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Abstract

We compute the mod-2 cohomology ring for three-dimensional (3D) space groups and es-
tablish a connection between them and the lattice structure of crystals with space group
symmetry. This connection allows us to obtain a complete set of Lieb-Schultz-Mattis
constraints, specifying the conditions under which a unique, symmetric, gapped ground
state cannot exist in 3D lattice magnets. We associate each of these constraints with an
element in the third mod-2 cohomology of the space group, when the internal symmetry
acts on-site and its projective representations are classified by powers of Z,. We demon-
strate the relevance of our results to the study of U(1) quantum spin liquids on the 3D
pyrochlore lattice. We determine, through anomaly matching, the symmetry fractional-
ization patterns of both electric and magnetic charges, extending previous results from
projective symmetry group classifications.
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1 Introduction

The k-dimensional crystallographic groups constitute an important family of infinite groups
within group theory. In both mathematical and crystallographic literature, the two-
dimensional and three-dimensional crystallographic groups are commonly referred to as wall-
paper groups and space groups, respectively. These groups have played a fundamental role in
understanding crystal properties and classifying phases of matter. Beyond condensed matter
physics, the concept of k-dimensional crystallographic groups also appears in various areas of
theoretical physics [ 1-3] and mathematics [4-6].

While the classification of wallpaper and space groups was completed over a century ago,!
and their representation-theoretic properties have been extensively documented in crystal-
lographic references, the calculation of group cohomology and other homological algebraic
properties for these crystallographic groups remains largely incomplete. The main challenge
in deriving these properties arises from the infinite order and complex group structures of
crystallographic groups, which make it difficult to implement the methods designed for finite
group calculations in an efficient way [8-10].

From a physical perspective, the homological algebraic properties of crystallographic
groups can greatly help understand the symmetry properties of phases of matter in crystals.
Of particular importance is the concept of quantum anomalies [11]. Roughly speaking, quan-
tum anomaly refers to the obstruction to having a unique, symmetric, gapped ground state,
and different anomalies are captured by distinct elements of the cohomology of the symmetry
group [12]. For symmetries acting on a lattice system, a prototypical quantum anomaly is
called Lieb-Schultz—Mattis (LSM) anomaly [13, 14], which exists in a lattice system with on-
site internal symmetry such that the microscopic, on-site degrees of freedom carry projective
representations of the internal symmetry. For example, in 1D, LSM anomaly is present in a
spin-1/2 chain with translation and SO(3) rotation symmetry.

Quantum anomaly is important because of the principle of anomaly matching: in a lattice
system, consider an infrared (IR) theory that emerges on the lattice with some emergent low
energy degrees of freedom, the quantum anomaly of this IR theory must match the anomaly
present in the original, microscopic (UV) theory. As such, one can ask how the UV symmetries
(including crystalline symmetry G and internal symmetry) act on the emergent IR degrees
of freedom, and this action is heavily constrained by anomaly matching [15,16]. Such data
of symmetry actions (referred to as “quantum numbers” in physics) can then be numerically
tested, providing additional information regarding phases on the lattice [17-19]. This makes
anomaly matching a quite powerful theoretical tool besides conventional methods of detecting
phases of matter.

To implement the program of anomaly matching, we need to acquire three pieces of data:
(1) the UV anomaly of the lattice system; (2) the IR anomaly; and (3) the check that the UV and
IR anomalies match. In the context of a spin-1/2 lattice magnet, where the UV anomaly is of the
LSM type, the anomaly information is encoded in the mod-2 cohomology of crystallographic
groups. Additionally, knowing the complete ring structure of mod-2 cohomology is essential
in performing anomaly matching.

A related matter is the classification of symmetry-protected topological phases (SPTs) pro-
tected by crystalline symmetries (crystalline SPTs), where the homological algebraic aspects
of crystallographic groups also play a crucial role. Bosonic crystalline SPTs are classified by
the group cohomology of crystalline groups [20,21]. On the fermionic side, while fermionic
crystalline SPTs are classified by bordism groups [22-25], the mod-2 cohomology ring (as a
module of the Steenrod algebra) still serves as input to the Adams spectral sequence calcu-
lation. Therefore, from the perspectives of both quantum anomalies and crystalline SPTs, a

IFor an interesting classification of 3D space groups using orbifolds, see [7].
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deep understanding of the mod-2 cohomology is of paramount importance.

In this work, we conduct a comprehensive study of the homological algebraic properties of
all 3D space groups. Taking advantage of recent progress in computational homotopy [9], we
systematically obtain the mod-2 cohomology ring for these groups. Furthermore, we explicitly
give the standard inhomogeneous cochain expressions for those cocycles of degree 3 or lower.
As the mathematical foundation of the computation, we explore the entries and maps in the
Lyndon-Hochschild-Serre (LHS) spectral sequence, and prove that the F cohomology ring of
any crystallographic group G must be finitely generated with a finite number of generators and
relations. We also estimate the highest degree at which a generator or a relation can appear
for 3D space groups. These determine the maximal degree that one needs to investigate in
order to generate the full expression of the mod-2 cohomology ring.

Next, we turn to an important physical application of these mod-2 cohomology results:
the LSM constraints and LSM anomaly. We connect LSM constraints in 3D with crystal lattice
structures, and explicitly identify the cohomology element for each of these LSM constraints
for all the 230 space groups using the mod-2 cohomology rings that we computed. Finally, we
show an application of these data by understanding the symmetry actions on the emergent IR
degrees of freedom for U(1) quantum spin liquids on the 3D pyrochlore lattice, and compare
the results with projective symmetry group (PSG) calculations.

1.1 Statement of main results

We now present a summary of the main results and outline the organization of the paper.

1. We prove that the F cohomology ring of any crystallographic group G must be finitely
generated with a finite number of generators and relations.

2. We obtain the mod-2 cohomology ring for all (but one) 230 3D space groups using the
methods summarized in Sec. 4.1. These cohomology rings are collected in Appendix F
for all 230 groups. We give an explicit expression for each of the 1-, 2-, and 3-cocycle
functions of the mod-2 cohomology of space groups (except for the 3-cocycles of groups
No. 225, 227, and 229). These are collected in our online Github files [26].

3. To achieve a complete characterization of LSM anomaly, to each Irreducible Wyckoff
Position (IWB defined in Sec. 2.2) of every 3D space group we associate a unique element
in the third cohomology of the space group with Z, coefficient. These data are listed
in the IWP Table for each of the 230 groups, collected in Appendix F. A cohomological-
operational characterization of all these elements is given in Statement 18.

4. The data of IWP allow us to assemble the complete statement of the LSM constraints for
3D lattice magnets when the on-site degrees of freedom carry a projective representa-
tion of the internal symmetry group, and the projective representations are classified by
powers of Z,. The statement is given in Statement 17.

5. In Sec. 6, we demonstrate the physical significance of our result by performing anomaly
matching for U(1) quantum spin liquids on the pyrochlore lattice. We obtain the sym-
metry fractionalization of electric and magnetic charges in Eq. (86) and Eq. (85), re-
spectively, for a type of symmetry actions. The result of the symmetry fractionalization
of fermionic electric charges is consistent with the PSG calculation in Ref. [27].

The paper proceeds as follows. In Sec. 2, we give a brief introduction of crystallographic
groups and the concept of IWB and set up the notation that will be used for the rest of the
paper. In Sec. 3, we state and prove several theorems for cohomology of crystallographic
groups, which serves as the mathematical foundation of our codes. In Sec. 4, we outline our

4
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methods to obtain the mod-2 cohomology of 3D space groups, in particular the ring structure,
and discuss some features of our results. In Sec. 5, we review existing LSM constraints in 2D
and its connection to cohomology. Then we move on to 3D, state the various LSM constraints
from IWPs and spell out the algorithm we use to associate each IWP of space groups G with an
element in H3(G, Z,), with several notable examples included in Sec. 5.5. In Sec. 6, we apply
LSM anomaly and anomaly matching to the understanding of U(1) quantum spin liquids on the
pyrochlore lattice and compare our results with existing PSG calculations. We close the paper
with open questions and outlooks. Several appendices are included to provide the necessary
information for 3D space groups and its cohomology, with the complete enumeration of results
for all 230 space groups given in Appendix F.

Many of the results are obtained with the help of the softwares GAP [8], SageMath [28],
and Mathematica [29]. The codes are available on Github [26].

2 Basics of crystallographic groups

In this section, we introduce the basic concepts of crystallographic groups, including the no-
tion of Irreducible Wyckoff Positions (IWPs), which will be central to the description of Lieb—
Schultz—Mattis constraints. We also set up the notation that will be used throughout this paper.

2.1 Crystallographic groups in 3D

Crystallographic groups are groups consisting of symmetry operations of crystals that leave
the crystal structure invariant [30]. We first give its formal definition:

Definition 1. (Crystallographic groups of dimension k. [9]) Let G be a group of invertible affine
transformations of R¥, such that any element g € G has the form g: R — R*, x — Ax +b, where
the matrix A € GL.(R) and the vector b € RX. g is called pure translation if A is the identity
matrix. Define T as the normal subgroup consisting of pure translations in G. The group G is
a crystallographic group of dimension k if T is a free abelian group of rank k and the quotient
group P := G/T is finite.

The translation group T is, by definition, isomorphic to Z*. The quotient group P is called
point group associated with G. The three groups fit into the short exact sequence

1-T—>G—>P—1. (D

The short exact sequence Eq. (1) offers a complementary view for the three groups T, G, and
P. Given P as a finite group, T is an integral representation of P whose action is defined by
conjugation

p:PxT—T, (p,t)—s(p)-t-s(p)?, 2
with s(p) any pre-image of p in G. G is then thought of as the group extension of P by T,
characterized by the integral representation p and an element w of the second cohomology
group HS(P, T).

Unless otherwise stated, we will always use G to denote a crystallographic group, P to de-
note its associated point group, and T to denote the group of pure translations Z¥. Sometimes
we will also use ¢ to denote the full symmetry group of a physical system, including lattice
symmetries and internal symmetries.

Going to 3D, the classification of space groups was done separately by Fedorov and Schon-
flies in 1891. Treating P as abstract groups, we know there are 18 possibilities in 3D

Zq, Zy, 73, 73, Zs, Zy X Ly,
Dihy, Dihy X Zy, Z3, Z3XZy, Z3xZ5, Dihs, 3)
Dihg X Zy, DihgXZ2, Ay, AyxZy, S, Sy X Zy,

5
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where Dih,,A4,S, stands for dihedral group with 2n elements, the alternating group on 4
letters, and the symmetric group on 4 letters.

The abstract classification of point groups do not capture all the features of crystal sym-
metry. Depending on the symmetry operations (rotation, mirror reflection, inversion, etc.)
on R3, the abstract point groups are further distinguished into 32 point groups. The detailed
information about the 18 abstract point groups and the 32 point groups are listed in Table 1.

To name the generators of the point groups, we use the following convention:

* C,: n-fold rotation C,,

* M: mirror reflection,

e [: inversion,

* G: glide,

* S,: n-fold screw,

* C,: n-fold rotoinversion (only 64 will explicitly appear).

The 32 point groups, combined with the 14 Bravais lattice types, determine a total of 73
arithmetic crystal classes, in one-to-one correspondence with the distinct integral representa-
tions p (see Eq. (2)). For each arithmetic class, the 2nd cohomology H 5 (P, T) classifies the

distinct group extensions. The arithmetic classes together with H g (P, T) determines a total
number of 219 (non-isomorphic) abstract space groups as possible extensions of P by T. The
detailed information about the arithmetic classes and the extension classes is given in Table
3. Each arithmetic class contains a split extension, for which the space group is a semidirect
product G = T x P. In crystallography literature, the split crystallographic groups are called
symmorphic groups. Therefore, there are in total 73 symmorphic groups, one for each arith-
metic crystal classes. These symmorphic groups are labeled with a “x” in the third column of
Table 4.

Finally, out of the 219 abstract space groups, 11 of them describe crystal structures with a
designated chirality.? The following pairs of isomorphic space groups are introduced to further
distinguish the two chiralities

76 (P4,) = 78 (P4,), 91 (P4,22) = 95 (P4322), 92 (P4,2,2) = 96 (P452,2),
144 (P3,) = 145 (P3,), 151 (P3,12) = 153 (P3,12), 152 (P3,21) = 154 (P3,21),
169 (P6,) = 170 (P6s), 171 (P6,) = 172 (P6,), 178 (P6,22) = 179 (P6522),

180 (P6,22) = 181 (P6,22), 212 (P4,32) =213 (P4,32),
)
and this brings the final number of space groups to 230.

In Appendix F, for each group, we list the generators and their actions on the coordinate
systems. Our choice of the coordinate systems is the same as the “Standard/Default Setting”
on Bilbao Crystallographic Server [31] (these “Standard/Default Settings” are always one of
the coordinate setups given in the International Tables for Crystallography (ITC) [32]). The
numbering of the 230 space groups follows the standard crystallography numbering [32].

2.2 (Irreducible) Wyckoff position and lattice homotopy

In this subsection, we introduce the concept of Wyckoff positions and irreducible Wyckoff
positions (IWPs).

2A left-handed space group is related to the right-handed one by the conjugation of certain affine transformation
x — Ax + b, such that A € GL,(R) has determinant —1.
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Even within a given crystallographic symmetry setting, arranging degrees of freedom
(spins) in different configurations can yield distinct lattices (which share the same crystalline
symmetry). A crystallographic lattice A is a set of discrete points in R invariant under the
crystallographic group G. We will assume that there are some physical degrees of freedom
(e.g. spins) located at each site of the lattice, and they are acted upon by some internal sym-
metry.> To fully characterize all possible lattice structures resulting from these arrangements,
we introduce the concept of the Wyckoff position. Suppose A contains a point s € R¥, we need
to include all points g.s that are related to s by a crystalline symmetry g € G. Still, there are
some elements g € G such that they keep s invariant, and they form a subgroup of G that must
be one of the point groups. We call this subgroup the little group of the site s (which is also
called the stabilizer of the site s in the math literature).

Definition 2. (Wyckoff position [33]) A Wyckoff position of a crystallographic group G is an
equivalence class of points in Euclidean space, such that their associated little groups are conjugate
subgroups of G.

A Wyckoff position can be understood as a set of points (or orbits) on a crystal lattice that
are transformed in the same way under the crystallographic group. For a given crystallographic
group, placing identical physical degrees of freedom on different Wyckoff positions—or even
on multiple Wyckoff positions simultaneously—will result in distinct lattice structures. The
little group of a Wyckoff position does not fully specify the Wyckoff position: there can be
distinct Wyckoff positions with isomorphic little groups. Still, the little group of a Wyckoff
position is its most important property.

In addition, to analyze symmetry actions on the lattice structure and extract anomaly from
these symmetry actions, we are free to symmetrically move degrees of freedom around in a
continuous way. This operation is part of so-called lattice homotopy [34,35]. This gives rise to
the concept of irreducible Wyckoff positions.

Definition 3. (Irreducible Wyckoff Position, IWP) Given a Wyckoff position, consider the closure
of all points belonging to the Wyckoff position. If the little group of the Wyckoff position is not a
proper subgroup of any other points in the closure, we will call the Wyckoff position irreducible.

Colloquially, a Wyckoff position is reducible if we can symmetrically tune the points in the
Wyckoff position to a nearby “high symmetry points”, and thereby enhance the little group to
a bigger group. To analyze the anomaly of symmetry actions, we are free to symmetrically
move all degrees of freedom to these IWPs, and hence simplify the analysis significantly.

For instance, in 2D, consider the wallpaper group p6m, generated by two translations T ,
a six-fold rotation Cg and a mirror reflection M. This group has three distinct IWPs in total,
corresponding to the center of six-fold rotation Cg (a), the center of three-fold rotation T, Cg
(b) and the center of two-fold rotation T; Cg’ (c), respectively, as illustrated in Figure 1. When
spins are placed on these three IWPs, they form triangular, honeycomb, and kagome lattices.
While all three lattices share the same crystalline symmetry p6m, the little group at each site
differentiates them.

As a 3D example, consider the space group No. 227 (Fd3m), generated by three transla-
tions T , 3, two-fold rotations C, and C;, a three-fold rotation Cs, a mirror M, and an inversion
I. This group has four distinct IWPs in total, corresponding to centers of inversions I (c) and
T, T,I (d), and the intersection points of two pairs of orthogonal two-fold rotations (C,, C;)
(a), and (T5C,, T 2C§) (b). When spins are placed on one of the inversion centers one gets a
pyrochlore lattice, and when spins are placed on one of the intersection points of a pair of

3For most of our discussion, we assume that crystalline symmetry operations only permute the physical de-
grees of freedom without extra effects, and that the internal symmetry is SO(3) whose projective representation is
classified by H%(SO(3),U(1)) = Z,. We will address possible generalizations as they become relevant.


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

(a)
T, M
ACe
Tl
(b)
a: A
b: @
c.: @

Figure 1: Panel (a) shows the generators of the wallpaper group p6m. In panel (b),
the hexagon is a translation unit cell of the wallpaper group p6m. It has three IWPs,
conventionally labeled by a, b and c in crystallography, and they form the sites of the
triangular, honeycomb and kagome lattices, respectively.

orthogonal two-fold rotations one gets a diamond lattice. The symmetry operations and the
four IWPs are illustrated in Figure 2.

Besides moving degrees of freedom around, for the analysis of anomaly, we are also al-
lowed to fuse these degrees of freedom together in a symmetric way. This includes the fol-
lowing two possibilities [35,36]: (1) remove sites that carry linear representation under all
symmetry actions (especially the internal symmetry) and (2) combine two sites at the same
location into a single site which carries the tensor product representation of the two original
sites. For example, when we have on-site internal SO(3) symmetry, we can fuse two spin-1/2
local moments and discard them, since the outcome is a linear representation of SO(3) that
does not contribute to the analysis of anomaly.

Lattice homotopy is the operation of moving and fusing degrees of freedom according to
the rules above. For a given lattice symmetry G, (local) physical degrees of freedom in R*
form equivalence classes under the operation of lattice homotopy, which we call lattice homo-
topy classes [15, 34, 36] and carry the structure of abelian group under local fusion. When
the internal symmetries only act on-site and do not mix with crystalline symmetries, the lat-
tice homotopy classes should carry the structure of PR", where n is the number of IWPs and
PR = H?(Gj,,, U(1)) labels the projective representation of internal symmetry G, at each site.

3 Structure theorems for cohomology of crystallographic groups

In this section, we state and prove several structure theorems for cohomology of crystallo-
graphic groups. In Sec. 3.1, we analyze the LHS spectral sequence for mod-2 cohomology
of crystallographic groups and illustrate where a generator and relation can appear from the
point of view of LHS spectral sequence through specific examples. Building on this, in Sec. 3.2,
we prove that the F-cohomology ring of any crystallographic groups must be finitely generated
as an F-algebra for some field F. This proof is adapted from the proofs for finite groups in e.g.
Refs. [9,37,38]. The two subsections serve as the mathematical foundation for our codes to
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(a) (b)
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Figure 2: Panel (a) shows the generators of the space group No. 227 (Fd3m). In
panel (b), the cube is a conventional unit cell of the F d3m. It has four IWPs, con-
ventionally labeled by a, b, ¢, and d in crystallography, where a and b form two sets
of diamond lattices and ¢ and d form two sets of pyrochlore lattices.

calculate the mod-2 cohomology rings.

To collect additional miscellaneous results of cohomology of crystallographic groups, in
Sec. 3.3, we connect the results of mod-2 cohomology with integral cohomology. Lastly, in
Sec. 3.4, we discuss when the resolution of crystallographic groups admits a periodic resolu-
tion.

3.1 Spectral sequence

Although most calculations are carried out without using Lyndon-Hochschild-Serre (LHS)
spectral sequence, the LHS spectral sequence remains an invaluable tool in our analysis, since
it gives an upper bound on the degree at which new generators and relations can appear.
In this subsection, we summarize key facts about the LHS spectral sequence, emphasizing
its application to the cohomology of crystallographic groups. For further reading, there are
several standard textbooks on spectral sequences, such as Refs. [37, 39, 40]. Many of the
formal discussions can be applied to any field F where G acts trivially, hence we will keep F
and specialize to Z, when discussing specific examples.

Given an arbitrary (discrete) group G, with a normal subgroup N <« G and the quotient
group P = G/N, and a field F which G acts trivially, we have a short exact sequence of groups,

1> N—->G—>P—1. (5
Then we have the LHS spectral sequence, which can be written as
ENY=HP(RHIYN,F)) = HP'(G,F). (6)

An important property is the structure of bilinear product in LHS spectral sequence, which we
summarize below.

Theorem 1. (Bilinear product of LHS spectral sequence [9,40]) The LHS spectral sequence Eq. (6)
admits bilinear products
Ep,q x ES,t — Ep+s,q+t (7)
r r r ’

for r > 1 which satisfy the following properties:

* Each differential d, : E, — E, satisfies the Leibniz rule

d,(xy) =(d,x)y +(=1)"x (d,y) - ©))

9
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* The Leibniz rule ensures that the product on E, induces a product on kerd, /imd,, which
is the same (ring isomorphism) as the bilinear product on kerd,/imd, = E, ;.

* The bilinear product on the E, page Ef'? x EJ — EFT4™

is the composition
HP (Q, HY(N,F)) x H* (Q, H'(N, F)) = HP** (Q, HI(N, F) & H' (N, F))

2, 5o (Q HIY(N, F)) — L5 HP* (Q, HIY(N, F))

©))
where U, is induced by the cup product HI(N,F) x H'(N,F) = HI*Y(N,F), and U, is the
cup product induced by a diagonal map A, : Rf - R‘j ®R‘*2 on a free ZQ-resolution RS.

p+s,q+t
Eco

* The bilinear product on the E,, page EXI x ESL — is the same as the one induced

from the cup product H1(G,F) x H'(G, F) = HI*(G,TF) on the filtration corresponding to
the E, page.

This makes E>* a double-graded ring on top of the structure of F-algebra. To connect to
the cohomology ring H*(G, F) of G, recall that H*(G,F) can be written as

Flx,y,... ]/Relations, (10)

where x, y, ... are called generators, and “Relations” generate an ideal in the ring that are quo-
tiented out and treated as zero in the ring. This is called a free presentation of H*(G, F) treated
as an F-algebra. For E*, we also have such a free presentation, except that now x, y,... are
also double-graded. We have the following theorem for the generators and relations of the
double-graded ring EZ and those for the cohomology ring H*(G, F) itself.

Theorem 2. If the E, page E. of the LHS spectral sequence admits a free presentation with
generators of degree < d and relations of degree < n, then the cohomology ring H*(G,F) also
admits a free presentation with generators of degree < d and relations of degree < n.

Hence, even though we cannot obtain the full ring structure of H*(G,F) from the LHS
spectral sequence, we can still obtain a lot of information about generators and relations.
Moreover, when computing the cohomology ring of G, there is an algorithm using LHS spectral
sequences to see whether we obtain a complete set of generators and relations [9]. Here we
will also use the LHS spectral sequence to deduce similar results for crystallographic groups.

We call the standard LHS spectral sequence for crystallographic groups the one associated
with the short exact sequence (1), and we have

EYY=HP (RHYT,F)) = HP'(G,F). D

In k-dimensions, the translation group T = Z* has cohomology

()
0, otherq.

Hence, for the standard LHS spectral sequence, starting from the E, page, only the first (k+1)-
rows have nonzero entries. Since this is a finite number, we have an easy corollary.

Corollary 3. For k-dimensional crystallographic groups, the standard LHS spectral sequence col-
lapses at the Ej 5 page, i.e. Ej 9 = Eqo.

10
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Specializing to F = Z,, the information for the E, page of the standard LHS spectral se-
quence for all 230 space groups is listed in the last three columns of Table 3, written in terms
of the Z, ranks for each entry.

For our analysis of the cohomology ring, we do not attempt to obtain the full bilinear
product structure for the standard LHS spectral sequences, since usually it suffices to write
down each row as a module of the ring H*(P, ). The top and bottom row is always isomorphic
to the ring H*(P,IF) itself, while the middle rows can be a nontrivial module. Especially, we
focus on the degree where a nontrivial generator (of the module) appears.

To make our discussion more concrete, we provide two examples, one for the 2D wallpa-
per group p4g and the other for the 3D space group Fmm2. Although these results will not
be explicitly used in our automated calculations in GAB these examples nicely illustrate how
generators and relations appear from a spectral sequence point of view.

3.1.1 Example: p4g

For 2D wallpaper groups, consider p4g, which has the most complicated form of mod-2 coho-
mology ring among all wallpaper groups. The point group of p4g is D4, which as an abstract
group is the dihedral group Dih,. p4g is generated by two translations T; 5 along two per-
pendicular directions, a four-fold rotation C,, and a glide reflection G whose reflection axis
passes through the rotation center of C, and bisects the two translation vectors. Acting on the
2D Euclidean space, we have

Ty: (x,y) = (x+1,y), (13a)
Ty: (x,y) = (x,y+1), (13b)
Cy: (x,y) = (—y,x), (130)
G:(x,y)—=(y+1/2,x+1/2). (13d)

To write down the standard LHS spectral sequence for p4g, first we write down the mod-2
cohomology ring for D,. D, = Dih, is generated by a four-fold rotation C, and a reflection M
such that

cl=1, M*=1, MCM=C,', (14

and every element in D, can be written as C;M™ with ¢ € {0,1,2,3},m € {0,1}. The mod-2
cohomology ring of D, is

H*(Dy, Z3) = Zp[Ac, A, Bo1[ (A2 + AAL), (15)

where the generators A., A,, and B, have the following explicit cochain representative in the
bar resolution,

A(CEM™)=c¢, An(CEM™)=m,
Cq1 + (—1)ml Co — (Cl + (_1)”‘[1 Co mod 4) (16)
4 .

B,(Cy'M™,C2M™2) =

We can say that A, and A,, are Z, characters for C, and M, respectively.

The ¢ = 0 and g = 2 rows of the LHS spectral sequence at the E, page can be directly
obtained from (15). The q = 1 row gives H*(Dy, (Z,)?), which is a module over the point
group cohomology ring H*(D,, Z,), where both C, and M permute the two Z, factors of (Z5)?.
It turns out to be

H* (D4, (Z3)*) = H*(Dy, Z3).[wo1, wu]/ (A +Ap)wor, (A +AR)w11) 5 17)

11
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where w(; and w;; are two generators (of the module) at degree 0 and 1, respectively. Thus,
we can write down the standard LHS spectral sequence for p4g in terms of these generators,

g=2| wpy Awyy, Apwoy Alwgy, A2 why, Buwey Alwgy, A2 woy, BeA woy, BeAmwos
q=1] wg Apwo, w11  AZwg, Bawor, Apwin Al wor, ByAnwor, A2 w1, Bywyy
qg=0| 1 A, A, A2, A%, B, A3, A, B,A., ByAn

EX? | p=0 p=1 p=2 p=3

(18)
subject to the relations (A. + A,,)wo; = 0 and (A, + A,,)wy; = 0. Also, to account for el-
ements that do not explicitly appear in the spectral sequence, several relations must exist:

2 — 2 — — 2 — —
(1)01 +... = O, CL)11+... = 0, wo11q +... = O, (1)02+... = 0, W01 +... = O, and
0)026!)11+...:0.

For p4g, we have a nontrivial differential d,. From the Leibniz rule Eq. (8), it suffices to
write down the image of the generators wg;, w;; and wgy, under d,, which are

dy(we1) ZA% , dp(wq1) =0, dy(wp) =Anw1;. (19)

Thus, at the E5 page, we have

gq=0| 0 w,  Ajpw, Ao, Bjon,
q =1 0 Cl)ll 0 Bawll

(20)
q=0| 1 A, A, A%, By A, B, BA,

E? |p=0 p=1 p=2 p=3

Note that even though wy; and wg, have nontrivial image under d, and are hence
killed at the E; page, not everything involving wg; or wg, is killed.  Specifically,
dy (A, +A)we2) = (A +ApA, - w1 = 0 hence (A, + A,,)wq, survives and descends to
w1, It turns out that E5 collapses to E., and the analysis is done. From this, we can directly
see that there are five generators in total, i.e., A.,A,, at degree p +q = 1, w;1,B, at degree
p+q =2 and w;, at degree p +q = 3. These five generators exactly correspond to the five
generators of the mod-2 cohomology ring of p4g. Moreover, there are relations involving Af,
AAm, Acwiy, Apwy, @3, AWy, w1101, 15> in EXZ, all of which should correspond to an
independent relation of the mod-2 cohomology ring of p4g.
Indeed, from our code, the mod-2 cohomology ring of p4g is given by

ZZ I:AC5Am’Ba:Bﬂ)Cy:|/<m23 (R?nm4; (RS:(R6>) (21)

where the relations R, 5 45 ¢ at degree 2,3,4,5,6 are

Ry: A2, A A, (22a)
(Rgi AcBﬂ’ Am(Ba+Bﬂ): (22b)
Ry4: Bg(By+Bg), AC,, (22¢)
Rs: (B, +Bg)C,, (22d)
Re: C2+Bj +ApBaC, . (22e)

We see that all the generators and relations match our analysis from the LHS spectral sequence.
In particular, there are indeed five generators in total, with A;,A,, B, Bg, C),4 descending to

“InRef. [15], they are denoted as A, A, B2, B, +7)> Ce2(x+y) TESPeEctively. Here we follow the naming convention
of 3D space groups in Sec. 4.2.
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A., A, By, w11, w15. The relations all match our analysis of the LHS spectral sequence, even
though we cannot fix their explicit form solely from this analysis. Also, we see how a degree-3
generator of the mod-2 cohomology ring of wallpaper groups can appear.

According to the analysis of all 17 wallpaper groups in Ref. [15], it turns out that p4g is
the only wallpaper group which has a degree-3 generator, while other wallpaper groups have
at most degree-2 generators.

3.1.2 Example: No. 42 (Fmm2) and collapse at E, page

The analysis for 3D space groups is much more complicated. Still, we manage to perform the
analysis for several nontrivial groups. As a side quest, we ask the following question: when does
the standard LHS spectral sequence collapse at E, page? This question was raised for general
crystallographic groups in any dimension at the end of Ref. [41]. A non-collapsing E,, or
equivalently the existence of nonzero differentials d,, can have important physical implications
[42,43].

For this purpose, let us study the group No. 42 (Fmm2) in more detail. The point group
of No. 42 is C,,, which as an abstract group is Z, x Z,. This group is generated by three
translations T , 3, a two-fold rotation C,, and a mirror reflection M:

Ti: (x,y,2) > (x,y+1/2,2+1/2), (23a)
Ty: (x,y,2) > (x+1/2,y,2+1/2), (23b)
T3:(x,y,2) > (x+1/2,y+1/2,2), (230)
Cy: (x,y,2) > (—x,—y,2), (23d)
M: (x,y,2) > (x,—y,2). (23e)

This group is a symmorphic space group which splits, i.e., G = T x P. Yet, we will see that the
E, page of G does not collapse, i.e. E, page is not isomorphic to E,.
The mod-2 cohomology ring for C,, = Z, X Z, is

H*(CZV’ZZ) = ZZ[Ac:Am]’ (24)

where the generators A, and A,,, have the following explicit cochain representative in the bar
resolution,
A(CM™)=c, Ap(C;M™)=m, c¢,me{0,1}. (25)

We can say that A, and A,, are Z, characters for C, and M, respectively.
The g = 0 and q = 3 rows of the E, page can be directly obtained from Eq. (24). For the
g = 1 row, we have

H* (CZV,Hl(ng ZZ)) = H*(CZ\H ZZ)-[(DOD 0)61]/(14ch1 +Amw61) > (26)

where wq; and wy, are two generators (of the module) at degree 0; For the ¢ = 2 row, we
have
H*(Cy,, HX(Z?, Zy)) = H*(Cay, Z5).[ w0y, wlZ]/(AchZ:AmwOZ) , (27)

where wg, and w;, are two generators at degree 0 and 1, respectively. Therefore, the LHS
spectral sequence at the E, page has the following form

_ 2 2 3 2 2 3
q=3 wo3 Aoz, Apwos Afwoz, AApwos, Aj W3 Alwos, ALAR W3, AA; Wo3, A Wo3

_ 2 2
q=2 Wo2 w12 Acwiz, Apwiz Aiwin, AApwrz, AL w12

=1 A A Awl, A% AA A2 Aol A A%A AA2 Al Aol e
q= wo1, Wy Acwor, Apwor, Acwy  Aiwer, AARwor, Ay wor, ALwy  Aiwor, AiAR W1, AAr Wor, A wor, Aiwy

q=0 1 Ac, Ap A2, AAn, A2 A, AA,, AAL A

EP1 p=0 p=1 p=2 p=3
(28)
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It turns out that d, maps wq;, wy;, We2, and w3 to zero while we calculate in Appendix D
that it maps w5 to

dz((.()]_z) = (Azz +ACA$H) wo1q - (29)

Hence, the E, page is non-collapsing for the symmorphic group No. 42 (Fmm?2). At the E;
page, we have

q=3 o3 Aoz, Apwos Aoz, AAmwos, A% wo3 Awgy, A2Anwes, AAZ wo3, A wos -+
q=2 wea 0 0 0

q=1|wo, 0y Acwor, Anwor, Acwpy Awgr, AdAnwor, A wg, Aol Awg, A2Anwe, A3 w, Awp,

7=0 1 Ac, An A2 Ay, A A, AA,, AA2, A

Eg’q p=0 p=1 p=2 p=3

(30)
E; collapses to E, and the analysis is done. Also, we have wq, = wq; wy,;. From this, we can
directly see that there are five generators in total, i.e., A.,A,, wg;, Wy, at degree p+q =1 and
wo3 at degree p + q = 3, and we should have relations involving A.wq; + A, wy;, “)31: wgzl,
3 2 2
(AC +ACAm)C()01, o1 W03, 0)610)03 and w03'
The Z, cohomology ring of No. 42 (Fmm2) is given by

ZZ[AcaAm:Ax+z:Ay+z:nyz]/(m27m4im6> ’ (31)
where the relations are
Ryt Adgss TAnAgrs YAA, 1o, A +AA, L, Ay (Ac+A L), (32a)
‘@4 : Ax+zcxyz ) Ay+zcxyz > (32b)
Rg: C2 (32¢)

xyz"*

There are indeed five generators in total, with A;,Ap, Ay, + A4, A4, Cyy, descending to
A, A, o1, g, wo3. Note that the relation (A? +A.A? )(A,4, +A,.,) is not an independent
relation and can be derived from the relations (R,. Other relations match the relations in EZ}.

A number of examples of split crystallographic groups whose LHS spectral sequence does
not collapse at E, were given in Ref. [44], and later the obstruction characteristic classes were
studied in Ref. [45]. Here we provide a complete list for this phenomenon to occur in 3D space
groups. Out of the 73 symmorphic space groups, the following 10 symmorphic groups do not
have a collapsing E, page:

42 (Fmm2), 69 (Fmmm), 87 (I14/m), 107 (I4mm), 121 (I142m),

_ g _ _ 33
139 (I4/mmm), 202 (Fm3), 217 (I43m), 225 (Fm3m), 229 (Im3m). (33)

Note the subgroup relations

42C69, 69,87,107,121 139, 121cC 217,
69 C 202, 139,202 C 225, 139,217 C 229,

therefore, the issue of a nonzero differential d, starts to appear at No. 42 (Fmm2),> and this
propagates to the larger symmorphic groups containing No. 42 as a subgroup. Moreover, the
following 13 nonsymmorphic groups have a collapsing E, page:

77 (P4,), 93 (P4,22), 144 (P3;),  145(P3y), 151(P3,12),
152 (P3,21), 153 (P3,12), 154 (P3,21), 171 (P6,), 172 (P6,), (34)
180 (P6,22), 181 (P6,22), 208 (P4,32).

>Note that this group is an example for Corollary 1 of Ref. [44].
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These groups and the 63 (of the 73) symmorphic groups that have a collapsing E, page are
labeled with a “®©” in the third column of Table 4. The 13 nonsymmorphic groups in Eq. (34)
and the 73 symmorphic groups constitute the 86 groups having ng’ = Z, in the standard LHS
spectral sequence. All other 144 groups have Eg’g = Z, and Eg’?’ =0.

Finally, a refined conjecture was raised by Adem, Ge, Pan, and Petrosyan [41]: the E, page
collapses for k-dimensional crystallographic groups G = Z* x P when P is a cyclic group. Here
we find that this conjecture holds for all the 3D (k = 3) symmorphic space groups of this form.
A counterexample has been found in the 6D (k = 6) crystallographic groups [46].

3.2 Finiteness theorem

Building on the discussion regarding the LHS spectral sequence, in this subsection, we prove
the following theorem, which states that the mod-2 cohomology ring of any crystallographic
group G is finitely generated.

Theorem 4. (Finiteness condition) The F cohomology ring of any crystallographic group G must
be finitely generated with a finite number of generators and relations.

The proof follows the corresponding proof for finite groups in Ref. [37], also based on the
analysis of the LHS spectral sequence. This theorem guarantees that our code always ends at
a finite degree.

Proof. Consider the standard LHS spectral sequence. At the E, page, every row is of the form
H*(P,F™) where F™ is a finitely generated F-module. The following theorem dictates that
every row is a finitely generated module, i.e., a Noetherian module, over H*(B,F).°

Theorem 5. (Evens [37]) Let P be a finite group, k a commutative ring on which P acts trivially,
and M a kP-module. If M is Noetherian as a k-module, then H*(P, M) is Noetherian over H*(P, k).

Together with the bilinear product at the E, page, we see that the E, page of the standard
LHS spectral sequence is a Noetherian module over H*(P, ). Starting from the E, page, the
E,,; page is a quotient module of a submodule, i.e., kerd,/imd,, of the E, page. Since
the submodule and the quotient module of a Noetherian module are all Noetherian, the E,
page for any r is Noetherian. Corollary 3 says that E;,, = E,, hence the E., page is also a
Noetherian module over H*(P,IF). The same proof as in Lemma 7.4.5 of Ref. [37] then dictates
that H*(G,F) is a Noetherian module over H*(P,F). Therefore, the Hilbert basis theorem
dictates that H*(G, F) is a Noetherian ring itself. By the usual argument, the cohomology in
positive degrees, denoted as H' (G, F), is a finitely generated ideal, and a set of ideal generators
is also a set of generators for H*(G,F) as an algebra over F. The Noetherian condition also
guarantees that we only need a finite number of relations.

O

3.3 On the integral cohomology of crystallographic groups

In this subsection, we discuss the relevant maps to relate mod-2 cohomology with integral
cohomology. This connects our results of mod-2 cohomology with cohomology with other
coefficients. The complete results for the integral cohomology of the 230 space groups are
collected in Table 5.

Specifically, from the short exact sequence

i=x2 p=mod 2
7—>7 —— 7Ly, (35)

®In general, a module is said to be Noetherian if every submodule is finitely generated. Still, we know that
H*(P,F) is a Noetherian ring, and a finitely generated module over a Noetherian ring is a Noetherian module.
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we have the long exact sequence

» P ij=x2 py=mod 2 by
<o H'Y(G,Z,) =5 HY(G,2) =5 H(G,2) ——— H'(G,Z;) >+, (36)

where i* and p; are maps induced by the homomorphism i: Z — Z and p: Z — Z, at degree
n, and f3, is the Bockstein homomorphism at degree n. Here we allow any action p of G on
the module Z.

From this we deduce that there is a (not necessarily natural) decomposition of the group
H"(G,Z,)

H'(G,Z,) = (HZ(G, 7)® Zz) P Tor” (H;“(G, 7), ZZ) : (37)

This is just a form of Universal Coefficient Theorem for Z, (which holds for any action p of G
onZ).

It turns out that the cohomology elements corresponding to the LSM constraints are always
contained in the first summand H Z(G, 7.)®Z, (see Statement 16 and 18), where the action p of
G on the module Z is a particular one dictated by the Crystalline Equivalence Principle [20],
such that reflection and inversion symmetries act on Z by —1. We will call this action the
orientation-reversing action and the associated Z module the orientation-reversing Z module,
and we denote the Z module by Z°'. To characterize this subset in another way, let us introduce
the twisted Steenrod operation SQ! at degree n,

S§Q:=p* oi*,  of,: H'(G,Zy) » H"(G,Zy,). (38)

From the long exact sequence Eq. (36), we see that the first summand H"(G, Z°")®Z, is exactly
the kernel of $Q! in H'(G, Z,).

We call $Q! the twisted Steenrod operation for the following reasons. First of all, when
the action of G on Z is trivial, Q' is exactly the original Steenrod operations. Secondly,
elementary calculations [15] show that for A € H"(G, Z,), we have

SV =Sq' W)+ 82t ()uA, (39)

where 1 € H(G,Z,) = Z,. Here, $Q'(1) € H!(G, Z,) can be thought of as a map G — Z,
which maps the element g € G to the nontrivial 1 € Z, (trivial 0 € Z,) if g acts nontrivially
(trivially) on the Z module. We will return to this operation in Sec. 5 when we discuss LSM
constraints.

3.4 Periodicity of mod-2 cohomology

In this subsection, we collect some interesting theorems about the periodicity of Z, rank for
mod-2 cohomology of crystallographic groups. Our results for 2D wallpaper groups and 3D
space groups indeed align with these general theorem applicable to all crystallographic groups.

We have the following theorem regarding the periodicity of the resolution for a group G.”

Theorem 6. (Brown [40 ]) A group G with a finite index torsion free nilpotent subgroup admits a
resolution which is periodic in sufficiently high degrees if and only if all of its finite index subgroups
admit periodic resolutions.

Therefore, if we want the Z, ranks for mod-2 cohomology of crystallographic groups to be
periodic in sufficiently high degrees, we need to check all of its finite index subgroups.

An interesting class of crystallographic groups is called Bieberbach group [5], which is the
extreme limit of crystallographic groups which satisfy the criterion of Theorem 6.

"We always assume that the resolution is with respect to Z.
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Definition 4. (Bieberbach group) A crystallographic group is a Bieberbach group if it is torsion
free.

As such, a Bieberbach group satisfies the criterion of Theorem 6 and hence admits a peri-
odic resolution in sufficiently high degree.

In fact we can say more about these Bieberbach groups [5]. For a k-dimensional crystallo-
graphic group G, consider the orbit space RX/G. For generic crystallographic group G, RX/G
may contain some singularities. However, when G is a Bieberbach group, R¥/G is a smooth
manifold. Even more, R¥/G is a k-dimensional flat manifold, which is a compact closed Rie-
mannian manifold with zero sectional curvature. On the other hand, any k-dimensional flat
manifold can be considered as an orbit space R¥/G for some Bieberbach group G. Moreover,
we can immediately see that G is precisely the fundamental group of RX/G, and R¥/G is in
fact a K(G, 1), i.e., the classifying space of G.

This correspondence allows us to establish a one-to-one correspondence with k-
dimensional flat manifolds with k-dimensional Bieberbach groups. Moreover, the group co-
homology of G should be isomorphic to the simplicial cohomology of K(G, 1), which we see
is a k-dimensional smooth manifold. Hence, we establish the following theorem regarding
Bieberbach groups.

Theorem 7. A k-dimensional Bieberbach group G satisfies the condition that H*(G,7) = Z and
H"'(G,Z)=0,n> k.

Similarly, regarding mod-2 cohomology, we also have HX(G,Z,) = Z, and
H*(G,Z) = 0,n > k. We will see from specific examples of 2D wallpaper groups and 3D
space groups that this is indeed the case.

From the point of view of k-dimensional lattice with symmetry G, R¥/G = K(G, 1) can
be thought of as the fundamental domain associated with crystallographic symmetry G, which
also corresponds to the unique IWP for the Bieberbach group G.

The criterion of Theorem 6 can also be satisfied if the point group P of G admits periodic
resolution. Hence, we have the following easy corollary (see also Ref. [9] page 247-248),

Corollary 8. For an k-dimensional crystallographic group G with the associated point group P,
suppose that the point group P admits a periodic resolution of period d. Then, the crystallo-
graphic group G admits a periodic resolution of period d in degrees greater than n. In particular,
HX(G,Z,) = H**4(G, Z,) for all integers k > n.

3.4.1 Example: 2D wallpaper groups

To illustrate these theorems, let us check the criterion for 2D wallpaper groups and we will
see that these theorems indeed match with the explicit calculation for individual groups in
Ref. [15].

1. There are exactly two Bieberbach groups in 2D, p1 and pg. For both groups G, we have
H?*(G,Z,) = Z, and H*(G,Z,) = 0,k > 3. The flat manifolds R?/G = K(G, 1) for p1
and pg are in fact torus and the Klein bottle, respectively.

2. For 2D wallpaper groups, there are six point groups satisfying the condition of having a
periodic resolution:

CZ)DI gZz, C4EZ4, C3 gZB, D3 nghB, CﬁgZG' (40)

The period is one for Z,, two for Z,, Zs, Z¢, and four for Dihs, and for each of these
groups, the mod-2 cohomology groups in all positive degrees are the same [40,47]. The
corresponding wallpaper groups are p2 (C,), pm, pg, cm (D;), p4 (C4), p3 (C3), p3m]1,
p31m (D3) and p6 (Cg). We see that indeed for each of these wallpaper groups, the
mod-2 cohomology groups in degrees greater than 2 are the same.
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3. There are two more wallpaper groups—pmg and pgg—that satisfy the condition of
Theorem 6. They also have a periodic resolution and the mod-2 cohomology groups in
degrees equal to or greater than 2 are the same as well.

We will see that these patterns reappear in the study of 3D space groups.

4 Mod-2 cohomology of 3D space groups

In this section, we sketch how we perform the calculation for the cohomology of crystallo-
graphic groups in 2D and 3D, and highlight certain important features of the results.

There are standard textbook methods for calculating group cohomology [38,40], many of
which are already implemented in GAP [9]. The GAP routine of computing cohomology rings
has so far been limited to p-groups. Nevertheless, one can use the elementary GAP routines
as building blocks and calculate the mod-2 cohomology ring of the space group cohomology
H*(G,Z,) in an algorithmic way. We follow this strategy and create a program tailored for
computing the mod-2 cohomology ring of space groups.® We hope our algorithm will eventu-
ally be useful for calculating the cohomology rings of more general groups.

Even more explicitly, to connect these cohomology data to lattice data, we managed to
write down the inhomogeneous functions representing the cohomology generators at degree-
1, 2, and 3. We write additional codes to obtain the mapping from these function-represented
cocycles to the vector-represented cocycles, connecting the output data of these two separate
methods. The explicit inhomogeneous functions allows us to evaluate topological invariants
associated with IWPs, establishing the final link we aim for—a correspondence between 3-
cocycles and TWPs.

4.1 Methods of calculation

The datum encoding the cohomology of any group G is a free ZG resolution of Z: it is an acyclic
chain complex consisting of free ZG-modules RS and homomorphisms &,

Rf:---ﬂRfjﬂ@)Rfin_lﬁ...inﬁRgiz, (41)
such that ker 8, = im d,,; for every n. The cohomology calculation we did relies exclusively
on the construction and manipulation of the resolution.

The resolution Rf may be finitely or infinitely generated, depending on whether each Rg
is finitely or infinitely generated as a ZG-module. For an infinite-order crystallographic group
G, GAP always produces a finitely generated resolution, which is easy to work with but quite
abstract. In contrast, the familiar bar resolution provides clearer meanings but is infinitely
generated, making it more challenging to use. These two resolutions serve as the foundation
for the two independent calculations presented in Secs. 4.1.1 and 4.1.2.

In Sec. 4.1.1, we outline the standard procedures implemented in GAP for computing group
cohomology and highlight the algorithm that we develop in order to obtain the ring structure
for crystallographic groups. Then, in Sec. 4.1.2, we explain how the familiar bar resolution
method can be applied to obtain the standard cocycle functions for crystallographic groups.
The key to this calculation is a conjecture on the restriction of cohomology to a finite lattice
space group that, if holds, allows to convert the computation of cocycle functions from an
infinite problem to a finite problem. Finally, in Sec. 4.1.3 we explain how to connect the
outputs of the two methods using the contracting homotopy for the bar resolution.

8The GAP code scripts for computing the mod-2 cohomology ring of space groups,
SpaceGroupCohomologyData.gi and SpaceGroupCohomologyFunctions.gi, can be found in our
Github repository [26].
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4.1.1 Using finite-dimensional free resolution from GAP

This computation leverages the full power of GAP [8]. The resolution (41) is computed in-
ternally in GAP. Once the resolution is constructed, the cohomology H"(G,A) as an abelian
group is then obtained in a straightforward manner by first taking the Hom functor with the
coefficient module A and then the homology of the cochain maps. The calculation of the ring
structure in GAP relies crucially on the data of contracting homotopy:

Definition 5. (Contracting homotopy. [9]) Let Rf be a free ZG-resolution of Z. A contracting
G ; ; ; . pG G
homotopy on R} consists of a sequence of abelian group homomorphisms h,: Ry = R ;,n >0,
satisfying
hn—l an + an+1hn =1, (42)

for n > 0 with h_; = 0. The homomorphisms h;. do not have to preserve the action of G.

For G being a crystallographic group, contracting homotopy up to high degrees is produced
only via the following GAP command

ResolutionAlmostCrystalGroup. (43)

The data of resolution and contracting homotopy make the evaluation of cup products a routine
task. However, significant limitations exist in obtaining the full mod-2 cohomology ring of
space groups in GAP, necessitating the development of a specialized program:

* The command (43) suffers from memory constraints, and is only capable of producing
a resolution Ri6 up to degree six for space groups No. 221-230. This prevents us from
obtaining the complete mod-2 cohomology ring of space groups No. 226, 228, and 230
which contain relations at degree 7 or higher.

* Computing cup products can be highly time-consuming. For example, the computation
of the degree-8 relation for space group No. 142 can take several days. The bottleneck
lies in computing the composition of contracting homotopy.

We reprogram the part of calculating the cup products in a way that alleviates the prob-
lems mentioned above. In our code, when computing the cup product between u and several
elements vy, v,, ..., we optimize by computing the (composition of) contracting homotopy for
u only once. When computing the cup product of two cocycles u and v, we always choose the
one such that fewer compositions of contracting homotopy need to be calculated. Finally, the
computation of cup products proceeds from lower to higher degrees, and we make use of the
ring relations already obtained at lower degrees to avoid evaluating unnecessary cup products
at higher degrees.

Once cup products are computed, we use linear algebra methods to obtain a presentation
of the mod-2 cohomology ring by choosing a minimal set of generators and relations. The GAP
resolution Rf carries information about the standard LHS spectral sequence (to be introduced
in Sec. 3.1), and we use this information to label the mod-2 cohomology ring generators (see
Sec. 4.2 for the labeling convention).

4.1.2 Using bar resolution

Independent of the above method and codes, for a given space group G, we also sought to
write down representative inhomogeneous functions (explicit cochain expressions)

f:GX XG> 7Ly, (44)

n times

To our knowledge, there is no way to obtain the degree-7 resolution (equipped with a contracting homotopy)
for space groups No. 221-230. This is essentially due to the extremely high memory cost in computing the
resolution for point group O, within the command ResolutionFiniteGroup which is called internally by (43).
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for the mod-2 cohomology ring generators of degree n equal to or less than three (n < 3). To
find such a cochain function f, we solve the cocycle condition

(df)(g1:g2>"'>gn+l) ::f(gZ"'"gn+1)+Z(_1)jf(glﬁ""gjgj+1>"':gn)
=1 (45)

+ (_1)n+1f(g1: .. "gn) =0,

forall g;,89,--.,8n+1 € G. The resolution underlying Eq. (45) is the bar resolution: forn > 0,
each Rg in Eq. (41) is the free ZG-module freely generated by n-tuples [g;]g>|- - |g,] with
g; € G, and the boundary map is defined by

n—1

Bulgil - 1gn] = gilgal -+ 1gnl+ D J(—1)T&nl - gigisal -+ [gn] + (1)Ll -+ Igna]. (46)
i=1

Since the space group G has infinite order, Eq. (45) is a system of infinite number of equa-
tions and solving them seems to be a hopeless task. Nevertheless, the following conjecture al-
lows us to convert the problem to a finite dimensional problem. To state this conjecture, let us
define the “translating-by-m-units” subgroup of the translation group: T™ = (mZ)*> c T = Z°.
Obviously, T™ is a normal subgroup of the space group G, and this defines a quotient group
P, through

™ G2 p . (47)

The quotient group P,, can be viewed as the symmetry group of a finite lattice that spans
m x m x m unit cells along the translation direction T, T,, and Tj.

Conjecture 9. When m = 4, the induced map p;,: H"(P,,,Zy) — H"(G, Z) is surjective for all
n.

This is equivalent to the conjecture that the LHS spectral sequence associated with Eq. (47)
collapses to the bottom horizontal line E? 0 at infinity page r = oo.

For a given space group G, we first write down an ansatz for the cocycle function (44).
Then we solve the cocycle condition (45) by restricting elements g1, g5, ..., gn4+1 to the group
P,,. As P, is a finite group, a cocycle

f:me"'Pm_)ZZ: (48)
%,—/
n times
can be solved (at least in principle). Then, Conjecture 9, if holds, allows us to pull back the
cocycle [f] € HY(P,,, Z,) to [p;.( )] € HY(G, Z,) hence obtain a cocycle of the space group
G. By following this strategy we have successfully obtained all the 1-, 2-, and 3-cocycles (for
n = 1,2,3) for 227 of the 230 space groups,'’ confirming the validity of the conjecture in
these cases. The explicit expression for these cochain functions is stored in the Mathematica
file Space_Group_Cohomology_Data.nb available on our Github repository [26]. They are
labeled by the same name as the ring generators obtained from the GAP program and are
the representative inhomogeneous functions of them. This way we achieved at a clear and
transparent characterization of the mod-2 cohomology ring.
Compared with the vector-represented cocycles, the explicit function-represented cocycles
have several merits:

* The explicit cochain functions facilitate the calculation of cup products as the cup prod-
uct coincides with the usual product of functions;

19Although working in principle, in practice this strategy is too memory costly for obtaining the degree-3 ring
generators of groups No. 225, 227, and 229.
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* they allow to obtain the explicit restriction map associated with the subgroup embedding
H C G. This is extremely useful from a physics point of view in the study of symmetry
breaking as it allows us to trace how the LSM anomaly (to be introduced in Sec. 5)
survives under the lattice symmetry breaking.

* These cochain functions allow us to evaluate the topological invariants at degree n < 3.
Specifically, this allow us to “diagonalize” the deg-3 cohomology elements and find the
element that uniquely detects the LSM anomaly associated with an IWB hereby estab-
lishing a correspondence between cohomology data and lattice data.

4.1.3 Connecting the two methods

Finally, in order to establish connection between the bar resolution calculation and the GAP
program, we seek to convert a cochain function obtained from the bar resolution to a finite
dimensional vector. This can be done using the contracting homotopy of bar resolutions

ha: RS —RY L glanl---1g.] = [glgal -~ 1ga]- (49)

To map a function-represented cocycle (44) to a vector-represented cocycle associated with
the free ZG resolution of Z given by GAB f — f*, one needs to specify how the basis of the
latter, e} fori =1,2,..., by, is mapped to the basis of the bar resolution at the same degree:

el > gl 1gal. (50)

The basis map (50) can be built recursively via the contracting homotopy (49) [10]. This
is implemented in our GAP code in [26]. Once the basis map is constructued, the vector-
represented cocycle is obtained:

=, (Dlal1ga]) =D (g1 80)- (51)

4.2 Mod-2 cohomology ring of 3D space groups

The main result of this work is that we obtain the mod-2 cohomology rings for 229 of the 230
3D space groups,'! which is collected in Appendix F. In this subsection, we show how to read
these results and point out some interesting features.

We present a mod-2 cohomology ring as follows:

H*(G,Zy) = Zy[A.,...,B.,...,...][Relations. (52)

Here, A,, B,, ... are the generators of the ring, living in H(G, Z,), H*(G, Z,), .. ., respectively
(all the way to F, € H%(G, Z,), see Item 1). Subscripts “e” give labels to the generators:

 For every space group G, we choose a set of group generators, collected for each group
in Appendix F (see also Table 1 for the choice of group generators for each point group).
An element g € G is written in terms of these group generators. For example, No.
1 (P1) is generated by three translations T , 5 along three directions given by Eq. (B.1),
and an element in No. 1 (P1) is written as Tlx Tév Té" with x,y,z € Z. More complicat-
edly, an element in No. 227 (Fd3m) can be written as Ty T§'T§C§C§C/C§3M"‘1i with
X,Y,2 €Z,c,c’,m,i €{0,1},¢c5 € {0,1,2}.

The only exception being No. 226 (Fm3c) whose degree-7 and higher relations have not been worked out.
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* Adegree-1 generator A, : G — Z, (see Eq. (44)) is labeled by the exponent of group gen-
erator that it detects in this decomposition. For example, the degree-1 generator A_, A,,
and A; evaluates to 1, i.e., A.(g) =1, A,,(g) =1 or A;(g) = 1, whenever the exponenet
of a two-fold rotation C,, the reflection M or the inversion I is odd in this decomposition
of g. Similarly, degree-1 generators A, , , detect (the exponents of) translations Ty 5 3.
We will also use labels like A, ,, (i.e. with “+” in the subscript) to indicate that this
generator reduces to A, +A, + A, when restricting to the translation subgroup T.12

* We label degree-2 or higher generators according to the entries of the standard LHS

spectral sequence (11) that they live in. Specifically, B,, Bg live in the Eif,E};ol entries,

and Cg,, Cg, C, live in the Eif,Ei’ol,Eéf entries, etc. In particular, B, and C, live in the
Eﬁ;?, ng entries and are (pullbacks of) the generators of the point group cohomology
ring.

An exception for the elements in the Eg’ol, ng, ng’ entries: instead of labeling them by

Ap, By, Cs, we label them according to their image in H L23(T, Z,) under the restriction
map i*: H*(G,Z,) — H*(T,Z,) induced by the inclusion i: T — G. For example, if
i*: B, = A,(A, +A,), then we label B, as B,(,,,) instead. Since Eg’?’ = Z,, there
can be at most one generator C associated with ng, which we label as C,.,, following
i*: Cyy, = A A A,. For degree-1 generators, the labeling may be ambiguous for a small

number of space groups and must be treated with care, as discussed in Footnote 12.

* The “Relations” must be factored out and treated as zero in the ring. All relations of the
mod-2 cohomology ring of point group P—listed in Table 2—should survive as (possibly
not independent) relations of the mod-2 cohomology ring of any space group G whose
associated point group is P.

* We have defined the generators of mod-2 cohomology rings such that isomorphic space
groups (listed in Eq. (4)) have isomorphic mod-2 cohomology rings.
4.2.1 Example: No. 227 (Fd3m)

To illustrate our code and our results, let us consider No. 227 (Fd3m). This group is generated
by three translations T , 5 as given in Egs. (B.5), a two-fold rotation C,, a two-fold rotation

12An element A is defined by

X+y+2
Ax+y+z(g)=x+y+25 (53)
for translation group T = No. 1 (P1), but in larger groups the 1-cocycle with the same label may in addition

depend on (the exponents of) point group elements. As an example, for group No. 98 (14,22), we have

Avryre(@) =X +y+z+c, g=T T)TECCY C) €No. 98 (14,22). (54)

This notation may result in ambiguities when one tries to write down the restriction i*: A, — A, ,,, and one
must bear in mind that the A, on the left-hand side (resp. right-hand side) of the arrow has the expression in
Eq. (54) (resp. Eq. (53)). This ambiguity only happens for the following 14 groups

77 (P4,), 80 (I4,), 93 (P4,22), 94 (P4,2,2), 98(I4,22), 134 (P4,/nnm), 144 (P3,),

151 (P3,12), 152(P3,21), 172(P6,), 181 (P6,22), 199 (I2,3), 206 (Ia3), 214 (14,32).
(55)
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Cé, a three-fold rotation C5, a mirror M, and an inversion I:

Cy: (x,y,2) > (—x+1/4,—y +1/4,2), (56a)
Cﬁ:(x,y,z)—>(—x+1/4,y,—z+1/4), (56b)
Cs: (x,y,2) = (2,x,Y), (56¢)
M: (x,y,2) > (y,x,2), (56d)

I:(x,y,2) > (—x,—y,—2). (56€)

An element in No. 227 (Fd3m) can be written as TleZyTBZ'CéCéC/C?M’”Ii with
X,¥,% € Z,c,c’,m,i € {0,1},c5 € {0,1,2}, hence the cocycles we write down is a function
whose arguments are copies of the tuple (x, y,z,c,c’,c3, m, ).

In a GAP interface, we can compute its mod-2 cohomology ring using the command [26]

gap> SpaceGroupCohomologyRingGapInterface(227);

and the result is
ZZ[AiJAm? Bou Bxy+xz+yz: C(x: C)/]/(m:SJ m4a ms, m6> ) (57)

where the relations are

Rs: A;Bg, (58a)
Ry ACur AnCar AC,, BuBeyirosys +AnC,,

By txstys(A] +AiAm +Byyiaotys) (58b)
Rs: Byytxz+yzCa>  Bxytxz+yzCy> (58¢)
Re: C,(Cy+C,). (58d)

Here A;, A, By, C, are generators of the point group Oy, (see Table 2), By, is a generator
coming from Eg’oz whose pullback to P1isA,A, +AA, +A A, and C, is a generator coming
from E})oz

4.3 Upper bound on the degrees of independent generators and relations

Our code can only deal with finite degrees. Motivated by Theorem 4, we ask: for 3D space
groups, what is the upper bound on the degree at which an independent generator or an indepen-
dent relation can appear? We make the following conjecture.

Conjecture 10. (Upper bound of degrees of generators and relations for 3D space groups) For the
mod-2 cohomology of 3D space groups, an independent generator can appear at most at degree
6, and an independent relation can appear at most at degree 12.

For any 3D space group (with the exception of No. 226), our code together with the
analysis in Appendix E can at least generate a sub-ring of the full mod-2 cohomology ring
excluding potential generators above degree 6. However, whenever such generator of degree
n,n > 7 appears, the Z, rank of H"(G, Z,) should be different from the Z, rank of the sub-ring
at degree n. We have explicitly verified that'® for each space group G (with the exception of
No. 226) the Z, ranks of H"(G,Z,) derived from the mod-2 cohomology ring presented in
Appendix F are exactly the same as the Z, ranks directly output by GAP'# at degree 15 or

13The code used for verification can be found in the Mathematica file Space_Group_Cohomology_Data.nb
in our Github repository [26].

4The GAP command ResolutionSpaceGroup can be used to directly obtain the rank of the mod-2 cohomol-
ogy for space groups (but not the mod-2 cohomology ring structure, as this command does not yet implement
contracting homotopy).
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lower. More specifically, in Table 4 we give the generating function (the “Poincaré series”)
for the ranks of mod-2 cohomology at arbitrary degree n obtained from GAP. We further seek
to write down the monomials of the mod-2 cohomology at degree n using generators of the
mod-2 cohomology ring we obtain from our code. It turns out that the Z, ranks obtained using
this method (i.e. the number of monomials) indeed agree with the prediction of the Poincaré
series.

Note that once we know the upper bound on the degrees of generators, from the analysis
of the standard LHS spectral sequence in Sec. 3.1, we can directly obtain the upper bound on
the degrees of relations, which is simply twice the upper bound on the degrees of generators.
This outlines a conceptual way to check the Conjecture 10. Motivated by explicit LHS spectral
sequence calculations we have performed (see Sec. 3.1 for an example), we make the following
conjecture which can be used to estimate the maximal degree of cohomology ring generators.

Conjecture 11. (Module structure of the ¢ = 1,2 rows of the LHS spectral sequence) Given any
3D space group G, the module generator of the ¢ = 1 row and the q = 2 row of the standard LHS
spectral sequence at E, page can only appear at the p = 0 column or p = 1 column.

This conjecture can be checked by a direct calculation for all 230 space groups. In fact, one
can restrict the calculation to a much smaller set. First, note that the action of the point group
P on translations T is the same for all space groups in the same arithmetic crystal class listed in
Table 2. As a result one only needs to perform the calculation once for each of the 73 arithmetic
crystal classes. Second, since inversion I will always change a translation generator to its
inverse and hence will not act on HV2(T, Z,) = Zg, adding inversion I will not give rise to new
module generators. Therefore, one can ignore all arithmetic crystal classes involving inversion
I. Furthermore, a single calculation works for different point groups that are isomorphic to
the same abstract groups, as long as the action of the point groups on H4(T,Z,) is identical.
This also significantly reduces the number of cases we need to check.

4.4 Some interesting features
In this subsection, we collect several intriguing aspects of the cohomology of space groups.
1. Almost all groups have generators of mod-2 cohomology ring in degrees 3 or lower,

but there are several groups that contain generators of higher degrees. Specifically, the
following 10 space groups have degree-4 generators:

108 (I4cm), 109 (I4;md), 120 (I4c2), 130 (P4/ncc),
136 (P4,/mnm), 140 (I4/mcm), 142 (I4,/acd), 197 (123), (59)
204 (Im3), 230 (Ia3d).

No group has degree-5 generators. The following 3 space groups have degree-6 gener-
ators:
219 (F43c), 226 (Fm3c), 228 (Fd3c). (60)

2. There are ten non-isomorphic Bieberbach groups, i.e., torsion-free crystallographic
groups, in 3D,

1(P1), 4 (P2,), 7 (Pc), 9 (Co),
19 (P212,2,), 29 (Pca2,), 33 (Pna2,), (61)
76/78 (P4,/P43), 144/145 (P3,/P3,), 169/170 (P6,/P6s).
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These groups are labeled with a “b” in the third column of Table 4. For all these Bieber-
bach groups, we have H3(G,Z,) = Z, and H"(G,Z,) = 0,n > 4, consistent with Theo-
rem 7. According to Sec. 5, the (unique) nontrivial element in H*(G, Z,) corresponds
precisely to the fundamental domain, which is the unique IWP for these Bieberbach
groups.

3. In 3D, the point groups satisfying the condition of admitting a periodic free ZP resolution
of Z are

Ci,Co, G =2y, C4,S4=7Z4, C3=1Zz, D3,C3, =Dihy, Se,Cs,Cop=2Zg. (62)

The period is one for Z,, two for Z4,Z5,Z¢, and four for Dihs;, and these groups have
the same mod-2 cohomology in all positive degrees [40,47]. According to Corollary 8,
we see that indeed all the associated space groups have identical cohomology in degrees
greater than 3, which can be straightforwardly checked in Table 4.

In 3D, 109 out of the 230 space groups admit a periodic resolution at degrees
larger than 3. Their Z, ranks of mod-2 cohomology all have period one, i.e.,
H"(G,Z,) = H"(G, Z,), for n > 4 (see the last column of Table 4).

4. All point groups associated with space groups No. 143-230 contain three-fold rotations.
For any G in No. 143-230, we can choose a space group Gz as a subgroup of G of index
3. Gy can be thought of as G discarding three-fold rotations, and is one of the space
groups No. 1-142.

We claim that

Theorem 12. The embedding i: Gy — G induces an injective ring homomorphism
i*: H(G, Zy) — H*(Gg; Zy).

Proof. The proof directly follows the proof for finite groups in Ref. [48]. Consider the
transfer (i.e. corestriction) map Tr: H*(G,Z;) — H*(G,Z;). The composition of i*
with the transfer map is simply multiplication by 3. Hence, if for some u € H*(G, Z,)
we have i*(u) = 0, composing with the transfer map we have 3u = 0 and hence u = 0,
proving the injectivity of i*. O

In addition, if Gz < G is a normal subgroup of G, elements in H*(G, Z,) are precisely
those elements in H*(Gg3; Z,) which are invariant under the induced action of the three-
fold rotation Cs. This fact will be important when we deal with several groups whose
relations cannot be straightforwardly obtained by our codes in Appendix E.

5 Deriving Lieb-Schultz—Mattis (LSM) constraints

Equipped with knowledge of the mod-2 cohomology of crystallographic groups, we are now
well-positioned to investigate various LSM constraints in 3D systems. As we will show be-
low, for every IWP of the space group G, there is an element in the third group cohomology
H3(G, Z,) that can be uniquely assigned to this IWR This correspondence between IWPs and
cohomology elements underlies the physics of LSM constraints when the coefficient, Z,, of the
cohomology H3(G, Z,) admits the meaning of a classification of anomalous textures'® for the
on-site degrees of freedom at this IWP: when the system has an additional internal symmetry,
and the on-site degrees of freedom form a projective representation of this internal symmetry

15We refrain from providing a precise definition of anomalous textures and instead refer the reader to Ref. [35]
for a detailed exposition.
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correspond to the nontrivial element of the Z, (hence an anomalous texture), an LSM anomaly
is triggered, forbidding the physical system to have a unique, symmetric, gapped ground state.

Here, following the tradition of LSM theorems, we consider on-site degrees of freedom with
a single Z, classification under the action of internal symmetry. The most familiar example
is spins with SO(3) rotation symmetry, where half-integer (resp. integer) spins correspond to
a projective (resp. faithful) representation of SO(3) labeled by the nontrivial (resp. trivial)
element of H2(SO(3), U(1)) = Z,.

Other internal symmetry— such as the Z, x Z, subgroup of SO(3) generated by two 7
rotations along two perpendicular axes, or an anti-unitary time-reversal symmetry Zg —can
also lead to a Z, classification for the onsite degree of freedom, the nontrivial class of which
contains LSM constraints [49]. In this sense, the analysis of LSM constraints pertains to a broad
class of models—including any exchange Hamiltonian written in terms of spin-1/2 operators
in absence of an external field and with or without spin-orbit coupling (XXZ, Dzyaloshinskii—
Moriya, dipole-dipole, dipole-octopole etc.). For all these cases, the projective representation
of the internal group G;,, triggers an LSM anomaly as a descendent of certain element of
H>(G x Gy, U(1)°Y), which classifies all the (t Hooft) anomalies associated with the global
symmetry G X Giy;.

For clarity, we will primarily assume the internal symmetry to be SO(3) in the rest of dis-
cussions; the results however apply to all the internal symmetries mentioned above.

5.1 LSM(OH) theorem for translation symmetries

The Lieb-Schultz—Mattis theorem in 1D, along with its later generalization to higher dimen-
sions by Oshikawa and Hastings, provides important constraints on the ground state of a many-
body lattice system’s Hamiltonian based solely on basic symmetry properties, without relying
on other specific details of the Hamiltonian. For simplicity, we will focus on the case where
the system exhibits on-site SO(3) symmetry without spin-orbit coupling. A key feature of
SO(3) symmetry is that its projective representations are classified by Z,, corresponding to
half-integer or integer spins in physical terms. This discussion can be readily extended to
cases where the projective representation of the internal symmetry is classified by (Z,)*. We
will briefly comment on situations where the projective representation is Z5-classified, with a
more comprehensive treatment left for future work.

Statement 13. (Lieb-Schultz—Mattis—Oshikawa—Hastings [13, 50, 51]) In a crystal with trans-
lation symmetry and on-site SO(3) symmetry, if there are odd numbers of spin-1/2 degrees of
freedom per unit cell, then there cannot be a unique, symmetric, gapped ground state.

This constraint on the ground state wave function resembles that of the 't Hooft anomaly on
the ground state wave function or the low-energy subspace of a quantum field theory (QFT).
This connection was later explored in [14, 52, 53], identifying LSMOH constraints as a mixed
anomaly between (lattice) translation and internal SO(3) symmetries.

According to the Crystalline Equivalence Principle [20, 35], the ’t Hooft anomaly is char-
acterized by an element in

H*2(Z* x s0(3),U(1)) & Z,, (63)

where the nontrivial element can be written as

exp (iTEAxAy -y WZO(S)) . (64)
Here exp(i7 ---) maps an element A € H**2(G,Z,) to an element exp(inA) € H*2(G, U(1)).
Wgo(g) is the generator of H2(SO(3),Z,) = Z, and exp(inwzo(B)) € H2(S0(3),U(1)) & Z, is

the cohomology element corresponding to the projective representation of SO(3), i.e. spin-
1/2. A,A, -+~ is the generator of H*(z*,7,) = 7, and A,,A,,--- are the generators of each
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Figure 3: Bulk-edge correspondence for k-dimensional spin-1/2 lattice (the figure
illustrates k = 2). The on-site spin-1/2 lives on the boundary of a fictitious (k + 1)-
dimensional bulk. (a): the (k + 1)-dimensional bulk. The bulk SPT consists of S =1
Haldane chains forming an k-dimensional array. The boundary of each Haldane chain
has an S = 1/2 edge mode (red dots). (b): the k-dimensional boundary on which
the on-site S = 1/2 degrees of freedom live.

individual H'(Z, Z,), which can be roughly interpreted as the gauge fields corresponding to
translations in each direction.

This cohomology element can be understood from the perspective of anomaly-inflow [53].
From this perspective, consider placing the k-dimensional spin-1/2 system on the boundary
of an (k + 1)-dimensional crystalline SPT, constructed by stacking SO(3) Haldane chains, i.e.,
(1 + 1)-dimensional SPTs protected by SO(3) symmetry, while respecting the translation sym-
metries along the original n directions, as illustrated in Figure 3. The crystalline SPT is clearly
characterized by the cohomology element in Eq. (64), which can be thought of as the partition
function of the crystalline SPT (or its TQFT), if we integrate it over the (k + 2)-dimensional
spacetime 171, , and write it as exp (in - AA, -+ U Wgo(g)).

Now we slice a boundary for this crystalline SPT perpendicular to the extra dimension.
Because the boundary of each SO(3) Haldane chain has a spin-1/2 edge mode, the boundary
is exactly characterized by a lattice of spin-1/2 degrees of freedom with one spin-1/2 per unit
cell. Hence, from the perspective of anomaly-inflow, we see that the original system carries an
anomaly characterized by Eq. (64).

We mention that the cohomology element Eq. (64) can be derived from the anomalous
texture of the lattice system [35], using the isomorphism between equivariant homology and
group cohomology. In 1D, this cohomology element can also be understood through gauging
[54,55] or the anomaly index of symmetry actions [56].

5.2 LSM constraints for general crystallographic groups and IWP

We now explore the general conditions for a generic crystallographic group to give rise to LSM
constraints, in particular in 3D.

Recall from Section 2.2 that, performing lattice homotopy, which is a smooth deformation
of the lattice structure that should not change the anomaly of the system, puts all physical
degrees of freedom to the Irreducible Wyckoff Positions (IWP) of the crystallographic group
G. It is then conjectured in Ref. [34] that

Conjecture 14. (General LSM constraints [34]) A symmetric short range entangled (sym-SRE)
phase is possible only when the lattice is smoothly deformable to a trivial lattice.
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In a “modern” point of view, the LSM theorem is a statement about anomalous texture
cancellation condition [35]: the anomaly carried by the microscopic degree of freedom (the
“anomalous texture”) must be cancelled by the anomaly of the macroscopic phase of the matter
(or more precisely, the “defect network”) to make the system anomaly-free.

The traditional LSM theorem is the statement that: The ground state is noninvertible (i.e.
has symmetry enriched topological order) if and only if the equivariant pushforward map

H?(G,A=Zo(R,UD)) = #%, (X =R, U1)) ZH2(G,U(1),[w]—[u],  (65)

has nontrivial image, i.e. [u] is a genuine cocycle and not a coboundary. In words, [w] — [0]
means that the (anomaly of the) anomalous texture can be canceled by (the anomaly of some)
invertible-substrate defect network, while [w] — [u] # [0] means that the (anomaly of the)
anomalous texture cannot be canceled by (the anomaly of any) invertible-substrate defect
network, and hence the ground state has an anomaly (and hence is invertible/has topological
order).

In principle, it can happen that the map [w] — [0] € HEZ(X ,U(1)) is trivial (i.e. no
traditional LSM), but the map [w] — [u] #[0] € HEZ(X 1,U(1)) is nontrivial (in the sense of
lattice homotopy). The main result of Ref. [35] is that, by explicit checking, the authors find
that for specific forms of ¢ in the form of ¢ = G x SO(3) (and two other cases),

[w] = [p]=[0] = [w]—[u;]=[0], (66)

hence lattice homotopy can serve as the equivalent criterion of LSM criterion, i.e. having a
nontrivial lattice homotopy is equivalent to having a noninvertible ground state/topological
order.

From the form of the equivariant pushforward map, to generalize to crystalline symmetries
beyond pure translations, we postulate that given any lattice symmetry G, we can associate
the lattice structure by an element A € H"(G, Z,) corresponding to the IWPs where projective
representations live. Then the corresponding element in group cohomology is given by

exp (in’)t U Wzo(s)) . (67)

For general internal symmetry groups Gj,;, we just need to change Wgo(B) to the element in
H?(Gy,, U(1)) that characterizes the projective representation of the on-site symmetry. The

main part of latter discussion is to identify this A as an element in the cohomology ring.

5.3 LSM constraints in 2D

Specializing to 2D, the cohomology element in H?(G, Z,) corresponding to the IWPs is worked
out in [15] in an explicit way. In this subsection, we review these results with an eye toward
generalizing them to 3D scenarios.

Given a wallpaper group symmetry, its IWP can be decomposed into the following three
classes based on its little group, i.e., subgroup of the wallpaper group that leaves individual
points of the IWP invariant:

* A fundamental domain that tiles the 2D space under the actions of translation and glide
symmetries, with the corresponding little group C; (trivial),

* a translation unit cell along a mirror axis, with the corresponding little group Dy,

* an n-fold rotation center, with the corresponding little group either C, or D,,.
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Here C,, and D,, are groups of n-fold rotation, and n-fold rotation together with reflection.
In particular, D, is reflection only.

We point out that we can simply view these three classes as three no-go theorems for
symmetric short range entangled (SRE) states. Namely, from lattice homotopy, if there is a
nontrivial Z,-classified projective representation in each class, then except the case where
n = 3 in the third item, they all give rise to nontrivial LSM constraints and a symmetric-SRE
is forbidden [34]. In particular, if there is a nontrivial Z,-classified projective representation
in any IWP (possibly after the operation of lattice homotopy), a nontrivial LSM constraint is
triggered and a symmetric-SRE is forbidden.

Statement 15. (LSM constraints in 2D [34]) A 2D LSM no go theorem is triggered when and
only when there are odd numbers of spin-1/2’s in any of the three categories of IWPs listed above.

To identify an element in H?(G, Z,) corresponding to these IWPs, first we mention that the
elements in H2(G, Z,) can be identified by its dual homology element, or chain representative,
in Hy(G,Z,). The action of some cohomology element on a specific homology element will
give a function of the cohomology element, which is called topological invariant in [15].

Specializing to G being a wallpaper group, we need to identify the minimal set of group
elements, on which the topological invariants completely determine the IWP. Given the three
types of IWPs above, we have the following three possibilities:

1. Given two commuting elements g;,g, € G such that g,g, = g,g;, we can define the
following topological invariant,

#2081, 821 = A(&1, 82) + A(82. 81)- (68)
* When g; and g, are two translations T; 5 in two directions, this topological invari-
ant ¢,[ Ty, To] = A(Tq, Ty) + A(T,, T;) corresponds to the first class of IWPs.

* When g, is a reflection M and g, is a translation T along the reflection axis, this
topological invariant ¢,[T,M] = A(T,M) + A(M, T) corresponds to the second
class of IWPs.

2. Given an order-2 element g € G such that g2 = 1, we can define the following topological

invariant
* When g is a C, rotation, this topological invariant corresponds to the third class of
IWPs.

In addition, the Bieberbach group pg is special, whose unique IWP is the fundamental do-
main generated by a translation T and a glide symmetry G. Its topological invariant, or simply
the chain representative for the nontrivial element in H,(pg,Z5) has a slightly complicated
form:

$o[T,G1=ATG, TG )+ A(T,G)+ A(T,G" )+ A(G,G™1). (70)

Finally, in order to identify an element in H?(G, Z,), we need a complete list of chain rep-
resentatives or topological invariants of H,(G, Z,). It turns out that for 2D wallpaper groups,
there is only one more possibility:

where M is the mirror reflection. We can immediately see that this is a topological invariant
involving M only, yet the reflection M cannot specify an IWP We will call this the non-LSM
invariant. It is a highly nontrivial check that, for all wallpaper groups G, the three topological
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invariants corresponding to IWPs together with the one extra non-LSM invariant completely
spans all elements in H,(G, Z,), hence completely specify elements in H2(G, Z,).

Hence, to associate every IWP of wallpaper groups with an element in H%(G, Z,), we need
to (1) write down the complete list of topological invariants for G, including one for every
IWP and all the non-LSM invariants, the number should be equal to the rank of H 2(G, Z,); (2)
find out the element in H2(G, Z,) whose value on the associated topological invariant is one,
while zero on all the other topological invariants. This procedure is explicitly carried out in
Ref. [15] for all wallpaper groups.

In 2D the identification of an IWP and an element in H2(G, Z,) can be made more rigor-
ous by the argument of “inserting a flux” or either SO(3) rotation symmetry [15] or wallpaper
group symmetry G [34]. Specifically, we can consider coupling the system to a probe gauge
field of the SO(3) symmetry and examine the flux, or monopole, of this SO(3) gauge field.
Because the wave function of the system acquires a —1 phase factor when an SO(3) monopole
circles around a Haldane chain, if any of the 3 basic no-go theorems is triggered, the SO(3)
monopole will carry a specific projective representation of G. Specifically, for the three types
of IWPs, T T, T; ' T, ', TMT M~ and CZ acting on SO(3) will generate an extra —1 sign.
Hence, we can view A € H%(G, Z,) as the projective representation, or the symmetry fraction-
alization pattern, of the SO(3) monopole, which completely encodes the LSM constraint.

Finally, we have the following observation about the subgroup of H(G,Z,) containing
cohomology elements associated with LSM constraints,

Statement 16. (LSM anomaly in 2D) 2D LSM constraints are associated with the subgroup ker 3,
of H%(G, Z,), that is, the kernel of the Bockstein homomorphism:

By: H*(G,Zy) — H*(G,Z). (72)

For 2D wallpaper groups G, this condition is isomorphic to the condition that they vanish
under the action of §Q! := Sq' +A,,U, defined in Eq. (38). Ref. [15] gives an argument by
restricting to the U(1) subgroup of SO(3).

5.4 LSM constraints in 3D

In this subsection, we go to 3D and outline the algorithm to identify the cohomology element
in H3(G,Z,) corresponding to the IWPs of every 3D space groups. The full result for all 3D
space groups is collected in the table in Appendix F.

Similar to the 2D scenarios, in 3D lattices the IWPs can be classified into the following five
categories:

* A fundamental domain that tiles the 3D space under the actions of translation, glide and
screw symmetries,

* a fundamental domain that tiles a 2D reflection plane under the actions of translation,
glide and screw symmetries,

* a translation unit cell along a C, rotation axis,
* an intersection point of two perpendicular C, rotation axes,
* an inversion center.

We see that they roughly correspond to codimension O, 1, 2, and 3 (for the last two items)
regions in the Euclidean space. Here we conjecture that they all give rise to nontrivial LSM
constraints.
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Statement 17. (LSM constraints in 3D.) A 3D LSM no go theorem is triggered when and only
when there are odd numbers of spin-1/2’s on any of the five categories of IWPs listed above.

Now, in 3D, our task is to associate an element in H>(G, Z,) to every IWP for all 3D space
groups. To achieve this task, we define the following three types of topological invariants in
parallel to our considerations in 2D:

1. Given three mutually commuting elements g;, g4, g3 € G, we define the following topo-
logical invariant

381, 82,83] := A(g1, 82, 83) + A(g1, 83, &2) + A (&2, &1, 83)

(73)
+ A(g2, 83, 81) + A(g3, 81, 82) + A(g3,82,81) -

* When g;, g, and g5 are translations in three directions, this topological invariant
corresponds to the first class of IWPs.

* When g3 is reflection and g; and g, are translations along two directions in the
reflection plane, this topological invariant corresponds to the second class of IWPs.

2. Given two group commuting elements g, g, € G such that g% =1and g,g9 = 2981, We
define the following topological invariant,

o[ 81,821 := A&7, 82, 82) + A(82, 81, 82) + AM(g2, 82,81) + A(g1,1,81)- (74)

* When g, is a C, rotation and g; is translation/glide/screw along the rotation axis,
this topological invariant corresponds to the third class of IWPs.

* When g; and g, are two C, rotations along two perpendicular axes, this topological
invariant corresponds to the fourth class of IWPs.

3. Given an order-2 element g € G such that g2 = 1, we define the following topological
invariant

p1lgl:=2(g,8,8) +A(g,1,8). (75)
* When g is inversion, this topological invariant corresponds to the fifth class of IWPs.

In addition, we should consider Bieberbach groups separately. The topological invariant
for each Bieberbach group is special, and it is listed in Appendix F under the table for each
Bieberbach group separately.

For topological invariants not associated with IWR i.e., the non-LSM invariants, we can
restrict to the following four possibilities:

* ¢;[C,], where C, is some two-fold rotation,

* ,[M], where M is some reflection,

* ¢,[X,M], where X is any generator that commutes with reflection M,
* ¥,[Cy, Cf], where C, is some four-fold rotation.

We immediately see that for these non-LSM invariants, the group elements involved cannot
specify an IWP It turns out that the listed topological invariants combined, including LSM and
non-LSM topological invariants, are enough to determine H>(G, Z,) completely, for every 3D
space group G, which is a highly nontrivial consistency check.

Hence, to associate every IWP of 3D space groups G with an element in H 3G, Z,), we have
the algorithm (1) write down the complete list of topological invariants for G, including one for
every IWP and all the non-LSM invariant, the number should be equal to the rank of H3(G, Z,);
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(2) find out the element in H3(G, Z.,) whose value on the associated topological invariant is
one, while nonzero on all the other topological invariants. We implement this algorithm in
our code and this indeed gives the cohomology element associated with every IWB and the
results are collected in each table in Appendix F. The tables contain basic information about all
IWPs, including its name in ITC, its associated little group, and its coordinates. In the last two
entries, we write down the topological invariant for each IWB directly from the little group,
as well as the cohomology class associated with the IWP

As stated in the main text, given the internal symmetry to be e.g. SO(3), the value of the
topological invariant for a given cohomology element in H>(G, Z,) can detect whether there is
a spin-1/2 degree of freedom at the IWP If we also insert a flux for SO(3) rotation symmetry in
3D, now the monopole should not be a point operator in 2D space, but a line in 3D. We can also
analyze the symmetry fractionalization of this monopole, whose symmetry fractionalization
pattern should be classified by an element in H3(G,Z,). This element is exactly the element
associated with the IWP.

Finally, we also mention the following observation,

Statement 18. (LSM Anomaly in 3D) 3D LSM constraints are associated with the subgroup
ker B, Nker Q2 of H3(G, Z,), that is, the intersection of kernels of the following two maps:

Bs: H(G,Zy) — H*(G,Z), (76)

and
8§92: H3(G,Z,) — H>(G,Zy). (77)

Here, f35 is the Bockstein homomorphism associated with the short exact sequence Z°" — 7.°" — Z,
with Z° the orientation-reversing Z module. $Q? is defined as Sq® +w; U Sq* + (wy + W%)U,
where w, € H(G,Z,) and w, € H?(G,Z,) are the pullback of Stiefel-Whitney classes for the
natural 3-dimensional representation of P acting on the 3D Euclidean space (see Table 2).

Interestingly, Q! (defined in Eq. (38)) and §Q? are Steenrod operations on Thom space
of BG equipped with the 3-dimensional vector bundle explained in the statement, that is, the
pullback of the natural 3-dimensional representation of P acting on 3D Euclidean space.'®
Notably, $Q2 appears in the differential of the Atiyah-Hirzebruch spectral sequence, which
classifies fermionic crystalline SPTs with spinless fermions, according to the fermionic Crys-
talline Equivalence Principle [23]. It is intriguing to see how this fact may influence efforts to
generalize LSM theorems to crystalline systems featuring on-site Majorana fermions [57-59].

5.5 Examples

Now, through a few examples, we illustrate how to extract the data of LSM constraints from the
tables we provide in Appendix F. We also highlight certain interesting features of the groups
considered in these examples.

5.5.1 No. 16: P222

No. 16 (P222) is generated by three translations and two two-fold rotations along two per-
pendicular axes. According to the IWP Table of No. 16, there are in total eight IWPs, corre-
sponding to one site, three edge centers, three face centers, and one body center in a type-P

1°Given Eq. (38) where f; appears, it might be visually appealing to change the criterion from ker 8, Nnker § Q>
to ker $Q' Nker Q2. But the two sets are not exactly the same. This is different from the situation in 2D where,
for all wallpaper groups, ker f3, is isomorphic to ker $Q'. For example, in space group No. 75 (P4), there exists
an element B,A, € H3(P4,7Z,) that does not correspond to any LSM constraint, yet it is zero under the actions
of both $Q! and §Q2. Elements A € H*(G,Z,) which are zero under $Q' and $Q? but do not correspond to
LSM constraints will yield a value of 1 for the fourth non-LSM topological invariant, i.e., ¢,[Cj, Cf] for some C,
rotation.
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Bravais lattice, which are precisely eight intersection points of two two-fold rotations in a unit
cell.

From the Table, we can immediately write down the cohomology element in H3(G, Z,)
for 28 = 256 different kinds of LSM constraints for No. 16. Note that according to Ref. [34],
we can obtain 255 LSM constraints from considering lattice homotopy, yet there is one LSM
constraint that cannot be derived this way, and it corresponds to putting spin-1/2’s on all
IWPs. We believe that the last one still corresponds to LSM constraints, and its corresponding
cohomology element can be obtained by summing over the last column in the IWP Table of
No. 16, which is A.A. (A, +A).

5.5.2 No. 19: P2;2,2,

No. 19 (P2,2,2,) is generated by three translations and two two-fold screws. This group is
torsion free, i.e., there is no group element other than identity such that some power of the
group element is identity, hence it is a Bieberbach group in 3D. And we have observed that it
satisfies H3(G, Z,) = Z, and H*(G, Z,) are all trivial for k > 4.

For these Bieberbach groups, the topological invariant, or simply the chain representative
for H5(G, Z,) = Z,, is usually very complicated. This is a special feature of these Bieberbach
groups. We provide one such candidate in Eq. (E59).

From the coordinate entry of the (unique) IWP in the IWP Table of No. 19, we see that
every unit cell contains four regions related to each other by screw operations. Hence, every
unit cell contains four fundamental domains. Let us restrict to the subgroup of No. 19, say
just No. 1 (P1). Because each unit cell contains four fundamental domains, the IWP for No.
19 no longer remains to be the IWP for No. 1, thus the restriction of the cohomology element
A Bg, is also zero.

5.5.3 No. 143: P3

No. 143 (P3) is generated by three translations and a three-fold rotation. We see that there are
three IWPs for this group, yet these three IWPs correspond to the same IWP once we remove the
three-fold rotation. Hence, when considering mod-2 cohomology, or when the on-site degree
of freedom is Z, classified, we need to treat these three IWPs on equal footing. In particular,
they correspond to the same cohomology element in H3(P3,Z,).

Still, when the on-site degrees of freedom is Zj-classified, we will see that the three
IWPs correspond to three different cohomology elements, in fact three generators, in
H3(P3,7Z3) = (Z3)°. These three elements generate the subgroup H3(P3,Z°") ® Z; = (Z3)°.

5.5.4 No. 147: P3

No. 147 (P3) is generated by three translations, a three-fold rotation and an inversion. There
are five IWPs in total. If we forget about the three-fold rotation and restrict to the subgroup
P1 c P3, four of these IWPs still survive as nontrivial INPs. However, there is one, with
coordinate (1/3,2/3,2),(2/3,1/3,—z), which does not survive as a nontrivial IWE because it
does not correspond to any inversion center of P1. Hence, this IWP will not contribute to LSM
constraints (for on-site Z, degrees of freedom), and corresponds to no element in H3(P3,Z,).

When the on-site degree of freedom is Z3-classified, we see that this IWP corresponds to
a nontrivial cohomology element in H3(P3,Z;) = (Z53)>. In particular, this element is one of
the two generators for H3(P3,Z°) ® Z4 = (Z5)?.
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6 Anomaly matching and relationship to PSG on the pyrochlore
lattice

In this section, to establish a connection with physics of lattice systems, we focus on space
group No. 227 (Fd3m), which contains the crystalline symmetry of both pyrochlore and dia-
mond lattices. To illustrate the application of our results of the LSM anomaly, we present an
example that shows how we can use the expression of LSM anomaly to give concrete predic-
tion of the emergent infrared (IR) theory through anomaly matching. Specifically, motivated
by Refs. [27], we consider U(1) quantum spin liquids (QSL) on the pyrochlore lattice.

6.1 Review of 3D quantum spin liquid

Let us begin with a brief overview of the physics underlying U(1) quantum spin liquids (QSLs)
in three dimensions, in particular the emergent IR field theory and its associated anomaly.
Quantum spin liquids are zero-temperature phases of magnets in which the fluctuating quan-
tum spins avoid magnetic long-range order and stay in liquid-like states [60]. These states are
fundamentally characterized by intrinsic long-range entanglement: the non-local excitations
interact with each other through an emergent gauge field, making gauge theories a natural
framework for describing QSLs. Quite often, the elementary excitations in a QSL exhibits the
phenomenon of symmetry fractionalization—they carry fractional quantum numbers of the full
symmetry ¢ which label the projective representations of .

Extensive research has been conducted on 2D QSLs, partly driven by the LSM anomaly
and anomaly matching [14-17, 61-64]. Notably, given the lattice structure we have been
considering, the LSM anomaly should be equal to the anomaly of the emergent IR theory.
From this simple idea, Refs. [15,16] have initiated a comprehensive search for patterns that
match the LSM anomaly (or the anomalies of UV systems more generally) with the anomalies
of emergent QSL phases, regardless of whether these phases are gapped or gapless. Anomaly
matching provides a valuable framework for understanding how crystalline symmetry acts on
low-energy degrees of freedom in the infrared limit, ultimately allowing us to systematically
classify all possible realizations of these QSL phases on a given lattice.

Focusing on three dimensions, one of the most extensively studied examples is the QSL
on the pyrochlore lattice [65]. This lattice, as illustrated in Fig. 2, is proposed to host a QSL
phase since the very birth of the concept [66]. A significant theoretical breakthrough occurred
in 2004, when Ref. [67] established a mapping from the pyrochlore XXZ model with local Ising
anisotropy to a U(1) QSL phase—commonly referred to as the “quantum spin ice” or “Coulomb
phase” [68]—described by an emergent Maxwell’s theory of electrodynamics. Since then, the
properties of pyrochlore QSLs have been the focus of extensive study [69-72], with numerous
experiments reporting liquid-like behaviors in rare-earth pyrochlore materials [73-77].

Now we move to the field-theoretic aspects of (3 + 1)-dimensional U(1) Maxwell theory
that describes the quantum spin ice phase. The theory has been studied in great detail in this
context [78-82]. Here we provide the essential background for later consideration. Gener-
ally, a (3 + 1)-dimensional U(1) gauge theory is described by the following Lagrangian at low
energies:

Iz—if‘“’f _,_Le folp (78)

ag2 Tt gpma el I
Here, g, is the gauge coupling strength and 6 is the axion angle, which is 27t or 47t-periodic de-
pending on whether the charges are bosonic or fermionic. At low energies, the theory simply
describes propagating photons. Above certain energy threshold, there are fractional excita-
tions carrying electric and magnetic charges, and we denote the excitations carrying one unit

34


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

of electric (resp. magnetic) charge as e (resp. m). For simplicity from here on we restrict to
the case where 6 = 0.

UV symmetries, including lattice symmetries and internal symmetries, can act on e and m
in a nontrivial way. We call it the symmetry enrichment pattern of (. The symmetry enrichment
pattern can exhibit a rich variety of phenomena [81]:

* Permutation of e and m. Specifically, for a unitary symmetry, it either does not change
the charges or acts as charge conjugation, i.e., e = —e,m — —m. For an anti-unitary
symmetry, its action on e and m is either e = —e,m — m or e — ¢,m — —m. In addition,
for the reflection M or the inversion I, from the Crystalline Equivalence Principle [20]
we should treat them as anti-unitary symmetries which also act on e and m as either
e——e,m—more—e,m-——m.

We mention that when both e and m are bosons, the permutation pattern can be highly
nontrivial [81]. Yet motivated by [27], we are primarily concerned with the case where
e is fermionic while m is bosonic, and thus we do not need to consider them. Note
that when both e and m are fermions, the theory has a nontrivial beyond-cohomology
gravitational anomaly [78, 83, 84], which is incompatible with the lattice structure we
have.

* Symmetry fractionalization of e and m. We sometimes also say that e and m carry frac-
tional quantum numbers of the symmetry, which goes beyond a mere sign flip of the
charges. There are two pieces of data for symmetry fractionalization: w, € H FZ) (¢,U(1))

and w,, € HIZ) (¢,U(1)), where the action of p, and p,, of ¢ on U(1) module is deter-
mined by its action on the charges: a group element g € ¢ will act on U(1) module for
e by complex conjugation iff it flips the charge of e, and similarly for m.

Now we connect these field theoretic discussion with parton construction for U(1) QSLs. In
the convention of Ref. [27], a fermionic parton carries both physical spin-1/2 and the charge
of the emergent U(1) gauge field, and we identify it with the electric charge e. The magnetic
charge m becomes the U(1) flux as seen by e. Nevertheless, it is a nontrivial task to construct
the operator corresponding to magnetic charge m [85] within this parton construction.

When e and m are not swapped by the symmetry, one can consider the symmetry fraction-
alization patterns of individual e (or m), and there is a completely general recipe to classify
all the symmetry fractionalization patterns for crystalline symmetry, called the PSG classifi-
cation [86]. Yet it is difficult to obtain the symmetry fractionalization pattern of e and m
simultaneously using PSG. Besides, in principle there can be symmetry fractionalization pat-
terns beyond PSG calculation [16]. Later, we will compare our results obtained from LSM
anomaly on the 3D pyrochlore lattice with the results obtained from PSG.

With the information above, Ref. [81] proposes that the anomaly for the theory with both
e and m bosons is given by

exp (—2mi w. U Ba(w,,)) . (79)
Here f, is the Bockstein homomorphism associated with the short exact sequence
Z — R — U(1), which maps w,, € Hf)m(g, U(1)) to By(w,,) € Hgm(g, 7). In the expres-
sion (79), w., € H ;e(g, U(1)) takes values in [0,1). From our requirement of permutation

patterns, the total expression is an element in H>(¢, U(1)%), as expected.

When e is a fermion and m a boson, according to Ref. [82], an extra w, term exists in
(79), here w, is the second Stiefel-Whitney class for the tangent bundle of the spacetime
manifold 771s. From the Wu formula Sq2(1) = (w4 + W%)A, A € H3(Ms, Z,), we propose that
the anomaly for the theory with fermionic e and bosonic 12 is given by the following expression

€xp (_27-“ we U ﬁZ(a)nz)) + €Xp (_27-” (qu + (591(1))2) (ﬁZ(wm))) B (80)
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here the extra Sq? is the usual Steenrod operation on the group cohomology of ¢, while
8§91 is the twisted Steenrod defined in Eq. (38). The total expression is still an element in
H>(¢,U(1)°). This expression will serve as the IR anomaly Q of the system under consid-
eration.

6.2 Anomaly matching

In this subsection, we attempt to see what kinds of symmetry fractionalization patterns can
indeed match the LSM anomaly with the anomaly Eq. (80) for the emergent (3+1)-dimensional
U(1) Maxwell theory (at 6 = 0). We will focus on the case where the internal symmetry is
SO(3) and the full symmetry is ¢ = G x SO(3), where G is space group No. 227 (Fd3m).

As discussed in Sec. 2.2, the group No. 227 contains four IWPs, a, b, ¢, and d (see Fig. 2):
¢ and d consist of inversion centers, whereas a and b consist of intersection points of two
perpendicular axes. Theses IWPs determine two lattice types: placing physical degrees of
freedom on either ¢ or d generates a pyrochlore lattice, and placing them on either a or b
generates a diamond lattice.

From the TWP Table of No. 227, we can explicitly write down the LSM anomaly in
H>(G x SO(3),U(1)) for putting spin-1/2 degrees of freedom on IWP ¢ (spin-1/2 pyrochlore
lattice),

. SO(3
exp (lﬂIAi (A2 +AAp +Bryixatys) Wy ( )) . (81)

This is the UV anomaly €y for our system.
Now we start considering anomaly matching. To be specific, we ask the following question:

What are all the symmetry fractionalization patterns compatible with anomaly matching?

As discussed before, we check for a given symmetry action (symmetry fractionalization pat-
tern), whether we can equate the LSM anomaly in Eq. (81) with Eq. (80) or Eq. (79). If the
equation cannot hold, then the symmetry fractionalization pattern cannot appear on the given
lattice, and the corresponding symmetry-enriched U(1) QSL cannot emerge in this lattice. In
contrast, if the equation can hold, we conjecture that the corresponding symmetry-enriched
U(1) QSL can emerge in this lattice, according to the hypothesis of emergibility [15, 64].

Because ng(Q,U(l)) = leje(G, U(1)) ® H%(SO(3),U(1)) and similarly for m, we can con-
sider G and SO(3) separately. For SO(3), we say that the nontrivial (trivial) element in
H?(S0(3),U(1)) suggests that e or m carries projective (integer) representation under SO(3).
From the parton consideration of Refs. [27,87], we will assume that e is a fermion and carries
projective representation under SO(3). This way the PSG classification in Refs. [27,87] gives
exactly the data about symmetry fractionalization on e. In contrast, m is a boson and carries
regular representation under integer representation under SO(3).

To consider the lattice symmetry G, we need to track how G permutes these excitations.
There are four possible actions of the crystalline symmetry on the excitations:

e J:e—e, m——m, M:e—>e, m——m,
e J:e—>e, m—>—m, M:e—>—e, m—m,
e J:e—>—e, m—>m, M:e—>e, m-—o—m,
e J:e—>—e, m—>m, M:e—>—e, m—m.

We will use (w;, wy,) to label whether the generator I or M gives an extra —1 or not when acting
on e, and the four cases correspond to (w;, w,,;) = (0,0),(0,1),(1,0),(1, 1), respectively.!” We
focus on (w;,w,,;) = (0,0), which can match the field theory for quantum spin ice with 6 = 0.

17In the notation of [27], Cs = C,I, S = C,MI. Hence, (wg,,ws) is equal to (w;, wy, +w; mod 2).
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Specializing to (w;,w;;) = (0,0), we can immediately read all the possible symmetry frac-
tionalization classes from Table 5. The symmetry fractionalization of the crystalline symmetry
G for e is classified by H2(G,U(1)) = H3(G, Z) = (Z,)®, where the action of G on U(1) or Z is
trivial. Written in terms of mod-2 cohomology, it is generated by

exp(iTByyixstyz), €xp(inBy), and exp(imA;A,). (82)

In the notation of Ref. [27], the coefficient of the three generators are exactly yi, XCys and
Xst, (divided by 7).

The symmetry fractionalization of the crystalline symmetry G for m is classified by
H(G,U(1)") = Tor (H3(G,Z)) = (Z,)*, where the action of both M and I on U(1) or Z
is nontrivial. Written in terms of mod-2 cohomology, it is generated by

exp(i7tByyxz4yz)> €Xp(inBg), exp(ircA?), and exp(inA%n). (83)

This information is not easily obtained from the PSG calculation.

Now we just need to enumerate, for each symmetry fractionalization pattern given by
Egs. (82) and (83), whether the obtained IR anomaly Qg of the (3 + 1)-dimensional U(1)
gauge theory from Eq. (80) is identical to the UV anomaly €y, from Eq. (81), i.e.,

Quy = Qg - (84)

In the end, we have the following result. First, the symmetry fractionalization of m is fixed to
be

exp (i (A2 + Byytratyz)) - (85)

Physically, this means that, in a U(1) QSL, the magnetic charge m must carry fractional charges
of inversion and T;T; Ti_1 TJ.‘1 = —1 when acting on m. The symmetry fractionalization of e
can be written as

. 80(3) , .
exp (mw2 )y iX1Byytxz+yz T llEésBa) , (86)

where y; and Xc,s can take both values {0, 7}, and the first term involving Wgo(B) signals that
e is a spin-1/2 under SO(3).18
We conclude that, given the assumption that e is a half-integer-spin fermion that does not

change sign under the action of M and I, i.e., (w;,wy) = (0,0), and m is an integer-spin
boson,

1. The calculation from pure anomaly matching gives exactly the same result as the PSG
calculation in Ref. [27].

2. It also gives the symmetry fractionalization of magnetic charges m to be Eq. (85).

It is interesting to compare the PSG calculation for other options of (w;,w,;) with the
calculation of anomaly matching shown above, and obtain further constraints on the emergent
IR theory possibly with a nonzero 6-term. We leave it to future work.

8When we allow m to carry projective representation under SO(3), there is one more possibility that matches
the anomaly of the (3 + 1)-dimensional U(1) gauge theory. Here the symmetry fractionalization of m is fixed to be

exp (irc (wzo(g) +A% + Bxyﬂﬁyz)) ,

while the symmetry fractionalization of e is also fixed

exp (inwzo(s)) R

corresponding to the situation where all three y1, xz s, ¥sr, are zero. This possibility seems to be incompatible
with the lattice construction in e.g. [67]. And we are curious if it can really realized on the pyrochlore lattice.
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7 Summary and discussion

In this paper, we obtained the mod-2 cohomology rings for all 230 3D space groups (except
for the high-degree relations of the No. 226 space group) and studied the connection between
cohomology elements and real space lattice structures. For a given lattice symmetry G, we
demonstrated a way to associate each irreducible Wyckoff position-high symmetry points on
the lattice roughly speaking—with a unique element in the third group cohomology of G, i.e.
a 3-cocycle A € H3(G, Z,), using the notion of topological invariants. We derived this lattice—
cohomology (or, more precisely, IWP-3-cocycle) correspondence in the most explicit manner
by obtaining the inhomogeneous functions for the 3-cocycles (except for the groups No. 225,
227, and 229).

This lattice—cohomology (or IWP-3-cocycle) correspondence is the essential mathematical
description for Lieb—Schultz—Mattis constraints—namely, the lattice constraints that forbid a
magnetic crystal consisting of projective degrees of freedom (such as spin-1/2 moments) to
have a unique, symmetric, gapped ground state. We assembled the complete set of quan-
tum anomalies that characterize the LSM constraints from the 3-cocycles of the space group
cohomology, A, and the projective representations of the internal symmetry (assumed to be
classified by powers of Z,). We applied these explicit data of quantum anomaly to the study
of (3 + 1)-dimensional U(1) quantum spin liquids on the pyrochlore lattice and compare the
results we obtained with projective symmetry group calculations.

We conclude the paper with a few comments and suggestions for future directions.

Obtaining the full structure of group cohomology for 3D space groups is a difficult task.
We hope that the techniques and codes that we developed for mod-2 cohomology can be used
to calculate other homological algebraic aspects of 3D space groups, including (co)homology
and (co)bordism for 3D space groups, and also the equivariant version of them, which are
important in understanding the topological phases protected/enriched by these crystalline
symmetries. For example, we believe that our result will be important in understanding 3D
crystalline SPTs, and could ultimately lead to a comprehensive classification of bosonic and
fermionic SPTs protected by 3D space groups, as discussed in Ref. [20] (also see Eq. (C.1))
and Refs. [23-25].

Another direction is to study the structure of group cohomology for higher dimensional
crystallographic groups. Notable dimensions are k = 4, where a full classification of crystallo-
graphic groups has been achieved, and k = 6, which is of special interest to string theory and
may inform the study of quasicrystals in 3D (or the fusion of these two subjects [88]). While
conceptually this is a straightforward generalization, development on the computational ho-
motopy side awaits.

Turning to the story of LSM constraints, as far as we know, a general proof of the complete
LSM constraints in 3D that we discussed in this work is lacking. We would like to see how
our results can shed light on a rigorous proof. Even more broadly, we seek to establish a clear
connection between general symmetry actions and the elements in group cohomology that
classify anomalies. We note that the connection has been rigorously established just recently
for the 1D case [56].

Having obtained the cohomology data corresponding to various LSM constraints in 3D, we
illustrate the application of our results through a specific example in Sec. 6. We expect that our
findings will have significant implications for understanding how different low-energy phases
can be realized in specific lattice systems, thereby expanding our knowledge of the complex
nature of phase diagrams in real materials with diverse lattice structures. Below, we outline a
few candidates.

* We anticipate that our analysis of (3 + 1)-dimensional quantum spin liquids can be
generalized to provide a comprehensive understanding of symmetry actions in various
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U(1) or Z, quantum spin liquids across different lattice systems, similar to the (2 + 1)-
dimensional story in Ref. [16]. This approach complements the projected symmetry
group (PSG) analysis for 3D lattices presented in prior works [27,87,89-97]. We believe
that employing the method of anomaly matching will yield valuable extra information
about how crystalline or UV symmetries act on the emergent degrees of freedom in these
systems [98].

* A simple class of phase in these lattice systems is the ferromagnetic phase, or magnetic
order in general, which falls under the category of general spontaneous symmetry break-
ing phase. Even though the ground state of ferromagnets on the lattice can be straight-
forward, understanding its low energy dynamics, particularly elucidating the detailed
matching of the symmetry actions in the lattice and in the continuum can be subtle, as
emphasized in [99]. Investigating spontaneous symmetry breaking phases in the lens of
anomaly and anomaly matching has proven to provide valuable insights into these sys-
tems [100-104], and we expect that applying these methods to crystalline symmetries
can yield equally fruitful results.

Finally, it is intriguing to explore how our results about LSM constraints can be general-
ized to other systems. Notable examples include systems with filling constraints [ 54,105-107],
systems with magnetic space group symmetries [35,108-110], systems with long-range inter-
actions [111-113], systems with conserved dipole moments [114, 115], systems with disor-
ders [116], systems with Majorana translations [57-59, 117], open systems [118,119], and
many more [109, 120-125].
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A Information about point groups and their group cohomology
in 3D

In this appendix, we list necessary information about point groups and their group cohomology
for 3D space groups. These information is organized in Table 1 and Table 2.

In Table 1, we list the basic information about the point groups, including their interna-
tional (Hermann-Mauguin) notation, Schonflies notation, abstract group structure, order, and
generators in “polycyclic order” in permutation notation and notation we use in Appendix F.
In the first column we provide the ITC numbering of the space groups associated with each
point group, and in the second last column, the numbering of the generators in ITC [32] cor-
responding to the polycyclic generators.

39


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

SciPost Phys. 18, 161 (2025)

Table 1: Information about the structure of the 32 point groups. *: the symmetry
operation may differ from the ITC operation by a translation. f: the generators (5)
and (8) needs to be switched for space groups No. 115-120. %: (10) instead of (7)
for space groups No. 187-188.

Point Group Information

" Intl Schonflies Abstract Order Permutation Notation ITC Numbering* Polycyclic Gens
1 1 c VA 1 Trivial Trivial Trivial
2 1 C; (1)

3-5 2 Cy Z, 2 ((12)) 2 (c,)

6-9 m C, (M)
10-15 2/m Can (Co, )
16-24 | 222 D, (Z,)? 4 ((12),(34)) @.3® (C,C))
25-46 mm2 Csy (Cy, M)
47-74 | mmm Dy, (Z,)? 8 ((12),(34), (56)) (2),(3),(5) (Cy,Cy, 1)
75-80 4 Cy - . (1234) @ (C4)
81-82 4 S4 (Cy)
83-88 4/m Can Ty X Ly 8 ((1234), (56)) (3),(5) (Cy,T)
89-98 422 D, (Ca,C3, CY)

99-110 | 4mm Cay Dihy 8 ((13)(24), (13)(56), (14)(23)(56)) (2),(5)%,(8) (Cy, M, M)
111-122 | 42m Doy (Co,Cy, M)
123-142 | 4/mmm Dy DihyxZ, | 16 | {(13)(24),(13)(56),(14)(23)(56),(78)) |  (2),(5),(16),(9) (Cy,CL M, T)
143-146 | 3 Cy Zs 3 ((123)) 2) (Cs)
147-148 3 Se Ty X Ty 6 ((123), (45)) (2),(4) (Cs, 1)
s 32 P Dih, 6 ((123),(23)(45)) 2),(4) Gl
156-161 | 3m Cs, (C3, M)
162-167 | 3m Dy DihyxZ, | 12 ((123),(23)(45), (67)) (2),(4),(7) (Cs,C3,T)
18173 i G Zsx 7, 6 ((123), (45)) 2),(4) (G

174 6 Cap (C3, M)

175-176 | 6/m Cen Zyx 72 12 ((123),(45), (67)) (2),(4),(7) (C5,Co, 1)
177-182 | 622 D (C3,C5,Cy)
183-186 | 6mm Ce Dihy x Zj 12 ((123), (23)(45), (67)) (2),(NI(10)T, (4) (C3, M, Cy)
187-190 | 6m2 Dy, (C5,Cq, M)
191-194 | 6/mmm Dy, | Dihyx(Z,)? | 24 ((123),(23)(45), (67),(89)) (2),(7),(4),(13) (C3,C4,Cy, 1)
195-199 | 23 T A4 12 ((12)(34), (13)(24), (321)) (2),(3),(5) (C5,C},C5)
200-206 | m3 T, Ay X Ty 24 ((12)(34), (13)(24), (321), (56)) (2),(3),(5),(13) (C2,C4, C3, 1)
207-214 | 432 o s, i (12)(34),(13)(24), (321, (12) (2),(3),(5),(14) (€5, C;,C3,Cy)
215-220 | 43m T, (2),(3),(5),(13) (Cp, C3, C3, M)
221-230 | m3m o S4xZy 48 | ((12)(34),(13)(24),(321),(12),(56)) | (2),(3),(5),(38),(25) | (Cy,C},Cs, M, I)
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In Table 2, we present information about the group cohomology of these point groups,
including their mod-2 cohomology rings, Stiefel-Whitney classes for the natural 3D represen-
tation, and topological invariants to detect the associated IWPs in H3(G, Z,).

Notably, point groups with the same abstract group structure—such as C;, C, and C;, all
of which are isomorphic to Z,—have identical mod-2 cohomology rings. However, they differ
by their action on the 3D Euclidean space. The 3D Euclidean space can be viewed as a natural
3D representation of the point group, and we list the first, second, and third Stiefel-Whitney
classes for this representation. It is evident that these differing actions are reflected in the
distinct Stiefel-Whitney classes associated with the 3D representations.

In the third column about the mod-2 cohomology ring of point groups, the degree-1 gen-
erator A, always denotes (the mod-2 reduction of) the character associated with the group
element indicated by the subscript. For example, A, denotes the character associated with a
C, rotation.

Finally, in the last column, we list the topological invariants used to identify the corre-
sponding space group cohomology elements in H3(G,Z,), based on the little groups of the
IWPs. The definition of ¢4, ¢4 and ¢4 are given in Egs. (75), (74) and (73), respectively.

If the little group is neither C; nor C;, the topological invariant associated with an IWP is
fully determined by its corresponding little group. For these cases, we list the topological in-
variant we choose for the given little group. In particular, when w5 is nonzero, the topological
invariant just detects w3 in H>(B Z,), such that the action of w on it gives 1. When wj, is zero,
the corresponding IWP is a translation unit cell along a C, rotation axis, and we choose the
topological invariant to be ¢,[X, C,], where we use X to label the translation, glide, or screw
along the rotation axis.

If the little group is C; (i.e. trivial), the topological invariant must be that of one of the 10
3D Bieberbach groups, listed in Eq. (61), and we list the topological invariant for each case
separately below their IWP tables in Appendix F. When the little group is C;, depending on
whether the action of space group in the reflection plane is either isomorphic to p1 or pg, we
choose the topological invariant to be either p3[T;, Ty, M ] or o3[ T;, Gy, M ], where

@3[T1, Go, M1 =AM, T1Gy, T1 G, 1) + A(M, Ty, Go) + A(M, Ty, G, 1) + A(M, G,, G, )
+ MT1Gy, M, T, G, 1) + ATy, M, Gy) + A(T1, M, G, 1) + A(Go, M, G, 1) (A1)
+ AMT1Gy, TG, M) + A(Ty, Go, M) + A(T1, G, ', M) + A(Go, G, ', M)

In the first case, T; and T, are two translations along the reflection plane. In the sec-
ond case, T;, G, are translation and glide along the reflection plane, respectively, such that
G,'T1Gy=T; .

For little groups that contain a Cs rotation, the topological invariant remains the same as
that of the little group after disregarding the Cs rotation. But for the little groups labeled by
(s), multiple IWPs may share the same cohomology element, or there may be no corresponding
cohomology element at all.

We comment that, for degree-2 and degree-3 generators, although we use the same label (for example, B,)
in many point groups, these elements should not be assumed the same. In fact, there is no way to compare them
unless there is a subgroup relation. For two point groups P and P’ with P’ C P, even if their cohomology contains
elements with the same label, we do not require that the generator of the cohomology of P reduces to the one with
the same label in the cohomology of P’. For example, although Dy, C Oy, and both of their mod-2 cohomology
contain the element labeled by B,, B, of H*(0,,, Z,) actually reduces to B, + A% +AA. +AA,, +A? (and not B,)
of H*(Dy,y,, Z,). Nevertheless, as far as the mod-2 cohomology ring of the space group is concerned, we have made
sure that, whenever a generator of the mod-2 cohomology of a space group is the pullback of a generator of its
associated point group, they are labeled the same.
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Table 2: Information about the mod-2 cohomology of the 32 space groups. We de-
fined R := B2 + C2, 4+ C41Cyp + C2, and wi 7% := (A;+A ) (A +A)(A;+A+AL). In
the last column, X represents a translation, glide, or screw along the C, rotation axis.
We use * to indicate that when the little group for the IWP is C; or C,, each case must
be considered separately. Groups labeled with “(s)” imply that when the little group
for the IWP falls into this category, multiple IWPs may share the same cohomology
element, or there may be no corresponding cohomology element at all.

Point Group Mod-2 Cohomology Ring Information Topo. Inv.
Schonflies Abstract Expression wq wy ws for IWP
Cy Zq Z,[1 0 0 0 *
G Z,y[A;] Ay A A w1ll]
Gy Zy Zy[A] 0 A2 0 ¢1[X, Gl
Cs ZZ [Am] Am 0 0 *
Can Zo[Ac,A] A A +A A(AF+AY) @al1]
D, (Zy)? Zy[Ac, A ] 0 AZ+AA+AZ, AAAAA) ©2[Cy, Ch]
CZV ZZ [Ac:Am] Am Ac (Ac +Am) 0 501[X> CZ]
Dy (Z,)? Zo[Ac Ay A A AZLAZHA A +AZ, wy/ 74 ©2[Ca, Ch]
C4 7 ZZ[Aq)Ba]/<Ai> 0 B,y 0 (PZ[X: Cf]
4
— —2
S4 ZZ[Aqua]/<A%|> Aq Ba AqBa 902[(“4, C4]
Can ZyxZy | Zo[Aq,Ai,Bol/{A2) A B, AiBq ¢1ll]
D, Zo[Ay,Acr, Byl (AcAcr) 0 By +A%+A2, (Ay+A)B, ©2[Ca,CY]
C'4v Dih4 ZZ[Am”AmaBa]/(Am’Am) Am’ +Am Ba 0 wz[X, CZ]
D2d ZZ[AC’:Am: Ba]/<Ac’Am) Am Ba +A?/ Ac’Ba <P2[C2s Cé]
D4h Dih4 X ZZ ZZ [Ac’aAi’Am:Ba]/(Ac’Am) Ai +Am Ba+A§/ +AiAc’ +AiAm (Ac’ +Ai)Ba 902[C2; Cé]
Cs Zs id. C; id. C; id. C; id. C; id. C; (s)
Se Zy XLy id. C; id. C; id. C; id. C; id. C;
Dy ik id. Cy id. Cy id. Cy id. C, id. Cy (s)
thy
Cs, id. C id. C id. C, id. C, id. C (s)
Day DihyxZy | id. Cyy id. Cy, | id. Cyp id. Cop id. Cyy,
Cs - id. C, id. C, id. C, id. C, id. Cy (s)
3 X Ly
Cap, id. C, id. C, id. C, id. C, id. C, (s)
Cen Z3x 72 id. Cyp, id. Cy, | id. Cop id. Cyp, id. Cop
D¢ id. Dy id. Dy id. Dy id. Dy id. Dy
Cov DihgxZy | id. G, id. Cy, |id Cy, id. C,, id. Cy, (s)
Dgp id. Cy, id. Cy, |id. Cy, id. Cy, id. Cy, (5)
Dep, Dihyx(Zy)? | id. Doy id. Doy, | id. Doy id. Dy, id. Dy,
T A4 ZZ[Bm Cal’ca2]/(ge) 0 Ba Ca1+ca2 id. DZ
Ty Ay XLy Zo[Ai, By, Ca1, Caal/(R) | A By +47 Ca1+Caz+AiBo+A} id. Dy
o} s Zo[Awr, By, Co1/ (A Cy) 0 B, +A2, Cy+AuBy id. D,
4
Td ZZ[Am;Ba’ Ca]/<AmCa) Am Ba Ca id. D2d
Oh S4XZZ ZZ[AbAm:Ba;Ca]/(AmCa) Ai+Am Ba +A12 Ca+AiBa+Alg(Ai+Am) id. D4h
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B Information about space groups as group extensions

In this appendix, we summarize how to view the space groups G as its point group P extended
by the translation group T = Z> (see Eq. (1)). These properties are listed in Table 3.

As introduced in the Sec. 2.1, given a point group P, the conjugation action p of P on the
translations T is different depending on different Bravais lattice types. The group extension
is characterized by the conjugation action p of the point group P on translations T (Eq. (2))
and, for a given p, the second cohomology group H 5 (B T). For the 32 point groups, there are
altogether 14 Bravais lattice types. The distinct actions p across all the point groups give rise
to 73 arithmetic crystal classes.

The 14 Bravais lattice types are aP,mP,mS,0P,0S,0I,0F, tP,tI,hR,hP,cP,cI,cF. The first
letter is dependent on the point group, and the second letter labels different basis for the
translation generators. We choose the generators of translation symmetry according to the
following convention:

* P (Primitive) lattices: the three translation generators are

Tp:(x,y,2) > (x+1,y,2), (B.1a)
TZ: (X,J’:Z)—’(X,)""l,z), (B].b)
T35(X,y,z)—’(X,.)’,Z+1)- (B].C)

* S (Base-centered) lattices: it has three subtypes A, B, C. For C lattices, the three trans-
lation generators are

Ti:(x,y,2) > (x+1/2,y +1/2,2), (B.2a)
Ty: (x,y,2) > (x—1/2,y +1/2,2), (B.2b)
Ts: (x,y,2) > (x,y,2+1). (B.20)

Similarly, for A lattices, the three translation generators are

Tl: (X;J’:Z)_’(X+1,J’:Z), (BBa)
Ty: (x,y,2) > (x,y+1/2,2+1/2), (B.3b)
T3: (x,y,2) = (x,y—1/2,2+1/2). (B.30)

* [ (Body-centered) lattices: the three translation generators are

Ti: (x,y,2) > (x—1/2,y +1/2,2+1/2), (B.4a)
Ty: (x,y,2) > (x+1/2,y—1/2,2+1/2), (B.4b)
Ty: (x,y,2) > (x+1/2,y +1/2,2—1/2). (B.40)

* F (Face-centered) lattices: the three translation generators are

Ti:(x,y,2) > (x,y +1/2,2+1/2), (B.5a)
Ty: (x,y,2) > (x+1/2,y,2+1/2), (B.5b)
Ty: (x,y,2) > (x+1/2,y+1/2,2). (B.5¢)

* R (Rhombohedral) lattices: the three translation generators are

T13(X,y,z)_’(x+1,y,z), (B6a)
T25(x:}’>z)—’(x:}’+1;z), (B6b)
T3: (x,y,2) > (x+2/3,y+1/3,2+1/3). (B.6¢)
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The space groups belonging to each arithmetic crystal class are given in the fourth column
of Table 3.2° In the fifth column we give the second cohomology group H f) (P, T), whose el-
ements determine the space groups in the column next to it on the left. In fact, there is the
so-called main theorem of mathematical crystallography.

Theorem 19. (Main theorem of mathematical crystallography [126, 127 ]) For k-dimensional
crystallography groups with arithmetic crystal class determined by point group P and an integral
representation p on T = ZX, consider the action of GL(k,Z) on HFZ)(P, T), such that given a

function w representing [w] € H g (P T), we have

(g.@)(p1,p2) = g-(w(g 7' P18, 'P2g)), gEGL(k), p1oEP. (B.7)

There exists a one-to-one correspondence between space groups in the arithmetic class (P, p) and
the orbits of the action in H,% (B T).

We tabulate the results for the 3D space groups in Table 3 as we have not found them
elsewhere. We note that the results for the 2D wallpaper groups are nicely summarized by
Morandi [128].

Furthermore, in the last three columns of Table 3 we give the Z, rank of cohomology
HP(P,HY(T,Z,)) associated with the arithmetic crystal classes. They appear in the (p,q) entry
of the E, page of the standard LHS spectral sequence (11).

C Information about the cohomology of space groups

In Table 4, we list the basic information about the mod-2 cohomology of all 230 space groups.
In Table 5, we list the integral cohomology of all 230 space groups.

Specifically, for the mod-2 cohomology, the Z, rank in each degree can be summarized by
a Poincaré series. By Taylor expanding the series around x = 0, the Z, rank for each degree n
can be extracted from the coefficient in front of x". In the fourth column we list the Poincaré
series for each space group.

From this we can immediately assess how fast the Z, rank grows with respect to n: write
the Poincaré series as P(x)/Q(x) where P(x) and Q(x) are integer polynomials of x, the Z,
rank grows as fast as n~! with respect to n where d is the degree of the integer polynomial
Q(x). This d is exactly the Krull dimensin of the graded ring H*(G, Z,) [38]. Specially, when
Q(x) = 1 and the Poincaré series itself is an integer polynomial, the Z, rank will be zero for
sufficiently large n, and this happens for Bieberbach groups. When deg Q(x) = 1, the Z, rank
will be a constant for sufficiently large n. We discuss the two phenomena in Sec. 4.2.

In the fifth column, we explicitly list the dimension in the first six degrees, and use a
superscript to label the number of the mod-2 cohomology ring generators at this degree (if
nonzero).

Moreover, in the third column, we list three features of the group: a “x” means the group
is symmorphic (i.e. the group splits as point group extended by translation), a “©” means
that the standard LHS spectral sequence (11) of this group collapses at the E, page, and a “b”
means the group is a Bieberbach group.

20Note that the first group in each row of the column “Arithmetic Crystal Class p” is not necessarily the symmor-
phic (i.e. split) one.
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Table 3: Information on the group extension of the point group P by translations
T = 7Z8. p denotes the action of the point group P on the translation T, and p* de-
notes its induced action of P on the cohomology H2(Z3, Z,). : this lattice type cor-
responds to two arithmetic crystal classes. a,, = (n—1)—2[(n—1)/3],s, =2n/3]+1,
where the floor function |n] gives the integer equal to or less than n.

Point Group Lattice | Arithmetic Crystal Class p Cohomology Dimension in Z,
Abstract | Schonflies | Type | Space Group No. Hﬁ (BT) H"(P,Z,) HZ* (BHY(T,Z,)) H;;* (BH(T,Z2,))
Trivial (o P 1 Trivial Ono 360 36,0
C; P 2 Trivial 3 3
P 3-4 Zs 3 3
Cy
Zy C 5 Trivial 1 Spot+1 Sp—o+1
c P 6-7 (Z5)? 3 3
S
c 8-9 Zy Sno+1 8o +1
c P 10-11,13-14 (Z,)? 3(1+n) 3(1+n)
2h
c 12,15 Zs n+2 n+2
P 16-19 (Z,)® 3(n+1) 3(n+1)
Cc 20-21 Zy n+2 n+2
D,
F 22 Trivial n+2 n+68,0
z2 I 23-24 Z, n+1 n+8,0 n+2
P 25-34 (zy)* 3(n+1) 3(n+1)
c 35-37 (2,)? n+2 n+2
Coy A 38-41 (2,)? n+2 n+2
F 42-43 Zs n+2 n+8,-0
I 44-46 (Z,)? n+6,0 n+2
P 47-62 (Z,)° Sm+1)(n+2) | 2(n+1)(n+2)
c 63-68 (Z,)° ln+D+4) | I+1)n+4)
z3 Dy, 2 ln+1)n+2) | 2 2
F 69-70 Zs s(n+1)(n+4) sn(n+1)+1
I 71-74 (Z,)? in(n+1)+1 1(n+1)(n+4)
P 75-78 Zy 2 2
Cy
I 79-80 Zy 1 1
Z4 1
P 81 2 2
Sy Trivial
I 82 1 1
p 83-86 Zy)? 2(n+1 2(n+1
Zy %X Ly Cap (25) ( ) ( )
I 87-88 Zs n+1 n+1
D P 89-96 Zo®Zy 2(n+1) 2(n+1)
4
I 97-98 Z, n+1 n+1
p 99-106 (z,)® 2(n+1) 2(n+1)
Cyy n+1
) I 107-110 (2,)? n+1 n+1
Dihy
) 111-114
pf (Z5)? 2(n+1) 2(n+1)
115-118
Doy
. 119-120
I Zy n+1 n+1
121-122
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Table 3 continued from previous page.

Point Group Lattice | Arithmetic Crystal Class p Cohomology Dimension in Z,
Abstract | Schonflies | Type | Space Group No. H;(P, T) H(P,Z,) HJL.(P HY(T,Z,)) HJ.(P H(T,Z,))
) p 123-138 (Z5)* L (n+1)(n+2) (n+1)(n+2)
Dihy X Zy Dy s(n+1)(n+2)
I 139-142 (Z5)? in+1)(n+2) | (+1)(n+2)
P 143-145 Zs
Zs Cs On0 Ono Ono
R 146 Trivial
P 147 Trivial
Se
R 148 Trivial
7y X T 1 1 1
Ce P 168-173 Zy® Lo
Csp, P 174 Trivial
Za x 72 Cen P 175-176 Zy n+1 n+1 n+1
, 149,151,153
Dy 150,152,154
R 155 Trivial
Dihy 1 1 1
, 156,158
Pt Zs
Csy 157,159
R 160,161 Zo
) 162-163
Pi Zy
Dsq 164-165
R 166-167 Zy
Dih3 X Z, Dy 177-182 7,07, n+1 n+1 n+1
Cey P 183-186 (Z,)?
187-188
Dy, pf Zs
189-190
Dihg x 72 Den P 191-194 (Z, | 2+ D(+2) | 2n+1)(n+2) | s(+1)(n+2)
p 195,198 Zy n+1 n+1
Ay T F 196 Trivial a, Api1 a1+ 8,0
I 197,199 Zy an—1+0n0 Api1
P 200-201,205 (Z,)? t(n+1)(n+2) | 2n+1D(n+2)
Ay XLy T, F 202-203 Z, 204 PN 1430 a5,
I 204,206 Zy 1+ a4 20
P 207-208,212-213 Z, n+1 n+1
o F 209-210 Zy Sp1+1 spt+1
I 211,214 Zo sp+1 Spoq +1
Sy Sn
P 215,218 Zs n+1 n+1
Ty F 216,219 Zy Sp1+1 spt+1
I 217,220 Zs sp+1 Sp1+1
P 221-224 (Z5)? in+1)(n+2) | (+1(n+2)
84X Z O F 225-228 (Z,)? Yieosi | 14n+ Y osi | 1+n+ X s;
I 229-230 Z, T4n+30 s | 1+n+30 si
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In Table 5, we analyze both trivial and orientation-reversing action of space groups G
on Z. In the orientation-reversing action, reflection M and inversion I acts on Z by mul-
tiplication of —1, and we use a superscript °* to indicate this nontrivial action. The fifth
twisted cohomology, H>(G,Z") listed in the n = 5 column of orientation-reversing case
agrees with the so-called classification of in-cohomology bosonic SPT protected by crystalline
symmetries given in Ref. [20] for all 227 groups that they obtained, following the fact that
H>(G,Z°") = H*(G,U(1)°"). Notably, the results for the rest three groups—No. 227, 228, and
230—are missing in Ref. [20], where we give their classification results to be

H>(No. 227,Z°") =12}, H>(No.228,Z°")=73, and H>(No.230,Z°)=Z3. (C.1)

D Nontrivial differential dzl’2 in the standard LHS spectral
sequence for No. 42 (Fmm?2)

In this appendix, we perform the calculation
dy?: H'(BHA(T, Z,)) » H3(BH'(T, Z,)), (D.1)
for group G = No. 42 (Fmm2), which gives
dy(wip) = (A2 +AA% )y, - (D.2)

This group is a symmorphic group whose corresponding extension class H f) (B T) is trivial (see
Table 3). Yet, following [43,129], we prove that dzl’2 is still nontrivial because of the nontrivial
actionof Pon T.

First let us write down an explicit cochain expression w1, € C*(P,C%(T,Z,)) which rep-
resents the nontrivial element of H(P,H%(T,Z,)) = Z,. Note that H%(T,Z,) = (Z,), and is
generated by three elements whose cochain representatives can be chosen to be

bi(t1,t2) = y125, ba(ty,ty) =x125, bs(ty,ty) =x1y,, (D.3)

for group elements t; = T, ' T," T;" € T,i = 1,2. To consider the action of P on b, ; 3, first we
write down its action on the generators T; 53 of T,

Co: Ty > ToT;', Ty»> T T;', T3—T;", (D.4a)
M: T) - T,T;', Ty— Ty, T3 — T, Ty, (D.4b)
CoM: Ty — Ty, T,—> TT;', T3— ThT, 0. (D.4c)

Then its action on b , 5 is dictated by

(Ca.b)(tq,t5) = b(Cz_l t1C, Cgl t5Cs)

— b(Tl}’l szl TB_XI_J’]_Zl, Tl)’z szz Tg—xz—h—f@) , (D.Sa)
(M.b)(ty, t2) = b(M ™'t ;M, M~ t,M)
— b(Tl—Zl T2>Cl+}’1+21 TS_XI’ Tl—zz szz"‘}’z"'zz T3—x2) , (D.5b)
((CzM).b)(t]_, tz) = b(M_1C2_1t1C2M, M_1C2_1 tzCzM)
— b(Tl)(1+J’1+Z1 TZ_ZI T;yl, T1x2+.)'2+22 Tz_zz T;}’Z) . (DSC)
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Table 4: Additional information about space groups and their mod-2 cohomology.
The “Feat.” column lists the features of the group: “x”, “©”, and “b” mean the
group “is symmorphic”, “has a standard LHS spectral sequence that collapses at the
E, page”, and “is a Bieberbach group”, respectively. #(x): generating function of the
Poincaré series for the Z, rank of the mod-2 cohomology H"(G, Z,). The ranks for the
first degrees (n = 1-6) are listed in the last column, with the number of the mod-2
cohomology ring generators at this degree (if there are any) written as a superscript.

No. | Name Feat. P(x) Mod-2 Coh. Dim.*Gens No. Name Feat. P(x) Mod-2 Coh. Dim.*Cens
1 Pl | xeob (x+1) 38,3,1,0,0,0, ... 116 | Pac2 el | 33,63,8,10,12, 14, ..
2| P1 | xo 2 44,7,8,8,8.8, ... 17| Pab2 2t |33,52,71,9,11,13, .
3 P2 X © G 4%,7,8,8,8,8, ... 118 |  P4n2 = 33,51,71,9,11,13, ...
4 P2, b (x+1)° 33,3,1,0,0,0, ... 119 | IAm2 | xe | SEEEel | 3363102,14,18,22,...
5 c2 % © —Gft 3%,41,4,4,4,4, ... 120 | T2 rodee |33 52.6,82,10,12, ..
6 Pm %o G 44.7,8,8,8,8, ... 121 | I42m 1 B 33,6%,91,12,15,18, ...
7 Pe b (x+1)° 33,3,1,0,0,0, ... 122 | 142d Doctiarl | 92 32 41 4. 4.4, .
8 cm X © —Go}t 33,41,4,4,4,4, ... 123 | P4/mmm | x© _% 55,142, 29,50, 77,110, ...
9 Cc b | x3+2x2+2x+1 | 22,22,1,0,0,0, ... 124 | P4/mec 2] | g4 92,15,21,27,33, .
10 | P2/m | x®© gﬁgi 55,12,20,28,36,44,... | 125 | P4/nbm % 4% 92,15,21,27,33, ...
11 | P2;/m —% 447,8,8,8,8, ... 126 | P4/nnc J;i*j;;l 3%,6%,91,12,15,18, ...
12 | c2/m | x© 1P 44,81,12,16,20,24,... | 127 | P4/mbm = | 4%,9%16',25,36,49, ..
13 | P2/c G 447,8,8,8,8, ... 128 | P4/mnc sheasl | 38,6%,102,14,18,22, .
14 | P2,/c —Go1} 33,41,4,4,4,4, ... 129 | P4/nmm % 4492 15,21,27,33, ...
15 | c2/c Leadiacd | 3352 6.6,6,6, .. 130 | P4/ncc ‘gfjf;l 33,52,6,71,8,9, ...
16 | P222 | x© 8;32 5°,12,20,28,36,44,... | 131 | P4,/mmc —Z{jjf]gl 4%,11%,22,37,56,79, ...
17 | P222, —G1p 447,8,8,8,8, ... 132 | P4,/mem —=ECtl | 44109,18,28,40,54, ..
18 | P2;2,2 —% 32,41 4,4,4,4,... 133 | P4,/nbc jit’g;l 3%,6%,91,12,15,18, ...
19 | P2,2,2; b | x3+2x2+2x+1 | 22,22,1,0,0,0,... 134 | P4,/nnm % 4%91,15,21,27,33, ...
20 | €222, —% 3%,41.4,4,4,4,... 135 | P4,/mbc ’;it’;;l 3%,6%,91,12,15,18, ...
21 | €222 | x© gjﬁ 4%,81,12,16,20,24,... | 136 | P4,/mnm —(f_*l; 33,74,132,211,31,43, ...
22 | F222 | xe X:;_Zf)’;l 4%7,102,14,18,22,... | 137 | P4,/nmc ”(ZX’;XSJ 33,6%,91,12,15,18, ...
23| 1222 | %o oetasl | 33,63,101,14,18,22,... || 138 | P4,/nem 2oexel | 33,7411,15,19,23, ..
24 | 12,2,2, Deadiacd | 3352 6,6,6,6, .. 139 | I4/mmm | x —"(ffl;l 44,10%,191,31, 46,64, ...
25 | Pmm2 | x© e 5%,12,20,28,36,44,... | 140 | I4/mcm ol | 4%,92,15,221,30,39, .
26 | Pmc2, G 4%7,8,8,8,8, ... 141 | I14,/amd seeasl | 3862,101,14,18,22, .
27 | Pcc2 —% 447,8,8,8,8, ... 142 | I44/acd *(ijf)tl 3%516,71,8,9, ...
28 | Pma2 —% 4%,7,8,8,8,8, ... 143 P3 x© | x*+x?+x+1 | 11,11,1,0,0,0,...
29 | Pca2, b (x+1)3 3%,3,1,0,0,0,... 144 P3, ©b | x3+x2+x+1 | 1%,1%,1,0,0,0,...
30 | Pnc2 —(”%1’2 3%,41.4,4,4,4,... 145 P3, ©b | x3+x%4+x+1|1%,1%,1,0,0,0,...
31 | Pmn2, —% 32,41 4,4,4,4,... 146 R3 x® | x®+x2+x+1 | 11,11,1,0,0,0,...
32 | Pba2 G 33,41,4,4,4,4,... 147 P3 wo | Dbl 92314444
33 | Pna2, b | x3+2x2+2x+1 | 22,22,1,0,0,0, ... 148 R3 no | bl o251 4.4 4.4
34 | Pnn2 G 3%,4,4,4,4,4, .. 149 | P312 | xe | edoel 2314444
35 | cmm2 | x© Ej{igﬁ 44 81,12,16,20,24,... | 150 | P321 wo | Dbl 92314444
36 | Cmc2, G 33,41,4,4,4,4, ... 151 | P3,12 © Docixtl | 92 31 4.4 4.4, ..
37 | Cec2 Daadiacd | 3352 6.6,6,6, . 152 | P3,21 © Dexttatl | 92 314444, ..
38 | Amm2 | x© gj};ﬁ 44 81,12,16,20,24,... | 153 | P3,12 © Dotiarl | 92 31 4.4 4.4,
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Table 4 continued from previous page.

No. | Name | Feat. P(x) Mod-2 Coh. Dim.#6ens No. Name | Feat. P(x) Mod-2 Coh. Dim.#Gens
39 | Aem2 =) 4%,7,8,8,8,8, ... 154 | P3,21 | © Lttt 22,31,4,4,4,4,...
40 | Ama2 o224l | 33 52 6.6.6,6,... 155 | R32 X © ctixtl 22,31,4,4,4,4, ..
41 | Aea2 Loaxl 33,3,21,2,2,2,... 156 | P3ml | x© R S 22,31,4,4,4,4,...
42 | Fmm2 | x % 447,91, 11,13,15, ... 157 | P31m | xe ctixtl 22,31,4,4,4,4, ...
43 | Fdd2 ot 22,21,21,2,2,2, .. 158 |  P3cl x+x?4+x+1 11,11,1,0,0,0,...
44 | Imm2 | we | £Etel 13363 10114,18,22,.. || 159 | P3lc Chx®x+l 11,1%,1,0,0,0, ..
45 | Iba2 c=1) s 3%,41,4,4,4,4,... 60| R3m | %o el 22,31,4,4,4,4,...
46 | Ima2 2ezdiacl | 3352 6.6,6,6,... 161 | Rsc xBhxhx+1 11,11,1,0,0,0, ...
47 | Pmmm | x® —le 6°,18,38,66,102,146,... | 162 | P3lm | x® St 33,61,10,14,18,22, ..
48 | Pnnn T 4,8,12,16,20,24, .. 163 | P3lc Ladeatl 22,31,4,4,4,4,...
49 | Pcem . 55,12,20,28,36,44,... | 164 | P3ml | x® e 33,6,10,14,18,22, ..
50 | Pban b, 44,81,12,16,20,24,... | 165 | P3cl Ladeatl 22,31,4,4,4,4,...
51 | Pmma gjgz 55,12,20,28,36,44, ... 166 | R3m x© ”{ﬁigﬁl 33,61,10,14,18,22, ...
52 | Pnna Dezdaatl | 33,52 6,6,6,6, ... 167 | R3c iyl 22,31,4,4,4,4,...
53 | Pmna Ejjgﬁ 4% 81,12,16,20,24, ... 168 P6 x© il 22,31,4,4,4,4, ...
54 | Pcca —ny 4%,7,8,8,8,8, ... 169 |  P6, b x3+x%+x+1 1,14,1,0,0,0, ...
55 | Pbam Ejjgﬁ 4% 81,12,16,20,24, ... 170 P6s b 3x24x+1 11,1,1,0,0,0,....
56 | Peen Demaatl | 3352 6,6,6,6,... 171|  P6, © Lttt 22,31,4,4,4,4,...
57 | Pbem ESI 4%7,8,8,8,8, ... 172 | Pé, © ol 22,31,4.4.4.4, ...
58 | Pnnm Soceel|3363,101,14,18,22,.. | 173 |  P6y Bt tx+1 14,1%,1,0,0,0, ...
59 | Pmmn ooy 4%.8112,16,20,24,... | 174 P % © B 22,31 4,4,4,4, ..
60 | Pben =) 3%,41,4,4,4,4,... 175 | P6/m | x© st 33,61,10,14,18,22, ..
61 | Pbca psas 33,3,21,2,2,2, .. 176 | P6y/m ctixtl 22,31 4,4,4,4, ..
62 | Pnma Demdaatl | 3352 6.6,6,6,... 177| P622 | xe St 33,61,10,14,18,22, ..
63 | Cmem L, 4%,81,12,16,20,24,... || 178 | P6;22 Dt 22,31,4,4,4,4,...
64 | Cmee 2ol 1 447,91,11,13,15, .. 179 | P6s22 2aiei] 22,31,4,4,4,4,...
65 | Cmmm | x© Sl 55,131,25,41,61,85,... | 180 | P6,22 | © e 33,61,10,14,18,22,...
66 | Ccem a2zl | 44.92,15,21,27,33,... | 181 P6.22 | © St 33,61,10,14,18,22, ..
67 | Cmme T 55,12,20,28,36,44,... | 182 | P6;22 il 22,31,4,4,4,4, ...
68 | Ccce =l | 447,01,11,13,15, . 183 | Pémm | x® e 33,61,10,14,18,22, ..
69 | Fmmm | el 5%,12,211,32,45,60,... | 184 | Pé6cc Lol 22,31,4,4,4,4,...
70 | Fddd & 33,51,71,9,11,13, ... 185 | P6yem el 22,31,4,4,4,4,...
71 | Immm | x© | £l 148103, 201,34,52,74,... | 186 | P6yme iyl 22,31,4,4,4,4,...
72 | Ibam Ejjgﬁ 4%,81,12,16,20,24, ... 187 | Pém2 | x© e 33,61,10,14,18,22, ...
73 | Ibca Gy 44,7,8,8,8,8, ... 188 |  Péc2 Zacinyl 22,31,4,4,4,4,...
74 | Imma 2z |44 92,15,21,27,33, . 189 | Pé2m | x© e 33,61,10,14,18,22, ...
75 | P4 | xe | i g3526660,. 190 | P62 Lol 22,31,4,4,4,4,...
76 | P4y | b | xP+2x%+2x+1 | 2%,21,1,0,0,0, .. 191 | P6/mmm | x © e 44,101,20,34,52,74, ..
77| P4y | © La2liadl | 33 516 6,6,6,... 192 | P6/mcc st 33,61,10,14,18,22, ..
78 | P4, b | x3+2x2+2x+1 | 22,21,1,0,0,0, ... 193 | P6y/mem e 33,61,10,14,18,22, ...
79 | 14 | xe | Zhdbxl 023842444, 194 | P6;/mmc St 33,61,10,14,18,22, ..
80 | I4 x4l 222191292 . 195 | P23 X © % 11,43,8% 8,12, 16,...
81 | P3| wo | il 33526666, 196 | F23 | xeo |xmedaacsieocd |33 662.6,10,...
82| 14 | weo | uinllo2s3 42444 197 123 | xe et 11,22,44,41,6,8, ..
83 | P4/m | e | IR |4402 15 91,97,33 198 | P23 x3+1 0,0,11,0,0,0, ...
84 | Pay/m Z(ijf)tl 33,7411,15,19,23, ... 199 12,3 % 11,1,21,2,2,2, ...

3 2. = 5. 3. 2
85 | P4/n raziael 1 3%,52,6,6,6,6, ... 200 | Pm3 | x® -5 22,6%,14%,22,34,50, ...
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Table 4 continued from previous page.

No. | Name | Feat. P(x) Mod-2 Coh. Dim.#G¢™ || No. | Name | Feat. P(x) Mod-2 Coh. Dim.*Gens
xX3+2x24+2x+1 3 1 3 —x*t 20?4 x+1 2 41 £2
86 | P4,/n Deadiail | 33 51 .6.6,6,6, ... 201 | Pn3 el 1 22,41,6%,6,8,10, ..
87 | 14/m | x X(i*jl;l 33,63,91,12,15,18,... | 202 | Fm3 | x —% 11,43,95,10,15,22, ...
88 | I44/a xlixtl | 92 32 41 4.4 4 203 | Fd3 % 11,32,53,3,5,7
T—x 59 T T T X—1)2(x2+x+1) 59 59 5959, /5
342x24+2x+1 4 o2 3 543 4x24+1 2 42 g4 191
89 | P422 | wo | XERCE | 449215912733, | 204 | Im3 | x© | —ZEEECL 1242 8% 101 18,26, ..
90 | P42,2 % 3% 52,71.9,11,13, ... 205 | Pa3 )fj,} 11,1,2',2,2,2, ...
91 | P4,22 Leadiactl | 33 516 6,6,6,... 206 | Ia3 il 22,3,4,4.4,4, ..
92 | P4,2,2 ol 1229121222 . 207 | P432 | xe | XEMEcacLol |92 52 9217 15,19,
x342x242x+1 4 ol St 43x343x%4x+1 2 =2 o2
93 | P4,22 | © | X2CaEe |44 911959127,33,. | 208 | P4,32 | © | EptEascacd 92529297 1519,
94 | P4,2,2 ey 33,51,71,9,11,13, ... 209 | F432 | x© % 11,43 8% 8,12, 16, ...
X2 +2x2+2x+1 3 1 —2x*+x3+2x2+1 192 3
95 | P4,22 Leadiail | 33 51 6.6,6,6, ... 210 | F4,32 Eta 11,32,53,3,5,7, ..
(x+1)(x2+1) 2 12 -3
96 | P452,2 s 222121222 .. 211 | 1432 | x© D 22,4%2,73,9,12,15, ...
97 | 1422 | ne ’(3@{27{;“ 33,6%,102,14,18,22, ... | 212 | P4,32 24l 11,1,21,2,2,2, ...
98 | 14,22 ﬁ 3% 51,71,9,11,13, ... 213 | P4,32 xfjxl 11,1,21,2,2,2,...
99 | Pamm | x© % 4% 92,15,21,27,33,... | 214 | 14,32 e 22,3,51,7,9,11,...
100 | P4bm = 33,52,71,9,11,13, ... 215 | P43m | x© 7"5{)’(‘:‘{)32);1‘;3_&‘;’;“ 22,52 92 11,15,19, ...
—x3 a2 4xt1 3 .3 i S+3x3+3x241 1 »43 g4
101 | P4ycm =crbenl |33 6%,810,12,14,... | 216 | F43m | % © Edpeial 11,43 8% 8,12, 16, ...
102 | P4,nm & | 38,5474,9,11,13,.. | 217 | 143m | x % 22,42,62,7,9,11, ...
103 | Pacc 2aziaxtl | 33 52 6,6,6,6, . 218 | Pa3n il 111,33,53,5,7,9, .
104 | P4nc Xttt | 92 33 42 4.4 4 219 | F43c ] 11,32 42,2 4,62
o ,3%,4%,4,4,4, .. Lt ,32,42,2,4,62, ...
105 | P4,mc 2ol | 33,74,11,15,19,23,... | 220 | 143d 41 11,11,21,2,2,2, ..
Xx24x+1 2 93 42 3 xt 33 +3x%4x+1 3 Q2 2
106 | P4,bc Dkl | 92 33 42 4,44, 221 | Pm3m | @ | —HiSeasceol | g3 g2 172 98 43 62, .
107 | 14mm | x ’Eit’;;'} 33,63,91,12,15,18,... || 222 | Pn3n % 22,42, 6%,7,9,11,...
108 | I4cm ‘(X;jf)tl 33,52,6,71,8,9,... 223 | Pm3n —% 22,53,108,15,22,31, ...
341 2 02 £2 ~1 3 5420 +4x % +4x24+2x+1 3 51 191
109 | I4,md 22L [ 22,32,52,74,9,11,.. | 224 | Pn3m e e il | 33 71 121,16,21,26, .
110 | I4,cd x4l 222121222 . 225 | Fm3m | x —% 22,63,13%,20,31,45, ...
111 | Pa2m | x® % 4492 15,21,27,33,... || 226 | Fm3c % 22,52,92 11,15, 202, ...
7 2x2+x+1 3 74 3 XO+xt 4353 4+3x24x+1 2 £2 g2
112 | Pa2c cocl | 3%,74,11,15,19,23,.. || 227 | Fd3m oedadeadeion | 92 52,92,11,15,19, ..
113 | Pa2;m 2 [33,52,7,9,11,13,.. || 228 | Fd3c =eoeaced | 92 41 51,4,5,61, .
114 | P32c el | 92 33,42 4,4,4,.. 229 [ Im3m | x| —GSEoEsl | 33,72 132 20,29, 40, ..
115 | Pim2 | x© % 4492 15,21,27,33,... || 230 | Ia3d = 22,31, 4,51 6,7,...
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Table 5: Integral cohomology groups for the 230 space groups G with trivial action
(H™(G, 7)) or the orientation-reversing action (H"(G,Z°")) up to n = 6.

No. H"(G,Z) H"(G,Z°7)
n=1|n=2 n=3 n=4|n=5|n=6|n=1 |n=2 n=3 n=4|n=5|n=6
1 |z VAL Z VA 7, 7 VAS z3 Z 7 7 Z,
2 |7 VALV Z 78 Z, z8 VALY RWA 707} Z z8 Z,
3 VA-Y/ VA Y/ z3  |z3 |z} Z VA Y/ VAV zy |zy |z}
4 Ze7} z 7, Z, Z, z VA Y/ Z Z 7 VA
5 7Ze7} 787, 72 72 73 Z VA Y7 ZOZ, 73 73 73
6 |z* |zeZ z} zi  |zd |z Z0Z, | Z*eZ} oL} zi |z3 |z}
7 | z? 787, Zy 7, 74 A 7oL, | Z*®Z, Z 74 Z, 7,
8 |z2 |ZeZ, z2 72 |72 |72 ZOZy | Z’Z, ZOZy 72 |zi | Z2
9 | z? Z Z, Z Z Z 787, | 7? Z Z Z Z
10 |z, |ZeZ] z$ ¢ |zdt |22 | zez, | Z} VAV z° |z |z
1 |z, VAV 73 s |zz | Z§ 7L, |73 707, i |z§ | z3
12 | Z, VAV z3 zy |\zh |z} | zez, |73 ZeZ§ zy |z |z
13 | 2, ZoZ; 72 z§ |72 | Z§ Z0Z, |72 7L} i |z§ |z
14 | 7, ZOZ20Z, | 2, z3 7 z3 787y | Zy ZeZ] 74 z3 A
15 | 7, VAV Zs, z Zs, z T8Zy | Zy VAYA 7y VA Zo,
16 |z, |Z3 ZeZ) 72 |z |22 |z, z 707 2?2 |z} |z
17 |z, |z} VA Y/ z3 |z3 |z} Z z3 VAV zi  |z3 |z
18 | Z4 Zi0Z,4 ZZ, 73 |zZ |7} Z 2207, Z8Z, zi |73 | Z3
19 | 7, Vi Z VA 7 VA A 7 Z 7 7 7,
20 | Z, z Z8Z, 72 |72 |72 A z3 Z8Z, zi |72 |z
21 |z, |2 ZeZ, z; |zy |z} ||z, z3 VAV z; |zy |z}
22 | 7, z3 zoziez, | 2§ |z8 |z |z, z} zozieZ, | 7§ |78 | zi°
23 | 2, 7307, 7Ze73 zs |8 |z |z, 7207, VAV z§ |z8 |z
24 | Z, z3 VA Y/ z3 z3 z3 VA z3 VAV z3 z3 z3
25 | Z z3 z8 72 |z® |z |z, VAV 707} 7 |z |z
26 | Z 73 z3 z3  |zg |z} Zy VA Y/ VAV zy |zy |z}
27 | Z z; z3 zy |z3 | zj Zy zeZ3 YAy zi |z3 |z}
28 | Z z3 z3 zy |zy |z} Z, ZeZ; VA Y/ zy |zi | zj
29 |z z2 Z, Z Z, Z, Z, VA Y/ 7 7 7 A
30 |z 73 7,07, 72 72 72 Z, 7873 ZOZ, 73 73 72
31 |z z2 73 z2 z2 73 Z, Z0Z,0Z, | ZOZ, 73 z2 z2
32 |2z 7,87, 7,87, 73 |z3 | Z} Zy ZeZ; 787, zi |z3 | Z3
33 |z Zy Zy z, |z, |z, Zy ZZ, z Z, |z, |z,
34 |z 73 2,87, 7z |zZ |7} Zy ZeZ] 787, zi |72 | z3
35 | Z z3 z3 zy  \zy |z} | Z, VA Y/ VAV zy |\zy |z}
36 |z z2 72 72 |72 |73 Zy VA Y/ 7207,y 72 |zi |72
37 |z 73 z3 z3 z3 z3 Z 7873 7073 z3 z3 z3
38 |z z3 z zy  |zy |zy' |z, ZoZ} VA z; |zy |z}
39 |z z3 z3 zy |zy | zj Z, ZeZ; VA Y7 zy |zy |zj
40 | Z 73 z3 z3 z3 z3 Zy VA Y/ A/ z3 z3 z3
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Table 5 continued from previous page.

H"(G,Z) H"(G,Z°)
No.
n=1|n=2 n=3 n=4 n=>5 n=6 n=1|n=2 n=3 n=4 n=>5 n=6
4 |z z3 Z4 Z, Z, Z, Zy VA YA Z Zy Zy Zy
3 4 5 6 7 3 3 5 6 7
42 |z z3 z} z3 z$ 7] Zy 7oL} VAV z z8$ z;
43 | Z Zy Zy Zy Zy Zy Zy VAV z Zy Zy Z,
44 |z 73 z3 z$ z8 z3° Z, LOL,®Z, | ZOL zs5 78 z3°
45 | Z 7 73 73 72 73 Z, VAV Z8Z,y z2 z2 z2
46 | Z 73 z3 z3 z3 z3 Z, VA Y/ YAy z3 z3 z3
47 |z, | z§ Zy? 7% zP z$? Z, z; ZeL} z3* 73 zs°
48 |z, |zj Z30Z, z8 z8 z3? Z, z3 VAV z$ zy° z3°
49 |z, |z z}, zy? Zy° 73! Z, z3 zZeZs 2z zy’ z?
50 | Zy z3 7307, 78 z8 72 Z, z3 VAV 75 z3° z3°
51 | 2, z z; z3 zH % Z, z} VAV /3 zit 7y’ z3?
52 | Z, z3 z2 z3 72 z4 Z, z2 VA Y74 73 z3 73
53 |z, |zj z3 z5 z Zy? Z, z3 VAV z$ z3° z3°
54 |z, |zj z3 VA z z; Z, z3 zZeZ} z z; z
3 4 8 8 12 3 5 6 10 10
55 |2, | Ziez, z} z8 z8 Zy Zy z3 VAV zs$ z} z}
2 2 4 2 4 3 2 4 2
56 |2, |Zi0Z, 73 z3 72 z3 Zy 2,07, VAV 73 z3 Vz3
57 | Z, zy z3 z z3 z3 Z, z3 ze7} z3 z3 z3
58 |z, |Z2eZ, z3 z; z; zi! Zy 2,07, VAYA z3 z z
59 |z, |zj z3 z8 z8 Zy? Z, 72307, VAV z$ z3° zy°
60 |2, |7} Zy z Z, z3 Z, 72 Ze73 Z, z Z,
61 | z, z3 Z z2 A z2 Z, z2 787, 7, z2 7
2 2 4 2 4 3 2 4 2
62 |z, |z20Z, z2 z3 z2 z3 Zy Z,0Z, ZeZ; z2 A z2
63 | 2, z3 z} z8 z8 z}? Z, z3 VA z§ z° z°
64 |z, |Zj z3 zs VA z§ Zy z3 VAY A z3 z z8$
65 |2, |1z z5 zy’ 7% zy Z, z; ZeZ) 7y 7% zP
66 |2, |zj z; zy° z3! 755 Z, z3 ZeZL§ z8 zy? zy*
67 |z, |z z}, zy? Zy° z3! Z, z3 ZeZs 2z zy’ zy’
68 |z, |zi 7207, z8$ z3 z8 Z, z3 ZOZ} z$ z; z$
69 | Zy z z) zy? 738 z¥ Z, z3 VAV z3? z2° %
70 |z, |73 Z,@7y A z3 z} Z, V3 VAV z3 z8$ z3
71|z, |2z} z§ z3* z% z3? Z, 7307, ZeZ)] 732 z2 z3°
72 |2, |23 z3 z8 z8 z3? Z, z3 VAV z5 zy° zy°
4 3 5 3 5 3 4 3 5 3
73 |2, | Zg z3 z5 z3 z3 Zy z3 VAV z3 z z3
4 5 10 11 16 3 6 8 13 14
74 |2, |23 z; z)} z Z3 Zy z3 ZeZS z8 z) z;
75 | Z LOZ, 0%y | LOLy®Ly | Lo®T] | 7,075 | 2,072 || Z LOLy®Zy | LOLy®Ly | L0735 | 2,075 | 2,073
76 | Z 7L, z A Z, Z z ZeZ, z Z A A
77 | Z 7Ze7Z2 Ze73 z z3 z3 z 772 ZeZ3 z z z
78 | Z 7oL, z A Z Z z VAV z A Z Z,
79 |z 77, ZeZ, L,0Zy | L0y | L0y || Z 287, ZeZ, 2@y | Ly@Ly | LrOZy
80 |z ZeZ, zZ Zy Zy Zy zZ 7oL, zZ Zy Zy Zy
81 | 2, ZOLEOL, | Z, 73073 | Z, Zie7: | 282, | Z, ZOL30Z, | Z, 73075 | Z,
82 |z, 797} A 23075 | 7, zie7; | z8Z, | Z, 207207, | Z, 73075 | 2,
3 4 9 2 10 15 2 2 6 7 12 2 13
83 |z, |zeziez, |Z; 5072 | 7} 27072 || Z8Z, | 73 ZOZ®L, | 7] 72072 | 7}
2 3 6 2 7 10 2 6 4 11 8
84 |z, |zeziez, |z} S0k | 7] 2’072 || ZeZ, | Z, VAV z3 z} z8
85 | Z, ZOLIOL, | Zy L3075 | 74 73072 | ZeZ, | Z, ZOLIOZ, | Z, L3072 | Z4
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Table 5 continued from previous page.

No. H"(G,Z) H"(G,Z)

n=1|n=2 n=3 n=4 n=>5 n==6 n=1|n=2 n=3 n=4 |n=5 n=6
86 | 2z, ZOZIOZ, | Z, Z30Zy | Zy 3oz, | ZeZ, |Z, VAV Z, Z30Z, | Zy
87 | Z4 ZOZ30ZL, | 73 zie7k | 73 507} || 28Z, | Z, ZOZ} z3 8oz, |1
88 | 7z, ZOZy®Zy | 7y 2307, |24 Z30Z, || Z8Z, |7, 7073 7 2307, |74
89 | Z4 z3 LOLI®L, | L)OZE | 737 zy® Z z3 LOZi®L, | Z0Z3 | 2} zy
90 |z, 7207, LOZ,0Ly | L3®Zy | Z3®Zy | Z30Zy || Z4 7207, LOZ,®Ly | L3OLy | Za®Zy | Z30Z4
91 | Z4 z 773 z z z VA z 2072 z3 z3 z3
92 |2, | 2,024 z Zy Zy Z, Z 7,07, z Zy Z, Zy
93 | Z4 z3 VA YA z Z? 7} VA z3 ZOL} z z? zy
94 | 2, zZi07, 70732 z3 z5 z4 Z Zi07, 70732 z3 z z§
95 | 2, z3 797} z3 z3 z3 Z4 z3 VAY/S z3 z3 z3
9% |Z |2,0Z4 Z Zy Z, Z, Z 7,07, z Z, Z, Z,
97 | 2y z3 Z0Z} 7307, | Z§ z;° Z4 z3 ZeZ} 7307, | 7§ z;°
98 | Z4 z 773 z3 z; z 7 z 7072 z3 z z
99 | Z z3 z$ zie7i | 2,°e7% | 2, Z, LZOL20ZL, | LOLIDL, | 7] z? VA Y
100 | Z 7,87, 72207, Z30Z, | ZieZ, | Z30Z, | Z, LOLy®Zy | LZOLy®L, | L30Zy | Za®Zy | Z30Z,
101 | z z2 z3 zie7} | 7§ z Z, ZOZ,®Z, | ZOLS z3 z8 VALY A
102 | Z z2 z3 z3 z z Zy LZOLy®Z, | ZOLE z3 z z§
103 | Z z2 z3 7,072 | 2,072 | Z Z, ZOZy®Z, | LZOLy®ZLy | L3 z3 2,072
104 | Z Zy 7,07, L,0Ty | 2204 | Zr®Z4 | Z, 207, 7oL, 2,07y | Ly0Ly | L2074
105 | Z 72 z zie7? | 7 zy° Zy ZOL,®Z, | ZOL3 z z 8072
106 | Z Zy 73 72 72 72 Zy 7074 787, 72 72 72
107 | Z 72 z3 zi072 | 7507, |Z§ Z, ZOLy®Z, | ZOL z5 7] zSe72
108 | Z z2 z3 2,07} | 7302, |73 Zy LOLy®Zy | LZOLy®L, | L3 z3 VLY
109 | Z Zy 73 z Zy z; Z, ZOZ, Z8Z, z z3 z;
110 | Z Zy Zy Zy Zy Zy Zy 207, z Zy Zy Zy
111 | z, z3 z5 z8e72 | 73 238 Zy z3 ZOZ30Z, | Z§ z3? zyt
112 | z, Zi07, 73 z3073 | 7§ 2507% || Z, 72 ZOZ} z z3° z;
113 | Z, 7207, z2 zieZ, |1Zj 502, | Z, 7,07, ZOZi0Z, | Z3 7307, | Z
114 | 7, z2 Z, 7207, | Zy 720Z, | Z, Zy 7073 Z, 7207, | Zy
115 | Z, z3 z 507k | 73 238 Zy z3 ZOZ30ZL4 | Z§ z3? zy*
116 | 24 Zi07, z3 Z3072 | 73 z3072 | Z, 72 7073 z3 z} z
117 | Z, 707, 7,87, Z30Z, | 73 Z50Zy || Z, 72 ZOZi0ZL, | Z3 7307, | Zj
118 | z, 7207, 2, @7y ziez, |73 80z, | Z, z2 ZOL20Z, | 73 Z30Z, | Z3
119 | z, z3 z3 zye7} | 7] zy! Z, z3 ZOZIOL, | Z; z z
120 | Z4 z3 72 73072 | Z3 z3072 | Z, 72 ZOZi0Z, | 72 z$ z3
121 | Z, 7207, z3 zZior} | 7§ 80z, | Z, z2 ZOL3 z} z8 z]
122 | 74 Z,®7Z4 Z, 7207, | Zy 7202, | Z, Z, Ze7Z3% Z, 7307, | Zy
123 | Z, VA z z8e7% | Z3° zy Z, z3 ZOLI®L, | L3 z3? 73
124 | 7, z3 z 507} | 73 Z° Z, z ZOZ30Z, | Z§ z3? zy*
125 | Z, z3 7307, 28072 | 73! 73 Z, z3 ZOZ30L, | Z)®Zy | Z)° zy*
126 | Z, z3 2207, ziez2 |17 502, | Z, z2 ZOZ3 7307, | 7§ z}
127 | Z4 ZieZ, z3 z;°07, | 2} 730z, | Z, z3 ZoZ30Z, | 3 2307, | 22
128 | Z, 7207, z3 80z, |1Z) 2’0z, | Z, z2 ZOZ3 z 80z, |Zj
129 | Z4 z3 z3 z8e7? | 20z, | Z1° Zy Zi07, ZOZ30Z, | Z5 733 72307,
130 | Z, z3 z2 7207} | 720, | Zi0Z, | Z, 2,02, ZOZIOL, | L2 z 7202,
131 | 7, Z3 z 2207’ | 732 z3y Z, z ZeZ3 z,? z3? 73
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Table 5 continued from previous page.

No. H"(G,Z) H(G,Z)
n=1|n=2 n=3 n=4 n=5 | n=6 n=1|n=2 n=3 n=4 | n=>5 n=6

1322, |2 zs 2’07 | Z3° z2 Zy z3 VAV zy° 738 72
133 | Z, z3 z3 23027, | Z§ 280z, | Z, z2 ZoZ; z} z8 z;
134 | zZ, z3 z Z30Z, | 73 755 Zy z3 VAV z8 733 z3*
135 | 2, | Z30Z, z3 7507, | Z§ Z50Z; | 2, z3 zZeZ; z; z5 z]
136 | 2, 7307, z3 2807, |7} 2802, || Zy 2,07, VAV z] zy? zy’
137 | Z4 z z zie7i | 7§ z Z, 7,87, ZOZj A z8 2807,
138 | 7y 2307, z3 7307 | Z8 2’07, || Zy 7,07y 707} z3 z}° 7807,
139 |z, |2 zs$ zy' o7 | 2,8 73 Zy z3 ZeZ)] zi z2° 7%
140 | Z4 z3 z; 8073 | 73 738 Zy z ZOLI®ZL, | Z8 z3* z3®
141 | 4 z3 z3 7502, | 7] zy! Zy 73 VAV z5 z3 z

142 | Z4 z3 73 zieZ, |73 Z30Zs | 2o 73 VAV 73 z3 z3

143 7073 773 z3 z3 z Z VA Y/ 70732 z3 z3 z3

144 7Ly z VA Z Z z 7oL, z 7 A 7

145 ZOZ; zZ A Z A z 7oL, z Z A Z

146 Z0Z; z Z3 Zy Zs z 7oLy z Zs Zs Zy

147 | 74 LOZIOLs | Zs Z30Zi | Z, 3072 || 2Z, | Z, LZOLI®Ls | Zs Z30Z2 | Zs

148 | 74 ZOZ30Z; | 7, ziels |17, 23023 | ZOZ, | Z, 7073 A zieZ; |7,

149 | Z4 7 ZOL,®Z] | 730173 | 7} 7 Z, 73 ZOZ, @73 | Z30Z3 | 72 72

150 | 7, Z20Z, LOLy®Ly | Z2IOL: | Z20Zs | Z20Zs || Z, 2207, LOLy®Ls | ZIOLI | Z2OZ; | Z20Zs
151 | 2y 72 78, 72 72 72 Zy 72 Z8Z, z2 72 72

152 | Z4 707, 8L, 73 73 7% 7y 23012, 787, 73 73 73

153 | Z, z2 ZOZ, z2 z2 z2 Z, z2 ZOZ,y z2 z2 z2

154 | Z, 22073 ZOZ, 72 72 72 A VALY Z0Z, 72 72 72

155 | Z4 z 8L, 7307, |73 z; 7, z3 787, Zi0Z, | 73 z3

156 | Z Zy 72 72073 | ZieZ3 | 72 Zy LOLy®L3 | ZOL,®Z3 | 73 z2 72073
157 | Z 2,87 2267, 2207} | Z2072 | Z20Z; || Z, ZOLy®Ls | LOLy®Ls | L2OLy | Z2OZs | Z2OZ2
158 | z 74 Z, z3 z3 Z Z, 7072 70732 Z 74 z3

159 | Z Zs Z,0Zs 72 z2 Zs Z, Z8Zs Z&Zs Zs Zs 72

160 | Z Zy z2 220Zy | Zi0Zs | Z2 Z, 28Ly07; | ZOL, z2 z2 2207,
161 | Z A Zy Zs Zs Z Zy 7oL, z 7 A Zs

162 |z, |2Z3 Z30Zs zie72 | 7] zi! Zy 72 LOLISL, | L3015 | 7 z

163 | 7, z2 ALY/ 307} | Z, z3 Z, Z, LOLIOLs | Z,0Ls | Z3 Z,

164 | 2, |7z z3 Z}0Z% | Z)0Z; | L)} Zy VAL YA ZoZi®ZL; | 75 z5 7507,
165 | 7, z2 Z, 23073 | 2,023 | Z3 Z, Z,®Zs ZOZi0Z; | Zy z3 Z,®Zs
166 |z, |Z3 z3 ZleZs |1Z] zi! Zy z2 VAV z3 z z

167 | 74 z2 Z, Z30Zy | Z, z3 Z, Z, 20732 Z, z3 Z,

168 | Z LOL,®Zy | LOL,®L,y | Z3®L5 | ZI0Z% | 25075 || Z LZOL,®Ly | LOL,®Ly | Z3®L3 | ZIOLZS | 250735
169 | Z z z VA Z4 Z, z z z Z Z, 7

170 | Z z z VA 7 A z z z 7 A 7

171 | Z 787, 787, z3 z3 z; Z 787, 787, z3 z3 z3

172 | Z ZeZ, 8L, 73 73 73 Z Z8Z, 787y z2 z2 72

173 | Z ZoZ; Z8Zsy 72 72 7% Z Z8Zsy ZOZs z2 z2 z2

174 | 2, | zeZ3ieZ} | Z, 73073 | Z, 73073 | 281, | 2, ZOZ3®L] | Z4 23073 | Z,

175 | Zy ZOZ30Z, | 7} 8oz} | Z§ 2207 | 2oL, | Z, ZOL®L; | L3 2’073 | 7§

176 | Zy ZOZ30Z; | Z, zie7: | 7, 723073 | 8L, | Z, LZOLIOZs | Z, ziez: | 7,
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Table 5 continued from previous page.

No. H"(G,Z) H"(G,Z°)

n=1|n=2 n=3 n=4 n=>5 n=6 n=1|n=2 n=3 n=4 n=>5 n=6
177 | 24 z3 LOZ30ZL; | LSO z8 z3° zZ, |z} LOLI®Ls | LSO z8 z3°
178 | Z4 z 8L, 73 73 7 Zy 73 8L, 73 7 z2
179 | Z4 7% Z0Z, 73 73 7 zZ, |3 Z0Z, 73 73 7
180 | 24 z3 VA Y7 z$ z8 z3° zZ, |z} 7073 z$ z8 zi0
181 | 24 z3 7073 z z8 z3° zZ, |z} 7973 zs z8 z3°
182 | 24 7 ZOZ,0Z; | Z3OZ3 73 7 7y 73 ZOZ,0Z; | Z3OZ3 z3 73
183 | Z z z3 ZS @72 25073 | 2 Z, | ZOZIOL; | ZOLI®L; | L5 z8 7’073
184 | Z Z, 73 3073 73073 | Z3 Z ZOZ,®Z; | LZOL,L; | Z5 z3 Zie7
185 | Z Z, z3 Zie7 73073 | Z3 Zy ZOZ,®L; | ZOL,®L; | Z5 7 Zie7
186 | Z Z, z2 2207} ziezs | 72 Zy | ZOL,0Z; | LOL, Ly | Z2 z2 207}
187 | Z4 z z 207} z}, zy! zZ, |7} ZOZISZ2 | 75 z; z;
188 | Z, 72 Zy 73073 Z, 7z Zy | Zy ZOZISZ2 | Z, z Zy
189 | Z4 73017, | 7} 207} z}, 2,'0Z; || 2, | Z} ZOZ3DZ; | Z5 3073 |7
190 | 2z, Z30Z; | Z, Z3072 Z, Z30Zs | Z, Z, LZOZI®Z; | Z, Z30Z; | Z,
91|z, |z z5 z, o7} z%° 73 z, |1z} ZOL)®Z; | Z)? 7% z3°
192 |z, |z} z3 727} z}, zy! Z, |7} LOLi®Ls | L3 z z
193 |z, |7z} z3 77} z}, zy! Z, |7} ZOZi®Ls | 73 z; z;
194 |z, |7z} z3 77} z}, zy! Z, |7} LOZieLs | 73 z; z;
195 | 2, 2,07y | ZOZ3 73073 Z30Z; | Z50Z; | 74 7,07 VYA 73073 Z30Z; | 2507,
196 | 2, Zs LOLIOL, | Zi0Zs Zs Z5eZs | Z, Zs LOLIOL, | Zi0Zs Zs ZS®Zs
197 | 24 74073 | ZOZ,y 2207, 720Z5 | Zi0Zs | Z, 7407 ZoZ, 2207, 2307y | Z30Zs
198 |z, |23 Z Zy Z3 Zs Z, |24 Z Zy Zy Zs
199 |2, | Z,02Z3 |Z 2,07, Lo®Zsy | Ly0Zy || Zy | Z,0Z3 Z 7,07, 2,0Zy | Z,0Z3
200 | Z, Z20Z; | Zj 23°07Z;, 732 732073 | Z, | Z, VAV z8 20z | 22
201 | Z, 7207Z; | Ly®Z, Zi0Zs 73 Z5eZs | Z, Z, YA/ 73 ZieZs |73
202 | 2y Z,8Z; | Z3 2507, z3 7y'eZ; | Z, | Zy ZeZ; z3 750z | Z;
203 | Z, 7,073 | Zy®Zy 23607, A 7507y | Zy 7, 7873 Zy 7307y | 73
204 | Z, Zi9Z; | 72 ZS®Z, z5 ZY0Ly || Zy, | Z4 ZeZ z3 507y | 23
205 | Z, Z,0Zs | Z, 22073 A 220Z; | Z, 7 7oL, A 720Z; | 7,
206 | Z, Z20Z; | Z, L3073 Z, Z30Zs | Z, Zy 272 Zy Z30Zs |7,
207 | Zy z2 ZOZIOL, | Z3OLIOZ; | L z; z, |73 LOZI®Z, | Z3OZ20Z; | 75 z;
208 | Z, z2 o7} 73073 z z; A 7} 707} 73073 z$ z;
209 | Zy Z, 773 Z30Z,0L; | Zj z§ Z4 Z, 27} Z307,0L; | Z4 z8
210 | z, Zy VAYz; 72073 Z, z3 Z, Zy 2072 722073 Zy z3
211 | z, z2 A/ L307Z,0%; | 73 7} Z, z2 A/ L30Z,0Ls | L3 7}
212 |2, | Z, Z Z,®7, Z, Z, Zy | Z, Z Z,®7, Z, Z,
213 |2, | Z, Z Z,®7, Z, Z, Z, | Z, Z Z,@7, Z, Z,
214 | 2, 7 787, 73073 z3 z 7y 72 787, 73073 z3 z
215 | Z4 z z3 Z30720Z; | Z30Z3 | L) Z, Z,®7Zs ZOZ30Z, | Zj z 7807,
216 | Z, Z, z3 Z30720L; | Z30Z; | Z) Zy Zy ZOZ3I®Z, | Z3 z 7,073
217 | z, 2,07Z, | 72 Z30730Z; | Z30Z; | Z30Z, || Z, 7,0Zs VAV 72 z VALY
218 | z, Zy4 73 Z,0730Z; | Zi0©ZL; | Z30Z || Z, Zg YA/ Z, z4 72307,
219 | z; Z, 73 7307, Zs z3e7% | Z, Zs ZOLI0L, | 7, 72 7307,
220 | 2, | Z4 Z Z,0Z,y0Ls | Zs Z,0Zy || Zy | Zs ZZ, Z 2,07, | Zs
221 | 2, z3 z3 2’ 0720Z; | Z3° zZ Z, |3 ZOZ30Z, | Z° z38 73
222 | 74 z 7, @7y Zie7i0Z; | Z3 Z38Z, | Z, Zy ZoZ} 7, @7y z3 z3
223 | Z, z2 z3 Z30720Z; | Z§ zy* Z, | Z, ZeZ; z; zy° z3?
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Table 5 continued from previous page.

H"(G,Z) H"(G,Z™)
No.
n=1|n=2|n=3|n=4 n=5|n=6 n=1|n=2|n=3 n=4|n=5|n=6

224 | Z, z3 z3 | Z)eZ,0Z; | 75 z3? Zy z2 AV z§ |z |z}
225 |2z, |zi |zi |zZlezlezs; |zl |z Z, |2, |zeZ; z; |z |z}
226 |2, |z |73 |Zieziez,|zy; |1Z3° Z, |z, |zeZieZ,|z} |z, |78
227 | 2, | Z3 | ZY |Z30Z,0Z; |Zy; |Z)° Z, |z, |zeZ} zy |z} |z§
228 | Z, z3 73 307,073 | L, Z30Z, || Zy Z, VAV Z, z3 73

3 4 7 2 11 18 2 5 7 13 16
229 |z, |z} |z§ |Zlez2ez,|Z) |Z) Z, |7 |zeZz z) |z} |z}
230 |2, |Zi |Zy, |Z20Z,0Zs |73 |Z30Z4|Z, |Z, |Z0Z2 zZ, |z§ |Z3

Thus, the elements of P map [b; ;3] € H 2(T, Z,) in the following way,

Cy:[by] = [by+b3], [by]—[by+bs], [b3]—[bs], (D.6a)
M:[by] = [by+bs], [by]—[bs], [b3]— [by + b,], (D.6b)
CoM: [by]—[bq], [by] — [by +b3], [b3]—[by+by]. (D.6¢)

For wyy: P — H(T,Z,), define

(6pw12)(P1,P2) := p1.(w12(P2)) + w13(p1) — w12(P1P2), P1,P2€P, (D.7)

we should have [(8pwq5)(p1,P2)] equals O in H2(T,Z,). Accordingly, we can choose the
cochain representative ;5 to be

wq9: CZ — b3 B M — b2 B CzM — bl . (D.S)

The nontriviality of this cochain representative can be seen by restricting to the subgroup
generated by, e.g., C,, which remains nontrivial in the subgroup.

To obtain the image of the differential of LHS spectral sequence, we attempt to promote
w15 into a cocycle in H3(G, Z,), following the ansatz outlined in [43]. In particular, for the
given wq, € C1(P,C3(T,Z,)), we attempt to solve the following sets of equations for some
fa1 € CA(BCY(T, Z,)),*

Orwiy =0, (D.9a)
Opwiy+07fa =0, (D.9b)
Opfa1 =0. (D.9¢)

Eq. (D.9a) is automatically satisfied for our choice of w;,. However, (6pw15)(p1,Pp2) may
not be a zero cochain in C2(T, Z,), and we have to find a nontrivial f,; that satisfies Eq. (D.9b).
This fact will contribute to d21,2. Now we explicitly perform the calculation of the cochains
(6pw15)(P1,p2) using Eq. (D.7) to demonstrate this fact:

((6pw12)(Co, C))(t1, t2) = y1X3 + X1 Y2,
((6pw12)(M, M))(t1, t5) = 21X + X129,
((0pw12)(CaM, CoM))(t1, t2) = 21Y2 + Y122,
((6pw12)(Co, M))(t1, t2) = y1(x2 + Y2 +22) + X1¥2 + Y122,

2 These are equations (B83), (B84) and (B85) in [43], and we simplify it for the special group structure and
module that we are considering.
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((6pw12)(M, Cy))(t1,t5) = 21(x5 + Yo +23) + X125 + Y122, (D.10)

((6p@12)(Co, CoM))(t1, t2) = x1(x2 + Yo +22) + X1 Y2 + X122,
((6pw12)(CaM, C3))(t1, t2) = (x1 +y1 +21)25 + y125 + X125,
((6pw12)(M, CoaM))(t1,ta) = (x1 +y1 +21)x2 + X122 + X1 Y2,
((6pw12)(CoM, M))(t1,t2) = (X1 +y1 +21)y2 + Y122+ X1Y2,

we can check that
(6pw12)(P1,P2)(t1, t2) = (87 (f21(P1, P2)))(t1, t2),
where we defined fy5;(id, p) = fo1(p,id) =0 for p € P and
f21(Ca, C)(t) =xy, a1 (M, M)(t) = xz,

Sn(CM, CMY(E) = vz, fur(Com(1) = L
z2(z+1)

pl>p2€PJ t11t2€T; (D]-]-)

+xy,

x(x+1)
— (D.12)

x(x+1)

far(M, C,)(t) =

+Xxz +yz) fZl(CZ) CZM)(t) =

yiy+1) N
2
z2(z+1)

f21(CoM, Cy)(t) = 5

f21(CoM, M)(t) = ¥z,  faa(M,CoM)(t) = +xy +xz,

However, the obtained f,; € C2(P,C!(T, Z,)) does not satisfy Eq. (D.9c). We continue to define

f31(P1, P2, P3)(t) := (8p f21)(P1, P2, P3)(1)
= [p1-f21(p2, P3) + fo1(P1P2, P3) + fo1(P1, P2P3) + for(P1, P2)1(1),
f31 is a cochain in C3(B,C(T, Z,)). Moreover, one can explicitly check using elementary meth-

ods that [f5;]: P x P x P — H(T,Z,) is a representative cocycle for a nontrivial element in
Eg’l = H3(P,H'(T,Z,)). Here we list all the nonzero maps of fs;:

f51(M,Cy, M) =A4A,,
f31(M, Cy, CoM) = A,,
f31(C2’M’M) =Ay3

fBI(M’CZM:M) :Ax;
f31(M, G, M, Cy) =A,,
f31(C2M>MJM) =Ay;

f31(M, Cy,C3) = A,
f31(M,CoM,CoM) =A,,
f31(C3, M, Cy) = A,

(D.13)
f31(Cy, M, Co M) =A,,

f31(C2M’ C2M7M) =AZ:
f31(CoM, Cy, Cy) = A,

f31(CoM, M, CoM) =A, 1, f31(Cy, CM, M) =A,,
f31(C25 CZMa CZ) :Ax+y+z: f31(C25 CZMa CZM) =AX)
f31(C2M> CZM: CZ) :Ay .
. . . . 3
1 > L),
f31 is exactly the obstruction of promoting wi, to a cocycle in H°(G,Z,), and from

the explicit cochain representative in Eq. (D.13), we can check that it indeed represents
(AE +ACA$n)co01. To summarize, we have the nonzero differential

1,2
d MO Rand (A:i +ACA$H)(J)01 .

] (D.14)

This nonzero differential serves as an example for the statement of Corollary 1 of Ref. [44].

E High-degree relations in the mod-2 cohomology ring of space
groups No. 219, 228, and 230

In this appendix, we outline the calculation of high-degree (n > 7) relations of the mod-2
cohomology rings for space groups No. 219, 228, and 230. Because of the memory cost, we
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are unable to get the relations directly from our program. We did the calculation by restricting
to the subgroups not containing the three-fold rotation and, because the restriction map is
injective as proven in Theorem 12, it suffices to check the relations in the subgroup. A fourth
group, No. 226, also has high-degree (n > 7) relations, but we are unable to obtain them,
leaving No. 226 the only space group whose complete expressions of the associated mod-2
cohomology ring is missing.

E.1 No. 219 (F43c)

The mod-2 cohomology ring of No. 219 contains two degree-6 generators, F, and F5, and rela-
tions at degree n > 7. These high-degree relations are obtained by restricting to the subgroup
No. 120. The restriction map of cohomology generators can be obtained in GAP

Am|219 - (Am)|1zo > (E.1a)

B<1|219_)(Ba +A§’) 120° (E.1b)

Bxy+xz+yz|219 = (By(x+y) +Ac’Ax+y+z)|120 ) (E.10)

C0‘|219 = (AvBa)| 19 (E.1d)

Cp |219 - (AX+y+zBa)|1zo ’ (E.1e)

FY|219 — (Bo(Dy + B2 + ByBy(xsy) + BoAcAy iy iz +AL)) |120 , (E.1f)

F5|219 = (Bo(Ds +A§/Ax+y+z)) |120~ (E.1g)

Using the relations of No. 120 it is easy to see that

(FYAm) ~219 = (F5Am) |219 =0, (E.2)

(FyBxy+xz+yz)|219 - [(Bz(x+y) +AcAxty+2)Ba(Dy +B2 + BoB:(x+y) T BaAcAxty+z +A‘C‘/):| \120
= [(Bi +A2)(B, (D5 +A§/Ax+y+z) + BiAc’Ax+y+z)
= (Bu(F5 + CaCp)) |16

(FéBxy+xz+yz)~219 - [(Bz(x+y) +AcAxty+2)Ba(Ds +A§/Ax+y+z):| |120
= [(Bo +A2)B, (D5 + A2 Aty 12)] | 120
— (BaF5) |51 (E.4)

(chﬁ)|219 - [AX+y+zB§(DY + Bi +BoBs(xty) + BaAcAxty s +A‘c"):| \120

= [Ax+y+zBi(D6 +BaA§/ +A§/Ax+y+z):| |120

- (CﬁFﬁ + Cicﬁ) |219’ (E.5)
(F5Cﬁ)|219 - [Ax+y+zB§(D5 +A§/Ax+y+z)] |120

= [Achi(DfS +A§/Ax+y+z):| |120

= (CaF5) |51 (E.6)

2 2(n2 4 2p2 242 2 8
(FY)|219 - [Ba(D}/ + Ba +BaBz(x+y) +BaAc’Ax+y+z +Ac’):|

] |120
(E.3)

|120
=[B2A2 (Bo(Dy + B2 + BBy (x4 y) + BeAcArsyiz +AL) + By +A2)° +A2B2) ]| 10
_’(Ci(FY"'Bi"'Ci)Nzw’ (E.7)
()00 = [ BADZ+A2A 1) |12

= [BiAC’Ax+y+Z(Ba(D5 +A§’AX+y+z) + (BZ(X+y) +AC’AX+y+z)3 + BiAC’Ax+y+z):| |120

3
= (cacﬁ(F5 +B2arys Cac,j)) |10 (E.8)
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and finally;

(FyF5)|y10 = [BE(Dy + B2+ BByrry) + BaAcArsyas +AL) D5 + A2 A1) | 190
6
=[B2AcA 1y 15(B2 +BoAY + A%)] |10
— (CuCp(B2+C2)) |,10- (E.9)

E.2 No. 228 (Fd3c)

The mod-2 cohomology ring of No. 228 contains a degree-6 generator, F,, and relations at
degree n > 7. We determine the high-degree relations via restricting to subgroup No. 142.
However, unlike No. 219 and No. 230, GAP cannot be used to directly output the restriction
of F, in No. 142 due to the high memory cost to construct the resolution up to degree 7.
Hence, we have to use another approach. The generator F, can be uniquely determined (as
a cocycle vector in GAP) by computing the integral cohomology (see the analysis below), and
the ambiguity of the restriction can be resolved by examining the mod-2 reduction of integral
cohomology with a different Z module for distinct G actions. This restriction then allows us
to write down the high-degree (n > 7) relations for the mod-2 cohomology ring of No. 228.

First, we calculate the image of F, under restriction explicitly. The group generators of No.
142 embed into group No. 228 in the following way

(T1) |14 = (T1) ’228 )

(T3) |142 TZ \228 >
(T3)|142 Tl 1T3 \228’
(CZ) |142 - (CZ) |228 > (E.].O)

(C |142 T T3C2GI)|228’
(G) |142 CzI) |228’
(I)|142_’(I)|228'

From this, we have
(A9 = (A +A, +A

(Am)lzzg - (Ac’)|142 )
(Bo)|yps = (A2 +AA, +B
(Ca)szs - (AmBa)|142'

Note that for the (untwisted) integral cohomology, we have H 5(No. 228,7) = Zg ® Zy.
Their mod-2 reduction in H®(No. 228, Z,) is generated by

m)|142’

(E.11D)
a)|142 )

(A2, ATA% , C25F)) | o (E.12)
with the last entry the degree-6 generator of the mod-2 cohomology ring, defined by the mod-
2 reduction of the Z, summand.?? The mod-2 reduction of H®(No. 142,Z,) = Z‘z‘ ® 7y is
generated by

(AS,AS, A7A,,,A2B%; B2 + B, D, )

¢/ i“a’ |142> (E13)

again with the last entry the mod-2 reduction of the Z, summand. Therefore, the mod-2
reduction of F,, must have the form

(BB+B D +X1A +X2A6+X3AA +X4A2B2)|142, x1234€{0 ].} (E14)

22\We can explicit check, based on the result of H®(No. 228, Z) and its mod-2 reduction, that the mod-2 reduction
of the Z, summand is not given by cohomology generators of lower degrees.
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To resolve the ambiguity, consider the twisted module Z!, where the superscript denotes
(all) the generators of the group that act nontrivially on the Z module (the nontrivial ac-
tion is n — —n,n € Z). From Eq. (E.10) it is clear that the module Z! for No. 228 cor-
responds to the module Z¢%! for No. 142. We have H®(No. 228,7Z!) = 72 ® Z, and
HO(No. 142,2%1) = 73 @ Z,. A direct check using GAP determines the generating sets
of their mod-2 reduction:

5 472 2. 5
(WA, + AT C2F, + A2A )| yoe» (E.15)
and
5 5 6 2p2. 26 3
(A2A1, A2A R, AS + AZB2; A% + B2 +B,D, )|, - (E.16)
Therefore, we can write the mod-2 reduction of (F, +A5i3Am)|228 to be
(B3 +ByD, + A% + y A2 A + Yol A, + y3(AS + AZB2))| 14y Y123 €{0,1}. (E.17)

. . 5
Combining Eq. (E.14), Eq. (E.17) and (Al.A

m)|228 - (A?, +A§/Ai)~142, we must have

X1:1, y1:1, X2:y3+1, X3 =Ya, X4 =Y3, (E.18)
implying that the allowed restriction has the form

Fr| 0os = (BoD, + B3 +A° + A5, + y,AA,,, + y3(AS + AZB?

a) |142 : (E.19)

To obtain the high-degree relations for No. 228, we need to compute the multiplication of F,
by A;, Ap, Ba, Cq, and F, itself (some of them may not give rise to a relation):

(AnF,)|yps = (Ac(BoDy + B3 + A% + A, + y,A2A,, + y3(AS + AZB2)) |,
= (Ac'(Bi +A§,) |142
= (A, + A2 +B,)?) | 1o (E.20)
— (A7 +A,B2

— 6 3
_Am(Ai +Ba)|228’

) |228

where we have used the relations(AC/A%)\1 4, =0and (AC/DY)|1 =0

(AiF,)| 05 = (A + A +A)(BoD, + B2 + A2+ A% + y,2A,, + y3(AS + AZB2)
= (A + A, +ANBE + A5 +4%)) | o
= (AF(A +ARBS + (A + ARAY + (A +AAY ) |, E21)
= ((A +AR)(AIB] + A + APA,) + AL (A, +A?/Ai)) |142 .
= ((A; +AR)C + A2 A
= (2

)42

) |228

)’228’

where we have used the relations (AC/Am)|1 40 = 0, (An(4; +Am))|1 =0 (ACIALZ.)|1 =0
((A; + A2 + By) + AuBy)| 14y = 0, (Ai(A; + Ap)A? + BY))| .,y = 0, (AuD,)|,,, = 0, and
(Aica)|228 - (AmCaszs =0.

Note that neither does (BaFY)|228 nor (CaFY){zzs lead to a relation.

Finally, we solve for the relation at degree 12. The existence of such a relation in the group
No. 228 is guaranteed by the degree-12 relation (Ff + Cg(F), + Bg + Ci)) |219 = 0 in the group
No. 219: the degree 12 relation of No. 228 restricts to this relation in No. 219. Below we

solve for the relation satisfied by (F)?)|228. We will see this also enforces that y, = y;.
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We have

()] o5 = (A2 + A + BE + B2D? + oA A% +y3 (A + ABD)) |,
= (A2 + (A2 +B,)° + (AB)* + (A,Bo)*(A° + A%, + B2 + B, D,) (E.22)
+Y2A AL + y3(AP + ATBD)) | L,
where  the  intermediate  steps  are (below we  used the relation
(A8 +47A,, +A2B% + A2B,D, +D?) | ,, = 0)
(a2 +A2? + B+ B2D?) |,
= (AP +A? + BS + B2(A2 + ATA,, + AX(B2 + B,D,))) | 1y
= (A* + A2+ BS + B2A% + B2A7A,, + (B2(A?B2 + A3(A; + Ap)B2 + AA,BY))
+B2AAL(AS, + BoD,)) |14 (E.23)
= (AP + A + BS + APB2 + BIAY(A; + A,) + B2A AL (AS + AS, + B2 + B,D,)) |4
= (A + AP +ABB2 + ABY + BS + A} BY + B2A2 (A° + AS, + B2 + B,D.)) | .,
= (A + (A2 + B,)° + (AnB)* + (AnB)*(AS + A% + B + B,D)) | s »
one can examine whether there exists a degree-12 polynomial in No. 228 that restricts to the

last line of Eq. (E.22). It turns out that when y, # y3 no such polynomial can be found. On
the other hand, when y, = y; = y, one can explicitly check that the last line of Eq. (E.22)

12 6 4 2 2 4 _ 12 6 4 2
- (Am +Ba + Ca + Ca(F}’ +yCa)+-yCa) |228 - (Am +Ba + Ca + CaFY) |228’

therefore we must have y, = y; = y = 0 or 1, and for either case the degree-12 relation is

0. (E.24)

(F2+ C2F, + C 4+ BS +A2) |0 =

E.3 No. 230 (Ia3d)

The mod-2 cohomology ring of No. 230 contains a degree-4 generator, D,, and a high-degree
relation at degree n = 8. This relation is obtained using restriction to subgroup No. 142. GAP
gives the restriction map to No. 142:

(ADl2z0 = (Al142 (E.25a)
(An)l2z0 = (Ap)dli42 (E.25Db)
(Ba)|230 - (A% +AiAC/ +A§/ +A$n +Ba) |142 . (EZSC)

Note that we have ((A,, +A;)A;B,) |230 — ((Am +Al-)Al~(A12. +AA +A§, +A$n +Ba)) lis2 =0,
as expected.
We define (D, |53 such that it restricts to (D, )]142:

(Dy)l230 = (Dy)l142 - (E.26)

The vector-represented expression (D,)[y30 can be obtained in GAR We have
(AB2)|g30 — (AS+A7A,, +AB3) 1142, (A?ByD,)l230 — (A2B,D,)|142. Therefore the degree-
8 relation for No. 230 is

(A?B], +A7BoDy + D?)|p50 = 0. (E.27)

i
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F Collection of results for space groups No. 1-230

This appendix contains the main results of this paper: a complete list of the mod-2 cohomology
rings for space groups No. 1-230 (except for No. 226 whose high-degree (n > 7) relations
are incomplete); and for each space group G, its IWPs, their associated cohomology element

in H3(G, Z,), and their associated topological invariants.

For completeness, we also give the group generators as coordinate transformations, where
the coordinate setup agrees with the “Standard/Default Setting” on Bilbao Crystallographic

Server [31] or International Tables for Crystallography (ITC) [32].

No. 1: P1

This group is generated by three translations T; , 5 as given in Egs. (B.1).
The Z, cohomology ring is given by

ZZ[AXJAy’Az]/(m2> ’

where the relations are

Z

.A2 2 2
Rp: AL, AL, AZ.
We have the following table regarding IWPs and group cohomology at degree 3.

Table 6: IWPs and group cohomology at degree 3 of P1.

Wyckoff Little group

position | Intl.  Schonflies

Coordinates | LSM anomaly class Topo. inv.

la 1 Cl (nyJZ) AxAyAZ (103[T11T25 TS]

No. 2: P1

(ED)

(E2)

This group is generated by three translations T; 5 5 as given in Egs. (B.1), and an inversion I:

I:(x,y,2) = (—x,—y,—=2).
The Z, cohomology ring is given by
Zo[Aj A, Ay, A [(Rs)
where the relations are
Ryt AdAi+A), A(A+A)), A(A+A,).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 7: IWPs and group cohomology at degree 3 of P1.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.

position | Intl.  Schonflies
la 1 G (0,0,0) | (A+A)A+AIA +A) | ¢l]]
1b 1 G (0,0,1/2) (Ai+A A +A) A, ¢1[T51]
Ic 1 G (0,1/2,0) (A +ADA (A +A,) 1l To1]
1d 1 o (1/2,0,0) Ac(Ai +A))A; +A,) 1[T41]
le | 1 G (1/2,1/2,0) AA (A +A,) 01 [T1T1]
1f 1 G (1/2,0,1/2) Ac(Ai +A A, 1 [T1T51]
g |1 Ci (0,1/2,1/2) (A +AA A, ¢1[ToTs1]
1h 1 C; (1/2,1/2,1/2) AA A, ©1[T1 T, T5I]

No. 3: P2

This group is generated by three translations T; ;5 as given in Egs. (B.1), and a two-fold
rotation Cy:
Co: (x,y,2) = (—=x,y,—2). (E6)

The Z, cohomology ring is given by
ZolAc A Ay, AL ][ (Ry)), (E7)
where the relations are
Ryt AAc+AL), AL, A(A+A). (E8)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 8: IWPs and group cohomology at degree 3 of P2.

Wyckoff Little group ) )
Coordinates | LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la 2 CZ (0) Y 0) (Ac +Ax)Ay(Ac +Az) SDZ[TZ: C2]
1b 2 Cy 0,y,1/2) (A +ADA A, ¢ Ty, T5Cy]
lc 2 G, (1/2,y,0) A Ay (A +A;) Po[ Ty, T1 Co ]
1d 2 Cy (1/2,y,1/2) A A A, o[ Ty, T1 T5C5 ]
No. 4: P2,

This group is generated by three translations T , 3 as given in Egs. (B.1), and a two-fold screw
52:
SZ: (X,yaz)*(—x,.)"“l/z,—z)- (F9)

The Z, cohomology ring is given by

ZZ[AC:AxaAZ]/<m2>> (F]-O)
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where the relations are

Ry A%, AA +A,), A(A +A). (F11)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 9: IWPs and group cohomology at degree 3 of P2;.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 1 Cl (XJ,Z), (_x>y+1/2’_z) AchAz %[Tl’TS:SZ]

Here the topological invariant can be chosen to be
@3[T1, T3, 891 = A(Ty, Ts, T; ' T3 'Sy) + A(Ts, Ty, Ty ' T ' Sy) + ATy, Ty 'Sy, T3)

1 (E12)
+ A(T3, T3 Sp, T1) + A(S2, Th, T3) + A(Sa, Ts, Th) -

No. 5: C2

This group is generated by three translations T; ;3 as given in Egs. (B.2), and a two-fold
rotation Cy:

Ca: (x,y,2) = (—x,y,—2). (E13)
The Z, cohomology ring is given by
ZZ[Ac:Ax+y7AZ:Bxy]/<m2>m37m4> ) (F14)
where the relations are
Ryt Adery, Ab,,, Af(A+A), (F15a)
Rg:  AyyyByy, (E15b)
Ry: Bf(y. (F15¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 10: IWPs and group cohomology at degree 3 of C2.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies | (0,0,0)+(1/2,1/2,0)+
2a 2 C2 (O: Y 0) (AC +Az)Bxy (pZ[Tl TZJ C2]
2b 2 ®) 0,y,1/2) A;Byy o[ T1 Ty, T5Cy]
No. 6: Pm

This group is generated by three translations T , 5 as given in Eqgs. (B.1), and a mirror M:

M: (x,y,2)—> (x,—y,2). (E16)
The Z, cohomology ring is given by
Zo[Ams A, Ay, ALl (Ry), (E17)
where the relations are
Ry A2, A A, +A)), A (E18)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 11: IWPs and group cohomology at degree 3 of Pm.

Wyckoff Little group . .
Coordinates | LSM anomaly class Topo. inv.
position | Intl. Schonflies
la m CS (X,O,Z) Ax(Am +Ay)AZ SOB[TI)TB:M]
1b m Cs (x,1/2,2) AxAyA; ¢3[ Ty, T3, ToM ]
No. 7: Pc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), and a glide G:

G5(X,J’:Z)—’(X>_}’:Z+1/2)- (F]-g)
The Z, cohomology ring is given by
ZZ[Am:Ax’Ay]/<(R2> ) (on)
where the relations are
Ry: A2, AL, A(A,+A)). (F21)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 12: IWPs and group cohomology at degree 3 of Pc.
Wyckoff Little grou
Y group Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
2a 1 Cl (x;y,z), (x7_.yiz+]‘/2) AmAxA %[TZ’Gy T]]

The expression of {5 is given in Eq. (A.1).

No. 8: Cm

This group is generated by three translations T; 5 5 as given in Egs. (B.2), and a mirror M:

M: (x,y,2) = (x,—Y,2).

The Z, cohomology ring is given by

where the relations are

ZZ[Am’Ax+y7AZ)Bxy]/<m2> mSJ m‘]—) >

(Rz: AmAx+y ,
933: AX+yBXy ,
ge4: szcy .

2 2
A A2,

x+y?

(E22)

(F23)

(F24a)
(F24b)
(E24¢)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 13: IWPs and group cohomology at degree 3 of Cm.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies | (0,0,0)+(1/2,1/2,0)+
2a m Cs (X9O;Z) Aszy SOS[Tsz_lv T35M]
No. 9: Cc

This group is generated by three translations T , 5 as given in Egs. (B.2), and a glide G:

G:(x,y,2) > (x,—y,z+1/2). (E25)
The Z, cohomology ring is given by
Zo[AmyActysBrys Bagern) ) (Ra, Ra, Ry, (E26)
where the relations are
Ryt Anhcry, Ao AL, (E27a)
R3: AgiyBrys AmBateiy)s AmBry +AviyBatriy)s (E27Db)
Ryt BZ,. BxyBixiy)s Blriy)- (F27¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 14: TWPs and group cohomology at degree 3 of Cc.
Wyckoff Little group Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies | (0,0,0)+(1/2,1/2,0)+
4a 1 (o) (x,y,2), (x,—y,z2+1/2) ApByy P3[ Ty, Ty, G]

Here the topological invariant can be chosen to be

@3[ Ty, T, G1 = A(Ty, To, T ' T3 P G) + ATy, Ty, T ' Ty PG + (T, TG, Th)

3 (F28)
+ ATy, T, "G, Ty) + A(G, Ty, Ty) + A(G, Ty, Ty) .

No. 10: P2/m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and an inversion I:

Co: (x,y,2) = (—=x,¥,—2), (E29a)
I:(x,y,2) > (—x,—y,—2). (E29Db)
The Z, cohomology ring is given by
ZZ[AcaAianaAy:Az]/<m2> » (E30)
where the relations are
Ry: Ac(Ac+A; +AL), AJA+A)), A(A +A+4). (E31)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 15: IWPs and group cohomology at degree 3 of P2/m.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 2/m Cop (0,0,0) (A +A; +A)A; +A (A +A; +A,) p1[I]
1b 2/m Cop (0,1/2,0) (A. +A; +Ax)Ay(AC +A;+A4A,) p1[ToI]
lc 2/m Cop (0,0,1/2) (A, +Al~+Ax)(Ai+Ay)AZ p1[TsI]
1d 2/m Cop (1/2,0,0) A, (4 +Ay)(AC+Al- +A,) p1[T11]
le 2/m Con (1/2,1/2,0) AA A +A; +HA) p1[ T, ToI]
1f 2/m Cop (0,1/2,1/2) (A, +A; +AX)A},AZ P1[ Ty T51]
1g 2/m Con (1/2,0,1/2) Ac(Ai+A A, 1l T T51]
1h 2/m Cop, (1/2,1/2,1/2) AA A, p1[ T Ty T5I]

No. 11: P2,/m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
and an inversion I:

SZ: (X,J’,Z)_’(—X,}"i‘l/z,—z), (nga)
I: (X,yaz)_’(_X,_y,_z)- (F32b)

The Z, cohomology ring is given by
Zo[Ac A Ay, ALl (Ry) (E33)
where the relations are
Ry A(A+A4), AA+A+A), AA+A+A). (E34)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 16: IWPs and group cohomology at degree 3 of P2;/m.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 1 Ci (0,0,0), (0,1/2,0) (A +ADA; +A)(A; +A,) ¢1l1]
2b 1 G (1/2,0,0), (1/2,1/2,0) (A +ADA(A; +A;) ¢1[T11]
2c 1 G (0,0,1/2),(0,1/2,1/2) (Ac +ADA; +AA, $1[T51]
2d 1 Ci (1/2,0,1/2), (1/2,1/2,1/2) (Ac +ADAA, @[Ty T51]
2e m Cs (X,1/4,Z), (_x,3/4,—z) ACAXAZ (Ps[Tl, T3,SzI]

No. 12: C2/m

This group is generated by three translations T ; 5 as given in Egs. (B.2), a two-fold rotation
C,, and an inversion I:

Cy: (x,y,2) = (—x,y,—32), (E35a)
I:(x,y,2) = (—x,—y,—2). (E35b)
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The Z, cohomology ring is given by

ZZ[AC’Ai,Ax-J—y:Az’Bxy]/<m2’mB’m4> ’ (E36)
where the relations are
mz : Ach+y > Ax+y(Ai +Ax+y) > Az(Ac +Ai +Az) > (E37a)
Rzt AxyyByy, (E37b)
Ryt Byy(AA +A7 +B,,). (E37¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 17: IWPs and group cohomology at degree 3 of C2/m.

Wyckoff Little group Coordinates LSM anomaly class Topo, inv
position | Intl. Schonflies (0,0,0)+(1/2,1/2,0)+
2a 2/m Con (0,0,0) (A +A; +A)AA; + A2 +AAyy +Byy) ¢1[1]
2b 2/m Cop (0,1/2,0) (A +A; +A;)Byy, P1[T1ToI]
2¢ 2/m Cop (0,0,1/2) A(AA +A2+AA, ., +By)) 01[T51]
2d 2/m Cop (0,1/2,1/2) A;Byy @1[T1 T, T5I]
4e 1 C; (1/4,1/4,0), (3/4,1/4,0) AiAriy (A +4;) p1[TiI]
4f 1 C; (1/4,1/4,1/2),(3/4,1/4,1/2) AAy Ay @[T T5I]

No. 13: P2/c

This group is generated by three translations T 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and an inversion I:

CZ:(x1y>z)_)(_x:y>_z+1/2): (F38a)
I:(x,y,2) = (—x,—y,—2). (E.38b)

The Z, cohomology ring is given by
Zo[Ac A A, Ay [ (Ro) (E39)
where the relations are
Ryt AA;, A(A.+A; +A,), Ay(Ai +Ay). (E40)

We have the following table regarding IWPs and group cohomology at degree 3.

68


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

Table 18: IWPs and group cohomology at degree 3 of P2/c.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schoénflies
2a 1 C; (0,0,0), (0,0,1/2) Ai(A; +A)(A; +Ay) p1lI]
2b 1 C; (1/2,1/2,0),(1/2,1/2,1/2) AAA, P1[T1ToI]
2¢ 1 C; (0,1/2,0), (0,1/2,1/2) Ai(Ai+A)A, 01[ToI]
2d 1 C; (1/2,0,0), (1/2,0,1/2) AA(A +A,) 01[T11]
2e 2 Cy 0,y,1/4), (0,—y,3/4) A(A +ADA, ¥l Ts, Co ]
2f 2 Cy (1/2,y,1/4), (1/2,—y,3/4) AAAy Po[ Ty, T Cy]

No. 14: P2;/c

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
and an inversion I:

SZ: (X:}’,Z)—’(—X:J’+1/2,—Z+1/2), (F41a)
I: (X:y,z)—’(—X,—y’—z)- (F41b)

The Z, cohomology ring is given by

Z2[ c;Ai:Ax:Bﬁ]/<m2:m3:m4); (F42)
where the relations are
Ry: AA;, A2, A(A.+A+A,), (F43a)
Rs:  AcBg, (E43b)
Ry:  Bg(A7 +Bp). (E43c)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 19: IWPs and group cohomology at degree 3 of P2, /c.

Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
2a 1 C; (0,0,0), (0,1/2,1/2) (A; +A)Bpg @1[1]
b | 1T G |(1/2,0,0),(1/2,1/2,1/2) A,Bg 1[Ty]
2¢ 1 C; (0,0,1/2),(0,1/2,0) | (A +A)A +Bp) | ¢1[To]]
2d 1 Ci (1/2,0,1/2), (1/2,1/2,0) A, (AZ +Bp) @1[T1 ToI]

No. 15: C2/c

This group is generated by three translations T; , 5 as given in Egs. (B.2), a two-fold rotation
C,, and an inversion I:

CZ: (X,y,z)*(—X,y,—Z‘i‘l/z), (F44a)
I: (x:yaz)—’(_x:_%_z)- (F44b)
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The Z, cohomology ring is given by

ZZ[AC:Ai’Ax+y’ Bxy: Bz(x+y)]/(m2, Rs, m4> > (E45)
where the relations are
mz . ACAi 5 ACAX+_)’ 5 Ax+y(Ai +Ax+y) B (E46a)
Rs: Ax+yBxy > Ach(x+y) > Ainy +AiBz(x+y) +Ax+sz(x+y) > (E46D)
Ryt Byy(A2+B,,), By (A7 +Byeiy))s  Bageiy) (A7 +Byirsy)- (E46¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 20: IWPs and group cohomology at degree 3 of C2/c.
Wyckoff Little group Coordinates )
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+(1/2,1/2,0)+
4 | 1 G (0,0,0), (0,0,1/2) A(A} +AiAciy + Byy) ¢1l1]
9 |1 C; (0,1/2,0), (0,1/2,1/2) AByy Q1 [Ty To1]
4c 1 G (1/4,1/4,0), (3/4,1/4,1/2) Ai(Byy + By(x+y)) 1 [TiI]
4d |1 G | (1/4,1/4,1/2),(3/4,1/4,0) | Ai(AiAysy + By +Birsy) | #1[TiTsl]
4e 2 C2 (0’ Y 1/4)7 (07 -, 3/4) ACBX_y ()DZ[TI TZ} CZ]

No. 16: P222

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, and a two-fold rotation Cj:

Cy: (x,5,2) = (—x,—Y,2),
Cy: (x,y,2) = (—x,y,—=).

The Z, cohomology ring is given by
ZZ[ACJAC/’AXJAy)AZ]/<m2> >
where the relations are

Ryt AA+AL+AY), AJSA+A)), AA+A,).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 21: IWPs and group cohomology at degree 3 of P222.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 222 D, (0,0,0) (A +A +ANA +A)AL+A,) ©2[Cy,C5 ]
1b 222 D, (1/2,0,0) A (A +A)AL+A) @o[T1Cy, T1C;]
1c 222 D, (0,1/2,0) (Ac+Ay +ADA (A +A,) [ TGy, C5 ]
1d 222 D, (0,0,1/2) (A +Au +A)A +AA, ©2[Cy, T3C5 ]
le 222 D, (1/2,1/2,0) AA Al +A,) @a[ Ty T,Cy, Ty C}]
1f 222 D, (1/2,0,1/2) A A +A DA, @a[T1Cy, Ty T5C}]
1g 222 D, (0,1/2,1/2) (A +As +ADAA, @a[T,Co, T5Ch1
1h | 222 D, (1/2,1/2,1/2) AAA, @a[ Ty TyCy, Ty T5C}]

No. 17: P222,

This group is generated by three translations T; 3 as given in Egs. (B.1), a two-fold screw S,,
and a two-fold rotation Cj:

SZ: (x:}’,z)_’(_X,_)’az‘i‘l/z), (ESOa)
Cy: (x,y,2) = (—x,y,—2+1/2). (E50b)

The Z, cohomology ring is given by
Zo[Ac A, A, Ay 1[(Ry)), (E51)
where the relations are
Ry: AA+AL), AA+AL+A), AJ(A+A)). (E52)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 22: IWPs and group cohomology at degree 3 of P222;.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 2 CZ (X,O, O); (_X’ 091/2) ACAX(AC/ +A_y) (p2[T1’SZCé]
2b 2 CZ (X; 1/2’ O)a (_X, ]_/2, 1/2) AchAy ¢2[T1a T252C£:|
2c 2 C2 (0: Y 1/4); (0; —)’,3/4) (Ac +Ac/)(Ac’ +Ax)Ay QDZ[TZ;CQ]
Zd 2 CZ (1/2;}’; 1/4)1 (1/2,_}’,3/4) (AC+AC/)AXAy (p2[T2r Tlcé]

No. 18: P2,2,2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and a two-fold screw Sj:

Cy: (x,y,2) = (—x,—y,2), (F53a)
Sy (x,y,2) = (—x+1/2,y +1/2,—2). (E53b)

The Z, cohomology ring is given by
ZZ[ACJAC’JAZ’Bﬂ]/<m2’ mS;m4>) (F54)
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where the relations are

Ryt AAy, A%, A(A.+A), (E55a)
Ry:  AuBg, (E55b)
R4:  Bp(A2+Bp). (E55¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 23: IWPs and group cohomology at degree 3 of P2;2;2.
Wyckoff Little grou
Y group Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
2a 2 C; | (0,0,2),(1/2,1/2,—2) | A,(A2+Bp) 2[T3,Co]
2b 2 CZ (071/2’2)’ (1/2’05_2) AzBﬁ (102[T3, TZCZ]

No. 19: P2,2,2,

This group is generated by three translations T; , 3 as given in Egs. (B.1), a two-fold screw S,,

and a two-fold screw Ss:

So: (6, y,2) > (—x+1/2,—y,z+1/2), (E56a)
Sy (x,y,2) = (—x,y +1/2,—2+1/2). (E56b)
The Z, cohomology ring is given by
Zy[Ac,Acr, By, Bps ][ (Ro, Ra, Ra) (E57)
where the relations are

Ry: AAo, AX, A%, (E58a)
"(RB: (AC +AC/)B/31, AC(Bﬁl +B/52), AC’BﬁZ, (F58b)
R4: Bgy, BgiBgy, Bj,. (F58¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 24: TWPs and group cohomology at degree 3 of P2;2,2;.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.

position | Intl. Schénflies

X,¥,2), (—=x+1/2,—y,z2+1/2),
ta 1 ¢, (x,¥,2), ( /2,=y,z+1/2) By,
(—x,y+1/2,—=2+1/2), (x+1/2,—y +1/2,—2)

@4l T2, T3,55,55]

Here the topological invariant can be chosen to be

@[Tz, T3,82,S£] = A'(T?::v TZJ Tz_l) + A(TZ) T3, Tz_l) + A(TZJ T2_1> TS) + A’(T29 TSJ T?,_l)
+A(T3, To, Ty )+ A(T3, Ty ', To) + AT, T, ' T35 'S5, Ty ' T3 ' S5)

+ A(T;1S), Ty, Ty T S)) + A(T5 1S5, T3 1S5, Ty)
+ A(Ts, Ty T30Sy, Ty 1 T31S,) + A(T, 1S5, T, T, 1 T3 1S)

+ AT, 1Sy, Ty 1Sy, T3) + A(T3, 1, T3) + A(Ty, 1, Ty).
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No. 20: €222,

This group is generated by three translations T; 5 5 as given in Egs. (B.2), a two-fold screw S,

and a two-fold rotation C:

So: (x,y,2) > (—x,—y,z+1/2), (E60a)
Cy: (x,y,2) = (—x,y,—2+1/2). (E60b)
The Z, cohomology ring is given by
ZZ[AC:AC”Ax+y>Bxy]/<m2:m35m4>> (E61)
where the relations are
Ry Achyyy, AAc+AL), Acyy(A+Acy), (E62a)
Rg:  AyyyByy, (E62b)
Ry: BZ,. (E62c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 25: TWPs and group cohomology at degree 3 of C222;.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+(1/2,1/2,0)+
4a 2 C2 (XJ 0, 0)’ (—X, 0, 1/2) Achy (102[T1 T2_1’82C£]
4b 2 CZ (03 Y 1/4); (05 —Y, 3/4) (AC +AC’)BX_)/ QPZ[TI TZJ Cé]

No. 21: C222

This group is generated by three translations T; , 5 as given in Egs. (B.2), a two-fold rotation

C,, and a two-fold rotation C;:

Cy: (x,y,2) = (—x,—y,2),
Cé: (x,y,2) > (—x,y,—%).
The Z, cohomology ring is given by
Zo[Ac, A Avsyr Az By 1[(Ro, Ra, Ry)
where the relations are

Ryt AvAriy, Aciy(Ac+Ary), AA0+A4),
mgl Ax+yBxy,
Ry: By (A2+AA.+By).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 26: IWPs and group cohomology at degree 3 of C222.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+(1/2,1/2,0)+
2a | 222 Dy (0,0,0) (Av +A)A2 + A AL +AA, +B,,) ¢2[Cy, Ch1
2b 222 D, (0: 1/2> 0) (Ac’ +AZ)Bxy (pZ[TlTZCZ: Cé]
2c 222 D, (1/2,0,1/2) A;Byy [T T5Cy, Tacé]
2d | 222 D, (0,0,1/2) AR +AA +AA,, +B,)) @[ Cy, T5CY]
4k 2 CZ (1/4; 1/4:2): (3/4, 1/4: _Z) Ach+yAz (PZ[TS: T1C2]

No. 22: F222

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation
C,, and a two-fold rotation Cj:

CZ: (X;y,z)_’(_x:_y’z), (F66a)
Cé: (X,y,z)—’(—X,y,—Z)- (F66b)
The Z, cohomology ring is given by
ZZ[ACJAC’)Ax+y:Ax+z’ Cy, nyz]/<m2: m4: m6> ’ (E67)
where the relations are
mZ : Ach+y +Ac’Ax+z > Ax+y (Ac’ +Ax+y) > AX+Z(AC +Ax+z) > (F683)
Ry AC, +A G +ACyy,, AvC +A G +ALCyy,,
Ax+y nyz ) Ax+z nyz ) (F68b)
Re:  C(A2Au+AAL+C,), CppulAA+AAL+C,),
Crys(A2A0 +AAL +Cyy) . (E68c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 27: IWPs and group cohomology at degree 3 of F222.
Weekoff Little group Coordinates
ycko .
position | il Schénflies (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
(1/2,0,1/2)+ (1/2,1/2,0)+
4a 222 D, (0,0,0) AA +ADAG +Asy)+Cyyy ©[Cy, C5]
4b 222 D, (0,0,1/2) Crys o[ Co, T1 T T71CH]
4c 222 D, (1/4,1/4,1/4) Cy+Cyys o[ T5Cy, ToC3]
4d 222 D2 (1/4, 1/4; 3/4) AcAc’(Ax+y +Ax+z) +Cy+cxyz @2[T1_1T2C2: Tzcé]

No. 23: 1222

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, and a two-fold rotation Cj:

CZ: (X>J’:Z) - (_x;_}’;z)>
Cé: (X>J’:Z) - (_X’}’:_Z)-
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The Z, cohomology ring is given by

ZZ [Ac:Ac’sAx+y+z: B[js Bx(y+z): By(x-i—z); nyz]/(mzi mB’ m4’ geS’ ge6) >

where the relations are

. 2
mz . Ach+y+z ) Ac’Ax+y+z ) Ax+y+z B

(E70)

(E71a)

mS : Ax+y+zBﬁ ) Ax+y+sz(y+z) > ACBﬁ +Ach(y+z) +AcBy(x+z) +Ac’By(x+z) >

Ax+y+sz(x+z) >

Ry:  AxiyszCryz, AiBp+ALBg+Bi +AAB
AABg +BgBy(y i)+ AcCryz +AcCryss

AABg +A2B gy +AB (i) + BBy (xag) +ACx

x(y+z) >

(E71b)

¥z Bx(y+z)(AcAc’ + Bx(y+z)) 5

2 2 2 2 2
ABp + A Br(y42) TABy(xt2) T Bx(y+2)By(ete) TACayzs  ABp + By,  (E710)
mS : (Ai +A§/ + B[5 )nyz ) Bx(y+z) nyz ) (Af +AA+ By(x+z))nyz > (E71d)
Re:  Crys(A2Au +ALA% +Cyy). (E71e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 28: IWPs and group cohomology at degree 3 of 1222,
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
2a 222 D, (0,0,0) (Ac +AAA +By(y42)) + Cyz [ Cy, C5]
2b 222 D2 (1/2, 0, 0) nyz (pz[T2T3C2, T2T3C£]
2c 222 D, (O, 0, 1/2) AcBﬁ +AcBy(x+z) + nyz WZ[CZ, T Tzcé]
2d 222 D2 (07 1/2: 0) Ac'(Bx(y+z) + By(x+z)) + nyz LPZl:Tl TSCZ’ Cé]

No. 24: 12,2,2,

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation

C,, and a two-fold rotation Cj:

CZ: (X?.yﬁz)_) (_x:_y+ 1/272)1
Cy:(x,y,2) = (—x+1/2,y,—%).

The Z, cohomology ring is given by

ZZ[ACJAC’:Ax+y+za By(x+z)>Bz(x+y)]/<m2: mB: m4> >

where the relations are

Ry AAv+Ariyts)s Ac(Ac+Ariyy), AAl +A§+y+z,
(RB : (Ac’ +Ax+y+z )By(x+z) > Ac’By(x+z) +Ach(x+y) >

Ac’By(x+z) + Ax+y+sz(x+y) >

Ry: AA.+ B§(X+Z) , AA.+B(i)B A’A, +B?

2(x+y)» z2(x+y) "

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 29: TWPs and group cohomology at degree 3 of 12,2,2;.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
4a 2 Cy (x,0,1/4), (—x +1/2,0,3/4) |  Au(A2+By(cis) | 2l T2Ts, ToC2C5]
4b 2 CZ (1/4,3’: O)’ (1/4:—}’:1/2) Ac’(By(x+z) +Bz(x+y)) (Pz[T1T3, Cé]
4C 2 C2 (O, 1/4,2), (0, 3/4,_2 + 1/2) (AC +AC/)B_V(X+Z) (pz[Tsz, Cz]

No. 25: Pmm2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and a mirror M:

Cy: (x,y,2) = (—x,—y,2), (E75a)
M: (x,y,z) = (x,—y,2). (E75b)

The Z, cohomology ring is given by
Zo[Ac, Ams Ay Ay, A (Ro) (E76)
where the relations are
Ryt AA+AY), AJA +A,+A)), A (E772)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 30: IWPs and group cohomology at degree 3 of Pmm2.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la mm2 C2v (O: O,Z) (Ac +Ax)(Ac +Am +Ay)Az SOZ[TB) Cz]
1b mma2 Cay (0,1/2,2) (A +A A A, $a[ T3, ToCy ]
1lc mm2 C2v (1/2: 052) Ax(Ac +Am +Ay)Az (102[T3: T1C2]
1d mm2 Cay (1/2,1/2,2) A Ay A, ¢2[ T3, T1 ToCo ]

No. 26: Pmc2,

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,,
and a glide G:

SZ: (x:yaz)_’(_x:_.)’;z“‘l/z), (F783)
G:(x,y,2)— (x,—y,2+1/2). (E78b)

The Z, cohomology ring is given by
ZZ[AC:Am:AxaAy]“(RZ) P (E79)
where the relations are
Ry (Ac+AR), AdA+A), AJA+A,+A). (F.80a)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 31: IWPs and group cohomology at degree 3 of Pmc2;.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schoénflies
2a m C, 0,5,2), (0,—y,z+1/2) A +ADAA+ADA, | G3(T,, G, T;1S,G]
2> | m G 1(1/2y.2), (1/2,—y,2+1/2) | (A +ADAA, | BTG T1T;'5,6]

The expression of {5 is given in Eq. (A.1).

No. 27: Pcc2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and a glide G:

CZ: (X,y,z)—’(—x,—.)’:z), (FSla)
G5(X:}’:Z)_’(x:_}’;z+1/2)- (F81b)

The Z, cohomology ring is given by
Zy| CJAm:Ax:Ay]/<m2) s (E82)
where the relations are
Ry A2, AdA+A), AJAA+A,+A)). (E83a)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 32: IWPs and group cohomology at degree 3 of Pcc2.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 2 C, (0,0,2), (0,0,z+1/2) An(Ac+A A +A)) va[G,Cy]
2b 2 CZ (011/212)’ (O, 1/2’Z+ 1/2) Am(AC+Ax)A_y WZ[CQG; TZCZ]
2C 2 C2 (1/270:2): (1/270:Z+1/2) AmAX(AC +A_y) <p2[G3 Tlcz]
2d 2 C2 (1/271/272)’ (1/2’1/272+1/2) AmAxAy (102[T2G) TITZCZ]

No. 28: Pma2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and a glide G:

CZ: (X:yaz)_’(_x’_y,z), (F84a)
G:(x,y,2) > (x+1/2,—y,2). (E84b)

The Z, cohomology ring is given by
Zo[Ac, Ams Ay, AL][(Ry), (E85)
where the relations are
Ryt ApA +An), AJA +AL+A)), A (E86a)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 33: IWPs and group cohomology at degree 3 of Pma2.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 2 CZ (O:O:Z); (1/2>O;Z) (Ac +Am)(Ac +Ay)Az SOZ[TB;CZ]
2b 2 C2 (O’ 1/272)7 (1/2; 1/252) (AC +Am)AyAZ QPZ[T3’ T2C2]
2c m Cs (1/47_)/72): (3/45_yaz) AmAyAZ SDS[T25 TS: CZG]

No. 29: Pca2,

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
and a glide G:

Sy (x,y,2) = (—x,—y,2+1/2), (E87a)
G:(x,y,2) > (x+1/2,—y,2). (E87b)

The Z, cohomology ring is given by
Zo[Ac A A 1[(Ry), (E88)
where the relations are
Ry A, An(A +An), AA+A,+A). (E.89a)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 34: IWPs and group cohomology at degree 3 of Pca2;.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

X,¥,2), (—x,—y,z+1/2),
4a 1 Cy (. y,2), ( Y /2) AALA

©alTy, Ty, T; 1S5, G
(x+1/2,—y,2), (~x +1/2,y,2+1/2) °

Y

Here the topological invariant can be chosen to be

Qal Ty, To, T3S0, G1= A ((To, Ty, Ty 1) + A(Ty, To, Ty ) + A(Ty, Ty Y, To) + A(Ty, 1, Ty)
+ ATy, Ty T, MG, T TN G) + AT G, Ty, T T, G)
+MT{IG, TG, Ty) + A(Ty, Ty, Ty 1S9 G)
+ ATy, Ty, T3 'SyG) + A(Ty, T ' SyG, Ty)
+AMT51Sy, TG, To) + AT G, Ty 'Sy, Ty)
+ A(T;1S, T, T TS G)) + (TG, Ty, T, T3 1S,)
+ A(To, Ty ' Ty 'So, T Ty G) + A(To, Ty ' T, G, T, T 'S,) . (E90)

No. 30: Pnc2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and a glide G:

CZ:(x;y:Z)_)(_xa_y)z); (F9la)
G:(x,y,2)—> (x,—y+1/2,2+1/2). (F91b)
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The Z, cohomology ring is given by

ZolAc, Ay A, B[ (Ra, Ra, Ry) (E92)
where the relations are
Ryt Ay, A, AJ(A +A,), (E93a)
533 . AmBﬁ B (F93b)
Rq: B (E93¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 35: IWPs and group cohomology at degree 3 of Pnc2.
Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
2a 2 CZ (O)O:Z)’ (0) 1/2,Z+1/2) (Ac +Ax)Bﬂ SOZ[TB:CZ:]
2b 2 Gy (1/2,0,2), (1/2,1/2,2+1/2) AxBg ¢o[ T3, T1Co ]

No. 31: Pmn2,

This group is generated by three translations T; , 3 as given in Egs. (B.1), a two-fold screw S,,
and a glide G:

52:(x:y’z)—’(_x+1/2’_}’:2+1/2), (F94a)
G:(x,y,2) > (x+1/2,—y,2+1/2). (F94b)
The Z, cohomology ring is given by
ZZ[AC’Am)A_)nBﬂ]/(mZ; mB;m4>) (F95)
where the relations are
Ryt AA+Ay), An(A+A,), AJA +A,+A), (F.96a)
Rs: (Ac+An)Bg, (F96b)
Ry: B (E96¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 36: IWPs and group cohomology at degree 3 of Pmn2;.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a m C, 0,y,2),(1/2,—y,z+1/2) A,Bg <p3[T2,T3,T3_152G]
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No. 32: Pba2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, and a glide G:

Cy: (x,y,2) = (—x,—y,2), (E97a)
G:(x,y,2) > (x+1/2,—y+1/2,2). (E97b)
The Z, cohomology ring is given by
Z2[AC,Am,AZ,B/5]/(m2, Rz, Ry4) (E98)
where the relations are
Ryt AA,, A, A2, (E99a)
Ry:  AnBg, (E99Db)
R4:  Bp(A2+Bp). (F99¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 37: IWPs and group cohomology at degree 3 of Pba2.
Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
2a 2 CZ (O:O:Z)a (1/231/2:2) AZ(A%+B[5) LPZ[TB:CZ:I
2b 2 CZ (051/2)2)3 (1/2)072) AZBﬁ LPZ[T:SJ T1C2]

No. 33: Pna2,

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,

and a glide G:

52: (xayyz) - (_X:_}’,Z+1/2);
G:(x,y,2) > (x+1/2,—y+1/2,2).

The Z, cohomology ring is given by
Zo[Ae,Am, Bg1,Bpal[ (R, R, Ry)
where the relations are

Ryt AA,, A2, A,
R3: ABgr, AmBp1+ABpgy, An(Bgi+Bpa),

. 2 2
R4 Bhy, BpiBpy, B},

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 38: IWPs and group cohomology at degree 3 of Pna2;.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
x,¥,2), (=x,—y,z2+1/2), _ _
@ |1 ¢ b2, (2 2z +1/2) AnBpy GilT1, T3, T35, G
(x+1/2,—y+1/2,2), (—x+1/2,y +1/2,2+1/2)

Here the topological invariant can be chosen to be

Qal Ty, To, T3S0, G1= A((To, Ty, Ty D) + A(Ty, T, TT ) + A(Ty, Ty Y, To) + A(To, 1, Ty)
+ ATy, Ty T, MGy, T T, P Gr) + AT MGy, Ty, Ty T, 1 Gy)

+ AT Gy, TGy, Ty) + A(Ty, Ty, T ' S3Gy)

+ ATy, Ty, T3 'S3G1) + A(Ty, Ty 'S3Gy, Ty)

+ ATy, T3 'SyGy, To) + A(T; 'S5, Ty Gy, Ty)

+ AT Gy, Ty 'S5, To) + A(T3 1S3, T, Ty ' T4 GY))
+ AT Gy, Ty, Ty P T5S3) + A(Ty, Ty M T30 Ss, T T, Gy)
+ ATy, T T, MGy, T, P T51S3).

No. 34: Pnn2

(F103)

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, and a glide G:

CZ: (nyJZ)H(_XJ_yJZ)J (F104a)
G:(x,y,2) > (x+1/2,—y+1/2,2+1/2). (F104b)
The Z, cohomology ring is given by
Zo[Acs Ay Ay 451 (Ry, Ra, Ra) (E105)
where the relations are
Ry: AAn, A, (F106a)
) 2
Ra: AmAiiyisns (E106b)
Ryt ALy (A +Acy0) (E106¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 39: TWPs and group cohomology at degree 3 of Pnn2.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schoénflies
2a 2 Cz (0: 0, Z): (1/2: 1/2:2 + 1/2) Ax+y+z(Ac +Ax+y+z)2 WZ[TBx C2:|
2b 2 CZ (0: 1/252): (1/2: 0,2+ 1/2) Ai+y+z(Ac +Ax+y+z) (pZ[T35 T].CZ]
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No. 35: Cmm2

This group is generated by three translations T; 5 5 as given in Egs. (B.2), a two-fold rotation

C,, and a mirror M:

Cy: (x,y,2) = (—x,—y,2), (E107a)
M: (x,y,2) > (x,—y,2). (E107b)
The Z, cohomology ring is given by
ZZ[Ac:Am:AJHy:AZJBxy]/('mz’m37m4)) (ElOS)
where the relations are
Ryt Aphiiy, AcyA +Ac), A2, (F109a)
Rg:  AyiyByy, (E109b)
Ryt By (A2+AA,+B,,). (E109¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 40: IWPs and group cohomology at degree 3 of Cmm2.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+(1/2,1/2,0)+
2a mm2 CZV (O: O:Z) Az(Ag +AcAm +Ach+y + Bxy) 302[T3: CZ]
2b mm2 C2v (0: 1/2> Z) Aszy (PZ[TB’ Tl T2C2]
4c 2 CZ (1/471/452)5 (1/4;3/4’2) Az:Ax+yAz 902[T3} TICZ]

No. 36: Cmc2,

This group is generated by three translations T; , 3 as given in Egs. (B.2), a two-fold screw S,,

and a glide G:

SZ: (x:yaz)_’(_x:_.)’;z“‘l/z);
G: (x:yaz)—’(x:_}’;z+1/2)-

The Z, cohomology ring is given by
ZZ [Ac:Am:Ax+ya Bxy]/({RZ; (RB, fR4) B
where the relations are

m2: AmAx+y > (Ac +Am)2 > Ax+y(Ac +Ax+y))
mg : Ax+yBxy N
Ry: Byy(A2+AA,+By,).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 41: IWPs and group cohomology at degree 3 of Cmc2;.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies | (0,0,0)+(1/2,1/2,0)+
4a m CS (0;}’;2); (0;_}’:z+1/2) (AC +Am)Bxy %[T]Tz, G: Tg_lsZG]

The expression of {5 is given in Eq. (A.1).

No. 37: Ccc2

This group is generated by three translations T; , 5 as given in Egs. (B.2), a two-fold rotation

C,, and a glide G:

CZ: (X;JGZ)_’(_X:_J’;Z); (F.].].Ba)
G:(x,y,2) > (x,—y,z2+1/2). (E113b)
The Z, cohomology ring is given by
ZZ[AC)Am:Ax+y: Bxy) Bz(x+y)]/(m2) m?ﬂ m4> > (E114)
where the relations are
Ryt ApAriy, A2, Acry(Ac+Ayy), (E115a)
mB : Ax+yBxy > AmBz(x+y) ) Amey +Ach(x+y) +Ax+sz(x+y) > (E115b)
Ryt Byy(A2+AAy+By,), Byy(AAn+By(xiy)), BZZ(Hy) : (E115c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 42: TWPs and group cohomology at degree 3 of Ccc2.
Wyckoff Little group Coordinates )
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+(1/2,1/2,0)+
4a 2 C, (0,0,2), (0,0,z +1/2) An(A?+By)) 2[G, C,]
4b 2 Cy (0,1/2,2),(0,1/2,2+1/2) ApByy ¢2[G, 1T, ' Cy]
4c 2 CZ (1/45 1/4}2)} (1/4,3/4,Z+1/2) Amey +ACBZ(X+y) SOZ[T?)} TICZ]

No. 38: Amm2

This group is generated by three translations T 5 5 as given in Egs. (B.3), a two-fold rotation

C,, and a mirror M:
Cy: (x,y,2) = (—x,—y,2),
M: (x,y,2) = (x,—Y,2).
The Z, cohomology ring is given by
ZZ[AC’AmsAx:Ay+z’Byz]/<m2’ R, Ra) »
where the relations are
Ryt Aet+AndAyps, AdAc+A), A2,
Rz:  Ay4,B
Ry: BJZ/Z.

yz>

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 43: IWPs and group cohomology at degree 3 of Amm2.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies | (0,0,0)+ (0,1/2,1/2)+
2a mm2 C2v (O: 0, Z) (Ac +Ax)Byz SOZ[TZTB: CZ]
2b mm2 Coy (1/2,0,2) AyBy, @o[To T3, T1 Cy ]

No. 39: Aem2

This group is generated by three translations T; , 5 as given in Egs. (B.3), a two-fold rotation
C,, and a mirror M:

Cy: (x,y,2) = (—x,—y,2), (E119a)
M: (x,y,2) > (x,—y+1/2,2). (E119b)
The Z, cohomology ring is given by
Zo[Acs Amy A, Ay 121 (Ra) (E120)
where the relations are
Ry AAn+AAy L +AnAy ., AdA+A), A, (F121a)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 44: IWPs and group cohomology at degree 3 of Aem?2.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schoénflies | (0,0,0)+ (0,1/2,1/2)+
4a 2 CZ (O) O,Z), (Oa 1/252) AC(ACAm +AxAy+z) wZ[T3M) CZ]
4b 2 CZ (1/250>Z)’ (1/251/252) AchAy+z ¢Z[T3M, T1CZ:|
4c m Cs (X, 1/412)7 (—X,3/4,Z) ACAX(Am +Ay+z) %[le TZCZM:M]

The expression of 3 is given in Eq. (A.1).

No. 40: Ama2

This group is generated by three translations T; 5 5 as given in Egs. (B.3), a two-fold rotation
C,, and a glide G:

Cy: (x,y,2) > (—x,—y,2), (E122a)
G:(x,y,2) > (x+1/2,—y,2). (E122b)
The Z, cohomology ring is given by
ZZ[AC)Am:Ay+z: Byz: Bx(y+z)]/(ge2: mS: ge4> P (E123)
where the relations are

Ryt (Ac+AA s An(A+AR), A, (E124a)

023 : Ay+zB_yz 5 (AC +Am)Bx(y+z) B Ay+sz(y+z) +AmByz , (F 124b)

Ryt B2,, BiyinByz> Briyin- (F124¢)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 45: TWPs and group cohomology at degree 3 of Ama2.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schoénflies | (0,0,0)+ (0,1/2,1/2)+
4a 2 CZ (O: 072)7 (1/27 072) (Ac +Am)B_yZ SDZ[TZT:S’CZ]
4b m Cs (1/47.)/’2)) (3/43_.)/’2") AmByz (IOB[TZ’ T37 CZG]

No. 41: Aea2

This group is generated by three translations T; 5 5 as given in Egs. (B.3), a two-fold rotation

C,, and a glide G:

623(3(;}’,2)_’(_3(,_}’,2), (Flzsa)
G:(x,y,2) > (x+1/2,—y+1/2,2). (E125b)
The Z, cohomology ring is given by
Zo[Ac,AmyAy 1z, C 1 (R, Ry, Re) (F126)
where the relations are
Ryt AAm+AAy L +AA L, An(A+AR), A, (E127a)
Ry AnCy, AyL,Cp, (E127b)
Re:  CI. (E127¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 46: TWPs and group cohomology at degree 3 of Aea?2.
Wyckoff Little group Coordinates .
LSM anomaly class | Topo. inv.
position | Intl. Schonflies | (0,0,0)+ (0,1/2,1/2)+
4a 2 CZ (OJO>Z)J (1/271/2)2) C)/ (,02[T2T3, CZ]

No. 42: Fmm2

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation

C,, and a mirror M:
Cy: (x,y,2) = (—x,—y,2),
M: (x,y,z) = (x,—y,2).
The Z, cohomology ring is given by
ZZ[AC)Aman+z:Ay+z: nyz]/(mb m4: m6> >
where the relations are
m2: Ach+z +AmAx+z +AcAy+z > Ai_pz +AcAy+z ) Ay+z(Ac +Ay+z) )
m4: Ax+szyz ) Ay+zcxyz ’

036: C2

xyz*

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 47: IWPs and group cohomology at degree 3 of Fmm2.

Little group

Coordinates

Wyckoff .
" 0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
position | 1nt].  Schénflies ( )+ (0,1/2,1/2) Y P
(1/2,0,1/2)+ (1/2,1/2,0)+
4a mm2 C2V (O: O’Z) nyz SOZ[Tl T2 T3_1: CZ]
8b 2 C2 (1/4:1/4’Z): (1/4:3/4’2) AcAmAy+z SDZ[TlM’ TBCZ]

No. 43: Fdd2

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation
C,, and a glide G:

Cy: (x,y,2) = (—x,—y,2), (E131a)
G:(x,y,2) > (x+1/4,—y+1/4,2+1/4). (E131b)
The Z, cohomology ring is given by
ZZ [Ac’Ama Bxy+xz+yz’ Cy]/<(R2, (RB’ (R4: (RS: (R6> ) (E132)
where the relations are
Ry: AAn, A, (F133a)
mB : Achy+xz+yz > Amey+xz+yz > (E133b)
Ry AnCys Bl iraiyes (E133c)
Rs: ByyixztyzCys (F133d)
Rg: CYZ ) (E133e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 48: IWPs and group cohomology at degree 3 of Fdd2.
Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
position | p.  Schénflies s S y po- 1
(1/2,0,1/2)+ (1/2,1/2,0)+
8a 2 Cy (0,0,2), (1/4,1/4,2+1/4) C, @al 1 To T, Gy

No. 44: Imm2

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, and a mirror M:

CZ: (x>yaz) - (_x;_}’,z),
M: (X,_)’,Z) - (X:—.)’,z)-

The Z, cohomology ring is given by
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where the relations are

Ryt Adiiyizs AmAriyizs Avpyins (F136a)
Ryt Axiy+zBp>  Axty+aBx(y+2)s
ABg +AnBg +ABy(yiz) T ABy(erz) T AmByxss)s  AxtyzBy(eis),  (E136b)
Ryt AxiyszCryzs AiBp +AARBg +Bf +AARBy(yiz)
BgBy(y+z) T AcCxys T AmCiyz s
A2Bg +AAyBpg +AApBi(y+a) + BpBy(ers) T AcCryz
Bl 4 Bx(y+2)By(rts) +AcCryz +AnCrys
ABg +AAnBp +AAyBi(yin) + B2y (E136¢)
Rs: (A2 +AAn+Bg)Coysr Br(y12)Cryzr (A2 +AAn +By(x12))Crys s (F136d)
Re:  CL,- (F136e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 49: IWPs and group cohomology at degree 3 of Imm2.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
2a mma2 Cyy (0,0,2) ABy(y42) t Cyys o[ T1 Ty, Cy]
2b mma2 Cy, (0,1/2,2) Cyyz o[ T1 Ty, T1 T3Cy]

No. 45: Iba2

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, and a glide G:

CZ: (X,y,z)_’(_X,_y,Z),
G: (X,y,z)_’(X,_%Z“‘l/z)-

The Z, cohomology ring is given by

ZZ[AC)Am:Ax+y+z’ Bz(x+y)]/<m2: mB’ m4> B

where the relations are

gezi AmAx+y+z > A%n +Ach+y+z > Ax+y+z(Ac +Ax+y+z) >
Rs: Ax+y+sz(x+y) 5
m4: Bz(x+y)(A§ +AA, + Bz(x+y)) .

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 50: IWPs and group cohomology at degree 3 of Iba2.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schoénflies | (0,0,0)+ (1/2,1/2,1/2)+
4a 2 C2 (O: 092)5 (1/231/272) Am(AE +Bz(x+y)) SOZ[G’ CZ]
4b 2 CZ (O> 1/272): (1/2: O)Z) AmBz(x+y) QDZ[G: T2T3C2]

No. 46: Ima2

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation

C,, and a glide G:

Cy: (x,y,2) > (—x,—y,2), (E140a)
G:(x,y,2) > (x+1/2,—y,2). (E140Db)
The Z, cohomology ring is given by
Z2[Ac’Am:Ax+y+z: Bx(y+z)ﬂ By(x+z)]/<m2: Rs, m4) > (E141)
where the relations are
Ryt (Ac+AnAciyizs AAm+AL +AA Gy s Avyy s (E142a)
*(RS : Ax+y+sz(y+z) ) AE +ACA%n +Ach(y+z) +AcBy(x+z) +AmBy(x+z) >
Ame(y+z) +Ax+y+sz(x+z) 5 (E142b)
Ry: Bi(erz), By(y+2) A2 +AAn + By (riz))s
AL+ AL +AARBy(yiz) T B2 iy - (F142¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 51: IWPs and group cohomology at degree 3 of Ima2.
Wyckoff Little group Coordinates )
LSM anomaly class Topo. inv.
position | Intl. Schoénflies | (0,0,0)+ (1/2,1/2,1/2)+
4a 2 CZ (0; O:Z)9 (1/21 O’Z) (Ac +Am)Bx(y+z) (pZ[Tl TZ’ CZ]
4b m Cs (1/4,y,2), (3/4,—y,2) AmBy(y+9) P3[T1 T3, T1G,CyG]

The expression of {5 is given in Eq. (A.1).

No. 47: Pmmm

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation C;, and an inversion I:

C2: (X,y,Z) - (_x;_}’:z),

C/

5 (6,y,2) = (—x,y,—2),

I:(x,y,2) = (—x,—y,—=).

The Z, cohomology ring is given by

ZZ[AiJAc”Ac:Ax’AyJAz]/<m2> >
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where the relations are

Ryt AA+AL+A+AY), AJA +A+A)), A(A.+A+A). (E145a)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 52: IWPs and group cohomology at degree 3 of Pmmm.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la mmm Dy, (0,0,0) (Ac+Ay +A +A A +A +A )AL +A; +A,) ©[Cy,Cy]
1b | mmm Doy, (1/2,0,0) AA +A+A) AL +A +A,) @5 T1Co, T, C5]
lc mmm D,y (0,0,1/2) (A +As+A; +ANA +A; +AA, @[ Ca, T5Cy ]
1d mmm Dy, (1/2,0,1/2) A (A +A +A)A, @yl T1Co, Ty T5CY]
le mmm D,y (0,1/2,0) (A +As+A +AIA (A +A; +A,) @[ T2C,, Cy ]
1f | mmm Doy, (1/2,1/2,0) AA Al +A +A,) @y T T5Co, T, Cy ]
1g mmm D,y (0,1/2,1/2) (A +As+A; +ADA A, [ T2Cy, T5Cy ]
1h | mmm Doy, (1/2,1/2,1/2) AA A, @o[ Ty TyCy, Ty T5C4 ]

No. 48: Pnnn

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y+1/2,2), (E146a)
Cy:(x,y,2) = (—x+1/2,y,—2+1/2), (E146b)
I: (X:.)’,Z)—’(—X:—y’—z)- (F146C)

The Z, cohomology ring is given by

ZZ [Ai:Ac’)Ac:Ax+y+z]/(g{2a 933, ge4) P (E147)

where the relations are
Ry AJA;i, AA, (F148a)
Rt Adyiyr:(Ai+ Ay 12), (E148b)
Ryt Axryrz(BAG+ AN + 8+ LAy iz FAAA Ly 1z A2 Ay HAS, L) (E1480)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 53: IWPs and group cohomology at degree 3 of Pnnn.

Wyckoff Little group . R
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 222 D, (1/4,1/4,1/4), (3/4,3/4,3/4) | A2Ac + AR + Ay s +AAcAriyis + AoAxiyis A Ay T A, L, ©2[C,,C5]
2b | 222 D, (3/4,1/4,1/4), (1/4,3/4,3/4) AcryssAAd + A3+ AA s FAA ey + AL L) #al T1Ca, T1C5]
2 | 222 D, (1/4,1/4,3/4), (3/4,3/4,1/4) AckyrsA2 +AA+ A+ ANy + A L) #2[Cs, T5C]
2d | 222 D, (1/4,3/4,1/4), (3/4,1/4,3/4) Actyss(AA A AL+ +AA Gy + A2, L) #alT1Cy, T1 T5C5)
= (1/2,1/2,1/2),(0,0,1/2), 5
4e 1 G A2A 01[T1 T, T51]
‘ 0,1/2,0), (1/2,0,0) S e
= (0,0,0), (1/2,1/2,0),
4f 1 Ci A2(A;+Ariyis) @ll]
(1/2,0,1/2),(0,1/2,1/2)
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No. 49: Pccm

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and an inversion I:

CZ: (x;}’,z)_’(_xa_)”z); (F.].493)
Céi(X,}’,Z)_’(_X,J’:_Z'i‘l/z), (F149b)
I: (x,y,2) = (=x,—y,—2). (E149¢)

The Z, cohomology ring is given by
Zo[Ai, Ay A A, Ay 1[(Ry) (E150)
where the relations are
Ry: AAi, AA+AL+A+A), AJA +A+A)). (E151a)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 54: IWPs and group cohomology at degree 3 of Pccm.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 2/m Cop (0,0,0), (0,0,1/2) Ai(A.+A; +A A +A; +Ay) p1lI]
2b 2/m Cop (1/2,1/2,0),(1/2,1/2,1/2) Al«AxAy @1[T1ToI]
2c 2/m Cop (0,1/2,0), (0,1/2,1/2) A(A, +Ai+Ax)Ay ©1[ToI]
2d 2/m Cop (1/2,0,0), (1/2,0,1/2) AA(A +A; +A) 01[TI]
2e 222 D, (0,0,1/4), (0,0,3/4) Ac(A +Au +A)A +A,) ¢5[Cy, C]
2f 222 D, (1/2,0,1/4), (1/2,0,3/4) AA(A+A)) @[ T1Cy, T1Cy ]
2g 222 D, (0,1/2,1/4), (0,1/2,3/4) Ac(Ac+As+ADA, o[ TGy, Co ]
2h 222 D, (1/2,1/2,1/4), (1/2,1/2,3/4) AAA, @o[ T T,Cy, T1 C}]

No. 50: Pban

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y+1/2,2), (E152a)
Cé: (X;y,z)_’(—x"'l/z,%—z), (F152b)
I: (x,y,2) = (—x,—y,—2). (E152¢)

The Z, cohomology ring is given by

Zy[Ai, A A Ay, By 1[(Rg, R, Ry) (E153)
where the relations are
Ry AdA;, AA;, AA.+A +A,), (F154a)
R3:  A;Bg, (F154b)
Ry: Bp(A2+AA.+Bp). (F154c)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 55: IWPs and group cohomology at degree 3 of Pban.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 222 D, (1/4,1/4,0), (3/4,3/4,0) | (Ay +A)A2+AA. +Bp) | 3[Cy,Cy]
2b 222 Dz (3/4,1/4,0), (1/4,3/4,0) (AC’ +AZ)B[5 (pz[T2C2, Cé]
2c 222 D2 (3/4,1/4: 1/2)’ (1/4;3/4’1/2) AZBﬁ QPZ[TZCZ: T3C£]
2d 222 D, (1/4,1/4,1/2),(3/4,3/4,1/2) AZ(AE +ACAC/+B[5) ©o[Cy, T3C£]
_ 0,0,0), (1/2,1/2,0),
4e 1 C; ( » (1/2,1/2,0) A2(A; +A,) w1l1]
(1/2,0,0), (0,1/2,0)
= (0,0,1/2), (1/2,1/2,1/2),
4f 1 Ci A?Az %[T3I ]

(1/2,0,1/2),(0,1/2,1/2)

No. 51: Pmma

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation C;, and an inversion I:

CZ: (X,}’,Z)_’(_X+1/2,_)’,Z), (F]-SSa)
Cy: (x,y,2) = (=x,¥,—%2), (E155b)
I: (X,y,z)—’(—x,—ya—z)- (F155C)
The Z, cohomology ring is given by
ZZ[Ai:Ac’)Ac:Ay:Az]/(m2>J (E156)
where the relations are
Ryt AAy+A4), AJA +A+A), AAs+A +A,). (E157a)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 56: IWPs and group cohomology at degree 3 of Pmma.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 2m C2h (0, 0, 0), (1/2, 0,0) (AC’ +Al)(Al +Ay)(Ac’ +Al +AZ) 801[1]
2b 2m Con (0,1/2,0), (1/2,1/2,0) (Ac +ADAy(Av +A; +A,) ¢1[To!]
2c 2m Con (0,0,1/2), (1/2,0,1/2) (A +A)A; +A A, ¢1[TI]
2d 2m CZh (07 1/2: 1/2): (1/27 1/2) 1/2) (AC’ +Ai)AyAz wl[TZTSI]
2e mm2 C2V (1/4’ O’Z): (3/4) 0;_2) AC(AC +Ai +Ay)Az (102[T3’C2]
2f mm2 Cyy (1/4,1/2,2), (3/4,1/2,—=) AAA; @2 T3, ToCy]

No. 52: Pnna

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, and an inversion I:

CZ: (X,}’;Z)—’(—X+1/2,—y,z),

S;: (x,y,2) > (—x+1/2,y+1/2,—2+1/2),
I: (xzynz) - (_xz_y’_z)'

91

(E158a)
(E158b)
(E158c)


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

The Z, cohomology ring is given by

Zy[Ai, Au,Ac, Bp1, Bpal[(Ry, Rs, Ry) (F159)
where the relations are
mz . AC/Ai , AcAi 5 AC/(AC +Ac/) B (F160a)
mgl AC’Bﬂlﬂ Al(Bﬂl +Bﬁ2)? (AC +AC/)B/32, (F160b)
Ry: Bpi(A?+Bgy), Bpgi(A7+Bgy), A’Bp +B/232. (F160c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 57: IWPs and group cohomology at degree 3 of Pnna.
Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
_ 0,0,0), (1/2,0,0),
4a 1 Ci ( ) ( / ) AiBﬂl (,01[1]
(1/2,1/2,1/2), (0,1/2,1/2)
_ 0,0,1/2),(1/2,0,1/2),
4b 1 C; ( /2, (1/ /2) Ai(A? +Bg;) 1[To11]
(1/2,1/2,0), (0,1/2,0)
(1/4’ O,Z), (1/43 1/2’ —z+ 1/2):
4c 2 Cy ABgy ¥2[ T3, C]

(3/4,0,—2), (3/4,1/2,2 +1/2)

ad ) ¢, (x,1/4,1/4), (—x +1/2,3/4,1/4), AuBp)
(—x,3/4,3/4), (x+1/2,1/4,3/4)

©2[T1,C,S5]

No. 53: Pmna

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,

a two-fold rotation C, and an inversion I:

Sy (x,y,2) > (—x+1/2,—y,z+1/2),
Cy: (x,y,2) = (—x+1/2,y,—2+1/2),
I: (X,)’,Z) g (_x;_.y)_z)'

The Z, cohomology ring is given by
ZZ[AbAc/JAc:Ay; B[:} ]/<m2> mB) m4> 5
where the relations are

032: (AC +AC/)A1' 5 AC(AC +Ac/), Ay(AC +Al +Ay) 5
R3:  (A.+A.)Bg,
Rs:  Bp(AsA; +A7 +Bp).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 58: TWPs and group cohomology at degree 3 of Pmna.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 2/m C2h (0’0’0): (1/2)0:1/2) (Ac’ +Al +Ay)Bﬁ (101[1]
2b 2/m Copy (1/2,0,0), (0,0,1/2) Ay +Ai +A))AA; +A2+Bg) | ¢1[Ty]]
2c 2/m Cop, (1/2,1/2,0), (0,1/2,1/2) Ay(AC/Ai+A?+B[5) @1[T1ToI]
2d 2/m Con (0,1/2,0), (1/2,1/2,1/2) AyBg ¢1[ToI]
(1/4’ Y, 1/4); (1/4: - 3/4);
4g 2 CZ Ac’(Ac +Ac’)Ay (PZ[TZ: Cé]

No. 54: Pcca

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y,2), (E164a)
Cy: (x,y,2) = (—x,y,—2+1/2), (F164b)
I:(x,y,2) = (—x,—y,—=2). (E164c)
The Z, cohomology ring is given by
Zy[ A, A A A [(R) (F165)
where the relations are
Ry AdAi, A(As+A), A A +A+A,). (E166a)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 59: IWPs and group cohomology at degree 3 of Pcca.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
— 0,0,0), (1/2,0,0
(0,0,1/2),(1/2,0,1/2)
_ 1/2 1/2,1/2
(0,1/2,1/2),(1/2,1/2,1/2)
0,y,1 1/2,—y,1
4c 5 C, 0,y,1/4), (1/2,—y,1/4), 24, o[ T2, C}]
(O’ =Y 3/4): (1/21 Y, 3/4)
4d 2 Cz (1/4’0!2)’ (3/4;0’_Z+1/2); AcAi(AC +Ay) (pz[cél’cz]
(3/45 O: _Z)7 (1/4; O)Z + 1/2)
de 2 CZ (1/45 1/212)} (3/4:1/2;_Z+1/2)’ ACAiAy @2[T2C£I, T2C2]

(3/4,1/2,—2),(1/4,1/2,2+1/2)
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No. 55: Pbam

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, and an inversion I:

CZ: (XJyJZ)_)(_x’_y)Z)J (F167a)
Sy (x,y,2) = (—x+1/2,y +1/2,—2), (E167b)
I:(x,y,2) = (—x,—y,—2). (E167c)
The Z, cohomology ring is given by
Zy[Ai, A, A Ay, Bp1[(Rg, R, Ry) (F168)
where the relations are
Ry Au(A +A), AL, A(As+A +A), (E169a)
533 : AC’Bﬁ y (F 169b)
Ry:  Bp(A2+A7 +Bp). (F169c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 60: IWPs and group cohomology at degree 3 of Pbam.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a | 2/m Gy (0,0,0), (1/2,1/2,0) | (Ai+A)(AZ +A7 +Bp) | 1[1]
2b 2/m Con (0,0,1/2),(1/2,1/2,1/2) A, (A2 + A +Bp) 1 T3]
2¢c 2/m Con (0,1/2,0), (1/2,0,0) (A; +A;)Bg 1l Th1]
2d 2/m Con (0,1/2,1/2),(1/2,0,1/2) A;Bg 1 [T1T51]

No. 56: Pccn

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, and an inversion I:

C2: (XJyJZ) - (_x+1/2z_y+ 1/292)>
S;: (XJJ’:Z) - (—X,y+1/2,—2+ 1/2)>
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by

Zz[Ai:Ac/:Ac,3/51,3/521/(«732, R3, Ry)

where the relations are

mzz
533:
m4:

We have the following table regarding IWPs and group cohomology at degree 3.

Ac/Ai B Ac(Ac’ +Ai), AZ

¢/’

(A +A)Bg1, AuBpy, ABpi+ABps,
(A2 +Bg1)(AA; +Bg1), Bgi(AA; +Bg,y), Bpa(A7 +Bgy).
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Table 61: IWPs and group cohomology at degree 3 of Pccn.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
- 0,0,0),(1/2,1/2,0),
4a 1 C; ( : (1/2,1/2,0) Ai(A2 + Bg,) ¢1l1]
(0,1/2,1/2),(1/2,0,1/2)
— 0,0,1/2),(1/2,1/2,1/2),
4b I C. ( /2),(1/2,1/2,1/2) By o[ T11]
(0,1/2,0), (1/2,0,0)
1/4,1/4,2),(3/4,3/4,—2+1/2),
1/4,3/4,2), (3/4,1/4,—2+1/2),
4d 2 C, (1/4,3/4,2), (3/4,1/4,—2 +1/2) ABg, 05[S,1, T1Cy ]

No. 57: Pbcm

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold screw S5, and an inversion I:

Sy: (x,y,2) = (—x,—y,2+1/2), (E173a)
Sy (x,y,2) = (—x,y +1/2,—2+1/2), (E173Db)
I:(x,y,2) > (—x,—y,—2). (E1730¢)
The Z, cohomology ring is given by
Zo[A Ac A A1 [ (Ra) (E174)
where the relations are
Ry: Au(A.+As+A), (A +ANA +4;), AA +AL+A +A). (E175a)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 62: IWPs and group cohomology at degree 3 of Pbcm.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schénflies
4a 1 G (0,0,0), (0,0,1/2), A(A +A)A; +AY) (1]
: (0,1/2,1/2), (0,1/2,0) R T T 7
_ (1/2,0,0), (1/2,0,1/2),
4b 1 C; Ai(Ac +ADA, Tl
l (1/2,1/2,1/2), (1/2,1/2,0) (et A #th]
(x)1/4>0): (_x:3/4’1/2)> /
4 2 C Au(A +A; T1,5,8
C 2 (—X,3/4,0), (X,1/4,1/2) C ( C + l)AX @2[ 1,92 z]
(X;y,l/‘]‘), (_X;_}’,3/4); — —1 /
4d C AJAA, Ty, T; 18,801, S,1
" C |y +1/2,1/4), (x—y +1/2,3/4) C Pl T T5 525051

The expression of 3 is given in Eq. (A.1).
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No. 58: Pnnm

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold screw S, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (E176a)
Sy (x,y,8) = (—x+1/2,y +1/2,—2+1/2), (E176b)
I (x,y,2) = (—x,—y,—2). (E176¢)
The Z, cohomology ring is given by
Zy[Ai,Acr, Ao, Bg1,Bpa, Bps, C, 1/ (Rg, Ra, Ry, Rs, Re) (E177)
where the relations are
Ryt Ach;, AA., AL, (E178a)
Rs:  AuBgy, AuBpy, ABg+ABgi+ABgy, A.Bps, (E178b)
Ry AuC,, Bpi(A2+AA;+Bg), Bpi(A2+A7+Bg,),
ABgs+AABgs +BgiBgs +A.C,, ABpgy +AABg, +ABg, +B/252,
A2Bps+AZBgs +BgoBps +A.C, +ACy,  Bps(AA; +A? +Bg3), (E178¢c)
Rs: BpiCp, BpaCp, (AA; +A2+Bgs)C,, (F178d)
Re:  C,(A2A;+AT+C,). (F178e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 63: IWPs and group cohomology at degree 3 of Pnnm.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 2/m Cop (0,0,0), (1/2,1/2,1/2) A2A; + AP +ABgy+ C, ¢1[1]
2b 2/m Cop, (0,0,1/2),(1/2,1/2,0) G, p1[TsI]
2¢ 2/m Cop (0,1/2,0),(1/2,0,1/2) | AiBpy +ABps +ABgs +C, | ¢1[T1]
2d 2/m Cop, (0,1/2,1/2),(1/2,0,0) AcBpz +A;Bgz +C, p1[T11]

No. 59: Pmmn

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold screw S, and an inversion I:
Cy: (x,y,2) > (—x+1/2,—y +1/2,2),
Sy:(x,y,2) = (—x,y +1/2,—2),
I:(x,y,2) = (—x,—y,—=2).
The Z, cohomology ring is given by
ZZ[Ai)Ac’:AcaAzaBﬁ]/<m2> Rz, Ra)
where the relations are
Ryt A(Ay+4), As(Ac+A4;), AAL+A+A,),
Rs: (Ao +A;)Bg,
Ry: Bg(A2+AA; +Bg).
We have the following table regarding IWPs and group cohomology at degree 3.
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Table 64: IWPs and group cohomology at degree 3 of Pmmn.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

2a mma2 Cy, (1/4,1/4,2), (3/4,3/4,—=2) A,Bg [ T5,Cy]

2b mm2 Cyy (1/4,3/4,2), (3/4,1/4,—2) | A,(A2+AA;+Bg) | @a[T3,T1Cs]
= (0,0,0), (1/2,1/2,0),
4c 1 o (0,1/2,0), (1/2,0,0) A(Ar +A)A; +A,) ¢1ll]
(0,0,1/2),(1/2,1/2,1/2),
(0,1/2,1/2),(1/2,0,1/2)

4d

=1
0D

Ai(Ac +ADA, ¢1[T5I]

No. 60: Pbcn

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,,
a two-fold rotation C;, and an inversion I:

So:(x,y,2) > (—x+1/2,—y+1/2,2+1/2), (F182a)
Cé: (xzyaz)_)(_xayﬁ_z—i_]-/z): (F182b)
I:(x,y,2) > (—x,—y,—2). (F182¢)

The Z, cohomology ring is given by

Zy[Ai,Av A B[ (Ra, R, Ry) (F183)
where the relations are
Ryt AA;, AAs, A+AJA, (F184a)
Rs:  ABg, (F184b)
Ry:  Bg(A? +Bp). (F184c)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 65: IWPs and group cohomology at degree 3 of Pbcn.

Wyckoff Little grou
Y group Coordinates LSM anomaly class | Topo. inv.

position | Intl. Schonflies

42 1 C. (0,0,0),(1/2,1/2,1/2), ABy orl1]
(0,0,1/2),(1/2,1/2,0)

, (0,1/2,0), (1/2,0,1/2), P
- (0,1/2,1/2),(1/2,0,0) Ai(A7 + Bp) 01[T11]

0,y,1/4), (1/2,—y +1/2,3/4),
ac ) Z, 0,y,1/4), (1/2,—y +1/2,3/4) AB, ool TG

el

4b
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No. 61: Pbca

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold screw S, and an inversion I':

So: (6, y,2) > (—x+1/2,—y,z+1/2), (E185a)
Sy (x,y,2) = (—x,y +1/2,—2+1/2), (E185b)
I:(x,y,2) > (—x,—y,—2). (E185c¢)

The Z, cohomology ring is given by

Zy[Ai, A, A, Cp1[(Rg, Ry, Re) (E186)
where the relations are
Ryt A(As+A), AL +AA+AA;, A +AA;, (E187a)
034: AC/Cﬁ 5 ACCﬁ 5 (F187b)
Re:  CpA3+Cp). (F187¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 66: IWPs and group cohomology at degree 3 of Pbca.

Wyckoff Little grou
Y group Coordinates LSM anomaly class | Topo. inv.

position | Intl. Schonflies

4a 1 C; (0,0,0), (1/2,0,1/2), Al +Cp 4[]
(0,1/2,1/2),(1/2,1/2,0)

(0,0,1/2),(1/2,0,0),
‘“ (0,1/2,0), (1/2,1/2,1/2) Cp @1[T11]

I

4b

No. 62: Pnma

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold screw S, and an inversion I':

So: (6, y,2) > (—x+1/2,—y,z+1/2), (F188a)
So:(x,y,2) = (—x,y +1/2,—2), (E188b)
I:(x,y,2) > (—x,—y,—2). (F188c)

The Z, cohomology ring is given by

Zy[Ai, AuyAc, Bp1, Bpal[(Ry, Rs, Ry) (E189)

where the relations are
Ryt A(As+4A;), A% +AA+AA;, A, (E190a)
Rs: (A +As+A)Bg1, ABg+A.Bgy, AuBpy+ABg +ABg, (E190b)
Ry:  Bpi(AcAi +A7 +Bg1), Bpi(AcAi +A7 +Bpy), AfBgy +A7Bgy +Bg,.  (E190c)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 67: TWPs and group cohomology at degree 3 of Pnma.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
_ 0,0,0), (1/2,0,1/2),
4a 1 C; ( ), (1/ /2) AZA;+ A3+ A Bgy +ABg, 1[I]
(0,1/2,0), (1/2,1/2,1/2)
_ 0,0,1/2),(1/2,0,0),
4b 1 Ci ( / ) ( / ) AC’Bﬁl +A1B[52 gOl[Tll]
(0,1/2,1/2),(1/2,1/2,0)
(x,1/4,2), (—x +1/2,3/4,2 + 1/2), —
4c m C; (A +A)Bgq ©3[T3,851,551]
(—x,3/4,—=2), (x +1/2,1/4,—2+1/2)

The expression of {5 is given in Eq. (A.1).

No. 63:

Cmcm

This group is generated by three translations T; 5 5 as given in Egs. (B.2), a two-fold screw S,
a two-fold rotation C, and an inversion I:

Sy: (x,y,2) = (—x,—y,z+1/2), (E191a)
Cy: (x,y,2) = (—x,y,—2+1/2), (E191b)
I: (X,y,z)—’(—X,—)’:—Z)- (F191C)
The Z, cohomology ring is given by
Zy[A, A, Ao Aty By 1 (R, Ry, Ry) (E192)
where the relations are
Ry: AvAsiy, A +ANA+A), A (A +Ai+AL), (E193a)
Rz:  AyyyByy, (E193b)
Ry: Byy(AA; +A7+B,,). (E193c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 68: IWPs and group cohomology at degree 3 of Cmcm.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies (0,0,0)+(1/2,1/2,0)+
4a | 2/m  Cy (0,0,0), (0,0,1/2) (A +A)ACA; + AT +AA Gy +By)) | ¢ill]
4b 2/m Con (0,1/2,0), (0,1/2,1/2) (A. +A)B,, 01[T1 To1]
4c mm2 CZV (07 Y 1/4)7 (0: Y 3/4) (Ac +Ac’)Bxy ¢2[T1 TZ: Cé]
- (1/4,1/4,0), (3/4,3/4,1/2),
8d 1 G A(A.+ADA, 1
(3/4,1/4,1/2), (1/4,3/4,0) (e + Ay i)
No. 64: Cmce

This group is generated by three translations T; 5 5 as given in Egs. (B.2), a two-fold screw S,
a two-fold rotation Cé, and an inversion I:

82: (X:y:z) - (_Xa_y+]—/2:z+ 1/2);

C/
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The Z, cohomology ring is given by

Zy[A A AcAryy, C 1 (R, Ry, Re) (E195)
where the relations are
mz . ACAC’ +AcAi +Ac’Ai +AC’Ax+y ,
A +ADA+A), (Ac+A A +HA L), (E196a)
ge4: (AC +AC/)C B (AC’ +AX+_)/)CY 5 (F196b)
Re:  C (AZA +A+C,). (E196c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 69: IWPs and group cohomology at degree 3 of Cmece.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+(1/2,1/2,0)+
4a 2/m Con (0,0,0), (0,1/2,1/2) Ai(As +A)A; +A )+ Cy p1lI]
4b Z/m C2h (1/2)0;0)7 (1/2: 1/2;1/2) CY Llal[,TITZI]
- (1/4,1/4,0), (3/4,1/4,1/2), 2
8 1 C; AA+A, T,1
‘ (3/4,3/4.1/2), (1/4,3/4,0) ( ) it
(1/4,)’,1/4), (3/47_y+1/2)3/4): /
8 2 C A A A, +A, S,1,C
) P | 3/4-y.3/4). (1/4,y +1/2,1/4) ( ) val%al, ]

No. 65: Cmmm

This group is generated by three translations T; 5 5 as given in Egs. (B.2), a two-fold rotation

C,, a two-fold rotation Cy, and an inversion I:

C2: (x>yaz) - (_x:_y)z)>
Cé: (X,)’,Z) - (—X,J’,—z),
I: (X,y,z) - (—X:—J’,—Z)-

The Z, cohomology ring is given by
ZZ[Ai>Ac’:Ac:Ax+y:Az; Bx_y ]/(mb geB: ge4> >
where the relations are

mzﬁ AC/AX-‘ry N Ax+y(Ac +Al +Ax+y), AZ(AC’ +Al +AZ)>
933: Ax+yBxy ,
Ryt By (A2+AA+ALA +A2+B,).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 70: IWPs and group cohomology at degree 3 of Cmmm.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+(1/2,1/2,0)+
2a mmm Dy, (0,0,0) (A + A + A (A +A)A + A +A; +Ay) + Byy) ©2[Cs,C5]
2b mmm Doy, (1/2,0,0) (Ao +A; +A;)B,, @[ T1T5Cs, Cy]
2c mmm Dy, (1/2,0,1/2) A,Byy @[ T1 T5Cy, T3 C) ]
2d mmm Doy, (0,0,1/2) A (A +A)A + Ay +A; +A,1,) +Byy) @5[Cy, T5C3]
de 2/m Con (1/4,1/4,0), (3/4,1/4,0) (A +A)Ar 1y (A +4;) ¢1[ThI]
Af 2/m Can (1/4,1/4,1/2), (3/4,1/4,1/2) (A +A)A 1A, 01T T5I]

No. 66: Cccm

This group is generated by three translations T 5 5 as given in Egs. (B.2), a two-fold rotation
C,, a two-fold rotation C;, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (E200a)
Cy: (x,y,2) > (—x,y,—z+1/2), (E200Db)
I:(x,y,2) > (—x,—y,—2). (E200c)
The Z, cohomology ring is given by
ZZ[AiaAc’:Ac>Ax+y: Bxy: Bz(x+y)]/(m2: mg, ‘%4) ) (F201)
where the relations are
mz . AC’Ai , Ac’Ax+y B Ax+y(Ac +Al +Ax+y) N (F202a)
mB : Ax+yBxy ) Ac’Bz(x+y) ’ Ainy +Ach(x+y) +AiBz(x+y) +Ax+sz(x+y) > (E202b)
Ryt Byy(A2+AAL+A2+B,,), By (AA +A7 +B,(xiy)),
Ba(x+y)(AA; + A7 + By(rhy)). (F202¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 71: IWPs and group cohomology at degree 3 of Cccm.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+(1/2,1/2,0)+
4a | 222 D, (0,0,1/4), (0,0,3/4) As(A2 +AA, +B,,) ¢2[Cs,C]
4b | 222 D, (0,1/2,1/4), (0,1/2,3/4) AuB,y @a[ Ty T2Cy, CL1
4c 2/m Cop (0,0,0), (0,0,1/2) A2+ A +AA,, +AAcy +Byy) 1[I]
4d | 2/m Can (0,1/2,0), (0,1/2,1/2) A, 1[ T, To1]
4e 2/m C2h (1/4, 1/47 0): (3/4: 1/4; 1/2) Ainy +Ach(x+y) +AiBz(x+y) ‘Pl[TII]
4f Z/m Con (1/4’ 3/4’ 0), (3/4:3/4;1/2) Ai(AcA)H—y +AiAx+y +Bxy)+(Ac +Ai)Bz(x+y) (Pl[TZI]

No. 67: Cmme

This group is generated by three translations T; , 5 as given in Egs. (B.2), a two-fold rotation
C,, a two-fold rotation Cé, and an inversion I:

&)
!

: (X,y,z)*(—x‘i‘l/l—y,z),
9" (Xay,z)*(—x‘i‘l/zd’,—z),

I: (XJJ’;Z) - (_x:_}’;_z)-
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The Z, cohomology ring is given by

ZolA A, Ac Aray, A1 (Ry) (F204)
where the relations are
Ry: AA+AA +AA, Ly, A (A +Ai+AL), A(Ay+A +HA,). (E205a)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 72: IWPs and group cohomology at degree 3 of Cmme.

Wyckoff Little group Coordinates 1M anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+(1/2,1/2,0)+
4a 222 D, (1/4,0,0), (3/4,0,0) A(AAL +A§, +AA; +ALA +AA, +ALA, +Ax+yAz) ©a[Co, Cé]
4b 222 D, (1/4,0,1/2), (3/4,0,1/2) A(A, +Ac/+A,(ﬂ,)AZ (pz[CZ,TrJ)Cé]
4c 2/m Con (0,0,0), (0,1/2,0) Ai(AAL +A? +AA Gy HAA; +AA, +Ax+yAZ) @1[I]
4d 2/m Can (0,0,1/2),(0,1/2,1/2) Ai(A + A +Ac A, [ Tal]
4e 2m Con (1/4,1/4,0), (3/4,1/4,0) A(AA +A%/ +AA Ly TAA HACA, +Ax+yAz) ©1[T1]
4f 2m Cop (1/4,1/4,1/2), (3/4,1/4,1/2) Ai(A. +Au +Ax+y)Az 01[T1T5I]
4g mm2 Cyy (0,1/4,2), (0,3/4,—=) AAriyA, @[ T3, ToCy]

No. 68: Ccce

This group is generated by three translations T; 5 5 as given in Egs. (B.2), a two-fold rotation
C,, a two-fold rotation Cé, and an inversion I:

Cy: (x,y,2) = (—x,—y +1/2,2), (E206a)
Cé: (X:Y’Z)_’(_X;J’:_Z"‘l/z), (F206b)
I:(x,y,2) = (—x,—y,—2). (E206¢)

The Z, cohomology ring is given by

Zy[A, A AcAryy, C 1 (R, Ry, Re) (E207)
where the relations are
932: Ac’Ai B ACAi +AC’AX+_)/ 5 (AC +Ax+y)(Ai +Ax+y) , (F2083)
Ry: AC,, AyyCy, (F208b)
Re:  C(A2Au+AAL+C,). (F208c)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 73: IWPs and group cohomology at degree 3 of Ccce.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+(1/2,1/2,0)+
4a 222 D, (0,1/4,1/4), (0,3/4,3/4) | A%A. +AA% +A%A; + C, ©2[Cy, C5]
4b 222 DZ (O: 1/4’ 3/4): (07 3/4: 1/4) Cy (102[’111 T2C27 Cé]
- (1/4,3/4,0), (1/4,1/4,0),
8c 1 Ci Ay e1[T11]
(3/4,3/4,1/2),(3/4,1/4,1/2)
- (0,0,0), (1/2,0,0),
8d 1 G A2(Ai+Avsy) e1l1]
(0,0,1/2),(1/2,0,1/2)
1/4,0,2), (3/4,0,—z +1/2), _ _
8h 2 Cy (1/4,0,2), (3/ 2 +1/2) A2A, o[ Ty CoChI, Ty Gy
(3/4,0,—=2), (1/4,0,2 +1/2)

No. 69: Fmmm

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation

C,, a two-fold rotation C;/» and an inversion I:

CZ: (X,y,z)_’(—X,—y,Z), (F209a)
/
sz (Xa}’:z)_’(_x;y,_z); (ongb)
I: (X>J’:Z)_’(_X;_y,_z)- (F209C)
The Z, cohomology ring is given by
ZZ[Ai:Ac”Ac,Ax+z:Ay+z: nyz]/<m23 (R4, ge6) ) (E210)
where the relations are
mZ : Ach+z +Ac’Ax+z +AcAy+z > Ax+z (Ac +Ai +Ax+z) >
2
Ach+z +Ac’Ax+z +Ac’Ay+z +AiAy+z +Ay+z ’ (E211a)
Ryt AcizCryzs AyiaCrys, (F211b)
Re: Crya( Ay +AAL +A2A + AAA +A2A + AT +Cy ). (E211c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 74: IWPs and group cohomology at degree 3 of Fmmm.
Little group Coordinates
Wy;lfoff 0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
POSIION | ¢ Schonflies ©.0, T S
(1/2,0,1/2)+ (1/2,1/2,0)+
A2Au + ALY+ A2A; + AAA; + A2A; + A+ AGA Ay + Ay
4a mmm Dy, (0,0,0) 2 Cs, C5]
+AcAc’Ay+z +Ac’AiAy+z +A%Ay+z +AiAx+sz+z + nyz
4b mmm Doy, (0,0,1/2) Cuyz 2[Co, T1 T2 T3 CY]
8¢ 2/m Con (0,1/4,1/4),(0,3/4,1/4) Adeis(Ac+A A1) @1[Ti1]
8d 2m Con (1/4,0,1/4), (3/4,0,1/4) Ai(AAxss +Achriy T AvAy i +AAy 1 +Ar A L) 1 ToI]
8e 2/m Con (1/4,1/4,0), (3/4,1/4,0) A izAyiz 1 T5I]
8f 222 D, (1/4,1/4,1/4), (3/4,3/4,3/4) AAA, @[ T5Cy, ToCh)
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No. 70: Fddd

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cy, and an inversion I:

Cy: (x,y,2) > (—x+1/4,—y+1/4,2), (E212a)
Cy:(x,y,2) = (—x+1/4,y,—2+1/4), (E212b)
I:(x,y,2) = (—x,—y,—2). (F212¢)

The Z, cohomology ring is given by
ZZ[Ai:AC’)Ac: Bxy+xz+yz: C}/]/(RZ: m3’ m41 ‘@51 m6) > (E213)

where the relations are

Ryt AdA;, AA;, (F214a)
Ry: As(AAu+Bsyiraiyz) AdAAe+Byyiratys), (F214b)
Ry: ACy, AL +AByyixory: tBoyiaiyes (F214c)
Rs:  (AAc +Byyixziys)Cr (F214d)
Re:  C(A%Au+AAL+C,). (E214e)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 75: TWPs and group cohomology at degree 3 of Fddd.

Little group Coordinates
Wyckoff .
poSition | 1. Schénflies (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
(1/2,0,1/2)+ (1/2,1/2,0)+
8a 222 DZ (1/8’ 1/8: 1/8): (7/8’ 7/8’ 7/8) A%Ac’ +ACA§/ + CY QDZ[CZ’ Cé]
8b 222 D, (1/8,1/8,5/8),(7/8,7/8,3/8) C, goz[Cz,TszTs_l%]
— 0,0,0), (3/4,3/4,0),
16¢ 1 Ci ( ) ( / / ) Ai(Al2 + Bxy+xz+yz) ¥1 [I]
(3/4,0,3/4), (0,3/4,3/4)
— 1/2,1/2,1/2),(1/4,1/4,1/2),
16d 1 Ci ( / / / ) ( / / / ) Ainy+xz+yz (PI[TI T2 T3I]
(1/4,1/2,1/4),(1/2,1/4,1/4)

No. 71: Immm

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, and an inversion I:

CZ: (X,J’,Z)_’(_X;_y,z), (FZ].SH)
Cy: (x,y,2) = (—x,y,—2), (E215b)
I:(x,y,2) = (—x,—y,—2). (E215c¢)

The Z, cohomology ring is given by

ZZ[Ai’Ac”Ac:Ax+y+z’ Bﬁ: Bx(y+z)’ By(x+z)’ nyz]/((RZ: (RB: (R4: (RS: (R6) s (E216)
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where the relations are

Ryt Achyiyiz, AAriyrzs Axtyrz(Ai HAriyis), (E217a)
Rat AxiyzBp, Axiy+Bry+2)s

ABg +ABg +ABy(y1z) FABy (xiz) TABy(xiz)>  Axty+zBy(xte) s (E217b)
Ryt AxiyszCryz, AlBp+ALBg +AABg +AABg +Bf +AAB(y4z),

AABg +AABg +AyABg +ABg +BgBy(y i)+ AcCryz +AcCryss

A’Bg +AABR +AAUBy(y1z) T ALBy (1) T AcAiBy (1) + BpBy(x4z) T ALy
Bi(y+n)(AAe +AA; +AcA; + A7 + By(y12)) s

(A Ay +AA; +AsA; +A2)Bg +A(Ay +A)By(y 40y + (A2 +A2)B

yz»

y(x+2)
+ By (y+2)By(xetz) T (Ac +A)Cyysz s
ABg +AABg +AAB (y1z) +AcABy (eis) FAIB (v + Bi(x+z), (E217¢)
Rs: (A2 +A% +AA +AA +Bg)Coyz,  Br(y+2)Coyss
(A2 +AA +AA; +A7 + By (112))Crys » (F217d)
Re:  Coys(A2Au + AL + A2A; +AAA; +A2A + A +Cyy) . (E217e)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 76: IWPs and group cohomology at degree 3 of Immm.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
A2A + AL+ AA +AAA; +ALA + A
2a mmm Dy, (0,0,0) ¢ zc < T e ©2[Cy,C5]
+AiAx+y+z + (Ac +Ac’ +Ai)Bx(y+z) + nyz
2b mmm Dop, (0,1/2,1/2) Cryz 2[ Ty T5Cy, To T3 C5]
2¢ mmm Dop (1/2; 1/2: 0) Ach(y+z) +Ac/By(x+z] +A1'By(x+z) + nyz SDZ[CZ: T Tzcé]
2d mmm Dop (1/2; 0, 1/2) (Ac/ +Ai)(Bx(y+z) + By(x+z)) + nyz 902[T1 T3C,, Cé]
- (1/4,1/4,1/4), (3/4,3/4,1/4),
8k 1 C; AAsry sz ¢1[T1 ToT51]
(3/4,1/4,3/4), (1/4,3/4,3/4)

No. 72: Ibam

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, and an inversion I:

Cy: (x,y,2) = (—x,—Y,2), (E218a)
Cé: (x:}’:z)_’(_x:ya_z+1/2), (F218b)
I:(x,y,2) = (—x,—y,—2). (E218¢)

The Z, cohomology ring is given by

Ly [Ai:Ac’aAc’Ax+y+za Bz(x+y) ]/ (mb Rs, m4> > (E219)
where the relations are
Ro: AcdAyiyiz> AcAi+AA 1y, AcAi+AA Ly, JrAfcﬂ,Jrz R (E220a)
(Rg : Ax+y+sz(x+y) , (F220b)
Ryt Boeay) (A2 +AAy + A2 +Byyiy)). (F220c)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 77: TWPs and group cohomology at degree 3 of Ibam.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+
4a 222 D, (0,0,1/4), (0,0,3/4) As(A2+AA +A2+Briyy) ©2[Co, Cy]
4b 222 D, (1/2,0,1/4),(1/2,0,3/4) AuvBi(x+y) o[ Ty T5Cy, T, T3 C5]
4dc [2/m Cy (0,0,0), (1/2,1/2,0) AAZ+AA + AT+ Aty s+ Biiery) e1l1]
4d 2/m Con (1/2,0,0), (0,1/2,0) AiBy(x4y) p1[ T T51]
- (1/4,1/4,1/4), (3/4,3/4,1/4),
8e 1 G A(Ac +Ariyiz) o[ T T, T51]
(1/4,3/4,3/4), (3/4,1/4,3/4)

No. 73: Ibca

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cy, and an inversion I:

Cy: (x,y,2) = (=x,—y +1/2,2), (E221a)
Cy:(x,y,2) > (—x+1/2,y,—2), (E221b)
I:(x,y,2) = (=x,—Yy,—2). (E221¢)

The Z, cohomology ring is given by
Zo[Aj, A, A Axsy )] (Ro) (F222)
where the relations are
Ryt AAg +AA +AA +AA iy AAg+AA +AA 1z,
A +AA +AA +AA iy + A, (F223)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 78: IWPs and group cohomology at degree 3 of Ibca.

Wyckoff Little group Coordinates
position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+

- ' (0,0,0), (1/2,0,1/2), 20a
8a 1 Cl (0, 1/2’ 1/2)’ (1/2,1/2’0) Ai (Al +Ax+y+z) <P1[I]

T [ aaa1sa, a/4.3/43/4), )
o (3/4.3/4,1/4), (3/4.1/4,3/4) AAx iy s 01[T1 T, T3]

x,0,1/4), (—x +1/2,0,3/4),
8c 2 C, (x,0,1/4), ( /2,0,3/4) AAA 0,[C4I, T,C,CL]
(_X, O) 3/4): (X + 1/2’ 0: 1/4)

(1/4> Y O); (1/4; -, 1/2);
8d 2 C'2 Ac’(Ac +Ac’)Ai @2[6‘21: Cé]

(3/4}_}/’ 0)5 (3/4}}/’ 1/2)
(07 1/4’Z)’ (073/43_~Z+1/2): /
8 2 C A; C,CoI,C
€ 2 (0’3/4’ —Z), (0, 1/4’2 n 1/2) AC(AC +Ac )Al (Pz[Tz 2 217 2]

LSM anomaly class Topo. inv.

[l

8b
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No. 74: Imma

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation

C,, a two-fold rotation Cy, and an inversion I:
Cy: (x,y,2) = (—x,—y +1/2,2),
Cy: (x,y,2) = (—x+1/2,y,—2+1/2),
I:(x,y,2) = (—x,—y,—2).
The Z, cohomology ring is given by

Ly [Ai:Ac”Ac:Ax+y+z’ By(x+z)) Bz(x+y) ]/(mb mS: m4> >
where the relations are

022: ACAC’ +ACA1' +AC’Ai +Ac’Ax+y+z N AC(AC’ +Ax+y+z) ,

2
A +AA +AAy iy AL

mBZ (Ac’ +Ax+y+z)By(x+z) ’ Ac’By(x+z) +Ach(x+y) >
Ac’By(x+z) +AiBy(x+z) +AiBz(x+y) +Ax+y+sz(x+y) >
Ryt ALY +AAA +AA + AN Ay y o+ AcABy (i) + ABy (x4z) + B2

y(x+z)°

(E224a)
(E224b)
(E224c¢)

(E225)

(F226a)

(E226b)

AL+ ALLA + AN + AL Ay s+ AABy (i) F ATBy (eha) + By (i) Ba(ety) »

3 2 3 2 2 2
ACAC, +ACAC,Al- +AC/A1. +AC/AiAX+y+Z +AC/Al-BZ(x+y) +Ai Bz(x+y) + Bz(x+y) . (E226¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 79: IWPs and group cohomology at degree 3 of Imma.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
4a 2/m Cop (0,0,0), (0,1/2,0) AL +AAA; +AAE+AAA Ly s+ AuBy(nis) FABy(xis) 1[I]
4b 2/m Con (0,0,1/2),(0,1/2,1/2) AL +AAA +A LAy +AuBy (i) FABy(xis) ©1[T1 T,I]
4c 2m Con (1/4,1/4,1/4),(3/4,1/4,1/4) (Ac +A)AA; +AiAxty1z + By(xtz) + Baery) P1[T1 ToT5I]
4d 2m Con (1/4,1/4,3/4), (3/4,1/4,3/4) (A +A)By 12y + Barsy)) 01[TsI]
4e mm2 Cay (0,1/4,2), (0,3/4,—2) (Ac+A)By(xrs) 92[T1T5,Co]
No. 75: P4

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation

C,, and a four-fold rotation Cy:
C2: (X>J/:Z) - (_x;_}’;z)>
C'4: (X,y,Z) - (_}’; X,Z) .
The Z, cohomology ring is given by
ZZ[Aq’Ax+y,Az: Ba: Bxy]/<m2, mBa m4) >
where the relations are
) 2 2
Rp: AAvsy, AL, AL
Ry: A, +A,,By+A,B

x+y
Ryt Byy(By+By,).

Apiy(A2, +B,+By,),

Xy x+y

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 80: IWPs and group cohomology at degree 3 of P4.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
1a 4 C4 (OJ O;Z) AZ(Ai+y+BCL+BX_y) 902[T37C2]
1b 4 Cq (1/2,1/2,2) AzByy 9o T3, T1 T,C,]
2¢ 2 C, (0,1/2,2), (1/2,0,2) A A 2 T3, T Gy
No. 76: P4,

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
and a four-fold screw Sy:

Syt (x,y,2) = (—x,—y,2+1/2), (E230a)
S4:(x,y,2) = (—y,x,z+1/4). (F230b)
The Z, cohomology ring is given by
Zy[AyArsy, Bey 1[(Re, Ra, Ry) (F231)
where the relations are
Ryt AqAriys Aﬁ , (E232a)
Ry: A, +AByy, Awy(AL, +By)), (F.232b)
Rq: BZ,. (F232¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 81: IWPs and group cohomology at degree 3 of P4,.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schoénflies
(X: ,Z), (_x;_ ;Z+1/2)) —
4a 1 G Y Y A:);r+y ©3[T1, To,S4]
(_y,X,Z + 1/4)’ (ya_x’z +3/4)

Here the topological invariant can be chosen to be

©3[T1, To, S41=A(Ty, To, T S4) + A(To, Ty, Ty 1S4) + ATy, T 1Sy, Th)

+ A'(TZ’ 547 TZ) + )'(547 Tl’ T2) + A'(S4zv TZJ Tl) .

No. 77: P4,

(E233)

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, and a four-fold screw Sy:

CZ: (X,J’;Z) - (—X,—J’,Z),
S4: (x,y,2) = (—=y,x,2+1/2).

The Z, cohomology ring is given by

ZZ[Aq)Ax+_y:AzJBx_y]/<m2: mS’ m4) 5
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where the relations are

Ryt Adhery> Ags (F236a)
Ry: AL, +Ac A +ABy,, Ay (A +A?+B,)), (F.236b)
Ry: By (A2+B,,). (F236¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 82: IWPs and group cohomology at degree 3 of P4,.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 2 Cy (0,0,2), (0,0,2+1/2) A§+y FAAZ+ A A2 ©2[84,C5]
2b 2 Cy (1/2,1/2,2), (1/2,1/2,2+1/2) | Ay (A%, +A2) | 921184, T1 ToCo]
2c 2 CZ (011/2)2)7 (1/2’0:Z+ 1/2) Ai+y(Ax+y +AZ) (PZ[TS: TICZ]

No. 78: P4,

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
and a four-fold screw S,:

So: (x,y,2) > (—x,—y,z2+1/2), (E237a)
S4: (x,y,2) > (—y,x,2+3/4). (E237b)

The Z, cohomology ring is given by

Ly [Aq:Ax+y,Bxy]/(m2a Rz, Rs) (E238)
where the relations are
Ry: Aqhisy, AZ, (F239a)
Ry: A, +AByy, Aciy(AL,, +Byy)), (E239b)
Ry: BZ,. (F239¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 83: IWPs and group cohomology at degree 3 of P4,.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies

(X’yaz)’ (_X,_}’,Z+1/2), —
4a 1 o AL P30 T1, T2,84]
(_y,X,Z +3/4)’ (.y’_x’z + 1/4)

Here the topological invariant {5 can be chosen to be the same as that of group No.76
P4,, given by Eq. (F233).
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No. 79: I4

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, and a four-fold rotation C,:

C2: (X,J’,Z)_’(_X:_}”Z), (F24oa)
Cs: (x,y,2) = (=Y, x,2). (E240D)
The Z, cohomology ring is given by
Zy [Aq:Ax+y+z’ By, Bﬂa Bz(x+_y): Cy: nyz ]/ ((RZJ (RBJ (R4: (RSJ (R6) ) (F241)
where the relations are

Ryt Aqhviyszs Ao Abi s (F242a)

(RSZ Ax+y+zBa +AqBﬂ: Ax+y+z(Ba +Bﬁ)>
Ax+y+zBa +Aqu(x+y) > Ax+y+z(Ba + Bz(x+y)) 5 (F-242b)

m4: Aq Cy +Ax+y+zcy +Aq nyz > Ax+y+szyz >

BuBp +ByBy(x+y) +AqCys  BaBp +Bj +ALCy,

ByBg +BgB,(xiy) +AqCy +Ariy4sCy s BoBp+ Bjmy) +A4C,, (F242c)
Rs:  Axiy+zB2+BgCy +By(x1))Crr  Axiy+zB2+BoCr+BgCo+ByCrys s

Bﬁ nyz ’ Bz(x+y)cxyz 5 (F.242d)
Re:  BiBg+AqB.C,+C2, C/Crys, Ci.. (F242€)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 84: TWPs and group cohomology at degree 3 of I4.

Wyckoff Little group Coordinates )
LSM anomaly class Topo. inv.
position | Intl.  Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
2a 4 C4 (0; 0, Z) nyz 802[T1 Ty, Cz]
4b 2 Cy (0,1/2,2),(1/2,0,2) Axyyt2Ba $a[T5C4, Ty T3Cy ]
No. 80: 14,

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, and a four-fold screw Sy:

C23(x;y,z)_’(_X,_y,Z), (F2433)
S4:(x,y,2) = (—y—1/2,x,2+3/4). (F.243b)

The Z, cohomology ring is given by
ZZ[Aq>Ax+y+z: Bz(x+y): Cy]/<m2’ mS: m4> m5> mé) > (F244)

where the relations are

Ryt AqArtyss Af] , (F.245a)
Rzt AgBixty)s  Axty+eBatety)> (E245D)
Rq: AqCys Bli ) (F.245¢)
Rs:  Byxsy)Cy s (E245d)
Re:  C2. (E245e)
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We have the following table regarding IWPs and group cohomology at degree 3.

Table 85: TWPs and group cohomology at degree 3 of 14,.

Wyckoff Little group Coordinates .
LSM anomaly class | Topo. inv.
position | Intl. Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
4a 2 CZ (O:O)Z): (O) 1/2)Z+ 1/4) Cy SOZ[TlTZ: C2]
No. 81: P4

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, and a four-fold roto-inversion Cy:

CZ: (X:y,z)_’(_x:_y’z), (F246a)
64: (xa.yyz)_)(ya_xy_z)' (F246b)
The Z, cohomology ring is given by
Zy[AyArsy,As, By, By 1[(Ry, Ra, Ry) (E247)
where the relations are
Ryt AqAriys Aﬁ . AA A, (E248a)
Ry: A, +AciyBa+AByy, Acsy(AL, +By+Byy), (E248b)
Ryt Byy(By+By,). (F.248c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 86: IWPs and group cohomology at degree 3 of P4.
Wyckoff Littl
yexo e group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 4 S, (0,0,0) (Aq +A)(A%, , +By+Byy) ©5[C4,Cs]
1b 4 Sa (0,0,1/2) A (AL, +By+By)) 2[T5C4, Co]
le 4 Sa (1/2,1/2,0) AL, +Ac By +AB, | 9alToCy T1T5Co]
1d P S, (1/2,1/2,1/2) A,B,, ©o[TyT5C4, Ty ToCo ]
zg 2 CZ (O’ 1/212)7 (1/2’ O’ _Z) Ai+yAz SOZ[T?M TICZ]
No. 82: I4

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, and a four-fold roto-inversion Cy:

CZ: (x:.y:z) - (—X,—y,z),
64: (x,y,2) = (y,—x,—2%).

The Z, cohomology ring is given by

Ly [Aq:Ax+y+z: By, Bﬁ: Bz(x+y): Cy: nyz]/(CRZ: mS: m4: ‘(RSJ m6) 5
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where the relations are

Ryt Adxsyrzr Aoy Al (F251a)
mB : Ax+y+zBa +AqB[3 ’ Ax+y+z(Ba + B[j);
Ax+y+zBa +Aqu(x+y) > Ax+y+z(Ba + Bz(x+y)) > (E251b)
m4: Aqu +Ax+y+zcy +Aq nyz ’ Ax+y+zcxyz )
BuBp +ByBy(x+y) +AqCy,  BaBp +Bj +A(Cy,
2
ByBg +BgB;(x1y) T AqCy +Axiy1:Cys  BeBg + Bz(x+y) +AqCy, (E251c)
925: (Bﬂ +Bz(x+y))Cy, BaCY +BﬁCY +BanyZ$ BﬁCXyZ, Bz(x+y)nyz, (F251d)
(R6 : Cy(AqBa + Cy) ) Cy(AqBa +Ax+y+zBa + nyz) ]
AqBoCy+Asiy1:BaCy+CL . (E251e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 87: IWPs and group cohomology at degree 3 of I4.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schoénflies | (0,0,0)+ (1/2,1/2,1/2)+
2a Z S4 (0’ 0, 0) AqBa +Ax+y+zBa + nyz @2[64, CZ]
2b 4 Sy (0,0,1/2) Cryz @[T T5C, Cy ]
2c Z S4 (O, 1/2, 1/4) Ax+y+zBa + CY + nyz @2[T164, T1 TBCZ:I
2d 4 Sy (0,1/2,3/4) Cy +Cyyz @[T, 'Cy, Ty T5Cs]

No. 83: P4/m

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a four-fold rotation C,4, and an inversion I:

Cy: (x,y,2) = (—x,~y,2),
Cy: (x,y,2) = (—y,x,2),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by

ZZ[Ai?AinX+yJAZ) Ba)Bx_y]/<m2: mS; mé]—) 5

where the relations are

(RZ : AqAx+y > Aé 5 Az(Ai +Az) 5
Ry: A%, +AcyBy +AqB Acry(A2, + By +Byy),

Ryt Byy(By+Byy).

xyo»

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 88: IWPs and group cohomology at degree 3 of P4/m.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
1la 4/m Cun (0,0,0) (A; +AZ)(A§+y +B, +B,,) 1[1]
1b 4/m Cap (0,0,1/2) Az(Afﬁ_y +Ba+Bxy) p1[T5I]
1lc 4/m Can (1/2,1/2,0) (A +A;)B,y P1[ Ty TI]
1d 4/m Can (1/2,1/2,1/2) A,Byy @1[T1 Ty T5I]
2e 2/m Cop, (0,1/2,0), (1/2,0,0) Aiﬂ,(Ai"‘Az) p1[T1I]
2f 2/m Cop (0,1/2,1/2),(1/2,0,1/2) AierAz p1[ T, T5I]

No. 84: P4,/m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a four-fold screw S,, and an inversion I:

Cy: (x,y,2) > (—x,—y,2), (E255a)
S4: (x,y,2) = (—y,x,2+1/2), (F255b)
I:(x,y,2) > (—x,—y,—=2). (E255c¢)

The Z, cohomology ring is given by
Ly [AiJAqux+y: By, B/a’ > Bxy: Bz(x+y) ]/(mb m?n m4> > (E256)

where the relations are

Ryt AAq, AdAciy, AL, (F257a)
Ry: AqBg, Axry(AF +AA, +Bp), Al +A. By +AByy,
Acry(A2, +By+By)), AqBi(xiy) (E257b)

Ry: Al +A?B,+Bi, A’By, +BgByy +A%, Biiiiy) +BuBi(xiy)
AiByy +AiBurry) + AilderyBarry) + BpBatary)
Byy(By+Byy), (A%, +By+By))By(ciy),
AN, +AYL, +AIBy, +AA Bty T Br ) (F257¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 89: IWPs and group cohomology at degree 3 of P4,/m.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

2a | 2/m Cop (0,0,0), (0,0,1/2) (A +A)(A2 . + By +By) o1[I]

2b 2/m Con (1/2,1/2,0),(1/2,1/2,1/2) A?H_y +AciyBa +AByy, P1[ T ToI]

2 [2/m Cy (0,1/2,0),(1/2,0,1/2) | Acsy(AiAsy +A2, +Birsy) @[ ToI]

2d 2/m Con (0,1/2,1/2), (1/2,0,0) Ay, +Birsy) ¢1[ThI]

2e 4 S4 (0,0,1/4), (0,0,3/4) Ai+y +AqBy t Ay Bg po[S41,Cy]

2f 4 Sy (1/2,1/2,1/4), (1/2,1/2,3/4) Ax+y(A§+y+Ba) @[ T5S41, T1 ToCs]
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No. 85: P4/n

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a four-fold rotation C,4, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y +1/2,2), (FE258a)
C'4: (X>}’:z)_’(—}’+1/2,X,Z), (F258b)
I: (X:J’:Z)_’(_X’_}’:_Z)- (F258C)
The Z, cohomology ring is given by
Zy[Ai, Ay Ay, B, Bpl[(Ry, Ra, Ry) (E259)
where the relations are
Ryt AAq, A, A(A+A), (F260a)
Ry:  Ai(By+Bg), Al+AB,+ABg, (E260b)
024: B[j(Ba +Bﬁ) (E260c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 90: IWPs and group cohomology at degree 3 of P4/n.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 7 S (1/4,3/4,0), (3/4,1/4,0) | A} +AJA, +ABy +ABp | 9o[Cul, T; 1G]
2b 4 S4 (1/4,3/4,1/2), (3/4,1/4,1/2) A,(A? +Bp) P2l T3Cyl, Ty Cy]
2c 4 C4 (1/4: 1/432)3 (3/473/41_2) Az(Ba+B[5) (102[T3’ C2:|
4d T Ci (0:0)0)7 (1/2)1/250)) A%(Al +AZ) 801[1]
(1/2,0,0), (0,1/2,0)
4e 1 C, (0,0,1/2),(1/2,1/2,1/2), a2, [T
(1/2,0,1/2),(0,1/2,1/2)

No. 86: P4,/n

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,

a four-fold screw S,, and an inversion I:
Sy (x,y,2) > (—x—1/2,—y +1/2,2+1),
S4:(x,y,2) = (—y,x+1/2,2+1/2),
I:(x,y,2) = (—x,—y,—%).
The Z, cohomology ring is given by
Z[Aj ApArsya Bal[(Ray R, Ry)
where the relations are
Ryt AAq, AL,
Ryt Albyiyis(Ai +Axiyis), AT +AAL, L +AB, +AB,,

9" "x+y+z

m4: Ax+y+z(Ai +Ax+y+z)(Ai+y+z +Ba) .

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 91: IWPs and group cohomology at degree 3 of P4, /n.

Wyckoff Little group i .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 4 S4 (1/4,1/4,1/4), (3/4,3/4,3/4) (Ai + Aty 1) A2+ A Ay s +Ai+y+z +By) | @[S4, Ty T;S,]
2b 4 S4 (1/4,1/4,3/4), (3/4,3/4,1/4) Acryrs(Aey 1z +Ba) @al 384, Ty T3S, ]
= (0,0,0), (1/2,1/2,0),
4c 1 C; A(A; + Axiy4z) ¢1[1]
(0,1/2,1/2),(1/2,0,1/2)
= (0,0,1/2),(1/2,1/2,1/2),
4d 1 G A%Ax+y+z $1 [TBI]
(0,1/2,0), (1/2,0,0)
(3/4,1/4,2), (3/4,1/4,2+1/2), _
4e 2 Cy AA, . ©2[S4, T3 1S,]
(1/4,3/4,—2), (1/4,3/4,—=2 +1/2)

No. 87: I4/m

This group is generated by three translations T 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a four-fold rotation C,4, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (E264a)
Cy: (x,y,2) = (—y,x,2), (F.264b)
I (x,y,2) = (=x,—y,—2). (E264c)
The Z, cohomology ring is given by
ZZ[Ai)Aq:Ax+y+z: By, Bﬁ) Bz(x+y)’ nyz]/(‘mb mB’ m4: m5, mé) ’ (F265)
where the relations are
Ry: AqAx+y+z 5 Ai 5 Ax+y+z (Ai +Ax+y+z) 5 (E266a)
mS : Alz'Ax+y+z +Ax+y+zBa +AqB[j ’ Ax-ﬁ-y+z(Al2 + Ba + B/j):
AlZ'Ax+y+z +Ax+y+zBa +Aqu(x+y) > Ax+y+z(A12' +By + Bz(x+y)) ’ (E266b)
m4 : Ax+y+z nyz > B% +A12'Bz(x+y) + BaBz(x+y) >
BaBﬁ + BﬂBz(x+y) +Aq nyz 5 Bz(x+y)(Ba + Bz(x+y)) 5 (F266C)
*(RS : (AiAq + Bﬁ)nyz N Bz(x+y)nyz s (F266d)
Re: nyz(AiBa + nyz) . (E266¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 92: IWPs and group cohomology at degree 3 of [4/m.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+
2a 4/m Can (01 0, 0) A?Ax+y+z +A;B,y +AiBz(x+y) + nyz 901[1]
2b 4/m Can (0,0,1/2) nyz p1[T1 To!]
4c 2/m C2h (0) 1/2) 0)’ (1/2’ O: 0) A%Ax+y+z +Ax+y+zBa +AiBz(x+y) <p1[T2 TBI]
4d 4 S4 (0,1/2,1/4), (1/2,0,1/4) Ayiyea(AF+B,) 02l T1C41, T1 T5C,]
_ (1/4,1/4,1/4), (3/4,3/4,1/4), 5
8f G APArs s
! ‘ (3/4,1/4,1/4), (1/4,3/4,1/4) ey PN TT]]
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No. 88: 14,/a

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation

C,, a four-fold screw S,4, and an inversion I:

Cy: (x,y,2) > (—x,—y+1/2,2), (F267a)
S4:(x,y,2) > (—y+3/4,x+1/4,2+1/4), (E267b)
I: (x,y,2) = (—x,—y,—2). (E267¢)
The Z, cohomology ring is given by
ZZ[Ai:Aq: Ba: Bz(x+y)) Cy]/(*mb mB: m4: mS: m6> 5 (E268)
where the relations are
Ry: AAq, A%, (F.269a)
Ry: AP +ABy,+A.By, A +ABy+AqBi(riy) (E269b)
Ry: (Ai+AQC,, AM+B2+A%B, (1)) +ByBiiriy) +AC,,
4, p2 42 2
Ai + Ba +Ai Bz(x+y) + Bz(x+y) B (F269C)
Rs: (Ba + Bz(xﬂ,))CY , (E269d)
"(R6 . C)/(AiBa + CY) . (F2696)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 93: IWPs and group cohomology at degree 3 of [4,/a.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schoénflies (0,0,0)+ (1/2,1/2,1/2)+
4a 4 S4 (0,1/4,1/8), (1/2,1/4,3/8) A} +AB +C, @alS4l, T; TG, ]
4b 4 S4 (0,1/4,5/8), (1/2,1/4,7/8) C Pl 1 ToS4l, Ty T5C, )

Y

(0,0,0), (1/2,0,1/2),
(3/4,1/4,1/4), (3/4,3/4,3/4)

8c

[l
0

Ai(Al2 +B,+ Bz(x+y))

1[I]

(0,0,1/2),(1/2,0,0),
(3/4,1/4,3/4), (3/4,3/4,1/4)

8d

[l
0

Ai (Ba + Bz(x+y))

01[ Ty ToI]

No. 89: P422

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold rotation C,, and a two-fold rotation C;':

CZ: (X:J’,z) - (—X,—J’:Z),
Cé: (X,y,z) - (—X,J’;—Z),
Cy: (x,y,2) = (—=y,—x,—2).

The Z, cohomology ring is given by

ZZ[Ac’aAc”’Ax+yaAz’Ba’Bxy]/<m2: mB: m4> >
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where the relations are

932 : AC’AC” , AC”AJH-y 5 AZ(AC’ +AC// +Az) y (F2723)
Ryt AcAL, +A +Ac By +AcByy, Acpy(AcAcsy +A%,  +By+By,), (E272b)
Ry:  Byy(By+By,). (E272¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 94: IWPs and group cohomology at degree 3 of P422.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la 422 D, (0,0,0) (Ac +Ay +A)AA, Ly +A§+y +B,+B,,) ©a[Cs, Cy]
1b 422 D, (0,0,1/2) A (AcAysy +A§+y +B, +B,y) ©2[Cs, T5Cy ]
le | 422 D, (1/2,1/2,0) (Av +Ax +4A,)B,, @o[ Ty ToCo, T1 C4]
1d | 422 D, (1/2,1/2,1/2) A,B,, Qo[ Ty ToCo, Ty T5CY]
2e 222 D, (1/2,0,0), (0,1/2,0) Aciy(Ap +Ac )As +A,) @[ T1Co, T1CY1
of 222 D, (1/2,0,1/2), (0,1/2,1/2) Acsy(Au +A,1))A, ¢3[T1Cy, Ty T5C}]

No. 90: P42,2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, and a two-fold rotation Cy’:

Cy: (x,y,2) = (—x,—y,2), (E273a)
Sy (x,y,2) = (—x+1/2,y +1/2,—2), (E273b)
Cy: (x,y,2) = (=y,—x,—2). (E273c)

The Z, cohomology ring is given by
Zy[Ac, A, Ay, By, Bg, C,1[(Rg, Ra, Ry, Rs, Re) (E274)

where the relations are

Ryt Ao, A, AAs+Au+A), (F275a)
R3: Au(By+Bg), AuBy+AuBg, (E275b)
Ry4: AsCy, Bg(By+Bg), (E275¢)
Rs:  BgC,, (E275d)
Re: By +B;Bg+AwsB,C,+C>. (F275e)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 95: IWPs and group cohomology at degree 3 of P42,2.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 222 D, (0,0,0), (1/2,1/2,0) (Ao +A. +A,)B, +A,Bg Lp2[C2,C£’:|
2b 222 D, (0,0,1/2),(1/2,1/2,1/2) A,(By+Bg) $2[Ca, T5CY ]
2c 4 Cy (0,1/2,2), (1/2,0,—2) A;Bg [ T3, T1C5]
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No. 91: P4,22

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold rotation C, and a two-fold rotation C,':

SZ: (X,J’:Z)—’(—X,—)’,Z+1/2), (F276a)
Cé: (x:yaz)q(_x:ya_z): (F276b)
Cé/: (x,y,2) > (—y,—x,—z+1/4). (F.276¢)
The Z, cohomology ring is given by
Zy[Ac, A, Asyys By 1/ (R, Ry, Ry) (F277)
where the relations are
GQZ : AC’AC” , AC”Ax+_y y (F278a)
Ry: AcAL, +A, +ABry, Aciy(AcArsy +4%, +Byy), (F278b)
. 2
Ry: By, - (F278c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 96: IWPs and group cohomology at degree 3 of P4,22.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
O) > O > O’ - 3 1 2 2
4a 2 C, 0,50, (0,-y,1/2) Ay @ +2,) | 0ol T, ¢
(_}’, 0: 1/4); (y; 0: 3/4)
1/2,y,0),(1/2,—y,1/2),
4b 2 Cz ( / Y ) ( / Y / ) Ai+y(Ac/ +Ax+y) ¢2[T2’ T1C£]
(—y,1/2,1/4), (y,1/2,3/4)
B ’3 8 B . ’_ ’7 8 B —
4c 2 Cy (x,x,3/8), (=x,~=x,7/8) AByy @o[ 1T, 7, CY]

(—x,x,5/8), (x,—x,1/8)

No. 92: P4,2,2

This group is generated by three translations T; , 3 as given in Egs. (B.1), a two-fold screw S,,
a two-fold screw S, and a two-fold rotation C,':

The Z, cohomology ring is given by

82: (X:}’;Z)—’ (—X,—_y,2'+ 1/2)>
Sy:(x,y,2) = (—x+1/2,y +1/2,—z+1/4),
Cy:(x,y,2) = (—y,—x,—2 +1/2).

ZZ[AC’:AC”, Bﬂ, C}/]/((RZ: '(RS: (R4: (RS: (R6) )

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

AdAn, A2,
AC/Bﬁ 5 AC//B/j 5
A/C,, B/23,
BgCy,

2

c.
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Table 97: IWPs and group cohomology at degree 3 of P4,2,2.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

x,x,0), (—x,—x,1/2),
4a 2 C, ( ) ( /2) C, o[ Ty T, CY]
(—x+1/2,x+1/2,1/4), (x+1/2,—x+1/2,3/4)

No. 93: P4,22

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and a two-fold rotation C;':

Cy: (x,y,2) = (—x,—y,2), (E282a)
Cy: (x,y,2) = (—x,y,—2), (E282b)
Cy: (x,y,2) = (—y,—x,—2+1/2). (F282¢)

The Z, cohomology ring is given by

ZolAc, Acry A iy, Az, By 1 (Ra, R, Ry) (F283)
where the relations are
Rz AdAur, ApAryy, (E284a)
Ry: AcAL, +A +AA A + Ay A2 +AByy,
Acsy(Achyry + A%, +AA +A2+B,yy), (F284b)
Ry: AAL A+ AL A+ AA A+ A AL+ AA B, +AB, +BY . (F2840)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 98: IWPs and group cohomology at degree 3 of P4,22.

Wyckoff Little group X .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | 222 D, (0,0,0), (0,0,1/2) (Ao +Ar YAy +A) A0 +ALy, +A,) ¢2[Cs,C]
2b | 222 D, (1/2,1/2,0), (1/2,1/2,1/2) AcyAery +A) A0 +Apy, +4,) @a[T1 TyCy, T1CY]
2c | 222 D, (0,1/2,0), (1/2,0,1/2) Aviy(Au + A YAy +Ayy, +A,) @[ T2Cy, C}]
2d | 222 D (0,1/2,1/2), (1/2,0,0) Ay (Ao + Ay MArsy +4,) 02[ TGy, T5Cy]
2 | 222 D, (0,0,1/4), (0,0,3/4) Au(AnA, + A2 +B,,) ¢s[Cy,CY1
2f | 222 D, (1/2,1/2,1/4), (1/2,1/2,3/4) AwBy, Qo[ Ty ToCo, Ty ToCY ]

No. 94: P4,2,2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, and a two-fold rotation Cy:

CZ: (X,}’:Z)—’(—X’_}’,z), (F2853)
Syt (x,y,2) = (—x+1/2,y +1/2,—2+1/2), (F285b)
Cé/: (x,¥,2) > (—y,—x,—2). (E285c¢)

The Z, cohomology ring is given by

Zy[Av, A, Ay, By, C ][ (R, R3, Ry, Rs, Re) (F286)
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where the relations are

Ryt Ao, A%, (F287a)
Ry: As(A2+Bg), AA2+AuBg, (E287b)
Ry: A.C,, Bg(AZ+Bp), (F.287¢)
Rs:  BgC,, (F287d)
Re:  C,(A2A, +AnA+C,). (E287e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 99: IWPs and group cohomology at degree 3 of P4,2,2.
Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 222 D, (0,0,0), (1/2,1/2,1/2) A2 A, +AA+AAL+C, ©2[Cy, C]
2b 222 D2 (O, O’ 1/2)} (1/2’ 1/21 0) Cy (PZ[C27 TBCg]

(0,1/2,2),(0,1/2,2+1/2),

4d 2 C, A A @2[S5Cy, T1C,]

(1/2,0,—2+1/2),(1/2,0,—2)

No. 95: P4,22

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,

a two-fold rotation C, and a two-fold rotation C,':

82: (X,_V;Z)_’(_X;_J’;Z"‘l/z),
Cy: (x,y,2) = (—x,y,—2),
Cy i (x,y,2) = (=y,—x,—z+3/4).

The Z, cohomology ring is given by
ZZ[AC’JA(:”an+y>Bxy]/<m2: R3, Ry) »
where the relations are
Ry: AcBer, AwByry,

Ry:  AA  +AL +AByy, Acry(AcAciy +AL, +Byy),

m4: B)ch .

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 100: IWPs and group cohomology at degree 3 of P4522.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
O) > O > 0’_ B 1 2 >
4a 2 C, (( yo s)/A(f) (y 0 /1 /)4) Acy(A2 +A2, ) ¢T3, C5]
_y’ > 3 y’ 3
1/2,y,0),(1/2,—y,1/2),

4b 2 C2 (( / 15/2 ;/‘(‘-) /( 1};2 /1/)4) Ai+y(AC/ +Ax+y) SOZ[TZ’ T1C£]

_y) 3 > y’ b

(X,X,5/8), (—X,—X,1/8), —
4c 2 Cy AByy @[T T, 4, CY]

(—x,x,3/8), (x,—x,7/8)

No. 96: P4;2,2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,,
a two-fold screw S, and a two-fold rotation C;':

Syt (x,¥,2) = (—=x,—y,2+1/2), (E291a)
Sy:(x,y,8) = (—x+1/2,y +1/2,—2+3/4), (E291b)
C): (x,y,2) > (—y,—x,—=2+1/2). (E291c)
The Z, cohomology ring is given by
Zy[Acr,Ar, Bg, C,1[(Rg, Rs, Ry, Rs, Re) (E292)
where the relations are

Ryt AcAon, A%, (F293a)
mgl AC/B/j 5 AC”B[5 B (F293b)
Ry: AsCyp, Bj, (F293c)
Rs:  BgC,, (F293d)
Re:  C2. (E293e)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 101: IWPs and group cohomology at degree 3 of P452,2.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies

4a 2 C,

(x,x,0), (—x,—x,1/2),

(—x+1/2,x+1/2,3/4), (x +1/2,—x+1/2,1/4)

o[ T1 Ty, TS_ISzCQ’]

No. 97: 1422

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation

C,, a two-fold rotation C,, and a two-fold rotation C;':
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The Z, cohomology ring is given by

ZZ[AC’,AC”’Ax+y+z’ By, B[}’ Bz(x-i—y), C},, nyz]/(mb Rs, m4) Rs, m6) > (E295)

where the relations are

gez : AC/AC// , AC’Ax+_y+Z , Ax+y+z (AC// +Ax+y+z) B (F296a)
933: Ax+y+ZBa +AC//B/5 5 Ax+y+Z(Ba +Bﬁ)’
Ax+y+zBa +Ac”Bz(x+y) > Ax+y+z(Ba + Bz(x+y)) > (E296D)

Ryt AcCyp+Ayiy2C +ACrys Axty+2Cryss

A2Bg +ByBp + A% By (x4 ) + BuBi(xsy) FACy

BuBp +Bg +A%B(eiy) +AcCpy  BoBg +BgByrsy) A Crysz s

AZBp +ByBp + AL Byryy) + BY, ) TAC,, (F296c)
Rs: AYBg+AsBuBg +BgC, +Byiiy)Cy

A2 Bg +A.ByBg +B,C,+BgC, +A%Cy . +ByCrys s

(A2 +Bg)Cryz>  Bi(xty)Cuyz> (E296d)
Re: A%Bp+B2Bg+AsB,C, +C2,

AYBg +A%B,Bg +AByCy +AuByCr+ Ayt y1:BoCp +AuBgC, + C\Crys s

AYBg +A%B,Bg +A.B,C, +A.B,C,

+Axty1:BaCy +AuBgCy + A% Cypy + C2 (E296e)

xyz "

We have the following table regarding IWPs and group cohomology at degree 3.

Table 102: IWPs and group cohomology at degree 3 of 1422.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
2a | 422 Dy (0,0,0) (Aer + A + Ay y12)By +AuBy(esy) + Cuys ¢2[Cy, Ch1
2b | 422 D, (0,0,1/2) Crys ¢5[Cy, T1 T5CY]
4c 222 D, (0,1/2,0), (1/2,0,0) AvBi(x+y) o[ ToT5Cy, ToT5C5]
4d 222 D, (0,1/2,1/4),(1/2,0,1/4) Ax+y+zBa ol ToT3Cy, Ty T T5C5) ]

No. 98: 14,22

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cy, and a two-fold rotation C;':

Cy: (x,y,2) = (—x,—y,2), (E297a)
Cy:(x,y,2) = (—x+1/2,y,—2+3/4), (E297b)
Cy: (x,y,2) = (—y,—x,—=). (E297¢)

The Z, cohomology ring is given by

ZZ [Ac”Ac”)Ax+y+z: Bz(x+y): Cy]/<m2> m3> (R4, mS) m6> > (F298)
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where the relations are
mz : AC’AC” , Ac’Ax+y+z N (F299a)
mB : Ac”Bz(x+y) P Ax+y+sz(x+y) > (F299b)
. 2
Ry: AoCy, Bz(x+y) , (E299¢)
@5: Bz(x+y)C » (F299d)
Re:  CrlA%Ariyin + AL, +C,). (F29%)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 103: IWPs and group cohomology at degree 3 of 14,22.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies (0,0,0)+ (1/2,1/2,1/2)+
4a 222 D, (0,0,0), (0,1/2,1/4) A Axiyis +AC,,A§+y+Z +C, ©[Cy,CY]
4b 222 D, (0,0,1/2), (0,1/2,3/4) C, @2[Cy, TY ToCY ]
(x,1/4,1/8), (—x +1/2,1/4,5/8),
8f 2 C AuBy(y T,Ts, C,
2 (3/4,x +1/2,3/8), (3/4,—x,7/8) b Pl TiTa, G

No. 99: P4Amm

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation

C,, a mirror M’, and a mirror M:

C2: (xzy’z)_)(_x)_.y:z): (FSOO&)
M/:(X:}’;Z)_’(X:_J’:Z), (FBOOb)
M: (x,y,2) > (y,x,2). (E300¢)
The Z, cohomology ring is given by
Zol A, Ay Ay y oAz, B, By 1] {Ro, Ry, Ry) (E301)
where the relations are
Ryt Aphws ApAcry, A%, (E302a)
Ry: Aphl  +A +AcyBoa+AwByy, Aciy(AwAcy A%, +By+B,y), (E302b)
Ryt Byy(By+By,). (E302¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 104: IWPs and group cohomology at degree 3 of P4mm.
Wyckoff Littl
yexo fitle group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la 4mm Cuy (0,0,2) A (AnAsiy +Ai+y +By+B,,) 5[ T3, Cs]
1b 4mm Cay (1/2,1/2,2) A Byy $2[ T3, T1 ToCs]
2c mm2 Csy (1/2,0,2), (0,1/2,2) Axﬂ,(Am/ —i—Aery)AZ o[ T3, T1Cy]
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No. 100: P4bm

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a glide G’, and a glide G:

Cy: (x,,2) = (—x,—Y,2), (E303a)
G:(x,y,2) > (x+1/2,—y +1/2,2), (E303b)
G:(x,y,2)>(y+1/2,x+1/2,2). (E303c¢)

The Z, cohomology ring is given by
Zo[ A, Ay Az, B, Bg, C, 1] (Rg, R, Ry, Rs, R) , (E304)

where the relations are

Ryt ApAn, A2, A2, (E305a)
Ry:  Aw(By+Bg), AwBy+AnBg, (E305b)
Ry: AwC,, Bg(By+Bg), (E305c¢)
Rs:  BgC,, (E305d)
Re: A, +A} B, +B)+B2Bg +AnB,C, +C>. (F305€)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 105: IWPs and group cohomology at degree 3 of P4bm.

Wyckoff Little group

Coordinates LSM anomaly class | Topo. inv.
position | Intl.  Schonflies

2a 4 Cq (0,0,2), (1/2,1/2,2) A Bg ¢o[T3,Cs]
2b mm2 C2v (1/21022)5 (0,1/2,2’) Az(Ba+Bﬂ) (,02[T3, TICZ]

No. 101: P4,cm

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a glide G’, and a mirror M:

CZ: (xsy,z)—’(—X,—y,Z), (F306a)
G': (x,y,2) = (x,—y,2+1/2), (E306b)
Mi(x:yaz)—’()’:X;Z)- (F306C)

The Z, cohomology ring is given by
Zo[Am s AmsAxtysBas B, By 1/ (R, Ra, Ry) (E307)

where the relations are

Ryt ApAm, AnAriy, AL, (F.308a)

Rs: AwBp, Acry(AmAciy +Bg), AwAL, +AL, +Ac By +AyByy,
AvsyAmAyry +A%, +By+Byy), (E308b)

R4:  Bg, Byy(By+Byy). (E308¢)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 106: IWPs and group cohomology at degree 3 of P4,cm.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | mm2 Cy, (0,0,2), (0,0,z +1/2) A3 +AwBy+ Ay, B, 0o[G, Co]
2b mm2 Coy (1/2,1/2,2), (1/2,1/2,2 + 1/2) | Ayiry (AppAssy +Ai+y +By) | 9ol ToG', Ty T,C,]
(0,1/2,2),(1/2,0,z +1/2),
4c 2 Cy Am/AiJ,y o[ ToG’, Ty Cy]
(0,1/2,2+1/2),(1/2,0,2)

No. 102: P4,nm

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a glide G’, and a mirror M:

Cy: (x,y,2) = (—x,—y,2), (E309a)
G:(x,y,2) > (x+1/2,—y +1/2,2+1/2), (E309Db)
M:(x,y,2) = (y,x,2). (E309¢)
The Z, cohomology ring is given by
ZZ[Am’)Am:Ax+y+z>Ba> Cy]/<m2> mB) m4) mS} mé) > (E310)
where the relations are
Ryt ApAn, A, (E311a)
Ry: (Am+AAL, o Aw(AL, ., +Ba), (E311b)
Ry A (AL +Ba), AwCy, (E311c)
. A2
Rs: A, .Cp, (E311d)
Re:  AS, +AS, . +ANB,+B)+A,B,C,+C2. (E311e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 107: IWPs and group cohomology at degree 3 of P4,nm.
Wyckoff Littl
yeko ftle group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schoénflies
2a mm?2 C2V (0’ O,Z), (1/2’ 1/2’2 + 1/2) Ax+y+z(Ai+y+Z + Ba) (p2|:T3, CZ]
0,1/2,2),(0,1/2,2+1/2),
4b 2 C2 ( / Z) ( / i / ) AmlAi+y+z SOZ[G/M’ TICZ]

(1/2,0,24+1/2),(1/2,0,2)

No. 103: P4cc

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a glide G’, and a glide G:

CZ: (X,}’;Z) - (—X,—.)’,Z),
G/: (x:y,z) - (X,—}’,Z‘i‘ 1/2):
G:(x,y,2) = (y,x,2+1/2).

125

(E312a)
(E312b)
(E312¢)


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

The Z, cohomology ring is given by

Zo[Am,AmyArty s Bas Biy 1/ (R, Ra, Ry) (F313)

where the relations are
Ryt AphAm, AnAriy, Am+Aw)?, (F314a)
Ryt A, +A  +AcyBa+AwBsy, Acpy(ApAcsy +A%,  +B,+By,), (E314b)
Ry4: By (By+By,). (E314c)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 108: ITWPs and group cohomology at degree 3 of P4cc.

Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.

position | Intl.  Schonflies

2a 4 Cy (0,0,2), (0,0,z +1/2) A+ (A +Ap +Arsy By +ApBy, o[G, Cy]

2b 4 C, (1/2,1/2,2), (1/2,1/2,2 +1/2) Am/Aiﬂ, +Ai+y +AxryBy +AnByy | 02l ToG/, T1T,C,]

(0,1/2,2), (1/2,0,2),
4c 2 C, Am/AiJ,y 2[G', T1Cy]
(0,1/2,z+1/2), (1/2,0,2 +1/2)

No. 104: P4nc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a glide G’, and a glide G:

Cy: (x,y,2) = (—x,—y,2), (E315a)
G:(x,y,2) > (x+1/2,—y +1/2,2+1/2), (E315b)
G:(x,y,2) > (y+1/2,x+1/2,2+1/2). (E315c¢)

The Z, cohomology ring is given by
ZZ[Am’:Ama B, Bﬁl: BﬁZ, Cyl: C}fZ]/<m2) m?ﬂ m4) geS: m6) ) (E316)
where the relations are

Ryt ApAn, A2, A, (F317a)

Ry: Aw(By+Bg1), AwBy+AnBp1, AwBpa, ApBy+AwBy+AyBgy, (E317b)
Ry: (An+An)Cp1, Aw(Cp+Cy), BZ+BuBpi+ByBpy+AnCya,

Bg1(By+Bg1), BpgiBpa+AwC,, B2+B,Bp +B/232, (E317¢)
Rs:  (By+Bg1)Cp1, BpaCr1, AwB2+B,Cpi+BgiCpa,

ApnB2+B,Cyy +B,Cpy+BpCy, (E317d)
Re:  Ch, Cp(AwBa+Cpa), B +BiBpy +AwBaCp1+AnB,Cpy+Cly. (E317e)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 109: IWPs and group cohomology at degree 3 of P4nc.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 4 Cy (0,0,2), (1/2,1/2,2+1/2) Cn ¢o[T3,C,]
(071/2’z)5 (1/23022)1 —
4b 2 C, (A +An)B, o[ TT1G, ToC, ]
(1/2,0,z+1/2), (0,1/2,2+1/2)

No. 105: P4,mc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a mirror M’, and a glide G:

Cy: (x,y,2) = (—x,—y,2), (E318a)
M’ (x,y,2) = (x,—y,2), (E318b)
G:(x,y,2) > (y,x,2+1/2). (E318¢)
The Z, cohomology ring is given by
ZlAmsAms Ax1ys Bas Bps Bry Ba(xay) ][ (Ras Rg, Ry) (E319)
where the relations are
Ryt ApAm, ApAciy, A2, (E320a)
R3: AmBp, AwAh,, +AL, +Ac1 By +AnByy,
Avry(AmAssy +A%, +Bo+Byy),
AmA, +AciyBs +AnBixry)s  AmBi(xiy)s (E320b)
Ry: B, ALAL +AwAciy By +A%, Bg+BpByy +A%, Bi(ciy)+BaBi(xiy)

B[j(Ai_;,_y +Bz(x+y)): Bxy(Ba +Bxy),

3 2 2
Am/Ax+y +Ax+yB/5 +Ax+yBZ(X+J’) + B(IBZ(X'H’) + BX)’BZ(JH‘}’) >
2 2
(Ax+y + By (x+y))” - (E320¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 110: IWPs and group cohomology at degree 3 of P4,mc.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a mm2 Cy, (0,0,2), (0,0,z+1/2) Ap(Bg +Byy) Ys[G,Cy]
2b mm2 Cy, (1/2,1/2,2), (1/2,1/2,2+1/2) ApB., ©o[G, T; ToCs]
2c mm2 CZV (O: 1/212): (1/2’ O;Z + 1/2) Ax+y(Ai+y + Bﬁ + BZ(X+y)) QPZ[TB: T1C2:|

No. 106: P4,bc

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a glide G’, and a glide G:

Cy: (x,y,2) = (—x,—y,2), (E321a)
G:(x,y,2) > (x+1/2,—y +1/2,2), (E321b)
G:(x,y,2) > (y+1/2,x+1/2,52+1/2). (E321c)
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The Z, cohomology ring is given by

Zy[Am,AmyBa, Bg1, B2, Cy1, Cal[ (Ra, Ra, Ry, R, Re) , (E322)
where the relations are

Ry ApAn, A2, A%, (E323a)
Rg: Apw(By+Bg1), AwBoa+AnBgi, AwBga, AnBpa, (E323b)
(R4: Am/C),l , AmCﬂ +AmCY2 +Am'C)/2 N BaBﬂZ +AmCY1 +Am'C)/2 5

Bg1(Ba+Bp1), BpiBga +AwCpa, Bj,y, (E323c)
ge5 . Am/B(ZX +Bﬁ1CY1 , AmBi +Am/Bi + BﬁzCﬂ 5

AwB2+ByCy +ByCa+Bp1Cra, ApB2+BgyCa, (F323d)
Re: By +BiBg1 +AnB,Cpy +C2y,

B2 +B2Bg; +ApByCy1 +AByCya + C1Ca,

B +AnByCp1 +C2, . (E323e)

We have the following table regarding IWPs and group cohomology at degree 3.
Table 111: IWPs and group cohomology at degree 3 of P4,bc.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
4a 2 C, 0,0,2), (0,0,2+1/2), A,.B, 0,[TT1GG, G, ]
(1/2,1/2,2), (1/2,1/2,2 +1/2)
1/2 1/2 1/2
|2 G (0,122, (12024172, 10 s B, | @l 17,66, 116
(1/2,0,2), (0,1/2,2 +1/2)

No. 107: I4mm

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation

C,, a mirror M

The Z, coh

’, and a mirror M:
CZ: (X,J’:Z) - (—X,—y,Z),
M’ (x,y,2) = (x,—y,2),
M: (x,y,2) = (¥,x,2).
omology ring is given by

ZZ[Am’,Am,Ax+y+za B, B[}’Bz(x-i—y)) nyz]/(mb Rs, m4, Rs, m6> 5

where the relations are

AnfAm s ApAxiytzs A?c+y+z >

Ayiy1:Ba +AnBg, Axiyi:(By+Bg),

Axiy+zBa T AmBoxty)s  Axiy+z(Ba + Byxay)) >
Acty+:Cxyzs  Bf +BaBi(xiy)

ByBg +BgB;(x4y) T A Cryzs  Baety)(Ba + Byxty)) s
BgCyyz>  Bax+y)Cryz»

C2

xXyz "

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 112: IWPs and group cohomology at degree 3 of I4mm.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
2a 4mm C4v (09 09 Z) nyz SOZ[Tl T2’ CZ]
4b mm2 CZV (05 1/2:2): (1/23 O)Z) Ax+y+zBa ¢2[T2M3 T2T3C2]

No. 108: I4cm

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a glide G/, and a glide G:

CZ: (xzyaz)_)(_xz_y’z): (F327a)
G': (x,y,2) = (x,—y,2+1/2), (E327b)
G:(x,y,2) > (y,x,2+1/2). (E327¢)

The Z, cohomology ring is given by
Ly [Am’:Am:Ax+y+z> By, Bz(x+y)a Ds ]/<m2> (R3> (R4: (RS: [R6> > (F328)

where the relations are

Ryt AnAmis AmAiiyiz, An+AL +AL L, (E329a)
Rs: Aanx+y+z +AmA§+y+z T Ay iy12Ba T AnBy(xty)

Asiyrz(A +AnAriy iz + By +Bogriy), (E329Db)
Ryt Byxry)(Ba + Byxay)) (E329c)
Rs:  AwDs, (Am+Ayiys:)Ds, (E329d)
Re: (B +Byx+y))Ds, (E329e)
Rg: AB2+DZ. (E3291)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 113: IWPs and group cohomology at degree 3 of I4cm.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
4a 4 Cy (0,0,2), (0,0,z +1/2) (An+Apw +Ax+y+z )B, +Am’Bz(x+y) ©[G',Cy]
4b mm2 Coy (1/2> O:Z): (07 1/2; Z) Am’Bz(X+y) (pZ[G/; T T3CZJ

No. 109: I14,md

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a mirror M’, and a glide G:

CZ: (X,)’,Z)—’(—X,—J’,Z), (F330a)
M': (x,y,2) = (x,—y,2), (E330b)
G:(x,y,2) > (y+1/2,x,2+3/4). (E330c¢)
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The Z, cohomology ring is given by

Zy[ A, Amy Ba, Boety), Cpo Cy, D5 1 (Rg, R, Ry, Rs, Res) (E331)

where the relations are

Ryt ApAp, A, (F.332a)
R3: AmBy, AnBiiety)s (E332b)
Ryt AmCp, AnCys BaBi(rsy)+AwCy, Bl (F332¢)
Rs:  AnDs, A%,Cp+Bysy)Cp+A%Cr+AwDs, Biyiy)Cy, (E332d)
Re:  A,Cp+A5,Cp+A% D5 +Byx1y)Ds, By +AwBaCp+Ch+AS,Cp,

AmBaCp +AmwB,Cy+CyCy +ByDs, C2, (E332e)
Ry: AwBl+A%,B,Cp+At,C, +B2C, +CyDs,

A2 ,B,Cp+A%,B,C, +ApwB,Ds +C,Ds, (E332f)
Rg: A2,B2+A> B,Cp+A>,C +D2. (E332g)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 114: IWPs and group cohomology at degree 3 of I4;md.

Wyckoff Little group Coordinates .
LSM anomaly class | Topo. inv.
position | Intl.  Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
4a mm2 CZV (O) O,Z)) (0) 1/2;2 + 1/4) C)/ QPZ[Tl TZ’ CZ]

No. 110: I4,cd

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a glide G’, and a glide G:

Cy: (x,y,2) = (—x,—Y,2), (E333a)
G':(x,y,2) = (x,—y,2+1/2), (E333b)
G:(x,y,2)>(y+1/2,x,2+1/4). (FE333c)

The Z, cohomology ring is given by

Zy[ A, A, By, C, 1] (Rg, Ry, Ry, Rs, R) (E334)
where the relations are
Ry ApAn, A, (F.335a)
Ry: A, AnB,, (E335b)
Ry A2,By, AnC,, (E335c¢)
Rs: A?,C,, (E335d)
Re: By +AwB,C,+C7. (E335e)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 115: IWPs and group cohomology at degree 3 of I4;cd.

Wyckoff Little group Coordinates .
LSM anomaly class | Topo. inv.
position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+
0,0,2), (0,1/2,2 + 1/4),
8a | 2 C, (0,0,2), 0,1/ /4 AwBy 0:[G', C,]
(0,0,2+1/2),(0,1/2,z+3/4)

No. 111: P42m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and a mirror M:

C2: (X,.)’,Z)—’(—X:_}’,Z), (F336a)
Cy: (x,y,2) = (=x,y,—2), (F336b)
M: (x,y,2) = (y,x,2). (E3360)
The Z, cohomology ring is given by
Zo[Acr,AmyArsys Az By, Biy 1[(Ro, Ry, Ry) (E337)
where the relations are
Ryt Achpm, Aphery, AAs+A,), (E338a)
Ry:  AAL +A, +Ac By +AuByy, Acry(AAciy +AL, +B,+B,), (E338b)
Ry4: Byy(By+By,). (F338c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 116: IWPs and group cohomology at degree 3 of P42m.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 42m Dyg (0,0,0) Ay +A)AA Ly, +Ai+y +By+B,y) ©2[Cy,Ch]
b | 42m Doy (1/2,1/2,1/2) A.B,, @[ Ty ToCo, Ty T5CY]
lc | 42m Dag (0,0,1/2) A (AcAspy +A%L, +By+Byy) ¢5[Cy, T5CY1
1d 42m Dy (1/2,1/2,0) (As+A,)B,, o[ T1 ToCo, T1CY]
2e 222 D, (1/2,0,0), (0,1/2,0) Avyy(Ar +A ) )AL +A;) @a[T1C,, Ty Cy]
2f 222 D, (1/2,0,1/2), (0,1/2,1/2) Apry (A + A A, @[ T1Cy, Ty T5C4]

No. 112: P42c¢

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and a glide G:

&)

/
CZ

. (X,}’;Z) - (_X;_yaz),
: (X,J’;Z) - (_X,y,_z),

G:(x,5,2) = (y,x,2+1/2).

The Z, cohomology ring is given by

Zy[Acr,AmyArtysBas By Bp, Boteny) 1 (Ra, Ra, Ry)
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where the relations are

Ryt AvAp, Anhryy, AL,

(E341a)

Ry: AuAL, +A +AryBy+AuByy, Aviy(AvAcsy +A +By+B,,),

x+y xX+y xX+y

AmBﬁ ’ Ax+yB/5 +Ac’Bz(x+y) ) AmBz(x+y) )

R4t Byy(Bg+By,y), A Bﬂ+BﬁBxy+A2 By(x+y) T BoB

x+y x+y z(x+y)>»

(E341b)

A2, Bg+A%, Biiiy)+BaBuity) + BeyBaxty), ASBy+A%Bg+B7,

x+y
AcAyiyBy +AJA, By +BgB

x+y

z(x+y) >

2 22 4 2 2
AC,Ax+y +Ax+y +AcAxiyBg +Ax+yB,3 + Bz(x+y) . (E341c¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 117: IWPs and group cohomology at degree 3 of P42c.
Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies

2a | 222 D, (0,0,1/4), (0,0,3/4) (A +An)AcAyyy +A2 +By +By)) ¢3[Cy, Cy]

2b | 222 D, (1/2,0,1/4), (0,1/2,3/4) (A +Axy A2, +Boriy) @3[T1Cy, T1CY]

2c¢ | 222 D, (1/2,1/2,1/4), (1/2,1/2,3/4) (A +Ap)Byy @[ T1 T,C,, T1 Gy

2d 222 D, (0, 1/2, 1/4)s (1/2’ 0, 3/4) (Ac’ +Ax+y)(Ac’Ax+y +Ai+y +Bz(x+y)) @2[T2C2: Cé]

2e 4 Sy (0,0,0), (0,0,1/2) Am(Bo +Byy) 9,[CLG, Cy]

2f 4 S4 (1/2,1/2,0), (1/2,1/2,1/2) ApB.y @o[T1CLG, Ty ToC, ]

No. 113: P42,m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold screw S, and a glide G:

CZ: (Xay)z) - (_X:_}’,Z):
Sé: (X:y)z) - (_X+1/27y+ 1/2’_2);
G:(x,y,2)>(y+1/2,x+1/2,2).

The Z, cohomology ring is given by
Zy[Acr,AmyAz, By, Bg, C,1[(Rg, Rs, Ry, Rs, Re)
where the relations are

‘@2: AcAm, A%/ > Az(Ac’ +Az):

R3: Au(By+Bp), AuBy+AnBg,
R4: A.C,, Bg(B,+Bg),

Rs: A.B2+BgC,,

Re: By +B;Bg +AnB,C, +C>.

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 118: IWPs and group cohomology at degree 3 of P42;m.

Wyckoff

Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 4 Sy (0,0,0), (1/2,1/2,0) A.B, +A,Bg cpz[Tz_lng, Csy]
2b 4 Sy (0,0,1/2),(1/2,1/2,1/2) A,Bg goz[Tz_ngséG, C,]
2¢ mm2 Cy, (0,1/2,2), (1/2,0,—2) A,(By +Bg) @o[Ts, T1C5]

No. 114: Pé_l21c

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, and a glide G:

CZ: (x:y,z) - (—X,—y,Z),
Sy (x,y,8) = (—x+1/2,y +1/2,—2+1/2),
G:(x,y,2) > (y+1/2,x+1/2,5+1/2).

The Z, cohomology ring is given by

ZZ[AC’7Am5 BOU Bﬁl’ B[529 Cyl: CyZ]/((RZJ (Rg, (R4J '-(RSJ '-(R6) 5

where the relations are

536:

AdAn, A, A,

As(By+Bg1), AuBy+AnBpy, AuBgy, AuBy+AnBy+AnBg,,
Ay +An)Cy1, Au(Cp+Cpy), B2+BuBgy +ByBgy+AnCa,
Bg1(Bo +Bp1), BpiBgy+AsCpy, Bl +ByBp +Bj,,
(Bo+Bg1)Cy1, BpaCyrs BoCy1+Bg1Cha,s

AyB2 +AnB2+ByCq +ByCpy+BgyCoa,

(E345a)
(E345b)
(E345¢)

(E346)

(E347a)
(E347b)

(E347¢)

(E3474d)

C)’l(AC’Ba + C}/l) 5 Cyl(AC’Ba + C)/2) B Bg + B(szﬁl +AmBaC},2 + C)%Z . (F347e)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 119: IWPs and group cohomology at degree 3 of P42c.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies
2a 4 Sy (0,0,0), (1/2,1/2,1/2) AuBg+Cpy @[T, 184G, Cy]
2b Z IS'4 (0,0, 1/2): (1/271/270) Cyl 902[T2_1T3S£GJ CZ:]

(O: 1/2:Z)’ (1/2’01_2)5 —
4d 2 C, (Ao +A,)B, @o[ Ty G, T1C,]
(1/2,0,—=2+1/2),(0,1/2,2+1/2)
No. 115: P4m2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, and a mirror M:

CZ: (X:y:z) - (_X,_y’z),
Cé: (X,.Y:z) - (_y,_X,_Z);
M: (X>J’:Z) - (X>_J’JZ)-
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The Z, cohomology ring is given by

Zo[Ac,AmyAxyys Az, By, Biy 1/ (R, Ra, Ry) (E349)

where the relations are
mz . AC’Am 5 AC/AJH—y , AZ(AC’ +AZ) 5 (F350a)
Ry: Aphl +AS Ay Ba+AnByy, Aciy(AnpAcyy +A%, +By+By,), (E350D)
Ry:  Byy(By+Byy). (E350c)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 120: IWPs and group cohomology at degree 3 of P4m2.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la Zmz D2d (0, 0, 0) AmAx+yAz +Ai+yAz + (Ac’ +Az)(Ba + Bxy) WZ[CZs Cé]
1b 4m2 Dyq (1/2,1/2,0) (A +A;)B,, @o[T1ToCy, T1 ToCy]
le | 4m2 Dy (1/2,1/2,1/2) A.B,, @[ T1 T5C, T To T5C5]
1d Zmz Dyq (0,0,1/2) Az(AmAx+y +Ai+y +Ba+Bxy) WZ[CZ, T3C£]
28 mm2 Coy (0,1/2,2), (1/2,0,—2) Ax+y(Am +Ax+y)Az ©2[ T3, T1C, ]

No. 116: Pé_lcz

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and a glide G:

C2: (x:yiz)ﬁ(_xa_y:z): (F.351a)
Cy: (x,y,2) = (—y,—x,—z+1/2), (E351b)
G:(x,y,2) > (x,—y,z2+1/2). (E351¢)

The Z, cohomology ring is given by
ZZ[AC’)Aman+y> Ba; Bxy) Bﬁ ]/(gQZ) m?ﬂ “(R4> s (E352)
where the relations are

Ro: AvAp, Achyiry, A%, (E353a)

. 2 3
R: ApA +A +Ac By +AnByy,

Ayy(ApAyey +A2, +B,+B,)),

x+y
AnBpg, Aviy(AnAcy, +Bg), (E353b)
R4:  Byy(By+Byy), A%By+A%LBg+Bj. (E353c)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 121: IWPs and group cohomology at degree 3 of P4c2.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a | 222 D, (0,0,1/4), (0,0,3/4) (Ac +AR)A%, | + By +By,) ¢2[Ca, C5]
2b 222 D, (1/2,1/2,1/4), (1/2,1/2,3/4) (A +An)Byy @[ T1T5Co, T1 oG]
2¢ 4 S, (0,0,0), (0,0,1/2) An(AZ, +By+Byy) ©2[C5G, ol
2d 4 S4 (1/2,1/2,0), (1/2,1/2,1/2) A,B,, @2[T,C}G, Ty T,Cy]
. (0,1/2,2), (1/2,0,—=),
4 2 [0 Anfl,, ¢2[G, T1C,]
(0,1/2,2+1/2), (1/2,0,—z + 1/2)

No. 117: P4b2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, and a glide G:

CZ: (X:J’:Z)_’(_X’_}’:Z)> (F354a)
Cy: (x,y,2) > (=y +1/2,—x +1/2,—2), (E354b)
G:(x,y,2) > (x+1/2,—y+1/2,2). (E354c¢)
The Z, cohomology ring is given by
ZZ [Ac’:Am,Az: Baa Bﬁ, Cy]/<m2, geB) ge4; ges; m6) ) (FSSS)
where the relations are
Ryt Ay, A, A(Ac+A), (E356a)
Rg: ApBy+AuBg, Apn(By+Bg), (E356b)
Ry: ARC,, Bpg(By+Bg), (E356¢)
Rs:  BgC,, (E356d)
Re: A% +A%B, +B) +B2Bg +A/B,C, +C>. (F356€)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 122: IWPs and group cohomology at degree 3 of P4b2.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 4 S4 (0,0,0), (1/2,1/2,0) ApBy +A,Bg ©,[C5G, Cy]
2> | 4 Sa | (0,0,1/2),(1/2,1/2,1/2) ABg 5[ T3C5G, C,]
2c 222 D, (0,1/2,0),(1/2,0,0) A.By+A,B, +A,B, +AZB,5 @a[T;Cy, Cé]
2d 222 DZ (071/211/2)’ (1/25011/2) Az(Ba+B[J') SOZ[TICZ’ TSCé]

No. 118: P4n2

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cy, and a glide G:

CZ: (X,y,z) - (_x:_yaz),
Cé: (x,y,2) > (—y+1/2,—x+1/2,—3+1/2),
G:(x,y,2) > (x+1/2,—y+1/2,2+1/2).
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The Z, cohomology ring is given by

ZZ[AC’)Am:Ax+y+z, Bg, Cy]/<m2> geB, m4) mS) m6> > (E358)
where the relations are
Ryt AchAn, A%, (E359a)
Ry: Anhry s AbAgiyin TAAL ., +AsBy +AyB,, (E359b)
Ryt Axryrs(Ae +Axiy 1) AcAgiy s + AL, +Ba), AnCy, (E359¢)
Rs:  (AcAsiyz +A%, 1, +Ba)Cy, (E359d)
Re:  Cy(A2Assyz +AAL,,, +C). (E359€)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 123: IWPs and group cohomology at degree 3 of P4n2.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 4 Sy (0,0,0), (1/2,1/2,1/2) | (As +Axsy ) AcAriyz + A%, +Ba) | $2[C5G,Col
2b 4 S4 (0,0,1/2), (1/2,1/2,0) ActytsAehsys + A, +B) | 9a[T5C5G,C,)
2¢ 222 D, (0,1/2,1/4), (1/2,0,3/4) A2As iy +AC,A§+y+Z +C, ©a[T1Cy, T3Cy]
2d | 222 D, (0,1/2,3/4), (1/2,0,1/4) C ©2[T1Ca, C5]

Y

No. 119: I4m2

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, and a mirror M:

CZ: (X»J’,z) - (_X;_}’,Z),

C/

2: (X>J’:Z) - (_}’y_X,_Z)J

M: (X,y,Z) - (xa_yzz)'

The Z, cohomology ring is given by

where the relations are

ZZ[AC’:Am)Ax+y+z: B, Bﬁ, Bz(x+y)5 C},, nyz]/<m2; Rs, m4, Rs, mf,) 5

Ac’Am ’ AmAx+y+z ) Ax+y+z(Ac’ +Ax+y+z) >
Ax+y+zBa +AC’B/5 > Ax+y+z(Ba + B[J’):

Ax+y+zBa +Ac’Bz(x+y) ) Ax+y+z(Ba + Bz(x+y)) >

AuCy 4+ Aty 15C +AuCrys,
ByBp + ByBi(xiy) +AnCy
BuBp +BpB(xsy) +AnCuys s
(Bg + Ba(x+y))Cy >
C,(AuBy+C,),
AuBoCr+Ayty4:BCy +C2

xXyz"*

B,Bg + B’
B,C,+BsC, +B,C,
Cy(Ac’Ba +Ax+y+zBa + nyz) >

Ax+y+zcxyz >
B,Bg + B

+AnCy,
+AnC,,
By C

Xyz»

B
z(x+y)

¥z Bz(x+y)nyz

(E360a)
(E360Db)
(E360c¢)

(E361)

(E362a)

(E362b)

(E362c)
,  (E362d)

(E362e)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 124: IWPs and group cohomology at degree 3 of [4m2.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schoénflies | (0,0,0)+ (1/2,1/2,1/2)+
2a Zmz D2d (0: 0; 0) Ac’Ba +Ax+y+zBa + nyz ‘PZ[CZ; Cé]
2b  |[4m2 Dy (0,0,1/2) Cuyz ¢2[Cs, Ty T5C]
2¢c 4m2 Doy (0,1/2,1/4) Apiy+:Ba +Cp+Cryy | 02[T1T3Co, T1ToT5C ]
2d | 4m2 Doy (0,1/2,3/4) Cy+Cyys o[ T1 T5Cy, T3C)]

No. 120: I4c2

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation C;, and a glide G:

CZ:(X;}’:Z)_’(_X:_}’;Z): (F.36Ba)
Cy: (x,y,2) > (—y,—x,—2+1/2), (E363b)
G:(x,y,2) > (x,—y,2+1/2). (E363¢)
The Z, cohomology ring is given by
Ly [Ac’:Am>Ax+y+z: By, Bz(x+y): Dy: Ds ]/(mz; (RS’ (R4> mS: (R6> P (E364)
where the relations are
Ryt AchAms AmAxiyizs A+ AdAcy i +AL L (E365a)
Rs: Ax+y+zBa +Ac’Bz(x+y) > Ax+y+z(Ba + Bz(x+y)) > (E365D)
024 : Bz(x+y)(Ba + Bz(x+y)) N (F365C)
Rs:  Ap(B2+ByBy(xsy)+ D), AriyisD, +AuDs,
AnDs, Ayiy1o(D, + D), (E365d)
(RG : Bz(x+y)Dy +B,Ds, Bz(x+y)(Dy + D6) 5 (E365e)
Rg:  AcAyiyszBy +Bg+BiBysy) +A%LB,D, + D2,
ApAyiy 5B +AcAsty1:BoDy + D, D5,
AcAyiy1:BY +AcArsy 2By Dy + D3 (E365f)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 125: IWPs and group cohomology at degree 3 of I4c2.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
4a 222 DZ (O: 05 1/4): (0’ 0’ 3/4) (Ac’ +Am +Ax+y+z)Ba +AmBz(x+y) (FZ[CZ; Cé]
4b 4 Sy (0,0,0), (0,0,1/2) An(By +By(xty)) ©2[C3G, Cy]
4c Z S4 (O: 1/2’ 1/4)’ (O: 1/2’ 3/4) AmBZ(X+y) ¢2[T1 CéG: Tl T3C2]
4d 222 D, (0,1/2,0), (1/2,0,0) Asty+zBa ¥ AmBi(xty) 2[ T T5Cy, T5C5 ]
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No. 121: I42m

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation

C,, a two-fold rotation

C,, and a mirror M:

CZ: (Xayaz)_’(_x;_}’;z)> (F366a)
Cy: (x,¥,2) = (—x,y,—2), (E366b)
MZ(xay’Z)_’(}’,x:z)- (F366C)
The Z, cohomology ring is given by
ZZ[AC”AmJAx+y+z: By, Bﬁ: Bz(x+y): nyz]/<m2: (RBJ m4’ (RS’ (RG) ’ (E367)
where the relations are
Ryt AchAms Achiiyizs Ariyins (F368a)
R3: Ax+y+zBa +AmB[5 > Ax+y+z(Ba + Bﬁ) >
Ax+y+zBa +AmBz(x+y) > Ax+y+z(Ba + Bz(x+y)) > (E368b)
m4: Ax+y+zcxyz > A?/B/i + szj + BaBz(x+y) >
BaB[j + BﬁBz(x+y) +Ac’cxyz , Bz(x+y)(Ba + Bz(x+y)) 5 (E368c)
Rs: (A% +Bg)Cryss  Biesy)Cryzs (E368d)
Re: Cyyz(AvBy+ Cyyy). (E368e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 126: IWPs and group cohomology at degree 3 of [42m.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
2a 42m Dy (0,0,0) AyBy+AcBy(xsy)+ Crys ©2[Cy, C51
2b | 42m Dy (0,0,1/2) Crys ¢2[Ca, T1 ToC5]
4c 222 D, (0,1/2,0), (1/2,0,0) AsiyizBa +AuByrry) o[ T1 T5C,, C5]
4d 4 S4 (0,1/2,1/4), (0,1/2,3/4) Avty+sBa o[ T Ty T5CoM, T1 T5Cs )

No. 122: I42d

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation

C,, a two-fold rotation

C,, and a glide G:

CZ: (X,J’;Z) - (_X)_y:z),

C/

2° (X,y,Z)—) (_X+1/2;y’_2+3/4)’

G:(x,y,2) > (y,x+1/2,2+1/4).

The Z, cohomology ring is given by

ZZ[AC”Ama By, Bz(x+y)» Cy]/<(R2’ (RB’ (R4’ (RS: (R6> 5
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where the relations are

Ry AdAn, A, (E371a)
Rg: (Ao +An)By, AsBy+AnBy(viy)s (E371b)
Ry: (Ao +AR)C,, B2+BB,riy)+AsCy, (By+Byriy)’, (E371c)
Rs: (Bg+ Byx49))Cy (E371d)
Re:  C,(AuBy+C,). (E371e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 127: IWPs and group cohomology at degree 3 of I42d.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schoénflies (0,0,0)+ (1/2,1/2,1/2)+
4a 4 Sy (0,0,0), (1/2,0,3/4) C, ©2[C}G, Ty T5C, ]
4b 4 Sy (0,0,1/2), (1/2,0,1/4) ABy+C, @oT51C)G, Gy ]
(07 0: Z)’ (0’ 07 _Z)’ /
8c 2 Cy Ai(By + By(xry)) | 02l ToTs, T5C2Ch]
(1/2,0,—2+3/4),(1/2,0,2+3/4)

No. 123: P4/mmm

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold rotation Cé, a mirror M, and an inversion I:

Cy: (x,y,2) = (—x,—y,2),

Cy: (x,y,2) = (=x,y,—2),

M: (x,y,z) = (y,x,2),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by
Zo[Ai, Ay Acr, Ay, Az, Boy Bry 1 (Ro, R, Ra)
where the relations are
Ryt Achm, Aphiry, AAs+A+A),

Ry: AcAL, +A  +Ac By +AcByy, Acpy(AcAcsy +A%,  +By+By),

Ryt Byy(By+Byy).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 128: IWPs and group cohomology at degree 3 of P4/mmm.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position Intl. Schonflies
la | 4/mmm Dy (0,0,0) (A +A; +A)AA sy +A2, +By+Byy) ¢3[Cy,C]
1b 4/mmm Dyn (0,0,1/2) A (AcAyty +Ai+y +B, +B,,) ©2[Co, T5Cy ]
1c 4/mmm Dy, (1/2,1/2,0) (Ao +A; +AZ)BXy ©o[T1 T5Co, TlCé]
1d 4/mmm Dyp (1/2,1/2,1/2) AzByy @[T, T5Co, T1T3C£]
2e mmm Dy, (0,1/2,1/2), (1/2,0,1/2) Axﬂ,(Ac/ +Ax+y)AZ o[ T1Co, T1T3C£]
2f mmm D, (0,1/2,0), (1/2,0,0) Axﬂ,(AC/ +Ax+y)(AC/ +A;+A4A,) ©o[T1Co, TlCé]

No. 124: P4/mcc

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cj, a glide G, and an inversion I:

CZ: (X:}’,Z)_’(_x:_y’z), (F3753)
Cy: (x,y,2) > (—x,y,—z+1/2), (E375b)
G:(x,y,2) > (y,x,2+1/2), (E375¢)
I:(x,y,2) > (—x,—y,—2). (E375d)
The Z, cohomology ring is given by
Zo[Ai, AmyAcsAxty s B, By 1[(Ro, Ra, Ry) (E376)
where the relations are
Ryt Adhpn, ApAygry, Achi+AAy+A2, (F377a)
Ry: AAL  +A,  +Ac By +AuByy, Acry(AcAcy +A%  +By+B,y), (E377b)
R4 Byy(By+B,y). (E377¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 129: IWPs and group cohomology at degree 3 of P4/mcc.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | 422 D, (0,0,1/4), (0,0,3/4) (Ao +An)AcAyey + A2 +B, +Byy) ¢3[Cs,GI]
2b | 4/m Cy (0,0,0), (0,0,1/2) A%, + (A +A)(B, +Byy) el
2c | 422 D, (1/2,1/2,1/4), (1/2,1/2,3/4) (As +Ay)B,y @a[ Ty T,Cy, Ty ToGI]
2d | 4/m Cy (1/2,1/2,0), (1/2,1/2,1/2) (A +A,)B,, @[Ty To1]
4e | 2/m Can ©.1/2,9), (1/2,0,0), AALL 1[Ty1]
(0,1/2,1/2), (1/2,0,1/2)
4f 222 D, (0,172,179, (172,017, AcAriy(Ao +Axyy) $2[T1Co, T1 G5
(0,1/2,3/4), (1/2,0,3/4)
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No. 125: P4/nbm

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two
C,, a two-fold rotation C,, a glide G, and an inversion I':

-fold rotation

Cy: (x,y,2) > (—x+1/2,—y+1/2,2), (E378a)
Cy:(x,y,2) = (—x+1/2,y,—2), (E378b)
G:(x,y,2)>(y+1/2,x+1/2,2), (E378c)
I:(x,y,2) = (—x,—Yy,—2). (E378d)
The Z, cohomology ring is given by
Zy[Ai, A, A, Ay, B, Bp 1] (R, Ry, Ry) (E379)
where the relations are
mz : AC’Ai 5 AC’Am B Az (AC’ +Al +Az) 5 (F380a)
Ry: ABpg, A?+AAL +AB,+A,B,+ABg, (E380b)
Ry:  Bp(By+Bp). (E380c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 130: IWPs and group cohomology at degree 3 of P4/nbm.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | 422 D, (1/4,1/4,0), (3/4,3/4,0) | (Av +A; +A)A2 +AA, + By +Bg) | 93[Cy, Ch]
2b | 422 D, (1/4,1/4,1/2), (3/4,3/4,1/2) A (A2 +AA, +B, +Bp) @[ Cy, T5Ch]
2¢ 42m Doy (3/4,1/4,0), (1/4,3/4,0) (Ao +A,)Bg a[T5Cs, C5]
2d 42m Doy (3/4,1/4,1/2), (1/4,3/4,1/2) A,Bg o[ ToCy, T5C)]
(0,0,0), (1/2,1/2,0),
4e 2/m Con (1/2,0,0), (0,1/2,0) AlA +ARA; +A) p1l1]
(0,0,1/2),(1/2,1/2,1/2),
f (A
4 2/m C2h (1/2, 0, 1/2)’ (O, 1/2, 1/2) Al(Al +Am)Az LPll:TIiI]

No. 126: P4/nnc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold rotation Cé, a glide G, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y+1/2,2),

Cy: (x,y,2) > (—x+1/2,y,—2+1/2),
G:(x,y,2) > (y+1/2,x+1/2,2+1/2),
I:(x,y,2) > (—x,—y,—=2).

The Z, cohomology ring is given by

ZZ[Ai’Ac’aAm’Ba’BﬁlaB[jZ: Cy]/<m2: geB, m4, mS’ m6> P
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where the relations are

mz . AC/Ai B AC/Am , Am(Ai +Am) 5 (F.3833)
mgz AiBﬁl , AiB(x +AmBa +AmB/51 B AiBﬂZ 5 AmBﬁZ , (F.383b)
Ry: (Ai+An)C,, Bpi(A% +B, +Bg1),
A2 Bpy+BoBgy +Bg1Bpy +ACy,  ALBgy +ALBgy +Bj,, (E383c)
Rs:  BgiC,, (A% +Bg,)C,, (E383d)
Re:  Cy (A +A B, +AB,+C,)). (E383e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 131: IWPs and group cohomology at degree 3 of P4/nnc.
Wyekoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a | 422 D, (1/4,1/4,1/4), (3/4,3/4,3/4) | AS, +A.B, +ABy+AuBg, +C, ¢5[Cy, €3]
2b 422 D, (1/4,1/4,3/4), (3/4,3/4,1/4) C, @[ Cy, T3C ]
(1/4,3/4,3/4), (3/4,1/4,3/4), /
4 222 D ABy+AyBy +A.B T,Cy, Ty T5C.
‘ 2| (3/4,1/4,1/4), (1/4,3/4,1/4) *AAnZa Ao S Pl 1iC 5G]
_ (1/4,3/4,0), (3/4,1/4,0), _
4d 4 S A;+A,)B, C;G, Ty ¢
b /43/4,1/2), (3/4,1/4,1/2) @ sin) pal6 TGl
(0,0,0), (1/2,1/2,0),
s [T G (1/2,0,0), (0,1/2,0), A+ A) orll]
(1/2,0,1/2),(0,1/2,1/2),
(0,0,1/2), (1/2,1/2,1/2)

No. 127: P4/mbm

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw Sé, a glide G, and an inversion I:

Cy: (x,,2) = (—x,—Y,2),

Sy (x,y,2) = (—x+1/2,y +1/2,—=2),
G:(x,y,2) > (y+1/2,x+1/2,2),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by

ZZ[AiJAnUAC/JAZJBaJBﬁJ C},]/<m2, m?ﬂ (R4J ms, mG) 1)

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

Ryt AchAn, AL, A(As+A+A),

R3: AsBy+AuBg, As(By+Bp),

Ry Au(AiB,+C,), Bpg(B,+Bg),

Rs:  AuB2+AB,Bg +BgC,,

Re: A% +A® +A2A2 B, +A? B, +A AB2+B
+AByBp +BBp +ApByCy +C?.
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Table 132: IWPs and group cohomology at degree 3 of P4/mbm.

Wyckoff Little group ) ]
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 4/m Can (0,0,0), (1/2,1/2,0) | AuB, +ABg +A,Bg o117
2b 4/m C4h (0’0: 1/2)7 (1/2’ 1/2: 1/2) AzBﬂ WI[T3I]
2¢  |mmm Dy [(0,1/2,1/2),(1/2,0,1/2) |  A,(By+Bp) 5[ TCy, T5GI]
2d mmm Dop (0,1/2,0), (1/2,0,0) (A; +A;)(B, + Bg) o[ T2Cy, GI]
No. 128: P4/mnc

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S, a glide G, and an inversion I:

Cy: (x,y,2) > (—x,—y,2), (E387a)
So:(x,y,8) = (—x+1/2,y +1/2,—2+1/2), (E387b)
G:(x,y,2)>(y+1/2,x+1/2,2+1/2), (E387¢)

I:(x,y,2) > (—x,—y,—2). (E387d)

The Z, cohomology ring is given by

Zo[Ai, Ay Acr, Bay Bp1, B, Cyrs Cral[(Rg, R, Ry, Rs, Re) (E388)

where the relations are

AdAn, AdA+AAL,+A%, A%, (E389a)
AuBy+AnBg1, Au(By+Bp1), AuBy+AnBy+AyBgy, AuBga, (E389b)
(Av +An)Cr1, ApCp +AuCpo,

AAn +AA% + AiAyBy + B2 +ByBgy +ABgy + ByBpy +AiCpy +AiCpa+ApCya,
Bg1(By+Bp1), BpiBpa +AnCy1,
AcAiBy +ABy +AAnB, + B +ABgy +BoBgy +Bj, (F389¢)
(Ba+Bp1)Cy1, (AjAn +Bga)Cyp,s
A ABy +Ay B2 +AA,Cyy +ByCpy +Bg1Coa,
AlA, +AA2 +AIB, +AB2 +ApB2 +AlBgy +ABBgy +A7Bg,

+A2C, +AARCyy +BoCry +A7C 5 +AiALCyo + By Cpo + BgaCrp,  (E389d)
Ch(ABy+AnBy +Cp1), C(ABy+Cpo),
ANA2 +ATB, +AJAB2 +APB> + AA, B2 + B>

+A{Bg1 +A?B,Bgy +BBg1 +AiBoCy1 +AyBoCpp + Cly. (E389e)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 133: IWPs and group cohomology at degree 3 of P4/mnc.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 4/m Can (0,0,0),(1/2,1/2,1/2) AcBy +AiBgy +Cpy ¢1[1]
2b 4/m Can (0,0,1/2),(1/2,1/2,0) Cn ¢1[T51]
0,1/2,0), (1/2,0,0),
4c 2/m CZh ( / ) ( / ) Ac/Ba +AiBa+AmBa +AlBﬁ1 @1[’1‘11]
(1/2,0,1/2),(0,1/2,1/2)
0,1/2,1/4),(1/2,0,1/4),
4d 222 D2 ( / / ) ( / / ) (Ac’ +Am)Ba @2[T1C2, GI]
(0,1/2,3/4),(1/2,0,3/4)

No. 129: P4/nmm

This group is generated by three translations T 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S;, a mirror M, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y+1/2,2), (E390a)
Sy (x,y,2) = (—x,y +1/2,—2), (E390D)
M: (x,y,z) = (y,x,2), (E390¢)
I:(x,y,2) > (—x,—y,—=2). (E390d)
The Z, cohomology ring is given by
Zy[Ai, A, A, Ay, B, Bp 1] (R, Ry, Ry) (F391)
where the relations are
mz : Ac’Am N ACI(AC/ +A1) 5 AZ(AC/ +Al +Az) N (F39Za)
Ry: AJAZ+A} +A2A, +AuBy +AB, +A,Bg,
A+ A+ APA, +AuBy+ABy +ABg +ABg, (E392b)
024: Bﬁ(Ba"r‘Bﬂ) (F392C)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 134: IWPs and group cohomology at degree 3 of P4/nmm.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | 4m2 Dag (3/4,1/4,0), (1/4,3/4,0) (Av +A; +A,)Bg 03[ ToCy, Ty T, M1 ]
2b | 4m2 Dag (3/4,1/4,1/2), (1/4,3/4,1/2) A,Bg o[ ToCy, Ty T, TsMI ]
2c | 4mm Cay (1/4,1/4,2), (3/4,3/4,—2) | A,(AA; + A2+ AA, + By + Bp) 5[ T3, Cs]
0,0,0), (1/2,1/2,0),
4d 2/m Con ((1/2, 0), 0()’/(0’ 1//2’ O)) A(As +A +AR)A; +A) ¢1[1]
(0,0,1/2), (1/2,1/2,1/2),
4e 2/m Con (1/2,0.1/2), (0.1/2,1/2) A(As +A +ARA, 1 T5I]
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No. 130: P4/ncc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw S;, a glide G, and an inversion I:

Cy:(x,y,2) > (—x+1/2,—y+1/2,2), (E393a)
Sy:(x,y,2) = (—x,y +1/2,—2+1/2), (E393b)
G:(x,y,2) > (y,x,2+1/2), (E393¢)
I:(x,y,2) > (—x,—y,—2). (E393d)

The Z, cohomology ring is given by
Zy[Ai, Ay A, Ba, B, D, 1] (Rg, Ry, Ry, Rs, R) (E394)

where the relations are

Ryt Achny, AcAi+AAL+A2, Au(Ao+A), (F395a)
Ry: A} +AA, +AJBy+ABy+AnBg,

A} +AA, +AyBy+ABy +A.Bg +ABg, (F395b)
Ry4:  Bpg(By+Bg), (E395¢)
Rs:  (Aj+An)D,, AuD,, (E395d)
Re:  (By+Bg)D,, (E395e)
Rg: A} +ASB, +AAB), +AZB,D, +D2. (E395f)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 135: IWPs and group cohomology at degree 3 of P4/ncc.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

3/4,1/4,1/4),(1/4,3/4,1/4),
4a 222 D, (3/4,1/4,1/4), (1/4,3/4,1/4) A;Bp o[ T,Cy, T1 T,GI]
(1/4,3/4,3/4), (3/4,1/4,3/4)

3/4,1/4,0), (1/4,3/4,0),
Sy (3/4,1/4,0), (1/4,3/4,0) AP+ A2A, +AuB +ABy +ABg | 2[S5G, T 1G]

(1/4,3/4,1/2),(3/4,1/4,1/2)
1/4,1/4,2), (3/4,3/4,—z +1/2),
4 | 4 c, | /4142 (5/4.3/4-2+1/2) ABy+AnBy+ABy 05[G,Cy]
(3/4,3/4,—2), (1/4,1/4,2+1/2)

(0,0,0), (1/2,1/2,0),
8d 1 G (1/2,0,03, (0,1/2,0), AX(A; +Ap) ¢all]
(0,1/2,1/2), (1/2,0,1/2),

(1/2,1/2,1/2),(0,0,1/2)

eS|

4b

No. 131: P4,/mmc

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a glide G, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (E396a)
Cy: (x,y,2) = (—x,y,—2), (E396b)
G: (x,5,2) > (y,x,2+1/2), (E396¢)

I:(x,y,2) = (—x,—y,—2). (F396d)
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The Z, cohomology ring is given by

ZZ[Ai:Am)Ac”AJH-y’ Ba) B[}:Bxy) Bz(x+y)]/<m2’ mB’ m4> ’ (E397)

where the relations are

Ryt AvAp, AmAriy, An(Ai+An), (E398a)
R3: AmBp, AcAL, +AL +Ac By +AcByy, Acpy(AcAcsy +A%,  +B,+By)),

AmBi(xiy)s AcAiBiry + ATy AL, + A Bg +ALB
R4: Byy(By+By,),

AC’AiA§c+y +A%A3c+y +AiA§c+y +A§c+yBﬁ +A§c+yBZ(X+y) +BaBi(xty) + BayBa(xty)»

AA+AAL+ AN+ AT+ AA, + A2 B, + AZBy + AiAy By + A2 Bg + AuABg + B

2 242 3 2 2
AAAL +RAL +AAS + AL Bp+AlBy,

2ty > (E398b)

+AALB,, +BgB,, +A§+sz(x+y) +B,B

A2 AA )y +AAA ) +AA By +AAL ., Bg
+AZBy, +AiAnByy + AT, (riy) +AiAriyBoety) + BpBatrty) s
AR HAAAL, HAAL AL +AA By + AL, Bp
+AZBy, +AiAnByy +AiAyiyBaxry) +B§(x+y) : (E398¢)

z(x+y) >

We have the following table regarding IWPs and group cohomology at degree 3.

Table 136: IWPs and group cohomology at degree 3 of P4,/mmc.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | mmm Dy, (0,0,0), (0,0,1/2) (A +An +A)AcAy iy +A2,  + By +Byy) 5[ Cs,Ch1
2b | mmm Doy, (1/2,1/2,0), (1/2,1/2,1/2) (Ao +An +A)B,, @[T ToCy, T1Cy]
2¢ mmm Dy, (0,1/2,0), (1/2,0,1/2) Apyy (A2 + A2 +A§+y +Bg +By(xsy) ©2[T2Cy,C5 ]
2d mmm Doy (0,1/2,1/2), (1/2,0,0) (A +Ax+y)(Ai-+y +Bi(xy)) $2[T1Cy, T1 Cy]
2e 4m2 Doy (0,0,1/4), (0,0,3/4) An(By+By,) 5[ Cy, GI]
of 4m2 Doy (1/2,1/2,1/4), (1/2,1/2,3/4) AyB,, o[ T ToCy, Ty T,GI]

No. 132: P4,/mcm

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a mirror M, and an inversion I:

Cy: (x,5,2) = (—x,—y,2), (E399a)
Cy: (x,y,2) > (—x,y,—z+1/2), (E399b)
M: (x,y,2) = (¥,x,2), (E399¢)

I: (x,y,2) = (—x,—y,—2). (E399d)

The Z, cohomology ring is given by

ZZ[Ai’Am)Ac/ﬁAx+y)BaaB[J’;Bxy]/(mb geS’ m4) ) (E400)
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Ryt Achis Achms AnAciy, (E401a)
Ry: AuBp, Axiy(AZ+AA, +Bg),
2 3
AcAs, + A +Ac By +AB,y,
Avry(AcAssy + A%, + By +Byy), (E401b)
Ry: A+ AN, +A2By+AABs +B5, By (By+By,). (E401c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 137: IWPs and group cohomology at degree 3 of P4,/mcm.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | mmm Dy (0,0,0), (0,0,1/2) A{(A%,, +B, +Byy) ¢3[Ca, MI]
2b | 42m Dy (0,0,1/4), (0,0,3/4) (A +Aupy)AcAyy + A2, +By) ¢2[C,,C4]
2c | mmm Dy, (1/2,1/2,0), (1/2,1/2,1/2) AB,, o[ T1T5Cy, Ty T,MI]
2d | 42m Dy (1/2,1/2,1/4), (1/2,1/2,3/4) AuB,, @[Ty T,Cy, Ty CY]
(0,1/2,1/4), (1/2,0,3/4), ,
4 222 AcAgy (A +A Cy, T1C.
e D, (0,1/2,3/4), (1/2,0,1/4) cAxryAy +Axiy) $a[T1Co, T1 G5 ]
(0,1/2,0), (1/2,0,1/2), ,
f AA2,
4 2/m C2h (0’1/2,1/2)’ (1/2’0’0) x+y (PI[TII]

No. 133: P4,/nbc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation C,, a glide G, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y +1/2,2),

Cé: (x,y,2) > (—x+1/2,y,—2),
G:(x,y,2) > (y+1/2,x+1/2,52+1/2),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by
ZZ[AiJAmJAC/’Ba’BﬁlzBﬁZJ C’)/]/('“(R2> mS; (R47 (RS) L(R6> >

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

m(,:

AJA;, AdA,, ALA+A,),

ABgy, Al+AA,+AB,+AuBy+ABs1, ABpa, AmBpa,
(A; +AR)C,, Bpg1(By+Bg1),

A2B, +A%Bgy+ByBpy +Bg1Bpy +AC,

2 2 2
A2B, +A%Bg, +B

5 4
A+ AN,

B2’
+A> B, +AB2+A,B2 +A.B,Bg,

+A% Bp, +AyByBpy +A%C, + By Cp
AyB2+AuByBgy +AuByBgy +A%C, +BgyC,,
5 4 4 3 2 4
AA, +AYB, +AIB, + B2 +B2Bg, + A Bg,

2
+ A7

\ByBpy +AsB,C, +ABsCy+C2.
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Table 138: IWPs and group cohomology at degree 3 of P4, /nbc.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

4a 222 D, (1/4,1/4,0, (1/4,1/4,1/2), Ay(By +Bg1) ©2[Cs,Cy]
(3/4,3/4,0), (3/4,3/4,1/2)

3/4,1/4,0), (1/4,3/4,1/2),
4b 222 D, (3/4,1/4,0), (1/4,3/4,1/2) AP+ A2A +AiBy +AyBy +ABgy | 02[T1Cy, T1CY)
(1/4,3/4,0), (3/4,1/4,1/2)
1/4,1/4,1/4), (1/4,1/4,3/4),
4c 222 D, (1/4,1/4,1/4), (1/4,1/4,3/4) Ai(A%+AA, +B,) 05[Cy, GI
(3/4,3/4,3/4), (3/4,3/4,1/4)

(3/4,1/4,3/4),(1/4,3/4,1/4),

4d 4 S4 (A +A)A2 +B,) @[ C,CyG, TGy
(3/4,1/4,1/4), (1/4,3/4,3/4)
(0,0,0), (1/2,1/2,0),
.e | T (1/2,0,1/2), (0.1/2,1/2), A4+ Ay) ol

(1/2,0,0), (0,1/2,0),
(0,0,1/2), (1/2,1/2,1/2)

No. 134: P4,/nnm

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a glide G, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y +1/2,2), (E405a)
Cé: (x,y,2) > (—x+1/2,y,—2+1/2), (F.405b)
G:(x,y,2) > (y+1/2,x+1/2,2), (E405c¢)
I: (x,y,2) = (—x,—y,—2). (E405d)

The Z, cohomology ring is given by

ZZ[Ai,Am’Ac’an+y+z’Ba]/(mb*(R37*(R4) ’ (E406)
where the relations are
Ryt ALA;, AJA,, (E407a)
mB : (Ai +Am)(Am +Ax+y+z)(Ai +An +Ax+y+z) )
AA?+ AL +AA AL, Ba), (F407b)
. 3 3 3 2 22 2 42 3

Ry: AAn+ AL +BA e v AL AR AR

+AY, AL ByFAA Ly o Ba + AL, B, (F407¢)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 139: IWPs and group cohomology at degree 3 of P4,/nnm.

Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a [42m Dy (1/4,3/4,1/4), (3/4,1/4,3/4) | (A +An+Arsy ) AchAcrysz +AnAciysz T4, +Ba) | 92l T2Cs, C)]
2b | 82m Dy (3/4,1/4,1/4), (1/4,3/4,3/4) | AAriy iz tAAL L +A L+ ABa + Ay By | 9ol T1Cy, T1Cy]
(1/4,1/4,1/4),(1/4,1/4,3/4),
4c 222 D, Ac/Ax+y+z(Ac’ +Ax+y+z) #2[Co, Cé]
(3/4,3/4,3/4), (3/4,3/4,1/4)
(1/4,1/4,0), (1/4,1/4,1/2),
4 |22, A+ Ay YA A + Ay 1) 212, GI]
(3/4,3/4,0), (3/4,3/4,1/2)
(0,0,1/2),(1/2,1/2,1/2),
4e 2/m Con Ai(Ai +An)A; A +Ashy i) p1[T5I1]
(1/2,0,0), (0,1/2,0)
(0,0,0), (1/2,1/2,0),
Af 2/m Con Ai(Ai + AR Ay +Agiy4z) ealI]

(1/2,0,1/2),(0,1/2,1/2)

No. 135: P4,/mbc

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw Sj, a glide G, and an inversion I:

Cy: (x,y,2) = (—x,—y,2),

Syt (x,y,2) = (—x+1/2,y +1/2,—2),
G:(x,y,2)>(y+1/2,x+1/2,2+1/2),
I:(x,y,2) > (—x,—y,—=2).

The Z, cohomology ring is given by

where the relations are

926:

AA,,

AuBy+AnBgy, Au(A>+B,+Bg), AnBpy, Au(A?+Bgy),
AsAP+C)), AM+AA, +AB,+AA,By+ByBgy + B

AZ

¢’

Am(Ai +Am) >

ZZ[ADAm’AC/?Ba)B[jl:BﬁZJ Cy]/<m2> mB; mé]—) mS) mé) 5

B1>

ApAS + A+ APA, + AZBy + AiA B, +A7Bg,
+B,Bpgy +Bp1Bps +A;C, +AnC,,

A +AA, +APB, +AA,B, +B

2
B2°

A +AJA, +AIB, + A%A,,B, + A B2 + ABg,
+A;B,Bg, +A2C, +AiALC, +BgiC,,
A A} +AC +AA, +AyB2 +AB2 + A, B2
+A’Bgy +A;ByBgy +A’Bgy +AByBga + BpoC,
A° +AlB, +A?B2 + AiA, B2 + B2 + A2B,Bpy + B2Bgy +ApB,C, + c.

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 140: IWPs and group cohomology at degree 3 of P4,/mbc.

Wyckoff Little grou
Y group Coordinates LSM anomaly class Topo. inv.

position | Intl.  Schonflies

(0,0,0), (0,0,1/2), (a2 )
4a 2/m Cop (1/2.1/2,0), (1/2.1/2.1/2) Ai(A? +AA, +Bgy) p1[I]

- (0,0,1/4), (0,0,3/4), e
b ,
N N S Wz /23/e), (1/2,1/2,1/4) AePa #alTy7826,C2]

0,1/2,0), (1/2,0,1/2),
4c 2/m Cop ((1/2/0 0)) ((0/1/2 1//2)) A2+ A2A, +ABy +AB, +A,By +ABg 01[T1I]

(0,1/2,1/4), (1/2,0,3/4),
d .
4 222 D, (0.1/2,3/4), (1/2,0.1/4) (A +An)B, @y[T1Cy, GI]

No. 136: P4,/mnm

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw Sé, a mirror M, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (F411a)
Sy (x,y,8) = (—x+1/2,y +1/2,—2+1/2), (E411b)
M: (x,y,2) = (¥, x,2), (E411c)

I:(x,y,2) = (—x,—y,—=). (F411d)

The Z, cohomology ring is given by
Zy[A;,ApmsAy, By, Bg1, Ba, Bgs, Cya,s Cyz,Da]/((Rz,(R3,m4, Rs, Re) , (E412)
where the relations are

Ry: Ah;, AjA,, A%, (F413a)
Rs: AuBy+AnBp1, Au(By+Bpg1), AnBpy, AuBpa, AuBps, (E413b)
Ry: AuCp, AuCpy, AIAL +A2Bg+ByBgy+B,Bgs+ACr1 +AnC,a,
Bp1(Bo+Bg1), (Bo+Bg1)Bgy, AiBgi+BuBpo+BpiBps, AfBpy+Bg,,
A?Bgy +AIBpy +BpoBgs, Al +AAy +AIB, +AALBgs +Bjs, (E413c)
Rs: AuDs, BpiCpi, BpaCpi, BgiCpa, BpaCya,
AlA, + A2 +AAY +APB, +AA%B,
+A;B2+A’Bg, +A;ByBg, +Bp3Cyy +A,Ds,
A +ANA, + A% + AZAS +APB, +ATAB, +A3Bg,
+ABpgy + A2A,Bgs +ATCyy + AiAyCyo + BpsCry +AiDs (E413d)
Re: AlBgy +A?BBgy+Bg1Ds, AiBgy +AiBgy+BgaDs, Cra(ABy+Cp),
AMA2 + APAD + APAT + ATB, + ACA, B, + A2A% B, + A7B>
+A?B,Bpgy +AtBgy +AiBpgs + AJA,Bgs + AAS Bgs +AXC,
+A2ACyy +ACry + AA% Cry + AiByCry + AiAy D + B3 Dy,
AZAY +AAS By + ATBL + AiAyBL, + BY + A7ByBpy +B2Bpy +ApBoCiy + Cy
AN +ATB, +A%A, B, +AIA2 B, + AAS B, +ATB2 + AA,, B2
+A?B,Bgy +ABBgy +A7A,Cy +AiB,Cyy + Cp 1 Cyo + By Ds (E413e)
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Ry: AAY +AAY B, +AIB.+AZA, B + A AL B. +AB. +A’B,Bg,
+A;B2Bgy + AZAY Bps + ATC,y + APA,Cy +ATAL Coq + AAS Cy +ATB,Coy
+AiAByCyy +AA Cp + AZB,Cy +AiApByCyy + B2C,y + AyByDs + Cy1 D5,
ACA, + A% + AR +APAY +ATA, B, + APA B,
+AJA2 Bgs +ANACpy +ATC oy + APALCp + AZA% C s
+AAS Cry +ATB,Cg +AiAB,Cyy +A7ADs + CpaDs (F413f)
Rg: AP+ AAS +ATAY +A2AS + AA,B, +AAY B,
+AZB2 + ACBp, + AZB2Bgy + APAD Bgs + AJAZ C .y + AZA C,y
+A?B,Cyp + A?A,B,Cp + AB2C 5 + AiA,B,Ds + D . (E413g)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 141: IWPs and group cohomology at degree 3 of P4,/mnm.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a mmm Dzh (05010)) (1/25 1/2>1/2) AiBa+AiB[51 +CY2 QPZ[C25MI:|
2b mmm Dop (0,0,1/2),(1/2,1/2,0) Cy2 ¢o[Cy, T3MI]
(0,1/2,0),(0,1/2,1/2),
4c 2/m Con A;iBpy 01[Ti1]

(1/2,0,1/2),(1/2,0,0)

(0,1/2,1/4), (0,1/2,3/4), /
5 (1/2,0,1/4), (1/2,0,3/4) AcBa ©2[S,M, T5C]

EN|

4d

No. 137: P4,/nmc

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw Sé, a glide G, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y +1/2,2), (E414a)
Sy:(x,y,2) = (—x,y +1/2,—2), (E414b)
G:(x,y,2)— (y,x,2+1/2), (E4140)
I:(x,y,2) > (—x,—y,—2). (E414d)

The Z, cohomology ring is given by
Zy[Ai,Acr, A, Bg, Bp1,Bpa, C, 1/ (R, Ry, Ry, Rs, Rs) (E415)

where the relations are

Ry AvAn, AsAu+A), An(A+A,), (F416a)

Ry: AJA?+A} +A2A, +AuBy+ABy +ABg +ABgy,
AJA? + A3 +APA, +AyBy +ABy +AyBgy

(Av +A)Bgs, AnBpa, (E416b)
Ry: (Ao +A;+A3)C,, Bpi(By+Bg1), BgiBpa+AsCp, By, (E416¢)
Rs:  (By+Bpg1)C,, BpaCy, (E416d)
Re:  Cy(AuBy+ABy+C,). (E416e)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 142: IWPs and group cohomology at degree 3 of P4, /nmc.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 4m2 Doy (3/4,1/4,3/4), (1/4,3/4,1/4) | AuA2+ A3+ A2A,, +AyBy +A By +C, | @03[T1Cy, T1 T, T3GI]
2b | 4m2 Dy (3/4,1/4,1/4),(1/4,3/4,3/4) o @2 T1Ca, T ToGI)
(1/4,1/4,2), (1/4,1/4,2+1/2),
4d mm2 Coy (Ay +A; +Ay)A2 +B,) ©4[S5GI,C,]

(3/4,3/4,—=2), (3/4,3/4,—z +1/2)
(0,0,0), (1/2,1/2,0),

8e 1 C; (1/2,0,1/2), (0,1/2,1/2), AXAs +A; +Ay) w1ll]

(0,1/2,0), (1/2,0,0),

(1/2,1/2,1/2),(0,0,1/2)

No. 138: P4,/ncm

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold screw Sé, a mirror M, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y +1/2,2), (E417a)
So:(x,y,2) = (—x,y +1/2,—2+1/2), (E417b)
M: (x,y,2z) = (y,x,2), (F417¢)

I:(x,y,2) = (—x,—y,—2). (F417d)

The Z, cohomology ring is given by
Zy[Ai, Ay Acr, By, Bp1,Bpa, Bpsl[ (Ra, R, Ry) (F418)

where the relations are

Ry AdAi, AdAn, A%, (F419a)
Ry: AuBpy, Al+AA,+ABy+AB,+AnBg,,

A} +A7A, +AyBy+ABy +AuBgy +ABgs,

ABgy +AnBps, AuBps, (E419b)
Ry: AP+ AJAy +AIB, +AALBgy + By, AlBgy +BgiBgy +A7Bgs + BoBgs,

A} +AA,, +AZB, +A2Bgy +Bg1Bgs, Bpa(By+Bps),

A?Bgy +A?Bps +ByBps +BpoBps, Aj +AYA, +AIB, +ATBp3 +Bgy.  (E4190)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 143: IWPs and group cohomology at degree 3 of P4,/ncm.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
3/4,1/4,0), (1/4,3/4,1/2),
4a 222 D, (3/4,1/4,0), (1/4.3/4,1/2) A;Bg, o[ T Cy, MI]
(1/4,3/4,0), (3/4,1/4,1/2)
— 3/4,1/4,3/4),(1/4,3/4,1/4),
4b 4 S4 (374,178,314, (1/4,3/,1/4) A2+ A, +AoBy +ABy +ABgy | 93[S;M, TG, ]
(1/4,3/4,3/4), (3/4,1/4,1/4)
(0,0,1/2),(1/2,1/2,1/2),
4c 2/m Cop A;(Bgy + Bgs) 01[Th 1]
(1/2,0,0), (0,1/2,0)
(0,0,0), (1/2,1/2,0), 5
4d 2/m Cop Ai(A2+AiA, + By +Bps) ilI]
(1/2,0,1/2),(0,1/2,1/2)
1/4,1/4,2), (1/4,1/4,2+1/2),
4e mm2 Cyy (1/4,1/4,2), (1/4.1/ /2 Ai(A2+AA, +By +Bgy) ©2[S51,C]
(3/4,3/4,—=2+1/2), (3/4,3/4,—=2)

No. 139: I4/mmm

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a mirror M, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (E420a)
Cy: (x,y,2) = (—x,y,—2), (E420b)
M: (x,y,z) = (¥, x,2), (F420c)

I:(x,y,2) = (—x,—y,—2). (F420d)

The Z, cohomology ring is given by

ZZ[AiJAm:Ac’:Ax+y+z: By, BﬁﬁBz(x+y): nyz]/(*(RZJ Rs, m4: Rs, m6) > (F421)

where the relations are

Ryt AcAm, AcAviyie, Axryrz(Ai+Axiyis), (E422a)
Rs: A?Ax+y+z +AARA y 4z T Axiy+2Ba T AnBg Ax+y+z(Al2 +AiAn + By +Bg),

A%Ax+y+z +AiAmAx+y+z +Ax+y+zBa +AmBz(x+y) B

Ariyis(A2 +AA, + By +Boriy), (E422b)
Rt Axty+2Cxys>

AAsiyiz +AAGA oy s +AA sy By + A% Bp

+AcABp + B +AcAiBy(xsy) FA By (x 1) + BaBi(xty)

ByBp +BpB;(x1y) TAvCryzs  Biery)(Ba + Baxy)) (E422c)

Rs: (A% +ApA;+Bg)Cryss  Bitxsy)Cryz (F422d)

Re:  Cyyo(ABy +ABy+ Cyys).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 144: IWPs and group cohomology at degree 3 of [4/mmm.

Wyckoff Little group Coordinates
LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
2a | 4/mmm Dy, (0,0,0) Ry o+ Ay s+ AcBa+ ABa +AuBatu gy + ABaty gy + Crye G2, C3)
2b 4/mmm Dy (0,0,1/2) Cryz (pz[Cz,TszCz/]
4¢ mmm Doy, (0,1/2,0), (1/2,0,0) LAty s+ AilmAiyy iz + Avty1:Bo + AuBoesy) + AiByesy) @[ T1T5C,, Cy]
4d 4m2 Dy (0,1/2,1/4), (1/2,0,1/4) Agryas(A2+AA, +B,) 2l T1 T5Co, T T TsMI]
(1/4,1/4,1/4), (3/4,3/4,1/4),
8f 2/m Con AA+ A Ay 4 P1[T1 Ty T5I]
(3/4,1/4,1/4), (1/4,3/4,1/4)

No. 140: I4/mcm

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a glide G, and an inversion I:

Cy: (x,y,2) = (—x,—Yy,2), (F423a)
Cy: (x,y,2) = (—x,y,—2+1/2), (E423b)
G:(x,y,2) > (y,x,2+1/2), (F423c)

I:(x,y,2) = (—x,—y,—2). (F423d)

The Z, cohomology ring is given by
Ly [Ai:Am:Ac’JAx+y+Z) By, Bz(x+y): Dg ]/ (m2: mB: m4: mS: m6> ) (E424)

where the relations are

Ryt Achm, Achiiyiz, AcAi+AAR+A +AA o +AL L, (E425a)
Ry AmA?c+y+z +A?c+y+z T Axiy+zBa t AmBaxiy)

Ax+y+z(AmAx+y+z +Ai+y+z + By + Bz(x+y)) > (E425Db)
Ryt Byxsy)(Ba + Byxay)) (E425c¢)
Rs:  Acs(BeByxty) T Ds), (Am+Asiy42)Ds, (F425d)
Re:  (By+By(xy))Ds, (E425e)

Rg:  AMAL + A +AALA s FATASA s FAATA 4
+AA By +AAyBy + ATAZ By + A2A iy 2By + Aih iy 2B
+A?B2B,(v4,) + BB, (xs,) + AiAnBoDs + D3 . (E425f)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 145: IWPs and group cohomology at degree 3 of I4/mcm.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
4a 422 Dy (0,0,1/4), (0,0,3/4) (A +An)AnAs iy 4z +A§(+y+z +Bg + B;(x1y)) ©s[Cy,C5]
4 | 42m Dy (0,1/2,1/4), (1/2,0,1/4) AcBiriy) ¢2[T1T5Cy, G5
4c 4/m C4h (O’ 0, 0)’ (0’ 0, 1/2) AiBa +AmBa +Ax+_y+zBa +AiBz(x+y) (PI[I]
4d mmm Doy (0,1/2,0), (1/2,0,0) AiBy(x+y) Pa[ T1 T3Cy, T3GI]
(1/4,1/4,1/4), (3/4,3/4,1/4),
8e Z/m Czh Ai(Am +Ax+y+z)Ax+y+z Wl[TlTZTSI]
(3/4,1/4,1/4), (1/4,3/4,1/4)
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No. 141: 14,/amd

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a glide G, and an inversion I:

CZ: (x:}’>z)—’(_x;_)’+1/2>z), (F426a)
Cy:(x,y,2) > (—x+1/2,y,—2+1/2), (E426b)
G:(x,y,2) > (y+1/4,x+1/4,2—1/4), (F426c¢)
I:(x,y,2) = (—x,—y,—=). (E426d)
The Z, cohomology ring is given by
Zy[Ai, Ay A, B, Bt ), G 1[ (R, Ra, Ry, Rs, Re) (F427)
where the relations are
Ryt AvAn, Ap(Ai+An), (E428a)
Ry:  AZA +A+AA, +ABy +ABy+AnBy, An(By+Biiriy), (E428b)
m43 (AC’ +Al +Am)CY 5
A2AT + A} +AA +AiAgBy + B2 +AvAB iy
+A?B,(x+y) + BuBa(x+y) T AIC, +AnC,
A2AT + AL+ APA +AALBy + B2 +AvAB(iy) +ATBy ety + Bj(Hy) ,  (E4280)
Rs: (By+By(x4))Cy s (F428d)
Re:  Cy(ApBy+Cy). (F428e)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 146: IWPs and group cohomology at degree 3 of I4;/amd.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
4a 4m2 Dyy (0,3/4,1/8),(1/2,3/4,3/8) ApBy+Cy p,[Cy, GI]
4b  |FIm2 Dy (0,1/4,3/8), (0,3/4,5/8) c, @[ T1 T3Cy, T3GI]
(0,0,0), (1/2,0,1/2),
8c 2m Con (1/4,3/4,1/4), (1/4,1/4,3/4) AnBy +Ac/Bz(x+y) +AiBz(x+y) Wl[l]
(0,0,1/2), (1/2,0,0), S _
8d 2m Con (1/4,3/4.3/43, (L/4,1/4, 1/4) AA+ A+ AL+ ApBy +AuBy(xry) + AiBy(ery) O1[T1ToI]

No. 142: 14,/acd

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a glide G, and an inversion I:

Cy: (x,y,2) = (—x,—y+1/2,2),

Cé: (x,y,2) > (—x+1/2,y,—2),
G:(x,y,2) > (y+1/4,x+1/4,2+1/4),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by

Zy[Ai, Ay A, By, D 1[(Ra, Ra, Ry, R, Rs) ,
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where the relations are

mZ : Ac’Am 5 Am(Ai +Am) ) (F4313)
Ry:  AJAZ, AY+A%A, +AuBy+AB,+AyB,, (E431b)
Ry: Af(A+A)A +B,), (E431c)
Rs:  (A;+An)D,, A.D,, (E431d)
Rg: A} +A[Ay +AIB] +AIB.D, + D2 (E431e)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 147: IWPs and group cohomology at degree 3 of I4,/acd.

Wyckoff Little group Coordinates
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
- (0,1/4,3/8), (0,3/4,5/8),
8a 4 Sa (4 +A)A7 +By) | 92[C3G,Co)

(1/2,1/4,5/8), (1/2,3/4,3/8)
8b 222 D, (0.1/4,1/8), (0,3/4,3/8), A(A2+AA, +By) ©3[Cy, GI
(0,3/4,7/8), (0,1/4,5/8)
(0,0,0), (1/2,0,1/2),
(1/4,3/4,1/4), (1/4,1/4,3/4),
(1/2,0,0), (0,0,1/2),
(1/4,3/4,3/4), (1/4,1/4,1/4)
(x,0,1/4), (—x +1/2,0,3/4),
L6 ) G (1/4,x +3/4,1/2), (1/4,—x +1/4,0), 24 oAl CLI TyCoCL]
(—x,0,3/4), (x +1/2,0,1/4),
(3/4,—x +1/4,1/2), (3/4,x +3/4,0)

16¢

[l
0O

A(A; +A,) p1l1]

No. 143: P3

This group is generated by three translations T; ; 3 as given in Egs. (B.1), and a three-fold
rotation Cj:
Cs: (x,5,2) = (—y,x —y,2). (E432)

The Z, cohomology ring is given by

ZZ[Az:Bxy]/(!RZ)m4) b (F433)

where the relations are
Ry: A%, (F434a)
Ry: Bﬁy ) (F434b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 148: IWPs and group cohomology at degree 3 of P3.

Wyckoff Little group . .
Coordinates | LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 3 CB (O: O,Z) AZBX_)/ Q103|:Tl; T2> T3]
1b 3 Cs (1/3,2/3,2) Same as la Same as 1a
1c 3 Cs (2/3,1/3,2) Same as la Same as 1a
No. 144: P3,
This group is generated by three translations T; ; 3 as given in Egs. (B.1), and a three-fold
screw Ss:
533(X,y,z)_’(—J’;X—y,z+1/3)- (F435)
The Z, cohomology ring is given by
ZZ[AZJBxy]/(m21m4) ) (F436)
where the relations are
Ry: A2, (F437a)
Ry: BZ,. (E437b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 149: IWPs and group cohomology at degree 3 of P3;.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
(x,y,2), (=y,x—y,z+1/3),
3a 1 C A,B [Ty, Ty, T3]
1 (=x +y,—x,2+2/3) zDxy $3li1, 12, 13
No. 145: P3,

This group is generated by three translations T; ; 3 as given in Egs. (B.1), and a three-fold

screw Ss:

SB: (X:y:z)_)(_y)x_y:z-i_z/g)'

The Z, cohomology ring is given by

where the relations are

ZZ[Az:Bxy]/(m25m4) ,

mz:
m4:

2
A,

2
BZ, .

(F438)

(E439)

(E440a)
(E440Db)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 150: IWPs and group cohomology at degree 3 of P3,.

Wyckoff Little group ) .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
xX,v,2), =y, x—v,z2+2/3),
3a 1 C (x,,2), (=, x=y,2 +2/3) AB 0Ty, Ty, Ts ]
(—x+y,—x,2+1/3) i ’ ®
No. 146: R3

This group is generated by three translations T; ; 3 as given in Egs. (B.6), and a three-fold

rotation Cy:

CB:(X,J’;Z)*(—}',X—}’,Z)- (F441)
The Z, cohomology ring is given by
ZZ [Az: Bx(y+z)]/(m2: m4) P (E442)
where the relations are
Ry: A2, (F443a)
. 2
Ry: Bx(y+z) . (E443b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 151: IWPs and group cohomology at degree 3 of R3.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schénflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+
3a 3 Cs (0,0,2) AzBy(y+2) 03[ Th, Tp, T3]
No. 147: P3

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation

C5, and an inversion I:

Cs:(x,y,2) = (—y,x—y,2),
I:(x,y,2) = (—x,—Yy,—2).

The Z, cohomology ring is given by
ZZ [Ai’AfU Bxy]/<m2: m4) P
where the relations are

mz:
(R4:

AZ(Al +AZ) 5
B.,(A?+B,,).

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 152: IWPs and group cohomology at degree 3 of P3.

Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
la | 3 Ca; (0,0,0) (A +A)A +Byy) | pill]
1b 3 Cai (0,0,1/2) A(A7+Byy) 1[T31]
2d 3 Cs (1/3,2/3,2), (2/3,1/3,—=2) N/A N/A
=¥ (1/2,0,0); (051/270)7
3e 1 C (A; +A,)B 0 [TyI]
‘ (1/2,1/2,0) o o
- (1/2,0,1/2),(0,1/2,1/2),
3f 1 Ci AZBX_}/ SDI[TI Tgl]
(1/2,1/2,1/2)

No. 148: R3

This group is generated by three translations T; , 5 as given in Egs. (B.6), a three-fold rotation
Cs;, and an inversion I:

CSZ(XJy’z)_)(_y)x_yaz)’ (F447a)
I: (xzyxz) - (—X,—y,—Z). (F447b)

The Z, cohomology ring is given by

ZZ [AiJAZJ Bx(y+z)]/<(R2: (R4) B (E448)
where the relations are

Ry A (A +A,), (E449a)

fR4: Bx(y+z)(A? + Bx(y+z)) . (F449b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 153: IWPs and group cohomology at degree 3 of R3.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schénflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+
3a 3 Csi (0,0,0) (Ai +A)A? +By(y 1) ¢1[1]
3b 3 GCs; (0: 0, 1/2) Asz(y+z) ‘pl[Tl_sz_l T331]
9d 1 G (1/2,0,1/2),(0,1/2,1/2), (1/2,1/2,1/2) A,(A2 4+ By(y4z) o1 [T T T3]
9e 1 Ci (1/2,0,0), (0,1/2,0), (1/2,1/2,0) (A; +A)By(y 1) ¢1[ThI]

No. 149: P312

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
Cs, and a two-fold rotation C;:

CS:(X,J’,Z)—’(—_)’,X—}’,Z), (F4503)
Cy: (x,y,2) = (=y,—x,—2). (E450Db)
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The Z, cohomology ring is given by

Z2[Ac”Az,Bxy]/<m2’m4> ’ (F451)
where the relations are
@2 . AZ (AC/ +AZ) 5 (F4523)
R4: BE,. (F452b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 154: IWPs and group cohomology at degree 3 of P312.
Wyckoff Little group ) ]
Coordinates | LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 32 Dy (0,0,0) (Ao +A,)B,, @[T T, 1, Cy]
1b 32 D3 (090:1/2) Aszy wZ[Tngla T3C£]
1c 32 Dy (1/3,2/3,0) Same as la Same as 1la
1d 32 Dy (1/3,2/3,1/2) Same as 1b Same as 1b
le 32 Dy (2/3,1/3,0) Same as 1a Same as 1a
1f 32 Dy (2/3,1/3,1/2) Same as 1b Same as 1b
No. 150: P321

This group is generated by three translations T, , 5 as given in Egs. (B.1), a three-fold rotation
Cs, and a two-fold rotation Cj:

The Z, cohomology ring is given by

where the relations are

CB: (Xi.yﬁz)_) (_}’,x—}’;z),
Cé: (X;y’z)—’ (}’,x:_z)-

ZZ[AC/’AZ) Bxy]/(gez’ m4> P

932: AZ(AC’ +AZ)!

. 2
Ry: B2,

(E453a)
(E453b)

(E454)

(E455a)
(E455b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 155: IWPs and group cohomology at degree 3 of P321.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 32 Dy (0,0,0) (Ao +A,)B,, @o[T1T5,Cy]
1b 32 D3 (O: 0:1/2) Aszy ¢2[T1T2’ T3C£]
2d 3 Cs (1/3,2/3,2), (2/3,1/3,—=2) N/A N/A
No. 151: P3,12

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold screw
S3, and a two-fold rotation Cy:

S3:(x,y,2) = (—y,x—y,z+1/3), (E456a)
Cy: (x,y,2) = (—y,—x,—z+2/3). (E456b)
The Z, cohomology ring is given by
ZZ[AC’)Azany]/(gQZ: m4> s (E457)
where the relations are
@2 . AZ (Ac/ +AZ) 5 (F4583)
R4: BE,. (F458b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 156: IWPs and group cohomology at degree 3 of P3,12.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
3a 2 Cy (x,—x,1/3), (x,2x,2/3), (—2x,—x,0) (Av +A,)B,, o[ T1 T, %, Ch]
3b 2 C2 (X,_x,5/6), (X,ZX, 1/6)7 (_ZX,_X, 1/2) Aszy SOZ[Tsz_l’TSCé]
No. 152: P3,21

This group is generated by three translations T; , 3 as given in Egs. (B.1), a three-fold screw
S3, and a two-fold rotation Cy:

The Z, cohomology ring is given by

where the relations are

53: (X,y,z)—’(—ij—)’,z+1/3),
Cé: (x:y3z)_>(yax3_z)'

Z2[Ac”Az, Bxy]/(mz; m4> 5

932:

. 2
Ry: B2,

AZ(AC/ +AZ) >

(F459a)
(E459b)

(F460)

(F461a)
(E461b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 157: IWPs and group cohomology at degree 3 of P3,21.

Wyckoff

Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
3a 2 CZ (X, O: 1/3)y (O; X, 2/3)’ (—X, -X, 0) (Ac/ +Az)Bxy QDZ[TI TZ; Cé]
3b 2 CZ (X;O,5/6); (0,X,1/6), (—x,—x,1/2) Aszy (,02[T1T2, T3C£]

No. 153: P3,12

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a three-fold screw
S3, and a two-fold rotation C:

S3:(x,y,2) > (—y,x —y,2+2/3), (E462a)
Cy: (x,y,2) = (—y,—x,—z+1/3). (E462b)
The Z, cohomology ring is given by
Zy[Acr, Ay, By 1/ (R, Ry) (F463)
where the relations are
Ryt A Ay +A4,), (E464a)
R4t BE,. (E464b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 158: IWPs and group cohomology at degree 3 of P3,12.
Wyekoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
3a 2 C2 (x;_x,z/g)’ (x;zx:]-/g): (_ZX,_X,O) AZBxy SOZ[Tsz_l’TSCé]
3b 2 C, (x,—x,1/6), (x,2x,5/6), (—2x,—x,1/2) (Ay +A,)By,, ©a[ Ty T;l, C,]

No. 154: P3,21

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold screw
S3, and a two-fold rotation Cy:

83: (X:y,z)—’(—J’:X—y,z+2/3),

Cé: (X:y:z)_)(y:x,_z)'

The Z, cohomology ring is given by

where the relations are

ZZ[AC’:AZJ Bxy]/(CRZ: m4> >

@2:
m4:

AZ(AC/ +Az) >

2
BZ,.

(E465a)
(E465b)

(E466)

(F467a)
(E467b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 159: IWPs and group cohomology at degree 3 of P3,21.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
3a 2 CZ (X, 072/3)1 (O; X, 1/3): (—X,—X, 0) (Ac/ +Az)Bxy ‘Pz[Tsz; Cé]
3b 2 CZ (X,O: 1/6): (0,X,5/6), (_xi_x’]‘/z) AZBxy (,02[T1T2, T3C£]

No. 155: R32

This group is generated by three translations T; , 5 as given in Egs. (B.6), a three-fold rotation
Cs, and a two-fold rotation Cj:

C3:(x:yaz)_>(_y)x_y:z)a (F4683)
Cé: (X,J’,Z)*(y,X,—Z)- (F468b)
The Z, cohomology ring is given by
Zo[A, Ay, By(y sy ][ (Ra, Ry) (F469)
where the relations are
Ry: AAc+A;), (E470a)
. 2
Ry Bx(y+z) . (E470b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 160: IWPs and group cohomology at degree 3 of R32.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schénflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+
3a 32 Dy (0,0,0) (Ae +A)By(y40) @[Ty Ty, Cj]
3b 32 Dy (0,0,1/2) ABy(y45) o[ Ty Ty, T 2T, 1 T3CH)

No. 156: P3m1

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
C5, and a mirror M:

CS: (X’y,z) - (_)’,X_J’:Z),
M: (x,y,2) = (=y,—x,2).

The Z, cohomology ring is given by

where the relations are

ZZ[Am,Aza Bxy]/(*mb m4> 5

@2:
Ry:

2
A,

2
BZ,.

(E471a)
(E471Db)

(E472)

(F473a)
(E473Db)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 161: IWPs and group cohomology at degree 3 of P3m]1.

Wyckoff Little group . .
Coordinates | LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 3m C3V (0: O:Z) Aszy SOB[Tsz_l’TB:M]
1b 3m Cs, (1/3,2/3,2) Same as la Same as la
1c 3m Cs, (2/3,1/3,2) Same as la Same as 1a

No. 157: P31m

This group is generated by three translations T, , 5 as given in Egs. (B.1), a three-fold rotation
C;, and a mirror M:

CS:(X,J’,Z)—’(—}”X—}’:Z), (F474a)
M:(x,y,2) = (y,x,2). (E474b)

The Z, cohomology ring is given by

Zy[Am, Az, Bry 1 (Ra, Ra) (E475)

where the relations are
Ry: A%, (E476a)
Ry: Bﬁy ) (F476b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 162: IWPs and group cohomology at degree 3 of P31m.

Wyckoff Little group ) .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schoénflies
la 3m C3V (O: O)Z) AZBXy @3[Tl TZ: TB)M]
2b 3 Cs (1/3,2/3,2), (2/3,1/3,%) N/A N/A

No. 158: P3c1

This group is generated by three translations T; , 5 as given in Egs. (B.1), a three-fold rotation
Cs;, and a glide G:

C3:(x1yﬁz)_>(_.y:x_y)z)9 (F477a)
G:(x,y,2) > (—y,—x,z2+1/2). (E477b)

The Z, cohomology ring is given by

ZZ[Am,Bx_y]/<m2’ m4> > (F478)

where the relations are
Ry: A2, (E479a)
R4: B, (F479b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 163: IWPs and group cohomology at degree 3 of P3c1.

Wyckoff Little group ) .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schoénflies
2a 3 Cs (0,0,2), (0,0,z+1/2) ApByy @3[Ty, Ty, Gl
2b 3 Cs (1/3,2/3,2),(1/3,2/3,2+1/2) Same as 2a Same as 2a
2c 3 Cs (2/3,1/3,2),(2/3,1/3,2+1/2) Same as 2a Same as 2a

Here the topological invariant @5[ Ty, T, G] can be chosen to be the same as that of group
No.9 Cc, given by Eq. (E28).

No. 159: P31c

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
Cs, and a glide G:

Cs: (x,y,2) = (=y,x—Yy,2), (E480a)
G:(x,y,2) > (y,x,2+1/2). (E480b)

The Z, cohomology ring is given by

ZZ[Am:Bxy]/<m27 R4) (E481)

where the relations are
Ry: A%, (F482a)
Ry: BZ,. (F482b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 164: IWPs and group cohomology at degree 3 of P31c.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schoénflies
za 3 C3 (O’O}Z)) (O7OJZ+1/2) Amey @[Tlﬁ TZ_I’G]
2b 3 Cs (1/3,2/3,2),(2/3,1/3,2+1/2) Same as 2a Same as 2a

Here the topological invariant p3[ Ty, T, 1G] can be chosen to be the same as that of group
No.9 Cc, given by Eq. (E28).

No. 160: R3m

This group is generated by three translations T, , 5 as given in Egs. (B.6), a three-fold rotation
Cs;, and a mirror M:

Cy: (x,y,2) = (—y,x—Y,2), (E483a)
M: (xzyxz)_)(_ya_xzz)' (F483b)

The Z, cohomology ring is given by

ZZ[Am)Az:Bx(y+z)]/((R2: (R4> ’ (F484)
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where the relations are

Ry: A2, (E485a)
. 2
Ry: Byt (E485b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 165: IWPs and group cohomology at degree 3 of R3m.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+
3a 3m Cs, (0,0,2) ABy(y1z) o3[ T, 8, T2T, 1 T3, M ]

No. 161: R3c

This group is generated by three translations T , 5 as given in Eqgs. (B.6), a three-fold rotation

Cs, and a glide G:

C3: (x,y,2) = (=y,x—y,2), (E486a)
G:(x,y,2) > (—y+1/3,—x+2/3,2+1/6). (FE486b)
The Z, cohomology ring is given by
ZZ[AmJBx(y+Z)]/<m2> m4> ) (F487)
where the relations are
.A2
Ry: A%, (E488a)
. 2
R4z B (E488b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 166: IWPs and group cohomology at degree 3 of R3c.
Wyckoff Little group Coordinates .
LSM anomaly class | Topo. inv.

position | Intl. Schénflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+

6a 3 Cs (0,0,2), (0,0,z +1/2) AnBi(yin)

¢\3[T1: TZ: G]

Here the topological invariant @5[ Ty, T,, G] can be chosen to be the same as that of group

No.9 Cc, given by Eq. (E28).

No. 162: P31m

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation

Cs, a two-fold rotation C;, and an inversion I:

C3: (X,_y,Z) - (_}’:x_J’;Z),
Cy: (x,y,2) = (=y,—x,—2),
I:(x,y,2) = (—x,—Yy,—2).
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The Z, cohomology ring is given by

ZZ[Ai,Ac”Aza Bxy]/(mb m4) ) (F490)
where the relations are

Ryt A Ay +A;+A,), (F491a)

Ryt Byy(AcA;i+AT+B,,). (E491b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 167: IWPs and group cohomology at degree 3 of P31m.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
1a 3m Dsy (0,0,0) (A +A; +A)AA; + A2 +B,,) ©01[1]
1b 3m D3y (0,0,1/2) A (ALA; +A12 + Bxy) p1[T5I]
2¢ 32 Dy (1/3,2/3,0), (2/3,1/3,0) N/A N/A
2d 32 Dy (1/3,2/3,1/2), (2/3,1/3,1/2) N/A N/A
(1/2,0,0), (0,1/2,0),
3f 2/m C (Ao +A; +A,)B [ Ty1]
2h (1/2,1/2’0) c i z/Pxy 1Lt1
(1/2,0,1/2),(0,1/2,1/2),
3 2/m C A,B p1[ T, T51]
g 2h (1/2.1/2.1/2) zDxy 1Li1l3

No. 163: P31c

This group is generated by three translations T; , 5 as given in Egs. (B.1), a three-fold rotation
C5, a two-fold rotation C;/» and an inversion I:

C35(X’J’;Z)—’(—)’:x—yjz), (F4923)
Cy: (x,y,2) = (=y,—x,—z+1/2), (E492b)
Ii(x:y,z)_’(_x:_}”_z)- (F492C)

The Z, cohomology ring is given by

Z[Ai, A, By 1] (Ra, Ry) (F493)

where the relations are
Ryt Auhy, (F494a)
Ry: By (A2+B,,). (F494b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 168: IWPs and group cohomology at degree 3 of P31c.

Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 32 D, (0,0,1/4), (0,0,3/4) AuByy Lpz[Tsz_l,Cé]
2b 3 Cs; (0,0,0), (0,0,1/2) A(A2+B,,) o117
2c 32 Dy (1/3,2/3,1/4),(2/3,1/3,3/4) Same as 2a Same as 2a
2d 32 D, (2/3,1/3,1/4),(1/3,2/3,3/4) Same as 2b Same as 2b
(1/2,0,0), (0,1/2,0),
6g 1 C; (1/2,1/2,0), (0,1/2,1/2), A;By, [ T11]

(1/2,0,1/2),(1/2,1/2,1/2)

No. 164: P3m1

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold rotation
Cs, a two-fold rotation C;, and an inversion I:

CSZ(XJJ’,Z)—’(_}’:X_}’;Z), (F4953)
Cé: (X,y,Z)ﬁ(y,x,—Z), (F495b)
I:(x,y,2) > (—x,—y,—2). (E495¢)
The Z, cohomology ring is given by
ZZ[Ai:Ac’:AzJBxy]/(mZvm4> 5 (F496)
where the relations are
(Rz . Az (AC’ +Al +AZ) N (F497a)
Ry:  Byy(AuA;+AZ+B,). (E497b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 169: IWPs and group cohomology at degree 3 of P3m]1.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 3m Dsy (0,0,0) (Ao +A; +A)AA +A2+B,) | ill]
1b 3m D3y (0,0,1/2) A (ALA; +A? +Bxy) p1[T5I]
2d 3m Cs, (1/3,2/3,2), (2/3,1/3,—2) N/A N/A
3e 2m Cop (1/2,0,0), (0,1/2,0), (Ao +A; +A,)B,, 01[T11]
(1/2,1/2,0)
af om Cor (1/2,0,1/2),(0,1/2,1/2), AB,, o\[TyT5]
(1/2,1/2,1/2)
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No. 165: P3c1

This group is generated by three translations T, , 5 as given in Egs. (B.1), a three-fold rotation
C5, a two-fold rotation Cé, and an inversion I:

CBZ(X,}’,Z)*(_)’,X—J’,Z), (F498a)
Ch: (x,y,5) = (3, x,—2 +1/2), (E498b)
I: (X,J’;Z)—’(—X,—J’a—z)- (F498C)

The Z, cohomology ring is given by

Zy[Ai, A, By 1] (Ra, Ry) (F499)

where the relations are
.&2 : AC/Ai 5 (F.SOOa)
Rs: By (A2+B,)). (F500Db)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 170: IWPs and group cohomology at degree 3 of P3c1.

Wyckoff Little group

Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
2a 32 D3 (05 01 1/4)5 (05 01 3/4) Ac’Bxy @2[T1 T2’ Cé]
b | 3 Cai (0,0,0), (0,0,1/2) AA} +B,) ¢1l1]
1/3,2/3,2), (2/3,1/3,—2z+1/2),
W |3 o |WB239GBEIEZ=T12) /A /A

(2/3,1/3,—2), (1/3,2/3,2+1/2)
(1/2,0,0), (0,1/2,0),

(1/2,1/2,0),(0,1/2,1/2), AiBxy p1[Th1]

(1/2,0,1/2), (1/2,1/2,1/2)

6e

=
O

No. 166: R3m

This group is generated by three translations T , 5 as given in Eqgs. (B.6), a three-fold rotation
Cs, a two-fold rotation Cy, and an inversion I:

C3:(x,y,2) = (—y,x—Yy,2), (E501a)
Cy: (x,y,2) = (y,x,—2), (E501b)
I:(x,y,2) = (—x,—y,—2). (E501¢)

The Z, cohomology ring is given by

ZolA, Ay Ay Brgy i)l (R, Ra) (F502)

where the relations are
Ry: A (Au+A;+A,), (E503a)
Ra: Byy+z)AcAi + A +Byyin). (E503b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 171: IWPs and group cohomology at degree 3 of R3m.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+
3a 3m Dsq (0,0,0) Ay +A; +A)AA; + A2+ By 1) e1l1]
3b | 3m D (0,0,1/2) A:By(yte) o [T7°T, 1 T51)
9d | 2/m Can (1/2,0,1/2),(0,1/2,1/2), (1/2,1/2,1/2) A(AcA; + A7 + By 1)) [T T, T
9e *2/m Cop (1/2,0,0), (0,1/2,0), (1/2,1/2,0) (A +A; +AZ)BX(y+Z) @1[T11]

No. 167: R3c

This group is generated by three translations T, , 5 as given in Egs. (B.6), a three-fold rotation
Cs;, a two-fold screw S;, and an inversion I:

Cy: (x,y,2) > (—y,x—y,2), (E504a)

Sy:(x,y,2) = (y+1/3,x+2/3,—2+1/6), (E504b)

I:(x,y,2) = (—x,—y,—2). (E504c)

The Z, cohomology ring is given by
Zo[Ai Ay Byy i)l (Ras Ra) (E505)
where the relations are

Ro:  AdA;, (E506a)

Rs: Bi(y+2)A2 +By(yia) - (R506b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 172: IWPs and group cohomology at degree 3 of R3c.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.

position | Intl. Schénflies | (0,0,0)+ (2/3,1/3,1/3)+ (1/3,2/3,2/3)+

6a | 32 D; (0,0,1/4), (0,0,3/4) AcBx(y+z) Qo[ 1T, Ty ' T; ' T3S5]

6b | 3 Cai (0,0,0), (0,0,1/2) AAF + By 4) ¢1l1]

(1/2,0,0), (0,1/2,0),
18d | 1 Gi (1/2,1/2,0),(0,1/2,1/2), AiBy(y+z) e[ ThI]
(1/2,0,1/2),(1/2,1/2,1/2)

No. 168: P6

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold rotation
C5, and a two-fold rotation C,:

C3: (x,y,2) = (=, x — y,2), (E507a)
Cy: (x,y,2) = (—x,—y,2). (E507b)
The Z, cohomology ring is given by
Z3[Ac Az Byy [ (Ra, Ry) (E508)
where the relations are
Ry: A2, (E5092)
Rs: By (A2+B,)). (F.509b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 173: IWPs and group cohomology at degree 3 of P6.

Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies
la 6 Co (0,0,2) A(AZ+By,y) 02[T3,C,]
2b 3 Cs (1/3,2/3,2),(2/3,1/3,2) N/A N/A
3c 2 CZ (1/25072): (0: 1/2;2)’ (1/2; 1/252) Aszy (pZ[TS: Tlcz]

No. 169: P6,

This group is generated by three translations T; 5 5 as given in Eqgs. (B.1), a three-fold screw

Ss, and a two-fold screw S,:

S3: (6, y,2) > (—y,x—y,z+1/3), (E510a)
So: (x,y,2) > (—x,—y,z+1/2). (E510b)
The Z, cohomology ring is given by
Zo[Ae By 1[(Ra, Ry) (E511)
where the relations are

Ry A% , (E512a)
Ry: BZ,. (E512b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 174: IWPs and group cohomology at degree 3 of P6;.
Wyckoff | _ Little group Coordinates LSM anomaly class | Topo. inv.

position | Intl.  Schonflies

(X:J’,Z), (_)’,x_yyz"" 1/3)7
6a 1 Cl (_x+y:_xaz+2/3): (_X,_y,z+1/2); Achy
(y,—x+y,2+5/6), (x —y,x,2+1/6)

@[Tl’ TZ’SZJ

Here the topological invariant ps[ Ty, Ty, S, ] can be chosen to be the same as that of group

No.4 P2,, given by Eq. (E12).

No. 170: P6y

This group is generated by three translations T; , 3 as given in Egs. (B.1), a three-fold screw

S3, and a two-fold screw S,:

SB: (X:y,z)—’(—y,x—y,z+2/3),
82: (xyyzz)_)(_xﬁ_yﬁz+1/2)'

The Z, cohomology ring is given by

ZZ[AC)Bxy]/<m2: m4> )
where the relations are
. 2
Ry: AL,
. 2
Ry: Bxy .

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 175: IWPs and group cohomology at degree 3 of P6s.

Wyckoff Little grou
Y gTotp Coordinates LSM anomaly class

position | Intl. Schoénflies

Topo. inv.

(x,y,2), (=y,x—y,2+2/3),
6a 1 Cl (—X +_}’,—X,Z+ 1/3): (_x:_y:z + 1/2); ACBXy
(.y:_x+.y,z+1/6)7 (X_)’:X,Z+5/6)

@[Tlﬁ T2’52]

Here the topological invariant p3[ T, Ty, S, ] can be chosen to be the same as
No.4 P2,, given by Eq. (E12).

No. 171: Pe6,

that of group

This group is generated by three translations T; 5 5 as given in Eqgs. (B.1), a three-fold screw

S3, and a two-fold rotation C,:

SB:(X:y3z)_)(_y)x_y7z+2/3): (F516a)
C23(X;y,z)_’(—X,—y,Z)- (F516b)
The Z, cohomology ring is given by
Zy[A, Az By [ (Ro, Ry) (E517)
where the relations are
Ry: A2, (E518a)
Ry: By (A2+B,)). (F518b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 176: IWPs and group cohomology at degree 3 of P6,.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
3a 2 G, (0,0,2), (0,0, +2/3), (0,0,2 +1/3) A,(A2+B,,) ©2[Ts,Cs]
3b 2 C, (1/2,1/2,2), (1/2,0,2 +2/3), (0,1/2,2 +1/3) A.B,, o[ T3, T1 ToCs]

No. 172: P64

This group is generated by three translations T; 5 5 as given in Eqs. (B.1), a three-fold screw

S3, and a two-fold rotation Cy:
53: (x,y,Z) - (_y:x_.yaz-i_ 1/3)»
C2: (xay)z) - (_X;_}’,Z)-
The Z, cohomology ring is given by
ZZ[AC’AZ,BX_}/]/(GQZ’ m4> 5
where the relations are
V)
Ry: A7,
Ry: By (A2+B,,).

(E519a)
(E519b)

(E520)

(E521a)
(E521b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 177: IWPs and group cohomology at degree 3 of P6,.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
3a 2 C, (0,0,2), (0,0,2 +1/3), (0,0,2 +2/3) A(A2+B,)) 02[T3,C,]
3b 2 Cy (1/2,1/2,2),(1/2,0,2+1/3),(0,1/2,2+2/3) A;Byy ©2[T3, T1 ToCy]
No. 173: P6,

This group is generated by three translations T , 3 as given in Eqgs. (B.1), a three-fold rotation

Cs;, and a two-fold screw S,:

C3:(x1y>z)_)(_.y:x_.yzz)> (Fszza)
So: (x,y,2) > (—x,—y,z+1/2). (E522b)
The Z, cohomology ring is given by
Zo[Ac, By 1[(Rg, Ry) (E523)
where the relations are
Ry: A2, (E524a)
R4: BE,. (F.524b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 178: IWPs and group cohomology at degree 3 of P65.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 3 C3 (0: O:Z): (0’ O’Z + 1/2) Achy S/D\B[le TZ’ SZ]
2b 3 Cs (1/3,2/3,2), (2/3,1/3,2+1/2) Same as 2a Same as 2a

Here the topological invariant p3[ Ty, Ty, Sy ] can be chosen to be the same as that of group
No.4 P2,, given by Eq. (E12).

No. 174: P6

This group is generated by three translations T; , 5 as given in Egs. (B.1), a three-fold rotation
Cs;, and a mirror M:

CB: (xayyz)_’(—}’,x—}’;z),

M: (x,y,z) = (x,y,—2).

The Z, cohomology ring is given by

where the relations are

ZZ[AmJAz: Bxy]/((RZJ (R4> >

gez:
ge4:

Az(Am +Az);

2
BZ, .

(E525a)
(E525b)

(E526)

(E527a)
(E527b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 179: IWPs and group cohomology at degree 3 of P6.

Wyckoff Little group Coordinates | LSM anomaly class Topo. inv.

position | Intl.  Schonflies
la 6 Csh (0,0,0) (A +A,)B,, @3[ Ty, To, M]
1b 6 Cap, (0,0,1/2) A.B,, @3[Ty, Ty, TsM ]
1c 6 Csp (1/3,2/3,0) Same as 1a Same as 1la
1d 6 Cap, (1/3,2/3,1/2) Same as 1b Same as 1b
le 6 Csp, (2/3,1/3,0) Same as la Same as la
1f 6 Csp, (2/3,1/3,1/2) Same as 1b Same as 1b

No. 175: P6/m

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold rotation
C5, a two-fold rotation C,, and an inversion I:

Cs:(x,y,2) = (—y,x—y,2), (E528a)
Cy: (x,y,2) = (—x,—y,2), (E528b)
I: (X,)’:Z)_’(—x;—}’,—z)- (F528C)
The Z, cohomology ring is given by
Zy[Ai, A Ay, By 1] (Ro, Ry) (E529)
where the relations are
Ry A A +A4,), (E530a)
Ryt By (A>+A7+B,,). (E530Db)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 180: TWPs and group cohomology at degree 3 of P6/m.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la 6/m Cﬁh (0; 0, 0) (Al +Az)(A? +A? +Bxy) t101[1]
1b 6/m Cen (0,0,1/2) A, (A2+A+B,,) 01[T5I]
2¢ 6 Can (1/3,2/3,0), (2/3,1/3,0) N/A N/A
2d 6 Capn (1/3,2/3,1/2), (2/3,1/3,1/2) N/A N/A
3f 2/m Cop (1/2,0,0), (0,1/2,0), (1/2,1/2,0) (A; +A;)By, p1[T1I]
3g | 2/m Con (1/2,0,1/2),(0,1/2,1/2), (1/2,1/2,1/2) A;Byy ¢1[T1T51]

No. 176: P65/m

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
C5;, a two-fold screw S,, and an inversion I:

C3: (X,y,z)—’(—y,x—y,z),
SZ: (X,y,z)_’(_x,_.)’,z“‘l/z),
I: (x:yaz)—’(_x:_.)’;_z)-
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The Z, cohomology ring is given by

ZZ[Ai:Ac’Bxy]/(GQZ’gQ) 5 (E532)

where the relations are
Ry A(A,+A), (E533a)
Ryt Byy(AA +A7 +B,,). (E533b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 181: IWPs and group cohomology at degree 3 of P63/m.

Wyekoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 6 Cap, (0,0,1/4), (0,0,3/4) AByy, @3[ Ty, Ty, Sol]
2b 3 Cs; (0,0,0), (0,0,1/2) (A, +A)(A? +B,,) ©1[I]
2c 6 Csp, (1/3,2/3,1/4),(2/3,1/3,3/4) Same as 2a Same as 2a
2d 6 Csp, (2/3,1/3,1/4),(1/3,2/3,3/4) Same as 2a Same as 2a
(1/2,0,0), (0,1/2,0),
6g 1 C; (1/2,1/2,0), (1/2,0,1/2), (Ac +A)B,, ¢1[T11]
(0,1/2,1/2),(1/2,1/2,1/2)

No. 177: P622

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
Cs, a two-fold rotation C,, and a two-fold rotation Cy:

C3:(x,y,2) = (=y,x—Yy,2), (E534a)
Cé: (X,)’:Z)—’(.)’,X,—Z), (F534b)
Cy: (x,y,2) = (—x,—y,2). (E534c)

The Z, cohomology ring is given by

ZZ[AC)ACUAz:Bxy]/(mZ) m4> ) (FSBS)
where the relations are

Ry A (A +A,), (E536a)

Ry: By (A2+AA.+B,). (E536b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 182: ITWPs and group cohomology at degree 3 of P622.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schoénflies
la 622 Dg (0,0,0) (Av +A)A2+AA +B,) ©,[C5,Co]
1b 622 Dg (0,0,1/2) Az(Ag +AA.+ Bxy) (pZ[TSCé, C,]
2¢ 32 Dy (1/3,2/3,0), (2/3,1/3,0) N/A N/A
2d 32 Dy (1/3,2/3,1/2), (2/3,1/3,1/2) N/A N/A
1/2,0,0), (0,1/2,0),
3f 222 D2 ( / ) ( / ) (AC’ +AZ)BXy SOz[C;, T1T2C2]
(1/2,1/2,0)
(1/2,0,1/2),(0,1/2,1/2),
3g 222 D2 Aszy 902[T3C£’ Tl Tzcz]
(1/2,1/2,1/2)

No. 178: P6,22

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold screw
S3, a two-fold rotation C,, and a two-fold screw S,:

83:(ny:z)_)(_yﬂx_y:z-i_]-/B)) (F537a)
Cy: (x,y,2) = (y,x,—z +1/3), (E537b)
So: (x,y,2) > (—x,—y,z+1/2). (E537¢)
The Z, cohomology ring is given by
Zy[Ac, A, By 1 (R, Ry), (E538)
where the relations are
gez . AC (AC +AC’) N (F5393)
. 2
Ry: By, (E539b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 183: IWPs and group cohomology at degree 3 of P6,22.
Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
(xJ 0’ 0), (O’ x’ 1/3)’
6a 2 CZ (_X’ —X, 2/3)’ (_x: O’ 1/2)’ (AC +AC’)BX_)/ (102|:T1 T2’ Cé]
(O; —X, 5/6)’ (X,X, 1/6)
(x1 zxr 1/4)> (_zx; —X, 7/12)y
6b 2 Cy (x,—x,11/12), (—x,—2x,3/4), A.By, @[ T1 T3, C3S,]

(2x,x,1/12), (—x,x,5/12)
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No. 179: P6522

This group is generated by three translations T; 5 5 as given in Eqs. (B.1), a three-fold screw
S, a two-fold rotation Cé, and a two-fold screw S,:

S3:(x,y,2) = (—y,x—y,z+2/3), (E540a)
Cy:(x,y,2) = (y,x,—2+2/3), (E540D)
So: (%, y,2) > (—x,—y,z+1/2). (E540c¢)

The Z, cohomology ring is given by

ZZ[AC’AcGBxy]/(mb m4>: (E541)

where the relations are
Ro:  A(A.+AL), (F542a)
R4t B, (F542b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 184: TWPs and group cohomology at degree 3 of P6522.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies

(x,0,0), (0,x,2/3),
6a 2 Cy (—x,—x,1/3), (—x,0,1/2), (A +A)By, Po[T1Ts, Cé]
(0,—x,1/6), (x,x,5/6)
(x,2x,3/4), (—2x,—x,5/12),
6b 2 C, (x,—x,1/12), (—x,—2x,1/4), AB.y P2l ThT; 7, C5S5]
(2x,x,11/12), (—x,x,7/12)

No. 180: P6,22

This group is generated by three translations T; , 3 as given in Egs. (B.1), a three-fold screw
S3, a two-fold rotation Cé, and a two-fold rotation Cs:

S3:(x,y,2) = (—y,x—y,2+2/3), (E543a)
Cy: (x,y,2) = (y,x,—z +2/3), (E543b)
Cy: (x,y,2) = (—x,—y,2). (E543c)

The Z, cohomology ring is given by

Zo[Ac, A, Ay, By 1 (R, Ry) (E544)
where the relations are

Ry A (Ay +A,), (E545a)

Ry: Byy(A2+AA.+By). (E545b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 185: IWPs and group cohomology at degree 3 of P6,22.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inwv.
position | Intl. Schonflies
3a | 222 D, (0,0,0), (0,0,2/3), (0,0,1/3) (A +A)A+AA+Byy) | 92lCh, G
3b | 222 Dy (0,0,1/2), (0,0,1/6), (0,0,5/6) A(A2+AA +Byy) ¢2[T5C5,C,]
3c 222 D, (1/2,0,0), (0,1/2,2/3),(1/2,1/2,1/3) (A +4A;)Byy o[ C3, T1 T5C, ]
sd |22 D, | (1/2,0,1/2),(0,1/2,1/6), (1/2,1/2,5/6) AB,, 0:[T5C}, T 156,

No. 181: P6,22

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a three-fold screw
S3, a two-fold rotation Cé, and a two-fold rotation Cs:

53:(XJJ’:Z)_’(_}’;X_J’:Z+1/3), (F546a)
Cé:(xﬂyaz)_)(yﬂxz_z+1/3): (F546b)
Cy: (x,y,2) = (—x,—y,2). (E546¢)
The Z, cohomology ring is given by
Zo[Ac, A, Ay By 1 (R, Ry) (E547)
where the relations are
Ry A(AL+A,), (E548a)
Ry: By (A2+AA.+B,). (E548b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 186: IWPs and group cohomology at degree 3 of P6422.
Wyekoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
3a | 222 D, (0,0,0), (0,0,1/3), (0,0,2/3) A(A2+AAL+B,)) @[ T5C5, Cy]
3b | 222 D, (0,0,1/2), (0,0,5/6), (0,0,1/6) (Av +A)A2 +AA, +B,,) @1[C, Col
3¢ | 222 D, (1/2,0,0), (0,1/2,1/3), (1/2,1/2,2/3) A.B,, 03[ T5C, T T5Cy ]
3d | 222 D, (1/2,0,1/2), (0,1/2,5/6), (1/2,1/2,1/6) (As +4A,)B,, ©3[Ch, T1 T5Cy ]

No. 182: P6322

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
Cs, a two-fold rotation Cj, and a two-fold screw S,:

C3: (xﬁy)z)_)(_.y;x_,y:z))

Cy: (x,y,2) = (y,x,—2),

52: (X,)’,Z)—’(_X,—yaz"‘l/z)'

The Z, cohomology ring is given by

where the relations are

ZZ[Ac:Ac’bey]/<(R2; '-(R4> >

922:
Ry:

A (A +A),

2
BZ,.

(E549a)
(E549b)
(E549¢)

(E550)

(E551a)
(E551b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 187: IWPs and group cohomology at degree 3 of P6522.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 32 D3 (0’ O: 0)’ (O; 05 1/2) (Ac +Ac’)Bxy QOZ[Tl TZ’ Cé]
2b 32 Dy (0,0,1/4), (0,0,3/4) AB,, Qo[ T1T5 7, CySs ]
2c 32 Dy (1/3,2/3,1/4),(2/3,1/3,3/4) Same as 2b Same as 2b
2d 32 Dy (1/3,2/3,3/4), (2/3,1/3,1/4) Same as 2b Same as 2b

No. 183: P6mm

This group is generated by three translations T, , 5 as given in Egs. (B.1), a three-fold rotation
C;, a mirror M, and a two-fold rotation Cy:

Cy: (x,y,2) = (=y,x—Y,2), (E552a)
M: (x,y,2) = (—y,—x,2), (E552b)
Cy: (x,y,2) = (—x,—y,2). (E552¢)

The Z, cohomology ring is given by

ZZ[AC:AmJAz:Bxy]/<(R2; (R4>: (F553)
where the relations are

Ry: A2, (E554a)

Ry: Byy(A2+AA, +Byy). (E554b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 188: IWPs and group cohomology at degree 3 of P6mm.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la 6mm C6v (07 O:Z) Az(A% +AcAm +Bxy) (PZ[TB:CZJ
2b 3m Cs, (1/3,2/3,2),(2/3,1/3,2) N/A N/A
3c 2mm CZV (1/2)0>Z)’ (0) 1/2>Z)’ (1/2’1/2>Z) AZBXy (102[T3’ T1C2]

No. 184: P6¢cc

This group is generated by three translations T, , 5 as given in Egs. (B.1), a three-fold rotation
Cs, a glide G, and a two-fold rotation C,:

C3:(x,y,2) > (—y,x—Y,2), (E555a)
G:(x,y,2) = (—y,—x,z2+1/2), (E555b)
Cy: (x,y,2) = (—x,—y,2). (E555c¢)

The Z, cohomology ring is given by

Zo[Ac, A, Byy 1[(Rg, Ry) (E556)
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where the relations are

Ry: A%, (E557a)
Ryt Byy(A2+AA,+Byy). (E557b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 189: IWPs and group cohomology at degree 3 of Pé6cc.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schoénflies
2a 6 CG (07 sz), (O’ O)ZJ’_ 1/2) Am(A%J’_Bxy) QZ[G; C2]
1/3,2/3,2), (2/3,1/3,2),
4b 3 Cs (1/3,2/3,2), (2/3,1/3,2) N/A N/A

(1/3,2/3,2+1/2),(2/3,1/3,2+1/2)
(1/2,0,2), (0,1/2,2),

6c 2 G2 (1/2,1/2,2),(0,1/2,2 +1/2), AmByy a[ 1 T2G, T1 T, Gy ]

(1/2,0,2+1/2),(1/2,1/2,2+1/2)

No. 185: P6;cm

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a three-fold rotation
Cs, a glide G, and a two-fold screw S,:

Cs: (x,y,2) = (=y,x—Y,2), (E558a)
G:(x,y,2) = (—y,—x,z2+1/2), (E558Db)
Sy (x,y,2) = (—x,—y,z+1/2). (E558¢)

The Z, cohomology ring is given by

ZZ[AC,Am’Bxy]/<m2:m4>’ (E559)

where the relations are
Ry (A +A)?, (E560a)
Ryt Byy(A2+AA,+Byy). (E560b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 190: IWPs and group cohomology at degree 3 of P65cm.

Wyckoff Little group

Coordinates LSM anomaly class | Topo. inv.
position | Intl. Schonflies

2a 3m C3V (0: O:Z): (0’ O:Z + 1/2) (Ac +Am)BXy S/D\B[le TZ: G]

4b 3 c, (1/3,2/3,2),(2/3,1/3,2+1/2), N/A N/A
(1/3,2/3,2+1/2),(2/3,1/3,2)

Here the topological invariant @5[ Ty, T, G] can be chosen to be the same as that of group
No.9 Cc, given by Eq. (E28).
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No. 186: P6;mc

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
C5, a mirror M, and a two-fold screw S,:

C3:(x,y,2) = (—y,x—y,2), (E561a)
M: (x,y,z) = (=y,—x,2), (E561b)
Sy (x,y,2) = (—x,—y,z+1/2). (E561¢)

The Z, cohomology ring is given by

ZZ[ACJAm)Bxy]/<m2> mé]—)) (F562)
where the relations are

Ry: A%, (E563a)

Ry:  Byy(AAn+By,). (E563b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 191: IWPs and group cohomology at degree 3 of P6;mc.

Wyckoff Little group ) .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 3m Cs, (0,0,2), (0,0,2+1/2) AcByy @[Tngl,MSZ,M]
2b 3m Cs, (1/3,2/3,2), (2/3,1/3,2+1/2) Same as 2a Same as 2a

The expression of {5 is given in Eq. (A.1).

No. 187: P6m2

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
C5, a two-fold rotation Cé, and a mirror M:

C3:(x,y,2) = (—y,x—Yy,2), (E564a)
Cé: (X,J’az)—)(_y,_)f,_z), (F564b)
M: (x,y,z) = (x,y,—2). (E564c)

The Z, cohomology ring is given by

Zy[A, Ay Az By 1/ (R, Ry) (E565)

where the relations are
mz . AZ(AC’ +Am +AZ) B (F566a)
Ry: BE,. (E566b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 192: IWPs and group cohomology at degree 3 of P6m2.

Wyckoft Little group Coordinates | LSM anomaly class Topo. inv.

position | Intl. Schonflies
la 6m2 Dy, (0,0,0) Ay +An+A)By, | ol 1Ty, Ch]
b | 6m2 Ds, (0,0,1/2) A,Byy Qo[ Ty T; Y, T5Ch
lc 6m2 Dgy, (1/3,2/3,0) Same as la Same as la
1d 6m2 Dy, (1/3,2/3,1/2) Same as 1b Same as 1b
le 6m2 Dsp, (2/3,1/3,0) Same as la Same as la
1f 6m2 Dgy, (2/3,1/3,1/2) Same as 1b Same as 1b

No. 188: P6c2

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
C5, a two-fold rotation Cé, and a mirror M:

CB:(X,}’,Z)—’(—)’,X—.Y’Z), (F567a)
Cé: (X,}’;Z)_’(_y,_X,_Z), (F567b)
M:(x,y,2)—> (x,y,—2+1/2). (E567¢)
The Z, cohomology ring is given by
ZZ[AC’,Am’Bxy]/<m2: ge4> > (F568)
where the relations are
922 : Ac’Am , (F569a)
R4: BE,. (E569b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 193: IWPs and group cohomology at degree 3 of P6¢2.
Wyckoff Little group ) ]
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 32 Dy (0,0,0), (0,0,1/2) AuByy @[T T5 1, C)
2b | 6 Can (0,0,1/4), (0,0,3/4) AmBuy 03[ Ty, Tp, M]
2c 32 Dy (1/3,2/3,0),(1/3,2/3,1/2) Same as 2a Same as 2a
2d 3 Csp (1/3,2/3,1/4),(1/3,2/3,3/4) Same as 2b Same as 2b
2e 32 Dy (2/3,1/3,0),(2/3,1/3,1/2) Same as 2a Same as 2a
2f 6 Csp (2/3,1/3,1/4),(2/3,1/3,3/4) Same as 2b Same as 2b
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No. 189: P62m

This group is generated by three translations T; , 5 as given in Egs. (B.1), a three-fold rotation
C5, a two-fold rotation Cé, and a mirror M:

Cs: (x,y,2) = (=¥, x —y,2), (E570a)
Cé: (x:y’z)_’(J’:x:_Z); (F.570b)
M: (x,y,2) > (x,y,—%). (E570c¢)

The Z, cohomology ring is given by

Zy[Acr, Ay Ay, By 1/ (R, Ry) (E571)

where the relations are
Ry: A Ay +A, +A,), (E572a)
Ry: BZ,. (E572b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 194: IWPs and group cohomology at degree 3 of P62m.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la gzm D3h (0: 0: O) (Ac’ +Am +Az)Bxy (pZ[Tl TZ’ Cé]
b [ 62m Dy (0,0,1/2) A,By, o[ T1 T, T5Cy]
2c 6 Cap (1/3,2/3,0),(2/3,1/3,0) N/A N/A
2d 6 Cap (1/3,2/3,1/2),(2/3,1/3,1/2) N/A N/A
No. 190: P62c

This group is generated by three translations T; , 5 as given in Egs. (B.1), a three-fold rotation
C5, a two-fold rotation Cé, and a mirror M:

Cs: (x,y,2) = (=Y, x—Y,2), (E573a)
Cy: (x,y,2) = (y,x,—2), (E573b)
M: (x,y,z) = (x,y,—z+1/2). (E573c)

The Z, cohomology ring is given by

ZZ[AC’JAm)Bxy]/<(RZJ m4>) (F574)

where the relations are
mz . AC/Am 5 (F5753)
R4: B, (E575b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 195: IWPs and group cohomology at degree 3 of P62c.

Wyckoff Little group ) .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 32 D3 (0,0,0), (0,0,1/2) AuByy (pZ[Tsz,Cé]
2b | 6 Can (0,0,1/4), (0,0,3/4) ApBuy 3[ Ty, Tp, M]
2¢ 6 Csp (1/3,2/3,1/4), (2/3,1/3,3/4) Same as 2a Same as 2a
2d 6 Csp, (2/3,1/3,1/4),(1/3,2/3,3/4) Same as 2b Same as 2b

No. 191: P6/mmm

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold rotation
Cs, a two-fold rotation Cj, a two-fold rotation C,, and an inversion I:

C3:(x:yaz)_>(_y)x_y’2)a (F576a)
Cé: (X,J’,Z)—’(y,X,—Z), (F576b)
CZ: (xa.y’z)_)(_xﬁ_yaz)) (F576C)
I: (X:y’z)—’(_x>_y,_z)- (F576d)
The Z, cohomology ring is given by
ZolAi, Ao A Ay, By 1[(Ra, Ry) (E577)
where the relations are
Ryt A AL +A +A,), (E578a)
Ryt By (A2+AA.+ALA +A2+B,,). (E578b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 196: IWPs and group cohomology at degree 3 of P6/mmm.
Wyekoff Little group Coordinates LSM anomaly class Topo. inv.
position Intl. Schonflies
la 6/mmm Dgp, (0,0,0) (Av +A +A)A2+AA +AsA; + A2 +B,) ©2[Ch,Cy]
1b 6/mmm Dgp, (0,0,1/2) AA2+AAy +AA +A2+B,,) ©a[ T5C5, Cy]
2 6m2 Dy, (1/3,2/3,0), (2/3,1/3,0) N/A N/A
2d 6m2 Dy, | (1/3,2/3,1/2),(2/3,1/3,1/2) N/A N/A
1/2,0,0), (0,1/2,0), ]
3f mmm Dy, a/ (1/2)’ 1(/2’ 0/) ) (Ao +A; +4A;)Byy, 2l Cy, T1 TG, ]
(1/2,0,1/2), (0,1/2,1/2), ,
3g mmm Doy (1/2,1/2,1/2) A;Byy o[ T5C5, T1 T,C, ]

No. 192: P6/mcc

This group is generated by three translations T; , 5 as given in Egs. (B.1), a three-fold rotation
C5, a two-fold rotation Cé, a two-fold rotation C,, and an inversion I:

C3: (X,J’;Z)_’(_y,x_y,z),

é: (X,}’;Z)—’(}’,X,—Z“‘l/z),

CZ: (x:y,z) - (—X,—y,Z),
I: (xzyrz) - (_x:_.)’;_z)-
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The Z, cohomology ring is given by

Zo[Ai, A, A, By 1[(Rg, Ry) (E580)
where the relations are
mz . AC/Ai 5 (F.5813)
Ry: By (A2+AAL+A+B,). (E581b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 197: IWPs and group cohomology at degree 3 of P6/mcc.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 622 Dy (0,0,1/4), (0,0,3/4) As(A+AAS+By) | 9[C5,C)
2b | 6/m Cen (0,0,0), (0,0,1/2) A{(A2+A?+B,,) p1l1]
4c 39 D, (1/3,2/3,1/4), (2/3,1/3,1/4), N/A N/A
(2/3,1/3,3/4),(1/3,2/3,3/4)
4d 3 Car (1/3,2/3,0), (2/3,1/3,0), N/A N/A
(2/3,1/3,1/2),(1/3,2/3,1/2)
(1/2,0,1/4), (0,1/2,1/4),
6f 222 D, (1/2,1/2,1/4),(1/2,0,3/4), AyByy @[ C5, T1T,Cy]
(0,1/2,3/4),(1/2,1/2,3/4)
(1/2,0,0), (0,1/2,0),
6g Z/m Czh (1/211/250): (0:1/2;1/2): AiBXy wl[Tll]
(1/2,0,1/2),(1/2,1/2,1/2)

No. 193: P6;/mcm

This group is generated by three translations T , 5 as given in Eqgs. (B.1), a three-fold rotation
C;, a two-fold rotation Cé, a two-fold screw S,, and an inversion I:

C3:(x,y,2) > (—y,x—Y,2),
Cy: (x,y,2) = (y,x,—2+1/2),

52: (X,}’,Z)—’(—X,—)’:Z+1/2),

I:(x,y,2) > (—x,—y,—=2).
The Z, cohomology ring is given by
Zo[Ai,AcAcr By 1[(Ra, Ry)
where the relations are

mzi (Ac +Ac’)(Ac +Ai);
Ry: Byy(AA +A7+B,,).

(E582a)
(E582b)
(E582¢)
(E582d)

(E583)

(E584a)
(E584b)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 198: IWPs and group cohomology at degree 3 of P65/mcm.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a | 62m Dy, (0,0,1/4), (0,0,3/4) (Ac+Ac)Byy 2[ 1175, C5]
2b 3m D3y (0,0,0), (0,0,1/2) (A +A)AA +A2+B,) o117
— 1/3,2/3,1/4),(2/3,1/3,3/4),
w |5 ¢ |0B33UD.CBIE3 /A /A
(2/3,1/3,1/4),(1/3,2/3,3/4)
1/3,2/3,0),(2/3,1/3,1/2),
4d 32 Dy (1/3,2/3,0), (2/3,1/3,1/2) N/A N/A
(2/3,1/3,0), (1/3,2/3,1/2)
(1/2,0,0), (0,1/2,0),
6f 2/m Cop (1/2,1/2,0), (1/2,0,1/2), (Ac +A;)By, p1[Th1]
(0,1/2,1/2),(1/2,1/2,1/2)

No. 194: P6;/mmc

This group is generated by three translations T , 3 as given in Egs. (B.1), a three-fold rotation
Cs, a two-fold rotation C;, a two-fold screw S,, and an inversion I:

ng(x,y,Z)—)(—y,x—_y,Z), (F5853)
Cy: (x,y,2) = (y,x,—2), (E585b)
So: (x,y,2) > (—x,—y,z+1/2), (E585c¢)
I:(x,y,2) > (—x,—y,—2). (E585d)
The Z, cohomology ring is given by
ZZ[Ai)AcJAc’:Bxy]/<m2) mﬁl—) ) (F586)
where the relations are
Ryt A(A. +AL+A4A), (E587a)
Ryt By (AA; +AA; +A7+B,,). (E587b)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 199: IWPs and group cohomology at degree 3 of P65/mmc.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 3m Dsq (0,0,0), (0,0,1/2) (A +As +A)AA +AA + A +B,) o1[1]
2b | 6m2 Dsy, (0,0,1/4), (0,0,3/4) AB,, @3[Ty, Ty, 8511
2¢ 6m2 Dy, (1/3,2/3,1/4),(2/3,1/3,3/4) Same as 2b Same as 2b
2d 6m2 Dy, (1/3,2/3,3/4), (2/3,1/3,1/4) Same as 2b Same as 2b
(1/2,0,0), (0,1/2,0),
6g 2m Con (1/2,1/2,0), (1/2,0,1/2), (A, +As +A)B,, @1[Ti1]

(0,1/2,1/2),(1/2,1/2,1/2)

186


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

SciPost Phys. 18, 161 (2025)

No. 195: P23

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, and a three-fold rotation Cs:

62: (XJ’:Z) - (—X,_y,Z),
Cy: (x,y,2) = (—x,y,—=2),
Cs: (x,y,2) > (2,x,¥).

The Z, cohomology ring is given by

ZZ[Ax+y+z:Ba:B[a’>Bxy+xz+yz: Cal; CaZ: Cﬁa nyz]/<m4: mS: ge6> 5

where the relations are

m4:

We have the following table regarding IWPs and group cohomology at degree 3.

3
Ax+y+z(Ax+y+z +Ax+y+zBa + Cal + Caz): Ax+y+zcxyz >

4 2
Ax+y+z +Ax+y+zBﬂ + BaB[J‘ +Bothy+xz+yz +Ax+y+zca1 >

A§+y+ZBa +B,Bs + ij +Axty+2Cal >

4 2
Ax+y+z +Ax+y+zBa +BaB[5 +BﬁBxy+xz+yz +Ax+y+zCa1 +Ax+y+zcﬁ >

At A Bg+BuBg+AL, | By iverys+B2 +Axty+:Cat >

x+y+z x+y+z xX+y+z xy+xz+yz

3 2 3
Ax+y+zBa +Ax+}’+ZBa +Ax+y+zBX}’+XZ+yZ

2 2
+Ax+y+zca1 +Bﬂ Co1 + Bxy+xz+yzca1 +Ax+y+zC[5 >

5 3 2 2
Ax+y+z +Ax+y+zBa + Ayt y1+2B, ¥ BpCao+ ByyixztyzCa2 +Ax+y+ZCﬂ R

2
Ax+y+zca1 +Bﬂ Cao + Bacﬁ 5

(E588a)
(E588b)
(E588c¢)

(E589)

(E590a)

A +Axsy 2By T A o Bryixary: TAY4Ca1 +BpCan + A%, Cp +BpCp,

xX+y+z X+y+z

Ax+y+zB§ +Ax+y+zBaB/3 +A§(+y+zca1 + B/i Coa + Bxy+xz+yzcﬁ >

(Ba + Bxy+xz+yz)cxyz > Bﬁ (A?(+y+z +Ax+y+zBa + Cal + Ca2 + nyz) >

Ai+y+zB[5 +Ax+y+zBaBﬁ + Bﬁ Ca1+ B[j Cao + Bxy+xz+yzcxyz ’

B3 +C2 +Ch1Cup+C2;, Cu1Cp+Cy1Cryz+CpCyyy+ C2

xyz?
4 2 2 2 4
Ax+y+zBa +Ax+y+zBa + BOLB/j +Ax+_y+zBX}’'f‘XZ"‘yZ
3

+AX+Y+ZBﬁ Can +Ax+y+z ¥z
A* B ,+A2  B2+A*  Bs+A%  B,Bs+B2B
X+y+za x+y+z°a x+y+z°B x+y+zalp a’p
2

4 3
+Ax+y+ZBxy+xz+yz +Ax+y+zca1 + Ca1 C/5 + nyz :

Cp+Cu2Cp + Cp1Cy
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Table 200: IWPs and group cohomology at degree 3 of P23.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies

la 23 T (0: 0, 0) Ai+y+z +Ax+y+zBa + Cal + CaZ + nyz <P2[C2: Cé]

1b 23 T (1/2,1/2,1/2) Crys (pz[TlTZCZ,TngCé]

(0,1/2,1/2),(1/2,0,1/2),
3c 222 D2 (1/2’ 1/2’ 0) Ax+y+szy+xz+yz (PZ[Tl Tzcz, Tl Cé]
(1/2,0,0), (0,1/2,0),
3d 222 Dz (0 0 1/2) Ax+y+z(Ai+y+z + Ba + Bxy+xz+yz) ‘PZ[CZ: T3C£]

No. 196: F23

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation C,, and a three-fold rotation Cj:

Cy: (x,y,2) = (—x,—y,2), (E591a)
Cy: (x,y,2) = (—x,y,—=2), (E591b)
Cy: (x,y,2) = (2,x,Y). (E591c¢)

The Z, cohomology ring is given by

Z2[Baﬂ B[J‘: Bxy+xz+yz: Cal: Caz; C[jl; C[jz: Cy: nyz]/<m4’ ms, mG) > (F-592)

where the relations are

R4t BaByyixzryzs Bp(Ba+Bg), BpByyixatyss Biyivziyes (F593a)
Rs:  ByyixztyzCats BxytxstyzCaz> BpCa1 +BpCuz+ByCp1, Bp(Car+Caz+Cp1),

Byyixz+yzCp1> BpCu2+BoCpa, Bp(Cua+Cpa), ByyiyztyzCp2s

Bxy+xz+yzcy ) Bﬁ Cy + Bacxyz > B/j(cy + nyz) ’ Bxy+xz+yzcxyz ’ (E593b)
Re:  B2+C2 +Co1Cyp+C2y, B2Bg+Cy1Cpy+ CoaCp1+ Co1Cpa,

BBg +Ca1Cp1+ CanCpa, BBp+Chy+ CarCpa,

B2Bg + Cy1Cp1+ Ca1Cpa+Cp1Cpa,  Cp1Cy+ Co1Crys + CoaCrys s

(Cor + Caz + Cp1)Cy B2Bg+ Cy1Cp1+C5y,  CpaCy+ CyaCy

yzo /52) Yz
(CaZ + CﬁZ)nyz > Cy(cal + Ca2 + Cy),
(Ca1 +Ca2+C)Cxyzs  Cyyz(Cor +Coa+ Cyyp). (E593¢)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 201: IWPs and group cohomology at degree 3 of F23.

Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
position | In].  Schénflies > P v po- v
(1/2,0,1/2)+ (1/2,1/2,0)+
4a 23 T (0,0,0) Ca1+Ca2+Cp1+C,+Cyys ©2[Cy,Ch]
4b 23 T (1/2,1/2,1/2) Cy+Cyys ©2[Co, T1 Ty T 1 CY]
4c 23 T (1/4,1/4,1/4) Cryz 03[ T5Cy, ToC;]
4d 23 T (3/4,3/4,3/4) Cp1+ Crys @o[ T3 1Cy, Ty CH]

188


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

No. 197: 123

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, and a three-fold rotation Cs:

CZ: (XJ.yJZ)_)(_X’_y)Z)J (F594a)
Cé: (X,J’:Z)_’(_x;}’:_z)> (F594b)
Cy: (x,y,2) = (2,x,y). (E594c¢)

The Z, cohomology ring is given by

Zy[Axsy+2:BasBp, Ca1s Cazs Gy, Crys D 1[(Rg, Ra, Ry, Rs, Re) (E595)
where the relations are
Ryt Ariyins (E596a)
mg . Ax+y+ZBa N Ax+_y+ZBﬁ , (F596b)
m4 : Ax+y+z Cal ’ Ax+y+z Ca2 ’ Ax+y+z Cy > Ax+y+z nyz ’ (E596¢)
Rs:  AxtpyszDy, BoCy+BgC,+ByCyyy, Bp(Cyr+ CoatCyyy), (E596d)

Re: BZBg +BaB[25 +CyC, +B,D,, BB +B,§ +Cy1Cyyz +ByD, +BgD, ,
B2+ C2 +Cy1Cor+C2y, CuoCr+ByD,, CyyCyyy+ByD,+BgD,
BiBg+C2, BiBg+BuBj +C,Cyy:, BiBg+Bj+CL | (F596€)
R7:  BuBpCa1 +B5Ca1 +ByBpCas +B5Cap +BLC, + Con Dy,

BuBpCq1 +B5Co1 +B2C, +CooD,, ByBgCha+C, Dy,

p
ByBgCos +B,§Ca2 +Cyy2Dy, (E596f)
Rg: BBy +BiBj +Bf +B,BpD, +BgD, +D>. (F596g)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 202: IWPs and group cohomology at degree 3 of 123.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schénflies | (0,0,0)+ (1/2,1/2,1/2)+
2a 23 T (0> 0: O) Cal + Ca2 + nyz LPZI:Cz; Cé]
0,1/2,1/2), (1/2,0,1/2),
6b 222 Dz ( / / ) ( / / ) nyz QPZ[CZ; T1T2C£:|
(1/2,1/2,0)
No. 198: P2,3

This group is generated by three translations T; , 3 as given in Egs. (B.1), a two-fold screw S,,
a two-fold screw S, and a three-fold rotation Cj:

So: (6, y,2) > (—x+1/2,—y,z+1/2), (E597a)
Sy (x,y,2) = (—x,y +1/2,—2+1/2), (E597b)
Cs: (x,y,2) = (2,x,y). (E597¢)

The Z, cohomology ring is given by

Zy[Cp ]/(f’%) , (E598)
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where the relations are

Rg: C2. (E599)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 203: IWPs and group cohomology at degree 3 of P2,3.
Wyckoff Little group Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies

4a 3 Cs

(x,x,x), (—x+1/2,—x,x+1/2),
(=x,x+1/2,—x+1/2), (x+1/2,—x +1/2,—x)

Cp

©4[T,,T3,5,,5,]

Here the topological invariant 4[T5, T3,S,,S,] can be chosen to be the same as that of
group No.19 P2,2,2,, given by Eq. (E59).

No. 199: 12,3

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation

C,, a two-fold rotation C,, and a three-fold rotation Cj:

Cy: (x,y,2) > (—x,—y+1/2,2), (E600a)
Cy:(x,y,2) > (—x+1/2,y,—2), (E600D)
Csy: (x,y,2) = (2,x,¥). (E600c)
The Z, cohomology ring is given by
ZZ[Ax+y+z, Cy]/(*(R6) P (E601)
where the relations are
Re:  C2. (F602)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 204: TWPs and group cohomology at degree 3 of 12,3.
Wyckoff Little group Coordinates .
LSM anomaly class | Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
8a 3 Cs (x,x,x), (—x+1/2,—x,x +1/2), N/A N/A
(=x,x+1/2,—x+1/2),(x+1/2,—x+1/2,—x)
(x,0,1/4), (—x+1/2,0,3/4),
12b 2 C, (1/4,x,0), (3/4,—x +1/2,0), C, o[ T1 Ty, Cs]

(0,1/4,x), (0,3/4,—x +1/2)

No. 200: Pm3

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C3, and an inversion I:

Gy
G
Gy

(%, y,2) = (—x,—Y,2),
2%, y,2) = (—x,y,—2),

1 (x,y,2) = (2,x,)),
I:(x,y,2) > (—x,—y,—2).
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The Z, cohomology ring is given by

ZZ[Ai:Ax+y+z’ By, B/S: Bxy+xz+yz, Ca1,Ca2; Cﬁ, nyz]/(ge4, Rs, m6) > (E604)

where the relations are

Ry:

AA g+ AR AAAS L HAY L AA By A

i x+y+z x+y+z x+y+z x+y+z

+AiAx+y+szy+xz+yz +Ax+y+zca1 +Ax+y+zca2 +Ai nyz >

3
x+y+z(A +A Ax+y+z +4; Ax+y+z +Ax+y+z +AiBa +Ax+y+zBa +Ainy+xz+yz + Cal + Caz + nyz) >

A2+ AAS +AA ty 1By + A

i x4y+z X+y+z

B, +AiAx+y+zB/J’

x+y+z

+A2, |, By +ByBpg +BuByyiiatyz: FAcsy12Cu2 +ACH,

x+y+z

AL, T AAcy42Ba + BoaBg + B} 5+ Arty1:Ca2 +ACy,

A?Ax+y+z +AZAL +A12'Bﬂ +AiAx+y+zBﬁ +BaB[3’ +AiAx+y+szy+xz+yz

i x+y+z
+ BﬁBxy+xz+yz +Ax+y+zca2 +Ax+y+zcﬁ >

A2p2 +AAS +A Aty 5By A By +AA sy 4B + A

i tx+y+z x+y+z Bg +BoBg

xX+y+z x+y+z

+A'Bxy+xz+yz +AiAx+y+sz_y+xz+yz +Ax+y+szy+xz+yz + Bx_y+xz+yz +Ax+y+zca2 +Aicf5 H (F'605a)

4 243 4 2 2
AiAX+y+Z +A1Ax+y+z Ale+_y+z +A4; Ax+y+z +A'AX+Y+ZB +AAx+y+zB

3
+Ax+_y+zB +AX+y+ZB +A B Bﬁ +A Ax+y+szy+xz+yz +Ax+y+ZBXy+XZ+yZ

+AAx+y+zCa1 +A Ca1 +B/3 Ca1 +Bxy+xz+yzca1 +AAx+y+zC[5 +A Cﬁ

x+y+z x+y+z

3
A Ax+y+z +Ax+y+z +Ax+y+zB +Ax+y+zBa +AiBaB[5 +A‘Ax+y+szy+xz+yz

+A; Ai+y+z Xy+xz+yz + B/SCaZ +Bxy+xz+yzc 2 TA; Ax+y+zC[5 +A C[i

x+y+z

AAyyy1:Can 722, Cat +AiA sy 1:Con + BpCas + BoCp

X+y+z

A2+ A2A° +AAY L+ +A A 1y 1By + Aciy 2B +ABBp + AN

i x+y+z i x+y+z X+y+z X+y+z x+y+2:BXJ/+"Z"'J/Z

3
+Ax+y+szy+xz+yz +A; Ax+y+zca1 +A

X+y+zca1 +A; Ax+y+zca2 + BﬂCaZ +Ax+y+zcﬂ + Bﬁ Cﬁ >

AR, Bat Aty aBE Ay 1:BaBp T AiA sy 15Con + A

X+y+z

Cal

X+y+z
+ Bﬁ Ca2 +A2'Cﬁ +AiAx+y+zCﬁ + Bxy+xz+yz Cﬁ >

243
AR AL A AA L B+ AAL L B+ AL By + A

Bg

x+y+z

+Ax+y+zBaBﬁ +AiAx+y+zCa1 + Bﬁcal + Bﬁ Ca2 +AiAx+y+zC[5 + Bacxyz >

(Bﬁ + Bxy+xz+yz)cxyz >

4 2 3 2
AiAX+}’+Z +A1Ax+y+z +AiAx+y+zBf5 +Ax+y+zBﬁ +AX+)’+ZB0‘B[3 +AiAx+y+szy+xz+yz

+ Bﬂ Cal +AiAx+y+zCa2 + Bﬂ Caz +AiAx+y+zC[5 + Bxy+xz+yzcxyz > (F605b)
B3 + Cozz +Cy1Cya + CZ 5 (Caz + C[j)cxyz >

AtA? +A343 +A24% +AAS VAL, By +AA, L By +At, | Byt+Alcsy B

i Txty+z i Tx+y+z i ix+y+z X+y+z i xty+z x+y+z x+y+z

+Ax+y+zBa +4; Ax+y+zBaBﬂ + B B[o’ +A Ax+y+szy+xz+yz +Ax+y+szy+xz+yz +A?Ax+y+zca1

+AAL, . Cat +Agiys2BpCar +AA

X+y+z x+y+zcﬂ +Ax+y+zcﬁ + Cazcﬁ + Clﬂcx}’l ’

AAysyq +ATAZ +A3A3 +A2A* VA Ay By TAZAS, L By + AL Byt AAyi:BaBp

1 x4y+z i x+y+z i x+y+z i x+y+z x+y+z

+B, Bﬁ +A? Ax+y+sz_y+xz+yz +AL Bx_y+xz+yz +AiAx+y+zCa1 +Ax+y+zBaCal +AiBﬁ Ca1

xX+y+z

+Axty12BpCar +AAL, 1 Cp+ AL, Cp+ Ch+CarCrys,
4,2 244 3 2
Ale+y+z AzAx+y+z T A A1y +2Ba +A1Ax+y+zB +AiAX+y+ZB +A1Ax+y+zB/5 +Ax+y+zBI5 +AiAAxry+zBaBp

+Ax+y+zB Bﬁ +B Bﬁ +A? Ax+y+zBXy+XZ+yZ +Ax+y+ZBX}’+XZ+)’Z +A? AX+}’+ZC<11

FAA, . Co +A

X+y+z Ca1 +Ax+y+zBaCa1 +AiAx+y+zCa2 +Ax+_y+zBaCa2 +AiAx+y+zC/3

x+y+z

+A; Ax+y+ZCﬁ +Co1Cp 4+ Cq1Cxys + CpCyyz s

A LAAA, L HAAS, L B+ AL, B +AL, | B2HAAS, | Bg+A

2
i x+y+z X+y+z X+y+z X+y+z x+y+z°a X+y+z x+y+zBﬁ +Ax+y+zB Bﬁ +BaBﬁ

4
+AL | Beyixarys TA Ay 1:Ca1 + AL, Cat + AA o Cop +AAL L Cp+ CanCp+CL

(E605¢)
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We have the following table regarding IWPs and group cohomology at degree 3.

Table 205: IWPs and group cohomology at degree 3 of Pm3.

Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
la m3 Ty (0,0,0) (Ai +Appyrsl® + (A +Arsy42)Ba +ABryxssys + Car + Cu + Coys @l
1b m3 Ty (1/2,1/2,1/2) Crys i TiToT51]
(0,1/2,1/2), (1/2,0,1/2),
3¢ mmm Do, (A +Axiy12)Brytxzays 02[T1T5Co, T1Cy]
(1/2,1/2,0)
(1/2,0,0), (0,1/2,0),
3d mmm Doy, ( /2) Ax+y+z(A% +A Ay 12 ‘*‘Aiﬂ,ﬁ +Bo+ Byyixztyz) o[ T1Cy, T1C5]
0,0,1/2

No. 201: Pn3

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y +1/2,2), (E606a)
Cy: (x,y,2) > (—x+1/2,y,—2+1/2), (E606b)
C33(X>J’:Z)_’(Z,X:}’), (F606C)
I: (x,y,2) = (—x,—y,—=2). (E606d)
The Z, cohomology ring is given by
Z[Ai, Ax+y125Bas Ca1s Cazl[ {Ra, Ry, Re) (E607)
where the relations are
923 : AiAx+_y+z(Ai +Ax+y+z) , AiBOL N (F608a)
Ryt AiCa1s AiCazs Ariysa(A+AS, L +AciyisBa+ Ca1 +Cas), (E608b)
Re: B2+ C2 +C1Con+C2,. (E608¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 206: IWPs and group cohomology at degree 3 of Pn3.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 23 T (1/4,1/4,1/4), (3/4,3/4,3/4) | A¥A, iy, +A§;+y+z FAriy+Ba +Co1 +Co | ©2[C2,C]
w3 (0,00, (1/2,1/2.0), R+ Ay ) o]
(1/2,0,1/2), (0,1/2,1/2)
ae 5 e (1/2,1/2,1/2), (0,0,1/2), . or[Tu1]
(0,1/2,0), (1/2,0,0)
(1/4,3/4,3/4), (3/4,1/4,3/4),
6d | 222 D, (3/4,3/4,1/4), (3/4,1/4,1/4), Acyyrz(A+A%, . +B,) ¢a[Cs, T5C5]
(1/4,3/4,1/4), (1/4,1/4,3/4)
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No. 202: Fm3

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and an inversion I:

CZ: (X,y,Z) - (_X;_}’,Z)J
Cé: (X,y,Z) - (_nyJ_Z)J
Cy: (x,y,2) = (2,%,¥),

I: (x,y,2) = (—x,—y,—=2).

The Z, cohomology ring is given by

ZZ[AiJBaJB/J‘:Bxy+xz+yz: Cal: Ca2’ Cﬁl) CﬁZJ nyz]/<m4> mS: (R6> >

where the relations are

CR4:

Rs:

AiCpa, A’Bg+ByByyixsiy: +AiCp1, AiBp+ByBg+Bj +ACp,

2 2 2
BﬁBxy+xz+yz +AiC[51 ) Al‘ B[j +Ai Bx_y+xz+yz +Bxy+xz+yz B

(E609a)
(E609b)
(E609¢)
(E609d)

(F610)

(E611a)

AiBaBﬁ +Bxy+xz+yzcal ) AiBaB/J’ +Bxy+xz+yzca2 ’ AiBaB[:} +Bﬁ CaZ + Bacﬁl >

APBpg +BgCoy +A2Ch1 +BgCp1,  ABg +AByBp + ByyiratyzCpi s
BgCy1 +BpCap +ByCpa, Bp(Ca1 +Co2+Cp2)s  ByyixztyzCp2s
Bg(A? +AiBy + Crys),  AlBp+AByyirsiys TA7Cp1 + BryixatysCryss
B3 +C2 +Cy1Cup+C2,, B2Bs+ABpCy1+ CoaCp1+ Cu1Cpa,

B2Bg +ABgCq1 + Cy1Cp1 + Co1Cpa + CaaCpa,

AlBg +A?B,Bg + BBy +AiBpCo1 +A7Cpy + Chy + Ca1 Cpas

B2Bg +AiBgCyy + Ca1Cp1 + Ca1Cpa + Cp1Cpa,

(E611b)

A?B,Bp +ABgCay +A}Cp1 + Cp1Cyyz,  BiBp +ABgCoy + Ca1Cp1 +C,y

3
Cﬁzcxyz, nyZ(Al’ +AiBa+Ca1 +Ca2+nyz). (F611C)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 207: IWPs and group cohomology at degree 3 of Fm3.
Little group Coordinates
Wyckoff .
position | 11 schanflies (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
(1/2,0,1/2) + (1/2,1/2,0)+
4a m3 Ty (0,0,0) A? +AiBg+AiBg +AiByyixztys T Ca1+ Coat Cpat Cyyy pq[I]
4b m3 T, (1/2,1/2,1/2) Crys [Ty T, T3]
8c 23 T (1/4,1/4,1/4), (3/4,3/4,3/4) Cpa ¢5[T5Cs, ToCh]
(0,1/4,1/4), (0,3/4,1/4),
24d | 2/m Con (1/4,0,1/4), (1/4,0,3/4), Ai(Bg +Byyixztyz) p1[T1I]

(1/4,1/4,0), (3/4,1/4,0)
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No. 203: Fd3

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and an inversion I:

Cy: (x,y,2) > (—x+1/4,—y +1/4,2), (E612a)
Cy: (x,y,2) > (—x+1/4,y,—z+1/4), (E612b)
Cy: (x,y,2) = (2,x,y), (E6120)
I:(x,y,2) > (—x,—y,—2). (E612d)
The Z, cohomology ring is given by
Z2[Ai: Ba: Bxy+xz+yz'ﬂ Cal: Ca2: Cy]/(‘miia m4: mS’ mé) > (F'613)
where the relations are

R3:  A;Bg, (E614a)

(R4: AiCal > AiCaZ > Ai Cy ’ Ba(Ba + Bxy+xz+_yz) )

B2 +A2Byyixziyz + Bayiiatyzs (F614b)
geS : (Ba + Bxy+xz+yz)ca1 ’ (Ba + Bxy+xz+yz)ca2 > (Ba + Bxy+xz+yz)cy > (E614c)
Re: B2 +C2 +Co1Con+C2y, Cy(Cor+Coa+C,). (E614d)

We have the following table regarding IWPs and group cohomology at degree 3.
Table 208: IWPs and group cohomology at degree 3 of Fd3.
Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inwv.
position | 1y gchénflies o T o
(1/2,0,1/2)+ (1/2,1/2,0)+
8a 23 T (1/8,1/8,1/8),(7/8,7/8,7/8) C, ¢2[Ca, €3]
8b 23 (5/8,5/8,5/8), (3/8,3/8,3/8) Co1 +Cpp +C p2[ T3Ca, ToCy]
_ 0,0,0), (3/4,3/4,0),
16¢c 3 CBi ( ) ( / / ) Ai(A% +Bxy+xz+yz) @1[1]
(3/4,0,3/4), (0,3/4,3/4)
_ 1/2,1/2,1/2),(1/4,1/4,1/2),
16d 3 CBi ( / / / ) ( / / / ) Ainy+xz+yz ¢1[T1T2T§11]

(1/4,1/2,1/4), (1/2,1/4,1/4)

No. 204: Im§

This group is generated by three translations T , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C3, and an inversion I:

CZ: (X,y,Z) - (_x;_}’:z),

C/
Cy: (x,y,2) = (z,x,y),
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I:(x,y,2) = (—x,—y,—=2).
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The Z, cohomology ring is given by

ZZ[Ai:Ax+y+z’Ba’B/3: Cal: CaZ’ C},, nyz: D5]/(m2, mB, m4a mS: m6) > (E616)

where the relations are

Ry: Axqysz(AiHArsy1s), (E617a)
Ryt Axiy+zBas Axiy+a(A7 +Bp), (E617b)
m4 : Ax+y+z Cal > Ax+y+z CaZ ’ Ax+y+z Cy ) Ax+y+z nyz ’ (E617¢)

Rs:  Axty+:Ds5, ABgBp +AIC, +B,C,+BgC, +A7Cyyy +BoCrys +AD5,
AlAxiyz T ABg +AByBg +BgCy1 +BgCoz+BgCy s,

Re:  AiBoBg + BBy + BoBj +A;ByCoy +AByCop +A7C,

+ABgC, + Cy1C, +A3Cyy, +ADs + B, D ,
AlBg +AIBoBg + BBy + By +AiBpCop +AC, +AB,C,
+A?Cyyy + Cy1Cyys +AZDg + B, D5 + By D5,

B2+ C2 4+ Cy1Cyp+C2,y,
A?B,Bg +ABgCyy +AIC, +ABgC, + CyyCy +AXC,y, + AZDs + B, Dy,
AAy iy iz +AIBg +ABgCoy +AXC, +A;B,C, +AXC,

+ CysCrys +A?Ds + By D + Bg D5,

AAy iy iz +BoBg +AIBG + AJC, +AiBoCy + C} + A} Cyy, +A7Ds

B2Bp +BoBj +AiBpCay +AIC, +AB,C, +C,Cyys,

AAy iy iz +BoBg + By +ABpCo1 +ABpCop +AIC,

+AiB,C, +ABgC, +CZ +AIDs, (E617e)

Ry:  A}Bp+AB.Bp +AB,B +ABj +ABpCay + BBy Cay +BfCa1 + BBy Can

+BjCop +AZB,C, +BLC, +AIBgC, +AiBpDs + Co1 Ds ,

APAy iy 4z +ATBg +ABoBg + BoByCoy + BiCay +AIB,C,

+B2C, +A?BsC, +A;BgDs + Cy2D5

APAyiy4z +AIBg +AYBG +ABj +A{BpCo1 + ByBpCay

+A}C, +A?B,C, +AB,Ds +A;BgDs + C,Ds

6
AAy iy 4z +AXB,Bg +A;B2Bp +AiBaB§ +AiB;’; +A?BCy

+ByBgCyy + B Con +AlDs +AiByDs + Cy . Ds (E6171)

B
Rg:  AlAyyy 4, +ABg + BB +B§B/§ +A§B;’; +Bg +Al-B§ Co1 +AiBg (o

5 2 3 4
+A3C, +AB.C, +A}BgC, +AB,BsC, +AlD;s

+A?B,Ds +A?Bg Ds + BBy Ds + B D5 + Dy . (E617g)

(E617d)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 209: IWPs and group cohomology at degree 3 of Im3.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
2a m§ Th (0, 0: O) A? +A12Ax+y+z +AiBa + Cal + CtxZ + nyz gpll:I:I
(0,1/2,1/2), (1/2,0,1/2),
6b mmm D C [ Cy, T1 ToCl]
2h (1/2’1/2’0) xXyz 2L%2, £142%9
= (1/4,1/4,1/4), (3/4,3/4,1/4),
8c 3 Csi AAsiyiz o1[T1 T2 T3]
(3/4,1/4,3/4),(1/4,3/4,3/4)

No. 205: Pa§

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold screw Sé, a three-fold rotation C5, and an inversion I:

So: (6,y,2) > (—x+1/2,—y,z+1/2), (E618a)
Sy (x,y,28) = (—x,y+1/2,—2+1/2), (E618D)
C3: (X:y,z)_’(Z,X,J’), (F618C)
I: (x,y,2) = (=x,—y,—2). (E618d)
The Z, cohomology ring is given by
where the relations are
Re:  Cp(AS +Cp). (F620a)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 210: IWPs and group cohomology at degree 3 of Pa3.
Wyckoff Little group . .
Coordinates LSM anomaly class | Topo. inwv.
position | Intl. Schonflies
= (0,0,0), (1/2,0,1/2),
4a 3 C3i Cﬁ (,01[[]
(0,1/2,1/2), (1/2,1/2,0)
— 1/2,1/2,1/2), (0,1/2,0),
4b 3 Cs; (1/2,1/2,1/2), (0,1/2,0) A?+C/5 p1[T5I]
(1/2,0,0), (0,0,1/2)

No. 206: Ia3

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and an inversion I:

CZ: (X,}’,Z)—’ (_X’_y+ 1/2,2),

Cé: (x,y,2) > (—x+1/2,y,—2),

C3: (x,y,2) > (2,x,),
I:(x,y,2) > (—x,—y,—2).

(E621a)
(E621b)
(E621¢)
(E621d)
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The Z, cohomology ring is given by

ZZ[Ai:Ax+y+z]/<m4> > (E622)
where the relations are
Ryt AfAriyiz(Ai+Axty1z) (F623a)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 211: IWPs and group cohomology at degree 3 of I a3.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+
_ 0,0,0), (1/2,0,1/2
8a 3 Cs; (0.0,0), (1/2,0,1/2), A2(Ai +Aciyis) ¢1l1]
(0,1/2,1/2), (1/2,1/2,0)
_ 1/4,1/4,1/4),(1/4,3/4,3/4),
8b 3 Cs; (17,1/,1/4), (1/4,3/4,3/4) AAy iy 01[T1 T, T51]
(3/4,3/4,1/4), (3/4,1/4,3/4)
(X, 0’ 1/4): (_X + 1/2: 0) 3/4’)’
(1/4,.)(, 0)5 (3/45 —Xx + 1/2, 0):
(0, 1/4,X), (0,3/4,_X+1/2), /
24d 2 C AAssyia(Ai +Ariy s T,C.I,C
2 (—x,0.3/4), (x +1/2,0,1/4), +y+ ( +y+ )| wolTy 2 2]
(3/4}_)(; 0)7 (1/4,X + 1/2; O);
(0,3/4,—x),(0,1/4,x +1/2)
No. 207: P432

This group is generated by three translations T , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cj, a three-fold rotation C3, and a two-fold rotation Cy':

CZ: (X:J’,z) - (_X,_}’:Z):
Cé: (X:)’,z) - (—X,y,—z),

CB: (X,y,z) - (Z;X’y),
Cy: (x,y,2) = (—y,—x,

The Z, cohomology ring is given by

ZZ[AC//?AX+}/+ZJ Ba: Bxy+xz+yz, Ca: nyz]/<m3: m4> m5> m6> >

where the relations are

mS: Ac”Ax+y+z(Ac” +Ax+y+z):

Ryt AwCqy, Appyia(AD, +A +AB,

c” x+y+z

—3z).

+Ax+y+zBa + Ca) )

(F624a)
(E624b)
(F624c)
(F624d)

(F625)

(E626a)

Ac”(Ax+y+szy+xz+yz + nyz) > Ax+y+z(Ac”Bxy+xz+yz + nyz) ’

2
Bxy+xz+yz(Ac”Ax+y+z +Ax+y+z + Ba + Bxy+xz+yz) >

(E626b)

. 2 3
(RS : Ac//Ax+y+szy+xz+yz +Ax+y+ZBxy+xz+yz +Ax+y+zBany+xz+yz
+ Bxy+xz+yzca + Bacxyz )
2 3
Bxy+xz+yz(Ac//Ax+y+z +A +Ax+y+zBa +Cy + nyz) >

. 2
m6 . Ac”Ax+y+zBany+xz+yz + Cacxyz +C

Xyz "

x+y+z

(F626¢)
(F626d)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 212: TWPs and group cohomology at degree 3 of P432.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la | 432 0 (0,0,0) A2 Ay H A+ AcBy+Aryy By + AcrBry sty + Ca+ Cuys ©2[C5,Cy1
1b 432 o (1/2,1/2,1/2) Cryz $2[T1 T5Cy, T1 T5C5]
(0,1/2,1/2),(1/2,0,1/2),
3c 422 Dy (Acr +Axiy+2)Brytxziys @a[T1 ToC, T1 Gy
(1/2,1/2,0)
(1/2,0,0), (0,1/2,0),
3d 422 Dy Acpya(A2, ‘*‘Aiﬂ,ﬂ + By + Byytxztyz) $2[ T1Co, T1C5]

(0,0,1/2)

No. 208: P4,32

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation

C,, a two-fold rotation C,, a three-fold rotation C;, and a two-fold rotation Cy:

Co: (x,y,2) = (=x,—y,2), (E627a)
Cy: (x,y,2) = (=x,y,—2), (E627b)
Gy: (x,y,2) = (2,x,y), (E627¢)
C)l:(x,y,2) > (=y+1/2,—x+1/2,—z+1/2). (E627d)
The Z, cohomology ring is given by
Zo[Acr, Aty 42> Bas Bryxzyzs Car Cpll (R, Ry, R, Re), (E628)
where the relations are
Ry: AcAcrhsiyrz + A%, +Ba), (E629a)
Ry: AuCqy, Axﬂﬂ.(ACNAHJMLZ +Ax+y+z +Axty+:Ba tCq),
An(A2 Ay s +A +y+s T Cp)>
A%”A?c+y+z Ai+y+z + B a A Aty 1By txatys +A?c+y+szy+XZ+yz + Bchy+xz+yz ’
AC”Ax+y+z A?c-!—y-&—z +Ax+y+zB +B; +AC”AX+y+ZBXy+Xz+yZ
+Ai+y+szy+xz+yz +B Bxy+xz+yz +Ax+y+zC/5 ) (E629b)
Rs: A%//A?c+y+z Ax+y+z +BqCq t ByyixztyzCa +Ax+y+zC/3 )
Ai//Ai+y+z +A§”A?c+y+z Ax+y+zB "'Axﬂ/ﬂB2 +A§//AX+J'+ZBXJ'+XZ+)/Z
+AS 1 oBytxztys T A% 12Cp + BaCp + Byyixaty:Cp (E629c)
Re: ALAL, T ALAS, L+ ALAY, L HAGAS, L B+ CE+ CuCp+Ch . (E629d)

We have the following table regarding IWPs and group cohomology at degree 3.

198


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

e SciPost Phys. 18, 161 (2025)

Table 213: ITWPs and group cohomology at degree 3 of P4,32.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a 23 T (0,0,0), (1/2,1/2,1/2) AnA2, Vix +A§+y+z +Axty+zBa+Cqy ©2[Cy,Ch]
1/4,1/4,1/4), (3/4,3/4,1/4),
b 39 D, (1/4,1/4,1/4), (3/4,3/4,1/4) N/A N/A
(3/4,1/4,3/4),(1/4,3/4,3/4)
3/4,3/4,3/4),(1/4,1/4,3/4),
w |2 b | @A3A3.0/41/43/0 N/A N/
(1/4,3/4,1/4),(3/4,1/4,1/4)
(0,1/2,1/2), (1/2,0,1/2),
6d 222 DZ (1/2> 1/2, 0), (O; 1/27 O), Ax+y+z(AC”Ax+y+Z +Ai+y+z + Bll) L102[T1C2, T1C£]
(1/2,0,0), (0,0,1/2)
(1/4,0,1/2), (3/4,0,1/2),
6e 222 DZ (1/2, 1/4; O); (1/2, 3/4, 0), Ac”(Ac”Ax+y+z +Ai+y+z + Bxy+xz+yz) @2[T2C2; Cél]
(0,1/2,1/4),(0,1/2,3/4)
(1/4,1/2,0), (3/4,1/2,0),
6f 222 DZ (0: 1/4: 1/2); (0; 3/4, 1/2): Ac”Bxy+xz+yz ¢Z[T1C2; Cél]

(1/2,0,1/4),(1/2,0,3/4)

No. 209: F432

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cj, a three-fold rotation Cs, and a two-fold rotation Cy:

Cy: (x,5,2) = (—x,—y,2), (E630a)
Cy: (x,y,2) = (—x,y,—2), (E630b)
Cs: (x,5,2) = (2,x,¥), (E630c)
Cy s (x,y,2) = (=y,—x,—2). (E630d)

The Z, cohomology ring is given by

ZZ[A(:”: Ba: Bﬁ>Bxy+xz+yz: Ca: C)/l: Cyz’ nyz]/<m4> (R5> (R6> s (E631)

where the relations are

m4:

AuCy, Au(Cpy+Cp),
A2,Bg +BoBp +ByByyixzy: T A Cp1, BaBp +Bg +AuCpy,
A2

C//

2
Ba + BaBﬁ +Ac//Bxy+xz+yz + BﬂBxy+xz+yz +AC”C)/1 +Ac”cxyz >

2 2
AC”Bﬁ +BaBﬁ +Bxy+xz+yz +AC”CY1’ (F6323)

(Bg + Byytxz+yz)Cas

A% By +AsBoBg +AYBy riys +BpCo1 +ByyiazsyzCp1 A%, Crys s

BgCq +B,Cy1 +BoCya, Bp(Cy+Cyy +Cyo),

A,By+AuByBg +A%Byyixarys + BpCa +BpCr1 + BryixaiyzCra + A2 Crys,

2 3
AC//Ba+AC”B/5 +B/5CY1 +BanyZ, Bﬁ(Cﬂ +nyz)>
A,By+AuByBg +A2Byyixaiys + BpCi1 A% Crys + ByyiziysCrysr  (E632Db)

CI/
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AZ

C”

AZ

C”

BuBp + BBy +A2,Cpy + C2y + CoCyo,

C//

ByBg +B2Bg +A%,Cpy + CyCpa+ Cy1Crp + CuCrys s

A2, B,Bg+B2Bg +A%,Cpy +CyCpy +CoCrp+ CoCryr + Cp1Cyys s
A2,B4Bp + BBy +A2,Cpy + CoCpy +Cl,
A2,B,Bg+B2Bg +A%,Cpy +CyCpy +CoCrp+ CpoCyys s
A%,B2+ A%, By +A2,B,Bp +B2By +A2,Cy +AByCypy
+ABgCy1 +CoCp1 + CoCyro + CoCyyr + Ciyz . (E632¢)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 214: TWPs and group cohomology at degree 3 of F432.
Wyekoff Little group Coordinates
ycko .
position | 1. Schénflies (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
(1/2,0,1/2) + (1/2,1/2,0)+
4a | 432 0 (0,0,0) Cat CyatCrye ¢5[Cy, Ch1
4b | 432 0 (1/2,1/2,1/2) AwBy+AuByyixatyz T Cor + Coys | 92l Co, T To T3 C]
8¢ 23 T (1/4,1/4,1/4), (1/4,1/4,3/4) Cp1+Cyo @[ T5Cy, ToC}]
(0,1/4,1/4), (0,3/4,1/4),
24d 222 DZ (1/4: 0, 1/4): (1/4’ 0, 3/4)’ Ac”Bxy+xz+yz (102[T3C2: T3 Cé’]
(1/4,1/4,0), (3/4,1/4,0)

No. 210: F4,32

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation C,, a three-fold rotation Cs, and a two-fold rotation Cy:

Czl (X,y,z) - (—X,_J’;Z):

Cy: (x,y,2) = (—x,y,—2),

C3: (X,y,Z) - (Z,X,J’),

C):(x,y,2) = (—y +1/4,—x+1/4,—=2+1/4).

The Z, cohomology ring is given by

ZZ[AC”: Bg, Bxy+xz+yz: Co> Cﬁ) C}f]/(m?n m4’ mS: m6) )

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

ms . AC//Ba 5

. 2
R4: AcCo, AcCpr AwCpr BaBiyixirysr B2iiioiyss

mS : Bxy+xz+yzca > Bxy+xz+yzcﬁ > Bxy+xz+yzcy >
Re: B2+C2+C,Cp+Ch, C(Cy+C,).
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Table 215: IWPs and group cohomology at degree 3 of F4,32.

Little group Coordinates
Wyckoff .
s 0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
POSILION | 114 Schénflies ( )+ (0.1/2,1/2)
(1/2,0,1/2)+ (1/2,1/2,0)+
8a 23 T (0,0,0), (3/4,1/4,3/4) Cqy+C, ©2[Cy,C5 ]
8b | 23 T (1/2,1/2,1/2), (1/4,3/4,1/4) c, @[ Co, T T T3 Cy ]
(1/8,1/8,1/8),(7/8,3/8,5/8), _
16¢ 32 D; Ac”Bxy+xz+yz wz[Tl Tz 1; Cg]
(3/8,5/8,7/8),(5/8,7/8,3/8)
5/8,5/8,5/8),(3/8,7/8,1/8),
16d 32 D, (5/8,5/8,5/8), (3/8,7/8,1/8) Same as 16¢ Same as 16¢

(7/8,1/8,3/8),(1/8,3/8,7/8)

No. 211: 1432

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation C,, a three-fold rotation C, and a two-fold rotation Cy’:

where the relations are

Cy: (x,y,2) > (—x,—y,2), (E636a)
Cy: (x,y,2) = (=x,y,—2), (F.636b)
C3: (x,y,2) > (2,x,y), (E636¢)
Cy: (x,y,2) = (=y,—x,—2). (E636d)
The Z, cohomology ring is given by
Zy[Acr, Aty 125Bas Bps Cas Cps Cryz ][ (Ra, R3, Ry, Rs, Re) (F637)
Axtyrz(Acr +Ariyis), (E638a)
A2 A i yrs +AviyssBa ¥ AuBg, Ay (A% + By +Bg), (E638b)
ACos AxtyzCosr Axiy+sCy TAnCryzs  Axryia(Cy +Crye), (E638c)
AcnAyyy;C, +BgC+BoCyyy, Bg(Cy+Cp+Cyyy), (F638d)
A2 AxiyszBa +AcAsiy1:BG + BBy + BuBj + CoCy
A2 Axiysz HASAcy12Bo +BoBE + B + CoCuyss
AcByiy 2B +BiBp +AByCy +C2,
A2 Axiy+2Ba +BaBf +Axiy1zBaCy+ CyCrys s
A Axtyrs H A Aty 2By +AcAriy12BL + B;’; +Aviy+:BaCy +CL .. (E638e)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 216: IWPs and group cohomology at degree 3 of 1432.

Wyckoff Little group Coordinates
LSM anomaly class Topo. inv.
position | Intl.  Schonflies (0,0,0)+ (1/2,1/2,1/2)+
2a | 432 0 (0,0,0) AuBy +Acsy 1By +Cou+Cpt Cyy ¢2[Cy,Cy1
(0,1/2,1/2),(1/2,0,1/2),
6b 422 Dy /2:1/ / / C, + Crys ©3[Co, Ty ToCh1
(1/2,1/2,0)
(1/4,1/4,1/4), (3/4,3/4,1/4),
8c 32 D, [/ [43/41/ Ciyz @[ i Ty T Ty T5Cy ]
(3/4,1/4,3/4),(1/4,3/4,3/4)
(1/4,1/2,0), (3/4,1/2,0),
12d | 222 D, (0,1/4,1/2), (0,3/4,1/2), Axty+:Ba $a[ T2 T5Cy, T T5 T5Cy ]

(1/2,0,1/4), (1/2,0,3/4)

No. 212: P43;32

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold screw S, a three-fold rotation C;, and a two-fold rotation Cy:

Sy (x,y,2) > (—x+1/2,—y,z+1/2), (E639a)
S;: (x,y,2) > (—x,y +1/2,—2+1/2), (F.639b)
Cs: (x,¥,2) = (2,x,), (E639¢)
Cy:(x,y,2) = (—y +1/4,—x+1/4,—z+1/4). (E639d)
The Z, cohomology ring is given by
Zy[Awr, C1[(Re) (E640)
where the relations are
Re:  C2. (F641)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 217: IWPs and group cohomology at degree 3 of P4332.
Wyckoff Little group
Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies
1/8,1/8,1/8),(3/8,7/8,5/8),
w |32 b, |Q/81/81/8.6/87/85/8) c T
(7/8,5/8,3/8),(5/8,3/8,7/8)
5/8,5/8,5/8),(7/8,3/8,1/8),
4b 32 Dy (5/8,5/8,5/8), (7/8,3/8,1/8) Same as 4a Same as 4a

(3/8,1/8,7/8),(1/8,7/8,3/8)
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No. 213: P4,32

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold screw S,
a two-fold screw S, a three-fold rotation Cs, and a two-fold rotation Cy’:

So: (x,y,2) > (—x+1/2,—y,z2+1/2), (F642a)
Sy (x,y,2) = (—x,y +1/2,—2+1/2), (E642b)
Cy: (x,y,2) = (z,x,y), (E642c)
C): (x,y,2) = (—y +3/4,—x +3/4,—=2 +3/4). (E6424d)

The Z, cohomology ring is given by
Zy[Acr, C,1[(Re), (F643)
where the relations are
Re:  C2. (E644)
We have the following table regarding IWPs and group cohomology at degree 3.

Table 218: TWPs and group cohomology at degree 3 of P4,32.

Wyckoff Little group ) ]
Coordinates LSM anomaly class Topo. inv.

position | Intl. Schonflies

4a 39 D, (3/8,3/8,3/8),(1/8,5/8,7/8), c, ¢2[T1T§1,C£’]
(5/8,7/8,1/8),(7/8,1/8,5/8)

7/8,7/8,7/8),(5/8,1/8,3/8),
4b 32 Dy (7/8,7/8,7/8), (5/8,1/8,3/8) Same as 4a Same as 4a

(1/8,3/8,5/8),(3/8,5/8,1/8)

No. 214: 14,32

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation C,, a three-fold rotation C;, and a two-fold rotation Cy’:

Co: (x,y,2) = (—x,—y +1/2,2), (E645a)
Cy: (6, y,2) > (—x+1/2,y,—2), (E645b)
C3: (x,5,2) = (2,x,y), (F645¢)
Cy):(x,y,2) > (—y +1/4,—x+1/4,—z+1/4). (E645d)

The Z, cohomology ring is given by

ZZ[AC”’Ax+y+z’ Cy]/(m6> > (F646)
where the relations are
Re:  CrlA%Aciysn + AL, +C,). (E647)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 219: IWPs and group cohomology at degree 3 of 14,32.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.

position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+

. . b, (1/8,1/8,1/8), (3/8,7/8,5/8), N/ /A
(7/8,5/8,3/8), (5/8,3/8,7/8)
o " b, (7/8,7/8,7/8), (5/8,1/8,3/8), N/A N/A
(1/8,3/8,5/8), (3/8,5/8,1/8)

(1/8,0,1/4), (3/8,0,3/4),

12¢ | 222 D, (1/4,1/8,0), (3/4,3/8,0), | AbAriysz tAcfey,  +Cr | 93[Cs,CH ]
(0,1/4,1/8), (0,3/4,3/8)
(5/8,0,1/4), (7/8,0,3/4),
12d | 222 D, (1/4,5/8,0), (3/4,7/8,0), c, ¢a[Cy, T1 T,CY']

(0,1/4,5/8), (0,3/4,7/8)

No. 215: P43m

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and a mirror M:

Cy: (x,y,2) = (—x,—y,2), (F648a)
Cy: (x,y,2) = (—x,y,—2), (E648b)
Cs: (x,y,2) = (2,x,¥), (F648¢)
M: (x,y,2z) = (y,x,2). (F.648d)

The Z, cohomology ring is given by
ZZ[Am:Ax+y+zs Ba: Bxy+xz+yz’ Caa nyz]/<m3’ m4: mS: (R6> > (E649)

where the relations are

R3: Anhly s (E650a)
Ryt ApCq, Ax+y+z(Ai+y+z +Ax1y1:Ba +Co)s Ap(Axiy1:Brysxziyz T Cryz),
Acty+:Cryzs Brytxatys(A%y oo +Ba+Byyiratys), (E650b)
Rs: A?(+y+szy+xz+yz +Axty+2BaByytxztyz T BxytxztyzCa T BaCiyyz
Bxy+xz+yz(Ai+_y+z +Axiy1zBa+Ca+Cyy2), (E650¢)
Re:  Crye(Cq+ Cyya).- (E650d)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 220: IWPs and group cohomology at degree 3 of P43m.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
la | 43m T, (0,0,0) AL, T AchysBa+ Ca+ Crys ©2[C, Cy1
b |4m Ty (1/2,1/2,1/2) Crys 2l T1T2Co, T1 T3 G5
- (0,1/2,1/2),(1/2,0,1/2),
3c 42m Dyq (1/2’ 1/2’ 0) Ax+y+szy+xz+yz wZ[TlTZCZ’ T1C£]
= (1/2,0,0), (0,1/2,0),
3d 42m Dyq (0,0,1/2) Ax+y+z(Ai+y+z +B,+ Bxy+xz+yz) 0a[T1Cy, Ty Cé]

No. 216: F43m

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and a mirror M:

CZ: (xyyjz)_’(_x>_%z)> (F651a)
Cé: (nyJZ)_)(_X’yJ_Z)J (F651b)
C3: (xayaz)_’(Z,X:J’), (F651C)
M: (x,y,2) = (¥,x,2). (E651d)
The Z, cohomology ring is given by
Ly [Am’ By, B[ja Bxy+xz+yz’ Cas C[:’n Cy: nyz]/<m4: fRs: m6) P (E652)
where the relations are
R4t AnCar AmCp, BaBiyixsiyzs +AmCy, BaBp+Bj+AnC,y,
A2 Bg +BgByyxatyz T AmCayzs  Bayisaiyzs (E653a)
mS : Bxy+xz+yzca ) Bﬁ Ca + BaC/j ) B[J’(Ca + C[j) ) Bxy+xz+yzC[3 >
ByytxstysCys AmBaBp +BpCy+ByCyys,
ApBoBp +A%C, +BgC, +BgCyy, A2Bg+A%Cryy +ByyixaiysCuysr  (E653b)
Re:  Cp(Cq+Cp), CpCr+CoCyyy, (Cu+Cp)Cyyy, C(Cu+C),
AmBpCy+ CoCryz + CyCyyz, AZBoBg +AS C+CoCryy +Co . (E653c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 221: IWPs and group cohomology at degree 3 of F43m.
Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ | LSM anomaly class Topo. inv.
position | [ngl,  Schonflies 7 SN Y po- v
(1/2,0,1/2)+ (1/2,1/2,0)+
4a 43m T, (0,0,0) Cy+Cy+Cyyy ©2[Cy, Cy ]
4b 43m T, (1/2,1/2,1/2) Cp+Cy+Crys | 9alCo, TiT,T;1CY]
4c 43m Ty (1/4,1/4,1/4) Cp+Cyys po[T5Co, T2C£:|
4d | 43m T, (3/4,3/4,3/4) Crys @o[T51Cy, T, 1 CY]
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No. 217: 143m

This group is generated by three translations T; , 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and a mirror M:

CZ: (Xayaz)_’(_x;_}’;z)> (F654a)
Cé: (xiyzz)_)(_x’y:_z)> (F.654b)
C3: (x,y,2) = (2,x,y), (E654¢)
M: (x,y,2) > (y,x,2). (E654d)
The Z, cohomology ring is given by
ZZ[Am’Ax+y+z> BaJB[J’: Ca: nyz]/(CRZ: mS: m4: mS: m6) P (E655)
where the relations are
. 2
Ry: Ax+y+z , (E656a)
Rsy: Axiy4:Ba+AnBg, Ayxiy;(By+Bg), (E656b)
fR4: AmCa > Ax+y+zCa > Ax+y+z nyz > (F'656C)
Rs:  Axiy+:Bo+BgCy+BgCyys, (E656d)
Re: BBy +Bj+CoCyryz, BiBg+Bj+Co .. (E656€)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 222: IWPs and group cohomology at degree 3 of I43m.
Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position | Intl. Schonflies | (0,0,0)+ (1/2,1/2,1/2)+
2a Z3m Ty (0: 0, O) Ax+y+zBa + Ca + Cx_yz 902[C2, Cé]
- (0,1/2,1/2), (1/2,0,1/2),
6b | 42 D Crys Cy, T, T,C.,
m 2d (1/2,1/2,0) y o[ Cy, T1 Ty 2]
(1/4,1/2,0), (3/4,1/2,0),
12d 4 S4 (0,1/4,1/2), (0,3/4,1/2), AvyyizBa @o[ T1 T T3CM, Ty T5C, ]
(1/2,0,1/4), (1/2,0,3/4)

No. 218: P43n

This group is generated by three translations T; , 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and a glide G:

CZ: (xzysz)_)(_xz_yzz): (F657a)
Cé: (x:}’;z)_’(_x:y’_z), (F657b)
Cs: (x,y,2) = (z,x,y), (E657¢)
G:(x,y,2) > (y+1/2,x+1/2,2+1/2). (E657d)
The Z, cohomology ring is given by
ZZ[Am:Ba:Bﬁ>Bxy+xz+yz: Ca: C[J’: Cy]/<(R2: (RS’ (R4’ mS’ mG) > (F658)
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where the relations are

mzi Afn N
mgz AmBﬁ ,

m4: AnCe, Amcfi ’ AmCy > BE +Bany+xz+yz +BﬁBxy+xz+yz
Rs:  ApB2+ByCy+ByyixasysCa+BaCp+BpCp,
AmBany+xz+yz + Bﬁ Cq+ Bxy+xz+yzca + BaC[S + Bxy+xz+yzcﬁ +B

(F659a)
(E659D)
+BY i aryes (E6590)

aCy s

AmBi +AmBany+xz+yz +BaCa + Bxy+xz+yzCa + Bacﬂ + Bxy+xz+yzC[5 +Bﬁ C)/ ’

ApB2+ByCoy +BgCy+ByCp +ByyixaiyzCp + BrytxztyzCr (E659d)
. 2 3 2 2 2
Re: B,Bg +Bg + CyCy, BB + C,+CuCp+Cj,
BuBj + BBy ixsiyz+CpCy,  BoBj + By +C;. (E659€)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 223: IWPs and group cohomology at degree 3 of P43n.
Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a 23 T (0,0,0),(1/2,1/2,1/2) ApBg+Cy +C, Lpz[Cz,Cé]
(0,1/2,1/2), (1/2,0,1/2),
6b 222 D2 (1/2, 1/2’ 0), (0, 1/2a O); CY (PZ[CZ, TSCE]
(1/2,0,0), (0,0,1/2)
(1/4,1/2,0), (3/4,1/2,0),
6c | 4 Si | (0,1/4,1/2),(0,3/4,1/2), | An(Ba+Bryixsiys) | #2lC3G, TGl
(1/2,0,1/4), (1/2,0,3/4)
(1/4,0,1/2), (3/4,0,1/2),
6d Z 54 (1/2: 1/4: 0): (1/2: 3/4: 0), Amey+xz+yz ‘PZ[Tl CéG, TZCZ]
(0,1/2,1/4),(0,1/2,3/4)
No. 219: F43c

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, and a glide G:

CZ: (nyJZ)H(_xJ_yJZ): (F660a)
Cé: (X:}’;Z)_’(_x:y’_z), (F660b)
CSZ(XJyJZ)_)(ZJxay): (F660C)
G:(x,y,2)>(y+1/2,x+1/2,2+1/2). (E660d)

The Z, cohomology ring is given by
ZZ[Am:Ba:Bxy+xz+yz> Ca: Cﬁﬂ Fy: Fﬁ]/(CRS: m4: mS: (R(,, ‘CR7J mB: m9’ le) ) (F661)
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where the relations are

Ry: A, (E662a)
Ry: A%nBa > Agany+xz+yz o AnCoy AnCp, Biyixztyz(BatByyixziyz), (F662D)
Rs:  BryixztyzCaTBaCps  Byyixsryz(Ca+Cp), (E662c)
Re:  Cp(Cy+Cp), (E662d)
Ry: AnF,, AyFs, (E662€)
Rs:  Byysxz+yzFy +BaFs +BuCoCp,  (Bxytxzryz +Ba)Fs, (F662f)
Rg:  CpF,+CpF5+C2Cq, (Cy+Cp)Fs, (F.662)
Ryt F2+CUF, +B+C}), F3+CoCp(Fs+B3 . ., . +CaCp),
F F5+C,Cp(B2 +C2). (E662h)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 224: IWPs and group cohomology at degree 3 of F43c.

Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
position | 1ngl.  Schonflies 7 e Y po-
(1/2,0,1/2) + (1/2,1/2,0)+
8a 23 T (0,0,0), (1/2,1/2,1/2) AmBa +AnByyixztyz: T Co+Cp LpZ[CZ,Cé]
8b 23 T (1/4;1/4:1/4)> (3/4; 3/4, 3/4) Amey+xz+yz +Cﬁ <p2[T3C2; Tzcé]
(0,1/4,1/4),(0,3/4,1/4),
24c Z S4 (1/4, 0, 1/4), (1/4, 0, 3/4)> Amey+xz+yz ‘PZ[TZCEG: Tl T2_1C2:|

(1/4,1/4,0),(3/4,1/4,0)
(1/4,0,0), (3/4,0,0),
S4 (0,1/4,0), (0,3/4,0), An(By + By xztyz) @[ T3T51CHG,C,)
(0,0,1/4), (0,0,3/4)

|

24d

No. 220: 143d

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation C,, a three-fold rotation Cs, and a glide G:

Cy: (x,y,2) > (—x,—y+1/2,2), (F663a)
Cy: (x,y,2) = (—x+1/2,y,—2), (E663D)
C3: (x,y,2) = (3,x,y), (E663c)
G:(x,y,2) > (y+1/4,x+1/4,2+1/4). (F663d)

The Z, cohomology ring is given by

Zy[Am, Bg, C, 1/ (R, Re) » (E664)

where the relations are
Ry: A2, (E6652)
Re: CY(AmBa + CY). (E665b)

We have the following table regarding IWPs and group cohomology at degree 3.

208


https://scipost.org
https://scipost.org/SciPostPhys.18.5.161

SciPost Phys. 18, 161 (2025)

Table 225: IWPs and group cohomology at degree 3 of 143d.

Wyckoff

position

Little group Coordinates

LSM anomaly class

Intl. Schénflies (0,0,0)+ (1/2,1/2,1/2)+

Topo. inv.

12a

(3/8,0,1/4),(1/8,0,3/4),
Sy (1/4,3/8,0), (3/4,1/8,0), C,
(0,1/4,3/8),(0,3/4,1/8)

E|

©o[T1 T,C;G, C, ]

12b

(7/8,0,1/4), (5/8,0,3/4),
Sq (1/4,7/8,0), (3/4,5/8,0),
(0,1/4,7/8), (0,3/4,5/8)

e

ApB,+C,

©,[CG, C,]

16c

(x,%,x), (—x+1/2,—x,x +1/2),
(—x,x+1/2,—x+1/2), (x+1/2,—x +1/2,—x),
(x+1/4,x+1/4,x+1/4), (—x +1/4,—x +3/4,x +3/4),
(x+3/4,—x+1/4,—x+3/4), (=x +3/4,x +3/4,—x +1/4)

N/A

N/A

No. 221: Pm3m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, a mirror M, and an inversion I:

Cy: (x,y,2) = (—x,—Y,2),
Cé: (X,y,z) - (_X;y,_z):
C3: (X,J’,Z) - (z,x,y),
M: (X>J’,z) - (y,x,Z),

I: (X,y,Z) - (—X,—y,—Z).

The Z, cohomology ring is given by

ZZ[Ai:Am:Ax+y+za Baa Bxy+xz+yz’ C xyz]/(LRB: °R4» ﬁS’ “R6>

where the relations are

ge3:
ge4:

We have the following table regarding IWPs and group cohomology at degree 3.

A Ax+y+z(A‘ +Ax+y+z)
242 3 4
A7 Ax+y+z +A; Ax+y+z +Ax+y+z

+AiAx+y+szy+xz+yz +Ax+y+zca +Ai nyz >

2
+AilgiysBa + AL, Bq

2
AmCa > Am A'Ax+y+z +Ax+y+szy+xz+yZ + nyz)

3 2
Axryss B +AAL L +A

Bxy+xz+yz(A2' +A'A +A'Ax+y+z +Ai+y+z +B +Bxy+xz+yz):
AA +AAS L HAAS A AAY, L HAAL, L B,

X+y+z xX+y+z x+y+z x+y+z

2 3
+ AiAx+y+szy+xz+yZ + Ax+y+zBX}’+XZ+}'Z

xX+y+z

x+y+z

(E666a)
(E666Db)
(F666¢)
(E666d)
(E666e)

(E667)

(F668a)

+A B +Ax+y+zB +A4; Bxy+xz+yz + C + nyz)

(E668b)

+Ax+y+zBany+xz+yz +A'Ax+y+zca + Bxy+xz+yzca + Bacxyz 4

2 3
Bxy+xz+yz(A'Ax+y+z +A'A Ax+y+z +A

X+y+z
5 343 2 24 3
AiAX+}’+Z +A; Ax+y+z +A; Ax+y+z +4; Ax+y+z
+A% | B2+

xX+y+z-a

4
By + Ax+y+z

3
AiAx+y+szy+xz+yz +A1'AmAx+y+szy+xz+yz
2
+AiAx+y+zBany+xz+yz +Ax+y+zBaCa + Cacxyz +C

xyz "
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Table 226: IWPs and group cohomology at degree 3 of Pm3m.

Wyckoff Little group . .
Coordinates LSM anomaly class Topo. inv.
position Intl. Schonflies
_ A+ APA, + AARA +AA +A3
la | m3m On (0,0,0) o ey EE s ks 1[1]
+AiBa +Ax+y+zBa +Ainy+xz+yz + Ca + nyz
1b m3m [ (1/2,1/2,1/2) AAsiyiz+ Crys @1l T1 T, T51]
(0,1/2,1/2),(1/2,0,1/2),
3c 4/mmm Dy (Ai +Axiy42)Biyixztys 2[T1 ToCy, T1 C7]
(1/2,1/2,0)
(1/2,0,0), (0,1/2,0), 2 2 /
3d 4/mmm Dy ( /2) Ax+y+z(Ai +AAR +AiAx+y+z +Ax+y+z +B, + Bxy+xz+yz) S"z[cza T3C2]
0,0,1/2

No. 222: Pn§n

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation Cs, a glide G, and an inversion I:

Cy: (x,y,2) > (—x+1/2,—y+1/2,2),

Cy:(x,y,2) > (—x+1/2,y,—2+1/2),

Cs: (x,y,2) = (2,x,Y),

G:(x,y,2) > (y+1/2,x+1/2,2+1/2),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by

ZZ[Ai:Am’Ba:Bﬂ) Cq; Cy]/('geZ: mB: m4> m5> m6> )

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

Am(Ai +Am):
A;(B, +B/5), AiBy+AnBg,

AC,, AnC., (A;+A,)C,,
(Ba +B[5)(Ca + Cy))
B,Bj +Bj +CoCy, AjAn +A!By +B,Bj +Bj +AB,C,+C .
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Table 227: IWPs and group cohomology at degree 3 of Pn3n.

Wyckoff

position

Little group

Coordinates LSM anomaly class

Intl.

Schonflies

Topo. inv.

2a

432

@) (1/4,1/4,1/4), (3/4,3/4,3/4) A%Am+Al-Ba+Ca+CY

SOZ[CZ’ Cé]

6b

422

(3/4,1/4,1/4), (1/4,3/4,1/4),
D, (1/4,1/4,3/4), (1/4,3/4,3/4), | AjAy +A;B, +AyBo +C,
(3/4,1/4,3/4), (3/4,3/4,1/4)

[ Cy, T5C5]

8c

wl

(0,0,0), (1/2,1/2,0),
G, (1/2,0,1/2), (0,1/2,1/2), A?(Al-+Am)
(0,0,1/2),(1/2,1/2,1/2),

(0,1/2,0), (1/2,0,0)

¢1[I]

12d

|

(0,3/4,1/4), (1/2,3/4,1/4),
(1/4,0,3/4), (1/4,1/2,3/4),
s, (3/4,1/4,0), (3/4,1/4,1/2), (A, +4.)B,
(3/4,0,1/4), (3/4,1/2,1/4),
(0,1/4,3/4),(1/2,1/4,3/4),

(1/4,3/4,1/2),(1/4,3/4,0)

¢2[C5G, TGyl

No. 223: Pm§n

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation C;/» a three-fold rotation C5, a glide G, and an inversion I:

CZ: (X,}’:Z) - (—X,—J’,Z),

Cé: (nyJZ) - (—X,_y,—Z),

C3: (x:}’;z) - (ZJXJy)J

G:(x,y,2) > (y+1/2,x+1/2,2+1/2),
I: (X’J’;Z) d (_X:_J’:_Z)~

The Z, cohomology ring is given by

Z2[Ai>Am: By, B[&n Bxy+xz+yz’ Co> Cﬁ’ Cy]/<m2’ mS’ m4’ ms: mG) 5

where the relations are

*(RZ : Am(Ai +Am) s
Ry:  An(A?+Bp),
(R4: AnCq,s Am(AiBa + Cﬁ) > Am(Ainy+xz+yz + Cy) )

AA, +ABy+AALB, +B

2 2
B + Ai Bxy+xz+yz + AiAmey+xz+yz

2
+Bany+xz+yz +BﬁBxy+xz+yz +B +A'C

Xy+xz+yz =y

Rs: A} +A’By+A,B2 +AB,Bs +AB: +AC, +B,C,

B

+ By ixztysCa +ATCp +ByCp +BgCp
A3B, +AA By +AyBE + A2Bg + A;B,Bpg +AiB§ +AByy i xatys TABEByytxstys

+B3Cy + ByyixatyzCa +AZCp +ByCp + ByyixasyzCp + BoCy
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A? +AmB§ +AiBaB/3 +AiB/25 +A?Bxy+xz+yz +AmBany+xz+yz +AiBﬂBxy+xz+yz

+A2C, +ByCy + ByyixatyzCa ¥ AZCp +ByCp + Byy s gt ysCp +ATC, + B C,,
A +AA, +A,B2 +ABg +AB,Bg +Al-B/25 +AiBgByy s xatyz TAIC,
+ByCy+BpCy +A2Cs +ByCp + By yixatyzCp +ATC, +ByyinaiysCyr  (E674d)

Re: A% +AIB2 +AA,B2+A}Bg +AB, By +A?Bg + BoBj +Bj +AYCy +AiBgCq + CoCy,
6 4 2p2 2p2 2 2 2
A +AlB, +AZBL +ATBS +BoBj + Co + CyCp + C

AlBy +A}AyBy +ATBL + AiAnBL + BoBj + ABoByyiiziys + AiAmBaBiytxztys

+A12'B/SBxy+xz+yz +B%Bxy+xz+yz +A?Cﬁ +Ainy+xz+yzC[3 + Cﬂc )
2 3
BT B
+A12'BﬂBxy+xz+yz +A?Ca +AiBaCa +Ainy+xz+yzCa

+A}Cp +ABuCp +AiByyxztysCp +AIC, +C2. (E674e)

6 2p2 4 3
Ai +Ai Ba + BGB +Ai Bxy+XZ+yz +AiAmey+xz+yz

We have the following table regarding IWPs and group cohomology at degree 3.

Table 228: IWPs and group cohomology at degree 3 of Pm3n.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl.  Schonflies
2a m3 T, (0,0,0), (1/2,1/2,1/2) A+ A2Ay + ApBryixziys + Ca+Cy ©1[I]
(0,1/2,1/2),(1/2,0,1/2),
6b mmm Dy (1/2,1/2,0), (0,1/2,0), ABy+AuBy +ApByyixziy: +Cp | 02[Ca, T3C)]

(1/2,0,0), (0,0,1/2)
(1/4,0,1/2), (3/4,0,1/2),
6c 4m2 Dyg (1/2,1/4,0), (1/2,3/4,0), ApBsyixztys 03[ T5Cy, GI]
(0,1/2,1/4), (0,1/2,3/4)
(1/4,1/2,0), (3/4,1/2,0),
6d | 4m2 Dy (0,1/4,1/2), (0,3/4,1/2), An(Ba + By ixziyz) ¢2[T1C, GI]

(1/2,0,1/4), (1/2,0,3/4)
(1/4,1/4,1/4), (3/4,3/4,1/4),
ge 2 b, (3/4,1/4,3/4), (1/4,3/4,3/4), N/A N/A

(3/4,3/4,3/4), (1/4,1/4,3/4),
(1/4,3/4,1/4), (3/4,1/4,1/4)

No. 224: Pn§m

This group is generated by three translations T; 5 5 as given in Egs. (B.1), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, a mirror M, and an inversion I:

Cy:(x,y,2) > (—x+1/2,—y+1/2,2), (E675a)
Cy: (x,y,2) > (—x+1/2,y,—2+1/2), (E675D)
C3: (x,y,2) = (z,x,y), (E675¢)
M: (x,y,z) = (y,x,2), (E675d)

I: (x,y,2) = (—x,—y,—2). (E675¢)

The Z, cohomology ring is given by
ZZ[Ai:Am:Ax+y+z: Ba: Ca]/(mfb m4> ’ (F676)
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where the relations are

geB: (Ai +Am)Ax+y+z(Ai +Ax+y+z) ) Ai(AiAx+y+z +Ai+y+z + Ba) ) (E677a)
Ryt AiCas AnCar Axpyrs(Als , + A 1 T AciyizBa+Ca). (E677b)

We have the following table regarding IWPs and group cohomology at degree 3.

Table 229: IWPs and group cohomology at degree 3 of Pn3m.

Wyckoff Little group

Coordinates LSM anomaly class Topo. inv.
position | Intl. Schonflies
2a | 43m Ty (1/4,1/4,1/4), (3/4,3/4,3/4) | Ads, ., +AS ., +AciyzBa+ Ca #2[C2,C3]
= (0,0,0), (1/2,1/2,0),
4b 3m D3d Ai(Ai +Am)(Ai +Ax+y+z) @1[1]

(1/2,0,1/2), (0,1/2,1/2)
4| Im o Dy “/(f)fl/fz’;/fi’l (/(;”%,;/)2)’ A+ A Aryen T
(1/4,3/4,3/4), (3/4,1/4,3/4),
6d 42m Doy (3/4,3/4,1/4), (1/4,3/4,1/4), | Acty1z(AiAciysz +A%, ,, +Ba) 03[ Cy, T5C5]
(3/4,1/4,1/4), (1/4,1/4,3/4)
(1/2,1/4,3/4), (0,1/4,3/4),
(3/4,1/2,1/4), (3/4,0,1/4),
12f 222 D, E;;‘:g;:: 1;2: E;,/:;i/f}zi Al yy iz (A +Ax ) [ ToCo, Ty T,MI]
(1/4,1/2,3/4), (1/4,0,3/4),
(3/4,1/4,1/2), (3/4,1/4,0)

No. 225: Fm3m

This group is generated by three translations T , 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, a mirror M, and an inversion I:

Cy: (x,y,2) = (—x,—y,2), (E678a)
Cy: (x,y,2) = (—x,y,—2), (E678b)
Cs: (x,y,2) = (2,x,¥), (E678c)
M: (x,y,2) = (y,x,2), (E678d)

I:(x,y,2) = (—x,—Yy,—2). (F678e)

The Z, cohomology ring is given by

ZZ [Ai:Am>Ba>Bﬁany+xz+yz7 Ca: C)H nyz]/(g{m mSa m6) ’ (E679)

where the relations are

Ryt AnCq, Ai(ApByyixzry: +Cp)s An(AnByyixztys +Cy),

AiAnBg + B3 +BoByyiyayys, AiBp+AiAnBg +ByBp +BgByyiiziys +AnCuys,

Byytxzayz(A] +AiAn +Bo +Byyirsiys) (E680a)
Rs: (Bp+Brytxztyz)Cas AmBaBxytxztyz TBpCa+BoCy,

A?A,Bg +AA%Bg +AyBoBg +BgCo+BgCy + A2 Cyyss

AP ARByytxstys TAIALByybxstys T AnBaBuytxstys T BpCa+ ByyixatysCy s
BsCy+AiAnCryz +BgCrysy BpCoy+ByyixatyzCoyas (E680b)
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. 242 3 2 2
ge6 . AiAmey+xz+yz +AiAmey+xz+yz +AmBany+xz+yz + CaCy + CY >
Cy(Cy+Crys)s  Crys(Al +AZA, +ABy +Cy+ Cyy)- (E680c)
We have the following table regarding IWPs and group cohomology at degree 3.
Table 230: IWPs and group cohomology at degree 3 of Fm3m.
Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
position | ng,  Schénflies ol T Y po- 1
(1/2,0,1/2)+ (1/2,1/2,0)+
4a m3m Oy (0,0,0) AP+ A2A, + ABy +AByy iy + Co+Cy w1l1]
4b mgm Oh (1/2; 1/2: 1/2) Ainy+xz+yz + nyz L/JII:Tl T2I]
8c | 43m Ty (1/4,1/4,1/4), (1/4,1/4,3/4) 3l T3Cp, ToCy]
(0,1/4,1/4), (0,3/4,1/4),
24d | mmm Doy, (1/4,0,1/4), (1/4,0,3/4), o[ T3Cy, TsMI]

(1/4,1/4,0), (3/4,1/4,0)

No. 226: Fm3c

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation

C,, a two-fold rotation C,, a three-fold rotation Cs, a glide G, and an inversion I:

The Z, cohomology ring is given by

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

Afn(Al +Am):

An(Ai +An)Byyixaiyss AmCosr AiAnBy+A% B, +ACp,

AmCﬁ > Bxy+xz+yz(A12' +AiAm + Ba + Bxy+xz+yz) H

A?AmBa +AiA$nBa +A?Ca + Baca + Bxy+xz+yzca + Bacﬁ > Bxy+xz+yZC[5 >
Cp(Cy +Cp),

Unknown,

Unknown,

Unknown,

Unknown.

(%, y,2) = (=x,—Y,2),

s (6, y,2) = (=x,y,—2),
1(x,y,2) = (2,x,Y),

G:(x,y,2) > (y+1/2,x+1/2,2+1/2),
I:(x,y,2) = (—x,—y,—=2).

ZZ[Ai)Am: Ba: Bxy+xz+yz: Ca: Cﬁ) FE]/<m3, m4) mS) mfv m% m83 m% le) >

(F681a)
(E681b)
(F681c)
(F681d)
(F681e)

(F682)

(F683a)

(F683b)
(F683¢)
(E683d)
(F683¢)
(E6830)
(E683g)
(E683h)
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Table 231: IWPs and group cohomology at degree 3 of Fm3c.

Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2) LSM anomaly class Topo. inv.
iti ,0,0)+ (0,1/2, + - 1nV.
position | 1ng  Schénflies
(1/2,0,1/2)+ (1/2,1/2,0)+
8a 432 o (1/4: 1/4’ 1/4)> (3/4: 3/4: 3/4) AmBa +Amey+xz+yz +Cﬁ L)()Z[TBCZ’ Tzcé]
8b m§ Ty (0,0,0), (1/2,1/2,1/2) Ainy+xz+yz +Amey+xz+yz +Cq+ C[i ‘Pl[I]
(1/4,0,0), (3/4,0,0),
24c Zmz D2d (0> 1/4’ 0); (0; 3/4, O); Amey+xz+yz <P2[C2: TSCZGI]

(0,0,1/4), (0,0,3/4)
(0,1/4,1/4), (0,3/4,1/4),
24d | 4/m Can (1/4,0,1/4), (1/4,0,3/4), (Ai +An)(A? + Bg + Byytxztyz) ¢1[TsI]
(1/4,1/4,0), (3/4,1/4,0)

No. 227: Fd3m

This group is generated by three translations T; , 5 as given in Egs. (B.5), a two-fold rotation
C,, a two-fold rotation Cé, a three-fold rotation C5, a mirror M, and an inversion I:

Cy: (x,y,2) = (—x+1/4,—y +1/4,2), (F684a)
Cy: (x,y,2) > (—x+1/4,y,—z+1/4), (E684b)
Cs: (x,5,2) = (2,x,5), (F684c)
M: (x,y,z) = (y,x,2), (F.684d)

I:(x,y,2) = (—x,—y,—2). (E684e)

The Z, cohomology ring is given by

Z2[Ai:Am: BaJBxy+xz+yz: Ca: C)/]/((RSJ [R4: mS: m6> ’ (F'685)

where the relations are

Ry:  AByg, (E686a)
Ry AiCqs AnCq, AiCy, BaByyixziys TAnCy,

By ixstys(Af +Aim + Byyisiys), (E686D)
Rs: ByyixztyzCas  BrytxztyzCys (E686¢)
Re: C(Cu+Cp). (E686d)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 232: IWPs and group cohomology at degree 3 of Fd3m.

Little group Coordinates
Wyckoff (0,0,0)+ (0,1/2,1/2)+ LSM anomaly class Topo. inv.
POSItion | 14 gchénflies 7 ’ ’ T
(1/2,0,1/2)+ (1/2,1/2,0)+
8a 43m Ty (1/8,1/8,1/8),(7/8,3/8,3/8) Ca+Cy goZ[Cz,Cé]
8b | 43m Ty (3/8,3/8,3/8), (1/8,5/8,1/8) c, 92l T5Cy, T5C ]
— (0,0,0), (3/4,1/4,1/2),
16c 3m D3d Ai(Al2 +AiAm + Bxy+xz+yz) (pl[l]
(1/4,1/2,3/4), (1/2,3/4,1/4)
- (1/2,1/2,1/2), (1/4,3/4,0),
16d 3m D3d Ainy+xz+yz ‘Pl[Tl TZI]
(3/4,0,1/4),(0,1/4,3/4)

No. 228: Fd3c

This group is generated by three translations T; 5 5 as given in Egs. (B.5), a two-fold rotation

C,, a two-fold rotation Cé, a three-fold rotation C5, a glide G, and an inversion I:

Cy: (x,y,2) > (—x+1/4,—y +1/4,2),

Cy: (x,y,2) > (—x+1/4,y,—=2+1/4),

C3: (x,y,2) > (2,x,Y),

G:(x,y,2) > (y+1/2,x+1/2,2+1/2),
I:(x,y,2) > (—x,—y,—2).

The Z, cohomology ring is given by
ZZ[Ai’Am, By, Co; FY]/<Q3, m4’ m% mu) )
where the relations are
Ry An(A2+A%), A(AA,+A%+B,),
Ry Ap(A+A2A, +A,B,), ACy, AnC,,
Ry: An(F, +B2+A%), A(F,+A%),
Riz: F2+CZF, +Ci+B+A2.

We have the following table regarding IWPs and group cohomology at degree 3.
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(E687b)
(E687¢)
(E687d)
(E687¢)

(F688)

(F689a)
(E689b)
(E689¢)
(E689d)
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Table 233: IWPs and group cohomology at degree 3 of Fd3c.

Wyckoff
position

Little group Coordinates

Intl.

(0,0,0)+ (0,1/2,1/2)+ LSM anomaly class
(1/2,0,1/2)+ (1/2,1/2,0)+

Schonflies

Topo. inv.

16a

23

T (1/8,1/8,1/8),(7/8,3/8,7/8), A?Am +AiAi1+AmBa+Ca
(7/8,7/8,7/8),(1/8,5/8,1/8)

(PZ[CQ, Cé]

32b

32

(1/4,1/4,1/4), (0,1/2,3/4),
(1/2,3/4,0), (3/4,0,1/2),

D, AiAn(A; +An) @a[ToT5 1 Col, GI]

(3/4,3/4,3/4),(0,1/2,1/4),
(1/2,1/4,0),(1/4,0,1/2)

32c

wl

(0,0,0),(1/4,3/4,1/2),
Cs: (3/4,1/2,1/4),(1/2,1/4,3/4), Ai(A?+Afn)
(3/4,1/4,0), (1/2,1/2,1/2),

(1/4,0,3/4),(0,3/4,1/4)

v1[I]

48d

N

(7/8,1/8,1/8),(3/8,5/8,5/8),
(1/8,7/8,1/8),(5/8,3/8,5/8),
(1/8,1/8,7/8),(5/8,5/8,3/8),

S, Ap(A2+AA, +B,) @o[ T T,CG, Cy]

(7/8,1/8,7/8), (3/8,5/8,3/8),
(5/8,3/8,7/8),(1/8,7/8,3/8),
(7/8,3/8,1/8),(3/8,7/8,5/8)

No. 229: Im3m

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation

C,, a two-fold rotation Cé, a three-fold rotation C5, a mirror M, and an inversion I:

Cz: (x,y,Z) i (—X,—J’,Z),
Cy: (x,y,2) = (=x,y,—2),
CB: (X,y,z) - (Z,X,y),
M: (X;y,z) - (y,X,Z),

I: (X,y,z) - (—X,—y,—z)-

The Z, cohomology ring is given by

ZZ[Ai:Am’Ax+y+z: By, B[:’n Co> nyz]/<m2: @3, m4: ms’ (Rs) 5

where the relations are

We have the following table regarding IWPs and group cohomology at degree 3.

Ax+y+z(Ai +Ax+y+z):

AvyyisBa +AnBp,  Axiy1:(Bo+Bp),
AnCq, Ax+y+zCa > Ax+y+zcxyz 5
A?Asty+2By +Axsy12B2 +ABg +AB,Bg +BgCy + B4 C
AiA iy 4B +AZBBg +B2Bg + B +ABgCy + C,C,,

xXyz»

B ya>
AiAxsy1zBg +A7ByBp + B Bp + Bj +ABpCo +AJCy
+A?ApCrys +AByCryz + CL
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(F690c)
(E690d)
(F.690e)

(E691)

(E692a)
(E692Db)
(E692¢)
(E692d)

(E692€)
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Table 234: IWPs and group cohomology at degree 3 of Im3m.

Wyckoff Little group Coordinates .
LSM anomaly class Topo. inv.
position Intl. Schénflies (0,0,0)+ (1/2,1/2,1/2)+
— Ai(A +AL)A +A +
2a m3m Oh (0’ 0, 0) l( 1 m)( 1 x+y+z) wl[I]
AiBa +Ax+y+zBa + Ca + nyz
(0,1/2,1/2),(1/2,0,1/2),
6b 4/mmm Dyn Cryz ¢2[Ca, T1 T3]
(1/2,1/2,0)
- (1/4,1/4,1/4), (3/4,3/4,1/4),
8c 3m D4 Ai(Ai +An)As iy 4z p1[Th T, T5I]
(3/4,1/4,3/4), (1/4,3/4,3/4)
(1/4,0,1/2),(3/4,0,1/2),
12d 4m2 Doy (1/2,1/4,0), (1/2,3/4,0), Axty+zBa o[ Ty T3Cy, T1 Ty TsMI ]
(0,1/2,1/4),(0,1/2,3/4)

No. 230: Ia3d

This group is generated by three translations T; 5 5 as given in Egs. (B.4), a two-fold rotation
C,, a two-fold rotation C,, a three-fold rotation Cs, a glide G, and an inversion I:

The Z, cohomology ring is given by

where the relations are

Cy: (x,y,2) = (—x,—y +1/2,2),
Cy: (x,y,2) > (—x+1/2,y,—=2),
C3: (x,y,2) = (2,x,y),
G:(x,y,2) > (y+1/4,x+1/4,2+1/4),

I: (X,}’:Z)—’(—X,—)’,—z)-

ZZ[Ai7Am?Ba) Dy]/(‘geZ! m4) mS) mS) 5

Ry: AL(A+A,),
Ry Aj(A;+A)By,
Rs:  (A;+AR)D,,
Rg:

2p3 2 2
AZBY +AIB,D, + D?.

(F693a)
(F.693b)
(F693c)
(E693d)
(F.693e)

(E694)

(E695a)
(E695D)
(E695¢)
(E695d)

We have the following table regarding IWPs and group cohomology at degree 3.
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Table 235: IWPs and group cohomology at degree 3 of Ia3d.

Wyckoff Little group Coordinates
position | Intl. Schonflies (0,0,0)+ (1/2,1/2,1/2)+
(0,0,0), (1/2,0,1/2),
C. (0,1/2,1/2), (1/2,1/2,0), A%(Ai +4) onll]
(3/4,1/4,1/4), (3/4,3/4,3/4),
(1/4,1/4,3/4), (1/4,3/4,1/4)
(1/8,1/8,1/8), (3/8,7/8,5/8),
16b 39 D, (7/8,5/8,3/8), (5/8,3/8,7/8), N/A N/A
(7/8,7/8,7/8), (5/8,1/8,3/8),
(1/8,3/8,5/8),(3/8,5/8,1/8)
(1/8,0,1/4), (3/8,0,3/4),
(1/4,1/8,0), (3/4,3/8,0),
24c | 222 D, (0,1/4,1/8), (0,3/4,3/8), A;B, ¢4[Cy, GI]
(7/8,0,3/4), (5/8,0,1/4),
(3/4,7/8,0), (1/4,5/8,0),
(0,3/4,7/8),(0,1/4,5/8)
(3/8,0,1/4), (1/8,0,3/4),
(1/4,3/8,0), (3/4,1/8,0),
(0,1/4,3/8), (0,3/4,1/8),

LSM anomaly class | Topo. inv.

Wi

16a

24d 4 S A +A clG,C
4 4 (3/4,5/8,0), (3/4,3/8,1/2), ( 1+ m)Ba (102[ 2 2]
(1/8,1/2,1/4), (7/8,0,1/4),
(0,1/4,7/8), (1/2,1/4,1/8)
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