘ ox, HgW \/_hab 8x(‘)’
2 Jy*dyb ax§

\/ hhab 8x0 dxy 98y . ox)
= V—hh (V .
2 Jytdyb dx§ - (Vogas) y

b ox;
—hh* (gav)vb( )

(A.18)

dye
V=R 9xg 9x§ 3guy e 88av 9% 0x;
2 Jy*dyb dx§ dxy 0ybdya
ab . [(9xg
+V—hh gavvb 8 a
Y
ox) oxk dx;
— ab - 0 0
o g‘”(vb(a )5 ayb%)

In going from the second to the third line we have both differentiated g,,, (giving the first term
on the third line) and varied the partial derivatives of x w.r.t. y: this gives the second term on
the RHS of the third line after an integration by parts). In going from the third to the fourth
line we have used the formula J, (\/—_hhabAb) = v—hV,A?, where A’ is any vector field on
the submanifold. In going from the fourth to the fifth line we have used the usual formula for
the spacetime Christoffel connection).

The variation of the second term gives

1 Py rtatsa dxg1 dxg2 dxg3 dxg‘*
— 1424344
41 éxg(y/) y e CH1H2M3H4 dyal dya2 dya3 dya4
pr g Mo g Hs 7 M Y2 g M3 g M
_ lealazascu O Cuyppuspy dxg" dxg? dxg® dxg? 0 c dxy* dxy® dxy*
41 axg dyal dyaz dya3 dya4 3)’a1 QApiaMs iy dyaz dya3 dya4
P1 g M2 3. Hs g M P2 g M3 3. K
= 1 aias0a, 0 Cuspgpgpsy %o dXg” dxg® dxg* 3 c dx,* dx,* dx,* (A.19)
41 axg dya1 dyaz dya3 dya4 ayal Qo3 g dyaz dya3 dya4
P g Ma 3. M3 7 M M1 g My g Ms g M
= lealaza3a4 (acmuzusm dxgy" dxg® dxg® dxp” _ 9 Capiypuaps A" dxg” dxg’ dxo4)
4

Oxy dynrdy®dyds dy® Oxy'  dysdy® dy dyds
p1 3. My 3. M3 g M
_ leala203a4F dx,' dxy* dx,® dxy*
41 Qg U3 g d_yal dyaz dya3 dya4 :

Combining (A.18) and (A.19), we get the following equation of motion of the brane:

. (dx) ax" axP dxht dxb? dxbs dxt4
\/—_hhabgav(vb( 0 ) + 2 _Op» )+ %e“l“zaa‘lw 00 "0 "9 —o. (A.20)

aya aya ayb up Oy U th3 g dyal dyaz dya3 dya4
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A.3 Conservation of stress tensor

We can also derive the brane equation of motion from the conservation of the stress tensor.
Let us first apply the covariant derivative on the brane stress tensor given in (A.15).

uv _ uv
uTh () =8, Th"(x) + T TH* +TH T

= Gepare | | Ve Oxg 0xg 8 (81" —xg(»))

+ Vohhet (axo 0% 1y | 0%6 0%5 1, )(51°<x“—x3‘(y)>)]
dya ayb ua 3ya ayb uo /——g(x)

— —1 d4 1 ab 8} 10 M
~ (2n)Bag, U v—g(x )3ye (Fh ”)5 6= 0))

bax F] 1 (A.21)
+ /_hhab510 u__ 0
(x (y))(aya Ay axt \ /—g(x)
oxg axor ox§ x| -
+ +
ayaayb ua ayaayb ua
—1

T 2nPag, J—g(x)
x U d*y 8100 — xb (y)) v/ —h(y)h® (%gffz + 2xp 2xp r’ )] i

where, in going from the second to the third line we interchanged the derivative of the delta
function with respect to x* to a derivative with respect to xg with an additional negative sign

and then used the chain rule to combine with 2);6: to get — c’fv“ (810(xH — xg (¥)). Further, we
performed an integration by parts with respect to y“ to obtain the third line (the additional
negative sign from integration from parts cancels the previous negative sign). In going from
third equality to fourth, we have used the fact that

0
8 =2 gl"a .
dxH o
Next consider the covariant derivative of the term in the field strength stress tensor which
signifies the interaction energy between the brane and the background field. This term is as

follows:

-1
uv _ uy UV1 Vo V3V4 7V _ UV Vo V3V 7V
Tine = 16n(2n2)3g2a'45! (g FF —SF# 727N V12374 SFIMT2YF V1V2V3V4) ,» (A22)

where F is the background field strength and F is the field strength due to the brane. Now
taking the covariant derivative,

vHTlI:l:(x): 1671(27T;)ig2a/45'( e (FF) SFHMM2YMY Fv1v2v3v4
SSUL IR sEn,E )
- 1671(27121)3g520£’45l5v FWWZVWFVVWWA; (A.23)
_ —1 1 4%y 510(xH — xP(y))eh a2 dx,' dxg” dxg’® dxg“Fv .
(2n)a2g, 4'/—g 0 dya dy% dyds dyd HikeHsba
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In going from first line to second, we note that first term cancels with the second and Here we
have used the equations of motion of background field F and perturbation F,

VP72 =0, (A.24)
100, -0 _ 4-M 1 M2 3. M3 3 Mg

;V Fri ot — 1 4 6 (xt —x;(y)) (102050 dxyt dxg? dxg® dxg ‘

16n(2n2)3g52a/4 L (2m)3a’2g, e dyn dy? dy% dy%

Combining (A.21) and (A.23), we get

v, (Th"+T1)")=0 (A.25)
l a1a20304

. Ox} axP ax* dx™ dx™2 dxs dxH
= /-h(h? [ Vo + =1 |+ ¢ 9 0“0 0 pv =0,
dyb  dyadyb uP 41 dy® dy% dy% dy® Hitizbsbs

which is equivalent to (A.20).

B Details of the black hole solution

B.1 The four-form potential for the 5-form flux

In this subsection, we check that the four-form potential in (26) correctly reproduces the five-
form field strength in (24).

To show this we use the following results which can all be obtained simply by using the
definitions of Cy,,®,J in (27) and (7).

dCV :_46(5),
dOA(—*5F+AAF))=—2J AxsF +2J AAANF,

d(2d(I2)Adpy Addpa Adps) =—2 AT A(AY +O) =—4x19e®) —2J AJ AA,
d(—AAN(dY+O)AT)=—FA(dV+O)AJ +2ANJT AJ .

(B.1)

It follows from the bulk Maxwell-Chern-Simons equation of motion that the expression
(—*5 F + AAF), that appears in (26), is a closed 3 form, i.e. that

d(—#sF+AAF)=0. (B.2)

It follows, in particular, that the integral of this 3-form over any 3-manifold that surrounds
the black hole world line evaluates to the same number - the electric charge of the black hole
- independent of the details of this 3-manifold. On the black hole spacetime (9), it is easily
checked that this 3-form evaluates to

2 2
(—is F+AAF) = 272

O1NOyNO3. (B.3)

Consequently, (26) can be rewritten as

C 2
=Cv+(%)@/\al /\az/\ag+l§d(l§)/\dqbl ANdpyANdps +AN(AP+O)AT. (B.4)

While (26) solves (25), this solution is certainly not unique. The gauge transformation
C — C+dy for any y (here y is any 3 form) gives an equally good solution to this equation.
As this addition changes the Lagrangian by a total derivative, it does not modify the equa-
tions of motion that follow from this action. However, such a modification can change the
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Figure 9: The u = 1 curve (red) is shown for a fixed J = 350 in E 3Q plane. The
orange region represents the DDBH phase. The slope of the curve is negative, in-
dicating that the black hole can become unstable under the condensation of hair as
energy increases. As the energy increases further (beyond what is shown in the fig-
ure), the slope of the curve becomes positive, though it remains greater than 1.

value of conjugate momenta - and hence of Noether Charges including the energy- by additive
constants. The correct value of Noether Charges (i.e. the value that we find from the field
contribution to energy and other charges once we account for backreaction) is obtained only
if we choose C so that its integral over the horizon is a vanishing one-form.'*® Our solution
(B.4) does not obey this criterion, but is gauge equivalent to a solution of that does meet this
criterion. Using

01Ny ANO3=d(cosB,dp Adp), (B.5)

and so
OANO;ANOyNO3=—d((© A(cosO,dp Adp))+J A(cosB,dyY ANdp), (B.6)

we find a second solution to (25)

2
= Cy + (%)cos O Adp ANdp +L5d(I5)Adpy Adpy Addps +AN (AT +O)AJT, (B.7)
AdS?

which has the property that it integrates to zero on the horizon.

C w=1 curve at large J

In this Appendix, we show that when the angular momentum becomes sufficiently large, the
u =1 curve exhibits interesting behavior, as was not seen for small J (see Fig. 4). Specifically,
there is an interval of the u = 1 line in the E Q plane where the slope of the line becomes
negative (see Fig. 9).

140An analogy might help here. up to a proportionality constant, the interaction energy between two charges in
(usual) electromagnetizm f El.Ez = f %q&l.%qbz, where El = _§¢1 is the Electric field sourced by the first charge
and E, = —V ¢, is the Electric field sourced by the second charge. Integrating by parts turns this expression into
—f ¢, V2, + fB ¢,V ¢,, where the second integral is taken over the boundary of spacetime (at infinity). This is
proportional to q;¢, (where ¢, is evaluated at the location of the charge g, if and only if the integral at infinity
vanishes, i.e. if ¢, vanishes at infinity. It follows that the interaction energy between the two charges is correctly
given by the contribution to the probe action q, f ¢, only when ¢, is chosen to vanish at infinity. The analogue of
this condition, in the current situation, is to demand that C vanishes when integrated over the black hole horizon.
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We should note that the phase diagram of the DDBH is unaffected since the slope remains
greater than 1 as long as it is positive. However, it is intriguing that a black hole can become
unstable and transition to the DDBH phase as energy increases. Naively, one would expect
the black hole to become more stable as energy increases, since entropy increases when other
charges are held constant. At the moment, we don’t have any specific explanation to account
for this phenomenon. It would be interesting to investigate why this happens.

D Phase diagrams for black holes with one or two non-zero
charges and J;, =J, =0

In this appendix, we discuss the micro-canonical phase diagrams of A/ =4 SYM in the special
cases where we only have either one or two of the Q; # 0. In section 3.4, we reported the
phase diagrams for the generic case where Q;,Q, and Q3 are all non-zero (see Figure 1). In
what follows, we will be using the same convention as in section 3.4 where we considered the
energy direction to be ‘vertical. We will also be referring to the three charges as Q;, Q; and
Qj where i, j, k can take the values 1,2,3 and i # j # k.

D.1 Two non-zero charges

In the case when one of the charges (say Q) is put to zero, the charge space becomes 3-
dimensional, parameterized by the two charges (Q;,Q;) and the energy E. There are three
surfaces which are of interest for us,

* the u; = 1 surface S; when Q; > Q;,
¢ the u; =1 surface S; when Q; > Q;,
* the unitarity plane - E =Q; +Q j where, Q; and Q j are the non-zero charges.

Let us fix the charges Q; and Q; to some non-zero value and construct the phase diagram as we
vary energy. Let us also assume that Q; > Q;. The other case also has the same phase diagram
but with i replaced by j, i.e. the phase diagram is symmetric about the Q; = Q; plane. At
large values of energy, the vacuum black hole is the dominant phase, and as we lower the
energy we first encounter u; = 1 surface S;. As we lower the energy further we transition in
to the Rank-2 DDBH phase where the core black hole has u; =1 (lies on S;) and the D-brane
carries the rest of the Q; charge (and energy E = Q;). The i‘" Rank-2 DDBH phase therefore
is bounded above by the surface S;. The surfaces S; and S; intersect on the Q; = Q; plane
on a curve S;;, on which the vacuum black holes satisfy u; = u; = 1. One can construct a
two parameter set of Rank-4 DDBH from every point on S;; by varying the amount of charge
carried by the two dual giant gravitons. The Rank-2 DDBH phase is also bounded ‘below’ by
the Rank-4 DDBH. The Rank-4 DDBH phase continues to exist all the way until the energy
reaches the unitarity bound. The extent of the Rank-2 DDBH phase depends on the difference
between the two charges Q; —Q; and goes to zero when the charges become equal Q; = Q;.
When Q; =Q; (and Q; = 0), as we lower the energy starting from the vacuum black hole
phase, we directly transition to the Rank-4 DDBH which continues to exist until the unitarity
bound. The phase diagram will now have three cases: (i) Q; > Qj, (i) Q; = Qj, and (iii)

Q; < Q; (see Fig 10). See Fig. 11 for the phase diagram at Q3 = 0 and Q — 1, and Fig. 12

N2 ©
for the phase diagram at Q; = 0 and 1% = 3 (the phase diagram, presented as a function of
]% and ]%, has a small qualitative difference on these two charge slices, as will be explained

in the next subsection).
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Figure 10: The phase diagram of V' = 4 Super Yang Mills theory at vanishing angular
momentum and one vanishing charge (say Q3). In the above figure, we depict various
phases we encounter as we vary energy at given non-zero charges Q; and Q,. At high
energies (far right of the figure), the vacuum black hole phase dominates for all the
three cases. When the non-zero charges Q; and Q, are unequal, we encounter both
Rank-2 DDBH and Rank-4 DDBH phases as we reduce the energy from the vacuum
BH phase. When Q; = Q,, the vacuum BH phase transitions directly into Rank-4
DDBH as we lower the energy.

D.2 One non-zero charge

Now let us turn off another charge Q; = 0 (also Q; = 0) and keep only one Q; # 0. The charge
space in this case will be two-dimensional - parameterized by the energy E and the charge Q;
(see Fig. 14). The curves of interest in this case are

* the u; =1 curve,
* the unitarity line E = Q;.

Here we find some differences from previous cases. To start with, vacuum black holes exist all
the way down to the BPS line. Next, the limiting temperature of black holes (as they approach
the BPS line) everywhere equals % (rather than zero, as one would naively expect) [7]. Finally,
(and most important for us), in [7], it was noted that the y; = 1 curve in this case does not
start from the origin (as was true in the previous cases). The u; = 1 curve starts from the point
in the charge space (E°,Q°) = (1, 1) (see Fig 14). This suggests that the phase diagram when
two charges are turned off has the following two cases (see Fig 13),

* Q; < Q°: As we lower the energy starting from a vacuum black hole phase, we will hit
the unitarity bound first and therefore do not undergo any phase transition into a DDBH.
In this case we stay in the ‘vacuum black hole’ phase at all energies.
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Figure 11: The cross-section of the phase diagram for 1% =1 and % = 0. Notice
that the value of Q, is chosen to be Q¢ where the Rank 2 DDBH phase carrying Q,
charge stops existing at Q; = 0. (see Fig 13 and Fig 14).
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Figure 12: The cross-section of the phase diagram for % =3(>Q°) and 1% =0. The

Rank 2 DDBH carrying Q- charge continues to exist at Q; = 0.

* Q; > Q°: As we lower the energy starting from a vacuum black hole phase, we will
encounter S; first. Below the S; curve, the i'" Rank-2 DDBH phase dominates the mi-
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Figure 13: The phase diagram of A/ = 4 Super Yang Mills with one non-zero charge
Q;. Until a critical value Q; = Q°, the vacuum BH phase dominates at all energies.
When, Q; > QF, the vacuum BH phase transitions to a Rank-2 DDBH phase as we
lower energy. See Fig 14 for a 2-dimensional plot of the same phase diagram.

crocanonical ensemble.'#! The upper boundary of the i*" Rank-2 phase is therefore the
S; curve (restriction of the three dimensional S; surface to Q; = Q, = 0) and the lower
boundary is the unitarity plane, where the black hole becomes zero size and the solution
reduces to a dual giant graviton in empty AdSs x S°.

E The effective particle action for a dual giant graviton

In this Appendix, we demonstrate that the effective action (66) reduces to the action (67) when
evaluated on brane configurations that preserve SU(2)gz x U(1);. As we have mentioned in
the main text, on such configurations, the D3-brane behaves like a point particle propagating
in the remaining 6+1 dimensions.

Let us first deal with the DBI part of the action in (66), leaving the Wess-Zumino part for
later. The DBI action reduces to the action for a particle propagating in an effective seven di-
mensional metric. The position dependent effective mass of this particle is given by % Using

Vy = 272 (21‘2,/ b2 +A:23),142 we see that this effective mass equals 2Nr?,/b2+AZ%. Conse-
quently, the DBI part of (66) reduces to

Sppr = 2NJ r?4/ b2 +A% /=8, dxidx?, (E.1)

where g,,dx"dx"” is the line element on the effective 6+1 dimensional metric that is deter-
mined as follows. The 10 dimensional line element given in (1), can be written in the form

ds? = guvdxtdx” + Sapdydy® + 284, dy dx*, (E.2)

where y“ are the coordinates 0, ¢, that parameterize the three dimensional squashed
sphere, and x" the remaining seven coordinates (e.g. r, t, ¢, ¢, ¢3 and a and S, the

141This phase has a core black hole with u; = 1 and a dual giant graviton carrying only Q; charge.
142This formula is obtained as follows. The restriction of the 10 dimensional metric onto the space spanned by
d6, d¢ and dy (equivalently by o,,0,,0) is given by ds? = ;(0'% +02) + (b? +AfT3)O'§). Our formula for V,

2524 52
0'1+0'2+0'3

follows once we recall that the space with metric is the unit 3 sphere with volume 272
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Figure 14: The phase diagram of the N = 4 Super Yang Mills in the special case when
Q5 =Q3=0and J; =J, = 0. The Rank-2 DDBH phase is the dominant phase in the
shaded region. It is bounded above by the u; = 1 curve and below by the unitarity
bound. Vacuum black holes exist everywhere above the orange line, but are unstable
in the shaded blue region. Note that the u; = 1 curve does not meet the BPS curve
at origin, but rather they meet at non-zero charge Q° = 1 (in N2 units) [7].

two variables that parameter). Our effective particle propagates on the space g, projected
orthogonally to the squashed three sphere, i.e. the space with effective metric

ds2 = (guy — 818w 8S%) dxtdx” = g, dx"dx" . (E.3)
Explicitly we find
ZW d 2
ds% = g ydxtdx” = (—’;}? +A% +b%f2 |dt? + % +da? + cos? ad B2

(dt(AA,, + b2F) —Ay, S 12d¢;)’
b2+AZ,

3
+ > (12dp? —24,12dp;dt) — (E.4)

i=1
r’w ., dr? 2 s b2 2
:_4b2 dt +W+d5 (cp )+m(d‘l’+@+(on.3—At)dt) ,

03

where the gauge fields A, and A, were listed in (9).

The equations (E.1) and (E.4) may be confirmed by evaluating the induced metric on the
D-brane and evaluating its volume. We can choose to use 0, ¢, 3 and and 7 as world volume
coordinates. As the D-brane wraps the squashed S, the remaining six spacetime coordinates
are independent of 8 ¢ and v, but are arbitrary functions of time. In other words the world
volume of the D3-brane is parameterized by the 6 functions

Li(7), r(t), $1,23(7). (E.5)
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The induced metric on the D3-brane is easily computed in terms of these 6 functions: we find

2 3
ds2, = (gtt + g2 > UL + D (84,007 — 2gt¢i¢>1~)) de?
i=1 i=1

3 3
+ (gtag + Zg03¢i¢i) dtUS + Z goiaio-iz .
i=1

i=1

(E.6)

In order to deal with the cross term proportional to dto; ‘complete the square’ to obtain

2
2
Y r
dsiznd=Adt2+(b2 +Ai3)(03+WA%‘3dt) +Z(O'%+O'§), (E.7)
where
. dxMdx” r’w P2 G : > ; ; y?
A= == +Af+b2f2+W+Z(21ili)+Z(li2q5i2—2Atli2qbi)—q—z, (E.8)
i=1 i=1
and

¢=b*+4% , and y=AA, +bf 1A, ;. (E.9)

Let us now turn to the Wess-Zumino part of the action. The second, third and fourth terms
in (26) each have two or more legs on the S° and so evaluate to zero when integrated over
the squashed sphere. Hence we are left with just the first term Cy, given by

4_p4
r
Cv=( 3 )dt/\O'l/\O'z/\O'3 (E.].O)

(we have used (B.3) to simplify the second term in (26)).
All the terms in the bracket in (E.10) are independent of 8, ¢, and 4, so the integral over
these three coordinates can simply be performed. We find

4_p4
SWZ=8NJ(r 8R )dt. (E.11)

In summary, the full probe action for the D3-brane is given by

S =Sppr +Swz

4_R4 E.12
=2NJ r?4/ b2 +A§\/ _guvdxﬂdx”+8NJ [(r 8R )dt:| . (E12)

F Constraints on probe motion from U(3) invariance

In this appendix, we write the most general orbits on the squashed S° which preserves U(3)
symmetry along with the general form of the U(3) charge matrix of these orbits.

E1 Motion on the ‘squashed S>’

After taking N out common overall, (67) may be thought of as the action of a particle of unit
mass and ‘charge’ propagating in the metric 2mg,,,, in the presence of an effective gauge field
C, = (r*—R%). Note that this effective metric and gauge field both enjoy invariance under U(3)
symmetry (since the effective metric only depends on metric on CP?, © +d¥ and J which are
U(3) invariant as discussed in appendix H.2). In this subsection, we explore the (powerful)
constraints that U(3) invariance imposes on the motion of our effective particle.
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E1.1 Using SO(6) symmetry to constrain particle motion on S°

As a warm up that will prove relevant, let us first recall how SO(6) invariance can be used to
characterize particle motion on a round S°. Geodesics on a round sphere traverse great circles,
which may be characterized as follows. If we view the S° as centered about the origin of R®,
a great circle is simply the intersection of the S° with any (flat) two plane in R® that passes
through the origin. Flat two planes that intersect the origin are completely characterized by
their two dimensional volume form. Let the coordinates on R® be (x1, y1, X5, Yo, X3, ¥3)(at a
later point we will group these coordinates into three complex combinations z; = x; +iy;,
i = 1...3). A sample great circle is obtained from the intersection of S°> with the plane
Xy = Yy = X3 = y3 = 0, i.e. the plane with volume form dx; A dy;. All other two planes
through the origin may be obtained by the action of SO(6) on this sample two plane. As a
consequence, the space of inequivalent two planes (hence great circles) is in one to one corre-
spondence with SO(6)/(S0O(4) x SO(2)) and so is 8 dimensional. Note that the volume forms
associated with two planes are antisymmetric matrices, i.e. adjoint elements of SO(6). These
S0(6) adjoint elements may be identified (up to scaling) with the SO(6) charge of the asso-
ciated particle motions.'*> Note that the corresponding SO(6) charge matrices are all of rank
o 144

In addition to the 8 parameters above, the phase space for particle motion on S° has two
additional coordinates. The first of these is how fast the particle is moving on its given great
circle, i.e. the magnitude - not just direction - of its SO(6) charge. The second of these is the
initial location of the particle on the great circle. It follows that the full phase space of particle
motion on S° is 10 dimensional, as, of course, is clear on general grounds.

E1.2 U(3) charges for geodesics on S°

In the previous subsection we have explained that, up to SO(6) rotations and time translations,
geodesics on S° are characterized by the magnitude of charge.!* Distinct geodesics with
the same charge eigenvalue can be transformed into each other by SO(6) rotations and time
translations.

Recall that SO(6) has a U(3) subgroup (see Appendix H.2 for a reminder). It is interesting
to analyze how the phase space of motion on an S° decomposes into orbits of this U(3) sub-
group. This question will be of relevance to us below, as we will be interested in the motion
on a squashed S° (rather than a round S°), and the squashing breaks the SO(6) symmetry of
the S> down to U(3).

While all two planes can be rotated into each other via an SO(6) transformation, all two
planes cannot be rotated into each other using only U(3) rotations. This is most easily under-
stood by working with the complex combination of real coordinates, z; = x; +iy; in R®. We
have explained above that all two planes are SO(6) equivalent to dz; A dz;.'*® Let us now

43However the set of two forms associated with planes do not form a vector space: the sum of two of these two
forms is not, by itself, a two form associated with a plane.

144This follows because the corresponding SO(6) charge matrices are SO(6) rotations of the sample SO(6) charge,
which, in turn, is clearly of rank 2.

145 e. the value of the two nonzero eigenvalue (these are plus minus of each other) of the corresponding SO(6)
charge.

146Note that dx; A dy; o< dz; A dZ,.
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rotate this plane by the SO(6) rotation'*”

21 — cos {2z +isinfz,, 29 — €08 {29 —18in{3Z; . (F2)

Note this rotation does not lie in U(3) as it mixes z; with 2,. It is easily verified that under this
rotation

dz; A d%, — cos® {dz; A dZ; —sin® {dzy A dZ, —isin{ cos{(dz; Adzy+dZ AdZ,). (E3)

Recall that the adjoint of SO(6) decomposes into the 9+ 3 +3 of U(3), where the 9 is the U(3)
adjoint. The adjoint U(3) charge of the rotated plane is obtained by restricting the charge on
the RHS of (E3) to terms of the form dz® Adz? (see Appendix H.2). From (E3), it follows that
this adjoint charge is given by

cos? {dz; A dz; —sin® {dz, AdZ,, (E4)
corresponding to the U(3) adjoint element

cos?{ 0 0
0 —sin?¢ 0 |. (E5)
0 0 0

Note that (E5) is of rank 2, demonstrating that our new plane is U(3) inequivalent to the
original, unrotated plane dz; A d%; (whose charge was of rank 1).

We can now perform a U(3) rotation on the plane on the RHS of (E3). Off diagonal
U(3) rotations clearly change (E5) yielding a new solution. Let us now examine the three
diagonal U(3) transformations. The transformation z; — ei“ZS clearly leaves (E3) invariant.
The same is true of the transformation z; — e'*z;, 2, — e *z,. These transformations both
act trivially on the full two plane (hence they leave the geodesic unchanged). In contrast, the
phase rotation z; — e'%z;, 2, — e'%z, changes (E3) to

dz;, A dZ;— cos® {dz; A dZ; —sin? {dzy A dZ, —isin{ cos{(e**dz, A dz, + e 21%dZ; AdZ,). (E6)
In other words this transformation changes the two plane,'*® even though it leaves its U(3)
adjoint charge invariant. Thus the action of U(3) on the plane with charges listed in (F.3)

produces a U(3)/(U(1) x U(1)) or 7 parameter set of inequivalent planes.'#’ Taking the union
over all values of £, gives the full 8 parameter set of two planes.

E1.3 Equivalence classes on a squashed S°

In the previous subsubsection, we decomposed the adjoint of SO(6) into the 9, 3,3 of U(3).
In the case of motion on a squashed S°, while the 9 (the U(3) adjoint) continues to be a
conserved charge, the 3 and the 3 are no longer conserved. In this case, solutions whose U(3)
adjoints can be rotated into each other are symmetry related, but solutions corresponding

147Tn terms of R® coordinates, this rotation is given by

x; — cos{x; +sinly,, y; = cosly; +sinlx,, (E1)
X, — cos{x, —sinly;, ¥y, = cosly, —sinlx; . '

In other words it consists of a simultaneous rotation, by angle ¢, in the (x;y,) and (x,y;) planes.

148Except in the special case { = 0. When { = 0, this transformation leaves the full SO(6) charge - hence the full
geodesic - unchanged.

149Thus our planes only have a U(3)/(U(1) x U(1) x U(1)), i.e. a 6 parameter set of inequivalent U(3) charges.
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U(3) charges with different eigenvalues (i.e. charges with different values of { in (E5)) are
symmetry inequivalent.

Of course the full phase space for motion on a squashed S° is 10 dimensional. It follows
from the discussion of the previous paragraph that these 10 coordinates consist of the initial
location of the particle on the geodesic, the two eigenvalues of the U(3) charge matrix, **° plus
the 7 parameter equivalence class of solutions with the same U(3) eigenvalues.

In addition to the generic solutions, we also have a special class of solutions with ¢ = 0.
In this case the U(3) charge is of rank 1. In this case phase space is parameterized by the
initial position of the particle, the value of the U(3) eigenvalue, and the four parameters on
the equivalence class U(3)/U(2) x U(1). It follows that this special class of solutions is 6
dimensional. These special solutions will turn out to play a key role in this paper.

G k symmetry analysis

In this section, we check that the embedding of the dual giant around a Gutowski-Reall black
hole described in subsection 4.7 is indeed supersymmetric at the probe level using the kappa
symmetry analysis.

We mostly follow Appendix C of [32]. In their notation, the AdS part of the metric of GR
black hole is given by

2

s ge2i E (d<I>+n\Pb)2+§( d”n2+(1—n2)dqz§)], G.1)

F(&)

(5) fb(dtb w)z fb[

where w = 3} (F () 1).151 The S° part of the metric is taken to be same as in (1). The

gauge field in these coordinates is given by

3a’f,
8(1—a)?¢

The coordinates used above are related to the coordinates used in this paper as follows:

A:—fbdfb— (dq)+’i’]\1/b) (G.2)

2 R2
tp=1¢, T’:COSGaa (I):(pa_Zt: ‘Ijb:'%b; ger(l_r_g) (G.3)

The functions f;, F and the parameter a in (G.1) and (G.2) are given by

1
fr=1——, F=R(r2—R§)2(1+ZR3+r2), a=j. (G.4)
r

The ten-dimensional Vielbein chosen in [32](see equations C.41 and C.57 of that paper) in

150Recall that the most general U(3) charge matrix equals (E5) times an arbitrary scaling factor, that keeps track
of how fast our particle is moving on its geodesic.
1>INote that we have substituted a = 3 and 1 = 0 in eqn C.42 of [32].
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152

these coordinates are given by

& = f(dt — ), =L S ge,

vy VF(E)

2o L \l?dé dw o\
VA ‘ Jfb(l—nZ)”

£ (G.5)
et = \| =(1—n2)d¥,, e’ =da,

fo

b= sinacosa(coszﬂ(dtbl —d¢s) +dqb2—d¢3) , e/ =sinadf,
e8 =sinasin B cos Bd(p, — ¢1), 69=Zli2dqbl~—A.

The supersymmetry of the probe D-brane solution can be checked by doing k—symmetry anal-
ysis. The supersymmetry is preserved in the presence of a D-brane in a Gutowski-Reall black
hole background (which is a 1/16 BPS solution) when the background Killing spinor satisfies
the following k—symmetry condition,

le=e¢, (G.6)

where the Gamma matrix I is the completely antisymmetric combination of the pull back of
the 10 dimensional Gamma matrices on the worldvolume of the D-brane,

1 e*1%2@3% gyt gx M2 XU JxH4 M
— M, Mze]\/égeu44erM2M3M4 . (G.7)

4 JTh 004 0% do% dot i Ha h

Here, Ty, m,m,m, 1S the 4-antisymmetric combination of the flat gamma matrices in 10 dimen-
sions.
Now we choose the following coordinates on the worldvolume of D-brane:

ol = t, ol = yi, (G.8)

where y! are the coordinates along S® in AdSs. The embedding of the D-brane is as fol-
lows(recall from subsection 4.7 that the D-brane has velocity one along the ¢ direction):'°3

(l”, ¢13 ¢2) ¢3’ ll, 12) 13) = (rO: t,t,t, 1: O, 0) . (G9)
The background Killing spinor is given in [32] (Eqns C.64 and C.65),
€ = e2(#-20+drtdates) [re (G.10)

where the constant spinor € satisfies the following projection conditions,
].—‘0960 =€, F12€0 = _ieo, F34€0 = F56€0 = F78€0 = ieo . (G.].].)

Out of the five projections listed above only four of them are independent since our Killing
spinor also satisfies a chirality condition in 10 dimensions,

Mle=—c¢. (G.12)

152Note that a, 3 are just the reparameterizations of [, [,, I; defined by
l, =cosa, I, =sinacosf3, l;=sinasinf.

1531n fact it turns out brane is supersymmetric with any choice of constant I, [,, ;. This is related to the fact that

with the embedding (G.9), the only non-zero contribution to I' in (G.7) comes from the Vielbein e°, e2, e3, e*, e’

and all of them are independent of ; when ¢, = ¢, = 5.
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Now, we need to verify that the background Killing spinor (G.10) satisfies the k—symmetry
equation (G.6). We substitute the vielbeins (G.5) and the D-brane embedding (G.8) and (G.9)
into (G.7), after which the k—symmetry condition simplifies to,

/ 2 2
(F0349 + . ;sz-é_ = (10234 — 1“2349)) €0 =€g. (G.13)
Using the conditions (I'°)? = —1 and T'%¢, = ¢,, we can verify that,
(M’ +1%e,=0. (G.14)
Therefore the above condition reduces to,
%% =¢,, (G.15)

which is clearly satisfied by the spinor as seen from the projections (G.11).

H U(3) and SO(6).

H.1 Embedding of U(3) inside SO(6)

S0O(6) has a U(3) subalgebra. This may be seen as follows. Consider the following general
Hermitian matrix (element of the algebra of U(3))

an aa ais
(a12)*  azp ays |, (H.1)
(a13)* (ax3)™ as3

where the diagonal components are real. i times the U(3) generator (H.1) can be embedded
inside the space of 6 x 6 antisymmetric matrices (i.e. the generator space of SO(6)) via the
replacements 1 — o,, i — il. Note that this replacement rule preserves the algebra of (1,1).1>*
Physically this embedding of U(3) generators can be thought of as follows. Let the basic col-
umn vector on which SO(6) acts be denoted by (x1, y1, X2, ¥, X3, ¥3). Define 2; = x; +iy;. The
U(3) defined above acts by z; — Ul.] z; (and with 2 transforming like the complex conjugate).

Completely explicitly, we find that SO(6) generator (6 x 6 antisymmetric matrix) corre-
sponding to (H.1) is given by

aq (ioy) R (a12) (ioy) — 3 (a12)I; R (ay3)(ioy) — 3 (a33)1;
R (as0) (ioy) + 3 (as2) 1, g, (io3) R (azs)(ioy) —3(ax)l, |, (H.2)
R (a13) (iog) +3(a3)Iy R (ags)(ioy) + 3 (axg)l; ass (ioy)

—i
0

We can also go in the reverse direction. The space of 6 x 6 antisymmetric matrices can,
of course, be viewed as a space of vectors that transform in the irreducible adjoint represen-
tation of SO(6). Given the embedding (H.2), the same space can also be viewed as a space
of vectors that transform in the direct sum of the adjoint, 3 and 3 representations'*>> of U(3)

0
where 0, = ( ;

154Namely the fact that these numbers commute with each other, and respectively square to unity and minus
unity.

155This may be seen as follows. The adjoint representation of SO(6) may be thought of as the linear space of
forms of the form dx! A dx’. Let us now change basis from x! (i=1...6)toz%, a=1...3,z% a=1...3. The
space of forms is now spanned by dz® A dz°, dz® A dz® and dz® A dz°. These basis forms, respectively, span the
representations of U(3) that we have called the 9, the 3 and 3.

91


https://scipost.org
https://scipost.org/SciPostPhys.18.4.137

Scil Select SciPost Phys. 18, 137 (2025)

(note that these are, respectively, 9 and 3 and 3 dimensional). The three representations are
distinguished by their charge under the overall U(1) of U(3). While the 9 is neutral under this
U(1), the 3 and the 3 are, respectively, of charge —2 and 2. This fact may be used to separate
an SO(6) adjoint element into the 9, 3 and 3 (in practical terms this separation is most easily
accomplished if we rewrite the adjoint element as a form in z, z basis).>®

H.2 Action of U(3) on the squashed S°

In this subsection, we write the Killing vectors corresponding to the U(3) symmetry in S°.
U(3) may be thought of as the group that acts on the triple column coordinates z = (21, 25, 23)
with a unitary matrix U as

7 =Uz.

The unitarity of U ensures that zz = I (I is the 3 x 3 identity matrix). Infinitesimally, U = I +iB
where the matrix B is Hermitian. The killing vector field iV corresponding to the matrix B is

Vs =48,Bz,—8,:(8")/s; =B/ (2,0, —2*;0,.) (H.5)

(we have used the Hermiticity of B). It is easily verified that this vector field annihilates zz.
The coordinates z; are related to the direction cosines and ¢; via

Z; = liei¢i B (H6)

from which it follows that™>”

. 1
8, =——08y + -4 . (H.7)
1 zi 1 Zi 1

Inserting (H.7) into (H.5), we finally obtain an explicit formula for the vector fields that gen-
erate U(3) in terms of the coordinates of (1)

. 6 8 Lo Lo
Bl — 1, — it~ ;2 . H.8
0 T\, e g, o (H.8)

z; are related to the coordinates presented above via z; = [;e'%:.
It is now easy to check that © + d¥, J and the metric on CP? are invariant under U(3) by
taking the Lie-derivative of these objects along the U(3) vector fields in (H.8).

156 Another way to achieve this separation is as follows. The representation space has a natural inner product
given by (A,|A;) = Tr(AZAl). A convenient orthonormal basis in this space includes 3 diagonal U(3) elements is
given by

ic, 0 O

u;=—| 0 0 o0 |, (H.3)
V2 0 0 o

(and similar) as well as the three pairs of off diagonal elements given by

[0 Lo [ 0 oy 0
o= | L 0 0 |, wp=gf ioy 0 0 |, (H.4)
0 0 0 0 0 0

(and similar), together with any conveniently chosen basis in the space 6 dimensional symmetric space. Given an
arbitrary 6 x 6 antisymmetric matrix O, we can identify its various U(3) (i.e. the adjoint) elements by computing
the trace

Tr(OB"),

where B are the various orthonormal elements described above.
157The RHS of (H.7) does not annihilate Zi ll.z, and so is a vector field on all of the embedding R® rather than the
sphere. This defect is remedied in the combination of J, presented in (H.5).
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H.3 Decomposition of S® spherical harmonics into representations of U(3)

SO(6) spherical harmonics can be thought of as trace removed polynomials of X#, u=1...6.
We can change basis from X* to Z; and Z! (i = 1...3). Here Z; are U(3) fundamentals, Z; are
U(3) antifundamentals and the trace removal condition tells us that all contractions of Z with
Z must be removed.

SO(6) spherical harmonics, consisting of degree n trace removed polynomials, transform
in the representation with n boxes in the first row of the Young Tableaux, and no boxes in
any other row. Moving to the Z Z basis, label polynomials by their degree n;, in Z;, and their
degree nz in Z, with the constraint n; + nz = n. Such polynomials transform in the SU(3)
Young Tableaux with n; columns of length 1, and n; columns of length 2, and with U(1) charge

ny; —nz.'>® Denoting these representations by the symbol (n, nz), we have, in summary'>’
n
nso6: Z(nz,n—nz). (Hg)
nz=0

Let us now study the Laplacian on S°. As explained in Appendix K we have
—V2¢, =n(n+4)¢, (H.10)

(where ¢, is any spherical harmonic in the ngo, representation). Now the metric on S° can
be written as
dsZs = dsZp, + (¥ +©)?, (H.11)

where dsgp2 is the metric on CP? and © is the one-form, whose field strength is the U(3)
invariant Kahler form on CP2. Let us suppose that our spherical harmonic is chosen so that it

transforms in the (ny,n;) representation. If we make this choice, it follows that
— Li(ng—nz)¥
d)n - el(nz nz) ¢nz,nz .

Since the S° metric is a metric of the Kaluza-Klein form, and so it follows from the usual
formulae of KK theory that

-V = (_V%PZ,(nz—nz) +(ny — nz)z)(,bnz’nz , (H.12)
where V% P2m is the Laplacian for a charged particle of unit charge, propagating in a CP? with
magnetic field equal to m times the Kahler form. v%pz,m can be thought of, roughly, as the
CP? analogue of the action of the Laplacian on Monopole Spherical Harmonics with m units
of monopole charge.

As —Vgs = (nz +nz)(nz +nz +4), it follows that

2 _ _ B _ )2
_vcpz’(nz_n2)¢nz,nz =(nz +nz)(ny +nz +4)—(nz—nz) (H13)
=4(nznz; +nz+nz).

158The polynomials of Z transform in the U(3) representation that carry n, columns of length 1 and U(1) charge
n,. The polynomials of Z transform in the U(3) representation that carry n; columns of length 2 and U(1) charge
—n;. As we are not allowed to contract the Z and the Z, the final representation is given simply by concatenating
these Young Tableaux.

159at least roughly, the RHS of (H.9) can also be understood as coming from the quantization of the classical phase
space described in §F1.2. Recall that this phase space is parameterized by all U(3) charges given by Q times the
U(3) matrix in (E5) and all their U(3) coadjoint orbits. Q is the total number of boxes of the SO(6) representation,
equal here to n. Now the quantization of any given charge and its coadjoint orbits gives a representation labelled
by the given U(3) highest weights. The factors of cos? and —sin? in (E5) tell us that we should distribute n into
eigenvalues of rotations in the two planes, such that the sum (or difference- keeping signs) of eigenvalues equals
n. This is precisely what we do in the representations in (H.9). The n, Zs are each assigned a given weight (lets
say (1,0,0). The Zs must then be assigned a different highest weight (if we assigned the same weight, that would
correspond to contraction), lets say (0,—1,0). The representations in question, thus have the highest weights
(nz,—nz,0), in perfect agreement with classical expectations.
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I Matching WKB solutions

In this Appendix, we match the WKB solution for the wavefunction of the dual giant computed
in §5 across the turning point. The WKB solution g(r) given in (163) can be re-written as
follows

glr)= W (Aexp(Jrr Nv2V)e P +Bexp(— J r Nm)eﬂ)
AeP 3 B 3 0
= W(exp(frlNm)+;\ezﬁexp(—frle)) ,
where .
B= Jr NV2V, (1.2)

and r; is the second turning point.

Near the turning point the WKB approximation fails and hence we used the linear potential
at the turning point to solve for the wavefunction exactly. The Schrodinger equation near the
turning point r; is given by

1 0
(_WE +V/(r1)(r—r1)) g(r)=0. (1.3)

The solution then very famously becomes the linear combination of Airy functions as below:
g(r) =c;Bi (NZ/BV’(rl)l/B(r — rl)) + cyAi (N2/3V’(r1)1/3(r — rl)) ) (1.4)
In the large N2/3V’(r;)'/3(r — r1) limit the above solution behaves as
e INVVI ()2 e SNV (rDr??
RV 2/E VT
Matching the above expression with (I.1) (after replacing V by V’(r;)(r —r;)) we obtain

¢ = LMAe—ﬂ, ¢ = L“mBeﬁ _
v/(r)Y v/(r)Y

glr)~c (1.5)

d1.6)

Now taking the small r limit (i.e. a'/3(r —r;) — —o0 ) of this solution, we obtain

_ﬂ r r
gy~ 2 (sin(f N\/—2V+E)+2—Bezﬁ cos(f N«/—2V+E)). L7)
(ZV)_Z 5] 4 A r 4

1

In the main text, we match this solution to the solution near the horizon.

J LLM details

In this Appendix, we specialize the half-BPS LLM solution [23] to the case of interest in this
paper i.e. 10 dimensional supergravity solution with a dual giant graviton moving along some
angle in S°. We consider the background solution to be AdSs x S° and compute the % correc-
tions to this solution by expanding the corresponding LLM solution to leading order in N.
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J.1 Supergravity solution with dual giant graviton

In this subsection, we review the 1/2 BPS supergravity solution derived in [23]. In the next
subsection, we will specialize to the case of interest of this paper.

The half BPS solution preserves SO(4) x SO(4) symmetry. Therefore LLM used the follow-
ing Ansatz for the spacetime metric and the five-form field strength

ds* = guydxtdx” + e 0dal + 79403, a1
F(5)24(F/\d93+ﬁ'/\d§23), .

where the indices u, v run over 0,1,2,3. The dilaton and axion are constant and the three
form field strengths are zero. The two forms F and F are given by

F=dB,A(dt+V)+B,dV +dB,

. . . A J.2)
F=dB,AN(dt+V)+B,dV+dB.
These fields are not independent of each other, but are related via
F=e30 s, F (J.3)

(this relationship reflects the self duality of the 10 dimensional five form field strength). By
imposing the killing spinor equation, LLM found that the four dimensional metric g,,,, and the

fields B, B, B and B are given by

ds? = —h~2(dt + V;dx")? + h2(dy? + dx'dx") + _yeGdﬂg + ye_Gde§ s

1 - 1
B, = —=y2¢26 B, =—=y% 26
=y S J.4)
1 1
. 1 2+ 5 2 1 z2—3
dB=—>y3« 2, dB=—-y>* 2,
4,)/ 3( yz ) 4y 3 y2
where 1
z = —tanhG, h™2 =2ycoshG,
2 (J.5)
Yo,V; = €;;0;z, y(GV;—9;V}) = €;;0,%.

As described in [23], the complete information about the half-BPS supergravity solutions
lies in the boundary conditions of the function z at y = 0. On this plane z takes only two values
:l:%. This ensures that the solution is non-singular as y is taken to be zero. At non-zero values
of y, the function g is obtained by solving a Laplace’s equation (see eq. 2.15 of [23]). Knowing
z at y = 0 also fixes the two dimensional vector field Vi(see eq. 2.12 of [23]). We list the
formulae that determine z(x1, x4, y) and V;(xy, x5, y) in terms of boundary data z(x;, x5, 0)
below:

e y) = L [ 20X Odxidx;
1, X2, Y T Jre ((X_X/)z +y2)2 > o
V= Cij z(x}, x5,0)(x) — x")d x| dx} .
l T R2 ((X—X/)Z +y2)2

The boundary conditions on z at y = 0 are depicted by coloring the regions with z = %
as gray and the regions with z = —1 as white. The pure AdSs x S° solution can be obtained
by putting the boundary conditions such that z = % in a circular region with radius p, and

z = —% everywhere else. In pictures, this looks like a disk of radius p in an otherwise white
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Figure 15: A figure denoting the shading of the y = 0 LLM plane that corresponds to

a vacuum AdSs x S° geometry. z = % on the shaded disk centered at the origin (O),

but z = —% everywhere else.

region (see fig.15). The y = 0 surface has 5 spatial directions.'®® In the black blob, the S% in
AdSs shrinks to zero size and the full blob is an S°. Outside the blob, the S* in S° shrinks to
zero and the five dimensional space is topologically S® x S x R, where the S lies in AdSs, R
is the radial distance from the center of AdS, and S! is a circle in S°.

With the boundary conditions described above, one gets the following metric which corre-
sponds to metric on AdSs x S°:

2 2
% = pPo (—(1 +r2)dt? + % + rzdﬂé +dB? + cos? 9d<l)2 + sin? Qdﬁg) . J.7)
N

The coordinates in (J.4) are related to the coordinates used in the metric above as follows:

p=poV1+ricosh,

y=porsing, J.8)
(ﬁ = ¢ —t,
where p, ¢ are the polar coordinates in the y = 0 plane.'®!

J.2 The LLM solution for a single dual giant

We are interested in SUGRA solutions which correspond to a dual giant graviton that is local-
ized and moving on S° and which wraps an S® in AdSs. If one puts a small black blob of size

p1= Jiﬁ, outside the blob of size po = 4/ *+,162 it corresponds to solution with a dual giant
described above (see fig. 16). The gravity solution with these boundary conditions can again
be found by first finding z and V; everywhere in terms of z(x, x5, 0).

We find that the function z for this solution is given by the linear combination of the solution

160At y = 0, one of the S* in (J.4) shrinks to zero size. In the region with z = 1, S* shrinks and in the region
with z = —%, §? shrinks. Along with the shrinking of an S°, there is one more condition, i.e. y = 0, hence it is a
codimension 4 surface.

161Note that there the third transformation above has a different sign than (2.26) in [23]

162without loss of generality, we put the small blob on the X-axis at a distance d from the center of the bigger
blob
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X2

]

Figure 16: The boundary conditions in the y = 0 plane for a configuration with one
dual giant graviton in AdS background. The big blob of radius p gives rise to pure
AdSs x S°, the small blob of radius p; corresponds to one D3 brane at a fixed radius
in AdS i.e. a dual giant graviton.

for the big blob and the small blob i.e.

Z:§1+§2+§,

) (p>—p5+y?) 1 1
1= -5 =575,
2\/(p2+p(2)+y2)2—4p2p(2) 2 2 J.9)
. (=P +y?) 11 ()
Zy = —— =gy N

2 P

2\/()0/2 +p% +y2)2 —4P/ZP%

where r’ is the distance between the center of the small blob from the point of interest. Simi-
larly, the function V; is given by

2,24 2
A 1 + + . -
Vi=Vep =—+ Py Tl -1 (—sin ¢ X7 + cos d)fcz),
2\ \/(p2+p} +y2)?2 —4p2p?
22 2
s +y+ - - (J.10)
Vo= ngcj)’:—l Py Tk -1 l/(—p singx; + (p cos d —d)x,)
2\ V(2 +pt+y22—4p2p )P

=VPp+vid,

where g’ is the position vector from the dual giant to the probe point and (;5' is the unit vector
normal to 3’ i.e.
p'=p—d=(pcos¢—d,psing), (J.11)

and

Cpsing,peosg—d) (1.12)
o)

p'=\p2+d>—2pdcosd, =
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Therefore in p and ¢ components V, takes the following form

Vzpzdsind;( p2+y?+p? _1)im(p1)2dsin¢;’
2\ piry2p—apipl )% PRHEF (1.13)
V2¢=_Pz—dpcosd3( p?+y*+pi _1)LN_(91)2(p2—dpc08d3) '

2 V2 +pt+y22—ap2pr ) P” (P42

Let us first take a strict large N limit and check if we get pure AdSs x S°. In this limit,
%, =0 and V, = 0. Hence we get,

1r2—sin?0
A 212 +5in20’
5 J.14)
—cos“ 0
V=V=———¢.
r2 +sin“ 6
Using V and 2z, we can find the functions G and h using the following relations:
h2= _ = po(r? +sin? 9) (J.15)
v1—4z2 ’
1 % +sin® 0
coshG = _ +s‘1n ,
V4z2 —1 2rsin 6 (J.16)
ef=—_
~ sinf

Substituting V, h and €€ in (J.4) and using (J.8) we can easily see that we get the AdSs x S°
metric with unit AdS length as in (J.7).

To look at the backreaction of the brane, we need to include subleading terms in N. Let us
Taylor expand various functions appearing in the metric in p;,

2. 4 . 4
2 —sint0
h_2 — Yy ~ po(rZ + sinz 0) (1 _ &W) ,
1—4(z; +£,)2 2 x
o YIREIEY 1 () plrtosinte)
2y Po(r2 +sin? ) 2 x4 )
ot 15 . 2
G 142z +%) [ p? (r?+sin%0)
e’ = 2l N — .
1—2(z;+%,) sin6 2 4 o1
ot 15 . 2
o=\ Lm2ent ) sind () oy (i O)
TN 1420z +5) 7 5 " ,
dsin(¢ —t)
P a2 08P — 1)
VP~ Py o, )
Ve a —cos” 0 _ o V1+r2c0s0(vV1+r2cos0—dcos(¢p —t))
Y 2 isinze 1 4 ,
where
x?=r?+cos’0 +d*—2dV1+r2cosfcos(¢p —t). (J.18)

Using the above expansions, we find corrections to the coefficients of various components
of the metric. Substituting the above in (J.4), we get the following correction to pure AdS
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metric: 163
2 2 (12 45in20) . r2 +sin26)?
di:rzdsz2 1—ﬂ¥ +sin? 0d 6?2 1+&¥ J.19)
2, 3 2 x4 3 2 x4

2 2y re2 0 _ T+ 2 —
—(1+r2)de (1 Pl (r2 +cos?0)2 —4(1+1r%)cos?> 0 — 1+ 4d V1 +r2cos 0 cos(¢ t))

x4
2 _ 4 2 4 s 4
+dr 1+ P_r sin* 6 +dp2 1+&r sin” 6
1+7r2 2 x4 2 x4
2 202 _ 2 209 _ /15 72 —
+c0520d¢2(1+&(r +cos“0)* —4(1+1r“)cos* 0 —1+4dv1+r2cos6 cos(¢p t))
2 x4
2d sin(¢ —t) rcos@dr .
—p2=———" 2 (dt(1+4r%)—cos®0d (——\/1+r251n9d9)
T N e
cos@(2(1+r2)c059—d1/1+r2(1+r2+cos2 Q)Cos(gb—t))
+2d¢dt p? p o(pH.

J.2.1 Five-form field strength

The % corrections to the five-form field strength can be found by substituting (J.9) in (J.4).
Below, we list various components of the two forms F and F which appear in the five form
field strength as written in (J.1).

2(d2—1)rs1n49(r + sin 9)

Ftr

2N x©
v d+v/r2+1sin®0sin26 (sm 9+r2) sin(t — ¢)
¢ = 2N x©
Fig= ! -;1:[ s(:n o [8\/ r2+1cos6 ((d2 (r2 + 2) +2r2+ 1)cos 6 + d? cos? O cos(2t — 2(}5))
X

—4d cos(t — ) ((d* +3r2 +2)cos 20 +d* +2r* + 7r* +4) ],
drsin® 0 sin(t — ¢ )(— (d? + 372 +2) cos 20 — d? + 4d V2 + 1 cos® 6 cos(t — ¢ ) + 2r* + 12)

Fr = >
o 2NVr2+1x6
r 2rsin40c059(r2+sin29)(d(c0529+2r +3)cos(t—¢>) 4vr2 +1 cos@)
e AN V12 + 1x6
sin® 6 cos 6
Fop = —aN<E |:2cos2 0 (2d2 (2 (r2 + 1)C052(t—¢)+2r2 + 1)

+sin? 0 (4d2 +3r*+2r2 — 1) +2 (Zr2 + 1) sin* 9)
+2d mcos(t —¢)cosb (Zcos2 0 (2 cos26 —5 (r2 + 1))
— (2 (d2 - r4) +sin% @ (— c0s 20 + 2r2 + 1)))
—% (r*+1)(16r*—8r*cos20 + (r?+1)cos 40 + 7r* — 1
+4cos* 0 (—cos20 +2r* +2))], (J.20)

®we have used the fact that [2p, = [}
proportlonal to p2.

_, and put the leading order value of p, ~ 1+ O(pf) in the terms
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where x is defined in (J.18). The components of Fuv are given by

= T'3
Fr = 5onxe
+2(—8(4d*+3)r*—6(4d*+1)r?

|:(48d2 (r2 + 1) —16rt+ 17) cos26 —cos66 + 2 (6r2 + 5) cos40

+2d cos 6 ( Vr2+1cos(t —¢)(—8d? + cos40 —8(2r* +3) cos 20 + 24 (r* +r?) — 1)

+8d (r2 + 1)cos 0 cos(2t — 2(]5)) +8d%—16r° + 3)] s

4r*sin @ (r2 +sin?0) (4(r? + 1) cos ® —dvr2+1(cos 20 + 2r% +3) cos(t — $))

8N x6
N dr4Vr2+ 1cos O (sin? 9+r2) s1n(t—¢)
Fig = N x®

—dr3ci ; _
Fo= d;}smfzsini; ¢)[8d( +1)(d 2(r +1) cos@cos(t—(,i)))

—cos46 +4(3r2+2)c0529 +4r2+1] ,

r3cos @ [ cos(t —$)(d (8d2(r?+1)+cos40 +4(3r% +4)cos20 + 4r2 + 7))

Fro = ~"gNxo JrZt1
—4cos 0 ((d2 + 2) cos 26 —2d? (r2 + 1) cos(2t —2¢) + SdZ)] ,
2 (d2 — 1) r*sin(20) ( cos(20) +2r? + 1)

8N x©

F@q[) -

K Spherical harmonics on S°

5

(J.21)

In this section, we compute the SO(4) invariant scalar spherical harmonics on S°. The S°

metric is given by
ds? = d6?% + cos® d p? + sin® Gdﬂg .

(K.1)

Since we are looking for SO(4) invariant spherical harmonics, these are only functions of 6

and ¢ and satisfy the following differential equation

sin® 0 cos 6 96 d¢p2

where k is an integer. Using

(; 9 (sm GCOSGE) o )Y(Q ¢)=—k(k+4),

Y(6,9) = Yiem(6)e™?,

we obtain
%Yy m(0)  m2Yy ,(0) 3cos? 0 —sin? 0\ 9 Yk m(0)
— + . =—k(k+4).
062 cos2 6 sin 6 cos 0 a0
The solution to the above equation is given by
k mk m
Yy m(0) =a(icos0) ™ F, (_E_E’E_E+2 1—m;cos 6)

m E E+m-|-2 m+1; cosz(G))

+ b(icosO)™ ZFl(z 2573

. . . _ T _ .
For m > 0, imposing regularity at 6 = 35 sets a = 0 and we obtain

k k
Ykm(Q)—b(lCOSG)szl(T;1 > 2+%+2 m + 1; cos 0)
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Near 0 = 0, the above solution takes the following form

imT(m + 1)
02T (2T (A(k+m+4))

lim ¥, (6) = b (K.7)

Regularity at § = 0 imposes k > m and m = k — 2Z. Finally, the coefficient b can be fixed by
imposing

2
— f d0d¢ sin® 0 cos O Y(0,9)Y*(0,¢) = Sp S - (K.8)
T
A similar analysis can be performed for m < 0, we finally obtain
e (Iml Kk dml N
Y(Q,d))—b(lCOSG) 2F1 7—§,§+7+2,|m|+1,cos 0 e . (K.9)

The spherical harmonic with m = k takes the following simple form

Yer(6,0) =\ W(icos 9)keike (K.10)

K.1 Expectation value of Tr(Z")

As explained in §6.5, we can compute the expectation values of the chiral primary operators
from the asymptotic behavior of the part of the five-form field strength that has all legs on S°.
Using (218) and (245), we compute the % expansion of the scalar function y and it is given

by
(cos 20 —2r%— 1)
xX= 4(— 1—
64N V12 + 1x6
+v/r2+1(8(5d%+2)r? +28d* +8r* +23)

[4c0529 (\/ r2+1(5d?+10r*+6)—6d (r? + 1) cos 6 cos(t — ¢))

—24d (2r4 +5r2 + 3) cosOcos(t—¢p)+Vr2+ 1cos49] ) (K.11)

In the large r expansion of the function y, the rlk piece appear with the k" (and lower) scalar
spherical harmonics. Keeping only the ]% piece, at leading order in %, we obtain

_ 2 2 ne2(f 2
2(0.4) ~ 4 6 cos 9(8d cos“(t ¢)+1)+8d +15c0s260 +7 +O(l)
16N 12 3 «12)
2 .
~ r_12 (d?‘/g (Y2200, @) + Y56, #)) + v2(d - 1)Y2,0(9’¢;)) o (r%) :

where ¢ = ¢ —t. As expected, the ,«lz term appears with the k = 2 spherical harmonics and
hence contains the information of the operators quadraticin X, Y and Z. The expectation value
of the operator Tr(Z?) is proportional to % (since it has charge m = 2) and the expectation
value of Tr(X? + Y?) is proportional to v2 (d2 — 1). The expectation values of other chiral
primary operators can be found by integrating y with the orthogonal spherical harmonics.

The expectation value of Tr(ZX) is given by

1 (2 .3 "
s = Kk +4) (anqub sin® 6 cos QYk’k(9,¢)x(Q,¢)) . (K.13)
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To perform the ¢ integral, we define z = e~'? and perform the complex integral by computing
the residue at the poles. The poles appear when x defined in (215) vanishes i.e.

sec O (Zd2 +c0s20 +2r2+1= \/(Zd2 +c0820 +2r2 +1)> —16d2 (r2 + 1) cos2 9)
2y = .
* 4dVrZ+1

At large r, only the z_ pole lies inside the contour. After performing the ¢ integral, at large r,
we obtain

i k
o LU d9(1/2(k+1)(k+2)(k2—1)sin39cosk+19)(dcosg) ) (K.14)

" Nk(k+4) ;

We finally perform 6 integral to obtain

4 (k*—1) d\
P Nk(k+4)(,/2(k+1)(k+2) (r) ' (K15)
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